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to abide by the Constitution and respect its ideals and institutions,
the National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
struggle for freedom;

to uphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called upon
to do se;

to promote harmony and the spirit of common brotherhood
amongst all the people of India transcending religious, linguistic
and regional or sectional diversities; to renounce practices
derogatory to the dignity of women;

to value and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests,
lakes, rivers and wild life, and to have compassion for living
creatures;

to develop the scientific temper, humanism and the spirit of inquiry
and reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and
collective activity so that the nation constantly rises to higher levels
of endeavour and achievement;

to provide opportunities for education by the parent or the guardian,
to his child or a ward between the age of 6-14 years as the case may
be.
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About This Textbook...

The Gujarat Secondary and Higher Secondary Education Board has
prepared syllabus for 10 + 2 level in accordance with NCERT syllabus.
The syllabus for science stream at higher secondary level has been prepared
by school teachers, college teachers and university teachers keeping in
mind the national level entrance examination and the core syllabus
prepared by COBSE.

The State Government has decided to implement semester system at
10 + 2 level and accordingly this is the textbook based on syllabus for
semester [. The Gujarat Secondary and Higher Secondary Education Board
has decided to hold OMR system examination for semester I and III and
detailed examination for semester I and IV, Hence at the end of each
chapter objective questions have been given.

The first draft of the textbook was prepared in English so that the
students can have advantage of current affairs at national level originally
in English language and reviewed by a panel of experts from schools,
colleges and unmiversities. This workshop lasted for four days and
suggestions from experts had been obtained and necessary amendments
were made in both the English draft and Gujarati translation of the
textbook draft.

Then there was a workshop for four days to review the translation
by the teachers from schools, colleges and universities of Gujarat. Again
suggestions from experts were invited and discussed and necessary changes
were made. Then the final draft was prepared and placed before the
Gujarat Secondary and Higher Secondary Education Board. A panel of
experts and members of syllabus committee reviewed the draft and had
discussions with the authors and finally the textbook was ready for
printing. The book was also reviewed by a language expert for the English
language.

The chapter I deals with mathematical reasoning. It is the base of
logical thinking to be applied furthur in development. The chapters on set
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theory and functions apply these ideas and construct a base for foundation
of mathematics. The fourth and the fifth chapters introduce basic
trigonometric functions. The chapter six deals with coordination of
geometry and consolidates the base studied in std. 10. The chapter seven
deals with permutations and combinations and they are useful for study of
probability and the binomials to be studied in semester II. Combinatorial
approach is also explained. The chapter eight deals with graphs of linear
inequalities useful in statistics and optimisation problems. The four
colour diagrams are used to explain concepts in this chapter. The last two
chapters are based on statistics and probability.

Necessary diagram, graphs and figures are used to explain concepts.
Attractive two colour printing and four colour title page and four colour
graphs for linear inequalities add to the features of this book. The
concepts are explained in lucid language. Plenty of illustrations and
graded exercises are given. The concepts are explained so easily and
elaborately that any student residing at the extreme end of the state can
understand by own efforts.

Some teachers of CBSE schools also reviewed the draft and praised
it whole heartedly. The information given in the textbook is at par with
the CBSC textbook and the whole text is completely written according to
NCERT syllabus. Plenty of examples serve the purpose of escalating the
level of understanding,.

When the state is celebrating golden jubilee of the birth of the
Gujarat State, this is a revolutionary step by the state to put a student of
Gujarat State on national map. This is an humble try to enable students
to appear in various competitive examinations. We have concentrated
on giving concepts in details and not sketchy information.

The textbook has been written in a very short time. Inspite of all the
precautions, some errors may have entered through. We welcome
suggestions to enhance the quality of the textbook.

- Authors




Chapter |

| MATHEMATICAL REASONING l

1.1 Introduction

In this chapter we will study an important tool to study mathematics. The ability
to reason gives us proper guidance to study mathematics.

In mathematics, mainly two kinds of reasoning occur. One is inductive reasoning.
Here we observe some pattern and prove some results inductively. We will develop this
method in the chapter on mathematical induction later on. Another is deductive
reasoning which we intend to study in this chapter. Here is an example.

Ifofp=cyand & =0, prove p=yfore, B, Y€ R

Proof : Since O # 0, 00! exists,

s ol eB)y = oo (multiply both sides by o)
o (OL_]U,)B =(or1a)'y (associative law for multiplication)
SoleB=1.y

s B=y

Here, we argue step-wise using known mathematical results and deduce B =Y.

Let us take another example. Every non-zero real number is either non-negative or
negative. Suppose x is not non-negative in a problem under some conditions. Hence
x is negative. This is as well an example of deductive reasoning.
1.2 Statements

Consider following sentences :

(1) In 20190, India had a woman president.

(2} India won world cup in T-20 cricket in 2010.

First is true and second is false. Such sentences are called statements.

Statement : A sentence is called a statement, if it is either true or false but
not both and ifs truth or falseness can be definitely decided upon without
ambiguity. It is also called a mathematically acceptable statement.

Following are some of the examples of statements, Whether the statement is true
or false is given in the bracket,

(1} The product of two positive numbers is positive. (True)

(2) 1 is a prime (False)

(3) 2+ 2 =75 (False)
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(4) The square of every real number is non-negative. (True)

(5) 1 is the only real number whose square is itself. (False)

Consider the following sentence.

For real numbers x and vy, xy > 0.

This depends upon x and y. If x =3, y =2, it is true.

If x =2, y=—1, it is false. This is an ambiguous sentence. So it is not a statement,
because its truth or falseness depends upon the value taken by the variable.

Now consider the following sentences,

(1) Please pray for peace for Martyrs in 26/11 attack on Bombay.
(2) What a beautiful sunset it is !

(3) Get lost.

(4) Where is Gandhinagar ?

Here (1) is a request, (2) is an exclamation, (3) is an order, (4) is a question,
None of them can be decided as true or false. So they are not statements.

Consider, ‘Today is Monday’. This sentence is true on Mondays and false otherwise.
So sentences involving variable time like ‘today’, ‘tomorrow’, ‘yesterday’ etc. are not
statements.

Similarly, sentences involving variable places like “here’, ‘there’, etc. pronouns like
‘he’, ‘she’ etc. are also not statements.

For example (1) ‘Gandhinagar is near’. But from where ?

(2) ‘He is brilliant.” But who ?

Now consider the following sentence :

There are 25 X 60 X 60 seconds in a day. This also involves variable time, ‘a day’.
But it is certainly false, as there are only 24 hours in a day. So this sentence is a
statement.

Thus ultimate criteria to decide whether a sentence is a statement or not is to
determine its truth or falseness without doubt. Generally statements are denoted by small
letters p, ¢, 7... etc. For example,

p : There are 35 days in February.

p is a false statement.

Example 1 : Determine which of the following are statements and give reasons for
yOur answer.

(1) Tomorrow is a holiday.

(2) For real number x, [x] is an integer.

(3) He died young.

(4) Galois was a mathematician. He died young.
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(5) Forrealx,x-0=0

(6) How far is Himalayas ?

(7) Stand in a queue !

(8) For non-zero numbers x and y, x2 + 3% £ 0.

9 32=9

(10) Pythagoras was a mathematician.

(11) Let us unite !

(12) Save energy !

Solution :

(1) It is not a statement. It involves variable time.

(2) Though x is a variable, it is a true statement for every x. So it is a statement.
(3) Pronoun is used. It is not a statement. Whom does ‘he’ refer to ?

(4) Here ‘he’ refers to Galois. This is a statement.

(5) Though x is variable, the result is true for all real x, so it is a statement.
(6) It is a guestion. Hence it is not a statement.

(7) It is an order. Hence it is not a statement.

(8) This is true for all non zero numbers x and y. Hence it is a statement.
(9), (10} are statements.

(11), (12) Both are requests. They are not statements.

Exercise 1.1

Determine which of the following are statements and give reasons ?

[~ IS - N N VR

32+42=5
If x is a natural number, 2% is even.
Please stand up !
What a horrible movie this is !
Socrates was a mathematician.
He is a scientist.
Venice is in Rome.
2011 world cup for one-day cricket was jointly held by India, Sri-lanka and
Bangladesh.
*

1.3 Simple Statement and its Negation

A statement which canmot be broken into two statements is called a

simple statement.

For example, ‘2 + 2 = 5’ is a simple statement.
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Negation : The negation of a statement is denial of the truth of the statement i.e.
a statement which is true or false according as the given statement is false or true
respectively.

p : Ahmedabad is the business capital of Gujarat.

Its negation would be, ‘Ahmedabad is not the business capital of Gujarat’ or ‘It is
false that Ahmedabad is the business capital of Gujarat,” or ‘It is not true that
Ahmedabad is the business capital of Gujarat’.

If a statement p is true, its negation would be false and vice versa. Negation
of p is denoted by ~p.

If p is true, we say it has truthvalue T and if p is false, we say it has
truthvalue F.

Thus ~p has truthvalue T or F, according as p has truthvalue F or T respectively.
Example 2 : Give negations of following statements,

() 3X2=6

(2) Christmas is celebrated on 25th of December.

(3) Diwali marks the end of current Hindu year.

(4) To get admission to engineering course, mathematics is a compulsory subject
at 10 + 2 level.

(5) Mathematics is the queen of sciences,

Solution : (1) 3 X 2 # 6 or it is false that 3 X 2 =6

(2) Christmas is not celebrated on 25th of December.

(3) Diwali does not mark the end of current Hindu year.

(4) To get admission to engineering course, mathematics is not a compulsory
subject at 10 + 2 level.

(5) Mathematics is not the queen of sciences.

Exercise 1.2

Give negations of the following statements.

24+2=5

Area of a square is given by the formula A = T2,

A cube is a plane figure.

Georg Cantor developed the set theory.

Amitabh Bachchan is the brand ambassador of Gujarat tourism.
2+2=22

For natural number x 2 3, x + x = x2

A

Ice is hot.
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1.4 Compound Statements using Connectives

Sometimes simple statements are combined to yield a new statement called a
compound statement. ‘Or’ and ‘And’ are such connectives called logical
connectives. They are used to form a compound statement,

Conjunction : When two or more simple statements are joined using the
logical conmective ‘and’, the compound statement obtained is called the
conjunction of two given simple statements and the constituent simple
statements are called component statements.

Let p:3+2=35,4:5-2=10.

Their conjunction is ‘3 +2=5and 5 - 2 = 10°,

Conjuction of p and g is denoted by symbol p A ¢. (Read as p and g)

ThspAag:3+2=5and5+2=10

The compound statement p A ¢ has the truthvalue T when both of its
component statements are true, otherwise it has truthvalue F.

When all of the component statements are true then and only then, the compound
statement obtained by conjuction of several simple statements applying logical connective
‘and’ is true, If at least one of the component statement is false, then the compound
statement obtained by applying ‘and’ is false.

Example 3 : Identify component statements in the following compound statement
and find truthvalue of the compound statement.

Ahmedabad is in Gujarat and 3 + 2 = 6.

Solution : Let p : Ahmedabad is in Gujarat

g:3+2=6

The given statement is p A g. Obviously g : 3 + 2 = 6 is false.

Hence the conjunction p A ¢ is false,

Example 4 : Identify component statements in the following compound statements
and determine the truthvalue of the compound statement.

(1) Kanpur is in India and 7 X 5 = 35.

(2) Delhi is the capital of Gujarat and 7 X 5 = 75.

(3) Ahmedabad and Vadodara are cities of Gujarat.

(4) Forreal x, x220and 12 = 1.

{5) Every angle is acute and has measure less than 90.

Solution : (1) Let p : Kanpur is in India.

g:7X5=35
Given statement is p A ¢. p is true and ¢ is true.
Hence p A g is true.
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(2) Let p: Delhi is the capital of Gujarat.
g:TX5=175
p and g are both false and hence given statement p A ¢ is also false.
(3) Let p: Ahmedabad is a city of Gujarat.
¢ : Vadodara is a city of Gujarat.
p and ¢ both are true and hence p A g i1s also true,
(4) Let p: Forreal x, x> =0
g:12=1
Both p and g are true and hence p A g is true.
(5) Let p: Every angle is acute.
¢ : Every angle has measure less than 90.
p and g are both false and hence p A g is false.

Disjunction : When two or more simple statements are joined by using
logical connective ‘or’, a compound statement is formed. It is called the
disjunction of given statements. If p and g are given statements, their
disjunction is denoted by p V 4. (Read as p or g). The constituent statements
are called component statements.

If a compound statement is formed using connective ‘or’, it is true if any one or
more of its constituents are true i.e. if at least one of its constituent statements has
truthvalue T.

Example 5 : Identify constituent statements in the following compound statements
and determine truthvalue of the compound statements.

() 344=7o0r2+2=4

(2) Every prime is odd or Every odd number is a prime.

(3) Gujarat is a state of India or Ahmedabad is in Maharashtra.

(4) There are 5 days in a week or there are 24 hours in a day.

(5) Socrates was a mathematician or Socrates was a philosopher.

Solution : (1) Letp:3+4=7

g:2+2=4
Obviously p and g are true. Since at least one of p or ¢ (here both}) is true,
P VY g is true.
(2) Let p: Every prime is odd.
q : Every odd number is a prime.
p is false as 2 is an (in fact only) even prime.
¢ is false as 9 15 odd but not a prime,

S p Vg is false.
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(3) Let p: Gujarat is a state of India.
g : Ahmedabad is in Maharashtra.
Since p is true, p Vv g is true,
{(4) Let p : There are 5 days in a week.
g : There are 24 hours in a day.

Since g is true and hence p Vv g is true.

(5) Let p : Socrates was a mathematician.
g : Socrates was a philosopher.

Since ¢ is true and hence p Vv g is true.
Negation of a compound statement :
We know how to write negation of a simple statement and we remember, it is
denoted by ~p. Naturally ~(~p) = p.
~p has truthvalue F or T respectively according as p has truthvalue T or F.
.. ~{(~p) has truthvalue T or F according as ~p has truthvalue F or T i.e.
p has truthvalue T or F.
o ~p)=p
Now we will find out negation of disjunction or conjunction of simple statements,
Rule () : ~@AQ=(p)V(~g @:~@Va=(p A (g
Negation of conjuction of two simple statements is the disjunction of
negations of component statements.

Negation of disjunction of two simple statements is the conjunction of
negations of component statements.

Example 6 : Find negations of the following statements.
(1) 5 is an integer and 52 = 25
(2) 32=9and (-3)2=9
3) 12=1or1*=1
4 +eNoaieq
(5) V2 e Rord2 ¢ R
(6) Gandhiji was born in Porbandar and Porbandar is in Gujarat,
Solution : (1) Let p : 5 is an integer.
qg:52=125
~p : 5 i3 not an integer.
~g 152 #25
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Given statement is p A g¢. lts negation is (~p) V (~q).
Thus the negation is : 5 is not an integer or 52 # 25,
(2) Let p:32=9
g: (-3¢ =9
~p:32#£9
~g: (-3 +9
Given statement is p A g. Its negation is (~p) V (~q).
The negation of the compound statement is : 32 # 9 or (—3)2 # 9.
3) Let p:12=1
g: 3=1
~p 12 21
~qi 1321
~(pV @ =(p)A(~9)
‘. The negation of the compound statement is : 12 # 1 and 13 # 1.
. 1
(4) Let p:5 €N
7:5 €Q
~p
p:3 €N
~g:5€Q
~eV =P A9
»»  The negation of the compound statement is :
(5) Let p:J2 € R
g: V2 2 R
~p J2eR
~q J2eRr
~@ V=P A
. The negation of the compound statement is : 2 ¢ R and V2 € R.
(6) Let p : Gandhiji was born in Porbandar.

¢ : Porbandar is in Gujarat.
~p : Gandhiji was not born in Porbandar.

€ N and

b=
3=

€ Q.

~g : Porbandar is not in Gujarat.

~pAg)=(p)V(~q)

S (~p) vV (~¢@) : Gandhiji was not born in Porbandar or Porbandar 1s
not in Gujarat.



MATHEMATICAL REASONING 9

A note on use of ‘and’ and ‘or’ :

Sometimes the word ‘and’ is not used as a logical connective but it joins two words.

(1) ‘A mixture of oil and water cannot be used for maintenance of instruments.’

Here ‘oil” and ‘water’ are joined by ‘and’. This is not a conjunction of two
statements.

(2) ‘Team of Charlie and Chaplin entertained children and adults alike’.

Here two words Charlie’ and ‘Chaplin’ are connected by ‘and’. Similar is the case
with ‘children and adults’. Here ‘and’ connects two words and does not act as a
logical connective.

(1) In higher secondary science stream a student can opt for mathematics or
biology.

Here “or’ is used in ‘inclusive’ sense. A student can opt for both the subjects.

(2) Bharat will go abroad for further studies or will study advanced mathematics
in India immediately after passing 12th standard.

Here the word ‘or’ is used in ‘exclusive’ sense. Both the actions cannot take
place at the same time.

Example 7 : Determine where ‘or’ used in following example is in inclusive sense or
exclusive sense.

‘Two distinct coplanar lines intersect in a point or are parallel.’

Solution : Let p : Two distinct coplanar lines intersect in a point.

g : Two distinct coplanar lines are parallel.

The given disjunction is p v 4 and it is in exclusive sense as lines intersecting
m a point and to be parallel are exclusive events.

Example 8 : Find the constituent statements in the given compound statement and
determine whether the connective ‘or’ is used in inclusive or exclusive sense.
Also determine truthvalue of the compound statement.

‘Real number T is irrational or rational’

Solution : Let p : Real number T is irrational

g : Real number T is rational.

Obviously being a rational number and an irrational number at a time is impossible.
Hence ‘or’ is used in exclusive sense.

The given statement is p V ¢. p is true and ¢ is false. Hence p v ¢ is true.
Example 9 : Find the constituent statements of the following compound statement and

determine whether ‘or’ is inclusive sense or exclusive sense. Find truthvalue,

negation and the truthvalue of the negation.

‘A proof of identity is PAN card or a bank passbook.’

Let p : A proof of identity is PAN card.

g : A proof of identity is a bank pass-book.

Here the statement is p Vv g. ‘or’ is used in the inclusive sense. A person can

have both the identity proofs.
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p and ¢ both are true. Hence p v g is true,
The negation is (~p) A (~¢) : A proof of identity is neither a PAN card nor a bank

pass-book. Obviously ~p and ~g are false. Hence (~p) A (~g) is false.

M

15

Exercise 1.3

Write the constituent component statements and find the truthvalue of the
compound statement.

(1) 3+7=5and 52 =25

(2) 3+ 7=10and 102 = 100

{3) A triangle has three sides and three angles.

{4) A quadrilateral has four sides and four angles.

{5) Sum of the measures of all the angles of a triangle is 180 or 360.
6) 2+2=5and5+2=25

(7 1and 2 are roots of x2 —3x +2 =10

8 1°=1or32=9

(9) x2 =x is satisfied by 1 and 0.

{10) 0 is the identity for addition and 1 is the identity for multiplication.
Write negations of the statements in example 1.
Determine whether ‘or’ is used in inclusive sense or exclusive sense in the
following statements.
{1) School is closed on Sundays or on holidays.
{2) Having passed the entrance examination, you can get admission to medical

course or engineering course,
{3) Roses are yellow or pink.
{4) India got gold in CWG shooting events and India got silver in CWG hockey.
{3) Pizza is served with cold drink or cold coffee.
Give two examples of statements where ‘and’ is used but not used as a logical
connective.
‘30 is divisible by 2, 3 and 5. What are the constituent simple statements of this
statement ? Express them in symbols and determine the truthvalue. Give
its negation also.
*1 is prime or composite.” What are the constituent statements of this statement ?
Determine the truthvalue and give the negation.

%

Quantifiers and their Negations

In mathematics some statements as given below ocour.
{1) There exists smallest natural number in every non-empty subset of natural

numbers.

(2) For every real number x, x2 2 0.
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The use of phrases like ‘there exists’ and ‘for all” or ‘for every’ is abundant in
mathematics. These phrases are called quantifiers.

A symbol for ‘there exists’ is 3 and a symbol for ‘for all’ is V.

‘J’ is called an existential quantifier and ‘V’ is called a universal quantifier.

For example ‘for every x € R, x2 2 0’ can be written as ‘Vx € R, x2 2 0°.

“There exists x, x € R such that x2 = —1°, This can be written as ‘Jx, x € R,
¥ = -1

The negation of such sentences is to be done carefully. For example the negations
of above two statements (1) and (2) are,

(1) There exists a non-empty subset of natural numbers which does not have
the smallest number.

(2) There exists a real number x such that x2 < 0.
Negations of Universal quantifier and Existential quantifier

A rule for the negation of a statement with a quantifier is as follows,
let p be any statement.

~(there exists p) = for all ~p. i.e. ~(Jp) = V(~p)

~(for all p) = there exist ~p, i.e. ~(Vp) = J(~p).
Example 10 : Give negations of following statements.

(1) For every set A, § C A.

(2) Foreveryx€ Rox+y=y+x where y € R

(3) Foreveryx€ Rox+0=0+2x

4) Foreveryxe R, x-1=1.x

Solution : Every statement is of type ‘for every’ p. So the negations would be
of type ‘there exists ~p.’

(1} There exists a set A such that § & A.

(2) There exists x € R such that x + y # y + x where y € R

(3) There exists x € R such that x + 0 0 + »

(4) There exisis x € R such that x. 1 # 1.x
Example 11 : Give negations of the following.

(1) There exists x € N such that x2 = x,

(2) There exists ¥ € R such that x2 = —1.

(3} There exists a man who is not mortal.

Solution : ~(there exists p) = for all ~p.

(1) Forall x € N, x? # x.

(2) Forallx € R, x2# —1.

(3} For all men, man is mortal.
1.6 Implication and Biconditional

In mathematics, we come across many statements like ‘If all the three sides of a
triangle are congruent, all of its angles are congruent.”
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If p and g are any two statements the statement, of the form ‘if p, then ¢’
is called an implication and is denoted by p = g¢. It is called a conditional
statement.

Implication is expressed by any one of the following :

(1) If p then g¢.

@) ¢ if p.

(3) ponlyifg.

(4) p is a sufficient condition for ¢.

(5) g is a necessary condition for p.

p is called the hypothesis or the antecedent and g is called the conclusion
or the consequent.

p = ¢ does not say anything about ¢ when p is false. Also p = ¢ does not mean
p happens, Implication means if p is true, then g must be true.

When p is true and q is false then p = ¢ is false and true otherwise.
Example 12 : Express the following in the implication form.

(1) The square of an even number is even.

(2) The sum of digits of an integer is divisible by 9, if it is divisible by 9.

(3) The square of a prime number is not a prime.

(4) The last digit being zero is a necessary condition for an integer to be divisible

by 10.

(5) The last digit being 5 is a sufficient condition for an integer to be divisible by 5.
(6) The roads will be wet only if it rains.
(7) Nirav failed only if he did not take the examination.
Solution : (1) Let p : x is an even number.
q : x* is even.
Implication p = ¢ is : if x is an even number, *2 is even.
(2) Let p: An integer is divisible by 9.
¢ : The sum of its digits is divisible by 9.
The implication p = ¢ is : if an integer is divisible by 9, the sum of its digits
is divisible by 9.
(3) Let p: A number x is prime.
g : Square of x is not prime.
The implication p = ¢ is : if a number is prime, its square is not a prime.
(4) Let p: An integer is divisible by 10.
g : Last digit of the integer is zero.
Thus the implication p = ¢ is : if an integer is divisible by 10, then its last
digit is zero.
(5) Let p: The last digit of an integer is 5.
g : The integer is divisible by 5.
The implication p = ¢ is : if the last digit of an integer is 3, it is divisible
by 5.



MATHEMATICAL REASONING 13

(6) Let p : The roads will be wet.
g : It rains.
p = q is : if the roads are wet, it has rained.
(7) Let p : Nirav failed.
g : Nirav did not take the examination.
P = q is : if Nirav failed, he did not take the examination.

Biconditional statement : In geometry, we come across statements like, ‘A
triangle 1s equilateral if and only if it 15 equiangular.” Here we have two statements
connected by connective ‘if and only if.’

Let p: A triangle is equilateral,

g : A triangle is equiangular.

Then given statement is p if and only if g.

It is called a biconditional statement or double implication and denoted
by p & g¢.

Here the statements are equivalent. p is true if ¢ is true and vice versa. Thus
p & q is true if both p and g are true or both are false. It is a conjunction of,
‘If p then g° and ‘if ¢ then p’.

Example 13 : Combine the following statements to form a biconditional.

p : If a rectangle is a square, all its four sides are congruent.

g * If all the four sides of a rectangle are congruent, it is a square.

Solution : p & ¢ is ‘a rectangle is a square if and only if all its four sides
are congruent’.

Example 14 : For each of the following statements, identify component statements
and state whether the compound statements are true or not.

(1) If a triangle is equiangular, all its sides are congruent.

(2) fae N,be Nthena+ b € N and ab € N.

(3) If a number is a real number, it is a natural number.

(4) If m and » are odd, then m + » is even.

(5) If m and » are odd, then mn is odd.

Solution : (1) Let p : A triangle is equiangular.

g : All the sides of the triangle are congruent.
We have p = ¢. Now it cannot happen that p is true and g is false. If p
is true, then ¢ is true.
Therefore, p = g is true.
(2) Let p:a€ N, be N
g:a+be Nand ab e N.
P = ¢ 15 true, since if p is true, g is true.
(3) Let p : A number is a real number.
¢ : The number is a natural number.
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)

Here V2 € R and V2 & N.
Thus p is true and ¢ is false for the number J2.
Thus there exists a real number for which p = ¢ is false.
S p > g is false.
Let p: m and » are odd.
g :m+nis even.
p = q is true because if p is true, then ¢ is true.
Let p : m and n be odd.
g : mn is odd.

p = g is true because if p is true, then ¢ is true.

Exercise 1.4

Identify the quantifier in following statements and give negations of the statements :

&)
@
3)
@
)
)
M
®
®

For every pair of natural numbers ¢ and b, @ + & is an even integer.
Every income-tax payer must have a PAN card.

There exists a positive integer x such that Jxr e R

There exists some element x such that x € 6.

For every © € R, sin?0 + cos?0 = 1.

BEvery angle can be constructed using a straight edge and compass only.
Every person of age exceeding 18 years is a voter.

There exists a smallest integer in every subset of N.

Every number ending in zero is divisible by 10.

(10) There exists a multiple of 5 not ending in 5.
Identify constituent component statements and verify whether following implications
are tfrue or nhot.

(1
)
)
@
)
(6
)

@)
@

If n is odd, #? is odd.

If 2 divides n, 4 divides n.

If 9 divides », 3 divides n.

If all the angles of a quadrilateral have measure 90, it is a rectangle.

If all the angles of a triangle have same measure, it is equilateral.

If a triangle is isosceles, it is equilateral.

If a triangle is a right angled triangle, the largest side occurs opposite to the
right angle.

If a triangle has sides 2uv, u2 — v2, &2 + v2 for integers &, v (u > v), it is
a right angled triangle.

If a triangle has sides 2mn, m*? — n2, m* + p2 form ne N, m>nitisa
right angled triangle.

(10) If a number is divisible by 1001, it is divisible by 7, 11 and 13.
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3. Form biconditionals from following statements and verify their truth.

(1
@
()
C
(3}

: Quadrilateral ABCD is a rectangle.

; Quadrilateral ABCD is a square,

: AABC ig isosceles,

: AABC is equilateral.

: Quadrilateral ABCD has all angles and all sides congruent.
: Quadrilateral ABCD is a square.

: Integer # is positive.

: Integer n is even.

: Real number x is positive.

: Real number x is a square of another real number.
E 3

R A A - T T T~

Contrapositive and Converse :

Sometimes equivalent implication of given implication is used by taking negations
of antecedents and consequents and it is useful in logical proof.

p = q is equivalent to ~g = ~p

~g =>» ~p is called contrapositive statement of p = g¢.

Thus suppose we want to prove A C B. ie. if x € A, then x € B.
Contrapositive would be if x € B then x € A. i.e. B' C A"
Converse of p = ¢q is ¢ = p.

Thus p & ¢ is the conjunction of implication and its converse.
Example 15 : Give contrapositive and converse of following.

(1
@)
3
%)
)

If it rains, the roads are wet.
Ifagb=0,thena=0o0rb=20

If @b = ac and a # 0, then b = c.

If x is prime, then x is odd.

If OABCD is a square, its diagonals are congruent.

Solution : (1) Let p : It rains.

g : The roads are wet.
Contrapositive is, ‘if the roads are not wet, it has not rained’.
Converse is, ‘if the roads are wet, it has rained’.

2y p:ab=0

(3)

g:a=0o0rb=20

~g = ~pis ‘ifa# 0and b # 0, then ab # 0’ (see ‘or’ changes to ‘and’. Why?)
Converse is ‘if a= 0 or & = 0, then ab = 0.

prab=acand a# 0

g:b=c

Contrapositive is ‘if # #¢, thenad #acora=0’ (‘and’ changes to ‘or’. Why ?)
Converse is *‘if b = ¢, then b = ac and ¢ # 0°.
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4) p:xis prime.
g : x is odd.
~g = ~p is ‘if x is not odd, then x is not a prime’.
Converse is ‘if x is odd, then x is a prime’.
(5) p:OABCD is a square
g : Diagonals of 00 ABCD are congruent.
~g = ~p is ‘if diagonals of [0 ABCD are not congruent, it is not a square’.
Converse is ‘if diagonals of [J ABCD are congruent, then it is a square’.

Exercise 1.5

1. Write converse and contrapositive of the following,

(1) If 30 divides n, then 2 divides n.

{2) If 8 divides », then 16 divides n.

(3) If Sanjay does not take the examination, he will fail.

{4) If n is the square of an integer, its square-root is an integer.

(5) If n is the cube of an integer, it has three real cube roots.

{6) If two lines in a plane intersect, they are not parallel.

{(7) In a triangle, if two angles are not congruent, the sides opposite to them are
also not congruent.

(8) Imaplane if /||mand m || nthen /|| nor ] =n.

9 Ha2=5b,thena==1b(a b€ R)
(P =8, thena=5b(a b€ R)
*

1.7 Validating Statements

In this section we will discuss validity of statements. We know a statement is
either true or false and not both. We wish to decide when a statement is true or false
depends upon logical connectives used ‘or’ and ‘and’; implications ‘if...then’ and
*if and only if” and quantifiers ‘for every’ and ‘there exists’.

We recollect some rules.

(1) If logical connective is ‘and’ then if p and g both are true, the conjunction
15 true and otherwise false.

(2) If logical connective used is ‘or’ then if p and g both are false, the disjunction
is false and otherwise true.

(3) To prove a statement with ‘if p then ¢’. (i} Assuming p is true, prove g is true.
This is called direct method of proof. Here we use the fact that implication is false
only when p is true and ¢ is false. (il) Assuming ~¢ is true, prove ~p is true. This is
called the method of contrapositive statements since ~g = ~p is equivalent to p = q.
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(4) To prove p < ¢ ie. p if and only if 4, we have to prove (i) ¢ is true
assuming p is true, and (ii) p is true assuming ¢ is trve.

(5) Method of contradiction (also called method of reductio ad absurdum).
Here we assume that ¢ is not true and come to a contradiction against hypothesis.

Thus ~g is true is not possible and we get g is true.
(6) We note ~(p = g) = p A (~q)
Example 16 : Prove if x, y € N and x, y are odd, then xy is odd.
(1) by using direct method, p = ¢.
(2) by using method of contrapositive, ~g = ~p.
Solution : (D TLetx=2m—1, y=2n— 1, m ne N
{(odd numbers are of the form 2» £ 1..))
xy =C2m—1)(2n—1)
=4mn —2m—2n+1
=22mn—m—n)+1
=2k+ 1 where k=2mn —m—n

S xyis odd.
(2) Let ~g be true.
S xp is not odd.
S Xy is even.
Let xy =2m
o 2 divides xp

v 2 divides x or 2 divides y
. x is even or y is even

v ~p is true (remember p : x and y are odd)
S~ = ~p is true.
W p = gq is tue.

s xpis odd, if x, y are odd.
Example 17 : Prove by method of contrapositive that if xy is odd then x and y are odd.
Solution : Here p : xy is odd.
g : x and y are odd.

S. =g x is even or y is even. (both can be even)
Letx=2m,me N (or similarly if y = 2m)
Soooxy = 2my

S Xy is even,

s ~p is true.

Se ~g = ~p is troe.

S p = ¢ is true.

2. If xy is odd, then x and y are odd.
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Example 18 : Using the method of contradiction, prove that sum of an irrational
number and a rational number is irrational.
Solution : Let x be an irrational number and y be a rational number.
Let x + y = z be a rational number, if possible.
Since z and y are both rational, z — y is also rational.
. x =2z =y is also rational.
But x is irrational.
We come to a contradiction.
o 2z =x+y is imrational.
Example 19 : Prove that if x > 3, then x2 > 9 using the method of contradiction.
(x € R)
Solution : Let it be false that x > 3 = x2 > 9°
We recall that ~(p = @) =p A (~q)
x>3and x2 <9
x>3andx2—9 <0
Sox>3and-3<x<£3
x>3andx <3
This is false.
Since ~(p = g) is false, p = ¢ is true.
Example 20 : Prove that if x = y, then x2 = 2 for real numbers x and p by direct
method.
Solution : Let x = y
Joooxx = xy
Also since, x = y
xy =y
S Xxx=xy =y
soxl=)2
Example 21 : Prove if » is even, #2 is even.
Solution : Let p : »n is even.
g : n* is even.
~P=9=p A9
p A (~g) : n is even and a2 is not even.
Let n =2m
s n2=4m? is even.

s p A(~¢)ie ‘nis even and #? is not even’ is false.
S ~(p = q) is false

p = g ie nis even = n? is even is true.
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Example 22 : Show by counter example that following are not true.
(1) If nis prime, # is odd.
(2) If m® = n2, then m = n.
Solution : (1) » = 2 is prime, but not odd. Hence given statement is false.
(2) 32=(=3=9,but3 # -3.
By counter example given statement is not true.
Example 23 : Show by direct method that if x* + x = 0 for real number x, then x =0.
Solution : Letp: x> +x=0and g : x = 0.
SopisxxE+ D=0
S ox=0orx2+1=0
But for real x, x2 2 0

S +H1>0
S H1Z0
Lox=19

s g is true.
Sooop = g is tnue.

Exercise 1

1. Determine whether the following sentences are statements or not :

(1) If n is an integer, n is odd or even.
(2) An angle is a right angle if and only if its measure is 90.
(3) Follow the traffic rules.
(4) What a fine show it is !
(5) India is a developed country.
(6) Gujarat is a vibrant state.
(7) Where does Tajmahal stand ?
(8) Who is the tourism brand ambassador of Gujarat ?
(9) If » is an even integer, » + | is odd.
(10) If r is an even integer, n + 1 is not zero.
2. Give negations of the following statements :
(1} Science and mathematics are useful for development.
(2) One can opt for engineering or medicine course,
(3) If n is a perfect square, last digit of » can not be 3.
(4) All primes are odd.
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(5) All odd numbers are primes.
(6) Every integer is a rational number.
(7) There exists an even integer which is a prime.
(8) There exists a real number x such that x2 = —1.
(9 Forallec R, a+0=a
(10) There exists a€ R, a1 # a4
(11) For every real number x, x2 # x
(12) There exists x € R such that x3 < x
3. Write the following sentence using ‘if ... then’ in five different ways :
(Hint : If p then gq, g if p, p only if q, necessary, sufficient)
‘If a number 7 is odd, n? + 1 is even.’
4. Give converse and contrapositive of the following :
(1) If it is raining outside, you must have an umbrella.
(2) If a positive integer is composite, it has at least three factors.
(3) If nis not a prime or not composite, n = 1.
(4) If a quadrilateral is a parallelogram, its opposite sides are congruent.
(5) If a quadrilateral has diagonals bisecting each other, it is a parallelogram.
(6) If it is Friday, I will go to watch a new movie.
(7 If x is negative, x2 is positive.
(8) If x and y are negative, xy is positive.
(9) If a quadrilateral is equiangular, it is a square.
(10) If x — a is a factor of polynomial p(x), then p{a) = 0.
5. Show that following statement is true by
(1) direct method (2) method of contrapositive (3) method of contradiction
if x>+ 16x =0, then x = 0
. Prove by contradiction method that V2 is irrational.

~ &

. Prove by counter example that following statement is false.

p : if a triangle is a right angled triangle, it can not be isosceles.

Qe

. Prove by counter example that following statement is false.

Jx is always irrational, whenever x is a natural number.

-

. Prove by direct method that for any integer n, n° — n is even.
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10. Select proper option {a), (b), (¢) or (d)} from given options and write in the box
given on the right so that the statement becomes correct :

(1) Which of the following is a statement ? ]
(a) x is positive. {b) —1 is negative.
(c) Stand up. (d) Where are you ?

(2) Which of the following is not a statement ? [ ]
(a)2X3=6
(b2 X4#8

(c) Let the truth win.
(d) The square of an odd number is odd.
(3) The negation of the statement, ‘3 is odd or 3 is prime’ is...
(a) 3 is not odd and 3 is not a prime. (b) 3 is not odd or 3 is not a prime.

(c) 3 is odd and 3 is not a prime. (d) 3 is not odd and 3 is a prime.
(4) Converse of the statement, ‘if x? = yz, then x = y* is...

(@ifx?=)% thenx #y (b) if x = y, then x? = ?
(c) if x # y, then 32 =32 (d) if x> # )% then y = y

(5) The contrapositive of, ‘if x > y, then 3x > 3y" is... ]
(a) if x > y, then 3x < 3y (b) if 3x > 3y, then x > y
©if3x <3y thenx <y (d) if x < y, then 3x < 3y

(6) The contrapositive of p = ¢ is... i1
@g=>p b~g=-p @©p=-¢ D-p=>q

(7) The negation of p = ¢ is... ]
(@) p and ~¢ (b porg (c)~porg dg=p

(8) The converse of p = gq is... ]
@p=-q ®~qg=>p g=>p @ -~p=q

(9) The negation of ‘for all x, p’ is... ]
(a) there exists x, ~p (b) for all x, ~p
©) ~p dp

(10) The negation of ‘12 is a multiple of 3 and 12 is a multiple of 4’ is... [ ]
(a) 12 is a multiple of 3 or 4
(b) 12 is not a multiple of 3 or 12 is not a multiple of 4
{c) 12 is not a multiple of 3 and not a multiple of 4
(d) 12 is a multiple of 3 and a multiple of 4.
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(11) Biconditional p & gq is... ]
(a) conjunction of p = g and ¢ = p (b) disjunction of p => ¢ and ¢ = p
(c) converse of p = ¢ (d) contrapositive of g = p

(12)p A g is valid (true) when, o=
(a) p and ¢ are true (b) p and ¢ are false
(c) p is true and ¢ is false (d) p is false and ¢ is true

(13)p V ¢ is false, when, =
(a)} p and g are true (b) p and ¢ are false
(¢) p is true and g is false (d) p is false and g is true

(149)p = q is false, when, ]
(a) p and g are true (b) p and ¢ are false
(c) p is true and g is false (d) p is false and ¢ is true

(15)~p = ~q is false, when, ]
(a) p and g are true (b) p and ¢ are false
(c) p is true and g is false (d) p is false and g is true

(16)~(p or gq) is... .
(@) p and ¢ ®(~p)and~¢ @ (Cpor~g (@por~g

(17)~(p and g) is... ]
@porg ®Epo(-9) ©Cpadg (d(-~p)and ~¢

Summary

We studied following points in this chapter :

1.

2.
35
£

Statements, their negations, conjuctions and disjunctions.
Negation of a compound statement
Universal and Existential quantifiers and their negations.

Implications and double implications and their negations and contrapositive and
CONVerse.

Various methods of proof like direct method and indirect method.

Method of counter-example and method of reductio ad absurdum in indirect
method.

— Y m——



Chapter 2

| SET THEORY |

Elementary introduction to set theory was done in standard 8 and 9. In this
chapter logical approach to the set theory is discussed. In this section we will
review what has been discussed earlier.

The term set falls in the category of undefined terms in mathematics. Also 1o be
an element of a set is also an undefined term. However a set means a well-defined
collection of objects. A set is expressed by enclosing its members within a pair of
braces; for example when we write A = {@, b, c}, the set is labelled as A and 4, b,
¢ are members of this set. The sets are usually denoted by A, B, C, etc., while members
of the sets are denoted by a, b, ¢, x, 3 z etc. The objects in a set are called elements
of the set or members of the set. If x is a member (or element) of a set A, then we
write x € A, which is read as ‘x belongs to A’, and y € A (read as ‘y does not
belong to A’) means y is not a member of the set A.

Some known sets are

N = the set of all natural numbers = {1, 2, 3, 4, 5,...}

Z = the set of all integers = {..—2, -1, 0, 1, 2, 3,..}

Q = the set of all rational numbers.

R = the set of all real numbers.

There are two methods of expressing a set.

(1) Listing Method (Roster Form) : In this method, elements of the set are
explicitly written (listed) separated by commas. For example A = {1, 11, 111, 1111}
has elements 1, 11, 111, 1111. The sets N and Z are described as N = {1, 2, 3,...}
and Z=§{..—2,—-1,0, 1, 2,..}.

In the listing method or roster form no element is repeated. For example, the set
of letters of the word BEGINNING is ¢ = {B, E. G, I, N}. Also the order in
which elements are listed is not important.

In roster form of writing a set, when the list of elements is very large, it can be
abbreviated by listing some initial elements followed by three dots and then some
elements in the end. For example the set of even natural numbers less than 1000 is
represented by {2, 4, 6, 8,..., 996, 998}. Further, if the list is to be continued indefinitely,
then three dots in the end are sufficient.
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(2) Property Method (Set Builder Form) : In this method, a set is expressed
by some common characteristic property P(x) of elements x of the set. We
have the notation {x | P(x)} = {x | The property of x} which is read as the set
of all x possessing given property P(x). For example the set of rational numbers Q
is described as

Q={x|x=§,pe Z, g€ N}

If we write, M = {x | x is an integer, —2 < x < 3}, then M = {1, 0, 1, 2}

A set consisting of only one element is called a singleton. For example
{—2} is a singleton. Let D = {x | x is an even prime number}, then since all even numbers
except 2 are composite numbers, we have D = {2}. Hence D is a singleton.

A set which does not contain any element is called an empty set (or null
set). An empty set is denoted by { } or (. In the set builder form, it is likely that
there is no object satisfying the property. In this case the set will be an empty set. For
example the set {x | x* = —4; x € R} is an empty set as square of any real number
is non-negative. Hence no number satisfies the property mentioned to describe the set.

A set which is not empty is called a non-empty set.

2.2 Universal Set

Generally when we consider many sets of similar nature, the elements
in the sets are selected from a definite set. This set is called the universal
set and it is denoted by U. The universal set depends upon the context. While
working with a set containing some integers, universal set is taken as Z. In the
case of working with real sth roots of a number, universal set is R, the set of real
numbers.

2.3 Subset

Definition : A set A is said to be subset of a set B if every element of A
is also an element set B. The fact that A is a subset of B is denoted by A C B,

In logical notations we write (for every x, x € A=>x € B) = A CB.

We can also write (Vx,x€ A=>x€ B) = ACB.

All natural numbers are integers and hence we write N C Z. In a similar
manner, it is ¢asy 1o see that Z C Q and Q C R,

To understand the concept of a subset let us understand the following examples.

Obviously {1, 2, 4} < {1, 2, 3, 4, 5, 6}

{1,3,9) & {1,2,4,8,9) because 3 € {1,3,9  but3 & {I,2,4,8,9}.

Here we note that to confinm a set A to be subset of the cother set B, it is
necessary to verify that all the elements of set A are the elements of set B. But to
prove that A & B, all that is needed is to find an element of A which is not in B.
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The equivalent implication of if (Vx,x € A= x € B),then ACBisifAZB,
then there exists x, such that x € A and x € B since p = ¢ and ~g = ~p are logically
equivalent implications. (contrapositives of each other) and ~(p = g} = p A (~g).

Theorem 2.1 : AC A

Proof : Clearly Vx, x € A = x € A and hence A C A.

Theorem 2.2 : For any set A, ) C A

Proof : Suppose § & A,

S. There exists x, x € ¢ and x &€ A.

but x € ¢ is not possible for any x, hence our supposition that § & A is wrong.
Thus § C A,

Above two theorems state that any non-empty set has at least two subsets
namely () and the set itself. These subsets are called improper subsets. Other
subsets (if any) of a set are called proper subsets.

If a set A is a subset of a set B, then set B is called a superset of A. In
this terminology the universal set is superset of all sets and all sets are subsets of the
universal set.

In the following table an interesting relation between number of elements of a
set and number of subsets of the set is demonstrated.

Set Subsets Ne. of No. of No. of proper

elements (n) subsets subsets
) 9 0 =29 0
{a} o, {a} 1 a= 2=2=0
{a, B} | 0, {4}, {b}. {a B} 2 4=22 4—-2=12
{a b5 ey o {a), 8, (0 3 g =23 §—2-6
{a b}, {a c}, {b c}
{a, b, c}

In general, if a set has n elements, the number of its subsets is 2" and
if # 2 1, the number of proper subsets is 2" — 2.

Power set : For any set A, the set consisting of all the subsets of A is
called the power set of A and it is denoted by P(A). As discussed above, if
A has » elements, then the number of ¢lements in P(A) is 2%, The power set of a set
A can be described as, P(A) = {B | B C A}. Power set P(A) is also denoted
by 24,

We note that for any set A, § C A, hence ¢ € P(A), thus the power set of any
set is mever an empty set.

If A={d e f}, then P(A) = {0, {d}, {e}, {}. {d e}, {d f}, {e f}. {d & f}}.
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Subsets of set of real numbers :

The set R of real numbers has some important subsets. The illustrations of some
subsets are given below.

The set of natural numbers, N = {1, 2, 3,...}.

The set of integers, Z = {.., —3, —2,—1,0, 1, 2,..}.
The set of rational numbers, Q = {x | x = %, peEZ qgec N}.

All numbers % where p € Z and ¢ € N are called rational numbers,

All natural numbers and integers are members of Q (as each of them can be
expressed with denominator 1, for example 3 = %, -5 = _TS’ etc.). In gencral if n € Z
then » = % Thus it obviously follows that

NCcZcQCR
Further, there are some real numbers like 2 , J5 , Tt etc which cannot be expressed
as a quotient of integers, i.e. £ form, and hence they are not members of Q. They are
called irrational numbers. The set of all irrational numbers is denoted by I. Thus,
[={x|x€ R x& Q}
i.e. I is the set of all real numbers that are not rationals.
Another important type of a subset of R is an interval.
Definition : Let a, » € R and a < b, then the set {x | x € R, a < x < b}
is called an open interval and is denoted by (a, b).
In this case all real numbers between a and b belong to (o &) but a and b
themselves do not belong to this interval,
Definition : Let 2, » € R and a < b, then the set {x | x € R, a S x S b}
is called a closed interval and is denoted by [a, b].
Here [a, #] consists of all real numbers between a and & including @ and b.
The numbers a and b are called end-points of the interval.
Intervals which contains one of the end-points are
[a )={x|xe€ R asx<bland{g d]={x|x € R, a <x < b}
Other intervals are given below.
[0, o0} = Set of non-negative real numbers,
(=20, 0) = Set of negative real numbers.
(o0, )= R
(a,°) =fx|x€ R, x> a}
[@,0) =fx|x€ R, x2a}
(o, )= {x|x € R, x < a}
(-, a]l={x|x€ R, x= g}
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On the real number line, various types of intervals are depicted below,

< O O > <€ B 5 >
b a
(a B) [a D]
& & O = € O G 2
a
[a 5) (a b]

Figure 2.1

Here, we note that an interval is an infinite set.

The number (b — a) is called the length of any of the intervals (a, b), [a &],
[a B) or {(a B].

Equal sets : Two sets A and B are said to be equal sets, if they have the
same elements. Thus if for all x, if x € A, then x € B and if for all x, if x € B,
then x € A, then A = B. In other words if A C B and B C A, then A = B.

From this definition, it is ¢lear that the order in which elements in a set are listed
is not important. For example if A = {4, b, ¢}, B = {b, ¢, a}, then it is easy to verify
that A C B and B C A, Hence A = B,

The condition for equality of two sets can be stated as,

if Vx, € A=>x € Band Vx,x € B = x € A then A = B.

Example 1 : Provetht ACBand BC C=ACC.

Solution : Since AC B, Vx, xe A=>x€ B

Furtheras BC C, ¥z, x€e B=>x € C

S Vx,xeA=xe C

s ACC

Thus, the relation of being a subset has the transitive property.

Example 2 : O = {x | x is a letter in the word FELLOW}

B= {x| x is a letter in the word FLOW?}, then which one of the following is correct ?

@acpB ®Gaoa=p @Rca {d) None of the these

Solution : Here the sets can be written as o = {F, E, L, O, W},
B = {F, L, O, W} and it is clear that } C 0, but & @ [} and hence &t # [3. Hence
alternative (c) [3 C O is true.

Example 3: A={x|x€ N,x <5} and B= {x | x € N, x2 < 25} show that A =B,

Solution : Method-1 : Here A = {l, 2, 3, 4}. Also 12 < 25, 22 < 25,
32 < 25, 42 < 25, 52 ¢ 25 etc. Hence B = {1, 2, 3, 4}.

So A =B.
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Method-2 : This method is rather abstract.
Letx € A
S x<S5andxe€ N
S x2 <25 (squaring both sides)
. x€B
thus Vx,x e A= x€ B
.. ACB (i)
Conversely, let x € B
S oxt< 25
S x| <5 (taking square root)
sox<5 (x € N)
S XEA
. Vi, xeB=xe A
S. BCA (ii)
s ACBandBCA ((i) and (ii))
Hence A = B.

Example 4 : A={x |4 <x2<40,x€ N} and B = {x| 4 <x® < 40, x € N}. Show
that AZ B and B ¢ A.
Solution : For x € A, 4 < x2 < 40 < 49
S 2<x<T (x € N)
Thus possible values of x are 3, 4, 5, 6.
Also 32 =9, 42 = 16, 52 =25, 62 = 36 and 9, 16, 25, 36 all lie between 4 and 40.
S A=1{3,4,5,6}
Forx € B, 1 <4 <x3 <40 < 64

o l<x<4 x € N)
Hence x = 2 or 3 is possible.
Also 23 = 8, 33 = 27 and 8 and 27 lie between 4 and 40.

s B={2,3}

It can be seen clearly that 4 € Aand 4 € B
s ACB

Also,2 € Band 2 &€ A

S BQA.

Exercise 2.1

1. Write the following sets in roster form :
(1) {x| x is a natural number less than 10}
2 {x|x¥*—-5x—6=0,x€ N} (3) {¢|x*—-5x—6=0,x€ R)
@ {x|x®*-x=0,xe Z} 5 (x|=3&£x£3,xe Z}
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-l

List all subsets of A = {1, a, b}

3. A=1{a b ¢ d,B={a b ¢}, C=1{b d). Find all possible sets X which
satisfy the given conditions.
(D XcB, X 2)XcB, XZC X#B
3) XCAX@ZB, XZC

4. The relation £ on numbers, has the following properties :

() a<a VaeR (Reflexivity)
(2) fa<band b<a thena=5 Va be R (Antisymmetry)
(3) fa<band b, thna<e, Va b,c€ R (Transitivity)

Which of the above properties the relation < on P(A) has ?

5. LetA={x|x=2y—1,y€ Z},B={x|x=2y+ 1,y € Z}. Show that A=B.
*
2.4 Operations on Sets

Let U be the universal set and P(U) its power set. Now, we define some
operations on P(U) and study their properties.

(1) Union : Let A, B € P(U). The set consisting of all elements of U which
are in A or in B, is called the union set of sets A and B and it is denoted by
A U B. The operation of taking the union of two sets is called the union operation.

Thus, AUB={x|x € Aorx€ B}

Here the word ‘or” is used in the inclusive sense. That is A U B is the set consisting

all those elements x for which x is either in A or in B or in A and B both.
Hence x must be an element of at least one of A or B. For example if A = {1, 2, 5},

B=1234,5,thn AUB= (1,23, 4, 5. .

We recall that in figure 2.2 celoured portion

s Venn diagram of A U B. 8 4
We now discuss some interesting results

regarding union operation. We will assume

A, B, C, D€ PU).
(1) The union operation is a binary

operation on P(U); that is if A, B € P(U), Figure 2.2

then A U B € P(U).
x€E AUB=>x€ Aorxe B
Since A Be PU,AcCcUand BC U
thus, x e (AUB)=x€ U
S (AuBCU
.. (AW B)e€ PU)
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This is also called closure property of the operation.
2) AC(AUB)and BC (A U B)
x€EA=>x€e (AUBlandx€ B=x€ (AU B)
S<, ACAVB),BC(AUB)
(3) Idempotent law : A U A=A
To prove this we write
AUA ={x|x€ Aorxec A}
={x|xe A} =A
4 HACBandCC D, then (AUC)C (BU D)
Letxe AUC
S xEAorxe C
S XEBorxe D (ACBand C CD)
o x€ BUD
Thus for Vx, x e (AU C)=>x€ (BUD)
S AvuCC)cBUD
(5) Commutative law : AUB=BUA
AUB={x|x€ Aorx € B}
={x|x€ Borx € A}
=BUA
(6) Associative law : (AU B)UC=AU BUCOQ(
AUBUC={|xe AUBorxe C}
={x|(x€ Aorxe B)orx € C}
={x|x€Aor(x€ Borxe ()}
={x|xe€ Aorxe BuU (C}
=AU BUCQC
Therefore we writte A U(BU C)or (AUBYUCas AUBWUC.
(7) AU ¢ = A (Thus, () is an identity element for the union operation)
In property (2) it was shown that A C (A W B) for any set B. Thus in
particular for B = § we write
AC(AU 9 0]
Also, ACAdCAS (AUNC(AUA) (property (4))
=AUNHCA (property (3)) (ii)
From (i) and (ii) we get,
AUP=A
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Another Method :

Already A C (A L ) (i)
Now letx € A U @,

S XE Aorxe ¢

But for no x, x € ¢ is true.

SO X EA
S (AU CA (i)
SOAUB=A (i) and (ii)

8 AUU=TU
ACUandUCU

S A c@ul (property (4))
S (AUl cUasUuwuU=U0U (i)
we have UC (AU U) (ii)
From (i) and (ii} we get
AuU=U

(2) Intersection : Let A, B € P(U). Then the set consisting of all elements
of U which are in both A and B is called the intersection set of sets A and B
and is denoted by A M B. The operation of finding the intersection of two
sets is called the intersection operation.

Thus, AN B={x|x€ Aand x € B}.

We note here that A ™ B is the set of all elements common to both A and B.

Venn diagram for A M B is shown in figure 2.3 by coloured region.

Some properties of intersection operation are U
discussed below.

Let A, B, C, D € P(U)

(1) Intersection operation is a binary
operation :

Letxe ANB

. X€EAandx € B

s x€e U (A, BC D :

. (ANBCU Figure 2.3

S (AN BYe PlU)

2 ANBCA, (ANB CB

This result is obvious,

(3) Idempotent law : AN A=A

ANA={x|x€ Aand x € A}
={x|x€ A}
=A

A B
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4 HACB CCcD, then (ANC)C (BND)
Letxe ANC
S x€EAandx€e C
S x€Badxe D (ACB CcD
S x€BND
s AN CEBAD
(5) Commutative law : AN B=BNA
(6) Associative law : AN B NCO)=ANBNC
Properties (5) and (6) can be proved exactly in a similar manner as in the case of
union. AN(B N Cyor(AM By Cis written as AM B M C.
(7) ANnp=9

As seen in property 2, (A M@ C B (i)
Further @ is a subset of all the sets,
In particular § C (A M @) (i)

From (i) and {ii)) we gest AN P =@
8) AN U=A (U is the identity element for the intersection operation).
We know (AN U) C A (i)
Now, ACAand ACU

ANACAND)

ACANVU (ii)
From (i) and (ii) we get AN U =A
Distributive laws :
1) ANBUCO=ANBUMANCOC

Proof : Letx € AM{B U C)

x€ Aandxe BUC
H x€Aand(x€ Borx € )

xeAandx € B)or(x € Aand x € C)

xEANBorxe ANC

xeANBUAND

AN BULUCO)CANBUANG (i)
In similar manner, it can be proved that
ANBIUANO CANBUO) (ii)

From (i) and (ii), we get
ANEBUO=(ANBUQRNCQC
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This law is called distributive law of intersection operation over union operation.

2 AUBNCO=AUBN@AUO

Proof of this result is similar to that of (1) and it is left as an exercise. This law
is called distributive law of union over intersection.

Definition : Non-empty sets A and B are said to be disjoint if their
intersection is the empty set.
An Important Result :

The following statements are equivalent :

() ACB

2) AUB=B

3) ANB=A

[Note : p & ¢, g & r r < p can be proved in following sequence, p = ¢,
g = r, ¥ = p. Due to transitive property. (p = g and ¢ = ) = (p = ¥) etc]

Proof : (1) = (2)

It is known that B C (A U B) (i)

Now letx € AU B

S x€Aoarx€E B

If x € A then x € B because we are given that A C B

. x€ Borxe B

S x€B

~ (AUB)CB (i)
From (1) and (i), AUB=B

Another Proof : We know B C (A U B) (i)

AlscACcBand BCRB
M (AUBYCBUB)

. (AUB)CB (i)
. From (i) and (i1), (A VW B)=B

@2 =0

Tt is clear that, (AN B) C A (i)
Let x € A

L. XEAUB

L. x€B

S x€EAandx € B

S x€ ANB

Thusxe A=x€ ANB

. AC(ANB (i)
s From(@and i AMNMB=A
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Another Proof : We know (AN B) C A (i
Alsc ACAand ACRB
S (ANAC{ANB)

S, AC(ANB) (i)
From (i) and {ii), (AN B)=A

=0

It is known that, (A M B)C B

.. ACB (AN B=A)

Thus we have proved logical equivalence of three statements (1), (2), (3).

(3) Complementation : For A € P(U), the set comsisting of all those
elements of U which are not in A, is called complement of A and is denoted by
A', The operation of finding the complement of a set is called complementation
operation. Here A' = {x | x € U and x € A}

The operation of complementation assigns U
a unique set A' to every set A.

This operation is a unary operation on P(U).
Coloured region in figure 2.4 represents A'.

Some properties of complementation are Al
given below.

(1) A' € P(D).
This follows from the definition. Figure 2.4
2) ANA'=),AUA'=T
From the definition of complement of a set A, it follows that
xEA=Sx€Aandxe A= x& A
SOANA =9
To prove second result we note that since A C U, A'C U
AVAYCU @)
Further, if x € Uthenx € Aorx € A’
XE AUA
UC(AVA) (ii)
From (i) and (ii) it follows that A\UA'=T
3) ¢'=1u, U =
These results obviously follow from the definition of complementation
operation.
4) A) =A
Proof of this result is very easy. Try yourself.
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De Morgan's Laws :
1 AUB'=A'NB 2Q)(ANB)=A"URJB
These results are proved below :
(1) AUBY={x|xe U=x¢& AU B}
={rlx€Uand(x€ Aandx € B)} (~(pV ¢ =(=p) A (~9)
={x|xe€ Uand(x € A'and x € B")}
=A'NPB
2) ANnBy={x|x€ Uand x 8 AN B}
=(x|xreUad(x& Aorx € B)}} (~(Aq)=(p)V(~0)
=f{x|x€ Uand (x € A' or x € B)}
=A'UB
Using mathematical reasoning, De Morgan's laws can easily be proved. We will
prove (1} as under :
xEAUVUB &xe AUB
& ~(x e AUV B)
& ~xe Aorx € B)
& ~(x € A) and ~(x € B) ~@VQ=0cp)AC9)
—~x&€ Aandxeé B
& x€ Aandxe B
oxe ANPB
(AVUBY=A"NDPB
(4) Difference set : For the sets A, B € P(U), the set conmsisting of all
elements of A which are not in B, is called the difference set of A and B. This

set is denoted by A—B. The operation of taking the difference of two sets is
called the difference operation.

Hence, A—B={x|x€ U, x € Aand x € B}
S A—B={|x€ Aand x € B}
S A—B=ANB
From this it is clear that (A — B) < A. In figure 2.5, Venn diagram of A — B and
B — A are represented by coloured regions.
U U
A B A B

Figure 2.5
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From these diagrams it is clear that A— B #B — A, if A # B.
IfA={1,2 34,5 6}, B=1{2, 4,6, 8 10} then A — B = {1, 3, 5},

B — A= {8, 10}
Some properties of difference operation are as under :
(1) U—A=A' (quite obvious !)

(2) ACB=>A—-B=9
A=B =i{x|x€ Aand x € B}
=fx|xr € Aand x € B}
={x|x € Band x € B} (A CB)
=0
(5) Symmetric Difference set : For sets A, B € P(U), the set consisting of

all elements which are in the set A or in the set B, but not in both is called
the symmetric difference of the sets A and B. Symmetric difference of two

sets is denoted by A A B.

Thus AAB= (AU B)— (AN B)

We will prove that, AAB=(A—-B)w (B — A)

(AUB)—(AnNB)= AVUBIN(A NBY (A—-B=AND3B)
= {(AUVUBIN{A' UB) (De Morgan's law)
= (AU BN A) U (AU By B) (Distributive law)
=[(ANAYUBMNANUVIANB)UVUB N B
= [oVvEBNANUOUANBYLZ]
=BNAYVANB)
= (B—A)yU(A—B)
= (A-B)UB—-A)

This set is depicted below by the coloured region in the Venn diagram 2.6.

U

AAB
Figure 2.6
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Example 5 : Find the power set of A= {x | x € Z, © — 4x = 0}.
Solution : Here x> — 4x = 0
SLoxx2=4)=0
S =D +2)=0
e x=0,x=2,x==2
s A={0,2,-2}
Hence P(A) = {0, {0}, {2}, {=2}, {0, 2}, {0, =2}, {2, =2}, A}
Example 6 : U= {1,2,3,4,56,7,8,9, 10}
A=1{1,3579,B=4{,5068,C={1,4,6,7}
Verify the following,
() AuUBNO=AUBNAUV(C)
2) (AUBY=A'NP
3) A-B=ANPEPB
(4) AAB=B A A takingAAB=(AUB)— (AN B)and
BAA=B-A)U (A—B)
(55 A—C=A—(ANC)
Solution : (1) Here B N C = {1, 6}
AVUBNC)=1{1,3,526,7, 9}
Now, AUB = {1, 3,5, 6,7, 8, 9}
AUC=1{1,3,4,50617 9}
AUBIN (AVO)=1{1,3506,7 9}
Thus, AUBNC)=(AUB)YN (AU C)
2 AUB={1,3,5,6,7,8,9}
S (AUB)Y=1{2410}
Now A' = {2, 4, 6, 8, 10}
B'=1{2,34,17,9 10}
S AN B = {2, 4, 10
Thus, AU BY=A"NB
3 A—-B={3,7,9
B'=1{23,4,7,9, 10}
AMB=1{3719
Hence A—B=AMNPB
4 AAB=(AUB)—-(ANDB)
NowAUB={1,356,738, 9}
AMB={l,5}
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AAB=13,6,7,8,9
BAA=(B-A)U (A—B)
B—A= {6 8)
A-B={3 17 9
s B-—AUM-B)=(3,678 9
Hence, AAB=BAA

Incidentally this also verifies that (A \U B) — (A M B) = (A— B) U (B—A).

(5) A-C=1{3,519}
ANC={1T7
A-(ANC)={3,509)
Thus, A—C=A—-(ANC)

Example 7 : Prove that A— B =A — (A N B)
Solution : We have, by definition, A= B=AN B
A-(ANB)y=ANnAnN B

=AM (AU BY) (De' Morgan's law)
=(ANAYU ANB) (Distributive law)
=V {ANB)

=ANB

=A-B

Example 8 : Prove that AN B) U(A—-B)=A
Solution : This can be easily proved using distributive law.
We have A—B=ANPB
ANBIVA-B=(ANBV(ANB)
=AM BUB)
=AnNnU=A
Example 9 : Prove that if A C B, then B' C A" hence deduce that A=B & A' =B
Solution : We are given that A C B
Vi, x€ B =>xe€ Uandx& B
=S x€Uandxg A (A C B)
= xE€E A
BcCcA
Also, A=B S ACBand BCA
B CAandA'CB
= A'=PB
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Example 10 : If A= {x |[x€ R, x? —3x—4=0}and B= {x | x € Z, »2 = x}.

Find the following :
(HAVUB QDQANB (3)AAB
Solution : For x € A, we have
x2—3x—4=0
—Hx+ D=0
x=4orx=-—1
A= {-1, 4}
For x € B, it is given that, x* = x
Sox2—x=0
oxx—1)=0
x=0orx=1
s B={0,1}
Now, (1) AVB={-1,90,1, 4}
2 ANnB=9
3) AAB=(AUB-ANB={-1,0,1, 4}

Example 11 : IfA = {4k + 1 | k€ Z}, B={6k— 1|k € Z}, find A M B.

Solution : Taking ¥ = 0, X1, 12....

A=1{.,1,5913,17,21,.} and B = { .., =1, 5, 11, 17, 23,.. }
o Itseemstht ANB={.,517.) ={12k+5|ke Z}.

We prove this.
Letx € A M B.
Then x € B. Hence x = 6k— 1, k€ Z.

If & is even, let k= 2m, m € Z. Then x = 6(2m) — 1 = 12m — |
(Taking k = 2m, m € Z)
x — 1=12m — 2 = 2(6m — 1), which is not a multiple of 4.

x — 1 # 4k forany ¥ € Z.
xZ4 + 1forany ¥ € Z.
x€ A
x € A M B, which contradicts our assumption.
k can not be even.
.k has to be odd.
Letk=2m+ 1, where m € Z.
thenx =6(2m+ 1) —1=12m+ 5
=12m+4+1
ABm+ 1)+ 1€ A

3m+1€ Z)
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If x € A M B, then it is necessary that x is of the form x = 12m + 5 (m € Z).
Also 12m+ 5=43m)+4+1=43m+ 1)+ 1 € A.
And 2m+5=12m+6—-1=6(2m+ 1)— 1€ B,
2Zm+5€ AN B
ANB={12k+5|ke Z}

Exercise 2.2

1. If A= {x| xis a natural number less than 5}
B = {x| x is a prime number less than 15}, find A\ B and A N B.

2. A={1,2,3,45},B={1,3,56},,C=41,2,3},U={1,2,3,4,5,6,7, 8}
Verify the following :
(D A—B)UB=AUB QDA-BUB-A=(AUB—-(ANB)
B3) A-B-CO=(A-BuUuAaAn{
4 AAA=¢gandAAG=A
5) A—BNC)=(A—B)U(A—C)

3. fU={1,2,3,4,5,6,7,8},A={1,3,5,7} and B= {2, 5, 7, 8}, verify De Morgan's
laws.

4. fA=1{a b c d e} and B= {c, d e f},find 1) ALUB(2)ANB
3YA-B )B—-A (5 AAB.

2.5 Cartesian Product of Sets

In day-to-day life, ordered pairs occur naturally. In an auditorium a typical seat
number is say A5 where A denotes the row label and 5 is the fifth chair in that row. This
can be represented as an order pair (A, 5) or A5, Here we note that in this pair alphabet
(indicating row) occurs first and the number (indicating chair number} occurs second and
this order is important.

In a result sheet of an examination, (35, 100) denotes that student with seat
number 35 gets 100 marks. But (100, 35) indicates 35 marks are obtained by the student
with seat number 100. As stated earlier {p, ¢} = {gq. p} but (p, 9} # (g. p).

{p, g} is an unordered pair, a set with elements p and 4.

Definition : Let A and B be two non-empty sets. Then the set of all ordered
pairs (x, y), where x € A, y € B is called cartesian product of A and B; and
cartesian product of A and B is denoted by A X B (read : ‘A cross B’).

Thus, AXB={xy) | x€ A,y € Bl

If A or B or both are empty sets then we take A X B = (. Also A X A

is written as AZ.



SET THEORY 41

Just as we have ordered pairs (x, y), we can have ordered triplet or ordered
n-tuple (x), x9, ¥3,.., x,). If A, B and C are non-empty sets, their cartesian product
is defined as

AXBXC={xpypz)|x€ A, y€ B,z € C}

In analogy with AZ = A X A, we will writc A = A X A X A.

Example 12 : Find A X B, if A = {a, b, ¢}, B = {a b}

Solution : AX B = {(a a), (a b), (b, a), (b b), (c, a), (c. »)}
Example 13 : fA=1{1, 2,3}, B=1{2,6,7},C= {2, 7},

verify AX(B—C)y=(AXB)y—(AXxXQ0()

Solution : Here B — C = {6}

SO AXB -0 = {1, 6), (2, 6), 3, 6)}

Now AXB={(1,2),(,6),(1,7),(2,2),(2,6), 2,1, (3,2). (3, 6), 3, )}
AXC=1{(1,2),(,7,2,2),2,7),3,2),3G 7}
(AXB)—{AXC)={(l,6), 2 6), 3, 6)}

Thus, AX(B-C)=(AXB)—-(AXC(C)

Example 14 : fA#Z ¢and AX B = A X C, show that B = C.

Solution : f B=C=¢, then AXB=A XC=¢and B=C.

Obviously, only one of B or C being empty is not possible since A # .

Sosuppose B# @, C#

Since A # ¢, there exists an x € A.

Forevery y € B,(x, y) € AXB
S (ke AXC (AXB=AXO0
x€ A yve C

Hence, Vyy yE B=y € C
BcC

Similarly, it can be proved that C C B
B=¢C

Example 15 : A={1,2,3,4}, B={(q &) | bis divisible by a; ¢ b € A }.

List elements of B.

Solution : Here, 1, 2, 3, 4 are divisible by 1; 2, 4 are divisible by 2; 3 is divisible
by 3; and 4 is divisible by 4.

B={( 1), 2), 3,0 4,(22),24.3.3).,4 4}
Example 16 : If A X A = B X B, then prove that A = B.
Solution : If A=@, then ¥ = B X B = B = #. This shows that A = B.
Suppose AZ ). Let x € A

(x, x) € AX A
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2.6

(x, x) € BXB (AXA =B XB)
x€E B
Hence, ¥x, x € A = x € B.
A C B.
Similarly, B C A.
A =B

Exercise 2.3

IfA={1,2,3}, B={4, 7}, find AX B and B X A.
IfA={1,2,3},B={35},C={2 6}, verify AX(B—C)=(AXB) — (A X C)
If A= {x | x is natural number less than 5}, B = {x | x =3a — 1, a € A},
find A X B.

*
Number of Elements of a Finite Set
We recall that n(A) denotes the number of elements in a finite set A. Clearly

if A and B are disjoint sets, we have #(A W B) = n(A) + »(B). Similarly
fANB=BNC=ANC=4¢, then (AW B U C)=nA) + aB) + »n(C).

For example, if A= {a, b, ¢}, B = {d e f} U
then A\VB={a b c d ¢ f} A B
Here n(A) =3, n(B) =3 and ANB=¢ '
and n(A U B)=6=3 + 3 = n(A) + n(B).
As shown in the Venn diagram 2.7,
AUB=A-BBuAnNnB U@B-A)
and A— B, A M B, B — A are mutually
disjoint sets.
S n(AUB)=nA—B)+ nAN By+ nB — A) @)
Now A= A-B)UVANBwith(A-B)Nn{ANB) =¢

n(A) =n(A — B) + s(A N B)

nA — B) = n(A) — n(A N B)
Similarly (B — A} = n(B} — n(A M B)
Using these in (i) we get
n(A U B) = [n(A) = (A M B)] + n(A M B} + [#(B) — (A N B)]

= n(A) + n(B) — (A N B)

Figure 2.7

It can be proved easily, without the use of Venn diagram that A — B,
B — A and A M B are mutually disjoint sets and their union is A U B.
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Similarly, HAU B U C)=mA)+ B U C)—nAN(BUO)
=nA)+ {#B)+ n(C) = nB N C)} —a[(ANB)YUANCQO)
=nA) + n(B) + n(C) —n(B N C) —

[HANBY+ A NC)y—nANBMC)
= n(A) + n(B) + n(C) — n(A N B) —
M BAC)—nANC+mANBNC)
Example 17 : A and B are sets such that (A U B) = 75, n(A) = 50, n(B) = 50.

Find n(A M B).

Solution : It is known that n{(A U B) = n(A) + #(B) — n(A M B)
75 =50 + 50 — n(A M B)

AN B)=100—75 =25
Alternatively, as shown in the Venn diagram 2.8 :

nHA—B)=anANBY=54nB—-—A)=c
a+b+e=75
a+ k=350
b+c¢=250
a+b+b+c¢=10
b+175=100

AN B)y=5§=25
Example 18 : Prove that
(1) If non-empty, A— B and A M B are disjoint sets
2 A=A-B)UANDB)
(3) (A —B)=nA) —nANB)
4) If B C A, then n(A — B) = n(A) — »(B)
(5) nA) = n(U) — n(A)
Solution : (1) (A —B) N (A N B) = (A N B) N (A N B)
=AN B MNB)
=AMP B N B =9
=9
If non-empty, A — B and A M B are disjoint sets.
2) RHS.=(A—-BUANB) =(ANBYU{ANB)
=A N (B UB)
=ANU
=A=LHS.
(3) From (1) and (2), n(A) = n(A — B) + n(A M B)
MA — B) = a(A) — n(A N B)

Figure 2.8
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(4) Giventhat B C A
. ANB=B
Now from the result (3) proved above we have
n(A — B) = n(A) — n(A N B)
= n(A) — n(B) (ANB=B)
5) ANA=0pandAUA=U
S w(U) = n(A) + n(A)
<o n(A) = n(U) — n(A)
Note that if A C B then n(A) < n(B).
For finite sets A and B, n(A X B) = n(A) n(B).
Example 19 : If A = {1, 2, 3, 4}, B = {2, 4}, verify n(A X B) = n(A) n(B).
Solution : Let A= {1, 2, 3, 4}, B = {2, 4}
Here A X B = {(1, 2), (1, 4), (2, 2), (2, 4), (3, 2), (3, 4), (4, 2), (4, 4)}
nAXB) =8
Also {A)=4,nB)=2, (A XB)=§
n(A X B) = n(A) n(B).
Example 20 : A and B are not singleton and n(A X B) = 21. Also A C B. Find
n(A) and n(B).
Solution : n{A X B)=21=3X7=1X21l
But, n(A) # 1, a(B) # 1
n(A) = 3 and n(B) = 7 or n(A) = 7 and n(B) = 3.
But, #(A) < n(B) (A CB)
nA) =3, n(B) = 7
Example 21 : In a troop of 20 dancers performing Bharatnatyam or Kuchipudi,
12 dencers perform Bharainatyam and 4 perform both Bharatnatyam and
Kuchipudi. Find the number of dancers performing Kuchipudi.
(Note : Each dancer performs Bharatnatyam or Kuchipudi)

Solution : Let A = Set of dancers performing Bharatnatyam
B = Set of dancers performing Kuchipudi

Then given that, n(A) = 12, s(A M B) = 4, n(A L B) = 20
Now, n(A U B) = a(A) + »(B) — n(A M B)
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20 =12 + n(B) — 4
20=n(B)+ 8
n(B) = 12
Thus number of dancers performing Kuchipudi is 12.
Number of Dancers performing only Kuchipudi = n(B) — n(A M B)
=12—-4=38
Example 22 : In a group of people, 28 like Gujarati movies, 30 like Hindi movies,
42 like English movies; 5 like both Gujarati and Hindi movies, 8 like Hindi
and English movies, 8 like Gujarati and English movies and 3 like Gujarati, Hindi
and English movies. What is the least number of people in the group ?
Solution :
Here let G = the set of people who like Gujarati movies
H = the set of people who like Hindi movies
E = the set of people who like English movies
then given that
n(G) = 28, n(H) = 30, #(E) = 42
(iGN =5aENH=8,nGMNE=8asGMNENH=3
Now, n(G U E U H) = n(G) + n(H) + n(E) — (G N H) — #(E N H) —
GO E)Y+ G NENH)
=28+30+42—5—8—8+3
H

=103 - 21 =82 9

Some persons may not like to watch

a movie. Hence there are at least 82 people in
the group.
E

Figure 2.9

Miscellaneous Problems
Example 23 : FANB=ANC AUB=A U C, then prove that B = C
B+9 C#Q)
Method 1 : Let x € B
x€E AUB
x€ AUC AUB=AUO0O
thete are two possibilities
() x€ Aor(Dx€eC
() x€ A
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Thus, x € Aandx < B

S xXEANB

S xeE ANC ANB=ANO0
S xeC

(2) Here x € C is what we want.

».  In both alternatives x € C

S VYVr,xeB=>xe C

s BCcC
Similarly it can be shown that C C B.
Thus, B = C.
Method 2 : Kisknownthat X C Y= X UY=Y
(AMNB)CB
Now,B =(AMB)UB
=(ANC)UB ANB=ANC0
=(AUBN BV
=AUONBUI AUB=AUOQ
=ANBuUC
=ANCUC=C (AN C)cO

Method 3 : This result can be proved using X C Y = X =X MY The proof
is left as an exercise.

Example 24 : A—B=A—-Cand B—A=C—A Prove that B=C. (B £ ¢, C #90)
Solution : If B & C, then there exists a member p € B such that p € C.
Sncepe U pe Aorp &€ A
(1) :Letpec A . Sincepg& C,pe A=C
5 pEA-B (A-B=A-0C)
s p€ B
Contradiction as p€ B
2):Ifpe& A,thenpe B— A
s peEC—A B—-A=C-—A)
s p € C which contradicts p € C
Thus none of the alternatives is possible.
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s« B @ C is not true.
S BcCccC
Similarly C C B.
Hence B = C.
Example 25 : Prove that P(A) =P(B) = A=B
Solution : AC A = A € P(A)
= A € P(B) (P(A) = P(B))
= ACB
Similarly B C A.
.. A=B
Example 26 : (A X A) = 9. (g, b) € A X A. Also ¢ € A. Write the set A.
Solution : Let n(A) = &
Now, n(A X A) =2 =9
S k=3
(o b)e AXA
L. a€ A be A
Further we are given that ¢ € A.
Thus A has 3 elements namely 4, b, c.
o A={a b c
Example 27 : AN B=pand A U B = U, prove that A' = B.
Solution : Let x € B
o x€ AasANB=9¢
L. xEA
.. BcaA @)
Let x € A’
S x€A
but x€ U
S XxX€ AUB AUB=D
S Xx€ Aorx€ B
.. x€B (x € A)
s A'CB (ii)
From (i) and (ii) A'= B
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Exercise 2.4

1. In a group of students, 100 know Hindi and 50 know English and 25 know both
the languages. Every student knows at least one of these languages. How many
students are there in the group ?

2. Out of 600 residents in a society, 500 read Gujarati newspapers, 300 read
English newspapers and 50 read both newspapers. Is this data correct ? Explain.

3. In a survey, it was found that 21 people liked product A, 26 liked product B
and 29 liked product C. 14 people liked both A and B, 12 liked C and A,
14 liked B and C and 8 liked all three products. How many liked the product C
only ? How many people did not like any of the products ?

4. In my school there are three sports teams, There are 21 players in the basketball
team, 26 in the hockey team and 29 in the football team. 14 play hockey and
basketball, 15 play hockey and football, 12 play football and basketball and 8 play
all three games. How many players are there in all ?

5. A CUandB C U, such that n(A) = 20, n(B) = 30, n(U) = 100, n{A M B) = 10.

Find n(A' N B").

Exercise 2

1.  Write the following sets in the roster form :
(1) A= {x|xisa prime number less than 20}.
(2) B = {x| xis a vowel in English alphabet}.
(3) X={x|x€ N, 5<x<11},
4 X={x|x€ R x2-1=0}
G) X={x|x€ N,x2+3x+2=0).
2. Write the following sets in set builder form :
(1) A={5,10,15,20}
(2 P={L3,5.3
IfA={1,3,579LB=1{3711}, find()A-B, ()B-—A, 3)AUB.
4. Prove the following
(1) (A—B)U (B—A)=(AUB)—(A N B)
2 A-BUO=(A-BN{QA-0
3 ANB-C=(ANB—ANCQC
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U={x|x€ N, 1<x <10}
A=1{1,35709,B=1{2,528),C=1{2 178, 10}.
Verify the following :

() AUBY=A"NB 2 ANBY=A"UB
3 A-B-C=A—-B)U(ANC)

6. List all the subsets of the set A = {1, 5, 9}.
7. AW B =AM B, prove that A = B.
8. Draw a Venn diagram for the sets A, B, Csuchthat AMBZ ) BN C 24,

10.

11.

12.

ANCZIbwtANBNC=4

. A and B are subsets of a universal set U. Let (A} = 20, n(B) = 30, n(U) = 80,

A M B) = 10. Find n(A' N B").

In a class of 60 students 35 play Kabaddi and 40 play Kho-kho and 20 play both.
Find the number of students who play neither of these.

Prove the following :

() A-9P=A0—-A=9

(2) AV@=A (seenull set acts like zero 1)

(3) ACB&SA-B=9

@ A-B=B-ASA=B=9

Select proper option (a), (b), (¢) or (d) from given options and write in the box
given on the right so that the statement becomes correct :

(1) In column-A sets are described in roster form and in column-B sets are in
the set-builder form.

A B
() {L, A, T} {A) {x | x is a natural number less than 4}
(2) {=2,=1,0,1, 2} (B) {x | x is a letter of the word TLATA}
(3) {1, 2, 3} ©) {x|xe Z x* <5}
Which one of the following matches is correct ? - 1

@M-A)@D-B),06-C OGDOH-B.@-A),3)-©O
© (M- B, @) -(©), 3)-A) (d) None of these
(2) Let A = The collection of even numbers less than 100.
B = The collection of best athletes of 20th century
C = The collection of poems written by Umashankar Joshi.

Which one of the following is correct ? 1]
(a) A and B are sets (b) B is not a set
{c) A and C are not sets (d) A, B and C are sets
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G) IfA={x|x€ Z x* — 16 = 0}, then ]
(@ A={272; (b) A= {2}
(cyA={—4} d)A=1{—4,4,-22)}

(4) Let A= {y | y € N, 3° =27 = 0}. Select the correct statement. -
(@a%e A (b)-3e A (c}3e A d-9eA

G)LetB={x| x € Z, x2 — 16 = 0}. Select the correct statement. -
(a4 € B (b)-4 ¢ B c)-2€ B @2eB

(6) Let B= {¢}, then ]
(a) B is the null set (b) B is a finite set
(<) B is an infinite set (d) B is not a set

(T A={x|x€ N, x2+4 =0} Then ]
@A={=22} @®A={} ) A=9 dA={0}

(8) o= {x | xis a letter of word ALPHA}, =

B = {x | x is a letter of word ALPA} and ¥ = {L, P, A, H}

Select the incorrect statement.

@ o=y ®) B={ALP o= @BNny=p
(9) In column-A some sets are given and in column-B subsets are given [ |
Column-A Column-B
I {L, 3,5 7.} Ay {1, 19, 213
) {2,4,6, 8.} B) {2, 5,6, 8§ 19}
311, 23,4} (©) {8, 28, 38}

if sets in A are matched with their corresponding subsets in B, then which

of the following match is correct ?

(a) (1) - (©), 2) - (B), 3) - (A) &) (1) - (A), 2) - (©), 3) - (B)

© 1) -(©), 2)-A) 3)-B) @ m-@A),@-3.0)-©
(10)Number of elements in the power set of A= {x|x &€ N, x2 <9} is [ ]

(a) 9 (b) 4 1 (d)8
(1) For the set R of real numbers, which one of the following is incorrect ? [__|
(@NCR ba )R a<b

CReR @oCR
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(12)Of which set A= {1, 5,7}, B = {1, 10}, C = {11, 12,..., 20} are subsets ?[ |

(a) {1, 2, 3,...,, 20} ) {1, 3, 5,..., 21}
©) 0 @ {1, 11, 111, 1111}
(13)Of which set, A = {1, 2, 3, 4}, B = {—1, 1, 0, =2, 2}, C = {1, 3, 4}; are
subsets ? ]
(a) [1, 4] () [-1, 4] (c) [-2, 2] (d) [-2, 4)
(14)For the interval (—1, 1], which one is correct ? ]
@ -1¢e (-1, 1] ®o0e (-1, 1]
)} (-1, 1] = {1, 1} @-L1]=9
(15) Which one of the coloured portion in Venn diagrams represents A ™ B ? [ |
(a) U (b) U
A
A B
Figure 2.10 Figure 2.11
(c) u ) U
A B
A B
Figure 2.12 Figure2.13
(16)From the Venn diagram 2.14, select the correct statement. ]
U
@A=(1,3,47) %
®U={1,2.,7 =
{c)AuUB=1{4, 7 2 6} o e B
(dB=9

Figure 2.14
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(17) Using Venn diagram 2.15, select the incorrect statement. 1]

@A={cd}/ g

b B=9

©U={a b ¢ def g
WDAUB={d g Figure 2.15

(18)A = {x | x is a natural number less than 8}, =
B = {x | x is a natural number greater than 5 and less than 18}, then

(a) AU B = {x| x is a natural number less than 18}
bMAaAuwuB={-1,-21,2 0 18}
C)AUB=9¢ WANB={l}

(19) Which one of the following is correct ? 1]
@AVBUC=ANBUIO
MHAUBUCG=AUBNCO
) ANBUO=ANBUAND
@MANBNC)=AN{B LI

@2OIfFA = {1,3,5 7}, B= {2, 4, 6, 8}, then n(P(A N B)) = ...... [
(@1 (b) 28 ) 8 (d) 82

(21) Which one of the following is correct ? (A # B) ]
@ANB)CA b)(AUB)CA
CYAUBYNB=A dH(AUB)YCB

(22)If A C B, then ..... 3

@ANB=¢g ®MANB=A (EANB=B ({HAUB=A
CHU={x|xe€ N, x< 10}, A=1{1,3,5 79}, B=1{2 4,6 8 10} then

(AUBy= ... ]
(a U (b) {2} o {1,4,7 8}
(24) Taking the set R of real numbers as the universal set, Q' = ...... -
(a) N (b)Z I (R
(25) Taking the set of natural numbers as the universal set and A= {x | x — 8 =3},
A= ]

(@ N (b) {5} ©)N - {5} (@ N - {11}
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(26)Taking U =[1, 5, A={x|x€ N, x2—6x+5=0}, A = ... 1
(@ {1, 5} (b) (1, 5) (© [1, 5] (d) [-1, 5]
@NTaking U=[1,2,A=fx|x€ N, x> +x—-2=0}, A = ... ]

(@ (, 2] () [1, 2] (© {1, 2} @) (1, 2}

(28)In which one of the following diagrams coloured region represents
(ANB)y? U []
(@ u ()

A
A B
B
Figure 2.16
Figure 2,17
U
© @
A B
A B
Figure 2.18 Figurc 2.19

(29)In a residential colony, 50 families speak Gujarati, 30 families speak Hindi
and 10 families can speak both Gujarati and Hindi. How many families speak
at least one of these languages ? ]
(a) 80 (b) 90 {c) 70 (d) 60

(30)In a students hostel accomodating 200 students, 50 like Idli and 75 like
Upma and 35 like both Idli and Upma. How many students like neither Idli
nor Upma ? ]
(a) 75 (b) 110 (c) 200 (d) 90

(31)}In a survey of students, 21 students liked Arts stream, 26 liked Commerce
stream and 29 liked Science stream. 14 students liked Arts and Commerce,
10 students liked Arts and Science, 8 students liked Commerce
and science and 6 liked all three streams. At least how many students
like Arts or Commerce or Science stream 7 Every one liked at least one
stream. (]
(a) 76 (b) 82 (c) 50 (d) 110
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Summary

We studied following points in this chapter :

R W e

it

Set is an undefined term.

Universal set

Subset

Equality of two sets.

Union set, Union operation and its properties

Intersection of two sets and intersection operation and its properties.
Complement of a set, complementation and its properties.

De Morgan's laws

Distributive laws

. Difference of two sets and symmetric difference of two sefs.
11.

12.

Cartesian product of two sets
Notation n(A), formulae for r(A U B} and n(A W B '\ C)

A Venn diagram of two sets contains four regions. A Venn diagram of three
sets contain eight regions. How many regions will be there in a Venn diagram of
four sets ? Can you draw it using circles only as is usual practice 7




Chapter R}

| RELATIONS AND FUNCTIONS |

3.1 Introduction

The concept of functions is very fundamental in modern mathematics. Many
mathematicians have contributed to the formal development of idea of a function.
Among them, French mathematician Déscartes used the word function in the year
1637. At that time, he had only referred to x”, # € N. James Gregory gave the definition
of a function in 1667. He introduced functions to obtain a quantity by performing
algebraic operations on some other quantities. In 1673, Liebnitz gave the definition of a
function in the context of the coordinates, the slope of a tangent, and the slope of a
normal at a point on a curve, as a quantity varying at every point. The definition of a
function wsed now-a-days was given by Dirichlet. Georg Cantor gave definition of a
function with the help of sets. In this chapter, we will study functions, their types and
various operations on functions.
3.2 Relation

We are familiar with the Cartesian product of two non-empty sets. Accordingly if
A={a b ¢}, B={c d}, then AX B = {(q, c), (a, d), (§, c), (b, d), (c, c), (¢, d)}.

Further for the set N of natural numbers ‘The relation of being double’, associates
1 with 2, 2 with 4, 3 with 6 and so on. In place of writing like this, we may write them
as ordered pairs as (1, 2), (2, 4), (3, 6), (4, 8),.... Hence this relation can be expressed
as a set {(1, 2), (2, 4), (3, 6),...}. We note that this is a subset of N X N.

In general, for any non-empty sets A and B, a subset of A X B is called a

relation from A to B.

For the sets A and B discussed in the example above, {(a ¢), (b, d)} is a relation
from A to B. Since #(A X B) = 6, the number of subsets of A X B is 2% = 64, hence
64 relations are possible from A to B. A relation as a set is usually denoted by 8. Thus
above relation is written as S = {(a, ¢), (b, d)}. Further as we have discussed above
any subset S of A X B is a relation from A to B. If a pair {x, y) € S, then we say
that x is related to y by S. In the example above a is related to ¢ and b is related
to d. If a pair (x, y) € A X B, but (x, y) € S, then we say that x is not related to
¥ by S. For example, {c, c) € S, hence ¢ is not related to ¢ by 5.
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If 8 is a relation from A to B, then {a | (a, b) € S} is called the domain of
S and {b | (a, b) € S} is called the range of S. In the above example, the domain
of S is {a, b} and the range is {c. d}. It can be seen that for a relation from A to B,
domain is a subset of A and range is a subset of B.

A relation S from A to B is said to be empty if S = ¢.

A relation S from A to B is said to be the universal relation if S = A X B.

Further, if A= B ie. if S C (A X A) then the relation S is called a relation
on A.

In practice, the concept of relation occurs in many ways, in mathematics as
well as in society. We define relation of ‘being subset’ on the power set P(A) of a
set A. Thus, if M C N, then we say that M is related to N, by relation C. Similarly
being ‘less than® or being ‘greater than’ are relations on the set of numbers. Thus, if
a < b we say that g is related to & by the relation ‘<0, or if @ > & we say that a is

related to b by the relation >°. In these examples, it can be noted that in a relation we

take ordered pairs,

In society, if H is the set of all human beings, the relation ‘being mother of” is a
subset of H X H, i.e. the relation is given by M = {{a, #) | a, b € H, a is mother of b}.
In this case, we write aMb.

Example 1 : A= {1,2,.,, 10}, B= {3, 6, 9, 12}. Let the relation from A to B be given
by S = {{(a, ) | a is a muliiple of b}. Find the domain and the range of S.
Solution : Here 8§ = {(3, 3), (6, 3), (9, 3), (6, 6), (9, 9)} as the multiples of

3 belonging to B, in A are 3, 6, 9; multiple of 6 belonging to B, in A is 6 and multiple

of 9 belonging to B, in A is 9. Thus, domain of S is {3, 6, 9} and range is {3, 6, 9}.

Example 2 : Define a relation S on N by S = {(g, #) | @ + 2b = 15}. Write S in roster
form. Also find range and domain of S.

Solution :

For a + 2b = 15, 2b < 15, Hence possible values of dare 6=1,2,3,4, 5, 6, 7.
Now for these values of b corresponding values of ¢ (in N) are, 13, 11,9, 7, 5, 3, 1.

Thus, 8 = {(13, 1), (11, 2), (9, 3), (7, 4), (5, 5), (3, 6), (1, )}

This gives domain of S = {1, 3, 5,7, 9, 11, 13}

and range of $={1,2,3,4,5,6, 7}

Example 3 : Let A= {5,7, 9}, B= {1, 3} and let
S={(a b)|a€ A, b€ B, a— b is odd}. Show that § is an empty relation.
Solution : Here, since elements in A and B are odd integers, the result of their

subtraction is an even number. Thus. for no pair (@, b), @ — b is odd. This proves that

S is an empty relation.
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Example 4 : Let O be the set of odd natural numbers and E be the set of even
natural numbers.

Let S = {(a b) | a+ b is even}, T = {(a b} | ab is even} be relations from O

to E. Find S and T. Find domain and range of T.

Solution : If x is odd and y is even, then x + y is always odd and xy is always even.
x+y)& Sforany (x, )€ OXE;and(x,y) € Tforallx € O,y € E.
S=pand T=0XE
The domain and range of T are O and E respectively.

3.3 Visual Representation of Relations

We have seen that a relation from A to B is a subset of A X B. A relation can be
described using Venn diagram and also in a tabular form, This is illustrated in the
following example.

LetA={1,2,5},B=1{2,4,6,8, 10} and S = {(a, )| & is divisible by a}. Then we

have S = {(1, 2), (1, 4), (1, 6), (1, 8), (1, 10), (2, 2), (2, 4), (2, 6), (2, 8), (2, 10), {5, 107}.
This relation is represented in the figure 3.1 with the help of Venn diagram.

B
A 5
1 > ° 4
2 . * 6
5 8

10
Figure 3.1
This can be understood as a is related to b if there is an ‘arrow’ from a to b.
This is also called an arrow diagram.
Second Method (Tabular Method) :

B
S|2 4 b 8 10
1 1 1 1 1 1
A 2 1 1 1 1 1
5 0 0 0 0 1

This table is formed by zeroes and ones. Here (1, 2) € S, hence the entry, in the
cell of intersection of the row containing 1 and the column containing 2, is 1. Further
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since (5, 2) € S, so the entry in the table corresponding to these elements is 0. This table
can also be written as

1 11
1 11
0 01

Such an arrangement is called an array or a matrix.

Exercise 3.1

1. Determine the domain and the range of the relation S= {(x, y) |x, y€ N, x+y =8}.
Write the relation S = {(x,x3) | x is a prime number less than 10} in the roster
form.

3. A={l,2 3,5}, B= {4, 6, 9}. A relation S is given by
S = {(x, ») | the difference between x and y is odd; x € A, y € B},

Write S in roster form.

4. A relation is shown in the figure 3.2 :
Write this relation in roster form.

3.4 Functions
We shall now study a special type of relation, called a function. For non-empty
sets A and B, if a non-empty relation f from A to B has domain A and for every

x € A, fcontains one and only one (unique) ordered pair containing x, then £ is called
a function from A to B and is written as f: A — B. Thus, the formal definition of
a function is as follows.

Definition : Let A and B be two non-empty sets and f C (A X B) and
f# 0. Then f: A — B is said to be a function, if Vx € A, there corresponds
a unique ordered pair (x, y) € f. The set A is called the domain and B is called
the codomain of the function f : A — B and the set of f of ordered pairs (x, y)
is also called the graph of the function f: A — B.
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The set {y | (x, y) € f} is called the range of the function f. The domain and
range of a function f : A — B are denoted by D, and R, respectively. For
simplicity we refer to these sets as, “domain and range of /™, instead of saying “domain
and range of the function f: A — B”. We note that the range of a function is a subset
of its codomain.

For a function f: A — B; if A C R, then the function is called a function
of real variable. If B C R, then f : A — B is called a real function and if
ACR, B CR, then we say that f: A — B is a real function of real variable.

For a real function of real variable f : A — B, the ordered pair (x, ¥) € R X R

and it can be represented as a point in the real plane. The set {(x, y) | (x, ¥) € f}
represents the graph of the function f in the plane.

Consider the sets A= {1, 3, 3} and B = {1, 3, 4, 5, 6, 7}.

Let £= {(1, 3), 3, 5), (5, 7)}. It can be seen that domain of f is entire A and to
gach element of A, there corresponds a unique element of B. Thus f: A — B is a function.
Here domain of fis A and B is its codomain, whereas the range of fis {3, 5, 7}.

The function discussed above is represented by a Venn diagram 3.3 as follows.

Here we note that function gives a
correspondence between elements of one set
and elements of another set, In the above
example we write the function as
correspondence f(1) =3, f(3)=5 and f(5)=17.
This means that V(x, y) € f, we write y = f(x).
In the study of functions it is useful to recognize
some pattern in the comrespondence which
may form 2 rule or a formula for the expression
of the function. In the above example, we can
write f(x) =x + 2, Vx € A. However, it is not
necessary that every function can be expressed as a rule or a formula, Further, the
function as a set depends on the domain and codomain of the function and not on
the formula only.

The following illustrations help in understanding some of above ideas.

Let £ : N = N, f(x) = 2. This function as a set of ordered pairs is written as
=10, 1,2, 4,3,9,..}. Nowwedefineg : Z > Z, g(x) = x2, this function as a
set is given by g = {..., (=2, 4), (—1, 1), (0, 0), (1, 1), (2, 4), (3, 9)...}. Thus, functions
S and g are different functions even though their rules or formulae are same.

Consider, A= {1,2,3,4,5},B={1,2,3,4,5,6,7,8,9,10},C={1,3,5 7, 9}.
Now, define f: A= B; f(x)=2xr—land g : A > C; gx) = 2x — 1.

Figure 3.3
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f={1,1)%2,3),3,5) 4,7, 6, 9

g=14(1,1),23),(3,5), 4D, 5 9

Here codomains are different. Thus f and g are not equal functions.

Now consider A = {1,2,3,4},B={2,3,4,5,6 and C = {3, 5, 7, 9, 11}.

Definef: A —>B; f(x)=x+1

g:A—=C gxy=2x+1

Here, codomains are different and formulae are also different. So f and g are not
equal functions.

Finally, consider A = {1, 2, 3, 4}, B = {1, 3, 5} and

C = {x | » is a natural number less than 30}

Define f: A = C; f(x) = x?

2:B=>C; gx)=x

Here, domains of f and g are different. So f and g are not equal functions.

Equal Functions : Two functions are said to be equal if their domains,
codomains and graphs (set of ordered pairs) or formula (if any) are equal.

f:A—>Band g: C — D are equal functions, if A= C, B =D and
f(x) = g(x) Vx € A (or C).

For a function f: A — B, f(x) is said to be value of f at x or image of x
under f; and x is called pre-image of f(x). If C C A, then {y |y = f(x), x € C}
is called the image of set C under f and it is denoted by f(C). Thus, range of
f:A—Bis f(A).

Example 5 : Let A= {1, 2, 3,4}, B=1{2,4, 6, 8 10, 12} and

J=1{(1,2), 2, 4), (3, 6), (4, 10), (3, 12)}. Is f a function ?

Solution : No, because corresponding to 3 € A, there are two clements in f
namely 6 and 12 from the set B which give ordered pairs. In a function, to every
element of A, there should correspond a umique element of B.

Example 6 : A= {1,2,3,4,5}, B={1,3,5, 7}. Define f(x) = x — 2. Is f a function
from A to B ?

Solution : As a set we write if possible, f= {(1, —1), (2, 0), (3, 1), (4, 2), (5, 3)},
it can be seen that f & (A X B), thus f is not even a relation from A to B and hence
not a function from A to B.

Example 7 : Define f: N = N, f(x) = 2x. Is f a function ? Find range of /. If

A={l1,2,4, 8 16}, find f(A). Also find the images and pre-images of 56 and

63, if they exist.

For every x € N, there exists a unique 2x € N, thus f: N = N is a function.

Also, f={(1,2), (2, 4), (3, 6), (4, 8),..} = {(n, 2m) | n € N}

». The range of fis {2, 4, 6, 8, 10,...} = 2n | # € N}

Now, f(1) =2, f(2) = 4, f(4) = 8, f(8) = 16, f(16) = 32,

hence f(A) = {2, 4, 8, 16, 32}.
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Further, f(56) = 112 and f(65) = 130, hence the images of 56 and 65 and
112 and 130 respectively.

The pre-image of a number x € N is %, if x is an even number then this is a natural
number. Thus pre-image of 56 exists and it is 28, whereas pre-image of 65 does not
exist, In fact £(28) = 56 and f(x) # 65 for any x € N,

Example 8 : Find the range of following real functions defined on R.

() f:RDR fx)=x2+2x+3 @ f:RDR, fx)=x*
@) SRR S =1[x] 4 fiR2R f®=3x+2
Solution : (1) f(x) = x> + 2x + 3
FO=x2+2x+1+2

=(x+1P+222a@x+1Y220
“ Rec{y|y22y€ R}
Alsoify€ Randy 22, let Jy—2 — 1=,
Then(x + 1¥=y—2orx2+2x+3 =y

Jx e Rsuch that y = x2 +2x+ 3, ify 2 2.

y € Rf
S Ulye2,ye R} CR

Re={y|y22y¢€ R}
(2) x* 2 0. Thus RfC(R"'U{O}) (i
Also if y 2 0, let 4y = x, which exists as y 2 0.
x4=y

J® =y

Jx such that y = f(x) if y € RY U {0}
s ®RTU{0) CR, (i)
. By (i) and (i), R, = R™ U {0}.
(3) [x] is the greatest integer not exceeding x.
Thus, [x]=|0 0£x<1

1 1€Sx<2
2 25x<3

For every real number x, [ x] is an integer.

J(x) is an integer.

s RCZ ®
Also foranyn,n € Z,n=[n]l=fFf

ne Rf

ZCR (i

. By (i) and (ii), R, = Z
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Note : Integers not exceeding 3 are 3, 2, 1, 0,...

The greatest of them is 3. Thus [3] =3

If 0 < x < 1 the integers not exceeding x are 0, —1, =2,.... 0 is the largest of them,
Thus for any real number x such that 0 € x < 1, [x] = 0.

For any integer #, the integers not exceeding » are #, # — 1, n — 2,...; and among

them » is the largest, hence [n] =

Example 9 : Draw the graph of the function

f2)=4,(10)=28, [0.5)=—0.5
and so on. Hence (0, —2) € f,
(1, e f2.9De f,(-1,-5¢€ f..

give a siraight line as shown in 2
the figure 3.4. =3

(4) Ifxe R, then 3x+ 2 € R.

R, R 0)
Alsoify€ R, 232 e R Letx=- 232 e R

S y=3x+2

Thus for every y € R, there exists x € R such that y = f(x)

s RCR, Y (ii)

#

o By (i) and (ii), R,= R

fiRoR f(x)=3x—-2
Here /(0) = -2, f(1) = 1,

- N W B L

rX
-5 4 -3-2-10/1 2 3 45
These points when joined

[A few of the points are -4

plotted. But x € R. Thus a -5

‘continuous’ line is drawn.] \

Example 10 : Let a function /: R = R be given Y

contains ordered pairs like (x, x9),

Le (—1, 1), (1, 1), (—2,4), (2, 4) and

so on. These points when connected <
give the curve in figure 3.5

by f (x) = x2. Draw the graph of this l
function.

The graph of this function

— b W Fa

[
L]

s
e

-5 4 3 2 -10] 1

L 4

Figure 3.5
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Exercise 3.2

1. Find the range of the following functions :

() NSNS =x+2 ) f:N—>

3) fRORfx)=5 @ f:Z—
2. Draw the graph of :

() FrRORfF)=x+3 ) f:R—

3. If f(x) = 32 + 4Jx + 3, then find £(4), £(16).

4. Find the value of @ if /() = + + ax and f(1) = &

H

3.5 Some Functions and Their Graphs
(1) Identity Function : Let A be a
non-empty set. The function £: A — A defined by

() =x, ¥x € Ais called the identity function on
A. Identity function on a set A is denoted

M

N, f(x) = 2¥
Z, f(x)=x—1
Rf®)=1—-x

-
>

by I,.

This function maps any element of A onto
itself. For this function, the range is entire
codomain, The graph of identity function on the
set R of real numbers is given by the straight line
y = x, as shown in the figure 3.6.

(2) Constant Function : A function whose range is
constant function.

32-0/191 2 3

Figure 3.6

singleton is called a

Thus, the function f : A — B, f(x) = ¢, where ¢ is a fixed element of B, is

a constant function and Vx € A, f(x) = c.
J:42,4,6, 8} = R, f(x) = 0 is a constant function with
J@)=0,f4)=0,f(6)=0f(8 =0

As an example, let x be the measure of an acute

>

4

angle, then x € (0, 90) and also sin?x + cos?x = 1.

Now we define £: (0, 90) = R, f(x) = sin®x + cos?x, <
then Vx € (0, 90), 7 (x) = 1. Hence this is a constant
function.

The graph of a constant function on the set of
real numbers is a horizontal line y = ¢. In figure 3.7

the graph of ¥y = ¢ (¢ > 0) is shown.

4

Figure 3.7
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(3) Modulus Function : It is known that the modulus of a real number x is
defined as Y

lx|=[ x x=20 1
{ —-x x<0

The function f : R — R defined by
f(x) = |x| is called modulus function or
absolute value function. Since | x | 20, Vx € R, 0 > X
the range of this function is RT U {0}. To draw
the graph of this function, we note that £(1} = 1,
F(=1)Y=1, f(0) = 0 and so on. Thus, the graph of
this function is a union of two rays as represented ¥
pictorially in figure 3.8. Figure 3.8

If the modulus function is defined on RT, then it becomes identity function.

(4) Signum Function : The function f: R — R defined by

N

1 if x>0 v
Jx) =470 if x=0 1
-1 if x<0
is called the signum function. This function has
value 1 or —1 according as the | p—
number x is positive or negative and it is zero .
for x = 0. The domain of this function is entire 0 X
R and range is the set {—1, 0, 1}. The graph of — =1
this function is given in figure 3.9.
This function can also be defined as
0 ifx=0 J
J&) = Ixl if x =0 Figure 3.9
X

(5) Polynomial Function : Let a function g be defined as g : R > R

g)=apx"ta, X"~ T4 .+ ax + ag, a, # 0. Then g is called a polynomial
function of degree n, where n is a non-negative integer and gy, a4, ay,..q, are
constant real numbers. We note that the constant function defined earlier is a special
case of polynomial function with n = 0.

(6) Rational Function : A function /A(x), which can be expressed as

f(x)

h(x) = 200 where f(x) and g(x) are polynomial functions of x defined in a

domain where g(x) #0, is called a rational function.

Thus & : R — {x | g) = 0} — R, hx) = 20
are polynomial functions.

is a rational function if fand g
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(7) Greatest Integer Function : The Y
function f : R — R defined by f{(x) = [x],
assumes the value of the greatest integer, less
than or equal to x. [x] is also the greatest integer
not exceeding x. This function is called the 2 —
greatest integer function. The domain of this 14 o—o
function is R and range is the set of integers Z. &

[x] ==1 for =1Sx<0 -3 -2 -1 1 2 3
=0 for 0Sx<1
[x1=1 for 1 £x <2 ete.

This function is also called ‘floor’ function.

The graph of the function is as shown in the figure 3.10. |  Figure3.10

In the same manner least integer not less than x can

be defined. Y
(8) Ceiling Function : g : R — R given by 21—:_’
g(x) = [ x| = least integer not less than x. We get !
-1 for -2<x<-1
g =1 0 for —1<x<0 “Z 0 o1 2 X
|1 for O0<x<1 et _— 1
This function is called ‘celling’ function. The > -2

graph of this function is shown in the figure 3.11.
Figure 3.11

Exercise 3.3

1. Draw the graph of the following functions :
() fiRS>Rf)=|x—1| 2) g:R=2R gx)=[x+1]
(3) A:N R, #x)=x— [x]
@) g:[-3, 3] = Z; g(x) = least integer not less than x, x € [-3, 3].
2. Find the range of the following functions :

() f/:N—>R f@&-=1% @ h: N>R, hx)=x-[x]
3.6 Algebra of Real Functions

We will study the addition, subtraction, multiplication and division of real two
functions.

Here we take two functions f: A— Randg: B> R, with AN B # ¢

(1) Addition of two real functions : Let /: A— R and g : B = R be any two real
functions, where (A M B) # §. Then their addition denoted by

(f+ 2) : (AN B) = R is defined as (f + 2X(x) = F(x) + g(x), Vx € AN B.
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(2) Subtraction of two real functions : Let f: A— R and g : B — R be any two
real functions. Then we define

(f—8): (ANB) SR~ ) =f() — gx), Vx € ANB.

(3) Multiplication by a real number : Let X C R, Let f: X — R be a real
function, where X is a subset of R and let O be any real number. The product
(0f) : X = R is defined by (0f }x) = 0f(x), Vx € X. The real number ¢t is called
a scalar and hence such a product is referred to as multiplication of a function by a scalar.

(4) Multiplication of two real functions : Tet f: A— Rand g : B = R
be any two real functions, then their product denoted by (fg) : (A M B) =R is
defined as (fg)(x) = f(x) g{x), Yx € AN B.

(5) Quotient of two real functions : Let f: A > R and g: B — R be any two

real functions, where (A M B) — {x | g(x) = 0} # {, then the quotient of f by g denoted

as % is the function given by [%) :ANB— {x]|g(x)=0} >R, (%)(x) = %

Can you corelate multiplication by a scalar and multiplication of real
functions ?

Example 11 : Letf/:R > Randg: R > R, be givenbyf(x)=xz,g(x)=4x—l,find
f+g,f—g,fgand%.
Solution : f+ g ' R=> R (F+ox)=x2+4x— 1,
F—g:ROR (F—gx) =22 —4x+ 1
2R R (faXx) =x2(4x — 1) =423 — x2

To define %, we must have g(x) # 0. Here g(x) = 4x — 1, which vanishes only at
i)

= ; L.g-_I1 AL oy = X2
x= .Thus,weremovethlsvaluefroml{andwegetg.R {4}—)&(8)&) py

o ]

3.7 Compesition of Functions

Now we will study composition of functions, Let £: A — B be a function. Then to
each x in A, there comesponds a unique element in B. Now, if g : B = C is a
function, then there exists a unique element in C corresponding to each ¢lement in B,
Thus, if the functions f and g are ‘combined’ then corresponding to each element
in A, a umigue element in C can be found. The composition of two functions is defined
as below.

Definition : Let f: A— B and g : C = D be two functions and Rf ) O
then the composite function of f with g is given as a function # : A — D and
is defined by k(x) = g(f{x)) Vx € A. Such a function % is denoted by gof.
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A C D

The composition of f with
g is also written as (gof} : A—D
and (gof{x) = g(f(x)).

The Venn diagram (or
Arrow diagram) of composition
of two functions is shown in

figure 3.12.

For the existence of
composition of f with g i.e. gof
it is necessary to have Rfc Dg. Figure 3.12
Also in order 10 define composition of g with £, fog it is necessary that R, C Dy
Iff: A= B, g: B — C are functions, then it is a special composition, here
R, C B =D, , hence R, © D, . gof is always possible. Further if f: A — B,
g : B — A are two functions, then fog and gof both are always possible.

Example 12 : LetA={1,2,3,4,5}.B={1,3.5,7.9}, C= {3, 7, 11, 15, 19, 23}.
f:A=B,g:B — C are given by f(x) =2x — 1, g(x) = 2x + 1. Find fog or
gof whichever is possible.

Solution : R, C B = D,. Hence gof is possible.

Now (go) () = gf(x)) =g2x— 1} =22x— D+ 1=4x—-2+1=4x—1

s (gofXl) = 3, (goN(2) = 7, (gof)(3) = 11, (gof)(4) = 15, (gof}5) = 19

Thus, gof : A — C, gof = {(1, 3), (2, 7), (3, 11), (4, 15), (5, 19)}.

Now, g : B — C, g = {(1, 3), (3, 7), (5, 11), (7, 15), (9, 19)}

S R, =1{3,7,11,1519} A=D,

.. fog is not possible.
Here gof exists but jog does not exist.

Example 13 : f: N = N, f(x) =x2, g : N = N, g(x) = x3. Find fog and gof.
Solution : fog : N = N; (fog)(®) = f(g()) = f(x) = (x3)% = 18
gof 1 N = N; (gof)(x) = g(f () = g(x?) = () = x5,

Here fog = gof.

Example 14 : A= {1, 2,3, 4,5}, B={1,4,9, 16, 25}, f: A = B, f(x) = 52,
g:B > A, glx) = V. Find fog and gof
Solution : fog : B — B; (fog)(x) = f(g(x) = fF(¥x) = (Vx)? = x
gof: A — A; (gfXx) = gf ) =g0d) = J,2 =|x|=xasx € A

Here gof = I, and fog = I,
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Example 15: f: R 2 R, f(x)=3x+ 2, g: R = R, g(x) = 2x + 3. Find fog and
gof. Is fog = gof ?
Solution : RfC R = D‘g and R‘g CR= Df
s Jog : R = R and gof : R — R exist.
{(fogdx) = f(gCx)) = fCx+3)=3(2x+3) + 2 =6x + 11
(geNx)=gfGxN=g3x+2)=23x+2)+3=6x+ 7
gof and fog have same domain and codomain, but gof # fog.
Theorem 3.1 : f: A —> B is a function. Then fol, = f, Igof = f.
Proof : Here, [, : A— Aand f: A — B and hence fol, is well defined and
also fol, : A — B is a function.

Now, Vx € A, (ol )(x) = f (I,(x)) = f(x) (I, is identity function)
fol, : A—>Band f: A= Band (foI )(x) = f(x), Vx€ A
Jol, =71

Further, since f : A = B and Iy : B — B, Iyof is well defined and also
Inof : A — B is a function and /' : A — B is a function.

(g = Iy (F(x) = f(x), Vxe B

g =
Theorem 3.2 : let f: A— B, g: B — C and # : C = D, be three functions.

Then, (hoglof = ho(gof)

Proof : It can be seen that hog : B — D is a function and hence
(hog)of :* A > D is a function. Also since gof : A — C is a function, ho(gof) 1 A > D
is a function. In other words (kog)of and ho(gof) are functions with same domain

and codomain.
Now Yx € A, ({hog)of))(x)

(hog) (r(x))
h(g(f(x)))

h ((gof )(x))
(ho(gof ) (x)

(hog)of = hol(gof)

Exercise 3

1. A={1,2,3},B=4{4,56};f:A— B, g:B — A are given by
F=1{(1,5),(2, 6),(3, M}, g={(5, 1), (6, 2), 4, 3)}. Find fog and gof, if they exist.
2. Let fand g be functions from R to R as follows, Find fog, gof, fof. gog .
() f&=x+1 gkx) = 2x
Q) f=x*+2 g(x) = 3x
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B) fFO=x2+3x+1 gx)=2x-3

@) fy=x+1 gxy=x—-1

G) fO=22+1 g(x) = 3x

For the relation S = {(x, ) | x, y € N, x + y = 5}, find domain and range.
Write the relation S = {(x, x?) | x € N, x < 5} in the roster form.
Represent the following relations graphically :

() S={x»|xye Nx<10,y<10, ? is integer)

@ S={xp|xeENYEN B3<x<2,y<8 x+y=8}

Find the range of the following functions defined on R :

(1) f&x) = 2x 2 f&x) =2 3) fD=x-2

4) f() = 1000 (5) S = x|
Draw the graphs of the following functions :

) SRR fx)=1+|x]

2) R R fix)y=x+10

3) A N=NSfx=x+10

If £: Rt — R is given by f(x) = x — fx, find £(9), f(2).

Let f and g be functions from R to R as fellows. Find fog, gof, fof, gog :

(1) f@x=x gx)=x—1

Q) f=x-5 gx)=5x

B fW=x2=3 gkx)=x2+3

. Find fog, gof. fof, gog for f: RY = R, f(x) =%, g : RT = R, gix) = Jx.

- (1) f: R 2R, f(x) = | x|, prove fof = f.

1=-x
@) f:R={=1} > R={=1}, f(x¥) = 735, prove fof = I _ -1}
. Select proper option {a), (b), (¢) or (d) from given options and write in the box
given on the right so that the statement becomes correct :

(1) Domain of a relation S : A = B is.., [ ]
(a) a subset of B (b) a subset of A (c) the universal set (d) empty set

(2) Range of a relation S : A — B is.. ]
(a) always empty (b) a subset of B (¢) a subset of A (d) AX B

(3) If for a relation S : A = B, § = A X B, then S is... (]
(a) not defined (b) singleton  (c) the universal relation (d) empty relation

@D IEf:RORfx)=x=-2,g: R R gx)=x+2;({+gx=... =i

@) x b) x2 —4 ©) 2x (d) 4
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) ¥f:R— {0} SR f()=xg:R— {0} >R g) =73

then, g : R — {0} 2> R, (fl@)(x) = ...... ]
@ ) 1 © 7= @ x

) Iff:Z—=>Z,f)=x-3,2:Z—=>Z,gx)=x+3,then fog:Z — Z,
(fog) (x} = ... ]
@ | x| OF; © 29 @ T3

N IFFRORFER)=x2—9,f3) = ... ]
(@) —6 b9 )0 3

BN R>Rfx)=x+2,g:R—2>R gx)=x—2, fog : R = R, then
fog is ... -
(a) the identity function (b) a constant function
(c) not defined (d) the modulus function

(9) Graph of I; : R — R identity function is... ]
(a) a straight line (b) a fixed point (c) a circle (d) an interval

(10) The range of f: R — R, f(3) = »2 is... -
(® R b Z ©@RT U0} (HR- {0}

(DK f: fx| x| €1, x€ R} > R, f(x)= J1-x2 and
g:{x|lx121,x€ R} —>R,g(x)=\/x2—1,then F+2)x) = ... ]

@ I ®f+g:R=R (+ )= J1-x2 + 32 -1
(c) does not exist (d) f: {1, -1} =2 R, (f+ gx)=0

Summary

Relation, its domain and range

Void relation, universal relation and Venn diagram and arrow diagram.
Function, domain and range

Graphs of some special functions and other functions.

Algebraic operations on functions

Composite functions

A P

— Q:Q—
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| TRIGONOMETRIC FUNCTIONS |

4.1 Introduction

The study of Trigonometry initially started in India. The ancient Indian
mathematicians Aryabhatta (476 AD), Brahmagupta (598 AD), Bhaskara I (600 AD)
and Bhaskara II (1114 AD) got important results. All this knowledge first passed
on from India to middle-east and from there to Europe. The Greeks had also
started the study of trigonometry but their approach was so clumsy that when the Indian
approach became known, it was immediately adopted throughout the world.

In India, the predecessor of the modern trigonometric functions known as
the sine of an angle and the introduction of the sine function represents the main
contribution of the siddhantas (Sanskrit astronomical works) to the history of
mathematics.

Bhaskara I {about 600 AD) gave formulae to find the values of sine functions for
angles more than 90°. A sixteenth century Malayalam work Yuktibhasa (period)

contains a proof for the expansion of sim(A + B). Exact expression for sines or
cosines of 189, 36° 54°, 729 etc,, are given by Bhaskara I,

The name of Thales (about 600 AD) is invariably associated with height and
distance problems. He is credited with the determination of the height of great pyramid
in Egypt by measuring shadows of the pyramid and an auxilliary staff (or gnomon) of
known height and comparing the ratios :

% = % = tan (sun's altitude)

Thales is also said to have calculated the distance of a ship at sea through the
proportionality of sides of similar triangles. Problems on heights and distances using
the similarity property are also found in ancient Indian works.
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Trigonometry is very widely applied in Astronomy, Physics, Engineering and
various branches of mathematics. The word ‘trigonometry' is derived from two Greek
words “trigono” and “metron”. The word “trigono” means a “triangle” and the word
“metron” mean “to measure”. Hence the word trigonometry means ‘measurement of a
triangle’. In recent years, its application has been extended beyond the measurement
of triangles. A class of functions called trigonometric functions forms the basis of the
study of periodic phenomena like mechanical vibrations, motions of waves and so on.
We obtained preliminary introduction to trigonometry in standard X. At that time we
studied trigonometrical ratios like sin, cos, fan etc. for acute angles. This study was
confined only to acute angles of a right angled triangle. Now we shall study

trigonometric functions in a wider sense.

Y
4.2 Trigonometric Point A

In the coordinate plane, the circle B(O,1)
whose centre is at the origin and whose

radius is one unit is called the unit circle. A1,0)
The unit circle intersects X-axis at <
A(l, 0) and A'(—1, 0) and Y-axis at B(0, 1) and

B'(0, —1), as radius is one unit.

A0
0 ( )>x

BO-1)
Let © be any real number. Then we can i

obtain a unique point on the unit circle

Figure 4.1
corresponding to this given real number 0.

If © = 0, we take the point corresponding to 0 as A(1, 0). If 0 < 0 < 27,
then a unique point P exists on the unit circle such that the length of AP
is 0. We measure the arc from A to P in anticlockwise direction. Again we
assume the continuity of the arc and hence since circumference of unit circle is
2T, for every O € (0, 2T) there is an arc of length O such that [(71._13) = 0. The
point P thus obtained is called a trigonometric point. This point P is the point
corresponding to O € [0, 21) and is denoted by P(0).

Now let @ € R.

. 01 o

Let [ﬁ] n

Then n is an integer and

< 9
n_2H<n+1
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S 2nm S O < 2nT + 2%

s 00 -2nm) <2m

Let O — 2n%t = Q.. Then 0 < O < 27.

So as seen above, there is a unique point P(Q{) corresponding to 0. For
O € [0, 27) on the unit circle, we define P(0) = P(Cr).

Hence, for every @ € R, we have a unique point P(0) on the umit circle.
This point is called trigonometric point P(0) or T-point P(0).

We note that for each real number B, there is a unique real number O such that

0 = 2nT + ¢, for some integer 7 and 0 < ¢ < 2. It is obvious that if @ € [0, 2%),
then # = 0 and 0 = (L.

Now, let us plot some trigonometrical points.

T
M P(_T) Y
.
Here 0 =X and 0 < & < 21t BO)
4 4 P(E)
7)
Since circumference of unit circle is 2T, /

— p— Al _1,0 T )
length of AA' = % = T and length AB is < 10 3 I ) >X
% = % So there would be a point P

— _ T
on AB such that I@ T BO—I)
. . . m v
This point P is P(T)' Figure 4.2
31
@ (%)
Here(fl=3’177rc and O ¢ [0, 27) Y
. =[81=[3r y _L BO,1) . . __
oonm ] = (3 x o] P =P(%)
=[3L7 =
-[%] -3 ACL0) 5 \Awo
= >X
S 0=0-2mm 0

Also P(8) = P(Q), B(0,~1)

v

. P[HTE] = P(%) Figure 4.3
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@ P(=¢E) r
0,1
Here © = —10L 9 ¢ [0, 21) o
_[o10m o 17 _[=l017 —
n=|-1UE x L] =[20] - _g9
S0 =0-2nm=-1U% 4 137 I 0
=M -n+X p(<1g=)
=P(m+Z& 0 —
So, P(@) = F(0) g B0
v
o P(%] = P(%E] Figure 4.4

<. P(ZE) will be in the third quadrant.
4.3 Trigonometric Point Function and Period

We have already seen that corresponding to 8 € R, a unique point P(0) = P(x, ¥)
exists on the unit circle. We express this information in the form of a function.

If we denote the unit circle by C, the function f: R = C, £(8) = P(0) = P(x, y)
is called trigonometric point function or T-point function.

If for a function any two distinct elements of domain correspond to distinct
elements of codomain, the function is said to be a one-one function. A function which
is not one-one is many one.

Definition : Let f : A — B be a function of a real variable. A C R and
f is a non-constant function. Suppose there exists p' € R, p' # 0 such that,

if x€ A,then x + p' € A and f(x) = f(x + p"), Vx € A,

then f is called a periodic function and p' is called a period of f. If p is
the smallest positive number satisfying this property that is if x € A then
x+p€ Aand f(x) = f(x + p) Vx € A, then p is called the principal period
of f.

Period : let 8,, 8, € R, such that 8, — ©,= 2k~, & € Z for some integer £.

Suppose 8, = 2mT + ¢, 0 < 0L < 2%, m € Z, Then P(8,) = P(0)

Now, 0, = 6, + 2kt = 2mm + O + 2kW

S B =2mtbR+ o, mtkeE Z0S O <2W

Letm+k=nne Z

S =2+ o

P(92) = P(Cr)
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Thus, P(0,) = P(0,) = P(0, + 2km)
FOP=r0,)=f0,+2km), k€ Z

This proves that the values of f repeat after an interval of 2T. Thus, periods of
this function are, ...—6T, —AT, —2T, 2T, 47,...

If £ has the principal period p, then f(0) = #(0 + p), VB € R, and if 0 < ¢ < p,
then f(9) # f(8 + ¢) for some O € R.

Now, let us prove that 27T is the principal period of T-point function. We have
seen that 27T is a period and 2T > 0. Let ¢ be the principal period of £ Let
0 < g < 27. Then we should have f(6) = (0 + ¢) all 8 € R. If 8 = 0, then
F(0) = (0 + ¢) which is impossible because F(0) is A(l, 0) and f(g) is the point
Q such that AQ has length g. As 0 < g < 27, Q can not be A as the whole circle
has length 27t. Thus f{0) # (0 + g), so0 g is not a period of f.

So 2T is a period of f and any positive number less than 27 is not a period.
Hence 2T is the principal periof of f.

4.4 Definition of sine and cosine Functions

We have defined the T-point function f which assigns to every real number 6, a
unique point P(O) on the unit circle. We now define two functions g and / from the
unit circle C to R.

We define g : C = R, g(P(x, y)) = x. The function g assigns to every point
on the unit circle its x-coordinate, which is unique. The composite function of
f:R=C, f(0) =PO) =P(x,y) and g : C = R, g(P(x, y)) = x is called the
cosine function. The composite function gof : R — Ris called the cosine

function and written in short as ces function. Y
2N ®) = g(f ©) = g®P©)) = gP(x, ) = x. 1.
s cosO = x gl P(O) = P(x, y)
This function can be understood from the

figure 4.5. A(-10) gl \A(L0)_
We write cos : R = R, cos0 = (gof) 0) =x ) Q> e
Since T-point function is many-one, cosine

function is also a many-one function. For example, B0—1)

as cos 0 is x-coordinate of A(l, 0), so cos 0 = 1 l ’

and since P(2T) = P(0) = A, cos21m = 1 Figure 4.5
Let # : C = R, h(P(x, y)) = y. The function / assigns to every point on

the unit circle its y-coordinate, which is unique.
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The composite function of f: R = C, f(0) = P(0) = P(x, y) and # : C &R,
h(P(x, y)) = y, hof : R — R is called sine function and is written in short as

sin function.

(of)®) = h(f (0)) = h(®(®)) = h(P(x, ) = .

S sin :R—= R, sin® = (hof)(0) = y

This Composite function is called sine
function. (figure 4.6), ALY

Y

h

B,1)
P(8) =P(x.»)

We write sin : R = R, sin@ = (hof) @) =y.
Following the arguments for cos function
we can prove sin0 = sin2m = 0

Hence, sine function is a many-one function.

S\ AL
>X

o e

B(0—1)

v

Figure 4.6

coordinates (cos0, sinf) for some 0 € R.

Using these definitions, it is clear that any point on unit circle has

4.5 A Fundamental Identity

We have scen distance formula in standard X. Let A(x,, y;) and B(x,, y,) be any
two points in coordinate plane. Then distance AB is given by the distance formula

AB = (x - %)%+ (3 —y).

Let P(8) = P(x, v) be a point on the unit circle. Y
Then OP =1 (radius of unit circle) T

OoP? =1 BOD

=02 +(—02=1 e
S +yp=1 ACLD) ACLD) X
but x = cosB and y = sin 0
s (cos®)? + (sinB)y? = |
It is customary to write (cos©)? as cos?0 B(0—1)
and (sinQ) as sin?0. v

Figure 4.7

Therefore for every @ € R, cos?0 + sin20 = 1.
4.6 The Range of cosine and sine

For every © € R, cos?0 + sin*@ = 1. Since square of any real number is
non-negative and sum of the squares of two real numbers is 1,

0<cos?0 <] and 0 £ 5in?0 £ 1.
s eos® | <1, | sin@ | €1
Thus, cos©® € [—1, 1], sin® € [-1, 1], VO € R
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Range of cosine and sine are subsets of [—1, 1]. In fact the range is the
whole of [-1, 1].

For all p € [1, 1], the point (p,y1— p?) is on the unit circle,

because p2 + (Jl—p* ¥ =p? + 1 —p2 =1

.~ For, the T-point function f: R — C, there exists 8 € R, such that
£(8) = P®) = (p. y1-p%).

Now, by definition of cos function, x-coordinate of P(0) is cosO.
o cosO=pand pe [, 1]
Thus for all p € [—1, 1], there exists O € R such that cos0® = p.

4

s+ The range of cosine function [—1, 1].

Similarly for all p € [—1, 1], the point (J 1- p2 , ) is on the unit circle. So there
is O € R, such that 5in@ = p.

.. The range of sine function is [—1, 1].
Weknowthat|x|={ xifx20
—xifx<0
So | sin® | = | sin® if 5in@ 2 0
{—sine if sin@ < 0
S-S50 L1 © -1 <50 <0or0<sind <1
S 0L =5 <L 1or0Lsind <1

o |sind | £1,V0e R
Similarly, | cos® | £ 1, VO € R

»+ The range of cosine and sine functions can also be expressed as
PllpI=1,p€ R}
4.7 The Zeroes of sine and cosine

For any real function f: A — B, the set {x | f(x) = 0, x € A} is called the set
of zeroes of f.

Zeroes of sine : Suppose for some O € R, sin = 0.
. T-point P(8) has y-coordinate 0.

P() is on X-axis.
s P(©) = A(l, 0) or A'(-1, 0)

We know that A and A' comespond to O = 0 and O = T,
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In general @ =2ak + O, n € Z.

Ho=0,thenO=2nmandif X =N, 0=2nn + M, n € Z

S O=2mmor8=02n+ 1M, ne Z

As 2nT is an even multiple of T and (Zn + )X is an odd multiple of T,

we see that sinB = 0 = O is an integral multiple of X. i.e. O = 4w, k € Z.
Conversely, if © = kT, k € Z, then P(0) is A or A" and hence sin@ = 0

Thus the set of zeroes of sin is {kTt | k € Z}.

Zeroes of cosine : Suppose for some B € R cosine function has value zero, that

is cos@ = 0.
<. T-point P(0) has x-coordinate 0.

~ P(®) is on Y-axis.

. P =B(0, 1) or B(0, -1)

We know that B and B' correspond to O = % and O = 37

In general 8 =2nt + @, n € Z.

9=2nﬂ+%or0=2mt+3Tn,nEZ

Thus © = (4n + l)% or 0=n+ 3)%,::6 V4

M+ 1=20m+ 1, 4n+3=22n+ 1)+ 1

S dn+landdn+ Jarcofform2k+ 1, k€ Z

& (Arn+ Dor(4n+ 3), n € Zis a form of odd integers, so we see that, O is
an odd multiple of Z-.

9=(2k—])%0r9=(2k+1)%,k€2

Conversely, it is clear that if 0 = 2k + D&, k € Z.

then O = (2(2n) + 1)% or 0=0202r+ 1)+ l)% (according as k is even or odd.)

S 0=@n+ DF or (4n+ 35

9=2nn+%0r9=2n15+37“

Soa=For 37“

s P@)=P0O)=BorB

~  x-coordinate of P(0) is zero,

s cos@ =0
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The sef of zeroes of cosine function is

{ek+ DL (ke z}or {@k-1DE | ke Z}
4.8 Other Trigonometric Functions

Before defining other trigonometric functions, we recall the definition of quotient
of two real functions of real variable. If f: A = R, g : B — R are functions, where
ACRBCRandANB— {x|gx)=0} #ﬂthen% tANB—{x|gx)=0} >R
is defined as (£)(y) = L8

8x)
Now we are ready to define another trigonometric function, called tangent

(or fam). This function is the quotient of two functions sir : R = Rand cos : R = R.
Now, {x | cosx = 0} = {(2k + 1)% | k € Z}

We define tangent function as the quotient function of sine and cosine functions.

LR — n — Sind
fan : R {(2k+1)?|kez}—>R,tan9 2.

As ian0 = 2geg = 2 = 0 and fan 27 = SA2L — g,
tan0 = tan 2T = 0. Hence tgn is a many-one function.
Range of fan function :
Letpe R.Now 1 +p2 21 asp? 20.
4

Letx = —, y =
1+p2’y Ji+p

1 P 1+ p?
then,xz-l-y2=1+pz+1+Pg =H_p2=1

Then, {(x, ) € C (unit circle)
~. There exists @ € R such that P(B) = P(x, ).

S x = cosB, y = sinD

1 . P
s cos@ = ﬁ, sinf = T2

. sing
s tanB = o =P

Again cosO = x # 0, because if x = 0, then Jl-:? = 0 and this is not possible.

S cosO # 0@9#(2k+1)%,k€ Z
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Hence, for every p € R, there is 0 € R — {(2k + 1)% | k € Z} such that
tan® = p
So the range of fan is R.

cot function : The cotangent function is defined as the quotient of cos function
and sin function.

sin : R = R and cos : R = R are functions.
The domain of cot is R MR = {x |simx=0}=R—{in | k€ Z}

cos 0
Therefore, cof : R — {fIt | k € Z} > R, caff = 5.
cot function is also many-one because
cos & cos 3t
T - L _0 _ 3T - L_ 0 _
COIT Sin% 1 0, CO‘T Sl‘n% g | 0

Like tan function, the range of cof function is also R.

For any given p € R,letx='hf7, y=J1_i?.Weseex2+yz=l.

Thus (x, ¥) € C (unit circle).
As (x, ») is a point on the unit circle, therefore, there exists @ € R such that
P(9) = P(x, ).
x = cosO, y = sin®, cod = —Fx =y =pr
Y. SR S
Again sin = it ot 0 0+#in

Thus for any p € R, we can find @ € R — {k% | k € Z} such that cot 0 = p

So, range of cot is R.

sec function : Let f: R — R, f(x) = 1 be a function. We know the function
cos : R — R. Quotient function of f and cos function is called secamt function.

The domain of sec function = (R M R) — {0 | cos® = 0}

—R — T
R {(2k+1)5|ke z} 1

cos0

o sec:R=[(2k+1) L | ke Z! o R, sech =
{ ;

sec function is many-one, because secO = 1 and sec2® = 1
Range of sec function :

We know that secO® = ﬁ.

secO is defined if cos® # 0.
Range of cos is [—1, 1].



TRIGONOMETRIC FUNCTIONS 81

—1<cosO €1, cosO %0
—1 < cos8 <0 and 0 <cosB < 1

1 I .
—1 2 Co.ﬁ or CO‘SG 2]
—1 2 secB or sec® > 1
secB® £ =1 or sec® > 1

So range of sec function includes no real number between —1 and 1.
Hence VO € R — {(2k + 1)F}, secB € R — (-1, 1).
Conversely let p € R — (=1, 1). So p # 0. Then % € [-1,1].
So there is ® € R — {(2k+ 1)Z | k& Z} such that cos § = J.
For this 6, sec8 = p.
Thus, range of sec is R — (—1, 1).

cosec function :

The quotient function of f : R 2 R, f(x) =1 and sin : R — R is called
cosec function.

The domain of cosec function = (R M R) — {0 | sin® = 0}
=R-{n|ke Z}

cosec : R — (ki | k € Z } = R, cosech = sf;lvzﬁ'
Like other trigonometric functions, cosec function is many-one because

cosecE = 1 and cosec3 = 1,

2 2
Again since —1 < sinf < 1, cosec® = ﬁ is defined if sin® # 0. We can prove
exactly as in the case of sec that range of cosec function is R — (-1, 1).

LA |

Since | cos8 | £ l,m Z1ie |secB] 21

The range of sec function and cesec function can also be written as

{pllpPl21,p€ R}
4.9 Other Identities

We have already seen that sin’@ + cos’@ = 1, VO € R @i)

02 (2k+l)%,k€ Z S cosO #£0

Dividing (i) by cos?0 on both sides
cos’0 sin’0 1
cos®  cost®  cosB’

VB8 e R — {(2k+ N |ke z}
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1 + 1an’0 = sec’®, VO € R — {(2k +1)L ke z} (i)

Similarly 0 # &, k € Z & 5inQ # 0.

Dividing (i) by sin’0, we get
cos0 4 sin® _ 1
sin’®  sifd | sin'®’
cof® + 1 = coseczﬁ, VOe R— {kn |k € Z} (iiii)

VOe R— (&R |k € Z}

Example 1 : Find the set of zeroes of the following functions :
(Dsin(x—1) @2)sinx—1 @lecosx+1 (4) cot 5x (5) sec 5x
Solution : () sin(x —1)=0 &S x—- )=k, ke Z

Sx=g+ 1, ke Z Y
~.  The set of zeroes of sin(x — 1) is (ix + 1 | ke Z}. T
(2) Consider sin x — 1 BO.D
sinx—1=0 sinx=1
< P(x) = B, 1) A(-1,0) 0 A(LO)
@w)=KF) o
& x=2%m + %, ke Z

4R+ T B(0,~1)
2 v

Sx=@k+ DL ke Z Figure 4.8

S x=

.. The set of zeroes of sinx — 1 is {(4k + 1)% | k£ € Z}.
(3) Considercosx+1=10
cos x+1 =0 cos x=—1
< P(x) = A'(—1, 0)
= P(x) = (W)
SOx=UnN+N ke Z =%, 0=2kn+ @)
SOx=02k+ 1M ke Z
.. The set of zeroes of cosx + 1 is {2k + )X | k € Z}.
(4) Consider cot 5x = 0
coISx=0<:>5x=(2k+l)%,kEZ

ex=Ck+DE ke z

~.  The required set is {(Qk + D& ke z}.
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(5) Let sec 5x =0
Range of sec is R — (=1, 1), i.e. sec function takes no value

between —1 and 1. Hence for any value of x, sec 5x # 0
.. Set of zeroes of sec 5x is {.
Example 2 : Find the range of the following functions :
(1) S5cos3x — 2 (2) 6 — Tsin’x (3) 3cosec’x —2 (4) 2 + 3sec x
()| 3 — Tcos’x | (6) a cosXpx + q) + b
Solution : (1) —1 € cos3x < 1
& —=5<5cos3x £5
S (5-2<Becos3x—2£5-2
& =7 < (5¢co83x —2) <3
The range of Scos3x — 2 is [-7, 3].
2 —1&sinxs1
-1 <sinx<0or¢<sinx<1
0<sinx <1
02 —Tsinx 2 -7
—7 < —TsiPx < 0
—-1£6—-Tsir’x <6
.. The range of 6 — 7sin’x is [1, 6].
(3) cosec’x 2 1 & 3cosec’s 2 3
& (Beoseclx — 2) 2 1
The range of 3cosec?x — 2 is[1, ) or {p|p 21, p € R}

(I | A A A

4) secx £ —1 or seex 2 1
& 3secx £ =3 or3seex 2 3
S 2+ 3seex S =lor2+3secx =5

<€

>

-1 0 | 2 3 4 3

L ]

Figure 4.9
The range of 2 + 3sec x is R — (=1, 5) or (—e9, —1] U [5, ¢e} or
{plps—lorp=5p€ R}
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&) 0Scos’x=s 1
02-=7cos*x 2 =7
—7E=7co*x< 0
4SS B—-Tcos)<3
3 — Teos’x € [—4, 0] U [0, 3]
|3 — Tcos®x | € [0, 4] W [0, 3]
».  The range of | 3 — Tcos>x | is [0, 4]
6) acos*(px+q)+ b

Case 1 : a>0:

0Lcos’ (px+ P <1 & 0Lqgcos? (px+q)La
e blacostxtg+tbLath

(1N A

Case 2 : a <0 :
(i) 0€cosl(x+ <1< 02acost{px+4g)2a
S aSacostpx + ) S0
S a+bLacosl(px+g)+b<a
s If @ > 0, then @ cos? (px + g) + b has range [b, @ + b] and
if a < 0, then the range is [ a + &, 5]

4tan*0 -1
Example 3 : Prove that 1 + U - tan26)? ~ 1- 4sin’0cos 0
4 2
Solution : LHS. =1+ %
_ (1-tan®0)’ + aan®0
- (1 - tan’0)?
(1 + tan?0)? ¥ 2
=m ((a@a — b)* + 4ab = (a + b))
2
sin%0
- [l " coszﬁj
[1 _ sin®0 )2
cos20
($it?6 + cos?0)?

(cos20 — sinf@)?

1
= (0052 + 5in%0)’ — 4sin0 cos?9 (@ — b’ = (a + b) — dab)

_T1
= 1_4sin®cos?9 — RHS
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tan® + sec — 1 cos @ 1 + sind

Example 4 : Prove that 43, 5= 00651 = T-sitB ~ ~cos8
tan + sect -1
Solution : LHS. = - s——a=7

(anB + secO) — (sec*0 — tan’6)
(fanb — secb + 1)

{tanf + secO) - (sect — tan6)secOd + tand)
(tanQ — secB + 1)

(tan© + secB) (1 - (secO — tanb))
(tan® — sech +1)

(tan + secO¥1 — secd + tan®)
(tanB — secB+ 1)

= (tan® + secH)
_ Sind 1 _ sin9+1 "
= coB Y08 = o0 (@
N sin®+1 _ 1+ sind 1—sinf
oW —osB cos® 1-smn8
_ 1-sin’@
" co®(1 — sind)
_ cos’9 _ _cosH o
cosO(1—sinB®) ~ 1-—sin8 (i)

From (i) and (ii} the result follows.
Example 5 : Prove that sec?@ + cosec?8 = 4

Solution : sec?® + cosec’® =1+ tan’® + 1 + cor?0
=2 + an?0 + cor’®
=2 + tan’® + cor20 — 2an® cot + 2cot® tand
=2 + (fan® — coiB)P + 2
=4 + (tan® — cot0)
24 (tan® — cof®)? 2 0

Exercise 4.1

1. Find the zeroes of the following functions :
(1) tem @0+ 1) (2) cos (3x + 2) (3) sinx + 1
4) cosx — 1 (5) cot 3x (6) cosec 5x
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2. Find the range of the given functions :

(D) Ssinix+3 (2) 3 — secx B)3sin? x — 4
(4) | 2 — 5 sinx| 5) | 3 — 4sec’x | (6) 3 cosec x — 2
3. Prove:

(1) If tanB + cotB = 2, then 1an*® + cot'® = 2
(2) If sin® + cosecO = 2, then sin"® + cosec™® =2
(3) 2sec?® — sec® — 2cosec®® + cosec?® = cor*® — 1am*8

1+an’®  (1-and 2
@) Treore - (l—cote

[l+sinﬂ—co59]2 _ 1-cosQ

(5)

1+3in9+cos8 ) 1+ cosE

6 1 1 1 1
(6) cosecB®—cot® — sinB = sin® T cosec® +corB

sinO+1-cos8 | +5ind
(M SmBtcos0-1 - cosB

SinA COSA _
) Secatiamn—1 + Coserr recoma—1 = 1

O] ( . + ' } sinA cos?A =

1- siAcofA
2 + SiPA COFA

sec’A — coA  coseCA - sintA

If tan@ = %, then find the value of sinb; 0 < 6 < %

If 10sin*0 + 15c0s%Q = 6, find the value of 27cosec?® + 8 sec?0.

If cosecO® + cot® = %, find cosO.
Prove 1an?8 — sin®@ = tan - s5in?6. Hence, deduce that tan?@ 2 sin?6.

*

N o &

4.10 Periods of Trigonometric Functions

We know that the principal period of the trigonometric peint function is 27T.

s P2m + 6) =P(8)

So, if we take one complete revolution from the point P, we again come back to
the same point P. Thus if © increases or decreases by an integral multiple of 2T,
the values of sine and cosine functions do not change.

Thus, sin(ZkT + 8) = sinB, cos(kM + 6) = cosB, k € Z.

In the same way, as sec and cosec are just reciprocals of cos and sin
respectively,

sec(2kT + B) = secO and cosec(2kT + 0) = cosechH.

For the time being we shall assume that values of ‘e and cof functions do not
change if B increases or decreases by an integral multiple of T.
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Thus principal period of sin, cos, sec, cosec is 2 and fan and cof have
principal period T.
Thus, fan(klt + 0) = tam®, cotlkr + 0) = co®, k € Z.

Example 6 : Prove sin(STTn) = .s:'n%.

Solution : We know sin(2kt + 0) = sinb, k € Z

sin[ﬂTn] = sin(6n +%]

= Siﬂ% (6W = 3(27) is a period of sin function)
Example 7 : Prove cos(#) = cos%.
Solution : cos(Lgm) = cos[-347|3+%]
= cos% (—347 is a period of cos function)
Example 8 : Prove tan % = tan%

Solution : We know fan(Aft + 0) = tan@, k € Z.

o tan 2L = ran['}'n +%]

= tan% (7% is a period of fan function)

4.11 Increasing and Decreasing Functions
We know that the graph of the function f: R = R, f(x) = 2x + 1 is a straight line.
This is a graph which is ascending that means as x increases the value of f(x)

increases.

For f: NN fx=x% fQ)=1,72) =4, f(3) =29, f(4) = 16. This
shows that as x increases the value of f(x) also increases.

ie. 4 >3 = f(4) > f£(3). Such a function is called an increasing function.

Forf:N=R/f@=1,/)=1,r2=1,r03-= 1, f(4) = £, This shows
that as x increases the value of f(x) decreases. ie. 4 > 2 = f{4) < f(2), Such a
function is called a decreasing function.

In general let A C R, BC R and f: A — B be a function and if
Vxl, X, € A, x; > x, = f(x;) > f(x;), then f is called an (strictly) increasing
function, and an increasing function is indicated by the symbol f T

let ACR,BCRand f: A— B be a function and

if Vxl, X, € A, x; > x5 = f(x;) <[ (x,), then f'is called a (strictly) decreasing

function. A decreasing function is indicated by the symbol f |.
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All trigonometric functions are strictly increasing or decreasing in a quadrant.
Henceforth we will call them increasing functions or decreasing functions.

Let us now think about the trigonometric functions. If 0 < 8 < %, then as O increases,
the point P(B) continuously moves from A to B on the circle in anticlockwise direction.
So, its x-coordinate decreases from 1 to 0 and y-coordinate increases from 0 to 1. This
means that for 8 € (O,%), cosO decreases and sin® increases.

Y Y
N F
7 |BOD z B(O,‘l)\
AL0) A(LO) A10) T A(LD)
< 5 > X < - > X
B{0~1) B(0~1)
4 Figure4.11 AR

In the second quadrant % < 0 < 1. As O increases from % to T, P(0) descends
along the BA". So sinO decreases from 1 to 0 and cos® also decreages from 0 to —1.
In the third quadrant Tt < 6 < 37“: As 0 increases from ¢ to 37“, P(0) descends along
the A'B. So sin© decreases from 0 to —1 and cos6 increases from —1 to 0. In the fourth
quadrant, 3775 < 0 < 27 cosO increases from 0 to 1 and sin increases from —1 to 0.

This information is summarised in the following table.

Thus,

Fancam G

First

Second

Third

Fourth

sin
cos

o)
T
J

[%L“]

1

-
X’
T

e
T
T

As cosec and sec are reciprocals of sin and cos, it is clear that when sin0
increases, cosec® decreases and when sin® decreases, cosecO increases. The results
are summarised in the following table. Similar statements apply for cos and sec functions.

& .\Q\uadrant
unction

First

Second

Third

Fourth

sec

cosec

-
J
T

(3
l
l
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We assume that ian is increasing and cof is decreasing in all quadrants.

We note that the discussion of a decreasing or an increasing function is confined
only to a particular quadrant. for function is increasing in every quadrant but we
cannot say that 30° < 150° = #an30° < tan150° as (an30° is positive and tanl50° is
negative. (Why 7}

Example 9 : Examine the truth of the following :
%<9<7I:=>cos% < cosB < cosT
Solution : cos function is 4 in the second quadrant.
%<9<1I:=>cos%>cos9>cos‘lt

.. The statement is false.

cosg < cos8 < cost would mean 0 < cos8 < =1 which is clearly false.

Example 10 : Examine the truth : 5in0, > 5in@, < cos0; > cos0,, 0 < 0 < %

Solution : In the first quadrant si# is an increasing function and cos is a decreasing
function,

. Sme] > Sinez = Bl > 92
= co.s'ﬁl < cosﬁ2
.+ The statement is false.

Example 11 : Prove that cot© is a decreasing function in (0%)
Solution : As, 0 < 0 < %, sin® > 0 and cos@ > 0.
Now sin is an increasing function in (0,F).
Let 8,0, € (0,%) and 6, < 6,

el < 92 = Sjnel < Sinez = Si?lle| > Sffldaz (l)

Now cos is a decreasing function in (0. %)

S 0, <0, = cosB > cosb, (i)
From (i) and (ii) T, X cos9; > To X cos,

S coff > cof,

So, 8, < 8, = co, > coB,

Hence, cof is a decreasing function in [0.%).
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4.12 Measures of Angles
We will learn about two methods of measuring an angle in this section,

Degree Measure : In this system a right angle is divided into ninety congruent
parts. Each part is said to have measure one degree, written as 1°. Thus, one degree
is one-ninetieth part of the measure of a right angle. A degree is further divided in 60
equal parts and each part is called a minute. The symbol 1’ is used to denote one
minute. One minute is further divided in 60 equal parts, each part is called a second.

The symbol 1" is used to denote one second. Q P

Thus, 1°= 60'= 60 minutes.

I"'= 60" = 60 seconds.

Radian Measure : Radian measure is another
unit for measurement of an angle. One radian is the
measure of the angle subtended at the centre of a
circle by an arc of length equal to the radius of
the circle. It is denoted by 1°. (¢ for circular Figure 4.11
measure.) It is also denoted by 1K

Consider a circle of radius » having centre O. Let
A be a point on the circle. Now cut off an arc AP
whose length is equal to the radius r of the circle. i.c.
I (AP )y = r. Then the measure of ZAOP is 1 radian
(= 19). If / (AQ ) = 2, then the measure of ZAOQ
is 2 radian (= 2¢). Since a radian is the unit of
measurement of an angle, it should be a constant
quantity not depending upon the radius of the circle.

Figure 4.12

Consider a circle with centre O and radius r. Take a point A on the circle and
cut off an AP whose length is equal to the radius . Draw OA and OP and draw

0Q L DA. Now by definition, mZAOP = 1¢ and ZAOQ is a right angle.

Since in a circle, the angles at the centre of a circle have measures proportional

to the lengths of arcs subtending them,

mLAQOP _ I(@)
mAAOQ I(’A_Q)

. mLAOP _ _r e -
s m:,OQ—%(m,) (1(AQ) = z(2mr) =
. lc :l

o mAAOQ .

S o mZLAOQ = % radian

T
T-
.. Radian is a constant angle and Radian measure of a right angle =

.. Radian measure of a right angle is

I
2
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Degree measure of a right angle = 90

. TEC =
R 9g°
’.0 nc = 1 800

1 radian = &2 degree = 57° 16' 22" or 1 degree = 755 radian = 0.01746

Thus, the degree measure of an angle whose radian measure is O is

%. The radian measure of an angle whose degree measure is O is %.

- - _n
Radian Measure = 155 X degree measure

Degree measure = %0 X radian measure

For instance, if the radian measuwre of an angle is %, its degree measure 1is
180 T —
- X 5" 30°.

An angle whose degree measure is 120 has radian measure equal to

L = 2nf
120 X 25 2 \
P

If in a circle of radius r an AP of length / /
subtends an angle of measure @ radian at the Q\

centre, we, have r
KAQ)=r [X

mLAOP = 6, mZAOQ = 1
. radian measure ZAOP I(AP)
**  radian measure ZAOQ [(’A‘Q)

-4
1o ;
i Figure 4.13
L2 9=;

Length of the arc
Radius

Radian measure of an angle =

@ Till standard X, we have learnt about the degree measure of an angle
only, For an angle A with the measure 60°, we used to write mZA = 60 but now
we have another way of measuring angles, the radian measure. So for an angle A
with the degree measure 60, we shall write mZ£A = 60° from now onwards. If A
is a right angle, then we shall write mZA = 90° or mZLA = % = “—; If A is an
angle of an equilateral triangle we should not write mZA = 60 but we should write
mLA=60°or mLA = % because % radians = 60°,

Hence mZA = x° means ZA has degree measure x and mZA = x means
ZA has radian measure x.
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Since degree measure of an angle lies in (0, 180) and 0° = 0° and 180° = T°, the
radian measure of an angle lies in (0, TC).

Example 12 : Convert 47° 30 into radian measure.
Solution : We know that 1° = 6('
+— {30 o = {1 0
0= (%) =(3)

47030 = (471 = (%)

2
We know that 180° = ¢
(87 - (o 9 - 1) -

Hence, radian measure of the angle with degree measure 47° 30" is [lf!’—“]c or 1.?—2“:.
Example 13 : Convert 39¢ 22" 30" into radian measure,
Solution : 60" = (ﬁ]' = (l).

60 2
no2230" = (24 = (£

-5 &) =R
S 39922307 = (393)° = (3

S - < o -
Hence, radian measure of the angle with degree measure 39° 22' 30" is (7—“)c =1L

32 2
Example 14 : Convert 2 radian into degree measure.
Solution : We know that T°€ = 180°

o 20 = (180 o) — (1EOXTX2P

— 61° — i) ! = &0
=(114£)" =114° + (£ x 60 (as 1° = 60)
=140+ (&) = 1140 +32 + (£
= 114° + 32" + 44"
Hence, 2 radian = 114° 32' 44"
Example 15 : Find in degree measure, the measure of the angle subtended at the
centre of a circle of radius 25 ¢m by an arc of length 55 cm.
Solution : Here, » =25 em, I = 55 cm
<
We have, 6 = [L]
. = (55Y¢ = (11, 180Y° _ (1LX36X7
o0 (B) = (Y = (T
0=126°

x 60)" (as 1' = 60")
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Example 16 : Find in degree and radian, measure of the angle between the hour hand
and the minute hand of a clock at half past four.

Solution : We know that the hour hand completes one rotation in 12 hours, while
the minute hand completes one rotation in 60 minutes.

The measure of the angle formed by the hour hand in 12 hours = 360°
The measure of the angle formed by the

hour hand in 4 hours 30 minutes i.e. % hours

is (360 %]" = 135°

The measure of the angle formed by the

minute hand in 1 hour = 360°

B
. The measure of the angle formed by the C
minute hand in 30 minutes = (% X 30]0 =180° Figure 4.14

Hence, required mZBQC = 180° — 135° = 45°
_ Ty _ T oo
_(4SXW) = 4 radian

Example 17 : A circular wire of radius 4 em is cut and bent so as to lie along the
circumference of a loop whose radius is 64 ¢m. Find the measure of the angle in
degree which is subtended at the cenire of the loop.

Solution : Radius of the circular wire is 4 cm.

.+ Length of wire = circumference
- ‘ B

= 2K X4
= 8K
Now, it is being placed along a circular loop
of radius 64 cm.
Hear, I = 8T, » = 64 cm Figure 4.15
Hence,9=% =%=%=(%x%)o = 27° 30"

Example 18 : Find in degrees, measure of the angle through which a pendulum swings
if its length is 40 cm and it swings in an arc of length 8 cm.
Solution : Here, r =40 cm, 1 = 8 em

=4 _2_1 oo = (1o 180
Hence, 8 = - —%—3 radian = (?XT) degree
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- (252) = (ug)

=11°+ (& x 60)

= o -
11° + (274
=11°+ 27 + 16" = 11° 27" 16"
Example 19 : In two circles, if the arcs of the same lengths subtend angles having

measures 60° and 75° at the centre, find the ratio of their radii.

Solution : Let r; and r, be the radii of the
two circles. Also let the length of the arc be L

For the first circle, B B
0 = 60° = 60 X & o O

\

g

5

]

=

5

[ =]

~ | X
g
]
] =

>

\

A
-4
A
rl = E
; ® Figure 4.16 ®
l . -
.o =3 @)
For the second circle,
= 75° = K =3t
0=75°=75X% %0 3
- 12 i
= & (r=14) ap
Dividing (i) by (ii)
i_x
n ¥
i_15_5
M ) 1 4
Hence r| : v, =5 4
sinA tan A n
Example 20 : If 525 = ¥2, n g = V3, find fanA and tanB; A, B € (0,%)
2 1 3

+) & > ] — =
Solution : Here R = TinA > anB — Tan A

cosecB = J2cosec A, cot B = V3ot A
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Now cosec’B — cof’B = 1
2cosec’A — 3cof?A = 1
2(1 + coA) — 3corPA = 1
2 + 2cot?A — 3coffA =1

s coBA =1
S cotA = 11
S danA = 11

But 0<A<%
S tanA =1
Now co/B = chofA= ﬁ

tanB = ﬁ

Exercise 4.2

Find the radian measures corresponding to the following degree measures :
(1) 240°  (2) 75° (3)40° 200 (4) 110° 3¢

Find the degree measures corresponding to the following radian measures (70 = %).

iz @8 @ “) 5

Find the measure of the angle in degree subtended at the centre of a circle of
radius 3 em by an arc of length 1 cm.

In a circle of diameter 60 cm, the length of a chord is 30 ¢m. Find the length of
the minor arc corresponding to the chord.

Find the measure of the angle in degree through which a pendulum swings if its
length is 75 ¢m and its tip describes an arc of length 21 cm.

If in two circles, arcs of the same length subtend angles of measures 65°and 110°
at the centre, find the ratio of their radii.

Find in degree and radian, measure of the angle between the hour hand and
the minute hand of a clock at half past two.

The measures of the angles of a triangle are in A.P. and the angle with largest
measure has radian measure % Then find the measure of the angle with smallest
measure.
sinA
sinB

tan A
If ﬁ, g = 3 find sinA.

*
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4.13 Odd and Even Functions

Let ACR,BC R and f: A— B be a function and

if Vx, —x € A, f(—x) = f(x), then f is called an even function.

If Vx, —x € A, f(—x) = —f(x), then f is called an odd function.

For instance, f : R = R, f(x) = x2 satisfies J(=x) = f(x) for all x € R because
(—x)2 = x2, so f is an even function.

Similarly, for f: R = R, f({x) = x°, f(—x) = —f(x) for all x € R as

(—x)® = =x>. So £ is an odd function.
We will now prove that sin is an odd function and cos is an even function.

First suppose 0 < O < 2T. Now we will see four possible situations for the points
P() and PQ2TT — O) in the following figures on the unit circle.

Y Y
/‘ > P(0) P(CY)
) A(LD). " AQLY)
< ! M > X < OJ 5, X
Q —
PeR—0) P27 — )
Y Y

M~ M

PCT—0)

A

POR—0) f

) ALO) - AQD)_

| !J i | !J .
P(0) o)

W v

Figure 4.17

fo<oc< %, then P(Q) is in the first quadrant and P(27t — @) is in the fourth
quadrant.

The lengths of AP and AQ are @. So, mZAQP = mZAOQ
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Now, join P and Q. Suppose PQ intersects X-axis at M.
P(Cf) and P2 — Q) are represented by P and Q respectively.
APOM = AQOM
So PQ is perpendicular to X-axis.
Now, P has coordinates (x, yy and Q has coordinates (x, —y).
P(QY) is (cosCl, sinQ) and P2 — Q) is (cos(2ZT — O), sin(2T — QU)).
Yoo (x ) = (costh, sin0) and (x, —y) = (cos(2ZT — L), sin(2W — OL))
Yoo X = cosQl, y = sin0 and x = cos(2W — ), —y = 5in(2K — Of)
This means cos®t = cas(2m — @) = x, sin®l = y, sin(2A — 4) = =y
As 2T is a pericd of sin and cos, we get
cosOl = x, cos(—o.'.) = x, sinQl = y, s:’n(—{l) = -y
Thus, cosot = cos(—u‘.) = x sfn(—(l) = =y = —sinQ
Same thing can be observed and verified in every other quadrant.
Next, suppose 8 € R and
let O=2nm+0 O<O<K2W
Lo—0= 2mm -
o =0=-2nm -0 +2R-21
S0 =2n(-1 —n)+ 2R — ) and 0 < 2T — Q) < 27
As 2T is a period of cos,
cosO = cos0, and cos(=0) = cos{27 — 0) = cos(—=0t)  (cos has period 27T0)
But cosQ = cos(—(].)
o c0s0 = cos{(—0) and similarly we can see that sin(—0)} = —sin0,
Thus, ¥V @ € R, cos(—0) = cos0, sin(—0) = —sind
Therefore, sin is an odd function and cos is an even function.
We have studied trigonometric functions of real numbers,
If the radian measure of an angle is 8, we define sinB, cos8® etc. for real number
0. Since radian measure of an angle @ € (0, 1), restrictions of trigonemetric functions
of real numbers for domain (0, 7t) are trigonometric functions of angles.
4.14 Value of Trigonometric Functions Obtained from a Right Triangle
Let AMOP be a right angle triangle with right angle at M in coordinate plane.

Let umit circle with center at O intersect QP at I and let PPM’ and PM be
> <
perpendicular to X-axis. Thus PM || P'M’.
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2. APOM ~ APOM ¥

. OP _ OM _ PM T

L OP‘ OM’ P’M’

P

If I (AP') =0, then P is the trigonometric E

point corresponding to @ on the unit circle.
X 5 T 6] X

So P (x, ¥) = (cos0, sinG). If OM' and M'P' are
x and y coordinates of P' respectively, then
OM' = cos8, M'P' = sinB and OP* = 1.

. Op _ OM _ PM b

| cosH  sind Y

Now the radian measure of ZP'OM' is 8. So the radian measure of ZPOM
is also ©.

oM _ Adjacent side

-~ In APOM, cos@ =55 = Hypotenuse

Opposite side
: =M _ X a
and sin = ‘OP ~  Hypotenuse

1800 )0 _ Adjacent_side m( 1309]0 _ Opposite side

o cos ( m Hypotenuse ° T " Hypotenuse

Taking (%)0 =0

Adjacent side | Opposite side

050 = Hypotenuse * 5% = THypotenuse

Thus, trigonometrical functions defined on a unit circle are not different from
those defined on the basis of a right angled triangle. But trigonometrical ratios on
the basis of right angled triangle had limitations, since the measures of angles
were confined between (0, 90). Now trigonometric functions are defined for real
numbers.

4.15 Values of Trigonometric Functions in Each Quadrant

We know that for each real number 8, there is a unique point P(8) = P(x, y) on the
unit circle. Now, by definition of cos and sin, x = cos9, y = sin0.

If0 <0 < %,then P(D) = (x, ») is in the first quadrant and has x > 0 and
y>0. So,x=cos® >0, y=sinb >0,
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lf% < 0 < 7, then P(0) = P(x, y) is in the A
2nd quadrant. In the second quadrant, x < 0 and 2|BOD
y>0.80,x=cosB <0, y =350 > 0.

fr<d< 3771 then P(8) =P(x, y) is in the
3rd quadrant and in the third quadrant x < 0,
»<0.S0, x=cosB < 0andy=sing <0

If 37“ < § < 2m, then P(0) = P(x, y} is in 32 |BO-)
the 4th quadrant. In the 4th quadrant x > 0, b
y<0.80, x=cos0 >0 and y = sin0 < 0. il

1 A(10)
> X

o 2T
+-)

As tanB = gi'zg, cofd = z?’g, cosec@ = ﬁ and sec® = = (:se’ we can find
the signs of other trigonometric functions in different quadrants.
L‘“ncﬁNadr ant First Second Third Fourth

sin + - -

CoS - - +

tan

col

cosec

++]|+]+ ]+ |+
|

Sec

Example 21 : If co® = ;—25, and P(0) lies in the second quadrant, find the value of
other trigonometric functions.
Solution : Since cot® = fzi, we have tanf = _le

Now, sec?0 = 1 + 1an’0

= 144 _ 169
]+25 =3
sec9=i%

Since P(B) is in the second quadrant, sec® will be negative.

__n _ =
sec® = —2 and cos® = 3
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Further, we know that sin@ = cosO - tan0 = (%} (_le) = :-2

. = 13
S cosecB = B

2
Example 22 : If cos® = %, ab > 0, then prove that a = b

Solution : |¢osO | < 1

(a+b?
4l ab| =1

S (@ + bY £ dab
Lo (@—BP L0
But (a — B £ 0
S oa—5b=0
Soa=b
Example 23 : If /an = 2 — 3, then find cos9. 0 < < 0
Solution : sec?® =1 + tan?0

=14+ @2- 37
=1+ -443 +3)
=8 —443

=8 -2J12

= (J6 = J2)?

o osecl =6 — 42

. S Rpp— fo+42
SR R Sl Y R

. cos® = fe+42
3

LR

Example 24 : If tanb = x — W’ find sec® + tomB

Solution : We have tan@ = x — ﬁ

e tanze I2 - — + == lsxz
Now, sec?8= 1+ tan29

=1+[x—;l!+ |

P+ 16x _(’”4_1.:]2

(ab > 0)

(0<B<

%)
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. = 1 —_ = L
.. secO x+ g7 oor—x — 5=

- = 1 —L=
o secB + tan0 =xto- tx— gz =

= _y_ L _ L —-_1
or sec® + tan® = —x s tx— o 2

Exercise 4.3

1. If cosec® = % and P(6) lies in the second quadrant, then find the values of other
trigonometric functions.
2. Find the values of all trigonometric functions, if sinQ = —lsﬁ and O € (TE, %t)

3. Ifcos@ = _Tl, nT<O< 3Trc, find the value of 5 tan?Q — 6 cosec?

4. Isin®=2 tanti=4and 2<O <, T < 0 <3E, find 4 1@ — V5 secq.

5. If sec® + tan© = p, obtain the value of secO, tan® and s5in8 in terms of p.

P Scos@ + 4cosec® +3tan®
6. If sinf = 3, find the value of = — 5o —=—=0—. Z< 6 <.

1— sind secO —tan®, if 0<B<L
7. Prove that : — = 2
Vi sind {—sec8+£anﬁ, it L<B<n

%

Miscellaneous Examples
Example 25 : If cosCt + sintt = +2 cosCi, then find cos®t — sinCl. (0 < 06 < %)

Solution : cosQ. + sin® = 2 cost
s (cosOl + sin0)? = 2cos20t
S costOL + 2sin0L cosOL + sintOL = 2cos? 0L
s 1+ 2sin0t cost = 2(1 — sin00)
s 2sin?0l = 1 — 2sinO cosOX
= sin®00 + cos20L — 25in0. cosQl
= (cosOL — sin0l)?
Now. sin0l > 0 for 0 < 0 < Z and cos0t > sin0t for 0 < o6 < L
o f2sin0 = costt — sintL
S cosOL — sinQf = ﬁsina
Another method : we have cosOl + sinOl = 2 cosOl
o sinol = (2 — 1) costx

. o sino 2 +1
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s cost = (2 + 1) sinct (V2 -DV2 +D=W22-1=1)
S cosQ = ﬁ sinQL + sinQX
S cosO — sinQl = J’-Z- sincl

cos®a + sinfor 1
cos*p sin®p

Example 26 : If

4 a4
Prove : (a) sin‘et + sin’P = 2sin’ot sin?}  (b) f::;;g + :222 =1
Solution : We have, %":,:—g + % =1
(- sinfo)®  sinto
s T sin?p 1
Let sin?¢t =m and sin?P = n
2
Lt
w1l — mpP + m*(1 — n) =n(l —n)
al —2m+m)+m¥(1 —n)=n—n?
n="2mn+mn+m—mn=n—nt
SR =2mnt =0
S o m—mPE=0
" on=m
o sintOl = sin? ()
s 1 —cos?ot =1 = cos?P
o cosol = cos?d (ii)

(a) sirdou+ sindP = (sin®06 — sin?B)? + 25inct sin?P (a* + b* = (a — b) + 2ab)
(sin?QL — sinfQLy? + 2s5in?QL sin?f3

= 2sinot sin?[3
cos'B | sin'p _ cos'B | sin'B ; y
®) ot T St = cosB  sintP (i) and (i)

= cos?P + sin?P = 1
3
Example 27 : If an?0 = 1 — o7, prove that sec® + tan’0 cosec® = 2 — a?)2.
w<9<%)
Solution : L.H.S.= sec® + tan’0® cosecO

_ 1 sin’0 1
=%o® T cos¥e X

sinb
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1 sin?0
cos0  cosiB

c0s%0 + 5in0
€050
1
cosB

= sec’0

= (sec@)? (0<8 <L)
3

= (1 + an?0)?

=(1+1-— al)%

3
= (2 — a? = RHS.
Example 28 : If x is any non-zero real number, then show that cos® and sin8 can

never be equal to x + %
Solution : As x € R — {0}, we have two cases.
Case 1 : x>0

2
1_ | _ L L
We have x + (J;)2+(J;J 2&XJ;+2J;XJ;
2
_ J‘_;J
[ 7 2
I \.2 X
. 1 === L5
x+5 22 HJ? J;J ZOJ
Case 2 : x <0 Letx=—y. Theny > 0

]
x+% =—y-3 =—[}’+%J
2

from case 1.

[»‘H'% 22 for x > 0 and (x+%]5—2forx<0
But—1 <sin@ <1 and —1 <cos® £ 1 for all @ € R.

Hence, sin@ and cos@ can not be equal to x + % for any non-zero x.
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10.

11.

12.

13.
14.

Exercise 4

ab + be + ca

+ _Goroctcea
Ifa bc€ R and g # b, b # ¢, ¢ # a then prove that secO = bt

is not possible for any 8 € R.

sing. sinp _ ___sino sinp
coso+5inB 7 cosB-sina ~ cos@—sinB T cosP + sino

If f(#) = cos"@ + 5in"0, then prove that 21(6) — 3/(4) + 1 =0
If m cosO — n sin0. = p, then prove that m sinC + n cosOl = isz +n? —p2 .

If acos®s + 3acosxsin®*x = m and asin®x + 3acosxsinx = n,

Prove :

Z Z Y
then prove that (m + n)3 + (m — n)? = 24°

2 2
If sin@ + cos® = m, then prove that sin®8 + cos0 = 2 ‘30?; -1

1+ sec*Acot® 1+ man’A cos’B

1+ sec®Cecot’B ~ 1+ tanC cos’B

2 — 35in0 + sin’
sing + 2

0
Prove that = 25in® (sin — 1) + cos?0

Prove that coffx — cos?x = cos?x cofPx. Hence deduce that cox 2 cos?x.

Ifo<B < %, then show that sin® + cos® + tan® + cof® > secO + cosecH
1 — tan®e
tan0

Prove that 2sec?0 — sec?® — 2cosec’® + cosec*® =

tan’B (cosec — 1) (1 - cosO)cosec?d
1+ cos® T cosect +1

& —a?
If a® sec2 — b2 a0l = cz, prove sin?QL = rﬁz

Select proper option (a), (b), (c) or (d) from given options and write in the box
given on the right so that the statement becomes correct :

Prove that

(1) If 5in® + cosec® = 2, then sin®0 + cosec®® is... S
(@1 (b) 64 (c) 2 (16

(2) If £ (x) = cos>x + sec’x, then ]
(@ f(x) <1 by fx=1 ©0<f<] @fn=22

(3) Which of the following is not correct for some 0 € R ? =)
(@) sin® = =1 (b) cosB = 1 () sec® = & (d) tan® = 40

(4) If tanB = 3 and P(B) lies in the third quadrant, the value of sin@ is [ ]
® 75 ) 75 © 75 @ 75
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(5) Which of the following is correct ? ]
(a) sin 1° > sin 1 (b) sin 1° < sin 1
(c) sin 19 = sin 1 (d) sin 1° = % sin 1

(6) The length of an arc of a circle of radius 28 cm that subtends an angle of
measure 45° at the centre is... -
(@) 12 cm {(b) 16 cmn (c) 22 cm (d) 24 cm

(7) The angle between the minute hand and the hour hand of a clock at 8:30 has
degree measure ...... -
(a) 80° (b) 75° (c) 60° (d) 105°

(8) A circular wire of radius 7 ¢m is cut and bent again into an arc of a circle of
radius 12 cm. The angle subtended by the arc at the centre has degree
measure ... -
(a) 50 (b) 210° (c) 100° (d) 60°

(9) The radius of the circle whose arc has length 157 ¢m and which subtends an
angle having radian measure 37“ at the centre is... ]
(a) 10 cm (b) 20 cm () 115 om (d) 221 em

(10) If tan® = x — %, then sec® — fan® is... =
(@ =2x or 5= (b} 33 or 2x () 2x ) 7

(ll)IfmTSA=%=%,;;T<A<O,_TE<B<0,ﬂlenthevalucof
2sinA + 4sinB is... ]
(a) —4 (b) 0 () 2 (d) 4

1+cos .

(12) If T < 0 < 27, then “m is equal to... ]
(a) cosec® + cor® (b) cosec® — cot@
(¢} —cosecO + cot® (d) —cosec® — cof®

(13) If cosec® — cot® = 2, % < 0 < m, then cos0 is... ]
(@) 2 ) 3 © 3 d 2

(14) If sec® = m, tan® = n, then #{(m+n)+ m:-n} = .. £

(a) 2 (b} mn (c) 2m (d) 2n
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(15) The value of the expression sin®0 + cos®0 + 35?0 cos?0 is ...... -
(@0 (b) 1 (c) 2 (d) greater than 3
(16) The expression fan’0t + cot2Ct is... ]
(@) 2 =2 (b) > 2 © <2 (@ < =2
(17) If cosec® + cotB = %, then the value of tar0 ]
OF ® 3 © 3 @
sin’ 1+ cosd sing
)1 =T o8 T~ ~ T=cos® equals... -
(@ 0 (b) 1 (c) sin® (d) cosB
1+ tan0 + cosecO
(19) If secB = ¥2, 3L < B < 2, then T 05— cosecd i ]
1
(@) =2 (b) —1 © 7 @ 0
) W+
(20) If p = a cos?0 sind and g = a sin*0 cosO, then g s e
OF (b) & © a @
(21) If secA — tapA = 3—2, then cosA is... ]
2a 2a at +1 a’—1
(ﬁ) az —1 (b) a2 +1 (C) a2 —1 (d) az +1
Summary

Trigonometric point, Trigonometric point function, Period

sine function, cosine function, their zeroes and range, fundamental identity
Other trigonometric functions, their ranges, identities

Increasing and decreasing functions

Degree measure and radian measure

Even and odd functions

Right angled triangle and related trigonometric functions

Values of trigonometric functions in each quadrant.

— 0:0—



Chapter

SPECIAL VALUES AND GRAPHS OF
TRIGONOMETRIC FUNCTIONS

5.1 Introduction
We have already studied about trigonometric functions, their domains, range, zeroes
and periods in the previous chapter. Now we shall obtain values of these functions at

some special points and draw graphs of these trigonometric functions.

5.2 Values of T-functions at T-points on the Axes

We know that V@ € R, there is a unique point P(6) on the unit circle. Unit circle
intersects X-axis at A(1, 0) and A'(—1, 0) and Y-axis at B(0, 1} and B'(0, —1) respectively.
We also know that x-coordinate of P(0) is cos@® and y-coordinate of P(0) is sinO.

Corresponding to real number 0, there is
unique T-point P{0) = A(1, 0) on unit circle.

We have cos0 = | and sind = 0.

Corresponding to real number %, there is

unique T-point P[%) = B(0, 1) on unit circle. A0 T

I =
= L.

Similarly, P(T0) is A'(—1, 0). cosTt = =1, sink = 0.

Similarly, (3] is BY(O, —1). cos3L = 0, sin

cos

=
2

0, sin

We know that A(l, 0) is P(2%).
So, cos 2 = 1, sin 2 = 0. We tabulate these values as follows :

Y

F

T
7 |BOY)

2W\A(LD)
0 X
m - _ ar | B{0—
¥ Figure 5.1

I 3n
0 0 x n ! 2%
o8 1 0 -1 0 1
sin 0 1 0 — ]
tan 0 % not in domain 0 37“ not in domain 0
cot | Onot in domain 0 T not in domain 0 27 not in domain|
sec 1 % not in domain — STE not in domain 1
cosec | O not in domain 1 T not in domain — 27 not in domain}
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5.3 Coordinates of P{E) - K
Let trigonometric point P (%] be P(x, ). BO.1) ()= Pxy)
- | = xy
Now length of minor AB is E If P is the point !
T
on AB such that AP = PB, then ((AP) = %. & ACLO) 4
0
In a given circle, if arcs are congruent,
then corresponding chords are also congruent.
o‘o AP = PB B'(OS_])
s AP = pB? ¥
Figure 5.2

Again A is (1, 0), P is (x, y) and B is (0, 1).
E=12+@=02=(=0)0+(y-1)?

oo xt=2x+ 1+ =xt =2y + |

S =2x==2y

S XSy

Now, P(x, y) is on the unit circle.
2+y=1

Soby (@), 2+ x2=1

Now, as P %) is in the first quadrant, x > 0, y > 0.

s From (i), x=y= %

.. By definition of cos and sin functions, coordinates of P(%) are

x » = (cosE, sm—) [J— J—)

n -l .0 - L
Thus cos 5 Sing =

Ian% =1, cot% =1, sec% = ﬁ cosec% J2.

5.4 Coordinates of P(%) :

Let the coordinates of P[%) be (x, »).

@)
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Length of minor AP is % H
‘. mLAOP = Z = 60° s P(§) =Pe)
In AOAP, OA = OP (Radii) L
. mZOPA = mZOAP ) ACLY 3 \ALO)
As mZAOP = 60°, .
mZOPA + mZOAP = 120°
.. From (i), mZOPA = mZOAP = 6(° B0~
o AOAP is an equilateral triangle. Figu;:: 53
Again OA = 0P =1 (Radii of unit circle)
S AP =1
o AP2 =

Now, since P(x, y) and A(l, 0),
N e ) o )
o =2x+ 142 =1
but x2+3%2=1

S 2x=1

(P(%J is in the first quadrant, y > 0)

.~ Coordinates of P[%) are (% g]

Sk _ 3

. R:L Ay = ¥ E:
<. cosx = 7, sing 2.50, tan3

- V3.

Nll—-lwlta

2 1
- = L=—= colk=—F
s sec? 2, cosec x , cor3 3

5.5 Coordinates of P(%—) ]

Suppose the coordinates of P(%) are (x, y).

Length of minor AP is %.
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I(AP) = % (Minor arc) 1{'
mZAQP = % = 30° B(0,1)
Since P is in the interior of ZAOB, P(%J =
m/POB = 90° — 30° = 60° L0 = A LIV
Now, In AOPB, OB = OP (Radii)
Hence ZOBP = ZOPB and
B'(O~1)
mZOBP + mZOPB + m/POB = 180° 1
mZOBP + mZOPB = 120° Figure 5.4
(mZPOB = 60°)
As ZOBP = ZOPB,
mZOBP = m/0OPB = 60°
ZOBP = ZOPB = Z/POB
~. APOB is an equilateral triangle.
OP=0B=PB =1
PB2 = |
x—02+@—1¥=1 (P(x, y) and B(0, 1))
P+ =2y+1=1
but x2 + »2 =1 as P(x, ) is on unit circle.
S 2y=1
oy = %
Alsox? + y? = |
SR+ d=l
So, x = % (P(%) is in the first quadrant, so x > {])

Hence, by the definition of cos and sin,
(x, )= (cos%, sin%) = (g, %j

1
2
- n— ﬁ T — l T = =
S cosg = =, sing = 5 Hence t‘cm—6 ..;i 3 -

S secy 43> cosec 2,cot6 3,
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Example 1 : Evaluate : 3 cosz% - sec% +5 tanz%.

1
Ealaapi o T — —— T — n
Solution : We know that cosz = [, secx 2, ran? ﬁ
1 2 2
T e goelt n=3=x=] =
3co.s‘zT secy + 5ran23 3(‘5) 2 4+ 5(+3)
=3x1+-2+5x%x3
=3-2+15=2%
Example 2 : Evaluate : 4tanz% - SCOSECZ% - %sm%.
Solution : We know that tank = —=, coseck = 2, smlk =1
: 5 V3 7] it T
1 1 2 11
2TE — T —_— o T E = —— —_ [—— N
4tan? SCOSQCZT 3 sing 4)((‘5) 5(\5)2 3(2)
=4 _10-1
=3 - 10—-3
=8-60—1_ 33
3 §

Example 3 : Prove that : % cotz% + 3 sil?Z — 2cosec2% - % c‘anz% = 3%
A — T = L = Y3 T =2 ;mE=-L
Solution : We know that mr6 ﬁ, sin 3> cosec yi tan6 7

=4 I itk — n_2 I
L.H.S. % cotzﬁ + 3sin 3 2cosecz3 y) ran26
2 2 2
_ 4 B _,(2) 3
- 3037+ 2] ) - 3(F)
- 4 3 4 _3 5y 1
= 3 X3+3X$-2X3—-5X3
= 9 _8_ 1
=4+3-3-3
_ 48+27-32-3
12
— 40 _ 10 _ »1 _
= 75 =5 =37 =RHS.
T T
tan;—tau?

b

Example 4 : Prove that =2 -

T T
l+me?

1 s E = E = L
Solution : We know that tan4 1, tan6 7
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LHS.

I
&
A
X
P
|

3—-243 +1
31

~2-% _,_ 3 - ruS.

2

EXERCISE 5.1

Evaluate ; secX !‘m:E + sink cosecﬂ + cosL corZ.
[

6 4
Evaluate : 60‘215 + c:osec +3 tanzn

Evaluate : 23:‘:32% + 20052% + sec %

I

3

Prove that : (3(:03— sec= — 4sm— mn—) cos2i = 1,

3

6 6

inlE 2M T
s’z +cos r — 4lang

Evaluate : -
2sink cosZ + tand

i T ol

Prove that : cosX cosX + sink sink =

3 4 3 4
*

Graphs of Trigonometric Functions

Graph of y = sinx

g+

1

W2

Evaluate ; (s:'n? + COSL)(SI'HZE — sin= cosg + cosz%)

Values of sinx for some values of x are given in the following table ;

Fin y j 2R 570 7| 47 3T | A 117
I L I B Bl b ol B B -l ol Bl B ol ol P2
. 1 | 43 FEl “1|=43| _; |[=3 | =1
0 |0510871 1 |087] 05 0 | 050287 —1 H0.871-0.5| 0
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H Since sin is a periodic
function with period 27,
] % we will draw the graph of
“—5 TR T >X y = ginx in the interval
1 z \/ [0, 27] (Fig. 5.5). Onece it
is drawn in one such
A Figure 5.5 interval, it can be repeated
] at the iterval of length 27,
¥y = sinx
Y (Fig. 5.6)
/‘\ 1 3n /‘\
' 2 <.
T/m g o z n\/zn: 3n\/n "X
-1

Figure 5.6

It is clear from the graph that,

(1) The graph of y = sinx intersects the X-axis at many points, say 0, 17, 12,
137,... At these points sinx = 0.

(2) The graph of y = sinx intersects the X-axis at points 0, 37;, 12w, 137,...
The set of zerces of sin is (kR | k € Z}.

(3) The maximum and minimum values of y = sinx are 1 and —1 respectively and
sin assumes all values between —1 and 1.

(4) In the first quadrant, that is in [0. %), the graph ‘is ascending’, so the function
is increasing. Similarly it is decreasing in second and third quadrants and
increasing in the fourth quadrant.

(5) In the restricted domains such as [—%, %], [% ?’TT[], sin is one-one.

(6) The graph of y = sinx repeats after an interval of length 27U because 2T is
the period of sin.

If y = f(x) is a periodic function with period T and amplitude k, then it is
sufficient to draw its graph in an interval of length T only. Because once it is drawn
in one such interval, it can be easily repeated over the intervals of length T.
The amplitude of a function is defined as the greatest numerical value which it
can attain.
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If period of y = f(x) is 21 and amplitude is &, then period of y = ¢ « f(ax + b),
fora>0is 27“ and amplitude is | ¢ | k. Now using this discussion we shall draw the
graphs of ¢ sinax, ¢ cos ax, ¢ tan ax.

Graph of g(x) = csinax (a > 0)

First, we draw the graph of y = sinx and mark the numbers where it crosses

X-axis. Then if these points are P(x), we divide x by a. The points of intersection of graph

of y = ¢ sin ax with X-axis are 0, & a 2(1 5. te. Its period is — The points on Y-axis
—1, 1 are replaced by —| ¢ | and | ¢ |. The highest and lowest point on the graph have
x-coordinates 2“—“ and % in ?{'
[0 21't] The range of this
function is [ ¢|, | ¢ []. We mark ||
maximum and minimum valuesof o v P4l -
y = csinax as |c| and H¢| K I 2m -
respectively on Y-axis. The graph —le| « a\/a
of y = c¢sin ar is confined to
[=lel lell b Figure 5.7
Example 5 : Draw the graph of y = 3sin 2x.
Solution : Compare y = 3 sin 2x with y = ¢ sin ax.
a=2and ¢ =3. Its period is 22” = R and range is [—3, 3].
Its graph is same as that of }:
y = sinx with points on X-axis
where it intersects X-axis as T, 3 -
m, 3L, etc replacing ®, 2m, O - N > X
37,... etc and using the fact that % 7\/“
range is [=3, 3], it lies between 1
lines y = =3 and y = 3. ¥ Figure 5.8
Example 6 : Draw the graph of y = 2sin %
Solution : Here g = % and X
c=12
.~ Period is4R and range 2
is [-2, 2
[ Poijlts on X-axis wherethe <€ o / > X
i 2x 3R 4T
graph intersects X-axis are 2m, - \,/
4m,.. etc (replacing 7T, 27, .. etc.) I
¥ Figure 5.9
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Graph of f(x) = cosx, 0 € x < 21
Values of cos x for some values of x are given in the following table :

T T T 27 ST N AR |3W | 51 117
0 R el e U | e L e | e e e o
3 1 =1 | =3 —3 | =1 1 3
cos x | 1 £ £3 0 = TJ_ — TJ_ = 0 3 % 1
1 10871 05| 0 |—05]—0.87| —1| 087|051 0 |05 [0.87]| 1

h

cos is also a periodic

1'\ /‘ function with principal period
0 sx  2m. So after the graph is

%\f/% 2T drawn in an interval of
-1¢ length 27T, it can be repeated

over intervals of length 27.
A (Fig. 5.11)

e R S o P el

J Figure 5.11

It is clear from the graph that :

Y

@

©)

4)

G)
©®

The graph of y = cos x intersects X-axis at more than one point, say i%,
+3L 43
5, 225,

i%, i3Tn, isTn,... are the points of intersection of the graph of y = cos x
with X-axis. The set of zeroes of cos is {(Zk + l)% | k € Z}.

The maximum and minimum values of y = cos x are 1 and —1 respectively and
cos assumes all values between —1 and 1.

In the first quadrant, that is in (0,%], as x increases, the graph descends.
So in the first quadrant, cos is a decreasing function. It is also seen from the
graph that in (%R] that is in the second quadrant also, cos decreases. But
in [TE,STE] and (3711,211'] that is in the third and in the fourth quadrant, cos
is an increasing function and its graph ascends.

In the restricted domains such as [0, ], [R, 27].... cos is one-one.

The graph of ¥y = cos x repeats after an interval of length 27, because 27
is the period of cos x.
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Graph of y = ccos ax (a > 0) Y
Draw the graph of y = cos x I

points of intersection with X-axis by 0

and divide the x-coordinates of the 4-'"-'\
T
2a

a. Its period is 2711. Range of this )
function is [ ¢, |¢[]. We mark

ald

2n
a

—|c|

maximum and minimum values of

¥y = ccos ax respectively as |c | Figure 5.12
and —| ¢| on Y-axis.
Example 7 : Draw the graph of y = 2 cos 3x.

Y

A

Solution : Compare 2

N

b
=L

.
v =2 cos 3x with y = ¢ cos ax. -
a=3¢c=2 .0
) I
6

Its principal period is 2%

R ]
nfs
v}

and range is [-2, 2]. =

¥ Figure 5.13

Example 8 : Draw the graph of y = 3 cos £.

A

3

&

Solution : a = %, ¢c=3 e~

Period is 67. Ju \
3T
2

Range is [-3, 3). ) v\’j‘/%“ 61
-3

The graph of y = tanx, x € (—Tn’%)

Values of tan x for some values of x are given in the following table :

—IT =7 =N R bl T

* T T | T2 5| 7| 3
AT L

x| B A |-Fl o|F| 1| A

—1.74] -1 |-057] o [0s7] 1 | 174




Since tan is a periodic function
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Y

A M N

with principal period T, we draw the < > X

graph of y = tan x as in figure 5.15 and =
it is repeated again in ¢very interval -1
of length T.

w2

b4 v v

Y Figure 5.15

\
=

M

|

Figure 5.16

We can see the following from the graph :

(1)
@)

()
(4)

()
(6)

The graph of v = tan x, intersects X-axis at more than one point, say, +m,
r, +3rx,....

ir, £2x, £37.,... are the points of intersection of the graph with X-axis. We
see that the set the zeroes of tan is (kW | k € Z}.

Range of fan is R.

In any quadrant, as x increases, the graph rises. y = fan x is an increasing
function in every quadrant.

The graph repeats afier an interval of M. The principal period of fam is .

{an becomes one-one if its domain is confined to (—ch’%)' (%,377';],



118 MATHEMATICS

Graph of y = ctanax (a > 0)

First we draw the graph of ¥ = fanx and mark the numbers where it crosses
X-axis. Then we divide these numbers by a. Tts principal period is %. The range of

y=tanx is R. So, the range of y = ¢ fan ax is also R.

€ > X
O
N N v N v
Figure 5.17 Y
M N h
Example 9 : Draw the graph of
y=3tan2x, x € [%,%).
€ > X
: = O =
Solution : g =2, ¢c =3 3 ]
Principal period is Z,
Range is R.
N v v
Figure 5.18
b i
N ) h
Example 10 : Draw the graph of
y=tan3, x € (=%, M)
€ e > X
Solutiun:a=l,c=% -7 Q T
Principal period is 2R,
v v

Range is R.

Figure 5.19
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EXERCISE 52

Draw the graph ofy=25m5-, 0 €x<6m.

Draw the graph of y = 2 sin 3x, OstzT“.

Drawthegraphofy—3cos— 0£x£4m.

Draw the graph of y=sin2x, 0 < x < T.

Draw the graph 0fy=l'cm%, x e [T’T'
n

Draw the graph of y =2 fanx, x € [_T’ %)
%

5.7 Angles with General Measure and Their Trigonometric Functions

We already know about the measure of an angle. We have assumed that every
angle has a measure and degree measure of an angle is a real number between 0 to 180,
that is, between 0 to T radian. But we have defined trigonometric functions over the whole
of R and not just over the interval (0, T).

S0 now we wish to extend our definition of the measure of an angle from 0 to 180
and allow angles to assume any real number as measure. For this we are using the idea
of a ray revolving around another ray.

We will assume antk)clockwise rotation as positive direction of rotation.

Let Q be point on 0OX . We shall consider X
OQ asa vanable ray. OQ rotates from |ts initial B
position OA about OX Initially OQ OA If P
the ray OQ starts rotating and takes its final
_>

position OP, then ZAOP is the angle formed by 3]

, -
rotation of OQ. If OQ does not rotate at all, then
— — —> —
0Q = OA. Then we say that QA U OQ B
describes an angle of general measure 0°, Thus, y
when there is no rotation, (?Q coincides with Figure 5.20
— = — — )
OA. OA W 0OQ represents an angle of general measure 0°. If OQ starts rotating from

ﬁ
A and without passing through A again takes its final position at QA’, then we say that
— —>
OA W OA’ makes an angle of general measure 180°,
— —

If 0 < B < 180 and if QQ rotates anti-clockwise and takes the position OP without

passing through A again in the half plane above X-axis, we get ZAOP as an angle

having general measure 6° obtained by rotation of 0OQ.
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If 180 < O < 360, then —180 < 0 —360 < 0.
0<360—0<180
Hence, 0_6 rotates in the half-plane
below X-axis in clockwise direction and withglt
passing through A again takes the position of OP.
We get mZAOP = 360 — O and we get angle of
general measure © as shown in 5.21. Thus if
0 =210, 360 — 8 =360 — 210 = 150. ZAOP with
general measure 210° is shown in figure 5.21.

If 6 & [0, 360) and O > 0, we can write

>

210
AQ

B

A

4

Figure 5.21

0 =360n + ¢, where n = [360] n € Nand 0 < 0 < 360, We can get angle with gencral

measure O as descnbed earlier. » is the number of rotations of OQ before OQ

coincides with OP and this rotation is anti-clockwise and # > 0.

Example 11 : For 8 = 760, describe the angle with general measure 6°.

Solution : [350] [ ] 2 and 760 = 360 - 2 + 40

=40

Thus (?) must complete 2 rotations
anti-clock\gs)e and then we get CTI)’ in upper half
plane of OA, so that mZAOP = 40. The angle
ZAOP thus, generated by rotation of CT()Q has
general measure 760°.

Suppose 8 < 0. If =180 < 6 < 0, then we can
find a point on the unit circle below A(j)&‘ such that
m/ZAOP =|0|=—-0as 0 < -8 < 180.

If CT(}Q rotates clockwise and without passing
through A again takes position of 61)3, we get
ZAQP as angle having general measure 9°,

So if 8 = —60, then we shall have P in the
lower ha_l;' of the unit circle such that mZAQP = 60.
Thus, QQ after rotating clockwise takes position
such that ZAOP has general degree measure —60.

Figure 5.22

A

L

]
N
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If —360 < B8 < —180, then 0 < 360 + B < 180. Y
e

So we can find P in the upper half-plane of AA' B
on the unit circle such that mZAOP = (360 + 0).
Thus, OQ rotates clockwise and takes position

_)
of OP without passing through A, so that
mZAOP = (360 + 0). LAOP is the angle having
general degree measure 0.

If 6 = =210, then 360 + 6 = 150. We get B

v

150 A Q

ZAQOP of general measure —210°, as we have
shown in figure 5.24.
In general, if @ < 0, then we can take
| 8] =360n+ O, 0 £ O <360
Thus —6 = 360n + O (10|=-9)
6=-360n—0a (360 < — < 0)
Thus, angle of general degree measure 0 is
angle of general degree measure —Q! obtained by
n complete rotations of 6(}) in clockwise direction.
Thus if @ = =780, then
780 =360 X 2 + 60
=780 = =360 X 2 — 60 Figure 5.25
Thus, angle of general degree measure —780 is obtained by two complete rotations

in clockwise direction and further taking ZAOP of general degree measure —60.

Example 12 : For O = —=1110, obtain the number of rotations n, ¢¢ and then draw
the angle. \'s

. [=81 = [ue] -
Solution : [ﬁ = _360]
—1110 = (-360)3 + ¢, O =-30
= (—360)3 + (—30) Al
Thus, angle of genecral degree measure
—1110 is obtained by three complete rotations in
clockwise direction and further taking ZAOP
with general degree measure —30.

v

Figure 5.26
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5.8 Trigonometric Functions of General Angles
We know that sine and cosine functions are from R to R. So, sinB and cosO are
defined for each & € R.

Now if general degree measure of an angle ZAOP is 0; we define sinQ° as sin %

Here % € R and sin is a function from R to R. So sin % is a real number. Thus,

5inl80 = sin 18 = gip % We note that sinl8° must not be confused with sinl8,

180
because sinl18° = sin 18T and this is different from sinl8. If we write sinl8 then

180
it is sin of real number 18 (or 18 radians).

For sin and cosine of angles in degree measure, we must write sin0° and cos0°
to avoid confusion.

Miscellaneous Examples :

Example 13 : For 8 = —960, draw an angle having Y
general degree measure 0. AB
7 . = _e = % = P
Solution : n = [ﬁ] = [360
S 960 = (—360)2 + O, O =—240° A’ 1 A

=(—360)2 + (—240)
n=2,0=-240° 360 < O < 0
Thus, two complete rotations in clockwise B

direction and further taking £ AOP with general degree v
Figure 5.27

measure —240 gives angle of general measure —960°,

Example 14 : Draw the graph of y = sinx and y = 25:':122& on the same set of

coordinate axes. x € [0, 27]
Solution : For, y = sinx, Range = [—1, 1] and Period is 2T.

For y = Zsfnlzﬂ, c=2and a = % So range is [—2, 2] and Period is 4T.
Y

H
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EXERCISE 5.3

For the following find the complete number of rotations » and O
(1) 750° (2) 1125° (3) 1485°
Obtain the number of rotations », O and then draw such an angle having general

measure.
(1) 840° (2) =765° (3) —1470°

EXERCISE 5

Plot the graph of y = sinx and ¥y = cosx on the same set of coordmate axes.
Draw the graph of y = 3sin2x.
Draw the graph of y = 2cos3x.

Obtain the number of rotations », Of and then draw such an angle having general
measure.

(1) —1320° (2) =2000° (3) —=540°
Select proper option (a), (b), (c) or (d) from given options and write in the box
given on the right so that the statement becomes correct :

(1) Value of tan(5E] is... ]
@ V3 &) -3 © F @& 7

@) Value of cot[E2) is.. ]
@1 (b) -1 ©F @ 7

(3) If sec® + tan® = V3, 0 < B < m, then O is equal to... -
(a) SE (b) © L @ =X

@) If tand = —ﬁ and P(D) lies in the 4th quadrant, then the value of cos®
s ... -
@ % ® F © % @ F

(5) If x - sinds® cos600 = LI e ]

(a) 16 ) 1 (c) 842 @ L



124

MATHEMATICS

(6) Value of r:orz% + sect® — 4cost is...

]
@ 3

1
@ -+

]
) 4

[ ]

3 3
@ 1 ® 7 © -3
(7) Value of Zsinz% - casec% . cosz% is...
@ 1 (b) 0 © 3
(8) For B =—1470 the number of complete rotations is ...
(a) -3 (b3 (c) —4
(9) For © = 750, the angle of general measure €° is drawn, then P(8) lies in
+eree quadrant.
(a) first (b) second (c) third

(10 cos(BE) is..

@ -F ® 7 © t75

Summary

Value of trigonometric functions for points P(Q) on axes.

o) - (o) - ()

of8) - o) -

B() = (s snf) = (F-7

Graphs of Trigonometric functions,
y = ginx, y = cosx and y = ianx.

Trigonometric functions having general degree measure.

— . —
D

(d) fourth
]

(d) None of these



Chapter

| STRAIGHT LINES ]

6.1 Introduction

In 1637, the French mathematician René Descartes published his book 'La
Géométrie'. He was the first mathematician who used algebra for the study of geometry,
He used ordered pairs of real numbers 1o represent points in a plane. The ordered pairs
are known as cartesian coordinates. Using cartesian coordinates, he represented lines
and curves by algebraic equations. In coordinate geometry the methods of algebra are
used to solve geometrical problems. So it is mainly a combination of algebra and geometry.

Of course, long before this the Arab mathematician al-khwarizmi used geometric figures
as aids for solving problems in algebra. Our Indian mathematician Bhaskara also gave
major contribution in this context.

6.2 Recall

Now let us have a recall of coordinate geometry which we studied in earlier
classes. We studied about coordinate axes, coordinate plane, plotting of points in a plane,
distance formula, division formula, area of a triangle etc.

There is one-one correspondence between R X R and all the points of a plane.
In the XY plane, the X-axis and Y-axis are represented respectively by

{P(x, 0) | x € R} and {P(0, ) | y € R}

The points of the plane that are not on either of the two axes get distributed into
four disjoint sets. These sets are called first, second, third and fourth quadrant. The
quadrants are represented by

First quadrant = {P(x, ¥) | x> 0, y > 0}
Second quadrant = {P(x, y) | x < 0,y > 0}
Third quadrant = {P(x, ¥) | x < 0, y < 0}
Fourth quadrant = {P(x, ¥) | x > 0, y < 0}
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The positions of points P(1, 2), A
Q (-1, 4), R(—2, 0) and S(3, —2} in
the XY plane are shown in the QA=1,4)
figure 6.1. In any ordered pair
absolute value of x-coordinate . KL,2)
indicates the distance of the point
(x, y)from Y-axis and absolute value 0
o'f y-coordinat-e indicates t%le R(=2,0)
distance of point from X-axis.
P(1,2) is at unit distance from * 33,2
Y-axis and 2 units distance from
X-axis. But Q(—1,4) is at unit
distance from Y-axis but it is in

second quadrant as x < 0. ‘}-:
We also studied the following formulae. Figure 6.1

(1) Distance formula : Let A(x|, y;) and B(x,, y,) be two given points in the
plane. The distance between A and B is denoted by d(A, B) or AB and given by
AB = (i —2)% + (n = 3)?
For example, the distance between A(9, 8) and B(6, 4) is
AB = J0—62 +(8—4)7 =P +42 =25 =5
(2) Division formula : A(x,, v;) and B(x,, ¥,) are given points in the plane. Let
P(x, y) be the point which divides ‘AB internally in the ratio A from A, A € R — {0, —1}.

_ AP

(A +x Aty
P(x, }’)=‘\ A+l T A+

If the ratio A is in the form m : n, then

mxz+n.x my2+ny
P(x, y) = ( myn h min ]]

For example,
Let A(2, 3) and B(4, 8) be points in XY plane. The coordinates of the point that
divides AB internally from A in the ratio 3 : 2 are

(mx-z+nx, myz+ny1)_[3-4+2-2 3-s+2-3)_ 1
m+n * m+nr | 342 3+2 _(?'6)
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(3) The Mid-point of a Line-segment : The mid-point of the AB is equidistant
from the end-peints A(x,, y,) and B(x,, y,) and lies on AB. The midpoint of the
line-segment joining A(x,, »;) and B(x,, y,) divides ABintheratiol : lie.m=1,n=1.

l‘I2+]‘x1 1'}’2"‘1')’1
1+1 ' 1+1

The coordinates of the mid-point of AB = (

_ [xl’;xz‘ }’1;}’2)

(4) Area of the triangle whose vertices are (x|, ¥,), (x5, »,) and (x5, ;) is

3| X0 = y9) + 50 = y) + X304 — ) | @
For example : Let A(3, 2), B(11, 8) and C(8, 12) be the vertices of a triangle.
Area of AABC =%| 3—-12)+11(12 =23+ 82 — 8)|

21 3(=) + 11(10) + 86|
= 4| =12 + 110 — 48|
L
2

Area of a triangle is always positive. If the expression (i) is zero, then
a triangle is not possible. Thus the points are collinear.

In this chapter, we shall continue the study of coordinate geometry. For the study
of the simplest geometric figure, straight line, the division formula is very useful.
6.3 Shifting of Origin

As we know, in the coordinate plane all the points have a fixed position. The
corresponding ordered pairs with the points on the plane depend on the position of axes
and origin.

Select any pair of perpendicular lines in a plane. The point of intersection O of the
lines is called origin. We consider one of the lines as X-axis and the other as Y-axis.

Suppose P is a point in the XOY plane. The coordinates of P are (x, »).

Let O' (b &) be any point in the same plane P # O

. . «—> — — & — &
Now consider two lines O’X’ and O’ Y’ suchthat O’X’ || OX and O’ Y’ | OY.-
Also direction QX = direction O’X’ and direction OY = direction O’Y".

. «—> «—>
Suppose coordinates of P are (x', y) wrt. new axes O’X’ and O°Y’.
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Y \E‘ Y Y
3 4 M
P(x, y)
P(x, y)
O'h k :
o' k) o > X (% )
x=-hy—-£K
Qe =y — B Q y=8
(¢
< > X € > X

0" Figure 6.2 o)

Let Q be the point with coordinates {x — h, y — k) wxs old system of axes
> &
OX and OY-

Now, OP = J(x ~n? + -k
0Q = J(x— k) +(y—k)?
s OP =00
Similarly O0' = PQ = Jp?2 + 2
P# Q. So O, O, P and Q form a parallelogram or they are collinear.
Suppose mZLPO'X' = ¢ 0 < a<2m
So mZQOX = o
&', ¥ = (OP cosOi, O'P sinQl)
and (x — B, y — k) = (0OQ costi, OQ sin(t)
= (OP cosdl, O'P sinQl)
V)= —hy—k
X=x—h y=y—k
x=x+h y=y +#k
So when we shift the origin to (s &) the new coordinates of P(x, y) are
x—hy—k.
Using this we can find the coordinates of P(6, 8) after shifting the origin at (3, 5).

Here (h £) = (3, 5), (x, ) = (6, 8)
Suppose new coordinates of P are {x', ¥).

Sox =x—h and Yy =y—k
=6—3 =8—35
=3 =3

The new coordinates of P are (3, 3).
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6.4 Division of a Line-segment
Suppose A and B are distinct points of the plane. They determine unique

line AB.

Let P(x, ¥} be any point on E other than A or B. Then there are three
possibilities for the position of point P on the line. The possibilities are (1) A—P-B
(2) A—B—P (3) P-A-B.

For the knowledge of exact location of point P, the ratio % is useful.

Definition : (1) If A—-P—B, we say that P divides AB in the ratio A = % from
the side of A. Here A > 0 and we say that P divides AB internally.

2) 1f P-A-B or A=B—P, we say that P divides AB in the ratio A = 5% from

the side of A. We say P divides AB externally. Here A < 0.
In all cases A € R — {0, —1}.

Thus suppose P divides AB in the ratio A (A # 0 and A # —1) from the side of A.

Then (1) If A—P—B, then A > 0. (Internal division)
(2) IfP-A-B, then —1 < A < 0. (External division)
(3) IfA—B-P, then A < —1. (External division)

[ Note ] Can you prove —1 < A < 0 in (2) and A < —1 in (3) ?

Coordinates of the Point of Division :

A(x;, yy) and B(x,, ¥,) are given points in the plane. We wish to find the coordinates
of the point dividing AB internally in the ratio A from A (A > 0).
Suppose P(x, y) divides AB internally in the ratio A from A, A = %

Y Y
M P( ) B(xZ) }’3)’_’ A
X,y
Alxy, v AQxp )
P(x, y)
B(xz» J’z)
'l L ) O l X

O A'x;.0) P'(x,0) B'(x,0) J

@) (i)
Figure 6.3
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If X)B is not vertical, let A’, P, B’ be the feet of perpendiculars from A, P and B
respectively to X-axis.
As shown in figure 6.3(i) Aﬁ‘ I ﬁ' Il %’ and X-axis as well as ﬁ are their

transversals.
. AP _A'P I1x - x,

“* PB P’B’ Ixz—xl
Since A—P'-B", x —x; > 0and x, — x>0 or x—x; <O0andx, —x<0

] _x"h AP
. A'_.vcg—.w: ('}"—PB]

o‘o loxz_lx=x_xl
lx2+x1=7t.x+x

Axy + x5y
Y W
If ﬁ is perpendicular to X-axis, then x = x; = x,. So bf:lxl = );f:f = x.
So, in both the cases we have, x = k;H Cif A > 0.
Similarly, we can prove y = 7“)?’5:1 by considering the feet of perpendiculars

&~
from A, P, B to Y-axis, if AB is not horizontal and also even if AB is horizontal as
in case of x.

Hence if A(x,, y,). B(x,, ¥,) are given and P divides ‘AB internally from A in the

+X Anmt
ratio A (A > 0), then the coordinates of P are (Mf Hx. s )f +1y1 ]
+X Ay +
Conversely if A(x;, yy), B(x,, yg) and P( )“’;2+111 R Jﬂf+l}’1 ]’ %> 0 are given,
we shall prove that A—P—B and = A.
2 2
_(Amtx 7*'}'2 5
Now,APz—[ T A G e
2 2
_ Ax, — Ay " Ay, — Ay
A+l A+1
_Mm-x? | Mo -y
(h +1)? b+ 1)?

32
= W [(xy = x1)2 + (y — J’1)2]

2
N 2
- (lﬂ] AB



STRAIGHT LINES 131

AP = % - AB
AP=%~AB A>0and A +1>0)
Similarly, PB = [z4—| - AB = o7 - AB
A
% = # . % (A and B are distinct, so AB # 0)
+1
AP _
PB_A‘
Also AP + PB = APB + PB
=(A+1)PB
1
=(A+ 177 AB
= AB
AP + PB = AB
A-P-B
Thus, A—P—B and # = A

+x Ay, +
So, for A > 0, ifP(M;\f_F1 L );f_'_lyl] is given, then we get A—P—B and%=1.

— +x Ay +
If P divides AB internally in ratio A > 0, then P(hfﬂ L, };’nyl] and

+x Ayt —
le 1 L ;;f " 1y1 J A > 0, then P divides AB internally in ratio

AP
PB"

conversely if P [
6.5 Coordinates of the Point Dividing a Line-segment Externally

A(x{, y) and B(x,, y,) are given points in the plane. We wish to find the coordinates
of the point dividing AB externally in the ratio A from A (A < 0).

Let P dividle AB externally from A in the ratio A.

H B(xy ¥5) H P(, 3)
Alxy, yp) = B(x,, ;) e
P, 3) AQx, yvy)
€ > X € > X
0\, P{x 0) Afx, 0) B'(x, 0) 0\, Ay, 0) B'x, 0) Plx 0)

) Figure 6.4 (ii)
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Proceeding exactly as we have done in case of internal division, nﬁ’ (| BB*| PP

X-axis and ﬁ are their transversals,

AR _ AL
PB PP
P lx— x| xX—x

NOW,—%=—%= |x2_i.|= x—xi as x; — x and x, — x have same sign.

=24 AF .

?\,—xz_x ( PR _l)
SoAg - Ax=x—x
S At x =g +x
S A+ D= Axy +xg

Axy + X,

x = ?f+11 (l?&_])
ﬁ. . . hz'i'x] AX+x
If is perpendicular to X-axis, then x =x, =x,. S0 = T =1 =%

- _ Ay + %
Similarly, we can prove y = =5

The coordinates of the point dividing AB externally in the ratio A from A are

+ Ay, +
(L;f_’_lxl, }f+ly1) where A < 0, A # —1

+X A+
Conversely if A < 0, A # —1, let A(x;, y), B(x,, ,) and P[bizﬂ 1 Jfﬂ)ﬁ]

be given points.
We shall prove AP _ —A and either P-A—B or A—B—P

PB
The same calculations as in case of internal division give,
A 1
AP = Y1 - AB and PB = 41 - AB
If-1<A <0, thenA+1>0and|A|=-A
. . R .
i.AB
AP A+1
So, AP _ - A
PB ﬁ.AB

From (i) —AP + PB = To— AB + To— AB - AB
.. AP+ AB = PB
s P-A-B
FA<—1,A+1<0
A+ 1]=—A+ 1and | A|=-A
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% —% %
AP = "0l -AB="r+1) "AB=7 1 - AB
A .
AP = 757 < AB and PB = —(5.77) - AB (i)
AP _
5 =

From (ii) AP — PB = AB
' AP=AB+ PB
A-B-P
So, for A < 0, A # —1, P is the point on ;ﬁ such that P-A-B or A—B—P,

= _AP
andl_ PB.

If % = A A <0, A#%—1 and P~A—B or A—B—P,

+x Ay, +
Pz, y) = (?U;f 1 o ";f Hy,} and conversely,
From internal and external division of AB, we can say that there is one-one

correspondence between all the points on ﬁ except A and B and real numbers A,
Y\l e R={0,-1}.

[* Note 1]A(x,;, ¥;) and B(x,, y,) are given points. If P divides AB in the ratio

A +x Ay +
A from B, then the coordinates ofPare[ ;:_sz: );:_Hyz]

]f fﬁTﬁ intersects 8 at P, then we say that ABis divided by ((:_D>

internally in the ratio %, if A—P—B and in the ratio —% if P-A—B or A—B—P.

Example 1 : For A(8, 4), B(—3, 1), find the point P which divides AB from B's side
in the ratio —1 : 2.
Solution : A(x;, y,) = (3, 4) and B(xy, y;) = (=3, 1)
Let P(x, ) be the point which divides AB from the side of B in the ratio A = L.

X +x, Ay +y
So P(x, y)=( 7¢+1 ’ ?i+12

(P divides from B)

—B) +(=3) —H{H+1
= 1+ 7 4

—4+(—3) —2+1
= T -1 |=(14,-2)
2 2

.. The required point is P(—14, =2).
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Example 2 : Find the points of trisection of the line segment joining the points P(3, 5)
and Q(12, 14).
Solution :
@ &

L2 @
P(3.5) R 8 Q(12,14)
Figure 6.5

Let R and S be points of trisection. Point R divides ﬁ) from P in the
ratio 1:2.

Ap+x An+y lan+3 lao+s
At1 > A+1 ) R 1+1 7 141

1246 14410
= R(m= Wj = R(6, 8)

Point $ is the midpoint of E

Hntn nty
2 2

.+ Coordinates of S = [

6+12 8§+14

= [T’ Tj =(9, 11)
<. R(6, 8) and S(9, 11) are points of trisection of F}

[* Note | See that x-coordinates of P, R, S, Q namely 3, 6, 9, 12 form an A.P. and
same applies for y-coordinates. Similarly, if A(x,, y;) and B(x,, y,) are distinct points

X2

and AB is divided into » congruent parts, let d = ;xl and d' = @. Then

coordinates of dividing points are
ey +dyy+d), y+24d y+28),....x,+(r—1)d, yy+ +(@®— 1)a)

L4
Example 3 : A(3, =2) and B(0, 7) are given points. Find P € AB such that AP = 4AB.
Solution : (Method 1) : Suppose the coordinates of P are (x, y)
—
Here P € AB and AP = 4AB

% = % = k (say)

AP =4k and AB =%
Case 1 : A—B—P
k 3k
. .

& @
A(3,-2) B(0,7) . P(x, y)
Figure 6.6

P divides AB from A in the ratio A = =AE — 24k _ 4

. An+x Mp+ oy
P y)=[ A+l A+1
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4 ’ —4
3+1 3‘+l

[?(0) +3 2 +(—2)]

_ [ +XY) AT +H=2)
- —4+3 —4+3

- (% 58 = 0,39

.. The coordinates of P are (—9, 34).
Case 2 : P-A-B

4k k

® v ®
P(x’ }') Fi A'(37'2) B(Os?)
igure 6.
P divides AB from A in the ratio A = % = %
P (Mntxn Aty
S PE M= (TAT A
[ 2o+3 2+ (-2)J
L FEa T F
_ (O +305) =4+ (=25
n —4+5 —4+5
= (15, —38)

+» The coordinates of P are (15, —38).
Case 3 : Here AP > AB. So A—P-B is not possible.

So the coordinates of P are (—9, 34) or (15, —38).
Method 2 : Suppose coordinates of P are (x, y).

2 . AP
Here P € ABandAP=4AB1.e.ﬁ=

~. Point A divides PB from P in the ratio & = —4:1 or A = 4:1
(1) LetA=—41

o (G, =2) = (—4(2)l : ;(x), —4(2: 11()’))

. 3= —4(0) + 1{x) = —A(T)+ 1Y)
-4 +1 —4+1

Lo3=X , 2=

oo X=-0 , y=34

. The ¢oordinates of P are (—9, 34).

Let A = 4:1

(MO 1K) D+ Y
(3’_2)_( 4+1 *  4+1 ]

135
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28+y
-y =&

_x h_ 2Bty
3—3 and 2z =

x=15 and y=—38
The coordinates of P are (15, —38).
So the coordinates of P are (=9, 34) or (15, =38).

EXERCISE 6.1

A(3, —5) and B(2, 3) are given points. Find the point dividing AB from A
in the ratio 2: 3.
A(2, 0) and B(2, 6). Find the point dividing AB from B in the ratio =3 : 5.
For A(—=7, 8) and B(-3, —5), find the ratio in which X-axis divides AB
from A.
Find the points of trisection of the line-segment joining the points A(l, 2) and
B(7, 8).
A(l, 2) and B(6, 3) are given points. Find the point P € ﬁ such that 3AB = 2PB.
A(l, 2) and B{(0, 3) are given points and P(10, —7) € ﬁ In which ratio does
P divide AB from A’s side ?

k

Parametric Equations of a Line
As we have seen for YA € R — {0, =1} all the points on ﬁ other than A and
A tx Aty

B are obtained by [ 1 A+l J where A(x,, ¥;) and B(x,, y,).

_ Mty Aty
A+ YT A

So, ﬁ = <{(.vc,

Let 1= T2, 8o 1 — 1 = 747,

L A e R— {0, —1}} U {A, B}

_Anptx Aty
Now, x= =7~ and y = =3

1 A 1
x=Tahtrianady =3 gn+t Ty
SN x =t (l—-Hxjandy =9, + (1 —Hy
Also for every A € R — {0, —1} there exists unique7 € R and for every

f € R — {0, 1} there exists unique A € R.

Ao A 20 #0and A £ -1 &t # ]
For every P(x, y) € X])S - {A, B}
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x=tx+(1-8t)x

AB ={(x. ) oy 1€ R - {0, 1}} U {A, B}

Now observe this, x = &x, + (1 — x, y =&y, + (1 — Oy,
Substituting ¢ = 0 we get x = x,, ¥ = y,. So, (x, ) = (x4, yy) for £ = 0.
Substituting 1 = 1 we get x = x5, ¥ = »,. So, (x, ¥) = (x5, yp) for ¢ = 1.
Hence if we allow rto be 0 or 1 also ie. let fr € R,

. _ x=fp+(1—t)x .
. ﬁ {(x,y) y=£yz+(l—i)y1’te R}

The equations x = tx, + (1 = )x;, and y =y, + (1 — ) y;, £ € R are called
the parametric equations of the line passing through (x,, y;) and (x,, y,). The
variable 7 is called a parameter.

If we restrict { to take values only in certain subsets of R, we get corresponding

subsets of @
We can describe some subsets of }Tﬁ with the appropriate restrictions on .

— x=t+(1—t)x }
® AB=1x» ;t€ [0,1]
{ y=mpmt(1-)y
t=0 Q<tel t=1
A(xp J"1) Figure 6.8 B(x29 )’2)
_ =ty +(1—1)x
. Eﬁ—{(x,)x ;rzo}
Y]y=tm+a-ny
t=0 =1 .
Alxp, y)) B(x,, y5)
Figure 6.9
— _ =t +(1-t)x
® ﬁ—AB—{(x, X=0 ,tER—O,l}
DN yotyy+ -y 0. 1]
<0 (>1
A Figure 6.10 B
_ =t +(1-0)x
@ ]ﬁ—{(x,y)x st 1
y=tp+(1-Dy
) =0 £<1 t=1 .

Figure 6.11
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x=tp+(1—t)x ‘> 1}
y=tm+(1-ty "

A Figure 6.12 B

o ﬁ—ﬁ=%ﬁ

v

Parametric equations of a line are not unique
Let A(l, 2), B(3, 5) be two points.
Parametric equations of AHB are,
x=3H+ 11 -H=2+1andy=5¢+2(1—-—8H=3t+2,r€ R
iex=2t+1,y=3t+2, 1€ R
See that these equations gives A(l, 2) for ¢ = 0 and B(3, 5) for r = 1.
Taking # = 3 and ¢ = 4 respectively, we see that P(7, 11), Q(9, 14) are on A(%
Parametric equations of I<’_C)1 are,
x=%+(1-H7=2r+7,y=14+0-0O11=3¢f+11
See that ¥ = 0 and | respectively will give P(7, 11) and Q(9, 14).
(P_(S = A{x_)B, but they have different parametric equations.

This is because values 0 and 1 of parameter give points using which equations are
derived.

A change of variable # = ¢ — 3 will give parametric equations of I<’_(>2 as

(i)=2(t—3)+7=21+ l,y=3(t—3)+ 11 = 3t + 2 same as parametric equations
of AB. Thus same line may have different parametric equations but a lingar
transformation will transform them into each other.

6.7 Equation of a Line Perpendicular to X-axis }: *ogd
Suppose A(a, y,) and B(a, v,) are
YA { Bla, yp
distinct points on AB.
Here the parametric equations of Xﬁ are ¢ Afa, y)
x=ty+(A—-txjandy=g,+(1 -8y, € R M o
=ta+ (1 — fa o
- a ¥ v
S x =a Figure 6.13

.~ For all the peints on X)B, the x-coordinate is a4 and y-coordinate can be any
real number.
This is a typical property of lines perpendicular to X-axis.
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So, the equation of vertical ﬁ istaken as x =a,a € R,

For any point (x, ¥) on X)B, x =g and y € R is arbitrary.

The equation of Y-axis is x = 0 and the equation of all the lines parallel to
Y-axis i.e. perpendicular to X-axis is x = a (@ # 0).

If two points on a line have same x-coordinate, then all points on the line
have same x-coordinate and the line is vertical or perpendicular to X-axis.
6.8 Equation of a Line Perpendicular to Y-axis v

Suppose A(x|, ) and B(x,, d) are distinct 4

points on ﬁ As we have seen in 6.7, the points

on a line perpendicular to Y-axis have same ui ol = b
y-coordinate i.e. y = b. i - AG, B) B, b)’

So the equation of AB is y = b, b € R.

For any point (x, ¥} on line perpendicular < >X

0

to Y-axis, x-coordinate is arbitrary and y = b,
b constant. so0 we write its equation as y = b using
its typical property. Equation of X-axis is y = 0 and the equation of all lines
parallel to X-axis is y = b (b # 0).

Thus if two points on a line have same y-coordinate, then all points on the
line have same y-coordinate and the line is horizontal or perpendicular to Y-axis.
6.9 The Cartesian Equation of a Line

Eliminating ¢ from the parametric equations of a line, we get cartesian equation
of a line.

Wehave x =&, + (1 =0x, y=8,+UA - 9Hy; ¢ € R as parametric
equations of E passing through A(x,, ¥,) and B(x,, y,).
Suppose m)} is not perpendicular to any axis.

v Figure 6.14

S xpFExyand y, # ).
AlsoforanyP(x,y)Eﬁ,x;&xl,yqﬁyl,x#xz,y#yz. (P#£A,P#B)
Nowx =fxy+ (1 = x = +x, —Ix,

S X=X = Hx; — x;) and similarly y — 3, = dy, — ).

. XA _2-h
o X — X and ¢ ¥

Obviously converse is also true.

X—-x5n _¥Y—-h _
= =5y =~ Gy
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S Plx, ) € ﬁ
) \ . R St BN S|
< Cartesian equation of line is % -, T

Example 4 : Obtain the parametric and cartesian equations of lines passing through
the following pairs of points.

(1Y(1,2), (3, 5) (2) (5,6), (5, -1) (3)(1,3),(2,0)
Solution : (1) Parametric equations of the line are,

y=mp+{d -9y
Here (xls yl) = (l’ 2) and (xzs J’z) = (33 5)

x=t3+(1-0H-1and y =:t.5+1-5-.2

=3+1-1 =51+2-2 te€ R
=2r+1 =3t+2
Parametric equations of the line are x =2+ 1,y =3r+ 2, € R.
x_1= y_ =
— rand—3 t
x-1_y-2

2 3

s 3x — 2y + 1 =0 is the cartesian equation of the line passing through (1, 2)
and (3, 5).
(2) The parametric equations of the line passing through (5, 6) and (5, —1) are,
x =ty +(—fx and y =+ -ty
=5t+ (1 — 85 =H-1)+(1—9n6 t€ R
x=5 =6—Tt
Parametric equations of the line are x =5, y=6— 7t ¢+ € R
The line is perpendicular to X-axis and its cartesian equation is x = 5.
(3) The parametric equations of line passing through (1, 3) and (2, 0} are,
x =ty +({—0nx and y =p,+0 -0y

=2%+(1 -9l =10 + (1 - 03 te R
=t+1 =3-=3¢

Parametric equations of the linc are x=¢f+ 1, y=3 -3¢, t€ R

We have f=x— 1 and ¢ = y_—33

Eliminating 1, x = 1 = 222

o.o _3x + 3 = y - 3
3x + y — 6 = 0 is the cartesian equation of the line.
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Example 5 : Obtain the equation of the median of AABC through A where A(6, 2),
B(5, —1) and C(1, 7).

— A6.2)
Solution : Mid-point of BC
- =)y
‘AM is the median.
Parametric equations of AM are " .
sz -0y BG,-D) M ToaLm
y= ‘J’z"'(l — ;)y] Figure 6.15

x=n3+a—wy6=6—y;telmn
p=t.3+(1—-0H.2=2+¢

. o TRE = x=6—3¢,
<. The median AM {(x,y) Y241 ;e [0, 1]}

Example 6 : The parametric equations of a lineare x=2r— land y=6 — 51, f € R.
If the x-coordinate of a point A on this line is 7, find the y-coordinate of A.
Solution : Here x = 2t — 1. The x-coordinate is 7.

S T=2e—1
.‘0 23‘ = 8
Soot=4

Now substitute ¢ = 4 in the equation, y = 6 — 5¢
y=6—-54)=6—-20=-14
.. The y-coordinate of A is —14.
Example 7 : If A is (3, 2) and B is (4, —3). P(x, ) € AB. Find the maximum and
minimum value of 3x — y.
Solution : The parametric equations of AB are

.1c=tx2+(l—.f).1:l and y=ty2+(1—t)y1 te [0, 1]
=ted+(1—-6-3 ={=3)+(1—-n-2 ¢€[01]
x =143 =—5t+2 te [0, 1]

Now, AB={(x ) |[x=t+3,p=—5t+2;1 € [0, 1]}

Now, 3x—y=3(¢+3)—(-5t+2)=3+9+5—-2=8+17

Now, P(x, ) € AB. S0 0 <¢< 1

S 0S8 <8

SO0+ TEH+ TS84T

S TEIx—y=15 Bx—y=8+17
.+ Maximum value of 3x — y is 15 and minimum value is 7.
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Example 8 : A(1, 2) and B(—1, 0) are given points. P(x, ¥) € AB. Find the maximum

and minimum value of 10y — 2x.

<
Solution : Parametric equations of AB are

y=ty, +{1 — Ny

Here A(1, 2) and B(—1, 0) are given points.

.
-

x=(-D+{0—-Hl=—t+1—¢t=1-2t€R

y=H0)+{d—§€2=2-2

Now 10y = 2x =102 - 20— 2(1 — 25

As
L 3
*

=20—20r— 2+ 4

=18 — 16¢

P(x, y) € AB.So 0 <1< 1

0= —1662 16

184+0>18—16:> 18 — 16

182 10y —2x = 2 (10y — 2x = 18 — 164)

2< 1y -2x< 18
Maximum value of 10y — 2x is 18 and minimum value of 10y — 2x is 2.

Example 9 : A(3, 5) and B(=2, 1) are given points. Find the ratio in which Y-axis divides
AB from A ? Find the dividing point.
Solution : Let P(0, y) be the required point on the Y-axis as required.

Suppose P divides AB from A in the ratio A.

A=) +3 AMD+S
(0’3’)=[ A+l l+1]
—2A+3
A+l
—2A+3=0

_3
A=3
A+s

Now.y =337

3
3+5 _3+1w0 _13

YT ITI TR TS

e T LA _3 - o 13
Y-axis divides AB in the ratio A = > from A and the dividing point is (0, S ]
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EXERCISE 6.2

1. Find apoint P(a byonthelinex=2t+5,y=3—31, 7€ Rsuchthata+ b=7.
2. Let A(l, —5), B(5, —1). If P(x, ) € AB, find the maximum and minimum values
of 2x — 5y.
3. The parametric equations of g arex =T =1, y=4t+ 7, t € R, If the
y-coordinate of a point P on the TB is 11, find the x-coordinate.
4. AQ3, 2) and B(—10, 0) are given points in the plane. Express ?B ﬁ AB,
— 'AB as sets.
5. For A(2, 5) and B(6, 5), show that (3, —9} is not on E
6. Obtain the cartesian equation of the line passing through (—1, 1} and (2, —3).
£
6.10 Slope of a Line
Supposea line is not perpendicular to Y-axis. Then the line / intersects X-axis in unige
point P and let A €  and A is in upper semi-plane of X-axis. Let B be any point on PX.
ZAPB is said to be the angle made by the line / with the positive direction of
X-axis. If the line is perpendicular to Y-axis, we say it makes angle of general radian
measure 0 with the positive direction of X-axis. Let mZAPB = 0. Obviously 0 < O < 1.
Slope : The trigonometrical tangent of the angle that a line not perpendicular
to X-axis makes with positive direction of the X-axis in anticlock-wise direction
is called the slope of the line. It is denoted by the symbol m.
If the line is perpendicular to Y-axis, the slope is defined to be tan0 = 0.
If the line is perpendicular to X-axis, its slope is not defined.
Y Y

L3 M

- P e & L X “ e >
0\/ / B O\f P \ B
Figure 6.16

If O is the measure of the angle made by the line with the positive direction
of X-axis, then 7an0 is called the slope or gradient of the line.

If the measure of the angle made by the line with the positive direction of
X-axis in anticlock-wise direction is 0, then 0 < 0 < T.
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The slope of the line which makes an angle of measure % with the positive
direction of X-axis is not defined. i.e. slope of a vertical line is not defined.
Thus m=tan® 0< O <m O # %

The slope of the horizontal line i.e. a line perpendicular to Y-axis is 0.
Thus summing up slope of a line not perpendicular to X-axis is m = tan®

ns9<n,0¢%.

Expression for the slope of the line when coordinates of any two distinct
points on the line are given.
Slope of a segment :

We will define slope of a segment and prove that all segments on a line have same
slope. This constant slope of segments on a line is the slope of the line.

Let A(x,, y;) and B(x,, y,) be any two distinct points in plane. Let x; # x,, so that

H * *
the AB is not vertical.
We define slope of AB = % (x; # x;)
Now we will prove that this is a constant for any pair of distinct points on the line.
— —
Let C(x;, ;) and D(x,, y,) be any two points on AB. Since AB is not vertical,
X3 # x4. Let perpendicular from A to Y-axis K
and perpendicular from B to X-axis intersect
in M. Similarly N is obtained as the point of
intersection of perpendiculars from C to
Y-axis and D to X-axis respectively. ¢ 0

B(x;, ¥,)

2]
Let mZ/BAM =8, Then m/DCN = 6. /fcfg_—ygln

Also 0 < § < £ in figure 6.17(i).

o Also B is the measure of the angle made by v Figure 6.17(i)
AB with the +ve direction of X-axis.

—BM _ X" Y
Now, ian = M X, — X, Blxpy) A
= ﬂ = y‘ _y3 k X
Also tan0 e N Al )
L TN _NTh \D(XQYJ
S T _ " N .
~  Slope of AB = Slope of CD ) ol 4 EONCl 3
&
In figure 6.17 (ii} AB makes angle of
measure O with the +ve direction of X-axis v

It g s
where 5 < 0 <m Figure 6.17(ii)
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Yo-n __XB"h

!an(m—9)=xl_x2 % —
Now, tan(Tt — 0) = tan(—8) (Period of tan is T)
= —tanf (tan is an odd function)
Yz =N
tanf = =—=
T nm-x
. . _ Y™ W
Similarly tan0 = Y%

N _Ya—h
X=X MmN

Thus the slopes of any two segments on a line are same and this constant is the
slope of the line.

tanB =

Y2~ N
n—h

If the line is horizontal i.e. perpendicular to Y-axis, so, y; = y,, slope of line
m=10,

& IF A(xg, yp). B(xy, y;) lie on a non-vertical line, its slope is m =

Hence in all the cases slope of non-vertical fa_ﬁ =m = tanh = %

6.11 Theorem
Every first degree equation in x, y represents a straight line.
S={x)) |ax+by+c=0,a>+b>#0, a b, ¢c € R} represents a line.
Proof : Let ax + by + ¢ = 0 be a first degree equation. g, b, ¢ € R, o + 52 #0.
Ifa#0,5=0,then S = {(x, »|x= _?c} and S represents a vertical line.

Ifa=0,b%0then S = {(x, »ly= __I;:} and S represents a horizontal line.
Leta=0,b%0.

= c+b
(3£, 0) and (_ *
Let A(x), y1) € S, B(xy, y5) € S

<o A(xg, v) and B(x,, y,} satisfy ax + by + ¢ = 0.

,1) are distinct members of S.

S oaxytbyte=0and ax, + by, + ;=0

Now parametric equations of fﬁ are
x=ty+t{—-0x
y=t_)’2+(l—t)yl ’

Let C(xy, y3) be any point on ,R
3=t (1 —-0x
yi=tntd -9y

€ R

; for somet € R
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Now ax; + by; + ¢
=alx, + (1 —Dx)1+ b, + A =Dyl +ct+1—1)
=ty + by, + )+ (1 = Hlax; + by, + ¢}
=t 0+(1l—5H.0=0

<o C(x3, y4) satisfies ax + by + ¢ = 0.

Thus every point on the line X]E)l satisfies ax + by + ¢ = 0.

ﬁ cSs

Now A(x), ) € S, B(x,, ) € S. Let C(x;, y3) € 8.

A, B, C satisfy the equation ax + by +c=0,a b, c € R, &2 + b2 # 0

ax; + by +c=0 (i)
axy + by, +¢c =0 (ii)
ax, + by, +¢ =0 (iii)

Now,a#0,5#0
e yl #* yz, xl * xz, y2 #+ _}’3, .xz #* x3, y3 # yl, x3 # xl,
From (i) and (ii), ax; + by, = ax, + by,

. N"Nh _ —a
B | b
Similarly from (ii) and (iii) we get,
3N _—a
X3~ X b
. n—"h _¥B-HW
ToXn—X XX

. Tl .- T
S A €2

. ¥~ N XX
TR Th K- X
y3=1}'2+(1—£)y1'

X3 =y + (1 = Hx ’
s+ C(x3, yy) satisfies the equation of E

. ScCAB.

.- S represents a line.

.. S=AB.

=¢ and =1

e R
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Remember :

e Ifo<B< %, then the slope of ‘% is positive.
e If % < O < T, then the slope of ﬁ is negative,

e If AHB is X-axis or parallel to X-axis, then slope of E is 0.
e If B is Y-axis or parallel to Y-axis, then slope of Xﬁ i5 not defined.

Example 10 : Find the slope of the line which passes through A(1, 2) and B(3, 6).

Solution : The slope offﬁ= H = % =% =2

6.12 Necessary and Sufficient Condition for Two Distinct Lines to be Parallel
Suppose two distinct lines /; and /, are :1’
neither horizontal nor vertical. ! L
Let 7, and m, be the slopes of the lines
I, and I, respectively. So m; # 0, m, # (.
Let ©, and O, be the measures of angles
made by the lines /; and /, respectively with the
positive direction of the X-axis.
We have < % %) s X

0<0,0,<mad0 =%,0,=Z O / Fd
Figure 6.18

<o my = tan®, and m, = tan9,

Now /, || , & 6, =10,
& tan, = 1anB, (tan is one-one function for @ € (0, ) — {%})
= m =nm,

If lines [, and /, both are perpendicular to Y-axis, then m; = 0 and m, = 0.

So m = m,.

Conversely if m; = m, = 0, then lines are horizontal.

s They are parallel.

If lines | and /, both are perpendicular to X-axis, then slope of both the lines are
undefined. In this case we can also say if the slopes of lines /; and /, are not defined,
then they must be perpendicular to X-axis. So they are parallel.

Thus /, || I, <> they have the same slopes or both of them have no slope.
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—
Example 11 : Find k if AB || CD where A(2, k), B(—1, 3), C(1, 7) and D@3, 2) are

given points.
Solution : The slope of ﬁ =

FAEN
Here Xﬁ | CD

<~
Slope of ﬁ = slope of CD.

3-k _ 3-%k
1-2 =

=
— Slope of CD =

.
..

Also B, C, D are not collinear. (Verify !)
<
This means E # CD.

1 CB =
o “CD=k=T

6.13 Necessary and Sufficient Condition for Two Distinct
Perpendicular to Each Other.

2-7

= =2
3-1 2"

Lines to be

In coordinate geometry we take two mutually perpendicular lines. We consider
one of them as X-axis and the other as Y-axis. So obviously one line parallel to

X-axis and other parallel to Y-axis are perpendicular to each other.
Condition that Two Lines are Perpendicular to Each Other

Let two lines /; and /;, none of them
perpendicular to any axis, intersect X-axis
in B(x,, 0) and C(x,, 0) respectively. Let
I, }t I, and they intersect in A(x;, y;).

Slope of line /;, m; = xl—lﬁ .

“
<

0

.. . Y
Similarly slope of line {,, m,= .
v Siope 272 xm—x
- R
& AB? + AC? = B(C?

Figure 6.19

2 = —_ i
= YI“ = x 1% x2x3+xlx3 xy




STRAIGHT LINES 149

<yt =xr = x3) = x)(x; = x3)

~ ylz = —(x; — x3)(x; — x;)

¥ b _
And [x] _xBJ[xl_sz =-1

Note : Since lines are not vertical, x; # X3, X F X5.

Also if one of the lines is perpendicular to X-axis and the other is perpendicular
Y-axis, they are perpendicular. Here m, = 0 and m,; does not exist.

So we can say that lines having non-zero slopes m, and m, are perpendicular to
each other if and only if mm, = —1.

Example 12 : Prove that A(2, 1), B(1, 2) and C(3, 4) are vertices of a right triangle.

Solution : Slope of ﬁ = 2?_21 = +1 =—1

<
Slope of AC = 5= =3
2

£
SlopeofBC=ﬁ=%=l

.. Slopes of all the lines are distinct.
So they form a triangle.

>
Slope of Xﬁ X slope of BC = (—1)1) = —1
>
s AB LBC and LB isa right angle.
S A, B, C are vertices of a right angle triangle.
6.14 Angle Between Two Intersecting Lines
Two distinct lines in R? intersect each other, if they are not parallel.

Now if lines are perpendicular to each other, then the angle between them has

radian measure % We will assume following formula from trigonometry. We will study

it in detail in semester II.
tan®, — tan®

1an(®, — 8,) = T3 zanbiané, - if an®, tan®; # —1.

If two intersecting distinct lines are not perpendicular to each other, then
two pairs of congruent vertically opposite angles are formed at their point of
intersection. One of these pairs is a pair of congruent obtuse angles and the
other is a pair of congruent acute angles.
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The radian measure of this acute angle is called the measure of the angle
between the two lines. If O is the measure of the amgle between the lines,

then 0 < 00 < 7.
(1) Measure of the angle between two lines, when one line is vertical
line and the other has slope m.
Y L

Y !
\l 12 3

“ 4 [\

o

2 =2 > X
0 y / N 0\f v \
() (i)
Figure 6.20

!, is a vertical line. Slope of line /| is not defined. If /, makes an angle of
measure O with the positive direction of X-axis, then m = tan0. 0 < O < T, 0 # %

Suppose O is the measure of the angle between the lines.
As in figure 6.20(i) 0 < 0 <% andtx=%— 0

n_ T _ =X _
Also 2 9>0and|3 9| L -0

As in figure 6.20(ii), % <O<mandox=0 — %

1
L
(¥ 1=

[

[=n]
-

T T _g|=—fR —

Soinanycase(x=|%—9|

Thus if one of the line is vertical and the other makes an angle of measure ©
with the positive direction of X-axis, the measure of the angle ¢ between the lines is
given by O = |% - 9|.

(2) Angle Between Two Lines; Neither of them is Perpendicular to any Axis

Let /; and /, be two non-vertical lines with slopes m, and m, respectively.

If 0, and 0, are the inclinations of lines /, and /, respectively,

then m; = tanB,, m, = tanB,, 0 < 6,,0, < m, 0+ %, 6, # %
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Y Y
A A
h h ! 5
o
. 2 0, s x _ 9, o s x
0 4 N i "ol ¥« N
v (i) Figure 6.21 b (ii)
Case 1 : As shown in figure 6.21(1), 0, = o + 9,
tan0, = tan(8, — 9,)
. _ an Bl - lan 82
S a0 = T, tan o,
my —m
(antt. = T3y
Case 2 : As shown in figure 6.21(ii), 6, = (m — @) + 0,
P (I=1'C—(ﬁl—92)
o tanQl = an(n — (0, — 0,))
= —tan(0, — 0,) (as tan(® — ©) = tan(—0) = —tanB)
_ fan 91 _mez
T+ ranﬁl ian 92
L kiR
1+ mym,

So from both the cases, we find that the measure of the angle O between two
lines having slopes m; and m, is given by
mn —nm,
But 0 < 0 < % Hence tan®l > 0.

Thus if none of the lines is vertical, the measure of the angle O between the two
. . . | om b
lines is obtained by the formula tan0l = | 757777, |, where 0 < O < 3

Example 13 : A(l, 2), B(3, 5) and C(6, 1) are given points. Find zan0t, where O is

A
the measure of the angle between lines ﬁ and AC.
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Solution : Slope of E = g%f = %
Slope of AC % = _?1
Suppose the angle between the lines has measure QL.
S tandl = m' ,;1",:32
-4
oo tanO = | =73
t+3(-4)
|2
_|15+2
- 7
= E
7

I, and I, are two lines with slopes m; and m., respectively.
1 2 1 2
If lines are parallel, then angle between them has general measure 0°.
ie 0 =0

S fanOl = % =0 as m =m,.

6.15 The Slope of the Line Represented by ax + by + ¢ = 0, a*? + b # 0,
a b ce R
Suppose a line is neither vertical nor horizontal, So that ¢ # 0, & # 0. Then
the line intersects X-axis at A(f,ﬂ) and Y-axis at B(U, ?] Let ¢ # 0. So that

A # B.

- Slope of line = ——F =_7f

If @ = 0, then the line is a horizontal line, so slope of the line is m = 0,
If & = 0, then the line is a vertical line, so slope of the line is not defined.

If ¢ = 0, i.e. if the line passes through (0, 0) then A = B.
In that case we can take A(0, 0) and B(_?b,l).



STRAIGHT LINES 153

If b # 0, slope of the line ax + by + ¢ = 0 (a% + 2 # 0) is given bym=_—£;"I
and if »# = 0, the line has no slope.
Example 14 : Find the measure of the angle between the lines ¥3x + y = 5 and
x+By+7=0.
Solution : Slope of the line Six+ y=5ism= -3

Slope of the line x + Y3y + 7= 0 is my = 73

If O is the measure of the angle between the lines,

) m —
oo tanC = | Temm,
-3 - =L
|2
- L
1+ - %)
- L
|
1+1
B
BT
; T =R
Smce0<a<3,0‘.—g.
Hence measure of the angle between the lines is %.
Example 15 : Find the measure of angle between the lines x — 6 = 0 and

3x - y+5=0

Solution : x — 6 = 0 is a vertical line.

<. Its slope is not defined.

. The slope 0fJ§x—y+5=0ism=tan9= 3.

s 0=Z ©<0<

.. Measure of the angle between the lines O = I%— Gl

=2 L
2 3
=K

Example 16 : Find the measure of the angle between the lines 3x +y + 5 = ( and
x+2y+7=0
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Solution : Slope of the line 3x +y +5=01is m; = -3
Slope of the line x + 2y + 7 =10 ism2=—-%-

If & is the measure of the angle between given lines,

Yy - ms
tan® = | T¥mm,

3 (4
Ty

a4+4
3+2

3
1+2

| 6+1
3+2

=1 n
o 4350<a<2

The measure of the angle between the lines is %

EXERCISE 6.3

The measure of the angle between two lines is % and one of the lines has slope

%. Find the slope of the other line.

A(2, 1), B(3, —1) and C(-3, 4) are the mid-points of the sides of APQR. Find the
slope of the line containing each side.

Ak, 3), B, —1), C(0, 5), X6, 7) are given points. Find k if AR L CD and
find k also if AB || CD.

P(-1, 2}, Q(7, 6), R(—I, 5), S(0, 3) are given points. Prove that PHQ 1 ?S
Find the measure of the angle between the lines y—5=0and x+y + 3 =0,
Prove using slopes of the lines that the line segment joining the mid-points of AB
and AC in AABC is parallel to BC.

Prove using slopes that if the mid-points of the sides of a quadrilateral are joined
in order, we get a parallelogram.

Using slopes of lines, show that (—1, 4), (2, 3) and (8, 1) are collinear.

Find the slope of the perpendicular bisector of AB where, A is (2, 6) and B is
0, -1).
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10. A(x, ), B(x,, y,) are given points. If P(#, k) € Xﬁ,

prove that (2 — x, Xy, — ;) = (k — y Xx; — %))

11. Find the slope of the line which passes through the origin and the mid-point of the
line segment joining the points A(3, 1) and B(1, 5).

12. If three points (2, 0), (0, 3) and (a, &) are on the same line, show that % + % =1.

13. The slope of a line is double than that of another line. If the measure of the angle
between them is O and fagnQ. = %, find the slopes of the lines.

*

6.16 Intercepts of a Line on the Axes
Y Y Y

N

N 4 |

~
>
\
>
=

Il
]

a, 0 a, 0 a, 0
& (a, 0) >X < @0/ a<0 oX (a, 0) X
OV az> 0 \ VO OV v
M (ii) {iif)
Figure 6.22

X intercept : If a line intersects X-axis in unique point (a, 0), then a is called
the X-intercept of the line. A line perpendicular to Y-axis has no X-intercept.

Y Y Y
A A
’0 / LY X T
N .5 ) IS (X)) y=5
b>0 b0 € 5
o X
‘) < X / ©, 5
v v v
@} (i (i)
Figure 6.23

Y intercept : If a line intersects Y-axis in a unique point (0, b), then b
is called the Y-intercept of the line. A line perpendicular to X-axis has mo
Y-intercept.

Now let us obtain the intercepts of the line ax + by + ¢ = 0, & + 5% # 0.
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If @ # 0, then line ax + by + ¢ = 0 is not perpendicular to Y-axis.
To find X-intercept, substitute y = ( in the equation and we get x = —?c.
Thus the line intersects X-axis in (f,oj.

. Its X-intercept is _7("
If b # 0, then line ax + by + ¢ = 0 is not perpendicular to X-axis.
To find Y-intercept, substitute x = 0 and we get y = _Tc

Thus the line intersects Y-axis in [Oa_TcJ.

.~ Its Y-intercept is _Tc

If a = 0, then the line is by + ¢ = 0. It does not intersect X-axis, if ¢ # 0. So its
X-intercept is not defined. If ¢ = 0, the line is X-axis and it has no X-intersect. (Why ?)

If b = 0, then the line is ax + ¢ = 0. It does not intersect Y-axis, if ¢ # 0. So
its Y-intercept is not defined. If ¢ = 0, the line is Y-axis and has no Y-intersect.

I[f c=0and a # 0, b # 0, then the line is ax + &y = 0. Both the intercepts are
Zero.
Example 17 : Obtain the intercepts on the axes of the following lines, if they exist.

M2x+3y—6=0 D22x—-Tp=0 (BG)2x—8=0 HBH2y+1=0
Solution : (1) For the line 2x +3y — 6 =10
a=2,b=3,¢c==—6
X-intercept = _T? = —% =3, Y-intercept = _TC =0 -5
(2) For the line 2x =7y =10,
line passes through origin and it is not any axis.
a=2b=-T¢c=0
X-intercept = _?? =0, Y-intercept = _?C =0
(3) For the line 2x — 8 = 0,
a=2,b=0,¢c=-8
Since b = 0, the line is a vertical line.
.~ Y-intercept is not defined.

. _=¢C _ _(-8) _
X-intercept = - —% =4

4) Forthe line2y +1 =0
a=0,b6=2,c=1
Here a = 0. So the line is a horizontal line.
.~ X-intercept is not defined.

Y-intercept = —Tc = —%
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6.17 Various Forms of Equations of a Line Y
(1) Point Slope Form :

Suppose 7 is a non-vertical line with the
slope m. Since line is not vertical, no two points on
it have same x-coordinate.

Let P(x, y) be any other point on the line /,
(x #x;)

L
-

So by the definition, the slope of the line / o) /
is given by
_¥-h
m="x"x

ie.y—y =mx —x))
Also every point satisfying this equation is on the line.
Hence the equation of the nom-vertical line, passing through (x;, y,) and
having slope m is
y =y = mx—x)

See that A(x,, y,) also satisfies the equation.

Example 18 : Find the equation of the line passing through (1, 2) and having slope %

Solution : Equation of line is y — y; = m(x — x,)

Soy—2=56-1)

t.o Zy - 4 =X - 1

oo x—2y+3=0
(2) Two Point Form : Y

A(x;, ¥y and B(x,, y,) are given distinct points.
Suppose E is not perpendicular to any axis.

S X F R ) F Yy

Let P(x, ¥) be any point other than A or B on
the E

.+ A, P, B are collinear points. ¢

o}\

Figure 6.25

Since the line is not perpendicular to any of the
axes,
XFEILVEYXF XY F I

—
Slope of AP = Slope of E
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. YN _ =0
XX kX
YN XX

ISV g A o
Also any point satisfying this equation is on AB.

Y0 XX -
Vs — ;,1 =%-x ! (say) for any P(x, y), it is easy to see that

If
x =t + (1= O
v+ —ap

S Px,oy) € Xﬁ

Hence the equation of the line not perpendicular to any axis and passing

e R

through A(x;, y,) and B(x,, y,) is

b O
i X2 =&
See that A and B also satisfy the equation.
(3) Slope-intercept Form : }i
Suppose a line is not perpendicular to X-axis and
has Y-intercept ¢. Hence it passes through (0, ¢). '\ ©,¢)
Let the slope of the line be m.
. The equation of the line passing through 4
(0, ¢) and having slope m is
y—c=mx—0) o >X
Soy=mx+c = Figure 6.26

If the line ! with slope m makes X-intercept 4, then equation of the line
is y = m(x — a).

Example 19 : Find the equation of the line making an angle of measure % with positive

direction of X-axis and having Y-intercept 3.

Solution : Given line makes an angle of measure % with positive direction of

X-axis.
S om=tanz = 3
Also Y-intercept is 3.

Equation of the line is y = mx + ¢
RS S3x+3
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(4) Intercept form of the Equation of a Line :

Suppose a line 7 makes X-intercept & and Y-intercept  on axes, where a # 0,
b#0. Y
M
. Line { is passing through A(a, 0} and B(0, )
b -0 N6
Its equation is -0 - a0 (Two point form)
S oay—ab=—bx
S o bx+ay=ab

s X dog @#0,b#0) Aa,0)

Thus the equation of the line making intercepts a *
Figure 6.27

and & on X-axis and Y-axis respectively is % + % = 1.

This form is valid only for lines not perpendicular to any axis and not
passing through origin.

Example 20 : Find the equation of the line passing through (1, 2) and having sum of
intercepts 6.
Solution : Suppose X-intercept and Y-intercept of the line are « and b
respectively.

The equation of the line is = + % =1

The line is passing through (1, 2), so L + 2 =1 )
Now sum of intercepts is 6
a+b=6
b=6—a
2

s From () L+ 555 =1
6 —a+2a=06a—d
@ —5a+6=0
a=3ora=2
a=3=>b=6—a=3
Theequationofthelineis%+%=10rx+y=3.
a=2=b=6—a=4
. The equation of the line is£+%=lor2x+y=4.

2
. There are two lines with equations x + y = 3 and 2x + y = 4 as required.
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(5) The p — O Form : \:
A

(1) Suppose a line / does not pass through

th L \
€ origin.

Let M be the foot of the perpendicular from M (pcosQ, psingt)
the origin to line /. Let OM = p. p

p is the distance of the line from the origin. . o < > X

— 0

Suppose OM makes an angle of measure O ;;.
with positive direction of X-axis. 0 € (—R, T). Figure 6.28

Let o # 0, £ %, 70

<« ing —0
. Slope of OM = % = tanQl,
* H *
Since OM L line /,
slope of line / = —ﬁ = —cotl), (mym, = —1 for perpendicular lines)

Line ! passes through (pcosQ., psin0) and has the slope —cofCi.

v The equation of the line ! is y — psin® = —cott {(x — pcosth)

Sy — psinQ = _;;;'él (x — pcosQl)

ysinQl — ps:'nZOL = —xcosQl + pcosza
o xeosOl + ysinGl = p(cosza + sinQl)
So xeosOL + ysinQ, = p

v The equation of the straight

Y
line upon which the length of the 1
perpendicular from the origin is p and g i
this perpendicular makes an angle xX=p
of measure O with positive X-axis is € ol 7 ™M > X
(a#0, %, ®
v
xcosQL + ysin = p (O € (—W, T))
v
If 0, =10, the line is perpendicular to X-axis and Figure 6.29

its equation is x = p.
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Y
Also cos0 = 1, sin0 = 0. 1 T
X = p is same as xcos® + ysin0 = p xX=-p
If O = T, the equation of the line is x = —p. . 5 2 hH -
Also cosT ==1, sink =10 0
xcosT + yvsinfl = p
becomes —x = p or x = —p. ! |
If o =+ Z, then equation of the line is Figure 6.30
Y
y=pory=-p A
according as O = % or 00 = —% respectively. <€ e
Pla=2
2
E y; E = ] = P —I =
xCos3 +ySu':2 puy=p € oQ = > X
{f = =— o
2
xcos(—%) + ysin(—%] =pisy=—p € 2 >
y=-r
Thus in all cases the equation of the required v
Figure 6.31

line is xcosO + ysirQ{ = p.

Example 21 : The length of the perpendicular from the origin to a line is 7 and
the angle made by the perpendicular to the line from the origin with the positive
direction of X-axis has measure % Find the equation of the line.

I
6
The equation of the line is xcosCQ, + ysinQ, = p

Solution : Here p=7, ¢ =

. n in L =
< xcosg + ysing 7

WIx 4 ¥ -
S-tg=T
ﬁx+y=l4

To find the distance of the line from the origin p and O, where Ol € (=T, T[]
and p # 0, if the ray starting from the origin and perpendicular to the
line ax + by + ¢ =0, a, b, ¢ € R, a® + b2 # 0 intersects the unit circle
in P(QX).

The p — o form of the equation of the line is xcosO + ysinCt = p

The cartesian equation of the same line is ax + by + ¢ = 0.

The line does not pass through origin, so ¢ # 0 and p # 0.

Leta#0,5+#0.
Hence the line is not perpendicular to any axis.
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So we haveaio,m%or—%. };
Both the equations are same.
P(0)
. a __b __c
Y ocosx sino P
SooocosO = ﬂ, sinQl = ﬂ
¢ ¢ X’ & o o X
Now, cos20l + sin?0l = 1 N #
2 2
2 R - 2
"t c c
ap* b
R SN A
fad C v
P ¥
+ i 2 =
el (@ + %) =1 Figure 6.32
. pz — ¢’
" at+b*

o op=t—F=

I Y S - R S
ence cosQl = + m,sma—+ a2+b2’p__ e

lcl

He<0p= T = 77—

cosQL - = sinQ, - Jm, o € (—m, 7
Icl

c
Ife>0,p="fF— =7
Priesr ~ J+p
—op _ & _ . __=b
—_—= , SinQL = , Le (M,
Jat v Ja+ 8 e ™
If p is the distance of the line ax + by + ¢ = 0 from origin and perpendicular ray
from the origin to the line meets unit circle in P(C0), then

cos(l =

¢l

P= Ja2+b2’
== . _ —b .
and cosQl m, sinQi —m ifc>0
d o—a .. __b_ .
an cosa—m,sm(x—mlfc<0.
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£>0 Y £<0
a 41
M M 3
If the line is perpendicular to X-axis, then e
equation of the line is ax + ¢ = 0. *=a x=_7:
Equation of the line can be written as X < S X
c [
x=—E.Hencep=|;|. 0
lf% < 0, then O = 0 and if% > 0, then
o=T v v v
Y
Figure 6.33
Y
If the line is perpendicular to Y-axis, then its y= _%
uation is by + ¢ = 0. € >
* ¥ % <0
Equation of the line can be written as
c c % > X
y=—3.Hencep=|F|. X 0
=L
If £ <0, then 0 = £ and if £ > 0, . 2N
L = {)
then ¢ = —%. L 2 b
Y
Figure 6.34

Example 22 : Transform the equation Six + y—10=0 1o p — ¢ form. Also find
the value of p and Q..
Solution : Given equation is ¥3x +y — 10 =0
a=J3,b=1c=-10

J2+o? = 3l =2

. —l __ _ 3 . —b |
Since ¢ < 0, cosOl = =22 >, sinQ = ==2>10
02+b2 2 ? ‘Ja2+b2 2
lel
[ p a2+b1 2

2 — O form of the equation of the line is xcos% + ysin% =5
6.18 Family of Lines parallel and perpendicular to ax + by +c=0,a? + b # 0
(1) Let ax + by + ¢ = 0 be a line not perpendicular to X-axis.
b # 0 and its slope is —Ta'
Slope of ax + by + k=0, (k € R — {c}) is also -_Bﬂ- and therefore the lines
ax+ by +c=0and ax + by + k= 0 are parallel (k # ¢).
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Also any line parallel to ax + by + ¢ = 0 must have slope ;b& and if it passes

through (x;, y,) its equation is (y — ¥;) = ;bq-(x - x)

S oaxt by —axy— by =0

Setting —ax; — by, = &, the equation of any line parallel to ax + by + ¢ =0 1s
a+by+k=0((ke R— {c})

If & = 0, then ax + ¢ = 0 is perpendicular to X-axis and ax + k¥ = 0
(k € R — {c}) is also perpendicular to X-axis. Hence they are parallel.

Note : (x|, yy) does not lic on {(x, y) |ax + by + ¢ = 0, a® + b% # 0} as lines
are parallel.

Hence ax; + by, + ¢ # 0

—*k+c#0

A & X4

Hence for a, b € R, a® + b # 0, the family of lines parallel to
ax+by+c=0isax+by+k=0(k€ R — {c}).

(i) Letax +by+c¢c=0bealinewitha#0,b+0.

The line is not perpendicular to any axis.

Its slope is ;ba and any line perpendicular to it has slope %. (mym, = —1)

If the perpendicular line passes through (x,, »,), its equation is y — y; = %(x —x)
bx —ay—bxy+ay =0

Let ay; — bx; =k

. bx —ay + k = 0 represents a line perpendicular to line ax + by + ¢ = 0.

Also any two lines ax + by + ¢ = 0 and bx — ay + k = 0 are perpendicular as
my = :bQ’ My = % and mym, = —1.

If a=0o0r b=0, obviously ax + ¢ = 0 is perpendicular to —ay + k£ = 0 and
by + ¢ = 0 is perpendicular to bx + £ = 0.

Also any line perpendicular to ar + ¢ = 0 has equation of the form —ay + k=0
and any line perpendicular to &x + ¢ = 0 has equation of the form by + £ = 0.

Hence family of lines perpendicular to ax + by + ¢ = 0 (& + b # 0) is
bx —ay+k=0,k€ R

EXERCISE 6.4

1. Obtain the equation of the line passing through (8, 7) and (—2, 5).
2. A(l1, 2), B(3, 6) and C(—2, 1) are vertices of AABC. Find the equation of the
perpendicular bisector of BC.
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Find the equations of the lines inclined at an angle of measure % with X-axis
and passing through (1, 2).

Prove that the line passing through the point (x;, y) and parallel to the line
ax + by + ¢ = 0 has equation a(x — x;) + by —y|) = 0.

Find the equation of the line perpendicular to 2x + 3y + 10 = 0 and whose
Y-intercept exceeds X-intercept by 2.

Prove that the line perpendicular to xsec® + ycosec® = g and passing through
(acos®0, asin’0) is xcos® — ysin® = o(cos?@ — sin?0).

Obtain the equation of the line perpendicular to S3x - y + 5 =0, given that its
X-intercept is 3.

[fthe distance of a line from the origin is 2 and if the ray from the origin perpendicular
to the line intersects the unit circle in P(%], obtain the equation of the line.

The equation of a line containing one of the sides of an equilateral triangle
is 2x + 2y — 5 =0 and one of the vertices of the triangle is (1, 2). Find the equations
of lines containing the remaining sides of the triangle.

A line passing through (3, 1) makes a triangle of area 8 in the first quadrant
with two axes. Find the equation of this line.

Find the equation of the line passing through (V3,-1), if its perpendicular distance
from the origin is JE .

One side of a rectangle lies along the line 4x + 7y + § = 0. Two of its opposite
vertices are (—3, 1} and (1, 1). Find the equations of the lines containing other
three sides.

The straight lines 3x + 4y + 5 = 0 and 4x — 3y — 10 = 0 intersect at point A.
Point B on line 3x + 4y + 5 = 0 and point C on line 4x — 3y — 10 = 0 are
such that AB = AC. Find the equation of the line BC passing through
the point (1, 2).

*

6.19 Distance of an outside Point from a Line

The line ax + by + ¢ = 0 which is not perpendicular to any axis meets X-axis and

Y-axis at A and B respectively. Then A(—ﬁ,o) and B(U.-%).

Let P(x,, y;) be any point not on ﬁ Draw PM L ﬁ Me ﬁ

Now area of AP =% x1(0+%)—%(—%—y1)+0(y1—0)|
T TS
2| & a ab

2=

(ax, + by, + ©) % | (1)
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a5
>

Also arca of APAB = 2AB + PM

2 2 B
=1 ’L £,

i | < | [Z+b2 - PM (ii) A(=£.0)
From (i) and (ii) ‘0"'

t| @ +im+a|=3| 5| Ja2tr s -pM

PM = |ax,+by,+c|

Perpendicular distance p of any point P(x,, y,) from line ax + by + ¢ = 0

i " | ax; + by, +c¢ |
is given by p = Jﬁ .
a +b

Another Method : Distance of a Point from a Line :
We know that the perpendicular distance of line ax + by + ¢ = 0 from the origin
is given by,

B(O’%) PCxy, y))

> X

Figure 6.35

..

lel
P= Jaz +
To find distance of the line ax + by + ¢ = 0 from any outside point (x,, y,}
in the plane, shift the origin to (x|, y,), so that x = x' + x;, y = ' + y, in usual

notation.
Now the equation of the line relative to new axes becomes

ax +x)+ by +y)+tc=0
Lo+ oy +hyy+c=0
Now (x,, »,) has become new origin.
» Distance of (x;, y) from ax + by + ¢ = 0 is equal to distance of new origin
from ax' + &' + ax; + by +¢ = 0.

ht
lel |

-
.

lax + by, +cl
p= ax +oy

Jaz +b’
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6.20 Distance Between Two Parallel Lines
Suppose ax + by+c=0and ax+ by + ' =0, fzr\‘
a> + b2 # 0, ¢ # ¢ are two parallel lines. ;
Ifa#0, thenA(—%,O) is a point on the line 1\
ax + by +c=0.
Now perpendicular distance between two

parallel lines is equal to the perpendicular <Ov Al ;a;‘o]\ \’ X
distance of either of these lines from any point
on the other line. Figure 6.36

So the distance of line ax + by + ¢' = 0 from the point A(-%,O) is the distance

between the lines. v

h

Suppose p is the distance between the lines

!

A
v

a(—%j+b(0)+c’
o Jaz +b? y

I
A
v

==£
b
| r:—c’|
= O
Jat + b < > X
If a =0, then » # 0. So the equations Figur: 637
of two parallel lines will be &y + ¢ = 0 and
by+ ¢ =0,
.. The equations of the lines are y = —% and y = —%
Distance between the lines = Tc— (TTCJ
lc—c'l
- 1bl

JiL —

In all cases, the perpendicular distance between two parallel lines ax + by +c =10

and ax + by + ' =0 is given by p = J—L

Ja +b2



168 MATHEMATICS

6.21 Intersection of Distinct Non-Parallel Lines

Now we will determine the condition that distinct non-parallel lines
ax + by +¢; = 0and ayx + by + ¢, = 0 intersect in a point.

Since the given lines are distinct non-parallel, they will intersect in a point.
First of all suppose none of them is perpendicular to X-axis,

ax + by + ¢y =0and ax + by + ¢, = 0 are parallel
< they have the same slope

= me wh S TP
@ml—mzwereml— blan my = B,

4 _ 9
< BT

& aby —ab =0
Sooax + by + ¢ = 0and ayr + bypy + ¢, = 0 will intersect in a point
= aby,—aby #0
If none of a;x + by + ¢, = 0 and a,x + by + ¢, = 0 is perpendicular to X-axis,
they will intersect in a point if and only if b, — a,b, # 0.
If they are not parallel only one of them can be vertical.
Say a;x + by + ¢, = 0 is vertical and a,x + b,y + ¢, = 0 is not vertical.
S by =0and b, #0
S Since b, =0,a #0
Soooaby —ahy = ahy F O (a; # 0, b, # 0)
Since a;x + b,y + ¢; =0, ayx + b,y + ¢, = 0 are not parallel, they will intersect
if by — ayb; = a,b, # 0..
e+ by + ey =0and ax + by + ¢, = 0 will intersect in a unique point
if and only if a\b, — a;b; # 0.
6.22 Family of Lines Passing Through the Point of Intersection of Given Lines
Theorem 1 : If a;x + by + ¢; = 0 and a,x + by + ¢, = 0 are two
lines intersecting in a point, then /(a;x + by + ¢;) + m(a,x + by + ¢c,) = 0
(2 + m® # 0) represents a line through the point of intersection of given

lines ax + by + ¢; = 0 (a2 + b2 #0,i = 1, 2)
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Proof : First of all we will assert that, (/a; + ma,)x + (Jb) + mby)y +{Ic, +mcy) =0
is a linear equation ie. (Jo; + maz)z + (/b + mb,)z #0,

Let if possible (la, + ma,)* + (ib; + mb. )2 = 0 ®
Since {la; + ma2)2 20 and (Ib; + mbz)2 2 0, (i) implies

lay + ma, =0

b, + mb, =0

s byllay + may) — a)(lby + mby) =0

S Haghy, —axb) =0

Similarly, m (a by — ash) = 0

But since lines intersect in a point, aby=ab #0

S I=0=m

o Ptml=0

But we are given that 2 + m? 2 0

<. We come to a contradiction.

& (lay+ may)t + (b + mby) # 0

oo (lap + may)x + (Ib) + mby)y + (lc) + mcy) = 0 represents a line.

If (A, k) is the point of intersection of ax + by +¢; =0 (i =1, 2), then
ah+bk+ec =0
ah + bk +cy =0

S Hayh+ b+ ) +m@h + bk + ) =0

. The line represented by I{(ax + b,y + ¢} + mlayx + by + ¢;) =0

passes through ( £), the point of intersection of ax + &y + ¢; = 0 and

ayx + by +c,=0.
The converse is also true. But we will not prove it.

Theorem 2 : If lines a;x + by + ¢; = 0 and ayx + byy + ¢, = 0 intersect
in a point, then the equation of any line passing through their point of intersection
is of the form / (a;x + by + ¢;) + m(a,x + byy + c,) = 0 for some /, m € R, not

both zero.
We assume this theorem without proof.
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[® Note ] If I = 0, then m # 0.
The equation I(ax + &y + ¢)) + m{ayx + by + c,) = 0 becomes
may + byy +¢y) = 0 ie. ayx + by + ¢, = 0.
Similarly if m = 0, then ! # 0 and the equation represents a;x + b,y + ¢, = 0.
Thus if we require a line other than ayx + b,y + ¢, = 0, then [ # 0. The equation
S Hax + by + ¢p) + m(ayx + by + ¢;) = 0 is equivalent to

(a]x+b]y+cl)+%(a2x+b2y+c2)=0
Let A = .

Then we can take the equation of any line through the point of intersection of
given lines as a;x + &y + ¢; + Mayx + by + ¢y) = 0, if the required line is

not ayx + by + ¢, = 0.

Miscellaneous Examples :

Example 23 : Obtain the equation of the line passing through the peint of intersection
of lines x + y + 4 = 0 and 3x — y — 8 = 0 and also through (2, —3) (without finding
the point of intersection).

Solution : It is clear that (2, —3) does not satisfy 3x — y — 8 = 0. Hence it is not
the required line.
. Let the equation of required line be (x + y + )+ AMB3x—y—8) =0
A+3Ax+(U-Ay+@-82)=0
This line passes through (2, —3)
A+302+ (0 —-AX-3)+@d—8A)=10
Simplifying we get A = —3
The equation of the required line is
x+y+H+(B3)GCx—y -8 =10
S —Bx+4py+28=0
2x — y — 7 = 0 is the equation of the required line.

Example 24 : A linc passes through (4, —2) and the length of perpendicular segment
from the origin to this line has length 2. Find the equation of the line.
Solution : Let the equation of the required line be xcosOl + ysinQL = p.

Here p = 2. Also the line passes through (4, —2).
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s deosO — 25in0L = 2
=2sinQl = 2 — Acos(X
sin?et = (1 — 2costn)?
S sin?0 = 1 — 4cosOL + 4cos0.
. 1 — cos?0t = 1 — 4cosO + 4cos?OL
S Scos?OL — 4cosOL =0
cosC, (5cost, — 4) =10

cosCL = 0 or cosCl = %

cosOL = 0 = sinl. = —1 and cosCt = % = sinlt =
(1) Let cost =0, sintt=—1 and p = 2
‘. The equation of the line xcosQl + ysinQl = p becomes
20+ W-1)=2
y==2
y+ 2 =0 is one of the equations required.
2) Letcos(x=%,sina=% and p = 2

)+l -2

(4cosOL — 2sinQL = 2)

wh

S d4x + 3y = 10 is the equation of the other line as required.
Example 25 : Find the equation of the line which makes a triangle of area % units
with coordinates axes and perpendicular from the origin to this line makes angle of

measure % with positive direction of X-axis.
Solution : Let xcosOL + ysinQt = p be the equation of required line.
Here 0. = &

6
The equation of the line is

I Il =
¥ cos< +ys:n6 P

N
>

Six LY =
St Te \s
ﬁx+y=2p

The line intersects X-axis at A and Y-axis at B.

ap
We have A| 750, B, 2p). o

50 & % A L X
Area of ACAB = e 3 X
. 1 . _ 50 Figure 6.38
s 30A-0B="g
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.12 _ 30
S A R
s 2 =50
sopr=125

p=5

~»  The equation of the line is S+ y=10.

EXERCISE 6

Prove A(22, 41), $(2, 0) and B(t%,%] are collinear points.

Prove that the product of the perpendicular distances from the point (:I:J a2 —p,0)
to the line £ cos® + & sinf = 1 is b2.

a b &
A line intersects X-axis at A and Y-axis at B, Given that AB = 15 and that AB

makes a triangle of area 54 with the two axes, find the equation of the line.

If the lines 3x + y +4 = 0, 3x + 4y = 20 and 24x — 7y + 5 = 0 contain sides of
a triangle, prove that this triangle is isosceles.

Provethatthefourlinesﬁ+3= l,%+ % = 1,§+%=2,%+%=2fonn
a rhombus.

Which point on Y-axis is at distance 5 from the line 3x + 4y +5=07

Find the equation of the line passing through (2, 3} and intercepting a line segment
of length % between the lines 2x + y =3 and 2x + y = 5.

The lines 5x + 3y — 4 = 0 and 3x + 8y + 13 = 0 contain two of the altitudes
of AABC. Find the coordinates of B and C. Vertex A of AABC has
coordinates (—4, —5),

Find the equation of the line that cuts off equal intercepts on the coordinate axes
and passes through the point (2, 3).

A line intersects X-axis and Y-axis at A and B respectively. (2, 2) divides
AB in the ratio 2:1 from A. Find the equation of the line.

If p is the length of the perpendicular from the origin to the line bx + ay + ab=0,
prove that a% + b% = #

Find the equations of lines cutting off intercepts on axes whose sum and product
are 7 and 12 respectively.
Find the points on X-axis whose perpendicular distance from the line

4y =3y — 12 =0 is 4.
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Find the equation of the line passing through the point of intersection of the lines
x+y+1=0and x —y+ 1 =0 and whose distance from the origin is 1.

. The foot of the perpendicular from the origin to a straight-line is (1, 2). Find the

equation of line.

Find the equation of the line parallel to the line 4x — 2y — 1 =  and passing through

the point of intersection of the lines 5x + y +4=0and 2x + 3y — 1 = 0.

Find the equation of the line that passes through the peint of intersection of

3x=4+1=0and 5x + y — 1 = 0 and that cuts off intercepts of equal

magnitude on the two axes.

Select proper option (a), (b), (¢) or (d)} from given options and write in the box

given on the right so that the statement becomes correct :

(1) A straight line through the origin O meets the parallel lines 2x + y = 5 and
2x + y = 3 at points P and Q respectively. Then the points O divides
the segment PQ in the ratio ...... from P. ]

2 —
@ 5 b 2 © @ 5
(2) Let AD be the median of the triangle with vertices A(l, 2), B(6, —1),

C(7, 3). The equation of the line passing through (1, 1) and parallel to AD

is... ]
@2+ 1ly=13 (b)) 2x+ 11y =5 (c) 2¢ + 1ly = 18 (d) 11x — 2y = 13

. . . . -3
(3) The equation of the line parallel to X-axis and passing through A[Z,T)

is... -
(ayx=2 B2x—3=0 (c)2y—3 d2y+3=0

{(4) The line x + y = 4 divides the line segment joining A(—2, 3) and B(1, 5} in
the ratio 1 : A from A, Then the value of A = ...... -
(@ 3:2 b)2:3 ()1:3 (d)-2:3

(5) Afxy, ¥;) and B(x,, y,) are end-points of AB.
P(tx, + (1 — Hx, B, + (1 — 8)yp), £ <0, then P divides AB from A

in ratio ...... . =
t—1 1
@11 (b) = © 7=7 @ 75
(6) The slope of the line {(x, y) | x =31+ 1, y=2+6,1€ R} is... [ ]
@ —% ) % © 3 @—3
{(7) The perpendicular distance of the line 3x + 4y + 10 = 0 from the origin
is... -

(a) —2 (b) % © 3 (d) 2
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(8) If p and p' are the lengths of perpendiculars from the origin to

xcosOL + ysinQl, = secO and xsinQ — ycos® = tan® then p? — p2 = ... [_]
@ 1 {b) 2 (¢) cosZ0l (d) sec2t - tanOl
(%) The distance between parallel lines 3x +4y —5=0and 6x + 8y — 15 =0
is... ]
@1 o) + © & ) 2
(10} If the lines xcosOL + ysinQl = p and x — ﬁy + 1 = 0 are perpendicular
to each other, then & = ...... o< a< %) 1
i 1! iy if
(a) 5 (b) vy (c) 3 (d) rd
(11) p—0. form of the equation of the line x + 3y —4=0is ..... E=]
i i — i 2 —
(a) xcos< + ysinz (b xcos= + ysin= 2
(c) xcos(—g) + ysin(—%) =2 (d) xcos(—%] + ysfn(—%) =2
Summary

Division of a line segment

Parametric equations of a line

Lines perpendicular to axes

Cartesian equation of a line

Slope of a line

Condition for two lines to be perpendicular or parallel to each other.
Angle between two lines

Intercepts of a line on axes

Different forms of equations of a line

. Length of perpendicular from origin to a line.
12.

Family of lines passing through the point of intersection of two lines.

— -.:Q—



Chapter 7

| PERMUTATIONS AND COMBINATIONS |

7.1 Introduction

Sometimes we come across problems of counting and choosing as follows :
We want to form three digit numbers using digits 1, 2 and 3 without repetition of
any digit in any number. How many such numbers can be formed ?

We can choose first digit as 1, 2 or 3.
Since we do not wish to repeat any digit, the
second digit can be chosen in two ways from
1, 2, 3 excluding the digit chosen. The digit left
is the third digit. Look at the tree in figure 7.1.

Six numbers 123, 132,213,231, 312,321
can be formed.

Rucha has two tops and three matching
pants and two pairs of shoes. She wants to
go to a party. In how many ways can she
dress herself ?

Figure 7.2 S,

g—— 1723

Figure 7.1

Let the tops be called

T, and T,. Let the pants be
called P}, P,, P, and let pairs of
shoes be called S, and S,.
Consider the tree in figure 7.2.
So the possible
combinations are T,P,8,,
T\PyS;, T\ P8y, T)P,S,,
TiP3Sy, TiP3S,, ToPySy,
ToP Sy, TpPpSy, ToP,S,,
T,P38,, T,P;5, ie 12 in all
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Dev has three school bags, two lunchboxes and two ballpens. In how many ways
can he choose to go to school with one item of each type ? Let the bags be called
B,, B,, B; the lunchboxes be called C,, C, and the pens be called P, P,.

Possible combinations are B,C,P,. B,C,P,. B,C,P,, B,C,P,, B,C,P,, B,C/P,,
B,C,yP, B,C,P,, BsCP), B3C Py, B4C,Py, B3C,yP,. Again in 12 ways |

Now this type of listing is tedious and not always possible !

We wish to try a password to open file. The password consists of six different
digits. How many trials will be required 2 10 X9 X 8§ X7 X 6 X 5 = 151200 !

This type of counting problems are solved by fundamental principle of counting or
multiplication principle.

Fundamental Principle of Counting : If an event can occur in m ways and
corresponding to each way another event can occur in p ways, the total number
of occurrences of the events is mp.

In fact if A is the set of elements of occurrences of the first event and B is the
set of elements of occurtences of the second event, we know n{A) = m, n(B) = p and
therefore n(A X B) = mp.

Similarly if one event can occur in p ways and corresponding to it a second event
can occur in ¢ ways and corresponding to them a third event can occur in » ways, then
the three events together can occur in pgr ways,

Now in earlier example first event (selection of top by Rucha) can occur in 2
ways, second event (selection of pants by Rucha) can occur in 3 ways and selection
of shoes can occur in 2 ways. Hence Rucha can dress herself in 2 X 3 X 2 = 12 ways.

Similarly Dev can prepare schoolbag in 3 X 2 X 2 = 12 ways. Thus fundamental
principle of counting gives precise results without elaborate listing.

Example 1 : How many four digit numbers can be formed uwsing 1, 2, 4, 6, 8 ?
(Repetition of digits is not allowed.)

Solution : We have to fill four places : unit place, tens place, hundred place and

thousand place using 5 digits. Th H Ten U
First place can be filled in 5 ways. Since repetition

is not allowed, so second, third and fourth place can be

filled in corresponding 4, 3 and 2 ways respectively. Hence
according to the fundamental principle of counting, the number of four digit numbers
formed using 1, 2, 4, 6, 8is 5 X 4 X3 X 2 =120,

Example 2 : How many four letter words (with or without meaning or dictionary
occurrence and without repetition of letter) can be formed using letters of the
word KENY ? How many of them will have first letter E ?

Solution : Four letters words vsing K, E, N, Y are 4 X 3 X 2 X 1 in number. The

number of words is 24. If the first letter is E, consider the box ... . We have
to fill three places with three letters K, N, Y. Hence their number is 3-2-1 = 6.




PERMUTATIONS AND COMBINATIONS 177

Example 3 : How many three digit even numbers can be formed using digits
0, 1, 2...., 9 ? (No repetition of digits)

Solution : Last digit has to be 0, 2, 4, 6 or 8 to 0
form an even number.

3 Consider the above array. If the last digit is zero,

other two digits can be chosen in 9 X 8 = 72 ways.

If the last digit is 2, first digit can be choosen in 8 ways (it cannot be zero) and
second also in 8 ways (now zero is allowed). Thus 8 X 8 = 84 numbers with each of

2, 4, 6, 8 as last digit are formed. Therefore the total number is 64 X 4 + 72 = 328.
(Think : How many odd ? How many total ?)

Example 4 : How many three digit numbers are there which do not contain 2 at all ?
Which contain 2 at least once ? Which contain 2 at most once ? (See that
repetitions is allowed.)

Solution : First digit can be any one of 1,3, 4, 5,..., 9.
Second digit can be any one of 0, 1, 3, 4, 5,....,9. Third digit
can be any one of 0, 1, 3, 4, 5,..., 9.

.. Total number of three digit numbers not having 2 atall is 8 X9 X9 =648 (i)

Now, total number of three digit numbers is 9 X 10 X 10=900 (First digit is non-zero)

2 900 — 648 = 252 contain 2 at least once. (i)

2 at most once means numbers occuring not having 2 at all and numbers having
2 once. Their number is,

900 (total) — (numbers having 2 in all the places + numbers having 2 in exactly

two places)
Numbers having 2 in all the places is 222 (one only).
Numbers having 2 in two places (but not allyare {2 | 2| |,| |2|2],[2] |2]-

The blank space can be chosen in 9 + 8 + 9 = 26 ways.

.~ Total number of numbers having 2 in at least two places is 27.

<. 900 — 27 = 873 numbers contain 2 in at most one place. (i)
Example 5 : In how many ways can small B

triangles in figure 7.3 (AABP, ABQC, A e

ABPQ, APQR) be coloured using

fundamental colours RBY (Red, Blue, P Q

Yellow) so that no two adjacent regions
are coloured using the same colour ?

Solution : ABPQ has boundary R
touching all regions. Figure 7.3
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It can be coloured using 3 colours in 3 ways. Other three regions can be coloured
in 2 X2X2=8 ways.
The four regions can be coloured in 3 X 8 = 24 ways.

Example 6 : How many five letter passwords can be generated using first three
letters as any of the English alphabets and last two being any digit from 0 to 9 ?
{See repetition is allowed.)

Solution : First three letters can be chosen in

26 X 26 X 26 ways and last two in 10 X 10 ways.

Hence the possible number of passwords is 26 X 26 X 26 X 10 X 10 = 1757600.

EXERCISE 7.1

1. How many signals can be formed using five different flags of different colours
lying in a row on vertical masts ? Each signal may contain 2 or more flags of
different colours.

2. How many odd numbers of four digits are there ? (No repetition of digits.)

3. How many words can be formed using all alphabates of the word TULSI ?
(No repetitions) How many start with T ? How many end in I ?

4. How many three digit numbers are there which are multiples of 5 ?
(Without repestition of digits)

5. How many cars are there with numbers like GJ-X-AB-abcd where X is any
digit from 1 to 9; A is H; B is any one of alphabets in English and abcd
is a four digit number ? (¢ can be zero)

6. How many numbers are there between 99 and 1000 (i} having last digit 0,
(ii) having last digit 5, (iii) divisible by 4, (iv) divisible by 2 but not by 4 ?

7. Dev wants to create a password with five letters for his e-mail account with
following properties.

(1) First three letters should be any of the English alphabets so that none of the
alphabets of his name occur in any order.
(2) The remaining two should be any digits from 0 to 9 but they do not represent
his age. In how many ways can he do this 7 Dev is 12 years old.
*

7.2 Permutations

The problems we studied in earlier section deal with arrangement of objects in
definite order. To determine the number of three digit numbers using 1, 2, 3, 4 involves
arrangements like 123, 124, 234, .. etc. Here we are counting number of ‘permutations’
of 4 digits taken 3 at a time, Their number is 4 X 3 X 2 = 24, (Fundamental principle
of counting).
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Definition : A permutation is an arrangement in a definite order of a
number of distinct objects taking some or all at a time. The number of linear
permutations of n different objects taking r at a time where 1 S r S n,
r€ N and n € N is denoted by the symbol ,P,, if repetitions of objects is not
allowed and arrangement is linear. The arrangement also called a linear
permutation.

Theorem 1 : P, = n(n — 1)(n — 2)..(n — r + 1)

The number of permutations is the number of ways in which » places can be
filled with » different objects in the following vacant places. (without repetition)

7 places

The first place can be filled with any of r objects and this is possible in »
ways. Since there is no repetition, cotrespondingly second place can be filled in
(# — 1) ways, third place in (# — 2) ways etc. The last rth place can be filled in
n — (r — 1) ways. (Earlier (# — 1) places are filled.)

.+ By the fundamental principle of counting.

by =nn —1)n = 2)..(n—r+1)

Start with », decreasing by 1 each time, write » integers and multiply all of
them.

For example ,P; =7 X 6 X 5 =210
P, =nn—1Dn—-2(0—-—n+1l)
=nln— 1n - 2).1
There is a special symbol for this product m(n — 1}n — 2)..1 and it is called
factorial 7 and is denoted by »! (read ‘n-factorial’) or |u.
Thus, P, = n!
INH=121=2-1=2,31=3.2:-1=6,4=4-3-2.1 =24 et.
Now, n! = n(n — 1¥n — 2)...1

n

= nn — 1)

= nmn— n-—2)

= nrn—D.(n—r+ Dn—r)
.'.n(n—l)...(n—r+])=(n+lr)! 1€r<n

Now using, P, =n(z — 1).(n —r+ 1)

n!
T e Y] 1Sr<n
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Butifr =a, P, =n!=|.
Definition : ¢! = 1
Thus we define 0! so that

!
o= B

n!
R A (D 1<r<n
Theorem 2 : Number of permutations of n distinct objects taken r at a

time with repetitions allowed is »’.
Proof : Each of the r places can T r
n

be filled with » objects in » ways. AR NEN KNI TP EE Y
Hence number of such permutations

s XnXn..rtimes =n.

1 1 _ x
Example 7 : If R AR TL find x.
y oo 4 1 x
Solution : Pl + of 100
.1 1) _ X _
LoH =4 ©! = 9.8
1 (1_] = X
o8t v 10!
_ 10710
. X = RE]
<10+ 9!
=% (10! = 10-9!, 9! = 9.8)
Sox =100

P
Example 8 : Solve for n, ”nl;43 = 3.

n-1Pa - Din-2)n-3)

Solution : nP4 = n(n_l)(n_Z)(n_3) %

+ l:i =
Soow 9.S-::n 9

Example 9 : Find r, if 5 ;P, = 6 P, _
Solution : 5 4P =6 P, _,

. 5(4h _ _ 6(5D
W= T 5-r+nf

. 5:4:3:2:1  6:5:4-3.2:1
. @-r 6 -n)!
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oG-
7 Al
6 - r)(5 - )4 - !
s ( 54 —r;(! = [n! = n(n — 1)(n — 2)!]

S 6=r5-1N=6

S or—1lr+30=6

Lo —11r+24=0

S or=8or3
Butr#8asl<r<d4andl Sr—1%55

Sooor=3
Example 10 : Find r, if P, = (P, _ .
Solution : 5Pr = 6Pr T

. 5! 6!
.s (5—?’]!:(7-?')! (6—r+1 =7—f‘)

a-nt _ssh _
tos-rt 5!

R = R
L= r+42=6

Lo —13r4+36=0

S r=9or4
Butlsr<S5andl Sr—1%6
oo F=4

Example 11 : How many three digit numbers (i.e. between 100 and 999 including both)
can be formed using digit 0, 1, 2,..., 9 if repetitions of the digits is not allowed ?
Solution : We can arrange 10 digits in 3 places in Py = 10-9 - 8 = 720 ways.

But 0 can not occur in the first place in a number.

So we have to remove (P, =9 - 8 = 72 numbers from this list.

S 720 — 72 = 648 three digit numbers can be formed using all digits.

Example 12 : From a managing committee of 10 persons one president, one
vice-president and one secretary are to be elected. No person can hold two posts
at a time. In how many ways can this happen ?

Solution : This is a problem of arranging 10 persons in 3 places (posts) without
repetition.

This is possible in (P; = 109+ 8 = 720 ways.

Here all posts are different. Hence it is a case of arrangement.

0
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Example 13 : How many new permutations of all letters of the word TUESDAY
are possible ? How many will begin with T and end in Y ?

Solution : The number of arrangements is ,P, = 7L

Now, 71 =7:6+5:4:.3.2.1= 35040

Hence, 5040 arrangements exist and TUESDAY is one of them. Thus 5039 new
arrangements are possible,

Keeping T and Y in their places remaining 5 letters can be arranged in
5! = 120 ways.

Example 14 : In permutations of all letters in TABLE in dictionary order (no meaning
necessary), what is the position of the word TABLE ? Which is the last
‘word® ?

Solution : The number of words beginning with A are 41 = 24, They will precede
TABLE in dictionary order. Similarly the words starting with B, E, L each are 24 in
number and the word TABLE will follow them in dictionary order.

Now begin with T. Using A, B, L and E, TABEL will precede TABLE.
Thus occurrence of the word TABLE will be (24 + 24 + 24 + 24 + 1 + 1)th i.e. 98th
(see that there are 5! = 120 in all.}

After 96 words starting with A, B, E, L the words with T will start. 6 words
each with TA, TB, TE will then follow. Hence after 114 words, the words with TL
will follow. They are TLABE, TLAEB, TLBAE, TLBEA, TLEAB and TLEBA.
Hence the last word is TLEBA.

[In fact the last word would be TLEBA writing alphabets in reverse order !]

Example 15 : Dev participates in chess, 100 metres race, shooting and disc throw.
Each event carries three medals, gold, silver and bronze. In how many way can
he get the medals ?

Solution : There are four games or sports. To each W, Wo| W3] Wy

three medals are assigned. Each of space W, W,, W,,

W, can be filled in three ways (repetition allowed). Hence Dev can get a medal

in 34 = 81 ways.

Example 16 : How many four digit numbers can be formed using 5, 2, 3, 7, 8 ?

Solution : There are four places and each can be
filled in 5 ways with 5, 2, 3, 7, or 8.

5% = 625 numbers can be formed.

(See » = 5 things to be artanged in » = 4 places in »” = 54 = 625 ways.)

If we want six digits numbers, it is possible in 5% = 15625 ways.
Here r > n is possible unlike in ,P,, 7 < n.
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Example 17 : How many permutations of all alphabets of the word DAUGHTER
is possible without repetition ? In how many of them vowels and consonants will
be in their positions only ?

Solution : There are 8 different letters in the given word.

Hence there are 8! = 40320 permutations. But if the vowels A, U, E and
consonants D, G, H, T, R remain in their places but can be mutually rearranged then
the number of permutations is 3! X 5! = 6 X 120 = 720.

Example 18 : If n(A) = m and »(B) = n (m, n € N), then how many functions from
A to B are there ?

Solution : Let A = {x;, x,, X3,..%,,}

B= {V]s Yo yga-—-}’n}

Then [ = {(x; y;)}, where x; € A, 3, € B so that no x; is repeated and no x;
from A ig left out without occurrence in some pair in f.

Thus, each x; can correspond to some Y in 7 ways.

Thus there are # X » X n...m times choices for set f.

Number of functions is »%.

| Note | Let A = {1, 2, 3}, B = {g, b}
H={lLa, 2 a G a} f =152 503G 05
f3={1, 0,2, 0,3 b} f={L 5 Q5 G a}
Js =, 8,2 5,6, a} fo=1{15),@2 a0, b))
S =L 0,2, 9,06, a0} fi=1{(,a),@25), 0, b))
23 = 8 functions f: A — B exists.

EXERCISE 7.2

1. Evaluate : (1) gP; (2) gP5 (3) (Ps 2. Evaluate : (1) 6! (2) 2_1! 3 g_!!

]5Pr
168,

3. Prove P,=, P 4+n,_,P._) 4. Findr:(l) =3 2),P,=7P,

. 56Pr+6
5. Fidn:7P,=20,, P, 6. If WP e 30800, find r.
7. Prove P, =n,_ P _, 8. Findm if(n+ 1) =12(n — I
n! nt

9. If = 2, find 5.

R L)
10. How many three digit even numbers can be formed using digits of 2468 ?
(With or without repetition.)



184 MATHEMATICS

11.
12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

In how many ways can a true or false test containing » questions be answered ?
There are 10 M.C.QQ. questions each containing 4 options. In how many ways can
the test be answered ?

A coin is tossed four times and the result head (H) or tail (T) is noted. How
many results are possible ?

A number lock on a suitcase has four wheels. To open the suitcase a code is
required which contains an English alphabet on each of first two wheels and
any digit from 0 to 9 on last two wheels. How many such codes are possible if
(i) repetition is allowed (ii) repetition is not allowed ?

In how many ways can 6 letters be posted with 3 courier agencies available ?
m men and » women {m > n) are seated in a row so that no two women
occupy adjacent positions. In how many ways is it possible ?

In how many ways can r children be arranged in a queue so that (i) Seeta and
Geeta always occupy adjacent positions ? (ii) Seeta and Geeta never occupy
adjacent positions ?

Find the number of four digit numbers divisible by 4 obtained using 1, 2, 3,4, 5,6
without repetition.

Six girls are to be arranged in a sequence to offer a bouquet to six guests on
dias. General Secretary Rani will be first to offer the bouquet to the guest of
honour. Fifth position is reserved for Ria. Aishwarya and Isha will be consecutive
in any order. Remaining girls Sneha and Smruti will occupy other two places in
any order. In how many ways can this arrangement be made ?

Find the number of ways in which four boys and four girls can be arranged so that
(i) no two girls are adjacent (ii) all the boys are together and all the girls are together.
Six girls and six boys stand in a queue alternating so that the queue starts with a
girl. In how many ways is this possible 7

TIn how many ways can alphabets of the word MONDAY be arranged taking
(i) two at a time (ii) four at a time without repetition.

How many permutations of all the letters of the word ZERO are there ? (No
repetition) In dictionary order what is the position of the word ZERO ?

How many four digit numbers divisible by 5 can be formed using 0, 1,2, 3,4, 5
only once ? (No repetition)

How many 4 digit numbers can be formed using digits of 2745 only once 7 How
many are divisible 3 ? How many are divisible by 9 ?

How many words having four alphabets can be formed using alphabets from the
word VOWEL in which vowels occupy the place of vowels 7

*
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Permutations when Some of the Objects are Identical
Let us try to find permutations of the word TREE. Here E occurs twice.
Temporarily call the occurrences of E as E|, E,.

Permutations with same E Permutations with E;, E,
TRE,E,
TREE <
TRE,E,
RTE,E,
RTEE <
RTE,E,
TE,RE,
TERE —<
TE,RE,
RE, TE,
RETE <
RE,TE,
TE,E,R
TEER <
TE,E,R
RE,E,T
REET <
RE,E,T
E,RTE,
ERTE <
E,RTE,
i
ETRE
E,TRE,
E,RE,T
ERET <
E,RE,T
E,TE,R
ETER <
E,TE,R
E,E,TR
EETR <
E,E,TR
E,E,RT
EERT -<
E,ERT

Figure 7.4
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Hence, if we consider E,, E, different, as before there are ,P, = 4! permutations.

But E| and E, are same and this gives us 12 = % = % permutations.

Let us consider the problem more closely taking another illustration. How many
four digit numbers can be formed using digits of 1112 without repetition ?
Here 1 occurs thrice. Call these occurrences as 1, 1, 1.
Occurrence with 1 same Occurrence with 1 different
1,1,1.2

1,1,1,2

1,1,1,2
1112
1,1,1,2

1,1,1,2

Figure 7.5 1.1,1,2
Similarly 1121, 1211, 2111 all give six occurrences with 1 1.1 ..
Hence we get ,P, = 24 permutations with 1's different but four permutations

only 1112, 1121, 1211, 2111 with 1's same. In fact each of them gives 3! = 6
arrangements considering 1, 1,, 1.

Hence we get 24 = 4 X 6 arrangements.

. P .
In fact number of arrangements is 4 = % = %‘- . Thus we have following theorem.

Theorem 3 : If p, objects are alike, p, objects are alike different from
earlier ones,..., Px objects are alike different from earlier ones and
n = p; + p; +...+ p; then the number of arrangements of »n things is

n!
plp! gl !

Proof : Consider objects as a;, a,,..., .5 by, byyess bp2;... 1y Wyeeey My, All n
objects are now different and they can be arranged in »! ways.

But mutually alike objects can be arranged in p,!, p,!, ..., p; ! ways considering
them different.

“» (Total number of distinct arrangements) X p(! X p,! X... X p, 1 = n!

_ n!
.~ Total number of distinct arrangements = B Byl

Thus in the above examples answers are %;- =12 and ;—; =4,
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Example 19 : In how many ways can the letters of the word PERMUTATIONS be
permuted ? Also find,
(i) How many start with P and end in § ?
(i) In how many of them vowels are together ?
Solution : There are 12 letters containing 2 T's.

t
Hence the number of permutations is ]2%

(i) If they start with P and end in S, remaining 10 letters contain 2 T's.
“. Required number is 22 = 1814400

{iiy There are five vowels A, E, 1, O, U (all !). Consider them as one group.
Hence, we have 8 words (7 + 1 group) with 2 T's. 5 vowels can be arranged
in 5! ways.

.~ The required number of permutations is g—: X 5! = 2419200

Example 20 : How many permutations can be made using letters of the word
MATHEMATICS ? In how many of them vowels occur together ?

Solution : There are 11 letters containing 2 M's, 2 T's, 2 A's.

. Number of arrangements is #1:21 = 4989600

A, E, I are vowels occurring. (A twice)

Consonants remaining are M, T, C, S, H (M twice, T twice)

Considering seven consonants and group AEAI as one letter the number of
permutations is % and vowels A, E, A, I can be arranged in ;—E ways.

8! !
. The total number of arrangements = Zy,7 X %

= 10080 X 12 = 120960

Example 21 : In how many ways can seven digit numbers greater than 10,00,000 be
formed using digits 1,2, 0,2, 4,2,4?
Solution : There are seven digits, three 2's and two 4's.
First digit has to be 1, 2 or 4 according to condition,
!
. The numbers beginning with 2 are % (One of the 2% is fixed)

s+ The number is % = 180

The numbers beginning with 4 are g—: =220 = 179

6
!
The numbers beginning with 1 are % =60
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.+ The total number of seven digit numbers is 360 and obviously each of these
seven digit numbers is greater than 100000.

. .. 71 so40 _
[or consider seven digit numbers o7 = S5— = 420
!

The numbers with O leading are % = % =60

2. Required number is 420 — 60 = 360]
Example 22 : Find the number of ‘words’ that can be formed using all the letters of

the word ALLAHABAD.

(i) In how many of them vowels are in even positions ?

(i) In how many of them 2 L's do not occur together ?

Solution : There are 9 letters and 4 A's and 2 L's in the word.

1
»+ The number of permutations is ﬁ = 7560
!

(i) Fourvowels,all A, can occur in even positions 2, 4, 6, 8 in only one way. (% = 1)

Remaining 5 letters with 2L's can be permuted in g—: = 60 ways

Hence the total number of permutations is 60.
(ii) Suppose two L's are combined to form a group. Now we have 8 letters
with 4 A's.
» The number of arrangements in which both L occur together = %!! = 1680
.~ The number of arrangements in which L's do not occur together =
total number of arrangements — the number of arrangements in which L's
occur together = 7560 — 1680 = 5880

Example 23 : If all the letters of the word AGAIN are permuted, what is the fiftieth
word in the dictionary order ?

Solution : A dictionary starts with A. Words which begin with A,
|A| | | | l are 4! = 24 in number. (G A, I, N used).

Next numbers beginning with G are %E = 12 in number (two A's)

Similarly, numbers beginning with 1 are %i = 12 in number.

After these 48 words, words will begin with NAA and have GI and IG to
follow. Hence 50th word is NAAIG.

|"" Note |What is the last word ? Write without calculating !

EXERCISE 7.3

1. In arrangements of all letters of the word BOOK, what is the rank of the word
BOOK ?



10.

11.

12.

13.

14.
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Arranging all letters of AGAIN in the dictionary order, what is the last word ?
What is its rank ?

There are 7 mercury lamps in a hall. Each one of them can be switched on or
off independently. In how many ways will the hall be lit ?

Determine the number of positive integers less than 10000 with all digits distinct.
Find the sum of all the 4 digit numbers formed using digits of 2468 only once.
How many permutations of all letters of the word TRIANGLE contain T and E in
the end positions in any order ?

How many arrangements of all the letters of word ARROW do not contain two
R's together ?

Find the number of permutations of letters of the word EXERCISES in which
vowels are together.

How many numbers between 10,000 and 20,000 can be made using all digits of
12234 ? How many of them are less than 11,000 ?

Read the given sentence : LOOK AND GO'.

How many such sentences with 3 words on the same pattem and using the same
letters (first 4 letter word, 3 letter word, 2 letter word) can be formed ? Meaning
not attached.

How many permutations of all the letters of the word REKHA begin with R ?
What is the rank of the word REKHA in dictionary order arrangement ?

In how many ways can the product 22 33 5 be written in a product form like
242+3+3+5+5+5+3+5 7
How many permutations of all the letters of the word INDEPENDENCE are
there ?
m is the number of arrangements of x things taking all at a time. » is the number
of arrangements of x — 2 things taking 4 at a time. p is the number of arrangements
of x — 6 things taking all at a time and if m = 30np, then find x.

*

Circular Permutation :

Let 4 people o, b, ¢, d be arranged around a round dining table. In how many

ways is this possible ?

a a da a a a
¢ < b b d d

Figure 7.6
abed, adchb, adbe, achd, acdb, abdc are six possible arrangements. We would

expect 41 = 24 as answer. But % = 6 is the number of arrangements, as abed, beda,

cdab, dabc have relatively in the same position on a circle.
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Definition : The number of ways of arranging n different objects on a
circle is called the number of circular permutation of n objects.

Theorem 4 : The number of circular permutations of n different things is (» — 1)!
Proof : Let the objects be called a|, a,, a,,..., a, In a linear order their
permutations amount to P, = »!
But on a circle a;, a,,..., a, @, a3,..., @, a3 43, gy, G, Ay, Gy
Qs Ay Gyyeny @y _ 1 (#in number) give n identical permutations on a circle. Hence the

! 1!
number of circular permutations is Bl .ol (n — 1)!
n n '

Example 24 : In how many ways can seven members of a managing committee take
their positions on a round table ? If the chairman sits on a particular reserved
chair, how many arrangements are possible ?

Solution : In circular permutation, 7 persons can be seated in (7 — 1)! = 6! = 720
ways.
According to the condition given six persons can be seated in 6! = 720 ways. (lin¢ar)

Chairman has a fixed position.

»»  Number of arrangements with chairman in a fixed chair is 720.

7.3 Combination
How many subsets with two elements from A = {g, 8, ¢, 4} are there ? 6, namely

{a, &}, {a c}, {a d}, {b ¢}, {b, d} and {c, d}. Here {a, &} = {b, a} and order of

elements in a set is not important. We say that number of selections of 2 elements

from set A with 4 e¢lements is denoted by [%] or 4C, or 4C2 or C(4, 2) is 6.

How many ordered pairs will be there with distinct clements ? (a, b), (b, «),

(a c), (a 4a), (¢, a), (d a), (b, ¢), (c, B), (b, d), (d D), (¢, d), (d ¢) ie. 12 in all.
Each subset of two elements will give 2! = 2 ordered pairs and hence there will

(g] X 21 = 12 ordered pairs. But this is the same as arranging 4 elements of set A

taking 2 at a time i.e. JP,

o Py={3) x 2

Similarly from digits 2, 4, 6, 8, we can select three digits in [%] = 4 ways.
Now, how many numbers of three digits ¢an be formed using 2, 4, 6, 8 ?
Each triplet 2, 4, 6 will give 6 numbers as follows :

246
264
462
426

642
Figure 7.7 624

2,4, 6
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Thus there will be () X 6 = 4 X 6 = 24 three digit numbers that can be formed
using 2, 4, 6, 8. But this is also the number of arrangements of 4 digits in 3 places.

o P=1{3) %6
or (§) = & 6 = 3Y)

Definition : The number of ways of selecting r things out of n different

things is called r combination number of » things and is denoted by (r;) or
2C, or "C_ or C(n, r).

TheorcmS:[fJ=”—P’ 0<r<n
Proof : Let » different objects be given and » objects be selected. This gives (?]
selections. Arrange these » objects in » places linearly. This is possible in P, = »! ways.

Thus, each of (‘?] selections gives r! arrangements. Hence total number of arrangements

is (?] rl. But this is the number of arrangements of » distinct objects in » places and

it is P,
. nPr - [?) X r!
L)

Definition : [3} =1

We define (3] = 1. We justify. Selection of zero objects is same as rejecting
all objects. This is possible in one way only.

Formulae For (’:) :

n P
(7) = = 0<r<n
_ n(n----I)(n~-i?...(n~r+l) B i
n!

But also (§] = 1 = 525y

(?]=ﬁm 0<r<n
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Theorem 6 : (’;] = (nﬁr) 0Sr<n
!
Proof : [?) = ﬁ
n!
= (n-nr)'r!
n!
S (m=-n)ln-(n-r)
- [nfrj
Theorem 7 : (?] 5 (,.r_ll) = (n:-l)
n n oy _ n! n!
Proof : [r) + (r—l] =Ta-rm t r=DIn-¢ -0
n! n!
=Tn-nl T T-Dllr-r+ 11
n! n!

=TrDm_nl T E-Dlr-r+D)(n-r)!

1
= oot [r + 7=

n! n—r+1+r
= {r-Dtn-r) (r_(n—r+ﬁ)
_ nl{n+1)

S r(r=Dln-r+1(n-r)!

_ (nt D!

T rlim-r+1n

_ (n + 1)
r
Alternative Proofs :
Proof for Theorem 6 : If we select » things out of » things, we reject remaining
(» — r) things.

The number of selections is same as the number of rejections.

[’.3) = (nfr]

For example from A = {1, 2, 3, 4, 5}, 2 elements subsets are selected.

Select Reject Select Reject
£1,2}) {3, 4, 5} {2, 4} {1, 3, 5}
{1, 3} {2, 4, 5} {2, 5} {1, 3, 4}
{1, 4} {2, 3, 5} {3,4} {1, 2, 5}
{1, 5} {2, 3, 4} {3, 5} {1, 2, 4}
{2, 3) {1, 4, 5} {4, 5} {1, 2, 3}
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.+ Every two element subset corresponds to unique three element subset and
vice-versa.

5 5
3)=(3) =10
Proof for Theorem 7 : Let A = {x, Xy, X3,... X, 1 1)

Number of r element subsets of A is (n : 1)‘

x; may or may not be a member of these subsets.

If x, is a member of » element subset, remaining (+ — 1) elements can be chosen
from remaining »# elements in {rf 1] ways.

If x; is not a member of r element subset, all the » elements should be selected

from remaining » elements in (?] ways,
o ()= (m)

(1) (?) increases as r increases and is maximum if r = % for n even

and r = ”T“ and "2“ for 7 odd.

Then (?} decreases with the same values in the same order because (f) = ( n n ,.).

(3] (?] =k, k€ N U {0} has at most two solutions :

For example (:!) = 6 has only one solution r = 2.

(i’] = 5 has no solution.

r

(4] = 4 has two solutions # = 1, 3.

Example 25 : Prove (2'?.”] is maximum for r = n.

: @2n)! (2n)!
Solution : (rzf > (e (r+1)!(2: - = Ten-n!

@2n-r (r+1)!
(2n—r-1! > F!

e2Zn—r>r+1

(i)r(n—%

S r<n—1



194 MATHEMATICS

Thus, len) < (22n) <..< (nz—nl] < 2nn] and (%,"] is largest.
[an]) = (nz—nl) > (n2+n2] = [nz—nZJ'"
Example 26 : Solve for n : [2] = [1'13) Then find ('23]
Solution : We know [’:) = (nr_l r]
Here let r =5 n—r=13

Son—5=13
S on=18
[S) _ (128) _ 1s>2<17 — 153

Example 27 : Solve : (23:3) = 11(;) and find [3]
Solution :
2n(2n—1)(2n—-2) lln(n—l)(u 2) ((n)_nm-hn-2.mn-r+i))
3! L = r! )
S 42— 1D =11 — 2)
S 8n—4=1ln—-22
S 3n=18
Son=6

Also, (3] = (g) =83 =15

Example 28 : Tt (," 1} = 36, () = 84, (,",) = 126, find n and r.

o

Solution : We have (,.31) = (,._1)!(';!_,._,_1)! =36 )
(%) = ,.,(u"—l,,). = 84 (i)
[r’ll) = (r-i—l)!(rri!—r—l)! = 126 (i)
Dividing (ii) by (i) and (iii) by (i),

r!(nni — (r—l)!(:!—r+l)! _ % (iv)
and (r+l)'(r:—r Tl ”(nn?r)! oy )

. ) ) r-Din-r+m-nt _ g4
s (iv) gives 77— Dl =)l = %
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n-r+1 _ 17
r 3
S 3n—=3r+3=7r
(v) reduces to F:;;‘ =% or2n—2r=3r+3
o.o 5?’—2?3 =_3 (Vii)

Solving (vi) and (vii) we get n =9, =3
Example 29 : Solve (1) () =28 @) (17} = (,}%2)
Solution : (g] = 28

r = 4 gives maximum valie [481] w 70

-1

- - -se

- {3)-(6) =557 -8

Since there are at most two solutions of (§) =28, r=2o0r6

@ (7)=(%2)
r#r+2
Hete n=12,r+2=n—r=12 —vr
2r=10
r=35

(7)

Example 30 : Solve (23n) + (g) =12

Verification : [152 )

Solution : a7 #n—1)
22n-1)+2 _ |,
3
S 2n—1=9

S om=35
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Example 31 : Find » and 7. (?:” :

M :(721) =4

" . n+l my _ 11
Solution : (r+]] : [r] = an

. (n+1)! rn-n _ d n! -Dn-nt ¢
T tnm-n! T a6 WS- T (n-1 " 3
.o BTl 1 2 _

vn r+1 —? and r =2

o Gm+6=1lr+1land n=2r
S 12r+6=112+11
S r=5and n=2r=10

Example 32 : Prove that the product of »n consecutive integers is divisible by nl.
Solution : Let the n consecutive intergers be r + 1, r + 2., r +n
Product p = (»r + 1)(» + 2)...(» + »)

1:2:3..r
(n+r  (nt+n! ntry ...
=7 = Xnl=|, |nlis divisible by nl.
z 2ny _ 2*[1-3-5-7..02n—1)]
Example 33 : Prove ( n) = ol
2n)!
Solution (ZHn) = 51;2!

1:2:3+4:5-6+7-8..{2n)
ntn!

_[1-3-5-7..2n-1][2-4-6-8...2n]
- #in!

_[+3-5.-7.2n—1D]12"[1-2+3-4...1]
B nln!

_2"[1-3-5-7..2n—1)]
n!

Example 34 : If P, = P, , and (?;) = (,'_ll], find n, r.

’ n! n! n! n!
Solution : (n—r) ~ (m—r—11 and rin—-r)! = (r—Dn-r+1)!

1 —r+1)!
L= = (-7 — D and AT = ot
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SN =W —r—1=m—r—1 and r=n-r+1
Son=r=landr=nr-—-r+1
Sor=m@—n+1=1+1=2andn=r+1=3

Example 35 : Prove (%) +2(," 1) + (") = (" 77

Solution : L.H.S.= [f} + [r}—zl] + (rfl] + (erJ

Example 36 : If [ le, (n;l)’ [n—lj are in AP, find n.

Solution : | ;l] +[ glj =

N CURCINCONE

(n+Dn(n-1)(n-2)n-3)n-4) _ 4n-1}n-2)n-3¥n-4Xn->5)

720 120
Somrtn=24n—5)
L=+ 120=0

n=15 or 8

EXERCISE 7.4

LoFnd:(8) @B o)
2. 1 (§) = (B}, find n.

(r23) = () @ (5] = ()
4. Tf P, = 1680 and (7) = 70 find » and r

5. If[n 1) .(?):("Il]=6:9: 13, find » and ».

3. Solve (1)

197

(in A.P)
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6. Prove [r;] X (;} = (;J X (ﬁ:g]
7. w(g)+(¢)+ (%) + () + (%) ="?), fina

8. Prove n[?:%] =(m—rt+1 (rr—ll)

*

Practical Problems on Permutations and Combinations

Example 37 : 7 points are given in a plane, no three of which are collinear. How many
line segments can be drawn using them ?
Solution : Any two points will determine a segment and AB = BA. So order of
selection is immaterial. Hence [3] = 7—26 = 21 line segments can be drawn using
them.

Example 38 : 8 points of which 3 are collinear lie in a plane. How many triangles can
be formed by them ? How many lines will pass through any two distinct points
from them ? How many line segments are formed ?

A B C

= 5~ > !

Solution : 8 non-collinear points can determine
(g) triangles like AADE. We are considering (g) =1

L ] L ]
triangle formed by A, B and C. But A, B, C are D EF (._‘, H
collinear. Figure 7.8
Number of triangles is (%) -1= s'g'ﬁ -1=55

Two points determine a line. Hence [%] = 28 lines should be formed.

> —>
But fﬁ, BC and CA are not three lines but it is one line only as A, B, C are
collinear.

. . > £ <«
Hence from 28 lines considered, we should remove three lines AB, BC and CA
counted as three lines and add one line / containing A, B, C.

S 28 —3 + 1 (line ) = 26 lines are formed,
All (g) = 8—; = 28 line segments are different. AB # BC eto.

.~ 28 line segments are formed.

Example 39 : In how many ways can a committee consisting of 3 boys and 2 girls to
celebrate Swarnim Gujarat be selected from 5 boys and 4 girls ? In how many of
them a certain boy Kiran will always be selected ? In how many of them a
certain girl Reshma will be selected ?
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Solution : Selection of 3 boys out of 5 boys and 2 girls out of 4, according to
the fundamental principle of counting, will take place in [g] X (‘2‘) ways.

Now, [g) (4) _5:4:3 4.3

2 3 2r
=10X 6 =60
. We can select the committee in 60 ways. (i)

To select Kiran we have to select 2 boys out of 4 boys and 2 girls also out of 4 girls.

.~ Number of selections = [g) X (‘21'] = % X 42;,3 =6X6=236 (ii)

36 committees will have Kiran as a member.

To select Reshma, we have to select 3 boys out of 5 boys and 1 girl out of
3 girls.

. S b 3

<+ Number of selections = (3] X (1)

=10X 3 =30 (iii)
30 committees will have Reshma as a member.

Example 40 : 3 cards are chosen from a pack of 52 cards. (1) In how many ways
can this be done 7 (2) In how many ways can you select three cards so that all
of them are face cards ? (3) In how many of the selections, all cards are of the
same colour ? (4) In how many of them all cards are of the same suit ?
Solution : (1) We can select three cards in (532 ) = 52'53#

_ 52+51-50
6
=22100

.. Three cards can be selected in 22100 ways.

(2) There are 12 face cards. Hence we can have (132 ] selections.
12y _ 12-11-10
( 3 ] EL
.~ Three face cards can be selected in 220 ways,
(3} There are 26 cards of red colcur (heart and diamond) and 26 cards of black
colour (club and spade).

(23?) + (236 ) is number of ways to select three cards of black or red colour.

=220

(%) = 28-2-24 — 2600

.~ There 5200 ways to select cards of the same colour.
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{4) There are four suits. One suit can be chosen from them in (41‘] ways and 3

cards from the selected suit in (]33 ] ways.
. . _ (13 4y _ 13-12-11 —
».  Numbers of selections = [3] X (1) e X4=1144
Example 41 : A reception committee consisting of 6 students for the annual function of
a school ig to be formed from 8 boys and 5 girls. In how many ways can we do it
if the committee is to contain (1) exactly 4 girls (2) at most 2 girls (3) at least 3 girls ?
Solution : (1) Selection of 6 students will involve 4 girls oot of 5 girls and
2 boys out of 8 boys.
)

. Numbers of selections = X [

e S e

5
a
1

— ™

o o I ]

R

x|

th

+8-
(2) At most 2 girls means 2 or less number of girls. Following alternatives are

possible.

-]

Boys Girls
4 2
5 1
6 0
2+ The number of selections = (48;) X (3) + [g] e (%) + [g) X (8)
:8-72465x5;4+8°26xs+8;27x1

f8 r8 ;8\ _-8\
[(5) = (3) ana (6) = (2]
=700 + 280 + 28 = 1008
(3) At least 3 girls means 3 or more girls :

Boys Girls
3 3
2 4
| 5
.. The number of selections = g] X [g] + [% X 3) + (%] X (g]
S INAL RV RILE B 15

560 + 140 + 8 = 708

Example 42 : Three couples go to see a movie. In how many ways can they occupy a seat if
spouses occupy adjacent seats ? In how many ways can ladies be seated together ?



PERMUTATIONS AND COMBINATIONS 201

Solution : Couples C,, C,, C; can be arranged 3! = 6 ¢, € G
ways. In an arrangement of a couple husband and wife can be I:I I:I I:I
arranged in 2! X 2! X 2! = § ways.

.+ There are 48 ways to make the required arrangement. (i)

Arrange three men and one group of ladies together
i.e. four units in P, = 4! = 24 ways.

In each arrangement ladies can be permuted in 3! = 6 ways.

. Total number of arrangements is 24 X 6 = 144 (i)

EXERCISE 7.5

1. How many triangles can be formed from nine points in plane, four of which are
collinear ? How many lines can be formed using them ?

2. In how many ways can a committee consisting of 4 male and 4 female members
be formed from 8 male and 6 female members of a city club ? How many committees
of eight members can be formed with (1) at least 3 female members (2) exactly
2 female members (3) at most 2 female members.

3. Four cards are selected from a pack of 52 cards. (1) In how many ways can
they be selected so that they are all from different suits ? (2) In how many ways
can they be selected so that they are face cards ? (3) In how many ways can
they be selected so that they are all of the same colour ?

4. There are two white, three red and four green marbles. Three marbles are drawn.
In how many ways can this be done so that at least one red marble is selected 7

5. 15 students are divided into three groups with equal number. In how many ways
can this be done ?

6. In an award function 12 celebrities occupy place around two round tables with
accommodation for 8 and 4 persons. In how many ways can this take place ?

7. In how many ways can z persons be arranged in a queue so that certain 2 persons

are not adjacent to each other ?

What is the number of diagonals of a convex polygon with n sides ?

A convex polygon has 44 diagonals. How many sides does it have ?

10. In a convex polygon of » sides, how many triangles are formed joining vertices ?
How many of them will have one side in common with the polygon ? How many
of them will have two sides in commeoen with the polygon ? How many of them
will have no side in common with the polygon ?

e

© 9

Miscellaneous Problems

Example 43 : Assuming that the highest power of a prime p occuring in »! is

n
[%} + {?} + ... find the highest power of 5 occuring in 25!

Solution : The highest power of 5 in 25! is [%] + [%] =5+1=6
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Example 44 : How many zeroes will occur at the end of 52! ?
Solution : The highest power of 5 in 52! is [2] + [Z] =10 +2=12
The highest power of 2 in 52! = [2] + [] + [$2] + [2] + [&
=26+13+6+3+1=49

. The highest power of 10 in 521 = 12

<» 52! has 12 zerces at the end.

Example 45 : If a set A has 3 elements and B has 5 elements how many functions

f: A — B are there ? How many of them will have range as B ?

Solution : Let A = {x, x5, %3}, B = {¥}, ¥5, ¥3, ¥4 ¥s}

For a function f: A — B ordered pairs (x;, y;) are to be formed with no x;
from A repeating in a pair and all x; have to be used once.

Thus f = {(x, ¥,), (x5, ¥,), (x5, 3,)} is a typical function f: A — B. Thus
selection of 3's can be done in 5 X 5 X 5 = 125 ways.

Hence number of functions £ : A — B is 125. Each function will have range
consisting of at most three elements. Hence no function will have range as B.
Example 46 : How many 5 card combinations of 52 cards are there containing at least

one ace ?

Solution : We can seclect,
Ace (4) Other cards (48)

da W R —
— Rt

.~ Number of selections is (%] X (4&8) + (‘2‘] X (438) + (%J X (‘;8) + [ﬁ) X (418)
= 8,86,656
Example 47 : If m vertical bars meet » horizontal bars, how many rectangles will

be formed ?
Solution : A rectangle is formed when

two horizontal and two vertical lines are

selected.

(%)% (3)
_ m(m-1) 5 nn-1) _ ma(m-1)(n-1)
2! 2! 4

~+  Number of rectangles formed
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Example 48 : In a plane, we have 25 lines out of which 15 are concurrent in A and
5 are concurrent in B. No two lines are parallel and out of other lines, no three
of them are concurrent. Find the number of the points of intersection.

Solution : 25 lines can intersect in (225) points. But instead of [125 ) points of

intersection, we get only one point A and instead of (g] points of intersection we get

only one point B.

-

. Number of points of intersection = (225J - [125 ] - (g] + 2 (A and B)
=300 - 105 — 10 + 2= 187

Example 49 : A student taking an examination has to answer 20 questions from
sections A and B containing 12 questions each. It is necessary to answer at least
8 questions from cach section. In how many ways can he take the examination ?

Solution : Several options are available.

Questions from section A Questions from section B
3 12
9 11
10 10
11 9
12 8
(Out of 12) {Out of 12)

. Number of ways to take examination is
(8)3) + (3)GE) + G8)(18) + (1)) + (1B)('¢)
24) +2(5)(F)+ (2)(2) () = (a™s))

_ 2412+11+10+9
- 24 + 6

2012011410 o (o4 (@]2

090 + 5280 + 4356 = 10626

Example 50 : How many triangles can be formed by 12 points 7 of which lie on one
line and 5 on another parallel line ?

Solution : Obviously number of triangles is

3)3)+G)(0)
21X5+10% 7
105 + 70 =175
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EXERCISE 7

A group of socially active friends has 8 boys and 5 girls as members. In how many
ways can a task be assigned to a team of 5 members containing

(1) at least one boy and at least one girl. (2) no boy

(3) at least three girls {4) at most two boys

Find the numbers of integers greater than 7000 obtained by using 2, 5, 6, 8, 9, no
digit being repeated.

A convex polygon has 54 diagonals. Find the number of vertices.

Out of 8 teachers T,, T,, T,..., Ty, five are to be selected for training. T, is the
junior most and he has to go for training. Ty is retiring next year and does not
require any training. In how many ways should the squad be selected ? If only
one teacher goes for training every week in how many ways can their order be
arranged ? The training is to last for five weeks.

Find the number of selections of » things out of » distinct things such that none of
particular things are selected at a time.

Out of five vowels a, e, i, o, u words with four letters are to be formed. Find
number of words in which any one vowel is repeated at least three times.

In a test of multiple choice questions, there are four choices for each question and
there are 5 such questions. In how many ways can a student fail to get complete
correct solution ?

There are two parallel lines /; and Z, in plane.

{, contains m different points A, A,,..., A .

I, contains » different points By, B,,..., B,

How many triangles are possible with these vertices ?

Select proper option (a), (b), (¢} or (d) from given options and write in the box
given on the right so that the statement becomes correct :

n If (?) = (r:ZJ’ then » = ...... (n is even) ]
@ n ®)n—1 © 0 @ 5=

@ 1t (§) = ({3), then n = ..... -
{a) 20 (b) 10 {c) 15 {(d) not possible

@ 1f (}) = 2L, then &k = ..... -
(a) By (n — ! (c}(n — M r dEF-1)

@ 1 (7) = B then k = ... ]
{a) » b) (n — ! cyr—nr (d) [»(r — D]
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(5) The number of possible outcomes when a coin is tossed 8 times is ...... £
(a) 32 (b) 64 (c) 128 (d) 256

(6) The sum of digits of unit place of all four digit numbers formed using
3, 4, 5, 6 without repetition is ...... e
(2) 24 {b) 108 (c) 72 (d) 96

(7) A four digit number is formed using 0, 1, 2, 3, 4. It is divisible by 20. The
number of such numbers is.... v
(2) 12 (b) 6 (c) 24 (d) 96

(8) In a getto-gether function, everybody handshakes with everybody else.
The total number of handshakes is 105. The number of persons in the

hall is .... ]
(a) 12 {b) 11 (c) 15 (d) 14

(9) The total number of 9 digit numbers with all the digits different is.... [_]
(a) 9 (b) 10! (c) 10! — 8! (d) 9(9Y)

(10) If there are eight points in a plane out of which three are collinear. The
number of lines formed by them is..... [ ]
(a) 28 {b) 26 (c) 56 (d) 55

(11) If there are 12 points in a plane out of which 6 each lie on two parallel lines,
the number of triangles formed by them is .....

(2) 120 (b) 180 () 60 () 40

(1) If [1?.0) is maximum, » = ...... ]
(@) 100 (b) 0 (©) 50 (@) 51

(13) The number of rectangles formed when 10 horizontal bars intersect
8 vertical bars is ...... =
(a) 1880 (b) 800 () 80 (d) 1260

(14) The number of ways in which seven + signs and four — signs can be arranged
so that — signs do not occupy adjacent places is ...... ]
@ P, ®) (3) © (§) (d) None of these

(15) 7 persons can sit around a round dining table for dinner in ..., ways. [ |
(2) 720 (b) 80 (c) 60 (d) 5040

44 44

6 If (%) = (,%%), then » = ..... =
(2) 33 (b) 11 (©) 22 () 44

(17) The number of diagonals of a decagen is ...... -

(a) 35 (b) 45 (c) 55 (d) 30
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s i B A o

asy 1f (20) = (,20,), then {3) = .....

@ 11 ®9 (c) 45
an 1t (7) + (") = (”:1], then x = .....

@n—r ®r+1 ) n
20) If [“2;‘1 = ["2; “], then a = .....

(a) 3 ®) 9 () 12
an () +(2) + (3) + () + (¥) - .

@ (%) ® (%) © (¢
@2 1f (77) is maximum, 7 = ......

(@) 35 (b) 38.5 (c) 39
@) (i6) - (¥)-

@ > b) < © =
24) (7} increases as r increases from 0 to ...... .

(@) n byn—1 © %
et (1§ =) k= .. > 10

(@) n (b) 8 (©) 0

Summary

Fundamental principal of counting

Linear permutation and formulae
Permutation with repetitions

Permutation with identical objects

Circular permutation

Combination and its formulae and theorems

Practical problems related to permutation and combination.

— . —
"o

{d) 36
dnr-—-r+1
(6

@ ()

(d) 40

() =

@ [2]

(dyrn+1

[]

[]



Chapter

| LINEAR INEQUALITIES l

8.1 Imtroduction

We have solved linear equations in one variable and simultaneous linear equations
in two variables in lower standards. We have also transformed some statement problems
in such equations and solved them. In practical situation, it is not always possible to

translate a problem into an equation. They may involve <, >, < or 2 signs of inequality.
For example, temperature in the month of May this year in Ahmedabad had ranged
between 28° C to 44° C. If x is the temperature recorded on a particular day
28 <x <44 ie 28 <x and x < 44.

The salary of govermment employees had a rise between ¥ 800 to T 30,000. So if
x is the rise in the salary, 800 < x < 30000. Rucha can solve atleast 20 problems in an
hour. So if x is the number of problems solved by Rucha in an hour, x 2 20. Dev
can buy at most 10 pencils from his pocket money. So if x is the number of pencils
Dev can buy, x £ 10. These mathematical expressions like x £ 10 or x 2 20 or
28 < x < 44 are called linear inequalities in one variable. 20x + 31y < 500 is an
example of a linear inequality in two variables.

Inequalities are useful in mathematics, science, optimisation problems in statistics etc.
8.2 Imequalities

How do inequalities arise in day-to-day practice ? Whenever we compare two
quantities, they are more likely to be unequal than equal. If x is the number of minutes
required by you to answer annual question paper completely, 0 < x < 180. Mumbai is
500 km from Ahmedabad. If Vadodara is at a distance of x km from Ahmedabad,
then x < 500 and if y is the distance of Pune from Ahmedabad, y > 500.

Consider following problems.

(1) Devi goes to buy some full-scape books with ¥ 500 in her purse. If
one dozen such note-books can be purchased at the rate of ¥ 60 per dozen and
x is the number (in dozen) of note-books she buys, then 60x £ 500. If y is the number

of note-books purchased, 5y < 500. (Cost of one note-book = £3 = 5)
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(2) Dev goes to a shopping mall to buy some shirts and pants. Each shirt costs
T 200 and a pant costs ¥ 500. He buys x shirts and y pants, He has ¥ 5000
with him. Then 200x + 500y is the amount he has to pay. So 200x + 500y < 5000.

In the above two problems x and y are non-negative integers. But consider following
situation.

(3) We wish to collect the data of solutions of linear equations ax + b =0 lying
in the interval [3, 5], @ b € R. This will be the set of all real numbers x satisfying
3JLxL5

We know for any two real numbers a, by a < b or a = b or a > b (Law of
Trichotomy). If a = b, we say a, b are equal. If a # b, then a < b or @ > b and
both @ < b and @ > b are called strict inequalities. Sometimes we come across
inequalities like 4 < & or a 2 b (as seen above).

a < b means a < b or a = b. (read : a less than or equal to b)

a2 b means a > b or a = b. (read : a greater than or equal to b)

These are called slack inequalities.

We remember following postulates for inequalities. For a, b, ¢ € R.

(1) a>0and > 0, thena+ 4> 0 and ab > 0.

2y a<0&=S —a>0

We will also use following properties :

() a>b&a—5>0

2) a>bandb>c=>a>c¢ (Can you prove ?)} (Transitivity)

B a>b=a+c>b+c¢

4 a>bd,¢c>0= ac > bc and

a>b c¢c<0=ac < bc

3 a>b,e>d=>a+c>b+d (Prove!)

We will have following type of linear inequalities in one variable,

Dax+b<e Qax+bdb>c Bax+b<c @ax+b2c

or you may restructure them as

MDax+db<0 Qax+d>0 Bax+dS0 Dax+b20

(consider & — ¢ as b)
8.3 Solution Set of a Linear Inequalitity in One Variable

Consider the inequalitity in problem (1) in 8.2, 60x < 500

If x =2, 120 < 500 is a true statement.

For x = 5, 300 < 500 is also a true statement.
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But if x = 10, we get 600 £ 500 which is a false statement.

The values of variable x which give a true statement from an inequality after
substitution are called solutions of the inmequality. All such solutions constitute
the solution set of the inequality.

Definition : The set of values of the variable which give a true statement
from an inequality after substituting the value is called the solution set of the
inequality.

Example 1 : Solve : 20t + 9 <300 for(1)x € N(2)x € Z(3)x € R.

Solution : 20x + 9 < 300 = 20x < 291

e x< Bl =1455
(1) If x is a natural number x = 1, 2, 3, 4,...,14.
The solution set is {1, 2, 3, 4,..,14} = {x | x € N, x £ 14}

(2) If xe Z we can have x =0, —1, —2.... etc.

.. The solution set is {..., =3, =2,—1,0,1,2,., 14} ={x|x € Z, x < 14}

(3) In R, the solution set is {x | x < 14.55, x € R}

Example 2 : Solve : 2x —3 > Swhere (1) x € N (2)x € R.

Solufion : 2x —3>5 & 2x> 8§

Sx>4

(1) The solution set is {5, 6, 7, 8,..} = {x | x 2 5, x € N}

(2) The solution setin Ris (4, ) ={x |x € R, x > 4}
Example 3 : Solve : 5x < 7, where (1) x € N (2)x € R

Solution : 5x < 7 & x < %= 14
(1) The solution set in N is {1}.
(2) The solution set in R is {x |x€e R,x< %}

- (=)
Example 4 : Solve : —2x 2 10, (Dx€ N (2)x€ Z (3)x€ R
Solution : —2x 2 10 & x £ —5 (see that we divide by —2 which is —ve)
(1) If x € N, the solution set is §
(2) Tf x € Z, the solution set is {..., —8, —7, —6, —5}
(3) If x € R, the solution set is (—oo, —5]
Example 5 : Solve : 2x— 1)+ 1 >3 - (-1 —2x),x € R
Solution : 2x = DN+ 1>3 =(=l =) ©2x=2+1>3 + 1+ 2x
S 2x—2x>5
& 0>5



210 MATHEMATICS

This is always false.
.. The solution set is ¢.

If > is replaced by < in the above problem, we get 0 < 5 which is true
for all real x. Hence the solution set would be R.

Example 6 : Solve : 32x - 1)+ 5 < %(x +15), x € R

Solution : 32x — N+ 5 S x +15) ©6Qx— D+ 10Sx+ 15
S12x—6+10<x+ 15
S1x<15+6—10=11

S x<
The solution set is (—oo, 1].
Example 7 : Solve : 3—52x <%+
Solution : We have 3-2% < % +2 & 3—52x —% <2
o B-20)-s5x
15
& 9—6x—5x<30 (15 > 0)
& 9-11x<30
& =1lx <21
o x>F (=11 < 0)

Hence the solution set is (_—11, 00)

1
2x+3
Example 8 : Solve : -3 < %

. 2x+3 . 2x+3
Solution : 5—5 <5<=>ﬁ—5<0

22x+3)—(x—72)
2(x — 2)

<0

3x +8
S 3o <0

S x+83>0and2x —4<0)or(Bx+ 8 <0 and 2x —4 > 0)

=1 (x>—%andx<2)or(x<—%andx>2)
& x € (_TB,ZJ as it is impossible that x < —% and x > 2

»+ The solution set is (_78,2].
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Example 9 : Solve : x{.‘i >l,xe R

Sulution:x—x_h3>1<=>x—J_L3—l>0

—-{(x—3
=%>0

3
o150

S x—3>0 a5 3>0
S x>»3

.. The solution set is (3, o).

EXERCISE 8.1

Find the solution set of following inequalities as required :
x+2< -8 where (1) xe€ N (2)x€ Z 3)x € R

4x 2 16, where (1) x e N (2)xe Z 3)xe R

—Sx <20, where (1) x€ N 2)x€ Z 3)x € R
—6x<18, where (1) x€ N 2)xe Z 3)xe R
5x—-17>8,x€ R 6. 2x—8<10,xEe R

3x—225xeR 8. 4x—17<-1,x€ R

156 +2,x€R 1. 21 -5< 2 —3xeR

9
1. M35 <LseR @ m2—s>035cR

2 EPEERR NN

12. (l)xT_Z‘;'%,xER @ 35 £5x€eR (3)::—;§>3,xER

13. "T“+z>5,xeR

14. 26— D+3(x—=2)<5x+1),x€ R 15.3(x— ) +2x-2)S5(x+2),x€ R

E3

8.4 Representation of Solution of Linear Inequality in One Variable on
the Number Line
Consider the solution of 5x < 20 in N, which is {1, 2, 3}. We represent it on
the number line as in figure 8.1 :

=

1 2 3

Figure 8.1
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If we consider its solution in R, (—oo, 4), it would be represented as in figure 8.2 ;

£ L.
- rd

—0 4

Figure 8.2

The solution of 2x 2 4 namely [2, o) will be represented as in figure 8.3

“
= L4

2 [= =]
Figure 8.3
In an interval, if an end point is included in the solution, we put a dark circle.
around it and show the interval by a thick line. If an end point is excluded from the
solution, we put a hollow circle 0 around it. —co and o are always just symbols and not
a part of a solution. In case of a finite solution set, all of its members are represented
with a dark circle around them.

Example 10 : Solve : 3 i 7 < 0 and represent it on the number line.

Solution:%(ﬁanda)(l:)b<0

7 <0 &x—4<0

S x<4
. The solution set is (—oo, 4).
It is shown on the number line in figurs 8.4 :

Q P
—ao 0 4
Figure 8.4

It is represented by ﬁ — {P}.

xX+3
Example 11 : Solve : > 1, x € R and represent it on the number line.

x+35
- x+3 | x+3 >0
Soutmn.—x+5> <:>x+5— >
x+3-x-35
X+5 >0
=2
S35 20
2
S Fes <0
S x+5<0

o x L =5
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.+ The solution set is (—oe, —5).
The solution is shown on number line as in figure 8.5 :

Q P

—co —=5 0
Figure 8.5

This is also represented by ﬁ — {P}.

Example 12 : Represent graphically the solution set of 3x < 18, where (1) x € N
(2)xe R

Solution : (1)3x £ 18 & x <6
&x=1,2,3.456

A

1 2 3 4 5
Figure 8.6
The above figure 8.6 represents the solution set.
(2)x<£6 S x € (—oo, 6]
Hence the solution is represented as in figure 8.7 .
- Q P
—o0 6

Figure 8.7

v

o0

v

It can be named %

Example 13 : Represent the solution set of 5x = —10 graphically.
(hxeN 2)x€ Z 3)xe R
Solution : (1) 5x 2 —10 & x 2 —2. The solution set in N is N itself.

) & & & &
< * & &

& 5

1 2 3 4 5...
Figure 8.8
Q) x2-10&Sx2-2

Hence the solution set in Z is {—2, —1,0, 1, 2,....}

"
<

L ]

® -
.

W

(3) The solution set is [-2, ¢<) in R.
P Q

_2 o]

-
]

v

Figure 8.10
ﬁ shows the solution set in figure 8.10.

Now onwards we will consider solution set in R unless mentioned otherwise.
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Example 14 : Solve and represent on the number line : 5x — 3 > 3x — 5.
Solution : 5x =3 >3 —-5& 5 —-3x>3 -5
&2 > -2
x> -l
Hence solution set is (—1, o).

Its representation is given in figure 8.11.

P
€t 2 b

_l -]

Figure 8.11

It can be named I% — {P}.

2x 5 5X—2 X5
3 7 5 2

Solution : Here the L.C.M. of denominator is 30. Multiply by 30 on both the sides.

Example 15 : Solve and show the solution on the number line :

2> 5x5‘2 - ”2‘5 & 20x 2 6(5x — 2) = 15(7x — 5)

< 20x 2 30x — 12 — 105x + 75
& 105x + 20x = 30x 2 75 — 12

&> 95x 2 63
S x 2 %
.. Hence the solution set is %, OO) and is represented in figure 8.12.
, 5o
) 0P | ~
Figure 8.12

ﬁ represents the solution set.

Example 16 : Show the solution set of following inequality on the number line :

2x—1 ax—1 _
T+5< 3 2.

Solution : 2(2x — 1) + 30 <3(3x — 1) — 12
S 4x+28<9x—15
S >4

=N x>%=8.6
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The solution set is (8.6, ¢°)
It is shown as in figure 8.13 on th¢ number line
P Q
8 869 o0
Figure 8.13

&
<

It can be named PO — {P}.

EXERCISE 8.2

Solve the following inequalities and represent the solution set on the number line
{(x € R).

1. 5x—T7T>7x—5 2. Ix+5<5+73
X X 3x 2x
3. ?+52T+T 4. T+ISST+6
x-1 2x—1 2x+3 Ix+1 3x—-1
& - > 4 >
= 3 +52 3 + 15 6 3 + 3 = =
4x+1 ox +1 _ x> 2x—1 5x—3
7. 5 > 3 2 8. 72— -+ =
X 1
9. F-5 <0 10. =720
1. 2225 12. X3 <
X X
*

Simultaneous Linear Inequalities in One Variable

Surendra must score 36 or more marks to get credit in a 100 marks examination.
So if he passes the examination and obtains x marks, then x 2 36 and x < 100.
Figures 8.14 and 8.15 represent solutions of x 2 36 and x < 100 respectively.

A B
) 36 100 g Kﬁ is the solution of x 2 36.
Figure 8.14
A B
¢ > BA is the solution of x < 100,
3 100
Figure 8.15

To get the solution of the pair of inequalities 36 < x < 100, we get AB as the
solution set of simultaneous inequalities.
A B

36 100
Figure 8.16

v

r
<



216 MATHEMATICS

Example 17 : Solve 4x 2 8 and 5x < 20 and represent the solution set on number line.
Solution : 4x 2 § & x 22

Hence the solution set is [2, o).
A B

2 4
Figure 8.17
It is represented by E in figure 8.17.
<20 x<4
Hence the solution set is (—oo, 4).
A B
2 4
Figure 8.18
It is represented by BA — {B) in figure 8.18.
Hence the solution set of the system of inequalities is [2, 4).
A B

2 4
Figure 8.19

&
<

K

-

v

—oo

- ~
< >

AB — {B} represents the solution set in figure 8.19.
Example 18 : Show the solution set on the number line : x 2 3 and —3x £ 6
Solution : —3x £ 6 > x 2 2
Thus x 2 —2 and x 2 3
s x 2 3 will satisfy both inequalities. Therefore solution set is [3, o)

A B
<€ = i
-2 3 i
Figure 8.20

The solution set is ﬁ in figure 8.20.

Example 19 : Solve : 2x > 4 and 2x < 4, x € R and represent graphically.
Solution : 2x > 4 & x> 2
< The solution set is (2, «) ()
<4 o x<2
& The solution set is (—o, 2) (ii)
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A
The solution sets of (i) and (ii) are ) 2 O o0
shown in figure 8.21 (i) and (ii) respectively. A

The intersection is @. ;oo @ .
Hence the solution set is §).

(No thick line or point. Only number line) ' A '

(iii)
Figure 8.21

{1) Had we 2x 2 4 or 2x < 4 (only one of them) the solution set would
still have been §.

(2) Had we 2x > 4 and 2x < 4 the solution set would have been {2}.
A

oL & Y
- - .

2
Figure 8.22

Example 20 : Solve : x 2 17and x £ 15, x € R

Solution : Solutions are represented by [17, <o) and (—e=, 15] in figure 8.23.
P A B Q P A B Q

5 17 oo —o0 5 1 i
Q)] (ii)
Figure 8.23

&
<

v

]ﬁ and ,ﬁ represent solutions. There is no common point.
Hence solution set is 0.

{Obviously no number can be less than or equal to 15 and greater than or equal
to 17.)

EXERCISE 8.3

Solve following system of inequalities and represent them on number line :

1. x23 x£5 x€ R
2, x>3 x<8 xe R
3. x24 <6 x€ R
4. x>14 x<6 x€ R
5. x23 x<2 x€ R
6. =2x24 Ix L6 x€ R
7. 2x2-10 2x2 4 x€e R
8. 3x—-125 x+2<-1 r€ R
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9. 2x—7<11 3x+4<-5 x€R

10. x—3 <5 Ix+5>2 x€ R
*

8.5 Linear Inequalities in Two Variables

Standard form of a linear expression in two variables is ax + by + ¢. The
equation ax + by + ¢ = 0 is called a linear equation in x and y, where a, b, ¢ € R and
a® + b2 £ 0. (@ + B* # 0 means at least one of a or b is non-zero)

Its graph in plane or R? is a straight line. All points on the line satisfy
ax + by + ¢ = 0 and conversely any peint (x, y) satisfying ax + by + ¢ = 0 is on the
straight line graph of ax + by + ¢ = 0. A solution of ax + by + ¢ = 0 is the set of ordered

pairs (x, ), where y = ——— if b # 0.

If b = 0, then a # 0. Then the solution set is {(% y)} where y € R is arbitrary,

ax+by+c<0,ax+by+cS0,ax+by+c>0,ax+ by + ¢ 2 0 are linear
inequalities corresponding to the expression ax + by + ¢. We have to study how to
solve them graphically.

For example consider the mequality x + y —2 > 0.

Taking x =1 and y =2, we get 1 + 2 — 2 > 0, a true statement.

Thus (1, 2) and similarly (2, 1), (2, 3), (3, 2), (5, 7) etc. are solutions of
x+y—=2>0.But(l, 1) is not a solution of x +y —2 >0 asitgives | + 1 —2> 0
ie. 0 > 0. Similarly (—1, —=2), (1, =5), (—4, 1) are not solutions of x + y —2 > 0.

An ordered pair (x, y) satisfying ax + by + ¢ > 0 (or ax + by + ¢ < 0 or
ax + by + ¢ S0 or ax + by + ¢ 2 0) is said to be a solution of the inequality
ax+by+c>0(orax+by+c<0orax+by+c<0orax+ by+c20)and
the set of all ordered pairs (x, y) satisfying ax + by + ¢ > 0 constitute the solution
set of the inmequality. All such points give solution region of ax + by + ¢ > 0.

Graphical Solution : A siraight line gives rise to a partition of plane in three
disjoint subsets. Y

(1) Points on the line. A

(2) All points lying on either side of 10 72) act+by+c=0
the line giving two half-planes. % )

All points on the line satisfy the equation > X
of the line. Now we will visualise that for all /
points (x', ») lying in any one half plane / |
on ¢ither side of the line &x + by + ¢ = 0,
ax' + by + ¢ has same sign. (i.e. for all
(', ¥), @' + by’ + ¢ is positive or negative.)

O

A

v

Figure 8.24
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Let b > 0 : Let (x;, ¥;) be any point on the line ax + by + ¢ = 0.
Soaxy by +e=0
Consider point (x,, y,) in half-plane 1. Obviously y, > y,.
by, > by,
ooty te>ax+Hby+e=0
a + by, +e>0
This can be verified for any point in the half-plane 1.
Conversely let ax; + by, + ¢ > 0. Let (x|, y;) be on the line.
oy thyte=0

Sooaxyt by te>axyHby e (ax; + by; + ¢ = 0)
I 7 b>0

Thus all points (x', '} in half-plane I satisfy ax' + 3" + ¢ > 0 and vice-versa.

It can be seen that all points (x, y) in half-plane II satisfy ax + by + ¢ < 0 and
vice-versa.

Therefore the line ax + by + ¢ = 0 divides R? in three parts.

(1) Points {x, y) on the line for which ax + by + ¢ = 0.

(2) Points (x, ¥) in one half-plane satisfying ax + by + ¢ > 0.

(3) Points (¥, ¥) in the other half-plane satisfying ax + by + ¢ <0.

Since for any point {x, y)} in one definite half-plane the expression ax + oy + ¢

has same sign, we may consider (0, 0) as testing point. If the line passes through
(0, 0), we may have to consider another point like (1, 0), (0, 1) etc. Similar discussion

applies if b < 0.

Y
If = 0, then g # 0. Then the A A
expression is ax + c.
- I
Ifa>0,then ax + ¢ >0 & x> =% :
e € > X
ax+c<0<=x<?c 0
Ifa<0,thenax+c>0<=>x<% .
x ==
a::u:+c<0«:::>x>_7'c v v a
=C Figure 8.25

We draw vertical line x = R

Half-plane I is on the left of line x = %‘3 where x < _?c and half-plane II is on

the right of line x = —?c where x > _76.
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A Convention :

(1) For solution of ax + by + ¢ 2 0 (or = 0} points on the lines ax + by + ¢ =0
are also included in the solution set and we draw a dark line ax + by + ¢ = 0.
{2) For solution of ax + by + ¢ >0 (or < 0) points on ax + by + ¢ = 0 are not

included in the solution set and we draw a dotted line or a broken line ax + 8y +¢ =0.

Example 21 : Solve graphically x 2 0.

Solution : x = 0 is the straight line
Y-axis. Consider (1, 0). x = 1 satisfies x 2 0.

Hence the coloured region I is the solution
set of x 2 0. It includes Y-axis. (see that the line
passes through origin. So we considered (1, 0)).
(figure 8.26)

Also we know that for all points (x, ¥) on
the right of Y-axis and on Y-axis, x 2 0.

Example 22 : Solve graphically y < 0.

Solution : The equation y = 0 represents
X-axis. Here also the line passes through
(0, 0). Let us consider (0, —1). y = —1 satisfies
y 0.

Thus the solution set is the region
below X-axis and includes X-axis. (The
coloured region in figure 8.27)

Also we know that all points (x, )
below X-axis and on X-axis have y < 0.

Example 23 : Solve graphically x > 2,

Solution : x = 2 is a vertical line.

For solution of x > 2, we draw dotted
line x = 2.

(0, 0) does not satisfy x > 2. Hence
(0, 0) is not in the solution set. Thus the
solution set is the region on the right of
x = 2 excluding points on the line x = 2,
(The coloured region in figure 8.28)

Figure 8.27
Y

E

Figure 8.28
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Y

Example 24 : Solve graphically y < 1. 4

Solution : y = | represents horizontal 2¢
line. The inequality is y < 1. Hence dotted 1 y=1

o »
3 Eof

line y =1 is drawn. (0, 0) satisfies y < 1 since
substituting ¥ = 0 in the inequality we get < 5 » X
0 < 1 which is true. Thus (0, 0) is in the =l 2
solution set. Thus sclution set is the region el

below the line y = 1 (The coloured region sl 42
in figure 8.29) J
Example 25 : Solve graphically x + y — 4 2 0. _

Figure 8.29

Solution : x + y — 4 = 0 is the line
passing through {1, 3) and (3, 1). (You can Y
choose any two points on the line to draw the
line.) (0, 0) does not satisfy x +y —4 2 0
since it gives 0 + 0 — 4 = 0 ie. =4 = 0.

Hence the solution set does not
contain {0, 0).

Thus the solution set is the region
above the line x + y — 4 = 0 and contains
points on the line also. (The coloured region
in figure 8.30)

(We select the region in which (0, 0)
does not lie.) 4
Example 26 : Solve graphically (1) x—2y—2<0 2)x—py203)3x—2y2x—y+5.

Solution : Y

(1) Consider x — 2y — 2 < 0. 1
Let us draw the line x — 2y — 2= 0. 3

Substituting x = ¢ and vy = 0 x=2y-2<0
respectively in the equation we get 2
(0, —1) and (2, 0) on the line. The
line is the dotted line as shown.
Substituting x = ¢ and y = 0 in - »
x—2y—2 <0, we get =2 < 0 which 1 0 w_',],. ---- 2 3 X
is true. Hence (0, 0) lies in the solution ©,=D4-1
region. Thus the solution region is as
shown in figure 8.31 as the coloured .
and it excludes points on the line &

x—2y—2=0. Figure 8.31

A

Figure 8.30

'y
L
1
(
(

g
K
"
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2 x—y20

Let us draw the line x — vy = 0.
It passes through origin and obviously
also through (1, 1). Since (0, 0) lies on
the line, we consider another point, say
{2, 1). Substituting x =2, y =1 in
x — y we see that (2, 1) satisfies
2=120.(Infact2 — 1> 0).

Thus the required region is as
shown in figure 8.32 as the coloured
region and it contains points on the
linex—y=20

B) x—2y2x—y+5

S 2xk—y—=520

Let us draw 2x — y — 5 = 0. Obviously
it passes through (0, =5) and (%,0).

M

Substituting x=90,y=0in2x—y—35 < _;
we see that (0, 0) gives 0 — 0 —5 20
which is not true.
The required region does not contain
(0, 0) and is as shown in figure 8.33 as X ¥~5=0
the coloured region. It includes points on
the line. Figure 8.33
EXERCISE 8.4
Solve following inequalities graphically.
1L x<—l x € R(InR?) 2. x23 x€ R(@mRY)
3. y<£=2 y € R (In R%) 4. y>-5 y € R (In RY)
5. x+y—-5>0 x,yeR 6. x+y20 x, y€ R
7. 2x+y—3<0 x, yeR 8. x+y>1 xy€ER
9. 2%x—y+T7>3x+2y—9 x, y€R

10. 2x+y—3>x+2y+5 xy€ER

11. 3x=y20 x, y€R 12.

x=2y<0 x, yER
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8.6 System of Linear Imequalities in Two Variables

Sometimes we have to solve two or more inequalities such as x + y — 5 2 0,
x 2 0, y 2 0. In such a case we find the solution set of each inequality and intersection
set of their solution regions is the required solution set.

Let us understand this by some examples.
Example 27 : Solve system of inequalities x = 0, y 2 0.

Solution : The solution region of x 2 0 would be, as we know, the region to

the right of Y-axis including Y-axis. Similarly the solution of y 2 0 is the region above
X-axis including X-axis.

Y Y
L

2 L

1

<€ & & & & > X
2 1 O 1 2 X

?-1
i x20 1,
L J W

Figure 8.34 Figure 8.35

The intersection of these two
regions would be as in figure 8.36
represented as the coloured region.

It is the union of first quadrant and

(T))(and(T{’. =2

Figure 8.36

In many practical problems constraints are x 20 orx > 0 ory 2 0 or
y>0)
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Example 28 : Solve graphically x —y+2 20 and 2x+y -5 < 0.
Solution : To draw x — y + 2 = 0, we take points (0, 2) and {(—2, 0) on the line.

Y
(0,585
2,1)
<& - & > > X
> X -5 0 30) 5
2x+y-5<0 2x+y—5=0
-5
)
Figure 8.37 Figure 8.38

Taking x=0,y=0inx—y+2 20, we get 0 — 0 + 2 2 0 which is true.

S (0, 0) is in the sclution set of x —y + 2 2 0. Y

Similarly (2, 1), (£, 0) lie on 2x +y — 5 = 0.

Hweputx=0,y=0in2x+y—5=50

we get 0 + 0 — 5 < 0 which is true.

»“ {0, D) lies in the solution set of

2Zx+y—5<0.

Now consider both the lines on the same

pair of axes. The solution region shown also

contains points on both the rays % and ITR}

Figure 8.39
The coloured region in figure 8.39 is the solution region of the system of inequalities.

Example 29 : Solve inequalities x > 0, y > 1 and x + y < 2 graphically.
Solution : The solution region of x > 0 is shown by points to the right of Y-axis

not including points on Y-axis in figure 8.40.

Y

. Y
N
2% x>0 y>1 21
1 4 - T y=1 )
€ > - = — > X —= - - —> X
2 - Oi 1 2 2 - O 1 2
= p—1
$-2 2
Figure 8.40 v Figure 8.41

€
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Points in the half-plane above y = 1 represent the solution set of y > 1.
Straight line x + y = 2 passes through (2, 0) and (0, 2). Substitutingx =0,y =0
inx+y< 2, we get 0+ 0 < 2 which is true. Hence (0, 0) is in the solution set of

+y<2 Y
Y X LR
©0.2) ! P(0,2)
0,1 1,1
B! N LI
(2,0)
X 2 -1 o 1 N
o1 x+y=12
0_2
v
Figure 8.42 Figure 8.43

Interior of APQR represents the solution set of the system of inequalities in

figure 8.43.

Example 30 : Solve graphically x 2 0, y 20, Sx + 3y — 150, 4x + 5y — 20 £ Q.
Solution : Now solution set of x 20,y 20

is shown in figure 8.44 as the coloured region.
The straight line 5x + 3y — 15 = 0 passes

through (3, 0} and (@, 5). (0, 0) lies in the solution

setof 5x+3y— 15 <0, The solution set is as shown

in figure 8.45 as the coloured region. 1
The line 4x + 5y — 20 = 0 passes through

(5, 0) and (0, 4). Here also (0, 0) lies in the

Figure 8.44
solution set of 4x + 5y — 20 £ 0.
Y
©,HN 5
4x+5y—20=0
Sx+3p— 15<0
.y _—5 0 d 4
=5

Figure 8.45 Figure 8.46
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The solution set of 4x + 5y —20 < 0
is shown in figure 8.46 by the coloured
region.

Thus the solution set of the system
of equations is the closed region shown by
quadrilateral OABC as shown in the figure
8.47 by the coloured region.

Example 31 : Solve the following system of

inequations.

) »—2y20,2x—yS—4,x20,y20

Solution : (1) Since x = 0, y 2 0. The
selution region will contain points only in the
first quadrant and on semi-axes for x = 0
ory290

x — 2y =0 is the straight line passing
through origin. It passes through (2, 1).
(Check it !) Takingx =3,y =1 in x — 2y,
3 =2 2 0. Hence (3, 1) lies in the region
specified by x — 2y 2 0.

5x+3y-15=0
Figure 8.47
Y
0,4)
G
€20 .
N 0
x—2y=10
v
Figure 8.48

Thus the region for which x — 2y 2 0 is as shown in figure 8.48. It containts points

below the line x — 2y = 0 in the first quadrant and on CT&

Line 2x — y = —4 passes through points (—2, 0) and (0, 4). (-3, 0) lies in the
solution region of 2x —y < —4 as -6 — 0 < —4.

Thus there is no point satisfying 2x —y<—4,x—2y20and x 20,y 2 0.

(Note : Obviously if x = 2y, then 2x Z 4y.

IE2x—yS4=y<0.
But as per condition y 2 0.)

Hence the solution region is null set.
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EXERCISE 8.5

Solve following system of inequalities graphically. (x € R,y € R)

y20,yS4,x<5 2. x20,y20,x53, ys2
x>0,y>0,x<3,y<2 4. x>0,y>0x+2y<12,x+y =22
x+yS12,x+2y£7,x20,y20

x20,y20x—y20 7. x20,p20,x+y<6,3x+4y <12

y>20x>2y,xtyv>4xt+ty<é

x<l,y<0,x2 3, x+y20 10. 3x+y>0,3x+ y<3

Write down the system of inequalities whose solution set is given by the coloured
regions in figure 8.49..

Y Y
A A .
24 3 5
. y=1 . ©.3)
< | > 2x+y=5
«—o—=s - > X 3 3
2 -10 2 = 0 ,
[ ! 5 [%,Oi‘.“ 3
=2 “.
L —2 :x _5 "\‘
A v 3
() (ii)
Figure 8.49

*

Some Miscellaneous Examples and Problems

Now we will consider some more problems on what we have learnt. We remember

following inequalities.

D) |x|<ae —a<x<a x€ Rae Rt
@ |x|f£a&e—a<sx<a x€ R,ae R*
B) |x|2aexL—aorx2a x€ R ac R
@ |x|>a&x<—agorx>a x€ R ae R
These can be easily proved.

For example let us prove (1),

Let | x| € a.
Ifx20,x<agand if x <0, —x < g implying x > —a

—a<i<a
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Conversely, let a<x<a

Ifx>0,

[x|=x<a

fx<0,|x|=—xand —a< xgivesa> —=xora>|x|ie |[x|<a

S akx<as | x| <a

(3) is negation of (1) and hence —a < x and x < a gives x £ —¢ or x 2 a on taking

negation. Similarly (2) and ¢(4) can be proved.

To show the solution region in case of a system of inequalities in two variable, we
can use different colours for solution of individual inequalities or shade the regions

For example to solve —2 < y < 2, we can follow the following procedure.

differently.
Y Y
A
2¢
y>-2

1

—— G2

= ) i
=]
_ p==2

< _2 >
v
(M @

Also see that x < 2 can be represented on the real line as

and in plane as the

coloured

figure 8.52.

y=2

Figure 8.50

~

-

—0D 2

Figure 8.51

region as in

Figure 8.52
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Example 32 : Obtain the solution set of the following inequalities in a plane :
Mrlz1 @x[=22 @[x—yp[S2 @ |x—y[=0
Y

Solution : (1) Ify 2 0theny 2 1 and
ify<0,then —y=1ory<—I.

Thus the solution region is union of two
regions shown in figure 8.53.

(or using the relations {1) to (4) we get
y=2lory<—1)

Figure 8.55

Forx —y+220,(0,0) gives 2 2 0.
Hence (0, ) lies in the solution set of
x—y+220. Similarlyx—y—2 £ 0 also
has the solution region containing (0, 0).

Hence the solution set is as shown in
figure 8.55 by the coloured region.

@ [x—y|=0

| x—y | < 0 is impossible.

Figure 8.53

2 |x|€2&-=25x<2

The coloured region in figure 8.54

represents the solution region of | x | £ 2.

@ lx—y|s2
—2<x—yp<2
(x|Saé&>—as<xSa
We have inequalities;
x—y+2Z20andx—y—2250
Consider the linesx —y —2 =10
and x —y+2=0.

Figure 8.56
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Hence | x —y | =0
S x—y=290
The solution region is line x = y.

Example 33 : Solve : (1) 5 <3x—8<28 (2)20< —5(x—3)<40.x€ R

Solution : (1) The inequality means —5 < 3x — 8 and 3x — 8 < 28.
=S5 <x-88-5<xeI<Ihxex>]
Also3x - 8<28 & Ix <36 = x< 12
Thus 5 <3x—8<28 = 1 <x< 12
Hence the solution set is (1, 12)
@) —20< —5(x —3)and —5(x —3) < 40
& 4<—=x+3 and —x+3< 8§
<& x<4+3 and x >3 -8
& S<x<T
Hence the solution set is (=5, 7).

Example 34 : Solve and show the solution set on the number line : (x € R)
M2Ax—D<x+5 QD52x—7=-32x+3) <0, 2x+ 19 < 6x + 47.
Solution : (N2x — DN <x+5 &S 2x—2<x+5

S 2x—x<53+2
S x<’
Hence the solution set is (—eo, 7).

z
*

-0 7

Figure 8.57

2) 32x-N-32x+3H<0 < 1x—35—-6x—-9<0
=4x—44 <0
ox<1

v

The solution set is (—ee, 11)

w

-

—o0 11
Figure 8.58
2+ 19<6x+ 47 & —Ax <28
S x> -7
The solution set is (—7, oo).

-
<

v

_‘? oo

Figure 8.59
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Combining the two solutions, the required solution set is (—7, 11). (figure 8.60)

i N
- rd

-7 11
Figure 8.60

Example 35 : Solve and represent on a number line.

(1) 14=-x|+2<5 @|x+F[>2

Solution : (1) |[4—x | +2 <5 & |4—x|<3
& -3<x—-4<3

... ]. < X < 7 “ >
) : . i 7
<« The solution set is {1, 7). (figure 8.61) Figure 8.61
@ |x+}|>%

2 7 2 ¢ ‘
< x+ ? > § or x + T<% —0 -3 _TS oo
< x> _TS or x < —% = -3 Figure 8.62

Hence the solution set is [;??,w] U (—oo, —3). (figure 8.62)

Example 36 : Solve and represent graphically.

(1) 5= <0 @QUDZX 3 @) x—1|+|x—2]+|x-3]<6

Solution : (1) x—“ <0

Obviously x # | and hence % #0

| 11 x—1 . .

Ifx>1, i T = =1 — | is neither less than 0 nor equal to zero.
| 11 —(x—1 .

Ifx <1, ‘x — = ft_l)=—1S015true.

Hence the solution set is (—eco, 1). (figure 8.63)

L

’

m 1
Figure 8.63
lx+3l-x lx + 31
) T<3 @T 1«3
o lx+31 < 4
[ x+ 31

If x < 0, then < 0 < 4 is true.
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Hence all negative real numbers are in the solution set.
Also, x # 0. So, let us think about x > 0.

S x+32>0
o lx+3)]=x+3
oo X3y e 23 oy
X X
& x+3<dx x>0
& 3x >3
x>
~» Hence the solution set is (—oo, 0) U (1, o). (figure 8.64)
QP A B
% . ; 5
Figure 8.64

- —
(AB — {A}) U (PQ — {P}) is the required solution set.

@) |x=1]|+|x=2]+|x=3|<6
Here we consider several cases,
(a) Letx <1
Soox=1<0,x=-2<0,x—-3<0
S Wehave l —x+2—=—x+3—x<6
S 320 ik x>0
Thus the solution region in this case contains (0, 1].
() Letl <x=2
Thenx—1>0,x—2=50,x—3<0
S x—142—x4+3—-—x<6<& —x<2ie. x> —2 which is true as
x> 1
Then the inequality is true for x € (1, 2].
(c) Let2<x <3,
Thenx—1>0,x—2>0,x—3<0.
S Wehavex—1+x—2+3—x<6
S x < 6 and since 2 < x <3, x < 6 is true.
.. The solution set also contains (2, 3].

(d) Hx>3obviouslyzx—1+x—-2+x—-3<6=x<4
Thus solution set contains (3, 4).
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() Ifx <D letx=—y, y>0.

Then |[x= 1|+ |x=2|+|x=3|=|=y=1|+|=y=2|+|=y—13]|
=ly+1+ly+2[+[p+3]
=y+1+y+2+y+3I<6 (>0

= y < 0 which is false.

Hence summing up, the solution set is (0, 4).

A B
0 4
Figure 8.65

Example 37 : A container contains 1120 litres of a 40 % solution of acid. How many
litres of acid have to be added so that the resulting mixture contains more than
40 % but less than 50 % of water ?
Solution : Here acid content is 40 %. Therefore water content is 60 %. Let x litres
of acid be added. Water content in (1120 + x) litres is more than (1120 + x)'l% and
less than (1120 + x)%. This gives following inequality.

(1120 + x)78 < 1120 X §& < (1120 + x)3%
Consider (1120 + x)5% < 1120 X S

S (120422 < 1120 X 3
S 2 < 1120
S x <560

Also, 1120 X £% < (1120 + 075

S 1120 X 6 < 1120 X 5 + 5x

S 1120 < 5x

S 224 < x

.. Thus 224 < x < 560.

In other words the quantity of acid added should be more than 224 litres but
less than 560 litres.

Example 38 : A solution is to be kept between 77° F and 95° F. The conversion
formula from Celsius to Faherenheit is F = %C + 32. What is the range of
temperature in degree celsius ?

Solution : We have 77 < x < 95, where x is the temperature of the solution in
degree Fahrenheit.
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77 < %y + 32 < 95 where y is the temperature of the solution in degree Celcius,
S (T35 <y <(95-32)3
S 25 <y <33
<. The solution must be kept between 25 C and 35°C,
. is oi = MA
Example 39 : 1Q of a person is given by 1Q = &= X 100
where MA is the mental age of the person, CA is her chronological age.
If 75 <1Q < 1235, find the mental age, provided the chronological age is 16. (CA=16)

Solution : We have 75 < ¥2 X 100 < 125
75 [25
L= WXCA<MA<WXCA
© 3 XCA<MA<3 XCA
<=>%><16<MA<%><16 (CA = 16)
& 12 < MA < 20

Thus the range of the mental age is (12, 20).

Example 40 : The longest side of a triangle is twice its shortest side. The other side
is 3 cm longer than the shortest side and perimeter of the triangle is at least 51 cm.
Find the minimum length of the side which is neither shortest nor longest.
Solution : Let x be the shortest side. Then the sides are 2x, x + 3, x.
»» Since perimeter is at least 51,
wehave 2xr+x+ 3 +x 251 & 4xr 248
eox2 12
Sx+3215
Hence the required side is at least 15 cm long.

EXERCISE 8

Solve following inequalities : (1 to 5) x € R

lx—21—2

1
—_— — < 1l
*lx-11-1 =0 3 Txl=5 = 3

1. Jx+1|+|x—1]>2 2

4. |x—1|<Sand|x|<2 5 23 S5<H (x>0)

6. The water acidity in a pool is considered normal if three daily measurements
have average between 8.2 and 8.5. What should be the third measurement if
two of them on a day are 8.25 and 8.40 ?
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11.

12.
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Cost function and revenue functions in a small scale unit are C = 500 + %x and
R = 3x respectively, where x is the number of manufactured units. What is the
number of units to be manufactured for (1) break even (2) profit ?

Find pairs of consecutive odd integers each larger than 30 and such that their
sum is less than 75.

Answer following questions in short :

(1) What is the solution set of xx_ls <0? (2) Solve|x+ % | 2 2.

(B) Solve =22+ 1D (x—-2)>0 (4) Solve [x—3|=x—3
x+2

(5) Solve | % —-3|>5 (6) Solve in integers T2 7 < -21

1

(7) Solve |x—2|2|x—4]| (8) Solvex+ 3 <=2

Fill in the blanks :

() ]lx—2]|>1,thenx € ... 2) If|x| =0, then x = ......

3) Ifﬁ < 0, thenx ...... 4 @ If|x—2|<3,then5...x... —-1.

2
(5) Solution set of 7377 <0 is..... . (x € R)

Find the linear inequalities whose solution set is given as the coloured region in the
following graphs.

Y
1) @ | A
0,4
i \y- 1 S
o ANCAD) S
'\_'— 0 2 5 > X
x=5
v
-5 ¢
Figure 8.66 \ 2r+y=4

Select proper option (a), (b), (c) or (d) from given options and write in the box
given on the right so that the statement becomes correct :

(1) If| x—2] 28, then... ]
(a) x € (=6, 10) (b) x € (=00, =6) U (10, 00)
(¢} x € (—o0, —6] U (10, ) (d) x € (—o0, —6] L [10, )

(2) If | x+ 2| £9, then... -
(@)x e (<11, 7) (b)x € [-11, 7]

(e} x € (==, —11] U [7, ) (d) x € (=00, =117V (7, o)
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(3) The inequality representing the coloured region in figure 8.67 is ...... 1
Y
@ x| <2 2 3=2
(b) x| <2 .
©) x| =22 ShEReE L
-1
@ -2<x<2 . I
Figure 8.67
(4} The inequality to represent following on the number line is... -
) 2 o
Figure 8.68
(@) x>2 (b) x € (—=,2) (¢) x> 2 dx<2
(5) The inequality to represent the coloured region in figure 8.69 is... 1
Y
2
@x=20 byyz0 1
(x>0 dx=0 5 30 13 > X
%)
-2
Figure 8.69
(6) The solution set of x < 5 and x 2 2 is... 1]
(@) 2, 9) b (2, 5) (¢} (2, 5] (d [2, 5]
(7) The coloured region in figure 8.70 is the solution set of ...... ]
‘lf

(@x20y20
bB)x<0,y20
)x>0,y>0
dx20,y<0 2-10 1 2

Figure 8.70
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2
-1
@ U7y 20, thenx€ ... —
(@) x € (o0, 1] U [, ®0) b)xe [, 1]
(@x€ {-1 1} @ x € (o0, —1) U [1, o0
(9) The solution set of x — y 2 0 is shown graphically by =
Y
@ ®) N
2 A 28 1
1 : 14 ‘,,.-"x-y=0
(—Q—.—',L.—.—) X

(c) (@ “

Figure 8.71

(10) The inequalities represented by the coloured region in figure 8.72 are... [ |

Y
. g
@x=1 = 2 e I
(b)y<2 1¢ [x=1
(c)x=21landy<2 s e x
| 2
dx<landy=22 | O

Figure 8.72



238 MATHEMATICS

(11) The solution set of | x — 1 | € —1 is... ]
(2) (0, 2) (b) [0, 2] (©) (oo, —1 U [1, 20} (d) ¢

(12) The solution set of [ x — 1 |+ |x—2 | < 3 is... ]
(@ (0, 3) M) (1, 2) © 0, 2) (@ 2, 3)

(13) The solution set of |[x| + | x — 2 | < 2 is shown on the number line by...

]

W
M
v

(@ ° (b)

() = 0 5 7@ i
Figure 8.73
(14) The solution set of [ x — 1 |+ | x+ 1| < 2 is... -
(@) (-1, 1) () [-1, 1] () (@) {-1, 1}
(15) The solution set of x2 £ 4 is... ]

(a) [-2, 2] (®) (-2, 2)
(€) (—o=, =2] U [2, =0) (dy ¢

Summary

Inequalities

L

A lincar inequality in one variable and representation of its solution on the
number line.

System of linear inequalities in one variable,
Linear inequalities in two variables and their graphs

System of linear inequalities in two variables

L B

Inequalities related to modulus, problems and miscellaneous problems.

— G w—



Chapter

|  DISPERSION '
9.1 Introduction

We know that the statistics deals with data collection for specific purposes. We have
learnt how to classify the numerical data using discrete or continuous variables in
standard 8, 9 and 10. We are familiar with the words like class, class length, class
boundary points, frequency, mid-value etc. We have also studied the method of finding
mean, median and mode. These values are the measures of central tendency. A measure
of central tendency gives us a rough idea about frequency distribution where the
observations are centered. However when two given data have the same mean, the
observations in two cases need not be distributed about mean in the same manner. Two
data may have the same mean but very different spread. For example if Ritu gets 2 marks
in the first examination and 98 marks in another examination, then the mean of Ritu's
score is 50 marks. On the other hand, if Riya got 48 marks in the first and 52 marks
in the secend examination, the mean of her score is also 50 marks. But from the data
we can observe that Ritu's score is not consistent. There is a gap of 36 marks between
scores of two examinations. While Riya's score is consistent, because there is a gap of
only 4 marks. For a consistent data, observations should be spread in neighbourhood of
mean. They should be clustered around mean. This is not the case with Ritu's marks.
Thus, we cannot have a correct picture of data just from its mean. Some other statistical
measure is necessary to have correct and reliable comparison of two data. We shall study
such measures in this chapter. They are called measures of dispersion of data. We begin
with an illustration to understand this. Runs scored by two batsmen in their last five
matches are as follows :

Match Number Batsman A Batsman B

1 55 40

2 65 55

3 65 65

4 65 65

5 75 100

Total 325 325
Mean ¥ = 65 65
Median M = 65 65

Meode Z = 65 65
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Here the mean, median, mode for both the data are the same i.e. 65 runs. Yet
looking at the runs obtained by them in 5 matches, we can observe that A is more
consistent in his performance than B. His runs are close to mean i.e. 65 and the
difference between his minimum and maximum score is 20. On the other hand there is
a variation in the performance of B in various matches.

For batsman A : 8

0 100 20 30
Ffor bat_sman _B :

6 10 20 30

3@ 30

50 60 70 8 90 100
Figure 9.1

In one match he scores 40 and in another match he scores 100, a difference of 60
runs. So we can judge how far they are from mean 65. So it is not proper to judge the
performance of two cricketers on the basis of their average only. In order to get
better understanding of the data, it is necessary to know how far the observations are
scattered from the average. This scattering or the spread of the observations is called
dispersion. Now we will discuss some measures of dispersion here.
9.2 Measures of Dispersion

As discussed above a measure of dispersion 15 a number showing how scattered
the observations are from their mean. If the difference between the observations and
their mean is less, then the dispersion is small and the data can be regarded as
consistent or stable. If the difference between the observations and their mean is
more, then the dispersion will be large and the data cannot be regarded as consistent
or stable. In such cases the mean cannot be considered as a good representative of
observations. Following are commonly used measures of dispersion.

(1) Range (2) Average Deviation (3) Standard Deviation

9.3 Range

The range is the difference between two extreme observations of the
given data. i.e. the difference between the maximum and the minimum
observations of the given data.

Range of a data = Maximum value of observation — Minimum value of observation

Range of scores of batsman A = 75 — 55 = 20

Range of scores of batsman B = 160 — 40 = 60

The smaller range of the data indicates consistency (stability) of the variable.
As the range of batsman A is less, A is considered to be more consistent or more stable
than B. Range is the simplest measure of dispersion. It gives us a rough idea about
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the variability or scatteredness. It is based upon two extreme observations. So it does
not measure the dispersion of the data from a central value. Range of observation 2 and
102 is 100. Range of 101 observations 2, 3, 4,.., 102 is also 100. These data
obviously are of very different nature. For this purpose we need some other
measure of dispersion which measures the deviation of the observed values from
the central value. Among such measures of dispersion are average deviation and
standard deviation.

9.4 Average Deviation (Mean Deviation)

In the definition of range, the use of deviations of observations of the data from
the mean is not considered. Deviations are called deviations of the observations
from the mean. These deviations can be negative, zero or positive and their sum
can also be zero or positive or negative. So we consider the absolute values of the
deviations of observations of the data from the mean.

Average Deviation : The average of the positive differences of
observations of data from their mean is called the average deviation of the
data. It is denoted by the symbol 0%, (read : delta x bar)

The average deviation of the data defined above is called the average (mean)
deviation from the mean. If the differences from the median instead of the
mean are taken, we get the average (mean) deviation from the median Om.

We shall now discuss the differences from the mean and the method of
computing average deviation about the mean for ungrouped and grouped data for
discrete variable and their formulae.

(1) Ungrouped Data :

Let X1 Xgy Xyseeey X, be n observations of given ungrouped data. These n

values can also be written as X 1<is n). If X denotes the mean of the data,

then x = Zx,-.
n

3 |x;, =X -
Average deviation from the mean ox = Zx,Tx, where |x;— x | is the

positive difference between the ith observation and the mean X.
Example 1 : The weights in kg of 10 persons are given below. Find the average
deviation about the mean of this data.

37, 70, 48, 50, 32, 56, 63, 46, 54, 44

Solution : The mean % = Enx,- _ 37+ 70+ 48+ 50 + 32 + 56 + 63 + 46 + 54 + 44

10

_ 500 _
=0 — 20 kg
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x; x—Xx |x;— % |
37 —13 13
70 20 20
48 —2 2
50 0 0
32 —18 18
56 6 6
63 13 13
46 -4 4
54 4 4
44 —-5 6

Tx, = 500 = T|x—7%|=86
6% = 2lx-X|
n

— 36

10
= 8.6 kg

Example 2 : Preyaa and Karishma obtained the following marks out of 50 in ten
weekly tests. Find whose performance is more consistent using average
deviation about mean.

Preyaa’s marks 30| 35| 40| 42 | 38 |25 | 31| 36 | 40 | 41
Karishma's marks| 25 | 48 | 40 | 38 | 42 | 37 | 44 | 28 | 46 | 40

Solution : Mean of Preyaa's marks :

T - 2% _ 30+35+40 +42+38+25+31+36 +40 + 41
n 10

— 358

10
= 35.8 marks

Mean of Karishma's marks :

- Z}’i _ 25+484+40+38+42+37+44 +28+ 46+ 40
n 10

y

— 388

1
38.8 marks
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X; | x; =% | Y lyi— 7 |
30 5.8 25 13.8
35 0.8 48 92
40 4.2 40 12
42 6.2 38 0.8
38 o 42 32
25 10.8 37 1.8
31 48 4 52
36 0.2 28 10.8
40 42 46 72
41 52 40 12
Zx; =358 | Z|x,—x|=444 2y,=388 | Z|y,—5| =544
_ _ZTlx-XI - _Zly-¥l
55 = Zlu-%l 85 = =%
- 444 - 544
10 10
3% = 4.44 marks 6y = 5.44 marks

The average deviation of Preyaa's marks is less than that of Karishma's marks,
Hence Preyaa is more consistent in study.

(2) Grouped Data :

(i) Discrete Frequency Distribution : Let Xyy Xgy Xypeeey X be the values
assumed by the discrete variable x of the discrete frequency distribution
with corresponding frequencies f,, /5, f3,..., f;- The average deviation about
the mean of the discrete frequency distribution is defined by the following
2filx-%|

n

formula 0% =

where, » = Xf, = sum of all frequencies. i=1,2,3,., %

- ;X e -
¥ = —L— = mecan of the frequency distribution.

| x; — X | = absolute difference between the observation x; and the mean X.

Example 3 : Find the average deviation abont the mean for the following frequency
distribution.

x; 3 9 17 | 23 | 27

J; 8 10 | 12 5

k=
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Solution :

X fi fi%; X=X |x;— % | Silx;— X% |

3 4 24 -12 12 96

9 10 90 —6 6 60

17 12 204 2 2 24

23 9 207 8 72

27 5 135 12 12 60

n=44 Ejz'.xi=660 Zj;|xi—3?| = 312

% = 15X = 660 — |5

(ii) Continuous Frequency Distribution : Let the mid-values of £ classes of
the continuous frequency distribution be x;, x,,.., x, with corresponding frequencies
as £}, fpy-.f}- Then the average deviation about the mean of the continuous frequency
distribution is defined by the formula
_Xfilx-XI

n

ox
2 f; %

54
Example 4 : In a language test of 60 marks, the frequency distribution of marks
secured by 50 students is given below. Find the average deviation about the

mean of the frequency distribution.

where, n = Zj} = sum of all frequencies, x =

Class 0-10 10-20 | 20-30 | 3040 | 40-50 | 50-60
Frequency 6 8 14 16 4 2
Solution :
Class | x; Ji fix; x;—x ||x—X| Jilx—X|
0-10 5 6 30 —22 22 132
10-20 15 8 120 —-12 12 06
2030 | 25 14 350 -2 2 28
3040 | 35 16 560 8 8 128
40-50 | 45 4 180 18 18 72
50-60 | 35 2 110 28 28 36
n =350 Ej}xl-= 1350 2)2-|xf-—f| = 512
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Mean ¥ = 205 - 130 _ 57 g0 7 =27
H
Mean deviation 8% = E#F = 3L _ 1024. So, 8% = 1024

Shortcut method for calculating mean deviation about mean :

(i) For Discrete Frequency Distribution :

If the values x; of the variable are relatively large, an assumed mean A is to
considered to simplify calculations. Any one of the mid-value or value of a variable or
a suitable value is taken as assumed mean A and differences between x; and A is

obtained d; = x; — A. Then each d, is multiplied by /; and sum 2, d, is obtained. Then
= 2 fd;
the formula for the mean by shortcut method is given by ¥ = A + %

Example 5 : Find the average deviation about mean of the following frequency
distribution by shortcut method.

x; |12 |13 14|15 |17 |20 |25
S0 |18 225 15|10 2
Solution :
A=15
12 10 -3 =30 3.14 31.40
13 18 -2 =36 2.14 38.52
14 20 -1 -20 1.14 22.80
=A| 25 0 0 0.14 3.50
17 15 2 30 1.86 27.90
20 10 5 50 4.86 48.60
25 o 10 20 986 19.72
100 Zfidi = 14 flx = x| = 192.44i
MeanE=A+M. 85=M
n 44
- 14 _ 192,44
=15+ 100 T TI00
=15+ 0.14 Ox =192
¥ =15.14
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(ii) For Continuous Frequency Distribution :

If the class-length of all classes of the continuous frequency distribution is the same,
then the formula for calculating mean ¥ can be written in a suitable form so as to make
the computation of the mean simpler.

Suppose the length of the classes are the same and equal to ¢. Suppose x; is the
mid-value of the ith class for i = 1, 2, 3,..., k. Any one of the mid-values is taken as
the assumed mean A and the difference between x; and A is divided by class-length ¢

; — A o . . . s
% = for the /th class. The deviation d; is multiplied by the

frequency f; of the ith class and sum Xf;d; is obtained. We can compute the mean by
short-cut method by the formula :

to obtain deviation d; =

> fd; X;—A
T=A+ =Ll x¢ d ="
n c

Example 6 : Find the average deviation about mean for the following data using

shortcut method :
Marks 0-10 1020 | 2030 | 3040 | 40-50 | 50-60
Number of siundents 6 8 14 16 4 2
Solution :
Markd £ | Mid- | x-25| fig; [I5=%1  filx—F]
valuexy ' 10
0-10 [4S 5 -2 —12 2 132
10-20 8 |15 —1 —8 12 96
2030 14 |25 =A 0 0 2 28
3040 16 |35 1 16 8 128
40-50 4 |45 2 8 18 72
50-60 2 |55 3 6 28 56
n=50 2fd. = 10| 2f.| x,— x| =512
X =A+ ¥ Xe Mean deviation about mean 8% = M
— 10 _ 512
=25+ 50 x 10 =<
=25+2=27 =10.24
9.5 Median

To find average deviation about median, we have to find the median first. Median
is that value of the variable of the given data for which the number of observations
with values less than it and greater than this value are equal. It is clear from this
statement that the observations of the data are to be arranged in an increasing order of
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their magnitude. A value which divides these ordered observations into two equal parts
is called the median of the data. The median is denoted by M. In class IX we have
studied about the method for finding the median of ungrouped data. Suppose x,, x,,
X3y, X, are n observations of an ungrouped data. First arrange the observations in
increasing order of their magnitude. The middle-most value of the variable x is called

the median of the ungrouped data. If » is odd, then the median is the value of I ;' Lth

observation. If » is even, then the median is
Value of [%)th observation + value of (% +1)th observation

2
For example, (1) The marks obtained by seven students in an examination of
100 marks are 38, 48, 50, 87, 60, 49 and 70. First we arrange these observations in
an increasing order of their magnitude.
38, 48, 49, 50, 60, 70, 87
Now, » = 7, which is an odd integer.

M=

M = Value of "T-ch observation

= Value of (%)th observation
= Value of 4th observation
=50

.~ The median = 50 marks

(2) The daily pocket-expenses of ten students are ¥ 20, 25, 17, 18, 8§, 15,
22,10, 9, 14.

We arrange these observations in an increasing order of their magnitude.

We have, 8, 9, 10, 14, 15, 17, 18, 20, 22, 25

Now, # = 10, which is an even integer.

Value of [%)th observation + value of (%‘F 1)th observation

M
2
_ Value of 5th observation + value of 6th observation
15417 _ e 2
2

.. The median = T 16

Median of grouped data :
We know that data can be grouped into two ways (i) Discrete frequency
distribution (ii) Continuous frequency distribution.



248 MATHEMATICS

(i) Discrete frequency distribution : Let x,, x,,..., x, be the values of discrete
variable with frequencies £}, f,,....f; respectively in a discrete frequency distribution.
To find the median, the cumulative frequencies are obtained from the frequency
distribution. Then, we identify the observation whose cumulative frequency is equal or
. n+i . _ . . .
just greater than Tth observation, where n = Ej;.. This observation is the required
median.

For a given n, the value of i"Tﬂth observation against the column of cumulative
frequency for discrete frequency distribution is the median.

For example let us obtain the median for the following frequency distribution :

x; 0 1 2 3 4
j} 4 1 6 11 3
x| /. o n= Ej} =25 »
0 4 5 M = Value of 3 th observation
1 = Value of (%)th observation
1 6 1 = Value of 13th observation
3|2 We find that the cumulative frequency just greater
4 3 25 than 13 is 22 and the value of x corresponding to 22 is 3.

~.  The median = 3
(i) Median for continuous frequency distribution : Continwous grouped
distribution is in the form of classes. In frequency distribution, values of continuous
variable are in the increasing order in the form of classes. To find the median of a
grouped frequency distribution, first cumulative frequencies are obtained and we let
n= Ej;.. Then we find the cumulative frequency just greater than % and determine the
corresponding class. This class is known as the median class. After finding the median

class we compute the median using following formula,

\7-F)

F
= Lower boundary point of the median class.

M=L+ Xe

n = Lf; = number of observations.

F = cumulative frequency of the class preceding the class in which the median
li¢s.

I frequency of the median class.

¢ = length of the class interval of the class in which the median lies.
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For example : Calculate the median from the following distribution.

Class 20-30 | 30-40 | 40-50 | 50-60 | 60-70 | 70-80 | 80-9¢ | 90-100
Frequency 4 12 14 16 20 16 10 8
Solution :

Class 5 cf

20-30 4 4

30-40 12 16

40-50 14 30

50-60 16 46

60-70 20 66

70-80 16 52

80-99 10 92

20-100 8 100

n= Zfi =100

Now, cumulative frequency just greater than % = 50 is 66 and the corresponding
class is 60-70. So, 60-70 is the median class.

L =60, 7=20,F=46,¢=10

M

M

1

I
!

=60+ (

- 4
=60 +

=60+2
=62

50 — 46

JXC

5—) X 10

X 10

Average Deviation from the Median :
We shall now discuss the method of computing the average deviation about the
median for the ungrouped and grouped data and their formulae.

(i) Ungrouped Data :

Suppose that x,, x,,..., x, are observations of an ungrouped data and M is their

median where, M =

n+
2

1

th observation, if n is odd. If » is even,

Value of (%)th observation + value of (%Jrl) th observation

2
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The difference x; — M between ith observation x;, and the median M is
obtained and then | x; — M | is the absolute value of the deviation of the observation
%, from the median M. The average of the absolute values is called the average
deviation about the median, Thus, we define the average deviation about the
median M as,
2lx; —MlI

n
Example 7 : Find the average deviation about the median for the following data :

37,70, 48, 50, 32, 56, 63, 46, 54, 44
Solution : Here the number of observations is 10 which is even. Arranging the
data into ascending order, we have, 32, 37, 44, 46, 48, 50, 54, 56, 63, 70.

5th observation + 6th observation

oM =

Now, The median M =

2
_ 48+50
2
M =49
x; x— M | x;,— M |
37 —12 12
70 21 21
48 il 1
50 1 1 M z"‘;‘“'
32 —i3 17 g6
56 7 7 S0
63 14 14 =86
46 1 3
54 5 5
44 -5 5
Tx,—~M| = 86

(2) Grouped Data :

(i) Discrete Frequency Distribution : To find average deviation about the
median, we have to find the median of the given discrete frequency distribution. To do
this, observations are arranged in increasing order of their magnitude. In order to determine
the median, the cumulative frequencies are obtained using the frequencies of the given
frequency distribution. Then, we identify the observation whose cumulative frequency is
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equal or just greater than n;— L where n = Zf,. = sum of frequencics, This observation

is the required median. After finding the median, we obtain the mean of the absolute
values of the deviations from median. Thus

Wl
oM = 2fi1x —Ml
n

Example 8 : Find the average deviation about the median for the following data :
x; | 2 5 6 8 | 10| 12
f; 2 § | 10 7 8 5

Solution :
X; S of |x;—M| Silx—M|
2 7 2 6 12
5 g 10 3 24
6 10 20 2 20
8 7 27 0 0
10 g 35 2 16
12 5 40 4 20
n=40 Xf|x,—M| =92

The median M = The value of (HTH)th observation

= The value of (402+1)th observation

= The value of (20.5)th observation
The ¢f just greater than 20 is 27 and it occurs against observation 8.

- M=
Y filx; — Ml
M -
=—2
40
oM =23

(i) Continuous Frequency Distribution : To find the average deviation about
the median, we have to find the median first from given continuous frequency distribution.
After finding the median, the absolute value of the deviation of mid-value x; of

each class from the median i.e. | x;—M| is obtained. Then,

oM = M, where » = If,
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Example 9 : Calculate the average deviation about the median for the following data :

Class 1020 | 20-30 | 3040 | 40-50 | 50-60 | 60-70 | 70-80
Frequency 2 3 8 14 8 3 2

Solution :

Class |Frequency| Mid-value ef |x; = M| Silx;, = M|

fi X

10-20 2 15 2 30 60

20-30 3 £ 5 20 60

3040 8 35 13 10 80

40-50 14 45 27 0 0

50-60 8 ] 35 10 80

60-70 3 65 38 20 60

70-80 2 5 40 30 60

n=40 2f;| x;— M| =400

The class containing [ )th observation
= The ¢lass containing 20th observation
For the class 3040, ¢f = 13 and for the class 40-50, ¢f = 27
-+ The median class is 40-50.

L=40,F=13,2=2=20,7=14,c=10
M=L %‘F
=40+ 2 3><10
—40+5
M =45
_ 2filx—Ml _ a0
oM = =4— = 3§
OM=

EXERCISE 9.1

1. Find the average deviation about the mean for the following observations :
18, 20, 28, 15, 17, 22, 25, 29, 32, 34



10.

11.

12,
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The figures of the monthly wages of ten workers are given below. Find the
average deviation about the mean of the data.

1150, 1140, 1230, 1200, 1100, 1300, 1190, 1180, 1160, 1150.

Find the average deviation about the median for the following data :
3,9.5,3,12, 10, 18,4, 7, 19, 21.

Find the average deviation about the median of the daily wages of ten workers
in ¥ from the following data :

36, 72, 46, 42, 60, 45, 53, 46, 51, 49
Find the average deviation about the mean for the following frequency distribution :
x; 8 16 | 24 | 32 | 40 | 48 56 | 64
S 5 13 12 8 6 10 9 3
Find the average deviation about the mean for the following frequency distribution :
x; | 10] 30 ] 50| 70 | 50

fi | 4124 ] 28] 16| 8
Find the average deviation about the median for the following frequency distribution :
x;| 3 6 Ol 12| 13| 1521 2
fil 3 4 5 2 4 5 4 3
Find the average deviation about the median for the following frequency distribution :
x; | 15] 21 [ 27| 30| 35
S| 3 5 6 7 8

The score of a batsman in ten innings is 48, 80, 58, 44, 52, 65, 73, 56, 64, 534, Find
the average deviation from the median.

The length (in cm) of 10 plants are given below :

42, 52.3, 55.2, 72.9, 52.8, 79, 32.5, 15.2, 27.9, 30.2

Find the average deviation from the median and also from the mean.

Find the mean (average) deviation from the mean from the following frequency
distribution.

Marks 0-10 | 10-20 |20-30 | 30-40 | 40-50 | 50-60 | 6070

Number of studenis| 4 6 10 20 10 6 4

Find the mean deviation about the mean from the following frequency distribution.

Income |0-100]100-200 |200-300 p00—400| 400500 | 500-600 |600—700( 700—800
per day

Number 4 8 9 10 7 5 4 3
of person
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13. Calculate the mean (average) deviation about the median for the following data :
Class 0-10 | 10=20 | 20-30 | 3040 | 40-50 | 50-60
Frequency 6 ) 15 16 4 2

14. Calculate the average deviation about the median for the age distribution of 100
persons given below :

Age 16-20 | 21-25 | 26-30 | 31-35 | 3640 | 4145 | 46-50 | 51-55
Number 5 6 12 14 26 12 16 9

{Hint : Convert the given data into classes using class boundary points)

*

9.6 Standard Deviation

We have seen that the definition of average deviation is based on absolute values
of the deviations of observations of the data from the mean. Absolute values of these
deviations are all non-negative. The absolute values were taken to give meaning to
the average deviation otherwise the deviations may cancel among themselves.
Instead of taking the absolute value of deviation of each observation from the mean,
the square of the deviation is taken and the sum of the squares of these deviations is
divided by the total number of observations. We obtain an important measure of
dispersion. This measure of dispersion is known as variance and is denoted by
symbol 52 and its positive square root is called standard deviation and is denoted by s.
In 1893 the famous statistician Karl Pearson gave the definition of standard
deviation as a measure of dispersion. Among all the measures of dispersion, the
standard deviation is most important and widely used as a measure of dispersion, Its
definition is as given below.

Standard Deviation : The positive square root of the number, obtained by
dividing the sum of the squares of deviations from mean of the observations
of given data, by the number of observations is called the standard deviation of

the data. Thus, if x is the mean of n observations x;, x,,..., x,, then

’?‘ b
n

Calculation of Standard Deviation for Ungrouped Data :

Direct Method : If x,, x,,..., ¥, are » observations of ungrouped data and X is
the mean, then we obtain deviation x, — X for each x, from the mean. Square of all the
deviations are taken and their sum E(xi — ¥)? is obtained. Dividing the sum by the
total number of observations # we get variance s2.

So. §2 = 2(x; — X)*
k] n *
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Taking the positive square root of s we get standard deviation :

_ =2
Standard deviation s = Js_z = W

Let us understand this by an example.

Example 10 : The runs scored by a cricket player in six innings are 60, 45, 25, 40,

70 and 30. Find the mean of the runs scored and the standard deviation.
Solution : First we find x.

Meanz=%=&6“=4s.Thus,z=4s.

Now, values of X; — x are calculated.

Then the square (r, — ¥)* for each x; and the sum Z(x, — ¥)? is calculated.
Then s2 and s are caleulated.

x; X=X x; — x)*?
ol 15 225 St — %Y

. . o 2% %)
45 0 0 ~ Variance 52 =
10 = 25
— o o and standard deviation
30 ~15 25 s = 4230

=15.81
Zx; =270 Z(x;— X)? = 1500

Example 11 : The marks obtained by 9 students in a test of 100 marks in

mathematics are given as, 69, 67, 66, 69, 64, 63, 68, 65, 72. Find the standard
deviation of the data.

69 2 4 n
67 0 0 X = 67 marks
66 -1 1 \ Sx, —0?
2 _ i
69 2 a Variance § =
o4 -3 9 = % =7.11
63 —4 16 Standard deviation
68 1 1 I
65 -2 4 g
2 5 25 = J7.11
Zx, = 603 I, — 7 = 64 = 2.67 marks
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Example 12 : Find the standard deviation from the following observations.
10, 17, 15, 21, 19, 23, 19, 25, 30, 26,

X X;— X ;= 3)

10 ~105 11025 Mean F = 2 _ 205

17 =35 1225 o 10

15 -55 3025 T =205

21 05 025 . Sox — TP
2 — i

19 =0 225 Varlance s P

& 25 625 _ 30430 _ 30 45

19 Al 295 6

25 45 2025 Standard deviation = {2

30 95 90.25 s =430.45

26 5.5 3025 _ 5518

Sx, = 205 Sx,— TP =304.50

In example 11 above, ¥ is 67 and this made the calculation of standard deviation
easy. But in example 12, x is 20.5 which is a not an integer and so the calculations
are bit lengthy and numerically large. We have the following alternative formula for
standard deviation.

2 2 2
Standard deviation, s = Zx_(Zu) o fixt (3)2
n n n

Let us prove the formula,
By definition,

s = E(x, —X 2
d n

1 -, =2
= J;E(xi2—2xfx+x )

>x T2
= Jlvy 42 _a7oii X7 i
Jan; 2x . + n (1+1+...+1 n times)

= J% Txt 28+ 3

= ‘J%ngz - (;)2

=
s :JZ%Z_fZ£\ 1)

n . n )

While using this formula we need the sum Zx; as well as Exiz of the
observations. Let us solve the examples 11 and 12 again using this formula.
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Example 13 : The marks obtained by 9 students in a test of 100 marks in
mathematics are as follows 69, 67, 66, 69 64, 63, 68, 65, 72. Find the standard
deviation for the data.

Solution : X; xiz
69 4761 5
_ inz _ X;
67 4489 § —J - (T]
66 4356
_ l40465  [603)%
g o 4050 — ()
% oy = J4496.11 — 4489
63 3969 )
68 4624 = J7.11
65 4225 o s =267
2 5184
x, = 603 | Zx2 = 40,465

Example 14 : Find the standard deviation from the following observations.
10, 17, 15, 21, 19, 23, 19, 25, 30, 26

Solution :
Xq 3‘12
10 100 -
17 289 s - JZxE _ [Z_xJ
15 25 " &
21 441 = fas07 _ (m)z
19 361 10 10
19 36l = J30.45
& i s 5 =5518
30 900
26 676

Zx; =205 | Zx2=4507

We can see that even in alternative formula for s, finding s by this formula is
tedious as :c,.2 may be relatively large. The first method is also time consuming if the
mean is not an integer. In that case we take deviation from an appropriately chosen
number A, called assumed mean. Let us find the formula for s for this shortcut method.
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Let x,, X5, X3,..., ¥, be n observations. Let X be their mean.

of x; from A.
Ifd=x,—A thenx, =d, + A
S Zd = Ex - A)
oo Zd, = Xx;— (A + A +... n times)
s o 2Zd, = Xx—Aen

From (i) and (ii)
—T=d+A—-d—-A

. og = fZ(x;—f)z
n

- IZ@—E)Z
n

= JHL S(d? -2dd +d°

= A (zd? 254+ 5D)
= Jﬁ(}:d,? —2dYd+d2 n)

Now, let us again revisit the example 13 and 14.

Let dj be the deviation

@

(ii)

(2)

From formulae (1) and (2) for s, it follows that s remains same, if a

constant is subtracted from all observations.




Example 15

DISPERSION 259

: The marks obtained by 9 students in a test of 100 marks in

mathematics are as follows : 69, 67, 66, 69, 64, 63, 68, 65, 72.
Find the standard deviation for the data.

Solution : Let A = 67

x; d=x-A dlz
69 2 4
67 0 0
66 -1 1
69 2 4
64 -3 9
63 —4 16
68 1 1
65 -2 4
7 5 25
2d, = 0 Xd? = 64

Example 16 : Find the standard deviation from the following observations,
10, 17, 15, 21, 19, 23, 19, 25, 30, 26.

Solution : Let A = 20,

x; d =x,— A d?
10 —10 100
17 =) 9
15 -5 25
21 1 1
19 ~ 1
2 3 9
19 ~1 1
25 5 25
30 10 100
26 6 36
Id,=5 | Zd?=307

Example 17 : The marks obtained by 10 students in a test are as follows :
65, 58, 68, 44, 48, 45, 60, 62, 60, 50.
Find the standard deviation of the data.
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Solution : Here the short-cut method of assumed mean is more appropriate as

observations are large. We take the assumed mean A = 55.

65 10 100
58 3 9 e (z4 2
68 13 169 ol e
44 —11 121 .
672 10

a8 -7 19 (5% -(38)
60 5 25
62 7 49 = ¥66.2
60 5 25 =8.136
50 -5 25

X4, =10 | Xd2=672

Computation of Standard Deviation for Grouped Data :
(i) For Discrete Frequency Distribution :

Direct Method : Suppose the values of variable x of the discrete frequency
distribution are x,, x,,., %, and their corresponding frequencies are f,, £,...., f;
respectively. Then for the given frequency distribution,

“Fir T2
Standard deviation 5 = “M @i

where, f; = The frquency of x, n = Ef;
(1) First find the mean ¥ = Zﬁxf

(2) Find the deviation of x; from the mean x as x;,— x
(3) Calculate (x; — )

(4) Find £;(x; — X)? for each i and then Zf, (x, — ¥)~
(5) Finally find s using the formula.

s = ’zﬁ‘(xf - X)?
n

§2 = _Ejix,—z — 52

We can prove following formula as before.

& i f% 7 (ii)
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If the values of variable x or frequencies f are relatively large the calculation
of standard deviation using the above two formulac become quite tedious and time
consuming. In such a case, we take deviations of the values of variable x from an
arbitary number A, say assumed mean. If d; = x; — A and n = Ef,-, i=1,2,.., &, then
the above formula reduces to,

s Jzﬁdiz |{ 2 fid; \"2
n

n

% 74 :
This can also be proved as earlier formulae,

Example 18 : Find the standard deviation for the following frequency distribution by
direct method and by shortcut method.

x, 6 7 8 9 10 11 12
fi 3 6 9 13 8 5 4
Solution :
Direct Method :
x; 5 fi%; X, =X (x;,— X)? Sy e, — X)?
6 3 18 = 9 27
) 6 42 —2 4 24
3 ) 72 —1 1 9
9 13 117 0 0 0
10 3 80 1 1 8
11 5 55 2 4 20
12 48 3 9 36
n=48 Zt}xi = 432 ):j}(x‘.—i)z = 124
- _ 2fixi _ 43 _
X = T =8 - 9
§ = 'Eﬁ(xa - %)
n
V& =258 =16
S5 =16

Let us calculate the standard deviation by alternative formula given by,

§ = Zf,:'!xiz _ (5)2
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X S x? fixf
6 3 36 108
2
7 6 49 204 s = Zf (7
8 9 (% 576
’4012
9
9 13 81 1053 ( )
10 8 100 800 = ¢83.58 — 81
1 5 121 605 =4J2.58 = 16
12 4 144 576 S 8 =16
n =48 Ifx2 = 4012
Shortcut Method : Let us take A = 10.
X Ji d;=x— A diz Jid; fidfz
6 3 — 16 —12 48
7 6 —3 9 —18 54
8 9 —2 4 —18 36
9 13 —1 1 —13 13
A=10 8 0 0 0 0
11 5 1 1 5 5
12 4 2 4 8 16
n=43 Xfd, = —48| Zfdl =172
¢ = zf d? [ Y f ideJ
172 [ 43]2
a3~ \ 748
J3 58-1
2.58 =
s =16
Example 19 : Calculate the standard deviation from the data given below :
Size of Item 3.5 4.5 5.5 6.5 7.5 8.5 95

Frequency 3 7 2 60 85 32 8
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Solution : Let the assumed mean A = 6.5

X; Ji d=x— A dp Jid; fid?
3.5 3 =3 9 -9 27
45 7 =) 4 —14 28
55 P -1 1 -2 2
65=A & 0 0 0 0
7.5 85 1 1 85 85
85 12 2 4 64 128
9.5 8 3 9 24 72

n=217 Xf,d, = 128| Zf,d? = 362

_|3fd2 (ShdV

s = n n
= J362 _ (@)2

217 217
= J1.668 — 0.347
= J1.321
S8 =1,149

(ii) Calculation of Standard Deviation for Continuous Frequency Distribution :

Direct Method : Suppose x,, x,,., x, are the mid-values of n classes of a

continuous frequency distribution and £, f,,..., f; are the respective frequencies of
classes. Then the formula for computing the standard deviation of continuous
frequency distribution is given by,

J._Jifi-(xf—xﬁ _sz 2
n n

where x; = mid-value of the ith class
J; = frequency of the ith class

= —zﬁ - = mean

x;— x = deviation of mid-value x; from the mean x.

Shortcut Method : In this method for finding the standard deviation, when the
continuous frequency distribution is given, we take any real number as assumed mean
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A. But to make the calculation simple we take the central value of the class of
maximum frequency or of the class close to the middle of the distribution as A. Let
us derive the formula for s, when the assumed mean is A and class length is c.

Let di= x;;A
%= cd;+ A (1)
Xfix, = I fied, + A)
= cZfd, + A%,
Xfix,=cifd, + A-n &f;=n
Now, 2hx _ XS, + A
n n
Let =Lid - 5
n
then ¥ =cd + A (2)

From (1) and (2)
x,— ¥ =c(d—d)
2 _ Zf}(xi—f)z
n

L3 (cd,— d)P

Now, s

_ Xfdi-dPxc?
n

2
st = [Zf;-!dﬁ - (Z'ﬁd‘] ] X ¢2 as before

X = Jzﬁd’? [Eﬁd;} X ¢

n

where, ¢ = class length, d, = g, 2f=n
Let us understand the method of finding the standard deviation for continuous
frequency distribution from the following example.
Example 20 : The age distribution of the workers of a factory is as shown below.
Find the standard deviation of the age of the workers by shortcut method.
Age (in years) 15201 20-25 | 2530 | 30-35 | 3540 | 4045 | 45-30

Number of workers| 35 12 10 8 2 2 1
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Solution :

Mid-value of the class 25-30 15 27.5. Let A= 275 and ¢ = 5.

Class | x, 5 |a=2 fid | fia?
15-20 | 175 5 -2 —10 20
20-25 | 22.5 12 ~ -12 12
25-30 |[[275]=A| 10 0 0 0
30-35 | 325 8 1 8 8
35-40 | 37.5 2 2 4 8
4045 | 425 2 3 6 18
45-50 | 47.5 1 4 4 16
n =40 Xf,d, = 0| Zf,d? = 82

Sfd2  (Sfd Y
[

_ ’%_(%)2 XS5 =J2.05 X5

s = 7.16 years
Example 21 : Find the mean and the standard deviation for the following data :
Wages in I 0-15 | 13-30| 30-45| 45-60 | 60-75 | 7590 | 90-105 | 105-120
Number of workers| 12 18 35 42 50 45 20 8
Solution :
x" — A
Class X fi |d=—F(— fid; fid?
0-15 15 12 —4 —18 192
15-30 22.5 18 —3 —54 162
30-45 37.5 35 = —70 140
45-60 52.5 42 —1 —A2 42
60-75 | A = 50 0 0 0
7590 32,5 45 1 45 45
90-105 97.5 20 2 40 80
105-120 112.5 8 3 24 72
n=230 Zj;.di = —105 Z'f,-dfz = 733
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Here we take A = 67.5, which is the mid-value of the class 60-75. The class
length ¢ = 15.

X =A+—z£d‘ X ¢

— —105 - _ —
=675 + =30 X 15 =675 — 6.85 = 60.65
2
_ |Xfd? 2 fid;
5§ = J T - P Xc

’ 2

— |73 _(—105

230 ( 230 ) x 15
= J3.18—0.208 X 15
= J2.972 X 15

s =25.86

EXERCISE 9.2

1. Find the standard deviation for the following data :
() 6,7,10,12,13, 4,8, 12
(2) 38, 70, 48, 34, 42, 55, 63, 46, 54, 44
(3) 20, 24, 23, 26, 19, 25, 26, 18, 20, 21, 16, 27
2. Find the standard deviation for the following data :
W] x |10 )] 12f13]14]15 16 | 17 | 18

Ll 3l w]o|lw|n|le|nB]ofs

@| x| 6 | 10]| 14| 18] 24|28 | 30
5| 2 4 7112 8 | 4 3
3. Find the mean and the standard deviation for the following data :

M x| 2 4 6 $ | 10|12 | 14] 16
i | 4 4 5 15 8 | 5 4 5

@O x| 4 8| 2| 16 | 20 | 24
i 6 | 4] 4 8 1|7
4. Find the mean and the standard deviation for the following data by short-cut method :
x| 60| 61| 62| 63 [ 64 | 65 66 | 67 | 68
J; 2 1 12129 25 | 12 0] 4 5




DISPERSION 267

5. Find the mean, the variance and the standard deviation for the following frequency
distribution :
Class 0-10 | 10-20 | 20-30 | 3040 | 40-50
Frequency 5 8 15 16 6
6. Find the mean and the standard deviation for the following by short-cut method :
(1) | Class 3040 | 4050 | 50-60 | 6070 | 70-80 | 80-90 | %0-100
Frequeney 3 7 12 15 8 3 2
(2) | Height (ems)|70-75 [ 75-80] 8085 85-90 | 9005 95100 | 100-105] 105-110]110-115
Number of 3 4 7 7 15 9 6 6 3
students
(3) | Class 0-5 | 5-10 [10-15] 1520 20-25] 25-30| 30-35| 3540| 4045
Frequency| 20 | 24 32 28 20 11 26 15 24
7. The following table gives the distribution of income of 100 families. Calculate the
standard deviation.
Income ()| 0~1000 | 1000~2000 | 2000-3000 | 3000-4000 | 40005000 | 5000~6000
Number of| 18 26 30 12 10 4
families
8. The measurements of the diameters {in min) of the heads of 107 screws are given

below. Find the standard deviation.

Diameter (mm)

33-35

3638

3941

42-44

4547

Number of screws

&7 19

21

27

9.7 Co-efficient of Variation

In this chapter we have seen average deviation and standard deviation as the
measures of dispersion. The measures of dispersion are generally used to compare the
dispersion of two or more groups of data. More appropriate comparison of the
dispersion of two or more groups of data can be made by the co-efficient of variation
suggested by Karl Pearson. The co-efficient of variation is the relative measure of
dispersion depending upon standard deviation. It is defined as the quotient obtained
when the standard deviation is divided by the mean and it is denoted by C.V.

Thus, C.V. = £
X

The co-efficient of variation is usually expressed in percentage.
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Hence, C.V. = % X 100

Here s and x are the standard deviation and the mean of the data respectively. It
is clear that the co-efficient of variation depends on the standard deviation as well as
on the mean. Smaller the variation in observations and larger the mean, smaller will be
the co-efficient of variation. Hence, it is a better measure of comparison of data. A
sequence of observations whose co-efficient of variation is small is said to have less
dispersion or is said to be more stable, Such a sequence is also said to be consistent from
the point of view of variability. A sequence of observations whose co-efficient of variation
is large is said to have more dispersion or is said to be less stable from the variation
point of view.

Comparison of Two Frequency Distributions with the Same Mean :

Let x, and s, be the mean and the standard deviation of the first frequency
distribution and x, and s, be the mean and the standard deviation of the second
frequency distribution respectively.

fx =x,=xX

5

Then C.V. (Ist distribution) = g‘ X 100 = % X 100 )
Ry

C.V. (2nd distribution) = 3= X 100 = %2 X 100 Q)

It is clear from (1) and (2) that two C.V. can be compared on the basis of values
of 5, and s, only.

Example 22 : On analysis of monthly wages paid to the workers of two firms
A and B belonging to the same indusiry, we get following :

A B
Number of workers 1000 1200
Average monthly wages T 3000 T 3000
Variance of distribution of wages 81 100

In which firm A or B is the variation in the individual wages greater ?

Solution : The variance of distribution of wages in the firm A, s2 = 81. Therefore,
standard deviation of the wages in the firm A is 9.

Also, the variance of distribution of wages in the firm B is 100, therefore,
standard deviation of wages in the firm B is 10. Since the average monthly wages that
is the mean in both the firms is same namely ¥ = 3000, so the firm with the greater
standard deviation will have more variation. Thus the firm B has greater variation
in the individual wages.

Example 23 : An analysis of monthly wages paid to workers in two plants A and B
of a factory, gives the following results :
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A B
No. of workers 650 550
Average monthly wages T 5250 T 5250
Variance of distribution of wages 121 100

(1) Which plant A or B pays large amount as monthly wages ?
(2) Which plant A or B, shows greater variation in individual wages ?
Solution :
(1) Plant A : Number of workers n; = 650
Mean of monthly wages ¥ = T 5250
2
n,

X =

. _ X
- 5250 W

2x; = 5250 X 650
Total monthly wages = T 34,12,500
Plant B : Number of workers », = 550
Mean of monthly wages ¥ = T 5250

i

§=_

n;
. -2y
S 5250 =5
< Xy, = 5250 X 550
Total monthly wages = ¥ 28,87,500
Clearly plant A pays larger amount as monthly wages,

(2) Since plants A and B have the same mean, the plant with greater variance
will have more variation in individual wages.

Hence, plant A has greater variation in individual wages.

Example 24 : The runs scored by two cricket players A and B in three test matches
are as given below :

Player A 60 45 5 105 45 25
Player B | 100 23 i3 25 70 45

Which of them is a better player ?
Solution : We shall find the co-efficient of variation for players A and B.
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1.

Player A :
Xi x;!

60 3600

45 2025

5 25

105 11025

45 2025

25 625

Zix; = 285 [ Zx2 = 19325

For A; C.V. =% % 100

= 219%8 % 100
= 65385 %
Player B :
Vi i3
100 10000
25 625
35 1225
25 625
70 4900
45 2025
Iy, = 300 | Zy? = 19400

For B; C.V. =% X 100

S CV.of BLKCV. of A

= 28 % 100
= 54.16 %

- _ =& _ 2%
Fesr=ig
x =47.5

2
5§ = Z:& _(E)z

= J%_(;njf
= J3220.83 -2256.25

= J064.58
=31.058

|
Il
I

= 1,_19?500 - (50)?
= 3233.33-2500
= J733.33

=27.08

.. The performance of B could be rated better from consistency point of view.

EXERCISE 9.3

Ten students took 80, 89, 69, 74, 91, 96, 71, 86, 75 and 81 seconds to run
400 metre race. Find the co-efficient of variation of this data.
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The runs scored by two cricket players A and B in 5 innings are as shown
below. Decide which player performed better.

Al 3| 56| 47|48 50

B | 3| 75] 63|38 | 4

The means and standard deviations of heights and weights of 50 students of a
class are as follows :

Weight Height
Mean 63.2 kg 63.2 inch
Standard deviation 5.6 kg 11.3 inch

Which shows more variation, heights or weights ?

The following values are calculated with respect of heights and weights of the
students of a section of class XII.

Height Weight
Mean 165 cm 52.50 kg
Variance 132.25 cm? 23.04 kg?

Can we say that the weights show greater variation than the heights ?

Price fluctuations of two shares A and B are given in the following table. Which
type of share has more variation in its price ?

A 318 | 319 | 316 | 323 | 320 | 324 | 322 | 325 | 322 | 321
B 152 | 132 | 134 | 132 | 145 | 142 | 146 | 130 | 146 | 141

The sum of values and the sum of squares of values corresponding to length
x (in ¢m) and weight y (in gm) of 50 plant products are given below :

Yx, = 212, Tx? = 902.8, Zy, = 261, Zp? = 1457.6.

Which has more variation, length or weight ?

The mean and standard deviation of marks obtained by 50 students of a class in
three subjects, Mathematics, Physics and Chemistry are given below.

Subject Mathematics Physics Chemistry
Mean 40 30 40
Standard Deviation 10 15 22

Which of the three subjects shows the highest variation in marks and which
shows the lowest variation ?
From the data given below state which group has more variations G, or G, ?

Marks 10-20 20-30 | 3040 | 40-50 50-60 60-70 | 70-80

Gy 9 17 32 33 40 10 o

G, 10 20 30 25 43 15 7

#
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Miscellaneous Examples

Example 25 : If the mean and the standard deviation of ¥, x,, %5,..., x, are X ands,
then find the mean and standard deviation of ax, + b, ax, + b,..., ax, + b.
Solution : Let observations be X and y;=ax + b, wherei= 1, 2, 3,....,. n

y=ax;+ b
S Xy, =akx,+ (b + b +., ntimes)
= aZx, + bn
. &=a&+b
n n

Sy =ax+ b
.. The mean of ax, + b, ax, + b,..., ax, + b is ax + 5.
Now, let the standard deviation of ax, + &, ax, + ..., ax,+ b be 5.
Now y,— ¥ = (ax;+ ) — (ax + b)
= a(x;— X)

§ = ’E(y,- —?)2
n

_ ’E(az)(x‘- - x)?
n
= |a| ‘&E(x,-—i)2

s =lals
. The standard deviation of ax| + b, axy + b,.., ax, + b is | ¢| s and variance
is a2s2,

Example 26 : The mean and the standard deviation of 20 observations are 10 and 2
respectively. On checking, it was found that one observation with value 8 is
introduced by error. (1) Find the new mean and standard deviation by removing
the incorrect observation (2) Find the new mean and standard deviation if the
incorrect observation is replaced by an observation with value 12.

Solution : We have n =20, x = 10 and 5 = 2

. ¥ =24
n
Ly, =n-X =20 X 10 = 200 (1)
2
§2 = 2% _(3)2

n
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4 =25 — 100

inz =104 X 20 = 2080 )
o Zx; =200 and Z‘.sz = 2080
(1) If 8 is removed from the data, then 19 observations are remain.

Now corrected Xx, = 200 — 8 = 192

and corrected Zx? = 2080 — 82 = 2080 — 64 = 2016

Corrected mean = 422 = 10.105
comected Xx?

19

= 2018 _ (10.105)

=106.105 — 102.11 = 3.994

Corrected variance = — (corrected mean)?

Corrected standard deviation = /3,994 = 1.998

(2) When the incorrect cbservaiton 8 is replaced by 12.
Corrected 2x; = 200 — 8 + 12 = 204
Corrected Zx? = 2080 — 82 + 122 = 2160

Now,
Corrected mean = % = 10.2
) corrected Xix?
Corrected variance = — (corrected mean)?
= 2% _ 102y

108 — 104.04 = 3.96
Corrected standard deviation = (3.96 = 1.99

EXERCISE 9

The mean of five observations is 4.4 and their variance is 8.24. Three of the given
observations are 1, 2 and 6. Find the remaining two observations.

The mean and the variance of 8 observations are 9 and 9.25 respectively. Six of
the given observations are 6, 7, 10, 12, 12 and 13. Find the remaining two
observations.
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3. The variance of n observations x|, Xy, %4,..., X, is s2. If the observations are
changed to x; + a, x, + a,.., X, + a, where a € R show that variance remains
unchanged.

4. The mean and the standard deviation of 6 observations are 8 and 4 respectively.
If each of the observation is multiplied by 3, find the mean and the standard
deviation of the new observations.

5. For a group of 200 candidates the mean and the standard deviation were found to
be 40 and 15 respectively. Later on it was found that the score 43 was misread
as 34. Find the correct mean and the correct standard deviation,

6. Select proper option (a), (b), (¢) or {d) from given options and write in the box
given on the right so that the statement becomes correct :

(1) In an experiment with 15 observations, the following results were available :
Exfz = 2830, Zx, = 170. One observation 20 was found to be
wrong and was replaced by correct value 30. Thus the correct variance
is.... ]
(A) 188.66 (B) 177.33 (C) 833 (D) 78.00

(2) The median of a set of 9 distinct observations is 20.5. If each of the last 4
observations of the set is increased by 2, then the median of the new set ]
(A) is decreased by 2
(B} is two times the original median
(C) remains the same as that of the original set
(D) is increased by 2

(3) Suppose a population A has 100 observations 101, 102,..., 200 and another
pupulation B has 100 observations 151, 152,...,, 250. If V, and V| represent

\
the variances of the two populations respectively, then v_; is... ]
(A) 1 ®) § © 3 ®) %

(4) The mean and the §.D. of the marks of 200 candidates were found to be 40
and 15 respectively. Later, it was discovered that a score 40 was read
as 50. The correct mean and the correct S.D. are respectively... ]

(A) 14.98, 3995 (B) 3995, 1498 (C) 3995, 2245 (D) 224.5, 39.95

(5) If SD. of a variate x is 4 and y = 3x:—7, then S.D. of y is... =

(A) 4 (B) 3.5 (C) 3 (D) 2.5
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(6) The variance of the data 3, 4, 5, 8 is... ]
(A) 4.5 (B) 3.5 (C) 5.5 (D) 6.5

(7) The mean deviation of the data 3, 10, 4, 10, 7, 10, 5 from the mean is ... |
(A) 2 (B) 2.57 (C) 3 (D) 3.75

(8) The marks obtained by 9 students in a mathematics test are :
50, 69, 20, 33, 39, 53, 63, 40, 59.

The mean deviation from the median is... -
(A) 9 (B) 10.5 (C) 12.67 (D) 14.76

(9) The standard deviation of the data 6, 9, 5, 12, 13, 8, 10 is... [ ]
(A) 2 ®) ¥F (© J6 (D) 6

(10) The mean of 100 observations is 50 and their S.D. is 5. The sum of
squares of all the observations is... -
{A) 50,000 (B) 2,50,000 (C) 2,52,500 (D) 2,55,000

(1) Let a, b, ¢, d, e be the observations with mean ¥ and S.D. s. The standard
deviation of the observations a +m, b+ m c+ m d+ m e+ mis...[ |

(A) s (B) ms (C)s+m (D) %

(12) Let a, b, ¢, d, e be the observations with mean x and S.D. s. The standard
deviation of the observations ma, mb, mc, md, me is... -
(Aym + s (B) % C) s (D) ms

(13) Consider the numbers 1, 2, 3, 4,..., 10. If 1 is added tc each number, the
variance of the numbers so obtained is... ]
(A) 6.5 (B) 2.87 (C) 8.25 (D) 3.57

(14) If the S.D. of X{y Xppey X, is 3.5, then the SD. of—h:l =3, 2x, — 3,.,
—2x, — 3 is.. -
(A) —7 (B) 10 ©) 7 (D) —10

(15) Consider the first 10 positive integers. If we multiply each number by —1
and then add 1 to each number, the variance of the numbers so obtained

is... ]
(A) 8.25 (B) 6.5 (C) 3.87 (D) 2.87

(16) In a series of 2» observations, half of them are equal a4 and remaining half
are equal —a. If the standard deviation of the observations is 2, then | a |

equals. ]
(A) 2 ®) 2 © 1 o 2

n
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10.

Summary

Range, Average (mean) deviation, variance, standard deviation are measures
of dispersion,

Range = Maximum value — Minimum value.

Average deviation about the mean for ungrouped data.

o7 = W, where X is the mean
Average deviation about the median for ungrouped data.
OM = M, where M is the median

Average deviation about the mean for grouped data.
85 = M’ where #n = E-f

¥

Average deviation about the median for grouped data.
SM = M, where » = Zf'

i

Variance and standard deviation for ungrouped data

Sz — 2(15 = IJZ § = E{Ii - E)z
n . J n
2 2 :
2= Z5 _ (zp, 5= ZE (77, where 7 =

Short-cut method to find variance and standard deviation for ungrouped data.
2
st (3] - R

n n R in

where d; = x; — A, A is the assumed mean.
Variance and standard deviation of discrete frequency distribution

2 L fix; — X 5= ’Zﬁ(%—f)z
n n

2 2hX _ ey
8 5 {x) =
where d; = x; — A, A is the assumed mean.

Shorteut method to find variance and standard deviation of discrete frequency
distribution

2o 2082 [Zﬁa‘;f o JZ{Z‘?‘(ZM,

n

2

h

where d; = x; — A, A is the assumed mean.
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11. Variance and standard deviation of a continuous frequency distribution.

2 i —x) — L fitx =)
n J n

X fixl 'Eﬁiz ixt =
() T

5

12. Shortcut method to find standard deviation of a continuous frequency distribution,

s =CJM, d=Ah 7o Zfd
n

2 —
=1 —f—*—z{;‘i' -d)*

13. Coefficient of variation
cvV.=<
X

Historical Note

The word 'Statistics’' is derived from the Latin word 'status’ which means a
political state. This suggests that statistics is as old as human civilisation. In the year
3050 B.C,, perhaps the first census was held in Egypt. In India also, about 2000 years
ago, we had an efficient system of collecting administrative statistics, particularly,
during the regime of Chandra Gupta Maurya (324-300 B.C.). The system of
collecting data related to births and deaths is mentioned in Kautilya's Arthashastra
(around 300 B.C.) A detailed account of administrative surveys conducted during
Akbar's regime is given in Ain-I-Akbari written by Abul Fazl,

Captain John Graunt of London {1620-1674) is known as father of vital statistics
due to his studies on statistics of births and deaths, Jacob Bernoulli (1654-1705) stated
the Law of Large numbers in his book "Ars Conjectandi”, published in 1713.

The theoretical development of statistics came during the mid seventeenth century
and continued after that with the imtroduction of theory of games and chance
(ie., probability). Francis Galton (1822-1921), an Englishman, pioneered the use of
statistical methods, in the field of Biometry, Karl Pearson (1857-1936) contributed a lot
to the development of stafistical studies with his discovery of Chi square test and
foundation of statistical laboratory in England (1911). Sir Ronald A. Fisher (1890-1962),
known as the Father of modern statistics, applied it to various diversified fields such
as Genetics, Biometry, Education, Agriculture, etc.

— Q:Q—



Chapter 10

[ PROBABILITY J

10.1 Introduction

The words probable, possible chance etc. are quite familiar to us. We use these words
when we are not sure of the result of certain events. These words convey the sense
of uncertainty of occurrence of events.

Probability is the word we use calculating the degree of the certainty of events in
ideal conditions. An experiment means an operation which can produce some well
defined outcomes. There are mainly two approaches in defining in the theory of the
probability of the events of a random experiment (1) Classical approach (2) Axiomatic
approach. The classical approach is given by Blaise Pascal and the axiomatic approach
is given by a Russian mathematician A. Kolmogorov in 1937. We will discuss these
two approaches in this chapter.

10.2 Random Experiment

Definition : An experiment, in which we know all the possible outcomes in
advance but which of them will occur is known only after the experiment is
performed, is called a random experiment.

A coin has two sides, one side we know as head denoted by H and the other side
as tail denoted by T. In advance we can not predict whether head will occur or tail will
occur when the coin is tossed. So in the experiment of tossing of a coin, we know the
possible outcomes but one cannot foretell the outcomes before tossing.

Consider another example. The selection of a card from a pack of 52 cards.
Nobody can predict which card will be selected. But all possible outcomes of selection
are known before the selection.

There are six faces of a die. They are marked with integers 1, 2, 3, 4, 5, 6. When
the die is tossed any one of these integers can appear on the upper face as an
outcome of the experiment. We can't say which of the digit will occur in advance.
So these type of experiments are known as random experiments.

10.3 Sample Space

Sample Space : The set of all possible outcomes of a random experiment

is called a sample space.
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The sample space is denoted by U. The possible outcomes in the experiment of
tossing a coin are H and T. So, the sample space associated with the experiment of
tossing a coin is U = {H, T} Similarly, the possible outcomes in the experiment of tossing
a die are 1, 2, 3, 4, 5, 6. Hence the sample space is U = {1, 2, 3, 4, 5, 6}

A sample space can be (1) A finite sample space or (2) An infinite sample space.

If a sample space is in one-one correspondence with a finite set,

{x€ N|1<x<n n€ N} then it is called a finite sample space.

A sample space which is not finite is called an infinite sample space. Each
element of the sample space is called a sample point. Let ap, Gy, dy, ... , a, be
all the outcomes of a random experiment. Then a,, a,,.... g, are called sample points
and sample space U = {a,, a5, a3, ... , alt.
Example 1 : Find the sample space associated with the experiment of tossing of two

coins simultaneously.

Solution : As we know the two possible outcomes of tossing a balanced coin are
head H or tail T.

If we get head (H) on first coin and head on second coin, the result is denoted
by (H, H). Similarly if we get H on first coin and T on second coin, the result is denoted
by (H, T). Similarly considering other results, the sample space is

U={H, T} X {H, T},

U={H W, H, D, (T, H), (T, 7).

Here sample points are ordered pairs formed by H and T. For simplicity we will
write HT for (H, T) etc.

~ U= {HH, HT, TH, TT}

Example 2 : Write the sample space associated with the experiment of tossing of
two dice simultanecusly.

Solution : Consider the experiment of tossing a die. There are six possible
outcomes of this experiment namely 1, 2, 3, 4, 5, 6.

Thus, the sample space associated with the random experiment of throwing a
die is S = {1, 2, 3, 4, 5, 6}.

Here two dice are tossed once. So the sample space is

U ={1,2,3,4,5,6} X{1,2,3,4,5, 6}

= {(1, 1), (1, 2)....,(1, 6), (2, 1), (2, 2),...,(2, 6), (3, 1), (3, 2),...
(3, 6}1.0(6, 1), (6, 2),...4(6, 6)}
Here (x, y) denotes the result x on the first die and result y on the second die.

S U=s{x»|x=1,2,3,4,5,6,y=1,2,3,4,5, 6}
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Example 3 : From a group of 2 boys and 3 girls, two children are selected at

random. Write the sample space of this experiment.

Solution : Let us denote the two boys as B,, B, and 3 girls as G;, G, G3. Out
of the five children, two children are selected.

So the sample space is

U = {B,B,, B,G,, B,G,, B|G;, B,G}, B,Gy, B,G;, G,Gy, G,G3, G,G3}

The following tree diagram can help us to understand about outcomes of the
sample space.

B,
G

B, ! BB,
G, B,G,
Gy B,G,
G B,G;
B, G, B,G,
G B,G,
G <: o 2
' G, GG,
GG,
K G G,G;

G
Figure 10.1

Here there is selection. Order is not important. Hence BB, is same
as B,B,.

Example 4 : Consider an experiment in which a coin is tossed repeatedly until a head
comes up for the first time. Describe the sample space.
Solution : In this experiment you may get H on the first trial or T on the first trial and
H on the second trial or T on the first two trials and H on the third trial and we continue
the experiment till we get H. So sample space U = {H, TH, TTH, TTTH, TTTTH, ...}
Here TH means T on the first trial and H on the second trial. This experiment is
continued till we get H and hence tails precede H till we get H on nth trial.

This is an example of an infinite sample space. We shall be studying

problems with finite sample spaces only.
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EXERCISE 10.1

Let a coin be tossed. If it shows head we draw a ball from a box containing 3
identical red and 4 identical green balls and if it shows a tail, we throw a die,
What is the sample space of this experiment ?

2. A box contains 2 identical red and 3 identical white balls. Two balls are drawn at
random simultancously. Write the sample space for this experiment.

3. Describe the sample space for the indicated random experiments,

1. A coin is tossed three times,
2. A coin and die are tossed simultaneously.

4. An experiment consists of tossing a coin and then tossing it second time if a head
occwrs. If a tail occurs on the first toss, then a die is tossed once. Find the
sample space for this experiment.

5. An experiment consists of rolling a die and then tossing a coin once if the number
on the die is odd. If the number on the die is even the coin is tossed twice. Write
the sample space for the experiment,

6. A box contains 3 identical red balls, 2 identical white balls and 1 black ball. The
experiment consists of drawing one ball from the box and then putting it back
inte the box and again drawing a ball. Write the sample space associated with
this experiment,

7. Four cards are labelled with A, B, C and D. We select any two cards at random
without replacement. Describe the sample space for the experiment.

8. Three distinct balls are to be distributed in two cells, Write the sample space
associated with the experiment.

9. A balanced coin is tossed thrice. If three tails are obtained, a balance die is
tossed. Otherwise the experiment is terminated. Write down the elements of the
sample space,

10. One die is marked with letters ab,cde,f and other is marked with integers
1,2,3,4,5,6 on its six faces. Write the sample space associated with the
random experiment of tossing two dice simultaneously.

*

10.4 Event

Event : A subset of a sample space is called an event.

We have studied the sample space associated with a random experiment. Consider

the sample space as a universal set. Subsets of U are called events.

The set of all subsets of the sample space U is the power set of U. It is denoted

by P(U). It is clear that the elements of P(U) are events.
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U = {HH, HT, TH, TT} is the sample space of the experiment associated with
tossing of two coins once. A = {TT} is a subset of U. So A is the event of
getting T on both the coins.

B = {HT, TH, TT} is the event of getting at least one T.

Now we shall study different events with the help of set operations.

Elementary Event : (Simple Event) Let U be a finite sample space.
U = {x;, X3 X,}. The singleton {x;}, (i = 1, 2, 3,.., n) of U are called
elementary events. An elementary event is also known as a simple event.

For example in the experiment of tossing of two coins once, sample space is
U = {HH, HT, TH, TT}. Here {HH}, {HT}, {TH} and {TT} are the elementary events
corresponding to this sample space.

Impossible event : The subset () of the sample space U is called the
impossible event.

Sure event or certain Event : The subset U of the sample space U is
called the certain event.

Compound event : If an event has more than one element (sample point),
it is called a compound event. It is also known as decomposable event.

For example in the experiment of tossing of two coins once,

U = {HH, TH, HT, TT}

The subsets of U, A = {TH, HT} and B = {TH, HT, TT} are compound events.

Complementary Event : A € P(U). The set consisting of all elements of
the sample space U other than the elements of A, is called the complementary
event of A.

The complementary event of A is denoted by A'. It is also called ‘not A’.

In set notation A' = {x | x € U, x € A}

For example, consider the experiment of tossing two coins. The sample space
U = {HH, HT, TH, TT}. Let A = {TT} be the event where only tail appears.

The complementary event of A (not A) 1s A' = {HH, HT, TH}

It is clear that p' = U and U = 6.

The Event ‘A or B’ (Union of events) : A, B € P(U). The set consisting
of all the elements of the sample space U which are in A or in B is called the
union of events A and B. It is denoted by A U B.

In the set notation AU B={x|x€ U, x€ Aorx € B}

Intersection of Events ‘A and B’ : A, B € P(U). The set consisting of
all the elements of the sample space U which are in A as well as in B is called
the intersection of events A and B. It is denoted by A N B.

In the set notation AN B={x|x€ U,x€ Aand x € B}
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Mutually Exclusive Events : A, B € P(U). Let U be the sample space
associated with a random experiment and let A and B be two events. Then
A and B are called mutually exclusive events if A M B = .

Elementary events associated with a random experiment are mutually exclusive.
Consider the random experiment of throwing a die. A and B are the events

given by

A = getting an even number, B = getting an odd number

A=1{2,4,6} and B = {l, 3, 5}

Clearly AN B =0

Exhaustive Events : For events A, B € P(U), if AU B = U, then A and B
are called exhaustive events.

Mutually Exclusive and Exhaustive Events : If for events A and B, AN B=)
and AU B =T, then A and B are called mutually exclusive and exhaustive
events.

For any event A, AMA'=¢, AU A'=1U. A and A" are mutually exclusive and
exhaustive events.

As we have seen in previous example, U = {1, 2, 3, 4, 5, 6}, A= {2, 4, 6} and
B = {1, 3, 5} are events. Here AM B =9 and AU B = U. So events, A and B are
mutually exclusive and exhaustive,

Difference Event : Let A, B € P(U) be events. The set consisting of all
the elements of U which are in A but not in B is called difference event of
A and B. It is denoted by A—B.

Similarly we can define the event B — A.

A — B and B—A are represented in the set notation as

A—B={x|xe U xe Aandx € B} and
B—A={x|x€ U x€ Bandx € A}

We can also see A — B = A M B’ for the two events A and B.

We have defined union and intersection of two events. Similarly let A, A,,..., A,
(n 2 2) be events.

n
The union of events A, A,,.., A, denoted by A; U A, L. U A, or JA;.

i=1

and the intersection of events A, A,,..., A, denoted by A; M A, N.. M A,

n
or [|A; are defined as follows :
i=1
H
UA; ={x|xe Uxe A, for at least one i = 1, 2, 3,..., n}
i=1

H
NA;={x|x€ U, x€ A, foralli=1,2,3,.. 1}

i=1
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10.5 Mutually Exclusive Events and Exhaustive Events
If A; Aj =@for i=12,..,nandj=1,2,...n (i&)

Then A |, A,,..., A are called mutually exclusive events.

Further if CJA; = U also, then A, A,,..., A, are called mutually exclusive and
i=1
exhaustive events.

Partition of a sample space : If A, A,,..., A, are mutually exclusive and
exhaustive events for the sample space U, then {A,, A,,.., An} is called
a partition of U.

10.6 Elementary Events

Let U = {x;, x5,..., X,} be a finite sample space. Singleton {x} of U for

i =1, 2,., n are called elementary events. Description of different events in

words and set notation are given in the following table.

No, Description of an Event Set theoretic
in words notation of event
ik A is an event AcCU
2 Event A does not occur A’
3. Event B surely occurs when A occurs ACBH
4, Impossible event ]
5. Certain event U
6. Events A and B are mutually exclusive ANB=¢9
7. Events A and B are exhaustive AUB=U
3. Of the two events A and B, only B occurs B—AorBmMmA
9. Of the two events A and B only one occurs (A—B)u(B—A)
AAB
10. Events A and B occur together ANB
11. At least one of the events A and B occurs AUB
12. Of the events A, B, C only A occurs A-(BUQO)
oo AmB NC
13. Of the events A, B, C only A and B occur ANBMNC
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Example 5 : One fair coin is tossed twice and the outcomes noted. Give the sample
space of the experiment and hence, give the elements of the following events :
(1) Event A : getting T twice, (2) Event B : petting H exactly once
(3) Event C : getting T at most once.
Solution : We know that the sample space associated with the experiment is,
U = {HH, HT, TH, TT}
Event A : getting T twice, A = {TT}
Event B : getting H exactly once, B = {HT, TH}
Event C : getting T at most once, C = {HH, HT, TH}
Example 6 : An experiment has sample space U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and
A={1,34},B=144, 5 7, 8}, C= {5, 6, 7} are three events. Write down the
elements of the following events :
(DAVUE QANB GQANE HQANBNE) GHBNCOUA
Solution : Here U = {1,2,3,4,5,6,7, 8,9, 10}
A=1{1,34};,B={4,5,7,8},,C= {56, 7}

() A=({1,3,4},B'={1,2,3,6,9, 10}
SO AUB ={1,2,3,4,6,9, 10}

(2) Now AN B'=1{1,3 4} M {1,2,3,6,9 10} = {1, 3}
S ANB ={1,3)

(3) A'={2,567,89 10} and B' = {1, 2, 3,6, 9, 10}
SO AN B = {2, 6,9 10}

4 ANnBnNnC)

BNC={4,5178}MN{56, 7} ={5 7}
BMNCYy=141,213,4,6,89, 10}
ANBNC={1,3,4)MN{1,2,3,4,6,8,9,10} = {1, 3, 4}

) BNCOWA={5T7U(l1,3,4,=1{1,3,4,5 7}

Example 7 : Describe the sample space associated with the experiment of selecting a
child at random from three families each with a boy and a girl. Also write the
elements of the following events :

(1) There is at most one boy in the selection.

(2) The selection consists of only girls

(3) The selection has exactly two gitls.

Solution : A child in a family could either be a boy or a girl. If we denote a
boy by letter ‘b° and a girl by letter ‘g’, then the sample space associated with this
experiment is given by

U= {5 g} X (b g} X {} g}
= {bbb, bbg, bgh, ghb, ggh, gbg, beg, geg}
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(1) Suppose A denotes the event that there is at most one boy in the selection,
A = {ggg ggb gbg bgg}
(2) Suppose B denotes the event that the selection has only girls

B = {ggg}
(3) Suppose C denotes the event that the selection has exactly two girls.

C = {ggb, ghg bgg}

EXERCISE 10,2

1. A box contains one ball each of red, black, yellow and white colour. One ball is
drawn out of the box at random and its colour is noted and it is put back in the
box. Then another ball is drawn out, its colour noted and it is put back in the
box. List the elements of the sample space of this experiment and hence, list the
elements of the following events.

(1) A : two balls of the same colour are drawn.

(2) B : exactly one ball of white colour is drawn.

(3) C: at least one white ball is drawn.

4) D : two balls of different colours are drawn.

Write the elements of A B, B W C, AW D, A D. What can be said about
events B and C ? About A and D ?

2. A coin is tossed three times. Give the elements of the following events :

(1) Event A : Getting at least two heads
(2) Event B . Getting exactly two tails
(3) Event C : Getting at most one tail
(4) Event D :; Getting at least one tail
FndANB CND,AUC,BNC A UVC

3. U is the sample space consisting of positive integers from 1 to 3¢. If A, denotes
the event consisting of those elements of U which are divisible by i, write down
the elements of A,, As, Ay, A;, Check the validity of the following statements.
(1) Events A, and A, are mutually exclusive.

(2) Event A, is a subset of event A,.
(3) Aj, Ajand Ag are not exhaustive.

4. A box contains 2 white, | red and 2 green identical balls. Two balls are drawn at
random without replacement. Write the sample space associated with experiment.
Write the elements of the following events.

Event A : Both the balls selected are white.
Event B : At least one ball selected is white.
Event C : Both the balls selected are of different colours.
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An integer from 1 to 50 is selected at random. Write the elements of the
following events.

A : Randomly selected integer is a multiple of 2.

B : Randomly selected integer is a multiple of 10

C : Randomly selected integer is a multiple of 4.

Two fair dice are rolled simultaneously. Write down the sample space of this
experiment. Give the elements of the following events :

A : The sum of the numbers on two dice is divisible by 4.

B : The sum of the numbers on two dice is divisible by 3.

C : The sum of the numbers on two dice is less than 7.

D : Numbers on both the dice are even integers.

There are three identical balls, marked with a, 4, ¢ in a box. One ball is picked up
from the box at random. The letter on it is noted and the ball is put back in the
box. Then another ball is picked up from the box and the letter on it is noted,
Write the sample space of the experiment. Write down the elements of the
following events :

Event A : Ball marked a is selected exactly once.

Event B : Balls selected have same letters marked.

Event C : Ball with mark ¢ is selected at least once.

From a group of 3 boys and 2 girls, two children are selected at random.
Describe the following events :

E : Both the children selected are girls.

F : Selected group consists of one boy and one girl.

G ; At least one boy is selected.

A die is thrown. The number that appears on the top face is observed. Write the
elements of the following events.

A : A number less than 7 appears on the top face.

B : A multiple of 3 appears on the top face.

C : A number greater than 4 appears on the top face.

D : A number less than 2 appears cn the top face.

FndANC,BUC, DuC(C

10.7 Set Function

Let U be a finite sample space. The set of all subsets of U is the power set of

U and it is denoted by P(U). Elements of P(U) are called events. Now we shall denote
P(U) by S.

Let S be the power set of the sample space U and R be the set of real numbers.

A function T : S — R is called a real valued set function.
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10.8 Additive Set Function

Let T : S — R be a set function.

If T(A; UA,) =T(A) + T(A,), whenever A;, A, € S and A; N A, = (),
then T is called an additive set function on S.
Example 8 : Let U = {ag, &} be a sample space. T : S — R is a set function.

T(A) = Number of elements in A, A € 8. Find the range of T. Determine whether
the function is an additive set function or not.
Solution : Here given sample space U = {a, b}

< 8 =PU) = {8 {a}, {6}, U}
Now let A, =0,A,={a}, Ay ={b},Ay=U
T(A;) = 0, T(Ay) = T(Ay) = 1, T(A,) = 2
. Range of T= {0, 1, 2}
AyNA =) AUA, =0U {a) = {a) = A,
T(A, U A,) = T(A,) = 1
T(A) + T(Ay) =0+ 1=1

T(A; U A,) = T(A)) + T(Ay)

A, U A=A Ay, MA;=¢
T(A, U Ag) = T(Ay) = 2
T(A,) + T(A) =1+ 1 =2

T(A, U A;) = T(A,) + T(A;)

A NA =0 A U A, = A,
T(A; U Ay = T(Ay) = 1
TAY + T(A) =0+ 1=1

T(A; U Ay = T(A) + T(A;)
AjNA=9 AjUA,=U

T(A, U A,) = T(U) = 2

TA)+ T(A) =0+2=2

T(A; U Ay) = T(A)) + T(A,)
Hence, T is an additive set function.

10.9 Axiomatic Definition of Probability
In 1933, the Russian mathematician A. N. Kolmogorov was the first
mathematician who gave the definition of probability.
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Definition : Let U be a finite sample space and S be its power set. Suppose
that a set function P : S — R satisfies following axioms.
Axiom 1 : For every A€ S, P(A) 2 0
Axiom 2 : P(U) =1
Axiom 3 : VA, € S, A, € S,if A, NA, =1,
then P(A; U A,) = P(A)) + P(A,)
Then P is called a probability function. For event A € S, P(A) is called the
probability of the event A. The triplet (U, S, P) is called probability space.
From the axiomatic definition of probability we can deduce following results :
1. According to axiom 1, probability of any event is non-negative real
number,
2. According to axiom 2, the probability of certain event U is | ie. P(U) = 1.
3. The probability function P is an additive set function.
If A, Ay, A, € S are mutually exclusive (n 2 2),
P(A, UA, L ...UA)=PA)+ PA) +.+PA,)
Example 9 : A set function P is defined on the power set of the sample space
U = {a b, ¢} as follows.

Event A| ¢ |{a} | {&} | {c} |ia b} |{d ¢} | {a c}| U

ik
12 !

Blua

o [0 [4]4]3] 3

Determine whether P is a probability function on S.

Solution : Here U = {a, &, c}

The power set S of the given sample space U is,

S = {0, {a}, {8}, {c}, {a B}, {b, ¢}, {q, c}, U}

From the given table it is clear that VA € S, P(A) 2 0. Hence axiom 1 is

satisfied.
Now P(U) = 1. Hence axiom 2 is also satisfied. Let A = {a} and A, = {5}.

Then Al m AZ =@ So Al and A2 are mutually exclusive events.
AU Ay ={a b}

P(A, U Ay = K{a, b})

1
6
P(A) +P(A)=1+1=2

S PAL WAy # PA) + PA)
Thus P does not satisfy axiom 3. So P is not a probability function.
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Example 10 : For mutually exclusive and exhaustive events A, B, C, a set function
P is defined as follows :

(1) P(A) = 0.40, P(B) = 0.36, P(C) = 0.24
2 PA) = % P(B) = % P(C) = %

3) P(A) = 031, P(B) = 0.36, {C) = —0.23
In each of the above determine if P is a probability function or not.
Solution : (1) P(A) > 0, P(B) > 0, P(C) > 0.
A, B, C are mutually exclusive and exhaustive events. (Given)
AUBuUC=TU
P(A W B U C) = P(U)
also P(A) + P(B) + P(C) = 0.40 + 0.36 + 0.24 = 1.00
P(U) = 1.00
So P satisfies all the axioms
P is a probability function
(2) According to the axiom 3, we must have,
PAY+PB)+PC)=1
but according to the allocation
P(A) +PB)+PC) =2 + 1 + 2
. P is not a probability function.
3 VA, P(A) 2 0 is necessary as per the first axiom. Probability of all the events

should be non-negative. But P(C) = —0.23 < 0. So given allocation of
probabilities is not possible. Hence P is not a probability function.
10.8 Theorems on Probability
Using the definition of probability we shall prove some useful theorems on
probability.
We shall assume that every event is a subset of a finite sample space. S is the
power set of U. Suppose P is a probability function.
Theorem 1 : For the impossible event (), P()) = 0
Proof : For the events § and U,
pNAU=9¢andgp JU=U
Hence by axiom 3,
P@ U U) = P(¢) + P(U)

P(U) = P@® + PU)
S 1l=P@r+1 (axiom 2)
s P@=0

6 _
$=12>1
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Theorem 2 : For every event A,
P(A") = 1 — P(A)

Proof : For events A and A'
ANA=¢0and AUVA=U
P(A W AY = P(U)

P(A) + P(AY = P(U) (axiom 3)
P(A) + P(A") = 1 (axiom 2)
P(AY =1 — P(A)

Theorem 3 : If A and B are events such that A C B, then,

(1) P (B —A)=P(B) — PA) L

(2) P(A) < P(B)
Proof : A C B is given.
From figure 10.2 is clear that,
ANB-A)=¢gandAUB-A)=B
So P(A U (B — A)) = P(B)
P(A) + P(B — A) = P(B) (axiom 3)
B(B — A) = P(B) — P(A)
Now using the axiom 1
P(B—A)20
P(B) — P(A) = 0
P(B) 2 P(A)
P(A) € P(B)
Corollary 1 : For event A, 0 S P(A) £ 1
Proof : We know P(A) 2 0 by axiom 1, 0]
Also ACU
P(A) < P(U) (Theorem 3)
PA) <1 (axiom 2) (ii)
From (i) and (ii) we can say that 0 £ P(A) £ 1

Figure 10.2

Corollary 2 : For any events A, B,
P(A N B")=PA) —P(AN B)

Proof : For any events A, B, using
Venn-diagram 10.3, it is clear that

ANB =A—(ANB)
P(A N B) = P(A — (A N B))
= P(A) — P(A N B) (AN B) C A)
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Theorem 4 : For events A and B u
P(A U B) = P(A) + P(B) — P(A N B) e B
Proof : For events B and A N B’
BN (ANB)=¢and
BUANB)=AUB ~
So, AAB ANB A'NE
.. PBU(ANMNB)=PAUB) Figure 10.3
s P(B)+ P(A N B)=PAUB) (axiom 3)
~ P(B)+ P(A) — P(A N B) = P(A U B) (corollary 2)

s P(A VW B)=PA)+ PB) — P(A N B)
10.9 Classical Definition of Probability

Laplace and Bernoulli had given the classical definition of probability. In the
definition they have considered that certain basic events have equal probabilities. This
definition is useful in understanding the probability distribution among the events of a
sample space.

Equiprobable Events : Let U = {x;, x,,..., x,} be a finite sample space.

If P({x;}) = P({x,}) = - = P({x,}) then the elementary events
{x1}s {x3}sees fx,} are called equiprobable events.

Now le;} =Uand {x;} M {xj} =@;i#j,i=1,2,3.,mj=1,2,3,.,n

i=1

P({x} U ) U {x,)) = P(U)

P({x;}) + P({x,}) +..+ P{{x,}) = P(U) (axiom 3)
oo P({xg}) + P({x,}) +.4+ P({x,}) = 1 (axiom 2)
As {x;}, {x,},.., {x,} are equiprobable, so n P({x})=1,i=1, 2., »

s P({x}) =< foreachi 1Si<n

Now Let U = {x,, x,,..., x,} be a finite space. Suppose the elementary
events are equiprobable. Suppose A is non-empty event of U with » ¢lements.
Suppose that the elements of A are x,, x,,..., x,

SO A= U ) VLU )

So according to axiom 3,

P(A) = P({x1}) + P({x;}) +..+ P({x,})
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1 1 ;
+ n +..+ n (r times)

1
n
. S
S PA) = n
The result is true for A = @ also.

Definition : If a finite sample space associated with a random experiment
has n equally likely (equiprobable) outcomes (elements) and of these

r(0 £ r £ n) outcomes are favourable for the occurrence of an event A, then

probability of A, P(A) is given by P(A) = r—’;

Example 11 : If probability of an event A is <, What is the probability of the event

10°
‘not A’.
Solution : Here P(A) = %. So PAY =1 - PA)
=1-2
10
=L
10

Example 12 : A and B are given events. P(A) = 0.38, P(B) = 0.52 and A N B)=10.18.
Determine the probability of the following events :
(DAUB 2)A-B 3)B—-A 4B
Solution : (1) P(A) = 0.38, P(B) = 0.52 and P{A M B) = 0.18
Now, P(A U B) = P(A) + P(B) — P(A N B)
=038+052-018=072
(2) Now P(A — B)=PA) - A N B)
s P(A—B) =038—-0.18=020
(3) Now P(B — A)=P(B) — (A N B)
=052-018=1034
@ PB)=1-P®B)
=1-052=048
Example 13 : A fair coin is tossed twice. Find the probability of (1) getting H exactly
once. (2) getting T at least once.
Solution : The sample space associated with the experiment is
U = {HH, HT, TH, TT}
.+ Number of elements in U is 4. So n = 4
Suppose A denotes the event of getting H exactly once.
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o A= {HIT, TH}. Se n(A) =2
According to the classical definition of probability,
o p(A)=§=l =1
In the same way for the event B of getting T at least once,
B = {HT, TH, TT}. So r = 3.
=L _-3
P@®) = L =2
Example 14 : One card is drawn at random from a well shuffled pack of 52 cards.
Calculate the probability that the card will be,

(1) an ace (2) a card of black colour
(3) a diamond (4) not an ace
Solution : One card is drawn at random from a well shuffled pack of cards.
So the possible number of outcomes is 52.
n=>52
(1) Number of aces in a pack of cards is 4. So » = 4.

o P(cardofanace)=;—§—ﬁ

(2) A card of black colour is a club card or a spade card. Number of cards of
black colour is 26
Soor=26

P (card of black colour) = ﬁ = §—6 =

LS o

(3) Number of diamond cards is 13. So = 13.
. P (a diamond card) = % = %

(4) P (Not an ace card) = 1 — P (an ace card)

2

.

=1—-

5'_
—_

Example 15 : A box contains 5 red, 6 white and 2 black balls. The balls are identical
in all respect other than colour.
(1) One ball is drawn at random from the box. Find the probability that the
selected ball is black.
(2) Two balls are drawn at random from the box, Find the probability that one
ball is white and one is red.
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Solution : Total number of balls in the box is 13. One ball is drawn at random
from the box.

We can select one ball in (]13 ] ways. So n = 13.

There are two black balls. Hence the number of favourable elements for the
event is 2.

2
o.o r= (1] = 2
. The probability that selected ball being black is

r

L -2
n 13
(2) Two balls are to be drawn from the box simultancously. So n = (123 j There

are 5 red and 6 white balls in the box. The number of ways of selection is G) (?J

_(5y(6
r=l
The probability of this event is,
5y(6
08,

BRI

r_
n

EXERCISE 10

1. A and B are two events such that P(A U B) = 0.89, P(A) = 0.54, P(B) = 0.59.
Find (1) PAMN B) 2)PA'NB) B)PANDB) (4) B MNA)
2. A box contains 15 white, 10 blue and 5 black marbles. From the box 5 marbles
are drawn at random. What is the probability that,
(1) all the five marbles drawn are black.
(2) Either blue or white marble is drawn,
(3) at least one marble drawn is black.
3. If A, B, C are three events associated with a random experiment, prove that,
P(A U B U C) = P(A) + P(B} + P(C) — P(A M B)
—-PBNO—-—PANCO+PANBNC)
4. Write the sample space associated with the experiment of tossing of a coin thrice.
Find the probability of the following events.
(1) At least one head appears.
(2) Exactly two tails occur.
(3) At most one head occurs.
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5. Two unbiased dice are rolled simultaneously. Find the probability of the following

events :

(1} A = Getting a double (same number on two dice)

(2) B = The sum of numbers on two dice is divisible by 3.
(3) C = The product of numbers on two dice is divisible by 2
(4) D = The sum of numbers on two dice is greater than 10.

6. There are 100 lottery tickets on which numbers from 1 to 100 have been printed.
Find the probability that the number on a randomly drawn ticket is a multiple of
50or7.

7. There are 400 screws in a box out of which 50 are defective. If a screw is
randomly selected from the box, find the probability that it is non-defective.
If two screws are randomly selected, find the probability of both being
defective.

8. From a well shuffled pack of 52 cards 13 cards are drawn at random. Find the
probability that 6 out of these 13 cards are face cards.

9. Select proper option (a), (b), (c) or (d) from given options and write in the box
given on the right so that the statement becomes correct :

(1) A die is rolled. The probability of getting a prime number is... 1]
A) § ®) £ © % ) %

(2) Two cards are drawn at random from a pack of 52 cards. The
probability that both the cards are kings is ...... ]

1 5 4 1

(A) 57 (B) =57 © = D) =5

(3) A coin is tossed successively three timegs. The probability of getting
exactly one head or two heads is ...... =
I g ®) 2 © 3 D) £

(4) A box contains 7 red and 5 blue balls. Two balls are drawn at random. The
probability that one is red and other is blue is... ]
@ & (B) 3 © £ o &

(5) A letter from the English alphabet is chosen at random. The probability that
the letter chosen is vowel is... ]

) & (B) = ©) = o) &
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(6) If A and B are mutually exclusive events in a sample space, such that

P(B) = 0.4 and P(A) = 0.5, then P(A' N B)... ]
(A) 0.9 {B) 0.1 (C) 02 (D) 0.23

(7) Each number is equiprobable. Probability that a number selected at random
from the numbers 1 to 25 is a prime number is... -
(A) 5% ®) &£ © 3% ®) £

(8) 8 boys and 2 girls are to be seated in a row. The probability of an
arrangement in which two girls are not seated side by side is... -
A % ®) % © 2 ) %

(9) A fair die is rolled once. The probability of the event of getting a number
on the die being divisible 3 is... ]
(A) ¢ ®) % © 3 D) 2

(10) If P(A) = 0.38 and A, B are mutually exclusive events,
then P(A N B) = ... ]
(A) 0.38 (B) 1 (C) 0.12 (D) 0.62

(1) A, B, C are mutally exclusive and exhaustive evenis. P(A) = 0.40,
P(B) = P(C). Then, P(B) = ...... ]
(A) 0.40 (B) 0.60 (C) 0.20 (D) 0.30

(12) Two balanced dice are rolled. The probability that the same number will
appear on each of them is... ]
(A) % ®) 7 ©) ¢ ©) %

Summary

Random experiment, sample space

Event, union event, intersection event, complementary event, exhaustive event,
mutually exclusive events, difference event

Additive set function, probability set function
Axiomatic definition of probability
Theorems on probability function,

o Q‘Q—



ANSWERS

pPEEny

(Answcrs to questions involving some calculations only are givcn.)

Exercise 1.1

Yes 2. Yes 3.No 4.No 5. Yes 6.No 7. Yes 8. Yes

Exercise 1.2
2+2#5 2. Area of a square is not given by the formula A = wr?
A cube is not a plane figure or it is not true that a cube is a plane figure
Georg Cantor did not develop set theory
Amitabh Bachchan is not the brand ambassador of Gujarat tourism.
2+ 2 #2% 7. For natural numbers x 2 3, x + x #x%* 8. Ice is not hot.

Exercise 1.3

) p:3+7=5 ) 2) p:3+7=10 )

g:52=25 PAIE g:102=100 PNIT
(3) p : A triangle has three sides.

. pAag:T

¢ : A triangle has three angles.
(4) p: A quadrilateral has four sides. na:T

¢ : A quadrilateral has four angles. pAa:
(5) p : The sum of the measures of angles of a triangle is 180. va: T

¢ : The sum of the measures of angles of a triangle is 360. pYa:
6 :2+2=5
6) p pAg:F

g:5+2=25
(M p:lisaroctof 2 —3x+2=0.

, prg:T

g:2isaroot of x2 — 3x + 2 =0,
@ p:13=1 .

g:32=9 PVOIT
L)) p:x2=xissaxisﬁed by 1.

, , pag:T

g : x2 = x is satisfied by 0.

(10) p : 0 is the identity for addition.
pnrg:T

¢ : 1 is the identity for multiplication.
() 3+7#50r52#£25 (2) 3+ 7#10o0r 102 # 100
(3) A triangle does not have three sides or does not have three angles.
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5.

6.
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(4) A quadrilateral does not have four sides or it does not have four angles.
(5) The sum of the measures of angles of a triangle is not 180 and

The sum of the measures of angles of a triangle is not 360,
6 2+2#50rS5+2+#25 () lor2isnotarootofxt—3x+2=0
® 1¥21and3229 (®) x2 = x is not satisfied by 1 or 0.
(10) 0 is not the identity for addition or 1 is not the identity for multiplication.
(1) inclusive (2) exclusive (3) exclusive (4) inclusive (5) exclusive
P : 30 is divisible by 2.
g:30is divisible by3. pAgar:T
r : 30 is divisible by 5.
Negation : 30 is not divisible by 2 or by 3 or by 5.
p . 1is a prime.
¢ : 1 Is composite. pVq:F
Negation : | is not a prime and 1 is not composite.

Exercise 1.4

(1) Universal quantifier :

Negation : There exists a pair of natural numbers a and » such that a + b

is not even integer.
(2) Universal quantifier

Negation : There exists an income tax payer who does not have a PAN card.
(3) Existential quantifier :

Negation : For all positive integers x, Jr e R
(4) Existential quantifier :

Negation : For every element x, x & §}
(5) Universal quantifier :

Negation : There exists some © € R such that sin?@ + cos?@ # 1
(6) Universal quantifier :

Negation : There exists an angle which can not be constructed by using

a straight edge and compass only.
(7) Universal quantifier :

Negation : There exists a person of age exceeding 18 years who is not a voter.
(8) Existential quantifier :

Negation : There exists a subset of N which does not have a smallest element.
(9) Universal quantifier :

Negation : There exists a number ending in zero which 1s not divisible by 10.
(10) Existential quantifier :

Negation : Every multiple of 5 ends in 5.
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2.

(1) p:nis odd. T (2) p: 2 divides n. F
g:ntisodd ’ q : 4 divides n. ~
(3) p : 9 divides n. T
g : 3 divides n. ’
(4) p : All the angles of a quadrilateral have measure 90. T
¢ : It is a rectangle. ’
(5) p : All the angles of a triangle have same measure. T
g : It is equilateral. ’
(6) p : A triangle is isosceles. .
g : It is equilateral. ’
(7) p: A triangle is a right angle triangle.
¢ : The largest side occurs opposite to the right angle.
(8) p : A triangle has sides 2uv, w—=v, 2 +v2foruve Z (u> v). T
¢ : It is a right angle triangle. ’
(9) p : A triangle has sides 2mn, m* — n?, m® + n? for all m, n € N (m > n).
¢ : It is a right angle triangle. ’
(10) p : A number is divisible by 1001. T
q : It is divisible by 7, 11 and 13.
(1) Quadrilateral ABCD is a rectangle if and only if it is a square. F
(2) AABC is isoscles if and only if it is equilateral. F
(3) Quadrilateral ABCD has all angles and all the sides congruent if
and only if it is a square, T
(4) Integer n is positive if and only if it is even. F
(5) A real number x is positive if and only if it is a square of another real
number. T
Exercise 1.5
(1) Converse : If 2 divides n, 30 divides ».

(2)
(3)
(4)

Contrapositive : If 2 does not divide #, 30 does not divide ».

Converse : If 16 divides #, 8 divides n.

Contrapositive : If 16 does not divide », 8 does not divide ».

Converse : If Sanjay will fail, he does not take the examination.
Contrapositive : If Sanjay will not fail, he takes the examination,

Converse : If the square root of an integer is an integer, it is the square of
an integer.

Contrapositive : If square root of an integer is not an integer, it is not the
square of an integer.
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(5} Converse : If » has three real cube roots, it is the cube of an integer.
Contrapositive : If n does not have three real cube roots, it is not the cube
of an integer.

(6} Converse : If two lines in a plane are not parallel, they intersect.
Contrapositive @ If two lines in a plane are parallel, they do not intersect.

(7) Converse : If the two sides opposite to two angles of a triangle are not
congruent, then the angles opposite to them are mot congruent.
Contrapositive : If the two sides opposite to two angles of a triangle are
congruent, then the angles opposite to them are congruent.

(8} Converse : If in a plane /|| » or / = n, then ! || m and m || n.
Contrapositive : If in a plane / ¥ nand I # »n, then 7}k m or m X ».

(9) Converse : If a =15, then &> = #2. (g, b € R)

Contrapositive : if @ # £ 5, then o # b2

(10) Converse : If ¢ = b, then a3 = b3, {g b € R)

Contrapositive : If @ # b, then & # 5°.

Exercise 1
(1) Yes (2) Yes (3) No {4) No (5) Yes (6} Yes (7) No {(8) No
(9) Yes (10} Yes
(1) Science and mathematics are not useful for development.
(2} One can not opt for engineering or medicine course.
(3) nis a perfect square and last digit of # is 3.
(4) There exists a prime number which is not odd.
(5) There is an odd number which is not prime.
(6) There exists an integer which is not a rational number.
(7) For all even integers », # is not a prime.
(8) For all real numbers x, x2 # —1
(9) There exists a € R such that ¢ + 0 # a.
(10) Forevery a € R, a-1 = a.
(11) There exists a real number x such that x2 = x.
(12)For all x € R, x® ¢ x.
(1} Converse : If you have an umbrella, it is raining outside.
Contrapositive : If you do not have an umbrella, it is not raining outside.
(2} Converse : If an integer has at least three factors, it is composite.
Contrapositive : If an integer does not have at least three factors, it is not
composite,
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10.

(3) Converse : If # = 1, n is not a prime or not composite.
Contrapositive : If # # 1, » is a prime and composite.
(4) Converse : If opposite sides of a quadrilateral are congruent, the
quadrilateral is a parallelogram.
Contrapositive : If opposite sides of a quadrilateral are not congruent, the
quadrilateral is not a parallelogram.
(5) Converse : If a quadrilateral is a parallelogram, its diagonals are bisecting
each other.
Contrapositive : If a quadrilateral is not parallellogram, its diagonals are not
bisecting each other.
(6) Converse : If I will go to watch a new movie, it is Friday.
Contrapositive : If I will not go to watch a new movie, it is not Friday.
(7) Converse : If 2 is positive, x is negative.
Contrapositive : If x is not positive, x is not negative.
(8) Converse : If xy is positive, x and y are negative.
Contrapositive : If xy is not positive, x or y is not negative.
(9) Converse : If a quadrilateral is a square, it is equiangular.
Contrapositive : If a quadrilateral is not a square, it is not equiangular.
{(10) Converse : If p(@) = 0, x — a is a factor of polynomial p(x).
Contrapositive : If p(a) # 0, x — a is not a factor of polynomial p(x).
(b @2y (3)a BHbLH B)ec b (MHa B)c ®a (10)b
(1)a (12)a (13)b (4)c (15 d (d6)b (A7) b

Exercise 2.1
(1 {1,2,3.,9 @63 G-L,6 {1,015
3){3,-2,-1,0,1, 2 3}
9, {13}, {4}, {0}, {1, @}, {1, b}, {a b}, A
WO X={a}, X={c}, X={a b}, X={a c}, X=1{b c}, X={a b ¢}
@R X={a}, X={c}, X={a b}, X={a c}, X = {b ¢}
() {a b}, {c. d}, {a b, d}, {a ¢ d}, {bc d}, A
(1), @), 3)

Exercise 2.2
AuB=1{1,2345"711,13}, AN B={2, 3}
(W {abecdeft @lade G)lad BH{fF O iabdf}
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Exercise 2.3
1. AXB={(1,4),(1,7,2 4.2 706,49, 06 7
BXA=1{41)42),& 3,710,727 3)
3. {Q,2),,5) (1, 8,1, 11), 2, 2),(2,5), 2,8, 2, 11),
(3,2),(3,5),0,8),G,11), 4, 2), 4, 5), 4, 8), 4 11)}
Exercise 2.4

1. 125 2. Incorrect data 3. 11,6 4. 43 5. 60

Exercise 2
1' (I)A = {29 33 59 ?) 113 133 1?3 19} (2) B = {As E‘: 19 O! U}
3)X=167238,09, 10} @D X={11 (5) ¢

2. (MA={x|x€ N, xis multiple of 5, less than 25.}
(2) P = {x | x is an odd natural number.}

3. NDA-B=1{1,5,9 (2)B—A={ll1}
B3AUB={1,3,5109, 11}

6. @ {1}, {5}, {9}, {1, 5} (1,9}, {5, 9}, A 9. 40 10. 5

11. (e )b (Ba @PHec (()ya @B)b (Mc B c Db (10)b
(Ic (12)a (13)d (4Hb (15c (16)b (17)b (18)a (19c (20)a
Cha (22)b 23)c (249 c (25d (26)b 27)a (28) ¢ (2N c (30)b
3Bl c

Exercise 3.1

1. Domain={1,2,3,4,5,6,7}, Range={1,2,3,4,5,6, 7}
2. S={(2,8),(3,27), (5, 125), (7, 343))
3. S=1{(1,4),(1,6)2,9) @3, 4), (3, 6), (5, 4), (5 6)}
4. $=1{(5,3)(6,4),(7 5)
Exercise 3.2
1. (D {3,4,56,.} (2){2,48, 16,32,..} 3) {5 4 Z
3. f@d) =27, f(l16) =275 4. a=3
Exercise 3.3
2. MR ={1,4.34..] @R, =0}
Exercise 3
1. jog=1{(4, 4), (5, 5), (6, 6)}, gof={(1, 1), (2, 2), 3, 3)}
2. () fogx)=2x+1 gof(x) =2x + 2

fofxy=x+2 gog (x) = 4x
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(2) fog(x) =9+ 2 gof(x) =32 + 6
Jofx)=x"+4ax2+ 6 gog (x) = 9x
(3) fog(x) = 4x* — 6x + 1 gof(x) = 2x> + éx — 1
o) =x"+63+ 142+ 15x+5 gog)=4x—9
4) jog(x) = x gof (x) = x
Jof(x) =x+2 gog(x)=x—12
(5) fog(x) = 182 + 1 gof(x) = 6xt + 3
Jof (x) = 8x* + 82 + 3 gog (x) = 9x
3. Domain={1,2,3,4},Range={1,2,3,4} 4.85={(1,1), (2, 4,3, 9, 4, 16)}
6. (DR (@)[0, ) ()R (4) {1000} (5) [0, =0}
8. f(9=6 f=2-42
9. (1) fog(® =(x— 1) gof(x) = x> — |
Jof (x) = x4 gog(x) =x — 2
(2) fog(x)=5x—5 gof (x) = 5x — 25
Jof x) =x — 10 gog (x) = 25x
(3) fogx)=x¥+6x2+ 6 gof(x) = x* — 6x2 + 12
Jof (x) = xt — 6x2 + 6 gog () =V + 6x2 + 12
10. fog(x) = x gof(x) = | x|
Sfof () = x4 gog () = ¥x

12. (Db @b B)e e )b b De Ba ©)a (10)c (11)d

Exercise 4.1

1. (1){’“{'%62} @ {@+nE-%rez} @{@k-1F|kez}
@ {2 | ke Z} 5 {(2k+1)%|ke z} (6) 9

2. (D[-2 8] @ @Plps2,peRy G[4-11 @I 3]

(5) Plp20,pe R} ()R—-(-51)
2x(x +1) 5
2% +2x +1 5.65 6.33

Exercise 4.2

L WE L O @wZE

2. (1) 12° (2) 458° 10" 54" (3) 5° 37" 30" (4) 14° 19" 5" 3. 190 5' 27"

) ] » n pit 3
4. 107 5.16° 2' 11 6.22:13 7. 1059, o 8. T 9, T



14.

ANSWERS 305

Exercise 4.3

: -3 - — =3 — =5 — =4
sin® = £, cos® = 2, 1anB = Z, sec® = F, colf = F
| _ _ =2 _ 1 -
cos® = =, tan® = 2,6, cosecd = i cot® = ng,secB =—5
2 _
-1 _ P+ Y i SO i) 1
7 4.5 5 .secB= o , an® = 3P ,sxne—pz+l 6. 5
Exercise 4

MNe @)d BGe BHe Gb @\c (Db @b OHb (10)a
(IDa (12)d (d3)a (1dha (15)b (A6 b (17)b (18)d (199b (20)b
2D d

Exercise 5.1

14343 p 00 — 5343

2.6 3.6 5. 3 i 3

[

Exercise 5.3
(=2, 00=30° (2)n=3,00=45° (3)n=4,0 =45°
(Dr=2,0=120° 2)n=2,0=—45° (D n=4,0=-30°
Exercise 5§
(1} =3, 00 = —-240° (2yn=735, 00=-200° B3)n=1,0=-180°
(l)a (@)a (@b 4a ()a B)a (b (B)d “a (10)b
Exercise 6.1

2 2.@15) 3A=85 4.06,80,6.60 5 (4.3, (F3

1

——
vz

=13

Exercise 6.2

(7, 0) 2. Maximum : 27, Minimum : 15 3.6

A8 = {(x,y) J;,::__123;:23;reR} . AB= {(x,y)

x==13t+3
y=—2:+2”20}

AB = {(x,y) ﬁ,i:?,‘f Site [0,1]} ;

o _{er[iZ5 e r-on)

6.4x+3y+1=20
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Exercise 6.3

=1 =5 =3 _ 2 Z g =2
.32 23,32 3.314 5.2 9.2 1

rafur

1 ] — =1 _
13. l,2or§,lor I, —2 or = 1

Exercise 6.4
. x—55+27T=0 2.x+y—4=0 J.x—y+1=0x+y—3=0
5. 15x—10y+12=0 7T.x+3y—3=0 8. 3x+y—4=0
9. Q+Bx—y-V3=0,2-Ix—y+JS3=0
10, x+y—4=0,x+9% =12
. (B+ip+ B —1y=4 B - 1x— (3 +1)y=4
12. 7x—4dy—3=0,7x—dp+25=0,dx+ Ty — 11 =0
13. x+y—-9=0,x—-Tv+ 13=90
Exercise 6
3. 3xtdp=36,-3xLt4y=36ordxE3y=36—-4xt3y=36 6.(0,5), (0, P
x=—y+1=0,x=Ty+19=0 8. (1, =2), (-1, 3)
. x+y=53x=2 10, x+2y=6 12.3x+4y=12,4x+3y=12
13. (8,0), (2,0 14.x=-1 15.x+2y=5 16.2x—y+3=0
17. 8x—3y=0,23x+ 23y — 11 =0,23x — 23y + 5 =0
18. (Dd @a ()d Hb G)d (b (Hhd B a ()b (0O
(1) b
Exercise 7.1
1. 320 2.2240 3.120,24,24 4.136 5.2339766 6. 90, 90, 225, 225
7. 1204533
Exercise 7.2
1. (1)1680 (2)504 (3)720 2.(1)720 (2)20160 (3)72
4. (Dr=13 2)r=6 5.n=6 6.r=41 8.n=3 9.n=5
10. 64,24 11.2" 12.410 13.16 14. 67600, 58500 15. 729
16. m!, P, 17.(0)2m—1),,n! —2(m—1) 18.96 19.8 20.2880, 1152
21. 518400 22. 30, 360 23.24, 20th  24. 108 25.24, 24,24 26. 12
Exercise 7.3
1. 3rd 2. NIGAA, 60th 3. 127 4. 5274 5. 133320 6. 1440

7. 36 8.1440 9.12, 0 10. 144 11. 24, 108h  12. 1260
13. 1663200 14.x=6
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Exercise 7.4
W28 10 (D210 2.a=14 3.()r=7 (i)r=38
n=8r=4 5.n=12,r=14 7.r=6o0r8

Exercise 7.5
80,31 2.(1) 1050 (2) 2534 (3)420 (4)469 3. (1) 28561 (2) 495 (3) 29900
64  5.756756 6. 14968800 7.l —2(n—1)! 8. M
=11 10.G) (3) G ner—4 (i » (iv) 2E-20 9

Exercise 7
()1230 @)1 (3)321 (@321 2.168 3.12 4.(¢) 15 (ii) 120
(’;)—[’::%) 6.85 7.1023 8 Zlm+n—2)
Md a @a @e (Hd @b Ma @c ©d (10)b
(Db (Ve A3)d (d)c (5a (06 c (17 a (18)d (19)d (20)a
Chd (2c @da @Hd (250

Exercise 8.1

me 2) {.., —12, —11} 3) (o=, —10)
() {4,5,6,.3 (2) {4, 5, 6,..} () [4, *°)
(1) {4,5,6...} (2 {4, 5, 6,.} (3) [4, *©)
(l) N (2) {_3: _2’ _la 0: ls 2’“'} (3) [_33 OC))
(5,%) 6.(=,9) 7.[9,%) 8.(==,4] 0. ( , %)

L (me0,=2) 1L (1) (—0,3) U (T,09)  (2) (0, 2) U (2, )
7

(D=0, 00U B, 0) @) (e, [, o) @)(LL,-5) 13.(3,0)

R 15 R

Exercise 8.2
(—oo,—1) 2.(,e0) 3.(—o0,—12] 4. (-0, —10.8] 5. (—oo, —61]

o) 7 (oo L) 8 (L] 902

. (1, 00) 11 (—eo0, 0) 12. (—eo, 0)

Exercise 8.3

3,5] 2.(3,8 3.[4,6 4.(4,6] 58 6.(—o, =2] 7.[2 5]
9 9. (-0, —3) 10. (-1, 8)
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i o

—

o o

—

Exercise 8
R-[-1,11 22,4 3[R—-—(8 8 V{55 4.[-2,2] 5.¢
{x € R|795 <x<885} 7.(1)x=1000 (2) x> 1000
31 and 33; 33 and 35; 35 and 37
(1,5 QR-{0} GE = BB, 6 (L) -
® {.—4,-3-20{456,.} (DB B (——0—-{-1}

C(MR-[L3] @0 3)x<4 @5>x>—-1 (50
1.
12.

Mx+ySlLx=—ysS1l Qx<5,y<,2x+y24
MHd @b b DHe (d BB (Db Ba 9)c (10)c
(Dd (12Ya {13 d (¢ (15 a

Exercise 9.1

56 2.40 3.527 4.7 51452 6.16 7.497 8.5.1
8.6 10. 1644, 1644 11. 1133  12. 15792 13. 10.16 14. 7.35

Exercise 9.2
(1) 3.041 () 10.61 (i) 3.428 2. (1) 2.007 () 6.58
(Dx=9,5s=38 (ii)x=145s=67 4.x =64,s5=1691]
T=27,52=132.02,5s=11.49 6. (i) x =62, s=14.18 (ii) x =93, s = 10.27
(iii) x =215,5s=12.84 7.1351.88 8.422

Exercise 9.3

0.1062 2. Performance of A is better. 3. Heights show more variability.

Yes 5. Share B has more variation in its price. 6. Weights show more variability.
Chemistry shows highest variability and mathematics shows lowest variability.
Group G, has more variation.

Exercise 9
4, 9 2.4, 8 4. 24, 12 5. ¥ = 40.045, s = 14,995

BHd e Gra @Hb (e @b (Db @B)c Y)a (10)c
(Da (I2)d 3)c (e (15 a (16)a

Exercise 10.1
U = {HR,, HR,, HRy, HG,, HG,, HG,, HG,, T1, T2, T3, T4, T5, T6}
U = {RyRy, RyWy, RyWy, RyW3, RyWy, RyWo, RyW, W Wy, W W35, WoW33
(1) U = {HHH, HHT, HTH, THH, HTT, THT, TTH, TIT}
(2) U = {H1, H2, H3, H4, H5, H6, T1, T2, T3, T4, T5, T6}
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4. U= {HH, HT, T1, T2, T3, T4, TS, T6}
5. U= {1H, 1T, 3H, 3T, 5H, 5T, 2HH, 2HT, 2TH, 2TT, 4HH, 4HT, 4TH, 4TT,
6HH, 6HT, 6TH, 6TT)
6. U={RR,, RiR,, R|Ry, R,W,, R, W,, R;B
RyR); RyRy, RoRy, RyW, Ry W), RyB
R4R;, RyRy, RyRy, RyW |, Ry W,, R4B
W R, W,R,, W|Ry, W,W,, W,W,, W B
W,oR,, W,R,, W,oR,, W,W,, W,W,, W,B
BR,, BR,, BR;, BW , BW,, BB}
7. U= {AB, AC, AD, BC, BD, CI}}
8. U= {(—, abc), (abc, —), (ab, ¢), (ac, b), (be, a), (a bc), (b, ac), (¢, ab)}
9. U= {HHH, HHT, HTH, THH, HTT, THT, TTH,
TTT1, TTT2, TTT3, TTT4, TTTS, TTT6}

x=a,b,c,d,e, f
y=12,3,4,5,6

Exercise 10.2

10. U= {(x,y)

1. U={RR, RB, RY, RW, BR, BB, BY, BW, YR, YB, YY, YW, WR, WB, WY, WW}
A= {RR, BB, YY, WW}
B = {RW, BW, YW, WR, WB, WY}
C = {RW, BW, YW, WR, WB, WY, WW}
D = {RB, RY, RW, BR, BY, BW, YR, YB, YW, WR, WB, WY}
ANB=¢gBUC=CAUD=UAND=§3BCC
A and D are mutvally exclusive events.
2. A= {HHH, HHT, HTH, THH}
B = {TTH, THT, TTH}
C = {HHH, HHT, HTH, HTT}
D = {THH, HTH, HHT, HTT, THT, TTH, TTT}
ANnB=¢g CnND ={HHH}
AUC=A=(C, BNC=9p A UC={HTI THT, TTH, TTT}
3. A2 = {29 4, 69"-9 30}; A3 = {3, 6, 9,..., 30},
A, = {4, 8,12, 16,..., 28], As = {5, 10, 15,..., 30}
(OF T 3T
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4. U= {W,W,, WR, W,G, W,G,, W,R, W,G,, W,G,, GGy, RG,, RG,}
A= {W,W,}
B = {W,W,, W,R, W,G,, W,G,, W,R, W,G,, W,G,}
C = {WR, W,G;, W,G,, W,G,, W,G,, W,R, RG,, RG,}

5. A={2,4,6,.,50), B={10,20,30,40, 50}, C = {4, 8, 12,..., 48}

x=1,2,3,4!5’6
6. U={(JC,}’) y=1,2,394'5’6}

A={(1,3),(2,2),(2.6), (3, 1), 3. 5), (4, 4), (5, 3), (6, 2), (6, 6)}
B= {(1,2),(1,5),(2,1)(2,4), 3,3).(3,6),(4,2),(4,5), (5, 1), (5. 4), (6, 3), (6, 6)}
C={(1,1),(1,2),(1,3), (1,4).(1,5), (2, 1),(2, 2), (2,3}, (2,4), 3, 1), (3, 2),
(3,3),(4, 1), 4,2), (5, D}
D=1{2,2),(2,4), 2, 6),(4,2),(4,4), (4, 6),(6,2), (6, 4), (6, 6)}
7. U= {aa ab, ac, ba bb, bc, ca cb, cc} A = {ab, ac, ba, ca}
B = {aa, bb, cc} C = {ac, b, ca, cb, cc}
8. U= {B,B,, B,B;, B,G, B,G,, B,B;, B,G,, B,G,, B,G,, B;Gy, G,G,}
E = {G,G,}
F= {B,G,, B,G,, B,G,, B,Gy, B;G , ByG,}
G = {B,B,, B,B;, B,B;, B,G, B,G,, B,G, B,G,, B,G,, B,G,}
9. A={1,2,3,4,56}, B={3,6}, C {5,6}, D={1}
ANC=1{56}, BUC={3,5¢6};, DuUC={1,23,475,6}
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TERMINOLOGY (In Gujarati)

Antecedent

Axrow diagram
Associative law

Average deviation
Biconditional statement
Cartesian product
Cartesian product of sets
Circular permutation
Closed interval

Closure

Codomain

Coefficient of variation
Combination
Complementary event
Complementation
Composition of functions
Compound event
Compound statement
Commutative law
Conjuction

Consequent

Constant function
Contrapositive

Converse

Coordinates of the point of division
Difference event
Difference set

Disjoint sets
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312 MATHEMATICS

Disjunction
Dispersion

Distance formula
Division formula
Division of a line segment
Domain

Element

Elementary event
Empty set

End point

Equal functions
Equal sets
Equiprobable events
Event

Even fumction
Exclusive or
Exhaustive events
Existential quantifier
Extemal division
Function

Graph

Greatest integer function
Grouped data
Idempotent law
Identical

Identity function
Image

Inclusive or
Implication
Impossible event
Improper subsets
Inequality
Intersection operation
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Intersection set
Intercepts

Interval

Internal division

Linear inequality

Linear permutation
Listing method / Roster method
Logical connectives
Mathematically acceptable statement
Mean

Measures of dispersion
Median

Method of contradiction
Mid-point of a line segment
Modulus function
Mutually exclusive events
Negation

Neutral element

0Odd function

Open interval

Parallel

Parametric equations
Period

Periodic function
Permutation

Polynomial function
Power set

Pre-image

Principal period
Probability

Proper subset

Property method

Range

TERMINOLOGY 313

218l

L PTRIRS

MdUe
wic:(acn-
YRVl VAU
YIuL AL
ylell Aa

alks 550
anlidly 1lsid Rtun
ey g
UALRHLAAL HIY
R
Al Aa
usiseg wealbig
Hiris [y
w2 (Rales gzl
My

A2 Y2s

w0y [A8y
[Agd sidaue
AHLdR

wAe wHlsa
LA HLr
w1l @Ex
sHUY

opguel Ry
CIREI]
yd-ulafiol

wuy aduid
HITERT)

BRI Guarl
oyl Aa
EENTE



314 MATHEMATICS

Rational function
Reflexivity

Relation

Set function

Shifting of origin

Signum function

Simple statement
Singleton

Slope

Standard deviation
Statement

Super set

Symmetric difference set
Symmetry

Transitivity
Trigonometric point function
Triplet

Truth value

Ungrouped data

Union operation

Union set

Unit circle

Unit element

Universal quantifier
Universal relation
Universal set

Variance

Visual Presentation of a relation
Void relation
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