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FUNDAMENTAL DUTIES

It shall be the duty of every citizen of India

A)

(B)

©

(D)

(E)

(F)

(&)

(H)

)
)

)

to abide by the Constitution and respect its ideals and institutions,
the National Flag and the National Anthem;

to cherish and follow the noble ideals which inspired our national
struggle for freedom;

to uphold and protect the sovereignty, unity and integrity of India;

to defend the country and render national service when called upon
to do so;

to promote harmony and the spirit of common brotherhood
amongst all the people of India transcending religious, linguistic
and regional or sectional diversities; to renounce practices
derogatory to the dignity of women;

to value and preserve the rich heritage of our composite culture;

to protect and improve the natural environment including forests,
lakes, rivers and wild life, and to have compassion for living

creatures;

to develop the scientific temper, humanism and the spirit of inquiry

and reform;

to safeguard public property and to abjure violence;

to strive towards excellence in all spheres of individual and
collective activity so that the nation constantly rises to higher levels
of endeavour and achievement;

to provide opportunities for education by the parent or the guardian,
to his child or a ward between the age of 6-14 years as the case may
be.
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CHAPTER 10 I

QUADRILATERALS
B

10.1 Introduction
We have learnt about triangles in the previous chapter using the terminology of
the set theory. Now we shall study about quadrilaterals using the same terminology.

10.2 Plane Quadrilateral

We know that a triangle is the union of three line-segments determined by three
non-collinear points.

Quadrilateral : A quadrilateral is the union of four line-segments
determined by four distinct coplanar points of which no three are collinear and
the line-segments intersect only at end points.

It is clear from the definition of a quadrilateral that for distinct coplanar points
P, Q, R, S the following three conditions are essential to construct a quadrilateral :

S (i) P, Q, R and S are distinct and coplanar points.
P (i) No three of points P, Q, R and S are
collinear.
(i) Line-segments ﬁ, @, RS and SP intersect
at their end points only. Then the union of PQ,
Q R @, RS and SP is the quadrilateral PQRS.
We denote quadrilateral PQRS by O PQRS.

Figure 10.1
. OPQRS=PQ U QR U RS U SP
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Now we see why above three conditions are essential :

P P S P
P
Q
R
g8 «Q R Q
() (i) (iii) (iv)

Figure 10.2

If all the four points are collinear, we obtain line-segments as given in figure 10.2 (i).
If three out of four points are collinear, we may get a triangle as given in figure 10.2 (ii).
If no three points out of four points are collinear, we obtain a closed figure with
four sides given in figure 10.2 (iii) and 10.2 (iv).
In our study, we will consider only quadrilaterals of type as in figure 10.2 (iii).
Convex quadrilateral : If in a quadrilateral, no side intersects the line
containing its opposite side, then the quadrilateral is called a convex
quadrilateral. The diagonals of a convex quadrilateral intersect each other.
We will refer to convex quadrilaterals as quadrilaterals in the rest of the chapter.
Quaderilaterals of type given in figure 10.2 (iv) are called concave quadrilaterals.
10.3 Parts of a Quadrilateral
In the O PQRS,
(i) Points P, Q, R, S are called the

S vertices of [0 PQRS.
P (i) PQ, QR, RS, SP are called sides of
OPQRS.

(iii) ZSPQ, ZPQR, ZQRS, ZRSP are
R called the angles of [0 PQRS.

If there is no confusion, we denote
Figure 10.3 these angles as £ZP, ZQ, ZR and ZS
respectively.
(iv) PR and @ are diagonals of OO PQRS.
It is clear that the diagonals of a convex quadrilateral intersect each other.
A quadralateral has 10 parts namely four sides, four angles and two diagonals.
Now we will learn about special pair of sides and angles of a quadrilateral.
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(1) Two sides of a quadrilateral intersecting in a
vertex are called adjacent sides. S
As shown in figure 10.4, PS and SR have a

common end point S. So, PS and SR are adjacent

sides.

m, @; @, RS and ﬁ, PS are other pairs
of adjacent sides of O PQRS. 0
Figure 10.4
(2) The sides of a quadrilateral with no common end point are called opposite
sides. The intersection of opposite sides is §.
Sides PQ and SR of O0PQRS have no common end point, so PQ and SR are
opposite sides of OO PQRS. PS and Q_R is also another pair of opposite sides.
(3) If two angles of a quadrilateral intersect
in a side of the quadrilateral, then
S these angles are called adjacent angles.
In figure 10.5, Q_R is the intersection
of ZQ and ZR. Hence ZQ and ZR are
adjacent angles of the quadrilateral. In this
ﬁ”’”’ way, ZQ and ZR, ZR and £S, ZS and
Q £P, /P and ZQ are four pairs of the
Figure 10.5 adjacent angles of OO PQRS.

(4) If the intersection of two angles of a b ) As

quadrilateral is not a side of the

quadrilateral, then the two angles are

called opposite angles. Two angles are R

opposite if and only if they are not

adjacent. Intersection of two opposite

angles consists of two vertices only. Figure 10.6

The intersection of two angles ZP and ZR does not contain any common side of
the quadrilateral but consists of only two vertices Q and S. Hence ZP and ZR are
opposite angles of the 0 PQRS. Thus (i) ZP and ZR (ii) ZQ and £S are two pairs of
opposite angles in O PQRS.
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Now, with reference to O PQRS it is clear from the above information that

(1)

Every vertex of a quadrilateral is the common end point of two adjacent

sides of the quadrilateral.

As in the figure 10.6, PQ M QR ={Q}, QR M RS = {R}, SR M SP = {S},

SP N PQ = {P}

2)

&)

C))

)

(6)

The union of the sides (line-segments) is a quadrilateral but the region

enclosed by those line-segments is not a quadrilateral. (figure 10.6)

OPQRS=PQ U QR U RS U SP

All the vertices and sides of a S ¢
quadrilateral are in the same plane. Thus a | p
quadrilateral is a plane figure lying in a
plane.
As shown in the figure 10.7, vertices P, Q, | Q R

R, S are in the plane O and therefore %,
@, RS and SP are also in plane O Thus Figure 10.7
O PQRS is a plane figure lying in the plane CL.
The sides and set of vertices of a quadrilateral are subsets of the
quadrilateral.

In the figure 10.7, PQ < OPQRS, QR C OPQRS, RS C OPQRS,
SP — OPQRS and {P, Q, R, S} — OPQRS.
Angles and diagonals of a quadrilateral are not subsets of the
quadrilateral.

In figure 10.7, ZP & OPQRS, ZQ & OPQRS, ZR & O PQRS,
/S @O PQRS, PR & O PQRS, QS & O PQRS.
The plane containing a quadrilateral is partitioned into three mutually
disjoint sets by the quadrilateral : (1) the quadrilateral (2) the interior of

the quadrilateral (3) the exterior of the quadrilateral.

We get more clarity about naming of a quadrilateral

D
from following examples :
(1) Name the quadrilateral with diagonals AC and BD :
In the figure 10.8, the quadrilateral with diagonals AC and
C

BD is O ABCD. It can also be called 0 ADCB. B
Figure 10.8
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2

“4)

Of which quadrilateral will DE and GE be the opposite D F

sides and DE a diagonal ?
If DF and GE are the opposite sides of a
quadrilateral and DE is the diagonal, then the
quadrilateral is 0 DGEF or O DFEG. G Figure 10.9

A, PR PR
(3) If A~O-B and C-O-D and AB N CD = {O},

then which quadrilateral will be formed by A, B, C
and D ?
If A-O-B and C-O-D and AB M CD = {O},

then O ADBC or O ACBD is formed.
Figure 10.10 H

Is OEFGH = O HGFE ? Give reasons. E
Yes, O EFGH = O HGFE,
because
OEFGH = EF U FG U GH U HE
= HG U GF U FE U EH . &
OHGFE as HG = GH, EF = FE etc. Figure 10.11
Thus, O EFGH, OHGFE, OFGHE, O GFEH, O GHEF, O FEHG and 0 EHGF

represent the same quadrilateral.
10.4 The Sum of the Measures of the Angles of a Quadrilateral

We know that the sum of the measures of

all the angles of a triangle is 180. What should 7
be sum of measures of all the angles of a <
quadrilateral ?
Drawing the diagonal AC of OABCD,
we get A ABC and A ACD. Vertex C is in the
interior of ZDAB.
mZDAC + mZCAB = mZDAB. (i) B
Similarly vertex A is in the interior of ZBCD. A
. mZBCA + mZACD = mZBCD (i) Figure 10.12
In AABC, mZCAB + mZABC + mZBCA = 180 (iii)

In AACD, mZACD + mZCDA + mZDAC = 180 (iv)
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From (iii) and (iv),
mZCAB + mZABC + mZBCA + mZACD + mZCDA + mZDAC = 360
From (i) and (ii),
. mZDAB + mZABC + m£BCD + mZADC = 360
Thus, the sum of the measures of the angles of a quadrilateral is 360.
Example 1 : In OABCD, the measures of ZA, ZB, ZC and ZD are in proportion
2 :4:5: 4. Find the measure of each angle.
Solution : The measures of ZA, ZB, ZC and £D of 0 ABCD are in proportion
2:4:5:4.
Let mZA = 2x, mZB = 4x, mZC = 5x and mZD = 4x.
But in O ABCD, mZA + mZB + mZC + mZD = 360

Se2x +4x + S5x + 4x = 360
. 15x =360

360
X=75 = 24

mZA =2x=48, mZB =4x =96
mZC =5x =120, mZD = 4x =96

EXERCISE 10.1

1.  Describe the following for 0 XYZW shown in the figure 10.13 :

(1) the sides (2) the angles (3) the diagonals X

(4) pairs of adjacent sides

(5) pairs of opposite sides

(6) pairs of adjacent angles

(7) pairs of opposite angles

®) XW N YZ (9 YX N XW K

Is OPQRS = OPSQR ? Give reasons for your answer. Figure 10.13

Solve the following :

(1) If in OPQRS, mZP = 2x, mZQ = 3x, mZR = 4x and mZS = 6x, then
find the measure of each angle of O PQRS.

(2) InOABCD, if mZA = mZB =70, mZC = 100, find the measure of ZD.

(3) In OABCD, the measures of LA, ZB, ZC and £D are in the proportion
2 :5:6: 7. Find the measure of each angle of 0 ABCD.

(4) In OABCD, the measure of LA, ZB, ZC and £D are in proportion of
10:7:12:7. Find measure of each angle of 0 ABCD.
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4. For each of the following statements, state whether it is true or false :
(1)  The angle of a quadrilateral is a subset of the quadrilateral.
(2) ZA and ZB are adjacent angles of 0 ABCD.
(3) GD is a subset of O DEFG.
(4) AB and CD are opposite sides of 0 ABCD.
(5 AC isa diagonal of 0 ABCD.
(6) If no three of E, F, G, H are collinear, then
EF U FG U GH U HE = OEFGH.

(7 ML and LN are adjacent sides and 10 is a diagonal, then
MLON is a quadrilateral .

10.5 Types of Quadrilateral
We study different quadrilaterals given below :

D C S R u |_Z
O
P Q0 X Y
(1) (ii) (iif)
H G A
D C
Ep— ; b
[ ] []
E F A B
. C.
(iv) v) (vi)
Figure 10.14

In figure 10.14 (i), in O ABCD sides in only one pair of opposite sides AB
and CD are parallel.

If in a quadrilateral, sides in only one pair of opposite sides are parallel
to each other, then the quadrilateral is called a trapezium.

. OABCD is trapezium.

Sides in both the pairs of opposite sides are parallel in figure 10.14 (ii), (iii), (iv)
and (v). Such quadrilaterals are called parallelograms.

Now let us get more information about each figure 10.14 (ii) to (v).
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S R In a quadrilateral, if opposite sides are

parallel to each other, then the quadrilateral

is called a parallelogram.
In OPQRS, SP || RQ and SR || PQ. Hence it

P _ Q is a parallelogram and it is denoted by
Figure 10.15
07 PQRS. W_I . z
In OXYZW, XW || ZY and XY || WZ.
So O XYZW is parallelogram, but also T T
msLX =mLY =mLZ =mLW = 90. 1
X " Y

O" XYZW is known as a rectangle.
Figure 10.16

If all the angles of a parallelogram are right
angles, then the parallelogram is called a rectangle.

H g Here, we need to observe following facts :

(1) Each rectangle is parallelogram.
(2) All the four angles of a rectangle are congruent.
In OEFGH, HE || GF- HG || EF. OEFGH is a
E F parallelogram. But in 0" EFGH, all sides are congruent.
Figure 10.17 O EFGH is known as a rhombus.

If all the sides of a parallelogram are congruent, then it is called a rhombus.

Here we note the following facts :

(1) Each rhombus is a parallelogram. D_I

(2) All the four sides of a rhombus are congruent.

In O ABCD, since AD || BC and AB || CD. O ABCD is
parallelogram. But here, nZA = mZB =mZC=mZD=90and also  [] N
all the sides of 0 ABCD are congruent. So, O ABCD is known as a

Figure 10.18
square.

This O"ABCD is also a rectangle and 0 ABCD is a rhombus also.

If all the side of a rectangle are congruent, then it is called a square.
We observe,

(1) A square is a parallelogram.

(2) Since all the four sides of a square are congruent, it is a rhombus too.

(3) Since each angle of a square is a right angle, a square is also a rectangle.
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A

In figure 10.19, O ABCD, AB = AD and
BC = CD. So adjacent sides are congruent, but B D
O ABCD is not parallelogram. O ABCD is
known as a Kkite.

Note : Diagonals of a kite are not
congruent but intersect each other at right C
angles. Figure 10.19

Example 2 : In a trapezium PQRS, if PS || QR, mZP : mZQ = 7 : 3 and

mZR = 99, then find the measures of all the remaining angles.

P S e —
Solution : In OPQRS, QR || PS and /P
and ZQ are the in(t_e)rior angles on one side of
the transversal PQ. Let mZP = 7x and
R ZQ =3x.
Q Figure 10.20 meQ x
- mZP+mZQ =180
. Tx+3x =180
s 10x =180
Sox=18

. mZP =Tx=7(18) = 126
" mZQ=3x=3(18) = 54

Now, in OPQRS, mZR + mZS = 180 (?s) I RHQ)
99 + mZS =180 (m4LR = 99)
mZS =180 — 99 = 81

. mZS =281

EXERCISE 10.2

1. In a trapezium ABCD, AB || CD . If m£B = 60 and m£D = 100, then find the
measures of ZA and ZC.

2. Inatrapezium ABCD, AB || DC.If mZA=mZB = 60, then find m£C and m£D.

3. In a trapezium PQRS, PQ || SR . If m£P = 50 and mZR = 110, then find
mZQ and m/S.

4. In a trapezium PQRS, if PQ || RS, mZS : mZP =5 : 4 and mZQ = 72, then
find mZR, mZS, mZP.
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5. In O ABCD, the measures of the angles are in proportion 6 : 7 : 11 : 12. Find
the measure of each angle of 00 ABCD.
6. For each of the following statements, state whether it is true or false :
(1)  Every square is a rectangle.
(2)  Every rectangle is a parallelogram.
(3)  Every rhombus is a square.
(4)  Every trapezium is a parallelogram.
(5)  Every rectangle is a trapezium.
(6) Every square is a rhombus.
(7)  Every rhombus is a parallelogram.
(8)  Every parallelogram is a rectangle.
(9)  Every rectangle is a square.
*
10.6 Properties of Parallelograms

We have learnt about types of quadrilaterals. We have seen that a rectangle, a

square, a rhombus are special types of parallelograms. A parallelogram is an important

quadrilateral. Now we study some properties of parallelograms. We begin with proving

following theorem asserting the congruence of triangles formed by each of its diagonals.

Theorem 10.1 : Two triangles formed by any diagonal of a parallelogram

are congruent.

Data : A SPR and A QRP are formed by diagonal PR of O PQRS.

To Prove : ASPR = AQRP > T 3

Proof : O PQRS is parallelogram.

. PS || QR and SR || PQ

oo <

PS || QR and PR is their transversal. = 5

<. ZSPR = ZQRP (alternate angles) (i) Figure 10.21

“ > “

SR |l PQ and PR is their transversal.

ZSRP = ZQPR (alternate angles) (ii)

For correspondence SPR <= QRP

ZSPR = ZQRP (by ()
ZSRP = ZQPR (by (ii))

PR = P
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.. The correspondence SPR <> QRP is a congruence by ASA.

. A SPR = A QRP

We know that if a correspondence between two triangles is a congruence, then
corresponding sides and angles are congruent. Since two triangles formed by any one
diagonal of a parallelogram are congruent; then it is obvious that opposite sides of the
parallelogram are congruent. We accept this theorem without proof.

Theorem 10.2 : Opposite sides in a parallelogram S , R

are congruent.
In O PQRS in figure 10.22, PR is diagonal.
. ASPR = A QRP ; 3
<+ SR = QP and SP = QR Figure 10.22

Now if we construct a quadrilateral such that its opposite sides are congruent,

la)

then we get a parallelogram. This is the converse of the above theorem. We accept
this theorem without proof. S . R

Theorem 10.3 : If the sides in each pair of opposite
sides in a quadrilateral are congruent, the quadrilateral is

a parallelogram.

In figure 10.23, Sp = @ and m = SR. P I Q
Figure 10.23

So OO PQRS is a parallelogram.
Example 3 : In O0”% ABCD, AB = 10 ¢m and AD = 6 cm. Find the perimeter of
O ABCD. D C
Soultion : In 07 ABCD, AB = DC and AD = CB
AB =DC =10 cm, AD =BC =6 cm
.. The perimeter of 0 ABCD
=AB + BC + CD + AD
=10+6+10+6=32cm

We construct a parallelogram and measure the opposite angles. We will find that
they are congruent. We accept this theorem without proof.

Figure 10.24

Theorem 10.4 : Opposite angles in a parallelogram are congruent.
D C  In figure 10.25, 0 ABCD is a parallelogram.
S LB=4LD, LA=LC

If the opposite angles of a quadrilateral are

congruent, then the quadrilateral is a parallelogram.

Figure 10.25 We accept this theorem without proof.
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Theorm 10.5 : If in a quadrilateral, both ]? xC
the angles in each pair of opposite angles
are congruent, then the quadrilateral is a
parallelogram. % .

As shown in figure 10.26, for O ABCD, A Figure 10.26 B

ZA = ZC and £B = £D. So O ABCD is a parallelogram.
In a O”"PQRS, diagonals % and PR intersect each other at O. If we
measure SO, m and OR, PO then we see that SO = OQ and PO = OR. So O is

the midpoint of both % and PR . So diagonals bisect each other at O. We accept

this theorem without proof.
Theorem 10.6 : Diagonals of a parallelogram S R

bisect each other.

In figure 10.27, O PQRS is parallelogram. The
diagonals PR and % bisect each other at O.

PO = OR and SO = 0Q P Q

Converse of this theorem is also true. We Figure 10.27

accept this theorem without proof.
Theorem 10.7 If the diagonals of a quadrilateral bisect each other, then
the quadrilateral is a parallelogram.
S R In the figure 10.28, the diagonals

PR and SQ bisect each other at O. So

(0]
PO = OR and SO = OQ.OPQRS is a
parallelogram.
p Q
Figure 10.28
Example 4 : In 0" ABCD, mZA = 75 and mZDBC = 60. Find mZCDB and
mZADC. b c
Solution : O ABCD is a parallelogram.
_— . .
AD || BC and BD is their transversal.
~. ZADB = ZDBC (alternate angles)
60,
But m£DBC = 60 &
A B
. mZADB = 60

Figure 10.29
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In AABD, mZA + mZADB + mZDBA = 180
75 + 60 + mZDBA = 180

<. mZDBA = 180 — 135 =45

—_— — > . .

CD || AB and BD is their transversal.

ZDBA = ZCDB (alternate angles)
<. m£LDBA = mZCDB
. mZCDB = 45

<o mZLADC = mZADB + mZCDB = 60 + 45 = 105

Example 5 : If an angle of a parallelogram is a right angle, then prove that the
parallelogram is a rectangle. S R
Solution : In O0” PQRS, mZP =90
The opposite angles of a parallelogram are congruent.
SomZLR =mZP =90 P Q
AN PARN Figure 10.30
PQ || SR and SP is their transversal.
<. ZP and £S are the interior angles on the same side of the transversal SP.
mALP 4+ mZS =180
But mZP = 90. So mZS =90
Hence mZQ =90 (opposite angles in a parallelogram)
mZP =mZQ =mLR=mLS =90
0 PQRS is a rectangle.

An Important result (1) : Show that the diagonals of a rhombus are

perpendicular to each other. Diagonals bisect the angles at the vertices.
Solution : 0 ABCD is a rhombus.

So. AB = BC = CD = DA. - g
O ABCD is also a parallelogram.

.. Diagonals AC and BD bisect each other at O. 0

AO= OC, DO = OB ()

Now for the correspondence AOD <= COD of

AAOD and ACOD. A B

F) = E Figure 10.31

oD = OD (by (1)
AD = CD (given)
Thus, the correspondence AOD <= COD is a congruence. (SSS)
. A AOD = A COD (i)

ZAOD = /COD (iii)
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But mZAOD + mZCOD = 180 (linear pair of angles)

S 2mZAOD = 180 (by (iii))

"~ mZAOD =90

<. mZCOD =90

-« Diagonals of a rhombus bisect each other at right angles.

Also ZODA = Z0DC (by (ii))

but D-O-B.

<. ZBDA = ZBDC

. Diagonal BD bisects ZD.

Similarly we can prove that BD bisects /B, diagonal AC bisects ZA and ZC
An Important result (2) : Prove that the diagonals of a square are congruent

and perpendicular to each other.

Solution : For the correspondence ADB <> BCA D C
of AADB and ABCA.

AD = BC (given)

ZBAD = /ABC (right angles) O

and AB = BA

-+ The correspondence ADB <= BCA is a congruence. (SAS) ¢ B

~. A ADB = A BCA Figure 10.32

“ DB =CA

.. Diagonals are congruent.
Note : For the rest of the proof refer to previous result (1).

EXERCISE 10.3

In 07 PQRS, mZP : mZQ =5 : 4. Find the measure of each angle.

In O DEFG, if mZDFG = 60, then find mZFDE.

In Om ABCD, mZA — mZB = 30. Find mZC and mZD.

In O” PQRS, mZP = 3x and mZQ = 6x. Find the measures of all the angles.

Prove that in [0 ABCD, the bisectors of ZC and ZD intersect each other at

right angles.

6.  The diagonals of a rectangle PQRS intersect at O. If mZPOS = 54, find
the measure of ZOPS.

7.  OABCD is a square. Find the measure of ZDCA.

O ABCD is a rectangle. If m£BAC = 30, find the measure of ZDBC.

9. ODEFG is a rhombus. mZDFE = 50. Find the measures of ZDFG and ZDGE.

10. OABCD is square. AC and BD intersect at O. Find the measure of ZAOB.

*

N B W N =

o
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10.7 Another Condition for a Quadrilateral to be a Parallelogram
If we construct a quadrilateral in such a way that the sides in only one pair of
opposite sides are congruent and parallel, then the quadrilateral is also a parallelogram.
We accept this theorem stated below without proof :
Theorem 10.8 : If in a quadrilateral, one pair of opposite sides consists of
congruent and parallel line-segments, then the quadrilateral is a parallelogram.
InOABCD, AB = CD and AB || CD.
<. OABCD is a parallelogram.
Now, we shall apply above theorem to an illustration.
Example 6 : AB and CD are the sides of 0ABCD and their midpoint are P and R
respectively. AR intersect DP in the point S and BR intersects CP in the
point Q. Prove that 0 PQRS is a parallelogram. D R C

Solution : O ABCD is a parallelogram.
S+ AB=CD
P and R are midpoints of AB and CD respectively.

1 1 P B
AP = 2 AB and CR = 35 CD Figure 10.33
AP = CR (AB = CD) (i)
Also, AB || CD.A-P-BandC—R-D
- AP I TR i
From (i) and (ii), AP = CR and AP || CR
O APCR is a parallelogram.
“ AR Il PC
_— — 2 2
<+ SR || PQ (S€ AR and Q € PC) (iii)
Similarly it can be proved that 0 DRBP is a parallelogram.
“ BR | DP
_ — e 2
* RQ | SP (Q€ BR and S€ PD) (iv)

From (iii) and (iv), in 0 PQRS, SR || PQ and RQ || SP
<. OPQRS is a parallelogram.
An Important result : If the diagonals of a parallelogram are perpendicular to
each other, then it is a rhombus.
Solution : In 00 ABCD diagonals bisect each other at O.
<. OA=0C
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Now for the correspondence AOD <> COD D c
of AAOD and ACOD.

OA = OC 0

ZAOD = ZCOD (right angles)
oD = OD

~. By SAS, the correspondence AOD <> COD
is a congruence.

s A AOD = A COD

S AD=CD

but O ABCD is parallelogram.

AD = BC and CD = AB

AD = BC =CD = AB

0" ABCD is a rhombus.

An Important result : If the diagonals of a parallelogram are congruent

Figure 10.34

and intersect at right angles, then the parallelogram is a square.

Solution : For correspondence AOB <> AOD D C
of AAOB and AAOD,

AO = AO 9
ZAOB = ZAOD (right angles)

OB = OD

A B
-+ By SAS, the correspondence AOB <> AOD is congruence.  pioyre 10.35

S AB=AD
But AB = CD and AD = BC

" AB=AD = CD = BC (@)
For the correspondence ABD <> BAC of AABD and ABAC,

AB = BA

AD = BC
and BD = AC (given)

By SSS, the correspondence ABD <> BAC is a congruence.
- ZDAB = ZCBA

. mZDAB = mZCBA
o d

<« &
But AD || BC and AB is a transeversal.
mZDAB + mZCBA = 180 (interior angles on one side)
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mZDAB = mZ/CBA = 90 (ii)
From (i) and (ii) in O”ABCD, all the sides are congruent and all the angles are

right angles.
0™ ABCD is a square.

EXERCISE 10.4

1. Two sides of a rectangle have lengths 6 cm and 8 cm. Verity that the measures
of the diagonals of the rectangle are same.

The perimeter of rectangle PQRS is 70 cm. If PQ : QR = 3 : 4, then find QR.

In rhombus ABCD, if AC = 10 ¢m and BD = 24 ¢m, then find the perimeter of

rhombus ABCD.

4. [O7"ABCD is neither a square nor a rhombus. Then prove that bisectors of its
angles form a rectangle.
5. In O"ABCD, AP and E are perpendicular from vertices A and C

respectively to diagonal BD. Prove that AP = E

If the diagonals of a parallelogram are congruent, then prove that it is a rectangle.

O XYZW is a rectangle. If XY + YZ =7 and XZ + YW = 10, then find XY.

*
10.8 The Mid-point Theorem

We studied the properties of a parallelogram. Using them we shall study some
properties of triangles and parallel lines.

In A ABC, E and F are the midpoints of the sides AB and AC respectively. If
we measure EF and BC, then we see that EF = %BC. We accept the theorem
stated below without proof. A

Theorm 10.9 : The line-segment joining the /\
midpoints of two sides of a triangle is parallel to the /E {

third side and its measure is half the measure of the

. . B
third side. Figure 10.36

In A ABC, E and F are the midpoints of the sides AB and AC respectively.
(i) BF || BC (ii) EF = 3 BC.
We accept the following theorem without proof.

Theorem 10.10 A line passing through the midpoint of the one side and

parallel to another side of a triangle bisects the third side of the triangle.
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In A ABC, E is the midpoint of AB. / is the line
passing through E and parallel to BC. [ bisects AC. E /\F ,

The following examples will help us in / \
understanding the concept.

B

Figure 10.37

f ' \ Example 7 : [, [, and /5 are three parallel
A D lines intersected by transversal p

and ¢ such that /,, /, and /; cut off
] /\G \E q B} 3

Y

-~
E.8

h < > congruent intercepts AB and BC
Lo C P on p. Show that /;, /, and /5 cut off
3% L — —
/ \ congruent intercepts DE and EF
on ¢ also.
P Figure 10.38 d

Solution : We have AB = BC. (given)
Let AF intersect [, at G.
In A ACF, it is given that B is the midpoint of AC and BG || CF (| 1y
. G is the midpoint of AF
We apply the same theorem to A AFD. G is the midpoint of AF. GE | AD
and so by the theorem, E is the midpoint of DF.
. DE = EF
In other words /;, /, and /5 cut off congruent intercepts on g also.
Example 8 : A ABC is an isosceles triangle with AB = AC and Let D, E and F be
the midpoints of BC, CA and AB respectively. Show that AD L EF and
AD bisects EF. A
Solution : In A ABC, D is the midpoint of BC

and E is the midpoint of AC.
& e :
. d DE =+ AB i
DE || AB an 3 () e/ o .
Also AF = 3 AB. (i)
From (i) and (i), DE = AF and DE || AF.  (A-F-B)
. O AFDE is a parallelogram.
. AD bisects EF. (i) B D c

F and E are midpoints of AB and AC respectively. Figure 10.39



QUADRILATERALS 19

AFzéABandAEzéAC

But AB = AC (given)
. AE = AF (iv)
From (iii) and (iv), 0 AFDE is a rhombus.

.. AD L EF

Example 9 : A ABC is a triangle right angled at B and P is the midpoint of AC
PQ || BC and Q € AB. Prove that (i) PQ L AB (ii) Q is the midpoint of
AB (iii) PB = PA = 3 AC
Solution : P is the midpoint of AC (given)
Also PG || BC
E intersects AB at Q.

ZAQP = /ABC.

But m/ABC = 90 (given)
. mZAQP =90 A
. PQ L AB

In AABC, P is the midpoint of AC and

% [ BC. So Q is the midpoint of AB .

s AQ =BQ

Now in AAPQ and ABPQ, consider
the correspondence APQ <> BPQ,

AQ = BQ B Figure 10.40 ¢

ZAQP = /BQP (right angles)

PQ = PQ
.. The correspondence APQ <> BPQ is a congruence by SAS.

.. AAPQ = ABPQ
.. PA = PB
But P is the midpoint of AC .

. PA=PB = 2AC .

Example 10 : In A ABC, AD is the median. E is the midpoint of AD. BE

intersects AC in F. Prove that AF = %AC.
Solution : Let DK | BF and K € AC.In A ADK, E is the midpoint of AD

and EF I DK .
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*. F is the midpoint of AK .

. AF =FK (i)

In A BCF, D is the midpoint of BC and DK | BF A
.. K is the midpoint of FC.

.. FK=KC (ii)

From (i) and (ii), we have

AF = FK = KC K
.. AC = AF + FK + KC

. AC = AF + AF + AF

1
SO AF = 3 AC B D C
10.9 An Important Result Figure 10.41

In a trapezium ABCD, AB || CD- E and F are the midpoints of Ap and BC
respectively. Prove that EF || AB and EF = % (AB + CD).
— —
Solution : DF and AB intersect at P, so that A-B—P and D-F-P.

Figure 10.42
In the correspondence BPF <> CDF of ABPF and ACDF.
ZBFP = ZCFD (Vertically opposite angles)
B = FC

“— o
and ZFBP = ZFCD (alternate angles made by transversal BC with DC || BC)

Thus, the correspondence BPF < CDF is a congruence (ASA Theorem)

So, BP = CD and PF = DF. So, BP = CD and PF = DF.

So F is the midpoint of DP. Now in A DAP, E is the midpoint of DA and F is
the midpoint of DP.

" EF || AP and EF = 3 AP

. EF | AB (A-B-P)

" EF = 2AP = 3 (AB + BP)

. EF = 3 (AB + CD) (BP = CD)
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Example 11:Ina trapezmm PQRS, PQ || SR and PQ > SR. X and Y are midpoints

10.

11.

12.

13.

14.

of SP and RQ respectively. If SR = 12 S 12 R
and XY = 14.5, find PQ.
. 1

Solution : XY = 5 (SR + PQ) N 145 v

L 145 = (12 + PQ) / \
. 29=12+PQ
. _ P Q
- PQ=17 Figure 10.43

EXERCISE 10.5
In A ABC, the points E and F are the midpoints of AB and AC. If EF = 6.5,
then find BC.
In A DEF, the points X and Y are the midpoints of DE and DF respectively. If
EF = 20, then find XY.
The perimeter of A XYZ is 25. P, Q and R are the midpoints of ﬁ, YZ and
ZX respectively. Find perimeter of A PQR.
In A ABC, D, E and F are the mid points of AB, BC and CA respectively. If
AB =9, BC = 12, CA = 18, find the perimeters of 0 DBCF and A CFE.
In a trapezium ABCD, AB | CD, AB > DC. P and Q are the midpoints of
AD and CB respectively. If AB = 15 and DC = 7, find PQ.
In a trapezmm PQRS, PQ | SR, PQ > SR. X and Y are the midpoints of
SP and QR respectively. If XY = 7.5 and PQ = 12, then find RS.
In A ABC the points P and Q are on AB and AC such that AP = —AB and
AQ = —AC Prove that PQ = = BC.
In an equllateral A ABC, M and N are the midpoints of AB and AC
respectively. If MN = 4.5, find the perimeter of A ABC.
In A ABC, E, F and G are the midpoints of AB, BC and AC respectively. If
EF + EG = 14 and AB = 7, find the perimeter of A ABC.
In APQR, A, B and C are the midpoints of PQ QR RP respectively. If
AB : BC : CA =3:4:5and QR = 20, find perimeter of A PQR.
In AABC, D, E and F are the midpoints of AB. BC and CA respectively.
Prove that A ADF and A DBE, and A EFD and A FEC are congruent.

In AABC, D, E and F are the midpoints of BC, CA and AB respectively.
Prove that AD and EF bisect each other.

In O ABCD, the midpoints of the sides AB, BC, CD and DA are P, Q, R and
S respectively. Prove that [0 PQRS is a parallelogram.

If A, B, C, D are the midpoints of the sides %, Q_R, RS and SP of a
rectangle PQRS, then prove that 0 ABCD is a rhombus.
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15.

In an equilateral A ABC, P, Q and R are the midpoints of ‘AB, BC and CA.
Prove that A PQR is equilateral.

EXERCISE 10

Solve the following :

(1) OPQRS is a thombus. If mZQRS = 60 and QS = 15, find the perimeter
of the rhombus.

(2) ODEFG is a rhombus. If DF = 30 and EG = 16, find the perimeter of
O DEFG.

(3) OPQRS is a rectangle. If its diagonals intersect each other at O and
mZPOS = 120, find the mZQPO.

(4) In a trapezium PQRS, PS || Q_R, QR > PS and X and Y are the
midpoints of PQ and SR . If PS = 18, XY = 20, find QR.

(5) In a triangle PQR, m£P = 75, mZQ = 60, m£R = 45. Find the measures
of the angles of the triangle formed by joining the midpoints of the sides
of this triangle.

In O PQRS, A is a point on PS such that AP = %PS and B is a point on Q_R

such that RB = %QR, prove that 0 APBR is a parallelogram.

Show that the quadrilateral, formed by joining the midpoints of the sides of a
square in order is also a square.

The diagonals of a OPQRS are perpendicular to each other. Show that the
quadrilateral formed by joining the midpoints of its sides is a rectangle.

O PQRS is a rhombus and A, B, C and D are the midpoints of m, @, RS
and SP respectively. Prove that 00 ABCD is a rectangle. p

In figure 10.44, in A PQR, PA is the median of

APQR and AB || PQ. Prove that QB is a B
median A PQR.

Q A R
Figure 10.44

Select proper option (a), (b), (c) or (d) and write in the box given on the right
so that the statement becomes correct :

(1) InO"ABCD, if mZA : m£B = 2 : 3, then mZD is ...... ) [ ]
(a) 72 (b) 108 (©) 60 () 90

(2) InO7"ABCD, if m£B — mZC = 40, then mZA is ...... [ ]
(a) 70 (b) 110 (©) 55 () 35

(3) InO"ABCD, mZA : m£B =1 : 3, then mZC is ...... ]

(a) 90 (b) 120 (c) 45 (d) 135
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4

)

(6)

(7

®)

©

(10)

(11)

(12)

(13)

(14)

If the diagonals of quadrilateral are not congruent and bisect each other at

right angles, then the quadrilateral is a ...... ]
(a) square (b) rectangle (¢c) trapezium (d) rhombus

The diagonals of a quadrilateral are congruent and bisect each other but
not at right angles. Then the quadrilateral is a ...... ]
(a) rectangle (b) rhombus (c) square (d) parallelogram
All the four sides of a quadrilateral are congruent but all the four angles
are not congruent. Then the quadrilateral is a ...... . ]
(a) rhombus (b) square (c) rectangle (d) parallelogram
All the four angles of a quadrilateral are congruent but all the four sides
are not congurent. Then the quadrilateral is a ...... ]
(a) rhombus (b) square (c) rectangle (d) trapezium

A figure is formed by joining the midpoints of the sides of a
quadrilateral. It is a ...... ]
(a) square (b) rhombus (c) rectangle (d) parallelogram
In rhombus PQRS if the diagonal PR = 8 and diagonal QS = 6, then
perimeter of rhombus is ...... ]
(a) 10 (b) 40 ()5 (d) 20

The perimeter of rectangle ABCD is 36. If AB : BC = 4 : 5, then the
length of BC is ...... ]
(a) 8 (b) 16 (c) 10 (d)9

In AABC, D, E and F are the midpoints of AB, BC and CA
respectively. If the perimeter of A DEF is 12, then the perimeter of
AABC s ...... . ]
(a) 24 (b) 6 (c) 36 (d) 48

A ABC is an equilateral triangle. AB = 6. The points P, Q and R are
midpoints of AB, BC and CA respectively. The perimeter of [0 PBCR
is ... []
(a) 18 (b) 15 (©) 9 (d) 12

In trapezium ABCD, AD || BC, BC > AD. Points P and Q are
midpoints of AB and CD. If AD = 6 and BC = 8, then the measure of
PQ is ... ]
(a) 14 (b) 7 (c) 4 (d)3

In trapezium PQRS, PS || Q_R, QR > PS and points M and N are the
midpoints of ﬁ and SR . If QR = 16 and MN = 14, then the measure

of PS is ...... [ ]
(a) 44 (b) 9 (c) 12 (d) 4
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(15) In O™ PQRS the bisectors of ZP and Z£Q intersect at X. If m£P = 70,
then mZPXQ is ...... ]
(a) 90 (b) 35 (c) 55 (d) 110

(16) P and Q are the midpoints of AB and AC of A ABC. OPBCQ is
a ... ]
(a) square (b) rhombus (c) trapezium (d) rectangle

(17) O ABCD is a rhombus. If the diagonals AC and BD intersect at M, then
mZAMB is ...... ]
(a) 60 (b) 45 (c) 30 (d) 90

(18) DO PQRS is a square. If PQ = 5, then QS is ...... ]
(a) 10 (b) 50 (c) 542 (d) 15

(19) Perimeter of rhombus PQRS is 96, then PQ is ...... ]
(a) 24 (b) 48 (c) 12 (d)6

Summary

In this chapter, we have learnt following points :

1.

n K W N

Plane quadrilateral and its parts

The sum of the measures of the angles of a quadrilateral

Types of quadrilateral

Properties of parallelograms and its theorems

Rhombus and its important result

(i) Diagonals of a rhombus are perpendicular to each other and vice-versa
(i) Diagonals bisect the angle at vertices and vice-versa

Square and its properties

Diagonals of a square are congruent and perpendicular to each other and

vice-versa.

The midpoint theorems for a triangle and vice-versa

For trapezium ABCD, AB || CD and E and F are midpoints of AD and BC

then EF = L(AB + CD).
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AREAS OF PARALLELOGRAMS AND TRIANGLES
B

11.1 Introduction
We have learnt earlier about areas of closed figures like triangles, quadrilaterals
and circles. We know that area is the 'measure' of the region enclosed by a
closed figure in a plane. We know about units of area also.
11.2 Interior of Triangle
We have learnt about interior of
a triangle. The intersection of the
interiors of all the three angles of a
triangle is called the interior of the
triangle. We also know that if we take

the intersection of the interiors of any
two angles of a triangle, then also we
get the interior of the triangle.

Figure 11.1
11.3 Triangular Region

For any APQR, APQR and interior of APQR are two mutually disjoint sets.
The union of these two sets is called the
triangular region associated with APQR. P
Triangular region : The union of

P

a triangle and its interior is called the

triangular region associated with the

given triangle. We denote the triangular

region associated with the APQR by Q R Q R
A*PQR. Figure 11.2 (i) Figure 11.2 (ii)
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APQR is shown in figure 11.2(i) and triangular region A*PQR as coloured region
in figure 11.2(ii). A*PQR = (APQR) U (interior of APQR).
11.4 Interior of a Quadrilateral S
We have the concept of
S the interior of a triangle.
P R In figure 11.3 (i), we have a
M M O PQRS and PR is its diagonal.
Then the interior of 0 PQRS is the
union of (1) The interior of A PSR
(2) The interior of A PQR (3) The
(i) ? ((i)i) set of all the points M, such that
Figure 11.3 P-M-R.
In figure 11.3 (ii), we have O PQRS and S_Q is its diagonal.

Then, the interior of OO PQRS is the union of (1) The interior of A PQS (2) The
interior of A QRS (3) The set of all point M such that S-M-Q.
The intersection of the interiors of all the four angles of a quadrilateral is the

interior of the quadrilateral.
If we take the intersection of the interiors of two opposite angles, then also we
will get the interior of the quadrilateral.

As in figure 11.4, let us denote
interior of ZP by I, the interior of Q by
L,, the interior of R by I, the interior of S
by I, and the interior of 00 PQRS by L

Then, I= 1, nL,nI;NI,

In OPQRS, ZP and ZR are
opposite angles. ZQ and ZS are opposite

angles.
Figure 1.4 Then, I=1, "L, =1, N1,
11.5 Quadrilateral Region
A quadrilateral and the interior of P S , S

the quadrilateral are two mutually
disjoint sets. The union of these two
sets is called the quadrilateral region.

Figure 11.5 (i) shows OO PQRS and the Q R Q
coloured region in figure 11.5 (ii) shows the (@
quadrilateral region of O PQRS.

(ii)
Figure 11.5
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Quadrilateral region : The union of a quadrilateral and its interior is
called the quadrilateral region associated with the given quadrilateral.

The quadrilateral region associated with O PQRS contains all the points of
OPQRS as well as all the interior points of O PQRS. The quadrilateral region
associated with OO PQRS is denoted by O0* PQRS.

Thus, O* PQRS = (O PQRS) v (interior of 0 PQRS)

11.6 Postulates for Area
We know that area is a positive number and areas of congruent figures are
equal. We shall take these natural ideas as postulates :
(1) The Postulate for Area : Corresponding to every triangular region,
there is a unique positive number associated with it and it is called
the area of the triangular region. A

(2) Postulate for the Area of Congruent triangles : If
two triangles are congruent, then the areas of
their triangular regions are equal.

(3) Postulate for Addition of Areas : In
A ABC, If B-D-C, then
area of A*ABC = area of A*ABD + area of A*ADC

(Note that in the figure 11.6 interiors of A ABD and A ADC are mutually
disjoint sets.)

If A* ABC is a union of several triangular regions, triangles having mutually
disjoint interiors, then the area of A*ABC is the sum of the areas of these triangular
regions. From now onwards, we shall denote the area of A*ABC by simply ABC and
area of 0 *PQRS by PQRS.

11.7 Area of a Rectangle
We know the formula to find the area of a rectangle.
Area of rectangle = length X breadth
We shall accept this idea in the form of a postulate.

B D C
Figure 11.6

Postulate for the area of a rectangle : The area of any rectangular region is

the product of the lengths of any two adjacent sides of the rectangle.
As shown in the figure 11.7, O PQRS is a
PJ |_S rectangle. Taking its adjacent sides ﬁ and Q_R, we
have, area of the rectangle PQRS, PQRS = PQ X QR.
Note : For the sake of simplicity, we shall use

triangle for ‘triangular region’, the words rectangle

(;' [ for ‘rectangular region’ and side for the 'length of a

Figure 11.7 side' and similary quadrilateral for ‘quadrilateral

region’.
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Example 1 : The length of one side of a rectangle is thrice the length of its adjacent side.
If the perimeter of the rectangle is 80 cm, find the area of the rectangle.
Solution : Let DE and EF be two adjacent sides of the rectangle DEFG.
If the length of DE is x cm, then the length of EF is 3x cm. The perimeter of
rectangle = 80 cm

) _ D G
S 2(x+3x)=80 T O
. 8x =180
Sox=10cm
S 3x=30cm

1 ]
. DEFG = DE X EF E F

= 10 X 30 = 300 cm? Figure 11.8

.. The area of the rectangle is 300 cm?
11.8 The Area of a Right Triangle

The area of a right triangle is half the product of its sides forming the
right angle.

In the figure 11.9, O PQRS is a rectangle and PR is diagonal.

A PQR is a right triangle with base QR and PQ is its altitude.

But since A PQR = A RSP, PQR = RSP

P S
Also APQR and ARSP have disjoint interiors.
- PQRS = PQR + RSP = PQR + PQR = 2 PQR
- PQR = % PQRS

) R
Now, PQRS = PQ X QR Figure 11.9

Hence, PQR =

| —

X QR X PQ

Hence, PQR = % base X altitude

Example 2 : In a right triangle, the measure of one side is 12 ¢m and that of the
hypotenuse is 13 c¢m. Find the area of the right triangle.
Solution : Let ZB be the right angle in A ABC.

BC =12 ¢m and AC = 13 cm.

A
In right triangle A ABC
3, AC? = AB2 + BC2
77
. AB%Z = AC2 - BC?
= (13)? — (12)?
B 2 om C =169 — 144
=25
Figure 11.10

. AB =5cm
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. Area of right triangle ABC = = X AB X BC

| —

X 5% 12 =30 cm?

| —

. The area of the right triangle is 30 cm?.
11.9 Area of Triangle

The area of a triangle is one half the product of length of its altitude and the
base corresponding to the altitude.

A
A
1
B D C D B C
() (ii)
Figure 11.11

In figure 11.11 (i) AD is an altitude of A ABC, BC the corresponding base
and B-D—C. Also AABC and AABD have disjoint interiors.

ABC = ABD + ADC (postulate for addition of area)
= 2 AD X BD + 3 AD X DC
= 3 AD (BD + DC)

.'.ABC:%XADXBC B-D - C)

In figure 11.11 (ii), AD is the altitude to B(_)C and it intersects BHC in D such
that D-B—C. BC is the base corresponding to the altitude AD .

AABC and AADB have disjoint interiors.

. ADC = ADB + ABC

ABC = ADC - ADB (postulate for addition of area)

:%ADXDC—%ADXDB

= 2 AD (DC - DB)

=%AD><BC M -B-0)

Every triangle has three altitudes and three corresponding bases so the formula
for area gives the area of the same triangle in three different ways. However, for
the same triangle, we get the same area by using any of these pairs of base and altitude.
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11.10 Area of Parallelogram

A line-segment drawn from any vertex of a parallelogram and perpendicular to
the line containing a side of the parallelogram which does not pass through that vertex,
is called an altitude of the parallelogram and the side is called the base corresponding
to the altitude.

In figure 11.12, sides Q_R and SR of 00" PQRS do not pass through vertex P.
& P
Line-segment Ppp| passes through P and is perpendicular to QR . So QR is the

corresponding base and PM is the altitude.

J— P S

PR is a diagonal of [0J”PQRS. Hence,
APQR = ARSP. Also APQR and ARSP have
disjoint interiors. Thus area of OO0 PQRS is twice

N
the area of A PQR. »
Q M R
PQRS =2 (PQR)
=2 (%pM X QR) = PM x QR Figure 11.12

Hence, PQRS = altitude X corresponding base. Similarly, in figure 11.12, SR is
also a side <1>vhich does not pass through P. PN is the perpendicular line-segment
from P to SR . It is an altitude of [0 PQRS. Its corresponding base is SR .

Since PR is the diagonal of [ PQRS, ARSP = A PQR. Hence the area of
O PQRS is twice of A RSP.

As before PQRS = PN X SR

Thus, the area of a parallelogram is the product of any of its altitude and
its corresponding base.

Note : Henceforth we will not mention about disjoint interiors, if it is obvious.
Example 3 : EM and EN are altitudes of [0 DEFG. Their corresponding bases are

DG and GF respectively. If DG = 10 ¢m, EM = 8 cm, EN = 16 cm, find GF.

Solution : DEFG = EM X DG = EN X GF

. EM X DG = EN X GF D M G
i N
. 8% 10=16 X GF
8x10
.GF = ——= =5
. GF=5cm
E

Figure 11.13
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An Important Result : The area of a rhombus is half the product of its
diagonals. A , D
As shown in the figure 11.14, OO ABCD is a

rhombus. Its diagonals AC and BD bisect each other M

at right angles at point M.
Hence BM and MD are altitudes to base AC

in A ABC and A ACD respectively. B ’ c
Now ABCD = ABC + ACD Figure 11.14

- %ACXBM—F%ACXMD

= % AC (BM + MD)

= 2 AC X BD (B-M - D)

Example 4 : OO0 PQRS is a rhombus. The length of each side is 10 c¢m. If QS = 16 cm,
find the area of OO PQRS.
Solution : O PQRS is rhombus. Diagonals % and PR bisect each other at
M at right angles. P . S
QS = 16 cm and M is the midpoint of @
QM =8 cm
Now in right A PMQ,
PM?2 = PQ? — QM2 = (10)? — (8)2 = 100 — 64 = 36
S PM=6cm Q
PR =12 cm Figure 11.15
PQRS = % X PR X QS = % X 12 X 16 = 96 cm?

/
T

R

. The area of the rhombus is 96 cm?.
EXERCISE 11.1

1. State whether the following statements are true or false.
(1) A triangle and its triangular region are two disjoint sets.
(2) The intersection of a triangle and its interior is the empty set.
(3) IfD, E and F are the midpoints of the sides of A PQR, then
A* DEF U A* PQR = A* PQR.
(4) Every triangle is a subset of its triangular region.
(5) Interior of a triangle is a subset of its triangular region.
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2. (1) In O"ABCD, CE L AB and AE L BC.If A D
AB =18 cm, AE =10 cm and CF =12 ¢m, find AD.
(2) If AD =12 c¢m, CF = 20 ¢m and AE = 16 cm,
find AB.

3. Let O0" ABCD be a parallelogram having area B E C
250 cm?. If E and F are the mid points of sides AB Figure 11.16
and CD respectively, then find the area of 0 AEFD.

4. In AABC, AD is the altitude corresponding to base BC. BE is the altitude
corresponding to base AC. If AD = 14, BC = 24 and AC = 35, find BE.

5. In AABC, BF is the altitude to AC and AE is the altitude to BC. If
AC =45 ¢m, BC = 15 em and ABC = 225 ¢m?, find BF and AE.

6. In O ABCD, AM and BN are altitudes and their corresponding bases are
BC and CD respectively. If AM = 18, AB = 24, BC = 30, find BN.

7. A ABC is an equilateral triangle. If BC = 8, find ABC

8. In AABC, P, Q and R are the midpoints of AB, BC and AC respectively. If
ABC = 64 cm?. Find PQR, PQCR and PBCR.

9. In AABC mz/B = 90, AB = 18 c¢cm, BC = 24 cm, find ABC. Also find the
measure of the altitude corresponding to AC .

10. OABCD is a rhombus. If AB = 25 and AC = 48, find ABCD.

*

11.11 Quadrilaterals on the Same Base and Between Two Parallel Lines

Let us observe the following figures 11.17 :

Figure 11.17
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In figure 11.17 (i) AABC and A DBC have a common (same) base BC. In
figure 11.17 (ii) 0" ABCD and AEBC have the same base BC. In figure 11.17 (iii)
0" ABCD and 0" PBCQ have the same base BC. In figure 11.17 (iv) trapezium
ABCD with AD || BC and 00" PBCQ have the same base BC.

Now look at the following figure 11.18 :

A D A D E._
B Q) C B

(i) ©

. /. 1/\/:

(iii) Figure 11.18 (iv)

In figure 11.18(i), we observee)that AAgC and ADBC are on same base BC
and lie between two parallel lines BC and AD. Vertices A and D of AABC and of
ADBC are on the same side of the line containing the base BC.

In figure 11.18(ii), Dﬁ)ABCD(_)and AEBC are on same base BC and lie
between two parallel lines BC gd AD . Vertices A and D of 0" ABCD and vertex
E of AEBC are on same line AE and are on the same side of the line containing
the base BC.

In figure 11.18(iii), D(i”)ABCD(_)and 0" PBCQ are on same base BC and lie
between two parallel lines BC and AQ. V&rtices A and D of 0" ABCD and vertices
P and Q of O PBCQ are on same line AQ and are on the same side of the line
containing the base BC.

In figure 11.18(iv), trapezHium ABgD and [ PBCQ are on same base BC and
lie between two parallel lines BC and AQ. Vertic(e_s) A and D of trapezium ABCD and
vertices A and Q of 0 ABCQ are on same line AQ and are on the same side of the
line containing the base BC.

We observed that a triangle and a quadrilateral, two figures have same base and
are between two parallel lines and the vertices (or vertex) lie on a line parallel to the

base. What can we say about the areas of such figures ?
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We shall study some theorems regarding the areas of figures lying between a
pair of parallel lines.

Theorem 11.1 : Parallelograms having the same base and lying between
a pair of parallel lines, have the same area.

Data : 0" ABCD and 0" ABEF

have the same base AB and lie < E

between a pair of parallel lines / and m.
To prove : ABCD = ABEF

Proof : Let M and N be the feet

of the perpendiculars from A and B < Foure 11,19 o
respectively to /. We have /|| m.

AM and BN are perpendicular distances between / and m.

.. AM = BN

Now ABCD = AM X CD

~. ABCD = BN X CD (AM = BN and AB = CD)

Also ABEF = BN X EF = BN X CD (EF = AB)

~. ABCD = ABEF
11.12 Triangles on the same Base and between a pair of Parallel Lines

A ABC and A PBC are on same base BC and lie between two parallel lines
/ and m.

Let us draw cp || AB and let D € 1. Let CQ || Bp and let Q € L

- We get 0" ABCD and O PBCQ.

AC is diagonal of 0" ABCD. PC is
diagonal of O0" PBCQ.

». ABC = £ ABCD and

1

PBC = = PBCQ.
C 2 €Q Figure 11.20

But ABCD = PBCQ

k4
~

v
3

(on same base BC and between the pair of parallel lines / and m)
». 5 ABCD = 7 PBCQ
. ABC = PBC
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We accept the theorem given below without proof.

Theorem 11.2 : Two triangles on the same base (or congruent bases)
and lying between pair of parallel lines have same area.

The converse of theorem is also true and we accept the theorem without proof.

Theorem 11.3 : Two triangles having the same base (or congruent
bases) and having their vertices (other than the base vertices) in the same
half plane of the line containing the base (or congruent bases) and having
equal areas lie between a pair of parallel lines.

Example 5 : Show that a median of a triangle divides a triangular region into two
triangular regions with equal areas.
Solution : In A ABC, AD is the median.
~. BD =DC
Let AM L BC
ABC = % AM X BD

ADC:%AMXCD B b M C

Figure 11.21

A

but BD = DC

. ABD = ADC
Example 6 : D, E and F are the midpoints of the sides AB, BC and CA

respectively of AABC. Prove that O BEFD, OECFD and OEFAD have the

same area.

Solution : In AABC, D and F are the midpoints of the sides AB and AC
respectively. _ A

.'.DF:%BCandﬁ:”B_C

E is the midpoint of BC.

- BE=EC = LBC =
- BE = EC = BC = DF S : .

- InOBEFD, BE = DF and BE || DF (B—E-C) Figure 11.22

~. OBEFD is parallelogram.

Similarly, 0 ECFD is also parallelogram.

Now 0" BEFD and 0" ECFD have the same base Fp and lie between the

pair of parallel lines DF and BC.
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-. BEFD = ECFD

Similarly, it can be proved that

EFAD = ECFD

-. BEFD = ECFD = EFAD

An Important Result : In a trapezium ABCD, AB || DC. M is the foot of
perpendicular from D to AB and A — M — B. D C g

Then ABCD = %(AB + CD) X DM

Solution : In trapezium ABCD, AB || DC.

I
. . — M B
M is the foot of the perpendicular from D to AB Figure 11,23
and A—- M - B.
. >
Let N be the foot of the perpendicular form B to DC.
. . . H H
. DM and BN are perpendicular distances between parallel lines AB and DC.
. DM = BN
Now, DM is the altitude of A ABD and AB is the corresponding base.
* ABD = = AB X DM
Similarly, BN is the altitude and CD the corresponding base in A BCD.
» BCD = 3 CD X BN
» BCD = 3 CD X DM (DM = BN)

Now ABCD = ABD + BCD

1
AB X DM + 7 CD x DM
(AB + CD) x DM

ABCD =

= = =

(AB + CD) x DM

Example 7 : If a triangle and a parallelogram are on the same base and lie between
a pair of two parallel lines, then prove that the area of the triangle is equal to
half the area of the parallelogram.

Solution : Let A PAB and " DABC have same base AR and lie between
R —
parallel lines PC and AB.
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- — = o
Draw QB || PA and let BQ intersect PC at Q.

PA || QB and AB || PQ P D Q C

)
£

W

~. OPABQ is parallelogram.
0 ABCD and 0" ABQP are on the same

v

base AB and lie between parallel lines g Figure 11.24

and %
. ABCD = ABQP (i)
In O” ABQP, PB is a diagonal.
- PAB = % ABQP

PAB = % ABCD. (from (i)

EXERCISE 11.2

1. In a trapezium ABCD, AD || BC and M and N are the midpoints of AB
and CD respectively. AE L BC such that B-E-C. If BC = 16 ¢m and
MN = 10 ¢m and AE = 6 c¢m, find ABCD.

2. In figure 11.25, / || m. A, B, C, D, E and F are distinct points such that
A, B emand C, D, E, F € /. The perpendicular distance between the lines
land m is 5 cm and AB = 10 cm. Answer the following :

(1)  Find the area of A ABD.

[ < > (2) Which other triangle has the same
area as A ABD ? Why ?
(3) Find the area of 0" AFEB.
(4)  Which other parallelogram has the
m < > same area as (1" AFEB ? Why ?

(5) Do AADF and A BDF have the
same area ? Why ?
(6) If DF = 3 cm, find the area of A ADF.

Figure 11.25

3.  In AABC, D is the midpoint of BC and E is the midpoint of AD . Prove that
BED = - ABC.
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4.  Compute the area of the quadrilateral PQRS, where measures of sides are given
in figure 11.26. ¢ 17 em
R
S
[o)}
&
Cb()
P Q
Figure 11.26
D 24 C
5. Compute the area of the s
trapezium ABCD using
measures of sides given in = 1
A B
figure 11.27. 2 M o
Figure 11.27
6. In the trapezium ABCD, AB = 14 cm,
D M N C AD = BC = 10 ¢m, DC = x ¢m and
% 8 cm 8 em QO@ distance between AB and DC is 8 cm.
= N Find the value of x and area of the
A 14 cm B

trapezium ABCD given in figure 11.28.
Figure 11.28

EXERCISE 11
1. IfE, F, G and H are respectively the midpoints of the sides of a 0" PQRS,
show that EFGH = % (PQRS).

2. In figure 11.29, X is a point in the interior P S
of a 0" PQRS. Show that,

(i) PXS + QXR = £ (PQRS) X
(i) PXQ + SXR = 7 (PQRS)

Q R

(Hint : Draw a line through X Figure 11.29

T
parallel to QR )
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10.

P S 3. In figure 11.30, diagonals PR and @
0 intersect at O such that PO = OR. If
SR = PQ, then show that (i) POQ = SOR

— &
R (i) POR = SQR (iii)) PS ||QR and
Figure 11.30 O PQRS is parallelogram .

(Hint : Draw perpendicular to QS from P and R)

" PQRS and rectangle PQAB are on the same base PQ and have equal area.

Show that the perimeter of the parallelogram is greater than that of the rectangle.

S is the midpoint of Q_R in APQR and X is the midpoint of @ If Y is the

midpoint of PX, prove that QYX = % (PQR)

Prove that the area of an equilateral triangle is equal to gﬂ, where / is the

length of a side of the triangle.

A and B are any two points lying on the side PS and % respectively of a

0" PQRS. Show that AQR = BSR.

A ABC is equilateral triangle. If BC = 12 ¢m, find ABC

In ABC, P, Q, R are the midpoints of sides of AB. BC and AC respectively.

If ABC = 120 c¢m?, find PQR, PQCR and PBCR.

Select proper option (a), (b), (¢) or (d) and write in the box given on the right

so that the statement becomes correct :

(1) In O"ABCD, let AM be the altitude corresponding to the base BC
and CN the altitude corresponding to the base AB- If AB = 10 cm,

AM = 6 cm and CN = 12 c¢m, then BC = ...... cm ]
(a) 20 (b) 10 © 12 @) 5

(2) InOABCD, AD || BC, AM L BC such that B—M — C. If AD = 8 cm,
BC = 12 ¢m and AM = 10 ¢m. ABCD = ...... cm?. ]
(a) 100 (b) 50 (c) 200 (d) 400

(3) AD and BE are the altitudes of A ABC. If AD = 6 cm, BC = 16 cm,
BE = 8 ¢m, then CA = ...... cm. []
(a) 12 (b) 18 (c) 24 (d) 22

(4) BE and CF are the altitudes of A ABC. If BE = 10 ¢m, CA = 8 cm,
AB = 16 c¢m, then CF = ...... cm. [ ]

(a) 2.5 )5 (©) 10 (d) 6.4
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(5) In O"ABCD, BC is the base corresponding to the altitude AM . If

BC = 8 cm AM = 5 cm, then ABCD = ...... cm?. ]
(a) 40 (b) 20 (c) 80 (d) 10

(6) InaOABCD, AB || CD> DM is the altitude on AB. If AB = 15 cm,
CD =25 ¢m and DM = 10 ¢m, then ABCD = ...... cm?. ]
(a) 400 (b) 250 (c) 100 (d) 200

(7) OABCD is rthombus. If AC = 12 ¢cm and BD = 15 c¢m, then the area of
the rhombus ABCD = ...... cm?. ]
(a) 90 (b) 180 (c) 45 (d) 360

(8) OABCD is a rhombus If ABCD = 80 cm’? and AC = 8 cm, then
BD = ... cm. [ ]
(@5 (b) 10 (c) 20 (d) 40

(9) If for 0" ABCD, ABCD = 48 cm?, then ABC = ...... cm?. ]
(a) 12 (b) 24 (c) 96 (d)6

(10) In A ABC, P, Q and R are the midpoints of AB, BC and CA respectively.
If ABC = 60 cm?, then PBCR = ...... cm?. ]
(a) 15 (b) 30 (c) 45 (d) 75

Summary

In this chapter we have studied the following points :

1.

2.

w

A

10.

11.

12.

Area of a figure is a number (in some units) associated with some part of the
plane enclosed by that figure.

Two congruent figures have equal areas but the converse need not be true.

If a planer region formed by a figure T is made up of two non - overlaping planer
regions formed by figures P and Q, then area of T = area of P + area of Q.
Area of a rectangle, area of a right triangle.

Area of a triangle is half the product of it base and the corresponding altitude.
Area of a parallelogram is product of its base and the corresponding altitude.
Parallelograms on a same base (or congruent bases) and lying between two parallel
lines have equal area.

Parallelograms on the same base (or congruent bases) having equal areas lie between
two parallel lines.

. Triangles on the same base (or congruent bases) and lying between two parallel lines

have equal area.
Triangles on the same base (or congruent bases) and having third vertex in the same
semi plane of the line containing the base and having equal areas lie
between the two parallel lines.
If a parallelogram and a triangle are on the same base and lie between a pair of
parallel lines, then the area of the triangle is half the area of the parallelogram.
A median of a triangle divides it into two triangles of equal areas.

L]
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CIRCLE
B

12.1 Introduction

Let us imagine about a routine scene of a village. A goat is tied up with a rope and
the rope is fixed with a nail at some point on the ground. Now, think about the area that the
goat can graze ! The boundary of that area and the fixed (nail) point gives us the idea of
a circle. The length of the rope is radius and the nail where the rope is fixed is the centre.

We have already studied about a circle in earlier classes. Let us observe some
circular objects in our neighbourhood. A circle is the edge of a wheel, edge of a button
of a shirt, boundary of some coins, edge of full moon, etc.

Figure 12.1

12.2 Circle and its Related Terms

We can draw a circle by the use of a
compass. Fix pointer at some fixed point O
on a paper and fix the other end (where the
pencil is inserted) at some distance and
rotate this end through one revolution. The
closed figure traced on the paper is a circle
(figure 12.2). We have kept one point O
fixed and that point is the centre of the
circle. The circle is the arc traced by the

Figure 12.2
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pencil. The distance of any boundary point P from the fixed point O is called radius of
the circle. Now, we define a circle.

Circle : The set of points lying in a plane at a
fixed positive distance from a fixed point in the
plane is called a circle (figure 12.3).

If we denote the fixed point of the plane o, as O
and fixed distance r > 0, then in the set form a circle
can be defined as {P | OP=r,r >0, P € a}.

Figure 12.3 Radius : The line-segment whose one end
point is the centre and other end point is any of the points of the circle is called
a radius of the circle. Its measure is also called radius and is denoted by r.

If O is the centre and r is the radius of a circle, then we denote the circle by
@O, r).
A circle divides plane into three parts,
Exterior (i) Interior : The set of points whose
of the distance from the centre of the circle is
Interior circle less than its radius is called the

of the
circle

interior of the circle.
(ii) Circle : points on the circle.
(iii) Exterior : The set of points whose
distance from the centre of the circle is
Figure 12.4 greater than its radius is called the
exterior of the circle.

Circl¢

Circular region : Union of the set of the points of circle and its interior
is called the circular region.

Chord : The line-segment both of
whose end points are the elements of the Q
circle is called a chord of the given
circle. In figure 12.5, P, Q € ®(O, r). So

ﬁ is a chord of @ (O, r). P
Figure 12.5
B Diameter : If a chord of a circle passes

through its centre, it is called a diameter of the
circle (figure 12.6). AB is a diameter. A diameter
is the longest chord of the circle and has the
A length twice of its radius. Length of the diameter

is al 11 iameter.
Figure 12.6 s also called a diamete
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Arc : The set of points of a circle lying in each closed semi plane of a line
passing through two distinct points of the circle is called an arc of the circle.
The chord joining these two points is called the chord corresponding to the
arc. The arc PQ, is denoted by T)-Q\ (figure 12.7 and 12.8)

-

PR
Figure 12.7 Figure 12.8
Minor arc : The set of points of a circle lying in the closed semi plane of

the line containing a chord m and not containing the centre of the circle is

called a minor arc of the circle (figure 12.7). We denote it by minor PQ.
Major arc : The set of points of a circle lying in the closed semi plane of
the line containing a chord PQ and containing the centre of the circle is called

a major arc (figure 12.8). m is not a diameter. We denote it by major PQ.

If a chord is a diameter of a circle, then arc corresponding to the chord
is called a semi-circle arc.
We accept the following results about the length of an arc :

(i) If the measure of the angle subtended at the centre by minor AB of
@ (0, r) i.e. m£ZAOB is a, then the length of minor AB is %g.

(i) The length of a semi circle arc of ®(O, ) is wr. we know 'length' of

® (O, r) i.e. its circumference is 27r.

(iii) If AB is the chord corresponding to major AB of ©®(0, ) and if
mZAOB = o, then the length of major AB is 21 — T

Segment : The union of an arc and its corresponding chord of the circle is
called a segment of the circle.

There are three types of segments : Minor segment, Major segment and
Semi-circle segment.

Semi-circle
segment

O
A .-
Semi-circle
segment

Major segment

(i (i) (i)

Figure 12.9



44 MATHEMATICS

(i) Minor segment : If an AR is a minor arc, then AR U AB is called a
minor segment (figure 12.9 (i)).

(i) Major segment : If an AB is a major arc, then AB U AB is called a
major segment (see figure 12.9 (ii)).

(iii)) Semi circle segment : If an AB is a semi circle arc then AB U AB is
called a semi-circle segment (figure 12.9(iii)).

Sector : For the distinct points A and B of ® (O, r), AB U OA U OB is called
a sector of the circle with centre O. As in case of a triangle, sector region OAB*
is the corresponding region of sector OAB.

Minor sector, Major sector and Semi-circle sector.

Semi-circle
sector

Major
sector

(1) (ii) (iii)
Figure 12.10
Congruent circles : Two or more than
two circles having congruent radii and
different centres are called congruent
circles. (figure 12.11) Figure 12.11

Concentric circles : If two or more than
two circles in the same plane have the same
centre and different radii, then they are called
concentric circles. (figure 12.12)

EXERCISE 12.1

. Figure 12.12
1. Answer the following :

(1) If two circles having centres P and Q are concentric, then what can you say
about P and Q ?

(2) If two circles having centres P and Q are congruent, then what can you say
about their radii ?

(3) If P is in the interior and Q is in the exterior of the circle with centre O,
which is larger between OP and OQ ?

2. State whether following statements are true or false. Give reasons for your answer.

(1) A line-segment joining the centre to any point of the circle is a diameter of

the circle.
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(2) An arc is a semi-circle arc, if its endpoints are the endpoints of a diameter.
(3) The set of points equidistant from a fixed point is called a circle.

(4) Union of two radii of a circle is a diameter of the circle.
*

12.3 Angle Subtended by a Chord at a Point
¢ Angle subtended by a line
segment : If the end points A and B of AB

are joined to a third point C not lying on X)B,
then ZACB is called the angle subtended
A B by, AB atC (figure 12.13).

Figure 12.13 The angle subtended by a chord (not a
diameter) at the centre of the circle is called the angle subtended by the chord at the
centre. If A and B lie on a circle (O, r) then LAOB is called the angle subtended by
chord AB at the centre O.

C
O« O=
A B Al B
A s \/ \/
C
(i) (ii) (iii)
Figure 12.14

In figure 12.14 (i), ZAOB is the angle subtended by the chord AB at the centre O.
The angle subtended by a chord at any point of the arc is called the angle
subtended by the chord on the arc.

In figure 12.14 (ii), ZACB is the angle subtended by the chord AB on the minor AB.

In figure 12.14 (iii), LACB is the angle
subtended by the chord AB on major AB.

Activity : Draw a circle of desired radius
on the plane paper.

Draw congruent chords in the circle. Measure
angles subtended by them at the centre.

What can we say about the measures of

such angles ? In fact, they are congruent angles.

Let us prove this result as a theorem.

Figure 12.15
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Theorem 12.1 : Congruent chords of a circle subtend congruent angles
at the centre of the circle.
Data : Let O be the centre of the

given circle and chords AB = CD-

To prove : ZAOB = ZCOD D
Proof : Consider the correspondence X
AOB < COD, for AAOB and ACOD, A
AB = CD (given) \
0A=0C (radii of the same circle) 5 C
OB = OD (radii of the same circle) Figure 12.16
.. The correspondence AOB <> COD is a congruence. (SSS)
- ZAOB = ZCOD.
Activity : Draw a circle with
centre O. Draw congruent angles
ZAOB and ZCOD, where AB and
CD are chords.
A T D . Now, cut regions enclosed by
minor segments formed by AB and
A D CD. Place one segment on the

other segment. Observe the result.
They cover each other completely.
B C So, the length of the chords have to
be the same. This leads to the next
theorem; the converse of theorem
12.1.
Theorem 12.2 : If the angles subtended by two chords at the centre of a

B
Figure 12.17

circle are congruent, then the chords are congruent.
We accept this theorem without proof.
We note that theorms 12.1 and 12.2 are true for congruent circles also.

EXERCISE 12.2
1. Study figure 12.18 and answer the following questions :
(1) If m£OCD=25, then find mZCOD.
(2) If the diameter of the circle is 10 c¢m and
mZCOD=90, then find CD.

Figure 12.18
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12.4 Perpendicular drawn from the Centre to a Chord

I
I
|
I
I
|
I
o

(0]

A

Figure 12.19

Activity : Draw a circle with centre O. Draw a
chord AB. Now fold the paper along the line
through the centre O in such way that the portions
of AB coincide with each other (i.e. point B falls
on the point A). Let us cut AB at point M along the
crease.

Observe that B coincides with A. What can you
say about M ? Measure AM and BM. We can see that
AM = MB. So M is the midpoint of AB. This fact

leads to the following theorem.

Theorem 12.3 : If a perpendicular is drawn to a chord from the centre of

a circle, then it bisects the chord.

Data : Let O be the centre of the given
circle. ABis a chord and OM L AB and M € AB.

To prove : AM = BM.

Proof : Consider corrsepondence AOM < BOM V—\—\

for AAOM and ABOM.
OA = OB
OM = OM
ZAMO = ZBMO

AQ/B
(radii) Figure 12.20

(common segment)

(right angles)

*. The correspondence AOM <> BOM is congruence. (RHS theorem)
“ AM = BM
.. AM = BM

. M is the midpoint of AB.

. OM bisects chord AB.

The converse of the theorem 12.3 is the theorem 12.4.
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Theorem 12.4 : If a line from the centre of a

circle bisects the chord, then it is perpendicular to /

the chord. T o
Data : Let O be the centre of the circle and / be the

line through O bisectin_g the chord AB i.e. AM = BM. A/H M\B
To prove : [ L AB
Proof : In consider correspondence AOM <> BOM |

for AAOM and A BOM. Figure 12.21
AO = BO (radii)
AM = BM (given)
OM = OM (common)
The correspondence AOM <> BOM is a congruence. (SSS rule)

-~ ZAMO = ZBMO

But mZAMO + mZBMO = 180 as ZAMO and ZBMO form a linear pair.

. mZAMO = mZBMO = 90.

. OM L AB

~ 1L AB
12.5 Circle Through Three Distinct Points

We know that two distinct points are sufficient to determine unique line. A question
arises that, how many points are sufficient to determine a unique circle ?

If one point is given, then how many circles can be drawn through this point ?
Obviously, infinitely many circles can be drawn through a given point A, (see figure 12.22).

Now if two distinct points are given, then how many circles can be drawn passing
through both the points ? Here also infinitely many circles can be drawn through the given
points A and B, (see figure 12.23). Take two distinct points A and B and draw the
perpendicular bisector / of AB. Now the points on / are equidistant from A and B. So
taking distinct points on / as the centres and distances of them from A or B as radii we
can draw infinitely many circles passing through A and B (see figure 12.24).

Considering above fact if one point A is given, then taking B anywhere in the
same plane, we can draw infinitely many circles passing through A.

If we take three distinct points, then we have to think about two cases.
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Figure 12.22

(i) collinear points and

(ii) non-collinear points.

If the points are collinear, the
circle will not pass through all the three
points. It will pass through two points
and the remaining point lies in the
interior or the exterior of the circle
(figure 12.25 and 12.26).

Now we take three distinct
non-collinear points and we will try to
draw a circle passing through them.

Let P, Q, R be three non-collinear
points. To get a circle through P, Q, R,
let us think in this way. Obviously, ﬁ

/_..- -\\.\

j X, O'»

\ v \

| NO / .

| X |

/\‘\/ \_ &4 b ."/
AN e S X
Q..__
e
Il W l
2
Figure 12.27

Figure 12.23

Figure 12.24

AN___“B
Figure 12.25

Figure 12.26

and Q_R are going to be chords of the
assumed circle. As we have learnt that the
perpendicular bisector of a chord passes
through the centre of the circle, perpendicular
bisectors of PQ and QR both must pass
through the centre of that assumed circle.
Hence, the point of intersection of
perpendicular bisectors of ﬁ and Q_R must
be the centre of that assumed circle.

Draw perpendicular bisectors /; and /,
of PQ and QR respectively. They intersect
at a point say O. (figure 12.27). Here
OP =0Q =OR.

i.e. O is equidistant from P, Q, R.
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Now draw a circle with center O and radius OP. The circle passes through all
the points P, Q and R.

Now take O'e [, O'# 0. Can we draw another circle passing through all the
three points P, Q and R ? Obviously, our answer is no. Here O' is on the
perpendicular bisector of E but not on the perpendicular bisector of Q_R So O' is
equidistant from P and Q and so our circle, will pass through P and Q while
O'R # O'P (or # 0O'Q), so it will not pass through R. Thus, we observed that one and
only one (unique) circle passes through three distinct non-collinear points.

The above discussion leads us to the following theorem. We accept it without
proof.

Theorem 12.5 : There is a unique circle passing through three distinct
non-collinear points.

A triangle has three vertices and they are non-collinear points, so from the above
theorem we have a unique circle passing through the vertices of a triangle.

Circumgadivs 8=—"""% Circumcircle : A circle passing
LW S through the vertices of a triangle is called
circumcircle of the triangle.
X | ! Circumcentre : The centre of the
circumcircle of a triangle is called the
_ circumcentre of the triangle.
; Circumradius : The radius of the
L § circumcircle of a triangle is called the
Circumeircle  Circumeenter circumradius of the triangle. It is usually
Figure 12.28 denoted by R.
Example 1 : Draw the circle whose arc is given.
Solution : AB is given. Let C € AB. Join
AC and BC, Draw perpendicular bisectors of
AC and BC. They intersect at O.

Draw a circle with center O and radius

OA. AB is an arc of this Circle. Figure 12.29
EXERCISE 12.3

1. Discuss the possible number of points of
intersection of two distinct circles.
2. Explain how to find the centre of the

circle of figure 12.30.
Figure 12.30
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12.6 Congruent Chords and their Distances from the Centre

Now we will make an observation about the distance /

of congruent chords from the centre of a circle. Al 0 ‘__]c

Activity : Draw a circle with centre O and having A R
arbitrary radius. Draw two congruent chords AB and M N f
CD. Also draw OM. ON perpendiculars to AB and BRee
CD respectively (figure 12.31). Figure 12.31

Now fold the figure in such a way that O will be on the crease, and C coincides
with A, and D coincides with B. Now, where does N coincide ? Obviously, N
coincides with M, i.e. OM = ON.

This activity leads us to the following theorem, which we accept without
giving proof.

Theorem 12.6 : Congruent chords of a circle (or congruent chords of
congruent circles) are equidistant from the centre of the of the circle (or centres).
Converse of this theorem is also true; we will do one activity to understand it. L

Activity : Draw a circle with centre O. Draw two congruent segments OM
and ON inside the circle. L

Draw chords AB and CD perpendicular to OM and ON respectively
(figure 12.31). Measure AB and CD. We will observe that they are congruent.

Now we will state the converse of theorem 12.6, which we will accept without
giving proof.

Theorem 12.7 : Chords equidistant from the centre of a circle (or centres
of congruent circles) are congruent.

Example 2 : If two intersecting chords of a circle make congruent angles with the
diameter passing through their point of intersection, then prove that chords are
congruent.

B Solution : Take chords PQ and RS of a
circle with centre O. Let AB be the diameter
passing through T, the point of intersection of the
given chords. Draw OM and ON perpendicular
to PQ and RS respectively. We are given that

ZPTB = ZSTB,
i.e. ZMTO = ZNTO
(1Tl>)=ﬁ/land"ﬁ>3=T_(>)) >i)
Now, consider the correspondance
MTO < NTO for AMTO and ANTO.
ZOMT = ZONT (right angles)
ZMTO = ZNTO (given)

TO = TO

Figure 12.32
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*. The correspondence MTO <> NTO is a congruence. (AAS)
~ OM = ON

* OM = ON

- PQ = RS

Example 3 : Find the length of the chord of ® (O, 13) at distance 5 from the centre.
Solution : Let OM be perpendicular from centre O to chord AB. M is the
foot of perpendicular. Hence M is the midpoint of AB.
OA =13 and OM =5 > 0. Hence O # M,

for A OAM,

. OAZ = OM2 + AM2 o

- 169 = 25 + AM2

o AM2 =144

~AM =12 A v B
Also, AM = MB = %AB

. AB = 2AM = 24 Figure 12.33

- The length of the chord AB is 24.
Example 4 : Lengths of two parallel chords of ®(0O,13) are 24 and 10. According as
these chords are in different semi-planes or same semi-plane of the line

containing the diameter parallel to these chords, find the distance between them.

Figure 12.34 Figure 12.35

Solution : Let CD and EF be parallel chords. AB s the diameter parallel to
them. CD =24, EF = 10.
Perpendicular from O to CD is also perpendicular to EF as CD || EF.
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Let M and N be respectively the feet of perpendiculars from O to CD and EF.
M is the midpoint of CD and N is the midpoint of EF.

- CM = % CD =12, EN = % EF = 5. Also radius » = 13.

For AOCM, OC? = OM? + CM?
~ OM2=0C2-CM?2 =169 — 144

- OM? =25

S OM=5

Similarly, from A EON,
o 169 =25 + ON2

- ON2 = 144

s ON =12

Now according to figure 12.34, CD and EF are on opposite sides of diameter
and hence M—O-N.

S MN=OM+ON=5+12=17

And according to figure 12.35, both the chords are on the same side of diameter
and hence N -M - O. (CD > EF)
.. OM + MN = ON

S5+ MN =12

s MN=7

- If CD and EF are in different semi-planes of diameter AB, then MN = 17

and if they are in the same semi-plane of diameter E, then MN = 7.

EXERCISE 12.4

Two congruent chords AB and CD which are not diameters, intersect at right
angle in P. O is the centre of the circle. If M and N are the midpoints of AB
and CD respectively, then prove that 0 OMPN is a square.

AB and AC are congruent chords of a circle with centre O. Feet of

perpendiculars from O to AB and AC are D and E respectively. Prove A ADE

is an isosceles triangle.
AB and CD are chords of a circle with radius ». AB = 2CD and the
perpendicular distance of CD from the centre is twice perpendicular distance of

AB from the centre. Prove that r = g CD.
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.0 4. A line intersects two concentric
A v D circles at A, B, C and D. O is the
centre, prove that AB = CD

Figure 12.36 (see figure 12.36).

5. If parallel chords AB and CD are in the same half-plane of a line containing
a diameter parallel to them and AB = 8, CD = 6 and perpendicular distance

between them is 1. Find the length of the diameter of the circle.
*

12.7 Angle Subtended by an Arc of a Circle
A chord other than diameter of a circle divides the circle into two subsets namely
minor arc and major arc. If chords of the same circle are congruent, then their

coresponding arcs are also congruent. (Here we will consider minor arc only).

Activity : Draw a circle with centre O on a piece of a paper. ‘
— — Q
Draw two congruent chords PQ and RS. Cut minor ly

PQ and place it on the minor RS. What do you observe ?

R
N — N — S
PQ will be exactly cover RS. This shows that PQ and RS '

are also congruent. This leads to the following result. Figure 12.37

If two chords of a circle are congruent, then their corresponding arcs are
also congruent and conversely, if two arcs of a circle are congruent then their
corresponding chords are congruent.

We define the angle subtended by an arc of a circle at
the centre as the angle subtended by the corresponding
chord of the arc at the centre. Here in figure 12.38, the angle
subtended by the minor AB is ZAOB. In the same way, we
define the angle subtended by an arc at any point on the

A B circle as the angle subtended by the corresponding chord
of the arc at that point.

From the property, congruent chords of a circle subtend
congruent angles at the centre, we can state that the congruent arcs also
subtend congruent angles at the centre.

Theorem 12.8 : The measure of the angle subtended by a minor arc of
a circle at the centre is twice the measure of the angle subtended by the arc
at any point on the remaining part of the circle.

Figure 12.38
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Data : Minor AB subtends ZAOB at the centre O of a circle and subtends
ZAPB at the remaining part of the circle.
To prove : mZAOB = 2 mZAPB

Proof: Select a point C on ?) , which is not on PO . We consider three alternatives :
(i) O is in the interior of ZAPB.

(i) O is in the exterior of ZAPB

(iii) O is on ZAPB.

O] (i) (iii)
Figure 12.39
Let us consider alternatives (i) and (ii) to begin with.
For A AOP, ZAOC is an exterior angle.
mZAOC = mZOPA + mZOAP
But OA = OP,
.. mZOPA = mZOAP
- mZAOC = 2m/OPA
Similarly, from consideration of A OPB, m ZBOC = 2mZOPB.
According to alternative (i) (figure 12.39 (i)). O is in the interior of ZAPB and
C is also in the interior of ZAOB.
o mZAOB = mZAOC + mZBOC (C is in the interior of ZAOB.)
=2mZOPA + 2mZ0OPB
=2 (m£OPA + m£ZOPB)
=2m LAPB (O is in the interior of ZAPB.)
Similarly, if we consider alternative (ii) (see figure 12.39 (ii)), A is in the interior
of ZBOC and ZOPB.
. m£ZBOC = mZAOB + m£ZAOC
. mZAOB = m/ZBOC — m£ZAOC
=2mZOPB - 2m £ZOPA
=2 (m£OPB — mZOPA)

Now A is an interior point of ZOPB.
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mZOPA + mZAPB = mZOPB

. mZAPB = mZOPB — mZOPA

. mZAOB = 2mZAPB
As in alternative (iii) (see figure 12.39 (iii)). O is on an arm of ZAPB.
. mZAOB = mZOPA + mZOAP.

= 2mZAPB.
Hence in all the alternatives, mZAOB = 2m/APB.
If AB is a diameter and P is a point on semi circle 7\@, other than A or B,
then ZAPB is called an angle inscribed in semi-circle.

Corrollary : An angle inscribed in a semi-circle is a right angle.
Try to proove it !

Theorem 12.9 : Angles in the same segment of a circle are congruent.
We will accept this theorem without proof.

Theorem 12.10 : If a line segment joining two distinct points A and B
subtends congruent angles at two other points in the same semi plane of the
line containing the line-segment, then all the four points lie on a circle whoes
chord is AB. (i.e. those four points are concyclic.)

Data : C and D are in the same semi plane of g and ZACB = ZADB.

To prove : A, B, C, D lie on a circle or A, B, C, D are concyclic.

DAQ Proof : As A, B, C are non-collinear, there
is a unique circle passing through A, B, C.
This circle may pass or may not pass
through D.
If the circle passes through D, then nothing
remains to prove.

If the circle does not pass through D, draw

A_]>) such that circle intersects A_]>) at P or

Q.(Qe H), Qe AD) (figure 12.40)
Figure 12.40 Also ZACB = ZADB. (given)

.. LZACB=ZAPB (angle in the same segment of a circle)
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So ZAPB = ZADB.

o P=D. P e A_[>) )

Similarly we can prove that Q = D.

~. D is on the circle.

- A, B, C, D are concyclic.

12.8 Cyclic Quadrilateral

If all the vertices of a quadrilateral lie
on a circle, then that quadrilateral is called a
cyclic quadrilateral.

Draw several circles of different radii
and inscribe quadrilateral PQRS in each circle.
Measuring the angles of the quadrilateral, can we
observe some relation in their measures ? We

can see that sum of the measures of opposite
angles is 180. i.e. opposite angles are

Figure 12.41

supplementary. This result is reflected in the next
theorem which we accept without proof.

Theorem 12.11 : Opposite angles of a cyclic quadrilateral are
supplementary.

The converse of this theorem is also true.

Theorem 12.12 : If the opposite angles of a quadrilateral are
supplementary, then the quadrilateral is cyclic.

We will accept above theorem also without proof.
Example 5 : If the non-parallel sides of a trapezium are congruent, then prove that
the trapezium is cyclic.
Solution : In trapezium ABCD, AB || CD and AD = BC, AB > DC.
Draw DM L AB and aLE and M e E,Ne AB.
Consider the correspondence AMD <> BNC for for A AMD and A BNC.

AD = BC (given) D C

ZAMD = ZBNC  (right angles)

DM = CN (AB || CD)

The correspondence AMD <> BNC iy [1—\/1 I\? 3

is a congruence. (RHS) Figure 12.42
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- ZMAD = ZNBC
ZDCB and ZABC are supplementary.

(interior angles on the same side of the transversal)
%

- ZDCB and ZNBC are supplementary. (N € BA)
- ZDCB and ZBAD are supplementary. (£ZBAD = ZMAD as A?S = A_l\)/l)
Similarly, ZADC and ZABC are supplementary.

.. The trapezium ABCD is cyclic.

Example 6 : AC and BD are different diameters of A

a circle. Prove O ABCD is a rectangle.
Solution : Diagonals AC and BD are different
diameters of a circle.
ZABC and ZADC are inscribed in a semi-circle
arc whose diameter is AC.
. mZABC = mZADC = 90 D ¢
Similarly m ZBAD = mZBCD = 90
~. OABCD is a rectangle.
(Note : Diagonals of O ABCD bisect each other and are congruent. Hence
O ABCD is a rectangle.)
Example 7 : In figure 12.44, AB is a diameter. m/PAB = 50. p
Find mZAQP. Dy
Solution : mZAPB = 90, as AB is a diameter. iy A T~\p
Also mZPAB = 50 - |
mZABP =90 — 50 = 40 AR :
Being angles of same segment, AP U AP _
Z/AQP = /ABP. - 9
. mZAQP =40 Figure 12.44

Figure 12.43

Example 8 : Prove that the quadrilateral formed (if possible) by the angle bisectors of
P S

any quadrilateral is cyclic.

Solution : PQRS is a quadrilateral in B
= =
which the angle bisectors PD, QB, RB and ’
SD of angles ZP, Z£Q, ZR and ZS D

respectively form a quadrilateral ABCD. (see

figure 12.45) Q Figure 12.45 R
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Now, m£ZBAD = mZPAQ = 180 — m£LAPQ — m£LAQP
=180 — % (mZSPQ + m/PQR)
Similarly mZBCD = mZRCS = 180 — % (m£LQRS + m£RSP)

Therefore, mZBAD + mZBCD

= 180 - 3 (m ZSPQ + m ZPQR) + 180 — 5 (m ZQRS + m ZRSP)
=360 — 3 (m ZSPQ +m ZPQR + m ZQRS + m ZRSP)

=360 — + (360) = 360 — 180 = 180

Hence, a pair of opposite angles of 0 ABCD is supplementary.
. OABCD is cyclic.

EXERCISE 12.5 A

1. If D is on the major AB of the circle with
center O and mZADB = 45, then find the

B 49 _ 51 C
measure of ZAOB. u/
2. If msZABC = 49, mZACB = 51, find

mZBDC. (Refer figure 12.46) Figure 12.46

3. A chord of a circle is congruent to the radius of the circle. Find the measure of
the angle subtended by the chord at a point on the minor arc and also at a point
on the major arc.

4. A, B, C and D are four points on a

circle. AC and BD intersect at a point
E such that mZBEC = 100 and m£ZECD
= 25. Find mZBAC. (see figure 12.47).

5. OPQRS is a cyclic quadrilateral
whose diagonals intersect at the point
E. If m£SQR = 70, m£ZQPR = 30, find
mZQRS. Further, if PQ = PR, find
mZERS.

Figure 12.47
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6. Bisector of ZA intersects circumcircle of A ABC A
at D. If m/BCD = 50, then find m/BAC. . / \ \
(figure 12.48). / /f L A

7. ZABC is an angle inscribed in a semi-circle arc of - \ \
® (O, r). A ABC is isosceles and AB = 342 . Find \ / \\. /
area of the circle. 'i_\ 76

8. Prove that a cyclic parallelogram is a rectangle. \‘“u_D_J;:—':’/

9. In a cyclic quadrilateral ABCD, AB || CD . Prove
that E - E Figure 12.48

10. If in a cyclic D ABCD, AD = BC. prove AB || CD .

EXERCISE 12

1. Congruent parallel chords AB and CD have mid points M and N respectively
and the centre is O. 1\?\1 intersects the circle in P and Q. Prove that PM = QN.
In A ABC, bisector of ZA passes through its circumcentre. Prove that AB = AC.
AB and CD are two parallel chords of a circle and AB =24 cm and
CD =10 ¢m. If the perpendicular distance between them is 7 c¢m, then find the
radius of the circle. Chords are in the same semiplane of the line containing the
diameter parallel to them.

4. Chords AB and CD are parallel and they lie in the same semi plane of the line
containing the diameter parallel to them. AB = 8 ¢m, CD = 6 c¢m and radius of the
circle is 5 ¢m. Find the perpendicular distance between them.

5. AC and BD are different diameters of a circle. Prove that 0 ABCD is a
rectangle.

6. AD and BE are altitudes of A ABC. D e B_C, E € AC. Prove that ZA, /B,
£D, ZE are angles of the same segment of a circle.

7. AB and CD are two parallel chords of a circle with centre O. If AB = 10,
CD = 24 and distance between them is 17, then find its radius. (Chords are in
different semi planes of the line containing the diameter parallel to them.)

8. Prove that the perpendicular bisector of a chord of a circle is the bisector of the
corresponding arc of the circle.

9. If congruent chords of a circle with centre O are given, prove that B?) is the

bisector of ZABC, where AB = CB.
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10. AABC is inscribed in a circle with centre O. If
mZBAC=30, then prove that A OBC is an equilateral m
triangle. AR___//D
11. In the figure 12.49, AD = 12, BC = 8. Find AB, CD, U
AC and BD. (Here two circles are concentric.) Figure 12.49
12. Select proper option (a), (b), (c) or (d) and write in the box given on the right so

that the statement becomes correct :

(M

2

G)

4)

)

(6)

(7

®)

The centre of a circle lies ...... ) ]
(a) in the interior of the circle. (b) in the exterior of the circle.

(c) on the circle. (d) anywhere in the plane.

A point whose distance from the centre of a circle is less than its radius
lies... []
(a) in the interior of the circle. (b) in the exterior of the circle.

(c) on the circle (d) anywhere in the plane.

The longest chord of a circle is...... ]

(a) a line segment joining the centre and any point on the circle

(b) a chord joining the end points of a minor arc.

(c) a chord joining the end points of the major arc.

(d) a chord joining the end points of the semi circle arc.

Line-segment joining the centre to any point on the circle is
called ...... : []
(a) a diameter  (b) a chord (c) aline  (d) a radius

If a chord AB subtends an angle with measure 60 at the centre O, then

AOAB is ...... . ]
(a) a right angled triangle (b) an obtuse angled triangle

(c) an equilateral triangle (d) an isosceles right angled triangle
If a line-segment AB is a chord of a circle with centre O, then A OAB
is always ...... ) ]
(a) acute angled triangle (b) equilateral triangle

(c) obtuse angled triangle (d) isosceles triangle

If the circle is a union of four disjoint congruent arcs, then the angle
subtended by one of these arcs at the centre of the circle has measure ......

(a) 30 (b) 45 (c) 60 (d) 90
The measure of the angle subtended by a chord of length equal to radius
has measure ...... ]

(a) 30 (b) 45 (c) 60 (d) 90
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(9)  If the measure of the angle between two radii of a circle is 50, then the region
formed by these radii and the arc corresponding to this angle is ...... ]
(a) a semi circle (b) a minor sector
(c) a major sector (d) the interior of the circle

(10) The perpendicular bisector of the chord of a circle passes through ...... ]
(a) an end-point of the diameter (b) the mid-point of the diameter
(¢) an end-point of the given chord (d) an end-point of an arc

(11) If the chord is at distance 3 ¢m from the centre of a circle having radius

5 c¢m, then the length of the chord is ...... ]
(a) 4 cm (b) 6 cm (c) 8 cm (d) 10 cm

(12) The chord of the length 12 c¢m is at a distance 3 c¢m from the centre of
a circle whose radius is ...... cm. [ ]
(@) 245 (b) 35 (©) 45 (d) 645

(13) Number of circle / circles passing through three distinct non-collinear
points is / are ...... ]
(a) zero (b) one (c) three (d) infinite

(14) Number of circles passing through a single given point are ...... [ ]
(a) two (b) four (c) three (d) infinite

(15) A, B, C are three distinct non-collinear points. The point of intersection of
the perpendicular bisectors of AB and BC is ...... ]

(a) the centre of a circle passing through only B.

(b) the centre of a circle passing through only A.

(c) the centre of the circle passing through all A, B, C.

(d) the centre of a circle passing through none of A, B, C.

(16) A line passing through the centres of two circles intersecting in two
distinct points is not ...... ]

(a) a line bisecting the common chord.

(b) a line perpendicular to the common chord.

(c) a line which is the perpendicular bisector of the common chord.

(d) a line passing through one of the end points of the common chord.

(17) If 50 and 100 are the measures of the angles of a cyclic quadrilateral,

then the remaining angles are of measure ...... and ...... . ]
(a) 130, 80 (b) 100, 50 (c) 100, 130 (d) 80, 50

(18) OPQRS is a cyclic quadrilateral in which mZSQR = 65 and
mZQPR = 30, then mZQRS = ...... ) [ ]

(a) 85 (b) 95 () 115 (d) 150
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(19) In a cyclic quadrilateral ABCD, mZCAB=45 and mZABC=100, then

mZADB = ...... . [
(a) 55 (b) 105 (c) 80 (d) 35

(20) If AB is a diameter of the circle and P is on the semi-circle, and if
mZPAB = 40, then m£ZPBA is ...... . ]
(a) 30 (b) 40 (c) 50 (d) 90

(21) A circle passes through the vertices of an equilateral AABC. The
measure of the angle subtended by the side AB at the centre of the circle
has measure ...... ) ]
(a) 30 (b) 60 (c) 90 (d) 120

*

Summary

In this chapter we have studied the following points :

1.

10.
11.

12.

We have defined a circle, its centre and radius, different terms related to the circle
and congruent circles.

Congruent chords of a circle subtend congruent angles at the centre of the circle
and its converse is true.

The perpendicular drawn from the centre of the circle to a chord bisects the chord
and its converse is true.

A unique circle passes through three non-collinear distinct points.

Congruent chords of a circle are equidistant from the centre of circle and its
converse is true.

If two arcs are congruent, then their corresponding chords are also congruent and
conversely.

Congruent arcs of a circle subtend congruent angles at the centre of the circle.
The angle subtended by an arc at the centre has measure twice the measure of
the angle subtended by it at any point on the remaining part of the circle.
Angles in the same segment of a circle are congruent.

Angle in a semicircle is a right angle.

If a line-segment joining two points subtends congruent angles at two other points
lying on the same side of the line containing the line-segment, the four points lie
on a circle.

The pair of opposite angles of a cyclic quadrilateral are supplementary and its
converse is also true.



CHAPTER 13 I

CONSTRUCTIONS
B

13.1 Introduction

In earlier chapters, the necessary rough diagrams drawn were just sufficient to
represent the given situation. There was no precision required in the drawing of different
figures. But in different walks of life, precise drawing is essential. For example in
furniture design, fashion design, machine drawing, constructions of buildings etc, the
geometrical figures must be in the precise form and with accurate measure. So, we shall
learn some constructions with the help of a straight edge and compass only. Here we shall
also see the mathematical justification for the procedure adopted for the constructions,
which will also use the ideas discussed in the earlier chapters. Also such constructions will
help us to develop the skill of correctness in our mathematical understanding.
13.2 Basic Constructions

We have learnt how to construct a circle, the perpendicular bisector of a
line-segment, the bisector of a given angle and also the angles of measure 30, 45, 60,
90 and 120 with the help of straight edge and compass only. The justification of these
constructions was not discussed there. In this chapter, mathematical justifiction is also
given at the end of each constructions. It will justify the validity and correctness of the
steps taken for the constructions.

Construction 1 : To construct the bisector of a given angle.

Data : ZABC is given.

To construct : To construct the bisector of ZABC.

Steps of Construction :

(1) Taking B as a centre and an arbitrary radius, draw an arc intersecting

— —
both the arms BA and BC of ZABC at D and E respectively.

(2)  Draw arcs having equal radius with length more than % DE by taking D and E
as a centres.



CONSTRUCTIONS 65

These arcs intersect each other at some point P.

%
(3) Draw BP. [see figure 13.1 (ii)]
A

() Figure 13.1

Thus 5 is the required bisector of ZABC.

Now we justify our method of construction.

Draw PD and PE.

For the correspondence BEP <> BDP of ABEP and ABDP.

BE = BD (radii of the same circle)
EP = DP (congruent radii)
BP = BP (common line-segment)
". The correspondence BEP <» BDP is a congruence. (SSS)
A
- ZEBP = ZDBP
%
. BP is the bisector of ZABC. \/
Construction 2 : To construct the p

perpendicular bisector of a given line-segment.
Data : AB is given.
To construct : The perpendicular bisector of AB.

Steps of Construction :

(1) Draw arcs with equal radius having T ] i
1 , AT M1 B
length more than 3 AB taking as

centres A and B in upper and lower

half-planes of AB.
(2) Let these arcs intersect, each other
at points P and Q. \
, Q

(3) Draw PQ, which intersects AB at point say M.
b

> —
Thus PQ is the perpendicular bisector of AB.
Figure 13.2
Now, we justify our method of constructions.
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Join A and B with both P and Q to form AP, A_Q, BP and %
For correspondence PAQ < PBQ of APAQ and APBQ.

AP = BP (radii of the congruent circles)

A_Q = % (radii of the cogruent circles)

ﬁ = % (common line-segment)
. The correspondence PAQ <> PBQ is a congruence. (SSS)
s ZAPQ = ZBPQ

Hence ZAPM = ZBPM as P-M—Q
Now for correspondence PMA <> PMB of APMA and APMB

AP = BP (radii of the congruent circles)
ZAPM = ZBPM (proved)
PM = PM (common line-segment)
.. The correspondence PMA <> PMB is a congruence. (SAS)
. AM = BM and ZAMP = /BMP (i)

As ZAMP and ZBMP form a linear pair of angles, they are supplementary
angles and they are congruent also.
s mZLAMP = mZBMP = 90 (i)
&~ —
From (i) and (ii), we can say that PQ is the perpendicular bisector of AB.
Construction 3 : To construct an angle having measure 60 at the initial
oint of a given ray.
p g BN Y
Data : BC with initial point B is given.
(figure 13.3(i))

v

() (ii)
Figure 13.3

%
To construct : To construct BA such that mZABC = 60.

Steps of Construction :
D D_r?w an arc with B as centre and arbitrary radius. Let this arc intersect
BC at P.

(2) With centre at P and keeping the same radius as before, draw an arc to
intersect the previous arc at a point, say Q.
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%
(3) Draw BA passing through the point Q. (see figure 13.3 (ii))

Thus, we have ZABC of measure 60.
Now, we justify our method of constructions.

Draw PQ.
In ABPQ, BP = BQ = PQ (radii of the same circle or congruent circles)

ABPQ is an equilateral triangle and hence it is an equiangular triangle.
— —
mZQBP = 60 and hence m£ZABC = 60 (Qe BA and P € BC)

One can construct any angle having measure which is a multiple of 15 using
constructions 1 and 3. Of course we remember that measure of an angle lies between
0 and 180 ! /

+ Example 1 : Draw A ABC where BC = 4 cm,
Z v mZB = 60, m£C = 90
Data : In AABC, BC = 4 c¢cm, mZB = 60,
mZC = 90

To construct : To construct A ABC having
A given measures for side and angles.
Steps of Construction :

)< (1) Draw 1;)(

(2) Construct an angle of measure 60 at
point B. (see construction 3) such that

mZYBX = 60
3) Mgrk points C and D on
BX such that BC = 4 cm
and CD = 4 cm.
\ (4) Draw LBCZQ)uch that
D mZBCZ=90. CZ intersects
- > —
B | /C X BY at A.
Then A ABC with given
G 4O iy s A O iy measure is constructed.
Figure 13.4 EXERCISE 13.1
&~

1. Draw AB having length 10 c¢m. Construct its perpendiculer bisector PQ, which
intersects AB at M. Measure AM and BM .

2. Construct an angle having measure 120 by using a pair of compass and a
straight edge only.
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3. Construct an angle having measure 30 by using a pair of compass and a

straight edge only.
4. Construct an angle having measure (1) 15 (2) 90 (3) 150 by using a pair of

compass and a straight edge only.
5. Construct an equilateral triangle having length of each side 6 cm by using a

pair of compass and a straight edge only.
6. Construct A PQR, where mZ£Q = 60, mZR = 90 and QR = 5 ¢m by using a

pair of compass and a straight edge only.
7. Construct A XYZ, where YZ = 4 cm, mzX = 60, m£Z = 90.

*

13.3 Some Constructions related to Triangles

Now we will construct triangles using the constructions learnt in our earlier
classes and in this chapter.

We know that a triangle has six parts i.e. three sides and three angles. Because of
the postulates and theorems of congruence of triangles, some definite three parts of a
triangle determine the triangle completely. We shall now see how to construct a triangle
when some definite relations among measures of angles and measures of sides are
given. You may have noted that at least three parts of a triangle have to be given for
the constructions of a triangle, but not all combinations of three parts are sufficient for
our purpose. For example, if two sides and not included angle are given, then it is not
possible to construct such a triangle. When we are given the measure of an angle for
such constructions, we shall construct the angle with the help of a compass. We shall not
use a protractor.

Construction 4 : To construct a triangle, given the base, one base angle
and the sum of measures of two sides.

Data : Base QR, mZPRQ and PQ + PR are given.

To construct : To construct APQR with given measures.

e

(3 . R Q .
(@ Figure 13.5 o
Steps of Construction :

(1) %W QR having given measure.

(2) RX can be constructed such that mZQRX is equal to the given mZPRQ.



CONSTRUCTIONS 69

(3) Select S on IS)( such that RS = PQ + PR.

(4) Draw QS .

(5) Now to get P on RS such that PQ = PS, construct the perpendicular bisector
of QS, which intersects RS at PE§e Figure 13 g (1)] or Draw ZSQY, whose

measure is equal to mZRSQ. Let QY intersect RX at P (see figure 13.5 (ii)).
Then APQR is the required triangle with given measures.
Now we justify our method of constructions.

In APQS, PQ = PS. (by construction)
Then PR = RS — PS = RS —PQ
PR + PQ = RS

[if m£PSQ = mZPQS, then also PQ = PS]
Example 2 : Construct A ABC such that BC = 3 ¢m, m £ BCA = 75 and
AB + AC = 8 cm. '
Data : In AABC, BC =3 cm, mZBCA =75 X
and AB + AC = 8 cm.
To construct : To construct A ABC with
given measures.

D

Steps of Construction :
(1) Draw BC such that BC = 3 cm.

(2) Draw C—)>( such that m£ZBCX = 75
[using constructions 3 gd 1]. A
(3) Take a point D on CX such that
CD = 8 cm.
(4) Draw BD.

(5) Draw the perpendicular bisector of

T

—_ 75
BD which intersects CD at A. B 13em ¢

v

(6) Draw BA . Figure 13.6

Then A ABC is the required triangle with given measures.

Construction 5 : To construct a triangle given its base, a base angle and
the difference of the other two sides

Data : In A ABC, BC, m£ZABC and AB-AC or AC—AB are given.

To construct : To construct A ABC with given measures.

Steps of Construction :

Case (1) Let AB > AC and AB-AC be given,

(1) Draw BC of given measure.
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%
(2) Construct BX such that mZCBX equal to X
A
given m ZABC.
%

(3) Select D on BX such that BD = AB — AC.
(4) Draw CD.

(5) Draw the perpendicular bisector of CD, which
%

intersects BX at the point A. B
(6) Draw AC. (see Figure 13.7)
Then AABC is the required triangle with given measures.
Case (2) : Let AC > AB, AC — AB be given.

(1) Draw BC of given measure.

%
(2) Construct BX such that mZCBX equal to

given m ZABC.

— ) —
(3) Draw BY, opposite ray of BX.

(4) Select D e ]?Y such that BD = AC — AB.

(5) Draw CD.

(6) Draw the perpengular bisector of CD
which intersects BX at the point A.

(7) Draw AC. (see figure 13.8)

Now we justify our method of construction.

Case (1) BC and ZB of given measures are drawn

- AD = AC, as A is on the perpendicular bisector of CD.
Now AD = AB — BD

.. AC=AB-BD

~. BD=AB - AC

Thus BD representes AB — AC.

Case (2) AC = AD as A is on the perpendicular bisector of CD.

. AC=AB+ BD
.. BD=AC - AB
~ BD represents AC — AB

7

Figure 13.7

Figure 13.8

Select the point D in such a way that, if the base angle ZB is given and the side
whose one of the end point is B is greater side (AB) then A—D-B, if that side (AB) is
less, then A—B-D.

Then A ABC is the required triangle with given measures.
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Example 3 : Construct APQR, where QR = 6 cm. mZPRQ = 30, PQ —PR = 3 cm.
Data : In APQR, QR = 6 cm. mZPRQ = 30, PQ — PR = 3 cm.
To construct : To construct APQR with given measures.
Steps of Construction :

Figure 13.9

(1) Draw Q_Rof length 6 cm.
%
(2) Draw RX such that mZQRX = 30 (Construction of an angle of measure 30)
%
(3) Take a point A on the ray opposite to RX such that RA = 3 c¢m. (Why ?)
(4) Draw a
. . . . . %
(5) Draw the perpendicular bisector of QA , which intersects RX at P
(6) Draw R)
Thus APQR with given conditions is constructed.

Example 4 : Construct ADEF such that EF = 5 ¢cm, mZDFE = 30, DF —DE = 2 c¢m

Data : In ADEF, EF = 5 cm, mZDFE = 30, DF — DE = 2 cm.
Construction 5 : To construct ADEF with given measures.
Steps of Construction :

(1) Draw EF of length 5 cm.
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with given conditions.

—
(2) Draw FX such that mZEFX = 30.

(Construction of an angle % measure 30) XD
(3) Take a point C on FX such that
FC =2 cm. C
(4) Draw EC. g
(5) Draw the perpendicular bisector of N
EC w}ﬂl intersects I;g at D. : st 3
(6) Draw DE.
Then ADEF is constructed in accordance AXX

Figure 13.10

Construction 6 : To construct a triangle, given its perimeter and its two

base angles.

Data : In APQR, m£Q, mZR and PQ + QR + RP are given.

To construct : To construct APQR with given conditions.

Steps of Construction :

(1) Draw XY such that XY = PQ + QR + RP.

(2) Construct ZAXY and «ZBYX such that mZAXY = mZQ and
msZBYX = m£R.

(3) Draw bisectors of ZAXY and ZBYX, and they intersect at P.

A
l, +B
12
P
s
Al
."; ) \K
.';“
Q
i

/R Y

Figure 13.11
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(4) Draw the perpendicular bisector, /; and /, of PX and PY respectively
intersecting Xy at Q and R respectively.
(5) Draw W) and PR.
Thus, APQR with given conditions is constructed.
Now, we justify our method of construction
m/PYR = 4+ mLR and mZPXQ = 1 mLQ
Line /g is the perpendicular bisector of PX.
. PQ= XQ and similarly PR = RY
- PQ= QX and PR =RY
- mZPXQ = mZQPX = l mZPQR
.~ mZPQR = 2 m/PXQ = mLAXQ mZAXY
Slmllarly mZPRQ = m/BYR = m£ZBYX
Also XY = XQ + QR + RY = PQ + QR + PR
Example 5 : Construct APQR Such that m£Q = 60, mZR = 90 and
PQ+ QR + RP= 12 cm.
Data : In APQR, mZ£Q = 60, mZR = 90 and PQ + QR + RP = 12 cm
To construct : To construct APQR with given conditions.

45

a

I' 12 cm

Figure. 13.12 ’I
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Steps of Construction :

(1) Draw AB of length 12 cm.

(2) Construct APAB with mZA = 30, mZB = 45 whose arms intersect at P.

(3) Construct the perpendicular bisectors of AP and BP which intersect AB at
Q and R respectively.

(4) Draw W) and PR .

Thus, APQR of given measures is constructed.

EXERCICE 13

Construct AABC such that BC = 6 cm. m£ZB = 60, AB + CA = 9 cm. Write the
steps of the constuction.

Construct APQR where PQ = 7 ecm. mZP = 30, RP — QR = 3 cm. Write the
steps of the construction.

Construct AABC in which mZB = 30 and mZC = 30, AB + BC + CA= 12 cm.
Also write the steps of the construction.

Construct and write the steps of the construction for APQR in which QR = 8 c¢m
mZQ = 45 and PR — PQ = 2 cm.

*

Summary

In this chapter we have done the following constructions with the help of straight edge
(ruler) and compass only :

1.

N & W N

To bisect a given angle.

To draw the perpendicular bisector of a line segment.

To draw an angle with measure 60.

To draw an angle having measure a multiple of 15.

To draw a triangle, whose base, a base angle and sum of other two sides are
given.

To draw a triangle, whose base, a base angle and difference of other two sides
are given.

To draw a triangle, given its two base angles and perimeter.



CHAPTER 14 I

HERON'S FORMULA
B

14.1 Introduction

In the previous classes, we have studied about the figures of different shapes
such as a triangle, a square, a rectangle, a rhombus, a trapezium etc. Moreover, we
had found out the areas of regions enclosed by the figures and also calculated the
perimeters of them. For example, if we want to find out the perimeter of any floor of
a room of our school or home, it is obvious that we walk around the boundary of that
room. The total distance covered by us is considered as perimeter of that room and
the floor of that room will have an area also.

So if the floor of our room is rectangular and its length is / and breath is b, then
total distance covered will be 2(/+b) i.e. its perimeter and its area is /b.

How can we find the area of a triangle ? We know the following result about area.

Area = % X base X altitude (i)

For a right angled triangle we can use the above formula directly because an
altitude from the vertex to the base of the triangle will be a side of the triangle. For
A example, in the right angled A ABC,
mZB = 90, AB = 3 e¢m, BC = 4 cm,
length of the hypotenuse AC = 5 cm.
3 5 Then the area of the triangle is given by

% x AB x BC where AB is the altitude

[ and BC is the base of the triangle.
B 4 C | i
Figure 14.1 Area =5 x4 x3 =6cm
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Let us find out the area of an isosceles

A triangle with the help of the above formula.
In A ABC, let AB = AC. Now draw the
perpendicular from the vertex A to the
base BC which intersects BC at D.
Thus, A*ABC is divided into two triangular
B rl; C regions, A*ABD and A*ACD.
Figure 14.2 mZADB = mZADC = 90

Now if AB = 5 ¢m, then AC is also 5 ¢m and let BC = 6 c¢m. Altitude from A

divides BC in two congruent line-segments BD and DC. Thus BD + DC = BC,
so that BD = DC = 3 cm (figure 14.2)

Now, apply Pythagoras' theorem to the right angled A ADB

AB2=BD2 + AD?

. 52=3)2 + AD?

. 25-9=AD?

. AD2=16

*. AD = 4 cm = length of the altitude

*. By (i), area of the isosceles A ABC = % X 6 x4=12cm?

Similarly, we want to find the area of an
equilateral A ABC, where the length of each
side is 12 c¢m. For this triangle, if we draw a
perpendicular from the vertex A to the base BC
which intersects BC at D, then AD is an altitude
of AABC. Here D is the midpoint of BC.

Thus, BD = DC = 6 c¢m (figure 14.3) .

For right angled AADB, AB2 = BD2 + AD? Figure 14.3

s (12)2 = AD2? + (6)2

. ADZ= 144 — 36

. AD2=108

- AD=6+/3 cm

.. The area of equilateral A ABC is given by, % xAD x BC = % x 6-/3 x 12
. The area of AABC = 36+/3 cm?
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14.2 Heron's Formula

Heron (10AD - 75 AD)

Heron was born in about 10 A.D. possibly in
Alexandria in Egypt. He worked in applied mathematics.
His work on mathematical and physical subjects are so
numerous and varied that he is considered to be an
encyclopedic writer in these fields. His geometrical
works deal largely with problems on mensuration written
in three books. Book I deals with the area of squares,
rectangles, triangles, trapezoids (trapezia), various other
specialised quadrilaterals, the regular polygons, circles,
surfaces of cylinders, cones, spheres etc. In this book,
Heron has derived the famous formula for the area of a
triangle in terms of its three sides.

12 n

g cm

Figure 14.4

Area of a triangle =

For an isosceles, equilateral and right
angled triangle, we can draw the
perpendiculars from the vertex to the base
and we can find their lengths. Then we

can find the area of the triangle by using

wo )

the formula % x base x altitude. But if
we have a scalene triangle, then we do not
have any clue to find the length of an
altitude (i.e. perpendicular from a vertex to
the base of the triangle).

c For an example, in A ABC, Let
AB =12 cm, BC = 8 ¢m and AC = 10 cm.
Now there is a problem as to how can we
calculate the area of this triangle ? For this,
a formula is given by Heron, which is known

as Heron's formula. It is as follows :

\/s(s—a)(s—b)(s—c) (ii)

Here a, b, c are the lengths of the sides of the triangle and s is semiperimeter

of the triangle.
Thus, perimeter = a +

__a+b+c
2

b+c=2s
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So, if the length of the altitude is not given and it is not easy to find it, then this

formula (ii) will be helpful to find the area of the triangle. So for the above example,

12+10+8
§= —— = 15 cm

Area of A ABC = \/s(s—a Y(s=b)(s—c)
= J15(15-12) (15-10) (15 - 8)

= [153)5)(7) =157 cm?

Let us solve following examples to understand the application of Heron's formula.

Example 1 : Find the area of the triangle whose sides have lengths 15, 15, 12 cm.

42
Solution : Here, s = atbte _ 1315+ _ 7 =21 cm

.. The area of 2A ABC \/2s (s—a)(s=b)(s—c)
J21(21-15) (21-15) (21-12)

J2TX6X6%9

1821 cm?

(Do you have any other alternative method ?)

Example 2 : The lengths of the sides of a triangular park are in proportion 3 : 5 : 7
and its perimeter is 450 metre, then find out the area of this park. Also find the
cost of fencing it with barbed wire at the rate of ¥ 25 per metre by leaving a
space of 5 metre wide for a gate on all the sides.

Solution : The sides are in the proportion 3 : 5 : 7. Suppose the lengths of the

sides of the triangular park are 3x, 5x and 7x. (x > 0).

Now, perimeter of triangular park = 450 metre
o 3x + 5x + 7x =450
s 15x =450

. x = 30 metre

KEEP THE PARK
GREEN AND CLEAN

C 210 m A

Figure 14.5
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Thus, for A ABC, AB = ¢ = 3x metre = 3(30) = 90 metre
BC = a = 5x metre = 5(30) = 150 metre

AC = b = 7x metre = 7(30) = 210 metre

_a+b+c _ 904150+ 210 _ 450
NOW,S— 2 = ) =

. The area of A ABC = /225(225- 90)(225-150)(225-210)
= /225(135)(75)(15)

JI5X15x15%9%25%3x15

= 225 metre

JA5)4x(5)2x(3) 2x3
(152 x 5 x3 x./3
33753 m2

Now, for the fencing, 5 metre space is left on each side of the triangular park. Then

total space left will be 5 x 3 = 15 m. Hence the total length for the fencing = length
of the wire needed for fencing = Permeter of the triangular park — length of the gates
= 450 metre — 15 metre = 435 metre
.. Total cost of fencing = 435 x 25
= ¥ 10875
Example 3 : Find the area of the triangle AABC where AB = 5 ¢m, BC = 8 c¢m and
AC =9 cm . Find the length of the perpendicular drawn from A to BC

a+b+c B 5+8+9
2 2

.". The area of A ABC = \/s (s—a)(s=b)(s—c)

Solution : Here, s = =11 cm

JIL11-8)(11-9)(11-5)
JTTX3x2%6
7

= 6\/ﬁcm2

Here, AD-L BC (see figure 14.6)

O”z

5 cm

D B 8 cm C Now we have, area of AABC

x base x altitude of A ABC

Figure 14.6

=)=

x 8 x AD
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6\/ﬁ =4 AD
.'.AD:@ :%\/ﬁ cm

.". The length of the perpendicular from A to base BC = %«/ﬁ cm

EXERCISE 14.1

1. Find the area of the equilateral triangle having length of each side 6 units.

2. Find the area of the right angled triangle whose hypotenuse has the length 17 ¢m
and has length of its base 15 cm.

3. Find the area of the triangle with the length of the sides 36 cm, 48 cm and 60 cm.

4. If the lengths of the sides of a triangle are in proportion 3 : 4 : 5 and the
perimeter of the triangle is 120 metre, then find the area of the triangle.

5. An isosceles triangle has perimeter 30 c¢m and length of its congruent sides is
12 c¢m. Find the area of the triangle.

6. The triangular side walls of a flyover have been used for advertisements. The
sides of the walls have lengths 100m, 35m and 105m. The rent per year for the
advertisements is ¥ 4000 per m2. A company hired one of its walls for 2 months.
How much rent did it pay ? (34 =5.83)

7. Find the area of the triangle with the lengths of the sides 5 ¢m, 7 ¢m and 10 cm.
Also find the length of the altitude drawn from the vertex to the side whose length
is 10 cm.

%
14.3 Application of Heron's Formula in Finding Area of Quadrilaterals
For a quadrilateral ABCD, if we join two opposite vertices, then we get a

diagonal and if we draw the perpendiculars from remaining two vertices to the
diagonals, then we have a formula to find the area of the quatrilateral as

Area of the quadrilateral = % (length of a diagonal) (sum of the length of
perpendiculars drawn to the diagonal from other two vertices)

But it is a difficult and tedious process. So instead of it, if we draw a diagonal
then quadrilateral region can be divided into two triangular regions and then we can
use the fact that area of the quadrilateral = sum of the areas of both triangles. Both

these cases are shown in the figure 14.7.
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A A

(i) Figure 14.7 (i)

In figure 14.7 (i) we have the diagonal BD and the altitudes are AE and CF.

So by finding their lengths (i.e. AE and CF) we can use the result. In figure

14.7 (ii) by a single diagonal we get two triangles and by Heron's formula we can find

the area of both the triangles and then take the sum of them. Thus we get the area of
the quadrilateral. It will be easier to find the area of a quadrilateral in this manner.

Let us understand this discussion by the following examples.

Example 4 :In quadrilateral ABCD, AB = 3 ¢m, BC = 4 ¢cm, CD = 6 ¢m and

DA = 5 ¢m and the length of the diagonal AC is 5 ¢m. Find the area of
OABCD.
Solution : Here diagonal AC partitions [1* ABCD in two triangular regions :

A*ACD and A*ABC. For AACD, \ 5
A

AD+DC+AC 5+6+5
s = > = > =8 cm

Now the area of AACD = /8(8-5)(8-6)(8-5)

V8(3)(2)(3) > > 4

= 12 cm?
For AABC, s= w
D 6 C
_ 3+445 6
o 2 =bom Figure 14.8
Now the area of AABC = \/6(6—3)(6—4)(6—5)

= J/6(3)2)(1) =6 cm?
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. Area of D ABCD = Area of A ACD + Area of A ABC
= 12+6
= 18 cm?
See that AABC is a right angled triangle. AADC is an isosceles triangle. So
there is no need to use of Heron's formula. Do it by yourself.
Example 5 : A park is in the shape of a quadrilateral ABCD, where m ZC = 90.

Lengths of the sides are AB = 11 m; BC = 3 m, CD = 4 m, AD = 8 m. Then find
the area of the park.

Solution : Here, for the quadrilateral ABCD, m ZC = 90, and BD = diagonal.
(figure 14.9). Thus for right angled A BCD, see that we BD is the hypotenuse.

- BD2=CD2+BCZ=(4)2+(3)2=25

~. BD = 5 = length of the diagonal

Now the area of quadrilateral ABCD

= The area of A BCD + The area of A ABD -

. The area of A BCD AR R A

-

= — x base x altitude
x BC x CD

=2 x3x4

=6 m?

Now, for the area of A ABD, Figure 14.9

|

AB+BD+AD 11+5+8
s = > = > =12m

\/12(12—5)(12—8)(12—11)
- ZxTxaxl

- fax3xTxa

421 m?

- Area of quadrilateral ABCD = 6 + 4./21 m?

- Area of A ABD

EXERCISE 14.2

1. Find the area of the quadrilateral ABCD where AB = 7cm, BC = 6 cm,
CD = 12 e¢m and AD = 15 ¢m and the length of the diagonal AC is 11 cm.

2. Find the area of the quadrilateral ABCD where AB = 8m, BC = 15 m and
CD = 13 m, DA = 12 m, mZB = 90.
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3. If the perimeter of a quadrilateral ABCD is 92 m and the perimeter of A ABD is
90 m, then find the length of the diagonal BD. Also find the area of the
quadrilateral ABCD where AB = 40 m, BC = 15 m, CD = 28 m, DA =9 m.

4. If the lengths of the diagonals of a quadrilateral field are 40 m and 24 m and they
bisect each other at right angles, then find its area.

5. If the lengths of the sides of a parallelogram are 13 ¢m and 10 c¢m and the length
of one of its diagonal is 9 ¢m, then find its area.

%k

EXERCISE 14 A 3

1. Find the area of regular hexagon ABCDEF
(figure 14.10) where the length of each side is
4 ¢m and O is the midpoint of the diagonals

E, DA and BE and their lengths are 8 cm.

2. Find the area of the quadrilateral ABCD,
where AB = 9 ¢m, BC = 10 ¢cm, CD = 12 cm, C D
> ~ .
DA =11 cmand AB || CD. Figure 14.10

3. A bulk of triangular tiles of the length 3 ¢m, 4 cm and 5 cm is to be used for the
flooring of a room with area 216 cm?. Find how many tiles should be used for the
flooring. Find the total cost of polishing the tiles at the rate of ¥ 2.75 per cm?.

4. An umbrella is to be made by stitching 8 triangular pieces of cloth with lengths
17 em, 17 ¢cm and 16 c¢m. Find how much cloth is required for the umbrella.

5. Find the area of the triangle whose length of the sides are 6 c¢m, 8 cm and 10 cm.

6. If the length of the sides of a triangle are in proportion 25 : 17 : 12 and its

perimeter is 540 m, then find the lengths of the largest and smallest altitudes.
7. Infigure 14.11, BC =5 cm, CD =3 cm,

CF = 6 cm. Find the area occupied by
the prism on the prism table.
8.  The base of a triangular field is twice to
its altitude and the cost of cultivating
the field is ¥ 30 per hectre and the total
cost is ¥ 480. Find the length of the
base and altitude of that trianguler field. B
(10000 m? = 1 Hector)

Scm C
Figure 14.11
9. If the length of the side of a square is 5 m and it is converted into a thombus
whose major diagonal has length 8 m, then, find the length of the other diagonal
and also find the area of the rhombus.
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10.

11.

12.

If the area of a rhombus is 100 cm? and the length of one of its digonal is 8 cm,
then find the length of the other diagonal.

Both of the parallel sides of a trapezium are 8 ¢m and 16 cm. Non-parallel sides
are congruent, each being 10 ¢m. Then find the area of the trapezium

Select proper option (a), (b), (c) or (d) and write in the box given on the right so
that the statement becomes correct :

(1) For the A ABC, semiperimeter is ...... where AB = 8 c¢cm, BC = 6 cm,

AC =10 cm. [ ]
(a) 24 (b) 20 (c) 12 (d) 16
4 > > >

(2) Fora O"ABCD, AB || CD and BC || DA.If AB = 8 cm and BC = 10 cm
the perimeter of the 0" ABCD is ...... cm ]
(a) 18 (b) 20 (c) 36 (d) 56

(3) If the perimeter of a trapezium is 50 ¢m and the lengths of non-parallel sides
are equal to 12 cm, then the sum of parallel sides is ...... . ]
(a) 13 cm (b) 26 cm (c) 28 cm (d) 30 cm

(4) If the area of a rhombus is 54 c¢m? and the lengths of one of its diagonal is
9 cm, then the length of its other diagonal is ...... cm. [ ]
(@9 (b) 12 (c) 27 (d) 90

(5) If the lengths of the sides of a triangle are in proportion 3 : 4 : 5 then the
area of the triangle is ...... sq units where perimeter of the triangle is 144. [ ]
(a) 64 (b) 364 (c) 564 (d) 864

(6) If the base of an isosceles triangle has length 10 ¢m and its perimeter is
28 ¢m, then the length of each congruent side is ...... cm. ]
(a) 38 (b) 18 (©)9 (d) 19

(7) If the lengths of the sides of a triangle are 8 c¢m, 11 cm and 13 cm, then
area of the triangle is ....... (cm)?. ]
(a) 44 (b) 43 (c) 42.82 (d) 8430

(8) If the length of the base of a triangle is 12 cm and the length of the altitude
to that base is 8 cm, then the area of the triangle is ...... (cm)?. ]
(a) 12 (b) 24 (c) 36 (d) 48

(9) If the area of an equilateral triangle is 243 cm?2, then the length of each
side of the triangle is ...... cm. []

@ 2 (b) 243 (© 242 (d) 3.2
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(10) In a A ABC, CD is the altitude of A ABC where AD = 4 c¢m, CD =5 cm

and BD = 5 cm. Also the area of a square is the same as the area of

A ABC. Then length of each side of the square is ...... cm. ]
W2 3 3710 35
(a) =3 (b) > (c) —‘/2_ (d) _‘2/_

(11) In a square ABCD, length of each side is 7 ¢m. Then length of its diagonal is

...... cm ]

() V2 (b) 7 © 742 (d) 247
(12) In quadrilateral ABCD, the lengths of each side is shown in the figure
14.12 then the length of the diagonal AC is ... m. ]
A 20 m D
&
£ <
(o)
B 40 m C
Figure 14.12
(a) 40 (b) 9 (c) 49 (d) 41
*
Summary

In this chapter we have studied the following points :

1. If the lengths of the sides of a triangle are a, b and ¢, then the perimeter of
a+b+c
—

2. The area of a triangle is given by Heron's formula and it is

\/s(s—a)(s—b)(s—c).

3. To find the area of a quadrilateral whose sides and one diagonal are given. By a

A ABC is a + b + ¢ = 2s and its semiperimeter is s =

diagonal the quadrilateral region is partitioned into two triangular regions and then
by Heron's formula we can find the area of each of the triangles. The sum of
areas of both triangles gives us the area of quadrilateral.



CHAPTER 15 I

SURFACE AREA AND VOLUME
B

15.1 Introduction

We have learnt about plane figures like a rectangle, a square, a circle etc. We have
also studied how to find out their perimeters and area in earlier classes. Now, we will
learn about congruent figures made by cutting from cardboard sheet and stacking them
up in a vertical pile. By this process we shall obtain a ‘solid’. We have already studied
in earlier classes about cuboid, cube etc. We will now learn here about solids in detail.
15.2 Introduction of a Cuboid and a Cube

We know about a rectangle and a square and formulae to find their areas and

perimeters.
D C b S
b A D
/ Q R
A B
0 |
(i) Area =[x b Perimeter = 2(/ + b) (i)

Figure 15.1

Cuboid : A cuboid is a solid bounded by six rectangular plane regions.

Figure 15.1 (ii) represents a cuboid. We will study some solids.

In figure 15.1 (ii) 0 ABCD, OO PQRS; OO SRCD, (0 PQBA; OPADS, [JQBCR
are six faces of the cuboid. Each face is a rectangle. [ PADS and [JQBCR are top
and bottom faces respectively. Also they are opposite faces. Similarly (1 PQBA and
O SRCD; O ABCD and [0 PQRS are pairs of opposite faces. (] PQBA and [ ABCD
are adjacent faces. Can you name another pair of adjacent faces from the figure ?
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E, BC, CD, DA; %, Q_R, ﬁ, ﬁ; ﬁ, @, RC, SD are twelve edges
of the cuboid. Adjacent faces intersect in an edge in one side of a rectangle only. Since
opposite sides of a rectangle are congruent, BC = AD = QR = PS, AB = DC = SR = PQ,
QB =PA =CR = SD. P S

A, B, C,D, P, Q, R and S are vertices of
cuboid. A

We can take any face of a cuboid as base

of the cuboid. In this case, the four faces which Q
meet the base are called the lateral faces of b ;
cuboid. In our cuboid type of classroom, four B ) ¢
walls are faces of cuboid. Figure 15.2

When we take, a rectangle, a face of a cuboid, as the base, then its length and

breadth are known as the length and breadth of the cuboid. Any two lateral faces
intersect in a line-segment called height of the cuboid. In figure 15.2 the rectangle
QBCR is a base of cube. BC is the length / and QB is the breadth b. Intersection of
faces CJABCD and CJPQBA is AB. Its length AB is the height of the cuboid.

The length, breadth and height of the cuboid are denoted by [, b and #
respectively.

Cube : A cuboid whose length, breadth and height are equal is called a cube.
15.3 Surface Area of a Cuboid and Cube

We take a bundle of
many congruent rectangular
sheets of paper. The shape of \ \
this bundle is a cuboid. It is
also called a rectangular

parallelopiped.
Figure 15.3
Activity (1) :
M b N First, we take an
Ak B ®) FhH b | empty chalk-box.
b Open all the sides of
ol o el @ / the chalk-box carefully
and arrange all the
N b faces of the chalk-box
! Dhacl (6 [ERG b 1 on the table as given
@ K b L in the figure 15.4.

(i) Name all the faces.
Figure 15.4
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Area of the face ABCD = Area of the face FEGH =/ x A
Area of the face BCEF = Area of the face HGJI=17x b
Area of the face CKLE = Area of the face BMNF= b X A
Total surface area of a cuboid = Sum of the areas of all its six faces
=2(UXh)+2UXb)+2(bxh
=2 (Ib + bh + h])
Note : To find out the surface area of a cuboid, the length, breadth and height
must be expressed in the same units.
Example 1 : If the dimensions of a cuboid are 20 cm X 15 c¢m X 10 c¢m, find its total
surface area.
Solution : Total surface area =2 (/b + bh + hl)
=220x 15+ 15x 10+ 10 x 20)
=2 (300 + 150 + 200)
=2 (650)
= 1300 cm?

Surface Area of a Cube : For a cube, we have / = b = h.

All the six faces of a cube are squares of the same size.
Total surface area of a cube =2 (I X[+ IxXI[+[IX])

=2P+P2+P) |/
= 6/ l
= 6 (length of cube)? Figure 15.5

15.4 Lateral Surface Area of Cuboid and Cube :
Now we find the sum of the areas of the four faces of a cuboid excluding top
and bottom faces. This sum is called the lateral surface area of the cuboid or the cube.
Lateral surface area of a cuboid H G
Area of the face ABCD + Area of the face FBCG + b c
Area of the face EFGH + Area of the face EADH. . p I
IXh+hXb+IXh+bxh b
=2(Uxh)+2(hxb) A / B
2h I +Db)=h-2( + b) Figure 15.6
Height X Perimeter of base

Cube : Lateral surface area of a cube )
=P+P+P+P 7
= 42 Figure 15.7
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Example 2 : A cubical box has each edge having length 12 c¢m and another cuboidal
box has edges 15 c¢m long, 12 ¢m wide and 8 c¢m high. (i) Which box has the
smaller total surface area and by how much amount ? (ii) Which box has the
greater lateral surface area and by how much amount ?

Solution : (i) Let the total surface areas of the cubical and cuboidal boxes be S, and S,.
S, =6 ())? =6 (12)> =6 (144) = 864 cm?
S, = 2(lb + bh + hl)

=2(15x 12+ 12x8 +8x15)

=2 (180 + 96 + 120)

=2 (396)

=792 cm?

S;—S, =864 — 792 =72 cm?

The cuboidal box has smaller surface area and is smaller by 72 cm?

(i) Let the lateral surface areas of the cubical and cuboid boxes be L; and L,.

L, =4 () L, =2h(l+b)
=4 (12)2 =2x8(15+ 12)
=4 (144) = 432 cm?
=576 cm? L, - L, =576 —432
= 144 cm?

Thus, the cubical box has greater lateral surface area and is greater by 144 cm?.
Example 3 : Kanjibhai had built closed cubical water tank with lid for his factory. The

length, breadth and height of the tank are 2.5 m, 1.5 m and 1 m respectively. He
wants to cover outer surface of the tank (excluding the base) with square tiles of
side 25 ¢m. Find out the number of tiles and total cost, if the rate of the tiles is
T 480 per dozen.

(1 dozen = 12 units)
Solution : First we should find out

total surface area of five outer faces of
tank.
Length of the tank = 2.5 m = 250 cm
Breadth of the tank = 1.5 m = 150 cm
Height of the tank = 1 m = 100 cm
Surface Area (excluding base) =/ x b + 2(b X h) + 2 (h x ])
=250 x 150 + 2 (150 x 100) + 2 (100 x 250)]
= (37500 + 30000 + 50000)
= 117500 cm?

Figure 15.8
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Area of each square tile = (25 x 25) cm?

area of the tank 117500

. Number of tiles required = rea of one file —~ 25%25 188 tiles
. . . . 480188
Since cost of 12 tiles is & 480, cost of 188 tiles = T = Z 7520

.. Number of tiles required is 188 and total cost is ¥ 7520.

250

Note : In fact 55 X = tiles are required for top.

.. Total numbers of tiles required for top = 10 X 6 = 60

Similarly total numbers of tiles required for sides

= ({150 + 100 , 250\, 100
_2(25X25+25X25)

=2(6 x4 +10x 4) =128

.. Total number of tiles required is 128 + 60 = 188.
If / or b or & is not a multiple of 25 then tiles would have to be broken ! Not a

practical solution.

Example 4 : A hall for prayer in a school is 10 m long, 8 m wide and 5 m high. It has

two doors each measuring (3 x 1.5) m? and Four windows, each measuring

(2 x 2) m?. Find the total expense for whitewashing the interior walls. The rate

of whitewashing is ¥ 6 per m?.

Solution : Area of four walls = (Lateral surface area of cuboidal hall)
=2h(l+Db)
=2x5(10+8)
= 180 m?

Area of two doors =2 (3 X 1.5) = 9 m?

Area of four windows =4 (2 x2) = 16 m?
Area to be whitewashed = (Area of four walls with door and windows) —
(Area of doors + Area of windows)
= (180 — (9 + 16)) = 155 m?
The rate of whitewashing is ¥ 6 per m?.
*. cost of whitewashing = (155 x 6)
= 7 930
. The cost of whitewashing is ¥ 930.
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EXERCISE 15.1

1. Fill in the blanks in each row in the following table from given information :
No.| length breadth height lateral Total
surface area | surface area
(D) 18 cm 10 cm Sem | ...l em? | cm?
2) 3m 3m 3m | m* | m?
3) 1 m 75 cm S0cm | ... em? | cm?
2. A small indoor green house (herberium) is made entirely of glass panes (including

base) held together with tape. It is 40 c¢m long, 30 ¢m wide and 25 cm high.

(1)  What is the area of the glass panes used ?
(2) Find the cost of glass painting of four walls of the green-house. The rate
of glass-painting is ¥ 500 per m?.

3.  Find the area of the four walls and ceiling of a room, whose length is 10 m,
breadth is 8 m and height is 5 m. Also find the cost of whitewashing the walls
and ceiling, at the rate of ¥ 15 per m?.

4. The floor of a rectangular hall has a perimeter of 300 m. Its height is 10 m.
There are two doors of 5 m X 3 m and four windows of 3 m x 1.5 m. Find the
cost of painting of its four walls at the rate of 30 per m?2.

5. A cubical box is 15 ¢m long and another cuboidal box is 25 c¢m long, 20 cm wide
and 10 c¢m high.
(1)  Which box has the smaller lateral area and by how much ?
(2)  Which box has the greater total surface area and by how much ?

*
15.5 Surface Area of a Right Circular Cylinder

We know about a cylinder

A b B QX]EG;% and formula to find its area.
Activity (1) : A cylinder is
generated by the revolution of a
/ L=k rectangle about one of its sides.
This cylinder is called a right
: circular cylinder.
A 4 C@D for Top and bottom of a right
circular cylinder are parallel
Figure 15.9 circular region.
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In figure 15.9, breadth of the rectangle CD namely (b) becomes the
circumference of the base. The radius of the base is the radius of the cylinder. The
length of the rectangle (/) becomes the height (%) of the cylinder.
The line-segment joining the two centres of circular
ends is perpendicular to base. This is the height (/) of
cylinder. If the line-segment is not perpendicular to base,
then what is the situation ? Let us see.

>

. One coin of No. of coins of
five rupees and stack them vertically up, then we get a 5 rupee 5 rupees

right circular cylinder (figure 15.10). Figure 15.10

Activity (2) : If we take a number of coins of

Keep in mind that stack of coins has been kept at
right angle to the base and the base is circular.

Figure 15.11 does not represent right circular cylinder.

Note : In our study, a cylinder would mean a right

circular cylinder.

Activity (3) : Now, we take a sufficiently large

o .
Figure 15.11 coloured rectangular paper, whose length is just enough

to go round the cylinder and whose breadth is equal to the height of the cylinder (see
figure 15.12).
The rectangular region

A b= B QAW ABDC gives us curved
surface of the cylinder. The
breadth () of the rectangle

[=h h is equal to the circumference
of the circular base of the
P cylinder which is equal to
C D e ! 2nr. The length (/) of the
b rectangle is the height (%) of
Figure 15.12 the cylinder.
.. Curved surface area of the cylinder = Area of the rectangle

= length X breadth

= perimeter of the base of the cylinder
% height of the cylinder

= 2mr x h= 2xrh

. Curved surface area of the cylinder = 2nrh
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If the top and the bottom of the cylinder are also to be covered, since both the
ends are circular and radius of the circular base of the cylinder is r, area of the

circular ends is 2772
. Total surface area of the cylinder = 2mrh + 21r2 = 2mr (h + 1)

Example 5 : The diameter and the height of a closed cylindrical water tank are 1 m
and 14 m respecively. Find the total cost for painting the lateral surface area of
this tank, if the cost per m? is T 25.

diameter

> = % m, height = 14 metre

Solution : Here, radius =

.. Lateral surface area of the cylindrical tank = 27wrh

= (2x%x%x14j = 44 m2
Cost of the painting per 1 m? = ¥ 25
. Cost of the painting 44 m? = (44 x 25) = Z 1100
.. Total cost for painting lateral surface is ¥ 1100.

Example 6 : The diameter of a 140 cm long roller is 80 c¢m. Find the area covered
by roller in 600 complete revolutions to level the ground.
Solution : The roller is a right circular cylinder of height # = 140 ¢m and radius
of its base is 40 cm.
Area covered by the roller in one revolution

= The curved surface area of the roller
= 2mrh
- (2x%x40x140)
= 35,200 cm?
.. The area covered by the roller in 600 revolution = (35200 x 600)

21120000 cn?

_ 21120000 ,,,2
10000

2112 m?
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EXERCISE 15.2
1. Fill in the blanks in the following table using the information given about
a cylinder :
No. | Value of | Radius of Height Curved Total
V3 base surface area | surface area
9] % 14 cm 20cm | ... cem? | L cm?
22 3 3
2) R [ cm 14 cm 616 cm~ | ... cm
3) 3.14 15 cm 30cm | ... em? | cm?

2. The radius and the height of a cylindrical tank with lid are 28 c¢m and 1 m
respectively. Find the cost of painting the outer surface of the cylindrical tank at
the rate of ¥ 1 per cm?. (Neglect the area of the bottom.)

3. The curved surface area of a cylinder is 3696 cm?. If the radius of the cylinder
is 14 c¢m, find the height of the cylinder.

4.  The height of a cylinder is 28 cm and curved surface area is 2816 cm?. Find its
diameter.

5.  The radius and the height of a cylinder are equal to 50 cm. Find the total
surface area. (t = 3.14)

6. 50 circular plates each of diameter 14 c¢m and thickness 0.5 c¢m are placed one
above the other to form a right circular cylinder. Find the total surface area.

7. The inner diameter of a circular well is 4.2 m. It is 20 m deep. Find (i) the inner
curved surface area (ii) the cost of plastering this curved surface at the rate of
¥ 50 per m?.

*

15.6 Surface Area of a Right Circular Cone

In our day-to-day life we often see objects like an ice-cream cone, a conical tent,

a conical vessel, a clown's cap, etc. We get an idea about a cone from observation of these

objects. <«
;D A A

P P P

b W v

(i) (ii) Figure 15.13 (i)
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&~ >
Activity : In figure 15.13 (i) P is a fixed point. PQ is fixed line and PR is a
>
revolving line. £ PQR is right angle. Now we revolve A*PQR around the PQ. If we

revolve A*PQR about 1<3_Q> we get a right circular cone (figure 15.13 (iii)). We
get a solid cone with a circular base
having centre at Q and radius RQ. ﬁ is
perpendicular line-segment joining vertex
P and centre Q of the circular base of
the cone.

PQ is the height of the cone,
denoted by 4. Radius of the circular base
is called the radius of the cone and is (@ Figure 15.14 (i)
denoted by r. PR is the slant height of
the cone and is denoted by /.

In APQR, m/Q = 90. Since 2 = }2 + 12, [ = JB°+7°

Observe that figure 15.14 does not represent a right circular cone. In our study,

a cone would mean a right circular cone.

Activity : Cut out a neatly made paper cone (figure 15.15 (i)) along the slant
height PR and spread it on a table. We will find that the spread out (figure 15.15 (ii))
figure is a sector of a circle of radius equal to the slant height (/) of the cone and
whose length of arc is equal to circumference of the circular base of the cone.

P

(The cone is cut from
here to open it out.)

(@)

(ii)
Figure 15.15
. . . .1
We assume that area of a sector of a circle with radius » and arc length / is 7 /r.

Curved surface area of the cone = area of the sector PQR.

X (length of arc) x (radius)

= =

X 2nryx 1 = mrl
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Total surface area of the cone = curved surface area + area of the circular base
= qrl + T2
=nr(+r)

The curved surface area of a cone is also called the lateral surface area of the cone.

Example 7 : Curved surface area of a cone is 308 cm? and its slant height is 14 cm.
Find the radius of the base and total surface area.

Solution : We have curved surface area = 308 cm?, slant height / = 14 cm

~omrl =308

. % X rx 14 = 308

308 % 7
V= Taxa = Tcm

Total surface area = mrl + 12
= (308+%x7x7j
= (308 + 154) = 462 cm?

The radius of the base is 7 c¢m. The total surface area is 462 cm?.
Example 8 : The radius and the slant height of a cone are in the ratio 4 : 7. If its
curved surface area is 792 ¢m?, find its radius.
Solution : Let r be the radius and / be the slant height of the cone.
r:l=4:7.Soletr =4xand/="7Tx, x>0
Now, curved surface area = 792 cm?
nrl = 792

% X 4x X Tx = 792

88 x x2 =792

2 192 _
X =g 9

x=3 x>0
r=4x =12 cm
The radius is 12 cm.

Example 9 : How many metres of cloth 2 m wide will be required to make a

conical tent having the radius of base 7 m and height 24 m.

Solution : radius ¥ = 7 m, height 4 = 24 m
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l= P = () +(24)

.. The curved surface area of the cone = mr/
= (%x7><25) = 550 m2

The area of the cloth used = 550 m?
The width of the cloth =2 m

: _ _Area _ 550 _
. Length of the cloth used = Widh = 2 - 275 m

. The length of cloth required is 275 m.
Example 10 : A corn cob (figure 15.16) shaped some what like a cone, has the
radius of its broadest end as 2.1 ¢m and length (height) as 20 cm. If each 1 cm?

of the surface of the cob carries an average of four grains, find how
many grains you would find on the entire cob.

Solution : Since the grains of corn are found
only on the curved surface of the corn cob, we
would need to know the curved surface area of the
corn cob to find the total number of grains on it. In
this question, we are given the height of the cone,
so we need to find its slant height.

Here, [ = 2 +h* = J2.D% +(20)?

= J404.41 =20.11 cm (approx)

Therefore, the curved surface area of the corn cob = mr/

Figure 15.16

=22 % 2.1 x20.11
= 132.726
= 132.73 cm? (approx)
Number of grains of corn on 1 cm? of the surface of the corn cob = 4
Number of grains on the entire curved surface of the cob = 132.73 x 4
=530.92 = 531 (approx)
So, there would be approximately 531 grains of corn on the cob.
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EXERCISE 15.3

Fill the blanks in the following table from the given information for
the cone :

No.| Radius of Height Slant Lateral Total
base height surface area | surface area
(Il ... cm 9 cm 5Sem | ... Tem? | . T cm?
2) 7 cm --- 9cm | ... Tem? | ... T cm?
(3) 3 cm dem | ... cm | ... Tem? | ... T cm?

2. A conical tent is 12 m high and the radius of its base is 5 m. Find (i) the slant
height (ii) the cost of the canvas required to make, if the cost of 1 m? canvas is
T 100. (1 =3.14)

3. A joker's cap is in the form of a right circular cone of base radius 7 ¢m and
height 24 c¢m. Find the area of the sheet of paper required to make 15 such
caps.

4.  The slant height of a closed cone is seven times the radius of its base. If the
radius of the base is 3 cm, find the total surface area. (mw = 3.14)

5.  How many conical tents, each of height 4 m and radius of base 3 m, can be
prepared from cloth 282.60 m?2. (n = 3.14)

®
15.7 Surface Area of a Sphere

of the same sphere)

The shape of cricket ball, a tennis ball, a football and a volleyball is a sphere.

Sphere : The set of all points in space,
which are equidistant from a fixed point is
called a sphere.

The fixed point is called the centre of the

sphere and the constant distance is its radius. The

diameter is a line-segment passing through the
centre of the sphere with the endpoints on the
sphere.

Figure 15.17

3 5

AO = BO = OD = OC (radii A

AB = CD (diameters of the
same sphere)

Activity : If we pass a string
along the diameter of circular disc
and rotate it, we get a solid figure
called a sphere.

4

Figure 15.18
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The surface area of a sphere having radius r is 47mr2.
If we divide a sphere into two equal parts by a plane passing through the centre,

then what we get is called a hemisphere.

Lateral surface area of the outer side of the
hemisphere = 2mr2. Lateral surface consists of the outer

surface of the hemisphere and the circular plane surface. /..t =77p=n-er

Total surface area of solid hemisphere

= Lateral surface area of the hemisphere + W

Area of the circular base. Figure 15.19
=2mr? + w2 = 3mr?
. total surface area of solid hemisphere = 3mr2
Example 11 : If the ratio of total surface area of a closed solid hemishpere and
surface area of a sphere is 25 : 108, find the ratio of their radii in the same
order
Solution : Suppose the radius of the closed hemisphere is 7| and the radius of
the sphere is r,. Suppose their surface areas are A; and A,. Then
A, = 3mr 2 and A, = 4mr?

Ay 471'r22
25 _ 3
C 108 T 4
2
25x4
108x3 7
o2
2 8l
2
() _(sY
% 3
s
. r2 - 9

.. The ratio of their radii in the same order is 5 : 9.
Example 12 : A sphere, a cylinder and a cone have same radius and same height.
Find the ratio of the areas of their curved surfaces.
Solution : Let » be the common radius of the sphere, the cone and the cylinder.
Then, the height of the cone = the height of the cylinder = the height of the
sphere = 2r



100 MATHEMATICS
Let / be the slant height of the cone.
Then, /= + 2+ h?
= m= \/ﬁ = \/gr
Let S| = the curved surface area of the sphere = 4ur?
S, = the curved surface area of the cylinder = 27r X 2r = 4ur?
S; = the curved surface area of the cone = mr/ = r X V5r = J5 w2
5SSy Sy=dm A St =440 45
The ratio of their curved surface areas is 4 : 4 : /5.
*
EXERCISE 15.4

1. Fill the blanks in the following table from the given information for the

sphere :

No.| Value | Radius | Diameter|Total surface| Lateral surface| Surface area

of area of area of hollow of solid

Tt sphere hemisphere hemisphere
(D) % 5.6cm | .. cm | ... em? | L em®> | cm?
2) 3.14 10cm | e em? | L cem? | cm?
3) % ...... cm| ... cm 154 cm?® | ... cm? | cm?

2.  The radius of a spherical balloon increases from 14 ¢m to 21 c¢m as air
is pumped into it. Find the ratio of the surface areas of the balloon in the two
situations.

3.  The internal and external radii of a hollow hemispherical vessel are 15 c¢m
and 16 c¢m respectively. The cost of painting 1 c¢m? of the surface is ¥ 7.
Find the total cost of painting the vessel all over. (ignore the area of edges)

4.  The total surface area of the solid hemisphere is 462 ¢m?. Find the radius of
hemisphere.

5. The diameter of hemisphrical lid is 2 metre. 500 hemispherical lids are prepared in

a factory. Find the expense to paint outer surface of lids at ¥ 20 per m?. (n = 3.14)

*
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15.8 Volume of a Cuboid

We have already learnt about volume of cuboid, cube etc. in previous classes.
We also know that solid objects occupy space. The measure of this occupied space is
called the volume of the object.

If the object is hollow, then interior part can be filled with air or liquid that will
fill the space of its container. The volume of air or liquid that can fill this interior is
called capacity of the container. D C

There is a cuboid of length /, breadth b
and height 4 in figure 15.20. The area of the A B
rectangular base PQRS is (/ x b). R

If we take rectangular sheets congruent to b
the base PQRS of the cuboid and stack them up, P i 0
we get a cuboid of height / given in the figure Figure 15.20
15.21(ii),

@ Figure 15.21

The measure of the space occupied by the cuboid (V)
= Area of the rectangular sheet X & = (I X b) X h
.. Volume of cuboid =/ X b X h
= Area of the base X height > /
Volume of the cube with sides of length / = I xIx[= P
Note : For the calculation of volume, the length,
breadth and height must be expressed in the same units.

Example 13 : The capacity of a cuboidal tank is 60,000 litres. Find the breadth of
the tank if its length and depth are 4 m and 1.5 m respectively.
Solution : Let the breadth of the tank be » metres. We know 1000 litres = 1 n°

We have, V = 60,000 litres

i
Figure 15.22

_ 60000 3 _ 3
= Jo00 ™M = 60 m
I=4m, h=15m
Breadth = volume _ 60x10 _ 10 m

length x height 4x15
.. The breadth is 10 m.



102 MATHEMATICS

Example 14 : A cube of edge 6 c¢m is immersed completely in a cuboidal vessel
containing water and water does not overflow. If the dimensions of the base are
12 c¢m and 10 cm, find the rise in the water level in the vessel.

Solution : The edge of the given cube = 6 cm
The volume of the cube = (6)° = 216 cm?
If the cube is immersed in the vessel, then the water level rises.
Let the rise in the water level be a cm.
The volume of the cube = The volume of the water replaced by it
. The volume of the cube = The volume of the cuboid with dimensions
12cecmx 10 cmx acm
©216=12%x10x%a

216
~ 12x10

. The rise in the water level is 1.8 c¢m
Example 15 : A pit of length 20 m and breadth 15 m is dug 10 m deep. The earth
taken out of it is spread evenly all around it to form a platform on a square
ground of length 50 m. Find the height of the platform.
Solution : The volume of the earth taken out of the pit = The volume of the
platform
The length of pit = 20 m, The breadth of pit = 15 m, The height of pit = 10 m
The length of the platform on a square ground = 50 m
.. The volume of the earth spread from the pit =17x b x h = (20 x 15 x 10) m3
Let x be the height of platform.
The volume of the earth spread to form the platform = (50 x 50 x x) m’
So20x 15 % 10=50 x 50 x x
20x15x10 6
50x50 5
.. The height of the platform formed on square base is = 1.20 m.

EXERCISE 15.5

=18 cm

1. A chalk-box measures 10 cm X 8 cm X 6 cm. What will be the volume of a

packet containing 6 such boxes ?

2. A co-operative society has cuboidal water tank having dimensions
4 m X3 mx2 m. How many litres of water can it hold ?

3. A cuboidal vessel is 8 m long and 6 m wide. How much height should it have in
order to hold 30,000 litres of liquid ?

4. A village, having a population of 5000, consumes 200 litres of water per head

per day. It has a tank having dimensions 25 m X 20 m X 10 m. For how many
days will the water of this tank last ?
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5. A godown measures 45 m x 30 m X 15 m. Find the maximum number of wooden
crates each measuring 2.5 m X 1 m x 0.75 m that can be stored in godown.

6. If the areas of three adjacent faces of a cuboid are 16 cm?, 12 cm? and
27 em?, find the volume of the cuboid.

7. A cuboidal well of dimension 55 m X 20 m x 7 m is dug and the earth obtained
from digging is evenly spread out to form a platform having rectangle base
22 m X 14 m. Find the height of the platform. 50 em

8. A metallic sheet is of the rectangular shape JE §|_
with dimensions 50 c¢m X 40 c¢cm. From each [ >em
one of its corner, a square of 5 c¢m is cut off. §
An open box is made of the remaining sheet. M| E’ Elsﬂ
Find the volume of the box.

Figure 15.23

15.9 Volume of Cylinder

Let us take circular sheets of radius » and stack them up vertically to form a
right circular cylinder of height 4.

Then volume of the cylinder = Measure of the space occupied by the cylinder
= area of each circular sheet X height
=Tt xh
= ntrZh
Example 16 : The circumference of the base of a cylinder is 165 ¢m and its height is
40 cm. Find the volume of the cylinder.

Solution : Let » be the radius of the cylinder. Now circumference is 165 cm.

s 21 = 165

.'.2><% Xr =165

_ 165x7 _ 105
To2x22 4

Also the height of the cylinder = 40 c¢m

Volume of the cylinder = 7r2h

_ 2 105 105
—7><4><4><40

= 86625 cm®
.. The volume of the cylinder is 86625 cm?.
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Example 17 : A solid cylinder has total surface area 462 cm?. Its curved

surface area is one-third of its total surface area. Find the volume of the

cylinder.
Solution : Let » be the radius and / be the height of cylinder.
Total surface area = 27rh + 2772

The curved surface area = 27rh

.. The curved surface area = (Total surface area)

1
3
=%><462=154

s 2mrh = 154

Now total surface area = 462 cm?

o 21k + 21 = 462
o154 + 21 = 462
s 212 =308

.~.2x%><r2:308

308 x 7
N L)) =7x7

Sor=7cm

Now 21rh = 154

. 2x22

7 x7Txh=154

154 7

Lh= 33 =5 om

. Volume of the cylinder = 7tr2h

_ 22 7
=3 ><7><7><2
=539 em3

. Volume of the cylinder is 539 cm?.

Example 18 : A 20 m deep well with diameter 7 m is dug and the earth from digging
is evenly spread out to form a platform with rectangular base having dimension
(22 x 14) m2. Find the height of the platform.
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Solution : The volume of the earth taken out of the well

7

= The volume of the cylinder of radius 5

m and height 20 m

-2 x(%)zxzo =770 n3

Let the height of the platform be equal to x metres.

. The volume of platform = The volume of the earth taken out of the well

S22 % 14 xx =770

. . _170
e X = x4 M

x=i=25m
.. The height of the platform is 2.5 m.

Example 19 : The pillars of a temple are cylindrically shaped (see figure 15.24). If
each pillar has a circular base of radius 20 c¢m and height 10 m, how much
concrete mixture would be required to build 14 such pillars ?

Solution : Since the concrete mixture to be used l

to build up the pillars is going to occupy the entire /_Q_\
space of the pillar, what we need to find here is the . .

volume of the cylinders.

The radius of the base of the cylinder = 20 c¢m
The height of the cylindrical pillar = 10 m = 1000 cm

So, the volume of each cylinder = mr2h Figure 15.24

=% % 20 X 20 x 1000

— 880(;000 cm’

- % m> (since 1000000 cm3 = 1 m3)
Therefore, the volume of 14 pillars = The volume of each cylinder x 14

=%x14=17.6m3

So, 14 pillar would require 17.6 m? concrete mixture.
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EXERCISE 15.6

The circumference of the base of a cylindrical vessel is 220 ¢m and height is
35 ¢m. How many litres of water can it hold ?

If the diameter and the height of a carrom coin are 4 ¢m and 0.5 cm respectively,
find the volume of the cylinder made up of such 12 carrom coins stacked on each
other. (1t = 3.14)

The capacity of a cylindrical cistern at a petrol pump is 38,500 litres. If its
diameter is 3.5 m, find its height.

Find the height of a cylindrical tank having radius 3 m to supply 1413 litres of
water to each of 60 houses of a society ? (T = 3.14)

The curved surface area of a cylinder is 440 cm? and its height is 7 c¢m. Find
the volume of the cylinder.
A soft drink is available in two packs : (i) a tin can with a rectangular base of
length 6 cm and width 5 cm, having a height of 20 cm and (ii) a cylindrical tin
with circular base of radius 3.5 c¢m and height 20 ¢m. Which container has
greater capacity and by how much amount ?
How many completely full bags of wheat can be emptied into a cylindrical drum
of radius 1.4 m and height 7 m, if the space required for wheat in each bag is
0.4312 m?.
The radius and height of a cylinder are in the ratio 5:7 and its volume is
550 ¢m?. Find its radius.
The curved surface area of a cylindrical pillar is 264 m? and its volume is
924 3. Find the radius and the height of the pillar.

*

15.10 Volume of a Cone

We understand the formula for volume of a cone through an activity.

™ s ™ [,

..........

11‘
2
e ::u
Ly Y

;

3

i

Marked cylinder - 1 Marked cylinder - 2
Figure 15.25



SURFACE AREA AND VOLUME 107

Both the marked cylinders are of the same size. Both are filled with water upto
the same mark. We have certain number of cylinders and cones having the same height
and radii of the base. We measure the increase in the level of water, when a cyinder
is immersed in the first cylinder without overflow and a cone is immersed in the second
cylinder. We observe that the level of water in the second is lower than that in the
first cylinder. According to Archimedes principle the levels equal only when three
cones are immersed in the second cylinder. Thus, we deduce that when a cylinder
and a cone have same height and same radii of the base, then the volume of
1 cylinder = the volume of 3 cones

———————————————————————————————————————

Figure 15.26

3 X the volume of a cone = the volume of cylinder (with the same height and radius)
. 3 X the volume of the cone = 7r2h

1
.. The volume of a cone = ;nrzh

Example 20 : A conical vessel whose internal radius is 5 ¢m and height 24 cm is full
of water. The water is poured completely into an empty cylindrical vessel with
internal radius 10 c¢m. Find the height to which the water level increases.

Solution :

cone cylinder
Radii ry=3>5cm ry =10 cm
Height h, =24 cm hy =7

Suppose water rises up to the height of 4, cm in cylindrical vessel.
Clearly, the volume of water in the conical vessel = the volume of water in the
cylindrical vessel

Now, the volume of a cone = %Tl',rzh and the volume of a cylinder = 7r2h

R D T 2
. 3nr1 hl—ﬂ:rz h2

. 2 — 2
. Try*hy = 31ryh,

"IX5X24=3x10x10Xh,

. _ 5x5x24
 hy =

3x10x10 — 2 ¢m

.. The increase in the height of water level in cylindrical vessel is 2 cm.
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Example 21 : A conical tent is to accommodate 22 persons. Each person must get
4 m? of the space on the ground and 30 m> of air to breath. Find the height of
the tent.

Solution : Let /4 be the height and » be the radius of base of the cone. The tent

can accommodate 22 persons and each person requires 4 m? of the space on the
ground and 30 m? of air.

Required area of the base = 2 = (22 x 4) = 88 m?

Volume of the cone = %nrzh = (22 % 30) = 660 m?3

1_2
.gnrh_@

7[7‘2 88

L h_ 15
3 2

A
ch= = =225m

.. The height of the tent is 22.5 m.

EXERCISE 15.7

1. Find the volume of a right circular cone with :
(1) radius 4 cm, height 14 cm
(2) radius 7 cm, height 12 cm
(3) height 12 ¢m, slant height 15 cm. (n = 3.14)

2. Find the volume of a cone having radius of its base 15 ¢m and height twice that
of its radius of the base. (T = 3.14)
3. There are 15 conical heaps of wheat, each of them having diameter 70 ¢m and

height 24 c¢m, in the farm of Ramjibhai. To stock the wheat in a cylindrical
container of the same radius, what should be its height ?

4. A cone of a radius and height 21 c¢m is filled with water. If water from the cone
is poured into a cylinder of radius 21 cm, find the height of the cylinder.
Find the volume of a cone having diameter of the base 18 m and height 7 m.
The volume of a right circular cone is 9856 cm?. If the diameter of the base is
28 cm, find (i) the height of the cone, (ii) the slant height of the cone, (iii) the

curved surface area of the cone.



SURFACE AREA AND VOLUME 109

15.11 Volume of Sphere

We accept that volume of a sphere = % 73 and volume of a hemisphere = % L%

Example 22 : The volume of two spheres are in the ratio 125:27. Find the

3

difference of their surface areas, if sum of their radii is 8 cm.
Solution : Let the radii of the two spheres be r; cm and r, cm.

S M1
"V, 27
3
—T
3" s L f 5
A3 27 FERRE
3
i _ s
" n 3
_ 5
=3
Now, r; +7r,= 8
. 5 _
.§r2+r2—8
8
. 2r, =8
32

STy =3 cm. Also r= %’"2 =5cm
S, = 4mr? = 41 (5)* = 100% cm?; S, = 47ry? = 41 (3)? = 36T cm?
. S; =S, = 1007 cm? — 36T cm? = 64T cm?

*. The difference of their surface areas is 64T cm?

EXERCISE 15.8

1. Find the volume of the sphere whose radius is :
(1) 6 cm (m =3.14) (2) 7 cm (3) 10.5 cm

2. Find the volume of the hemisphere having the radius (1) 14 cm (2) 21 cm.
A hemispherical tank has inner diameter 4.2 m. Find its capacity in litres.

4. A sphere of radius 10 cm is immersed in a cylinder filled with water. The level
of water rises by % cm. Find the radius of the cylinder.

5. A cone and a hemisphere have equal bases and equal volumes. Find the ratio of

their radii and heights.
EXERCISE 15

1. Find the ratio of the total surface area of a cylinder to its curved surface area,
given that its height and radius are 35 cm and 14 cm respectively.
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2. A solid cylinder has total surface area of 1386 cm?. Its curved surface area is
one-ninth of its total surface area. Find the radius and height of the cylinder.

3. Find the ratio of the surface areas of two cones if their radii of the bases are
equal and slant heights are in the ratio 2 : 3.

4.  The lateral surface area of a cylinder is equal to the curved surface area of a
cone. If the radius be the same, find the ratio of the height of the cylinder to the
slant height of the cone.

5. A cube of edge 15 c¢m is immersed completely in a cuboidal vessel containing
water. If the dimensions of the base are 18 ¢m and 15 cm, find the water level
rise in vessel.

6. A rectangular sheet of paper 44 cm X 22 cm is rolled along its length to form a
cylinder. Find the volume of the cylinder so formed.

7. Select proper option (a), (b), (c) or (d) and write in the box given on the right so
that the statement becomes correct :

(1)  The surface area of a cube of length 2 cm is ......... cm?. ]
(a) 4 (b) 16 (c) 24 (d)8

(2)  The surface area of a cuboid of 5 cm X 4 cm X 3 cm is ......... cem?. []
(a) 60 (b) 47 (c) 24 (d) 94

(3) The expense to paint outer surface area (excluding top and base) of
cuboidal tank of dimensions 30 m x 10 m x 5 m at the rate of ¥ 150 m?
TR ) [ ]
(a) ¥ 1,05,000 (b) T 75,000 (c) ¥ 60,000 (d) F 1,50,000

(4)  The radius and height of a cylinder are equal to x c¢m. The total surface
area is ......... cm? ]

(a) 273 (b) 27x2 (c) 4mx? (d) 47’

(5) The diameter of a cylinder is 7 ¢m and the area of its curved surface is
1320 cm?. The height of the cylinder is ......... cm. ]
(a) 120 (b) 60 (c) 30 (d) 150

(6) The height of a cylinder is 35 ¢m and the area of its curved surface is
3520 cm?. Then the radius of the cylinder is ......... cm ]
(a) 32 (b) 16 (c) 8 (d)4

(7)  The curved surface arca of a cone with the radius of its base 2 c¢m and
the slant height 5 cm is ......... cm? ]
(a) 157 (b) 127 (c) 181 (d) 107

(8) The radius and the slant height of a cone are equal of x c¢m. The total
surface area is ......... cni. ]
(a) 2w x2 (b) T x2 (c) 2 x (d)x
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9

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(13)

(19)

The ratio of the radii of two cones is 2:3 and the ratio of their slant
heights is 9 : 4. Then the ratio of their curved surface areas is ........ N
(a)3:2 (b)1:2 (c)1:3 (d)2:3

The surface area of a sphere is same as the curved surface area of a right

circular cylinder, whose height and diameter are 12 cm each. The radius of

sphere is ........ cm. ]
(a)3 (b) 4 (c) 6 (d) 12

If the surface area of a sphere is 616 cm?2, then its radius is ......... em. [_]
(a) 6 (b) 7 (c) 8 (d)5

If the ratio of radii of two spheres is 2:5, then the ratio of their
curved surfaces areas is ......... . [ ]
(a) 8:125 (b)4:25 (c)25:4 (d) 125:8

The areas of curved surface of a sphere and cylinder having equal radii
are equal. Then the height of cylinder is ......... times the radius of the
sphere. ]
(a) 2 (b) 4 © 3 @ 3

The ratio of surface areas of two cubes is 4 : 9. The ratio of their volumes
iS v, ) ]
(a)2:3 (b) 64 : 27 (c) 27 : 64 (d) 8:27

Total surface area of a cube is 216 cm?. Hence, its volume is ....... em’ [ ]
(a) 36 (b) 216 (c) 12 (d) 6

The ratio of the volume of cube and the volume of another cube having
the length of side twice the length of the first cube is ......... . ]
(ay1:2 (b)y1:4 (c)1:8 d1:6

The radius and the height of a cylinder are equal. If its diameter is 10 cm,
then its volume is ......... cmd. []
(a) 5w (b) 257 (c) 1257 (d) 107

The volume of a cone having radius and height equal to 1 cm is
......... e, ]
(a) 37 (b) 37 )T (d) 21

The radii and heights of a cylinder and a cone are equal. The volume of
the cone = ......... x the volume of the cylinder. ]

@ 5 (b) 4 (©)3 ) 3
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(20) The volume of a cone with radius 1 cm and the height thrice the radius

iS e cm3. ]

(am (b) 3= (c) 9 (d) 67

(21) The circumference of the base of a cone is 44 c¢m and its height 3 cm,
then its volume is ......... cmd. [ ]
(a) 44 (b) 66 (c) 132 (d) 154

(22) The volume and the surface area of a sphere are numerically equal,
then the radius of the sphere is ......... cm. [ ]
(a) 2 (b) 4 (c) 6 (d)3

®
Summary

In this chapter we have studied the following points :

1. The surface area of a cuboid = 2(/b + bh + [h)
2. The surface area of a cube = 6/
3. The curved surface area of a cylinder = 2nrh
4. The total surface area of a cylinder = 27r(r + h)
5. The curved surface area of a cone = mr/
6. The total surface area of a cone = wwr(/ + r)
7. The surface area of a sphere = 472
8. The surface area of a hemisphere = 272
9. The total surface area of a hemisphere = 3772
10. The volume of a cuboid = /bh
11. The volume of a cube = I3
12.  The volume of a cylinder = 7r2h
13. The volume of a cone = %nrzh
14. The volume of a sphere = %ﬂ:r3
15. The volume of a hemisphere = 23

3
1 litre = 1000 cm?

1 n = 1000 litre = 1 kilolitre



CHAPTER 16 I

STATISTICS
B

16.1 Introduction

Everyday we come across a lot of information in the form of facts, numerical
figures, tables, graphs etc. They are provided by newspapers, television media,
magazines and other means of communications. These may relate to a batsman's
average in cricket or bowling averages, profit-loss account of a company, temperatures
of cities, expenditures in various sectors of a five year plan; percentage polling and so
on. These facts or figures, which are numerical or otherwise, collected with a
certain purpose are called data. Data is the plural form of the Latin word "datum".

The solutions to the problems pertaining to the basic sciences, sociology,
agriculture, industry, management, administration etc. are sought today with the help of
statistics. Though statistics is an old subject, it has become more prevalent from the
beginning of the 20th century. When the administrators of any firm or department began
to realise difficulties to bring about the solution to the problems, then the help from
mathematicians and statisticians was sought. They collected data regarding the
problems, analysed the collected data regarding the problems, scientifically evaluated
the situation by constructing new principles based on mathematics and derived
conclusions. When these conclusions proved to be very effective, the principles of
statistics became very popular and progressive. Thus statistics is a science dealing
with the scientific methods of collecting, arranging, reducing, analysing the data
and drawing proper and correct conclusions with the help of scientific

principles.
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We have noticed that the base of statistics is data. For the solution of some
problems or for certain predictions, the basic and important thing in statistics is data. In
this chapter, we shall learn about data and other details regarding it.

16.2 Collection of Data

Let us start to collect data by the following activity.

Activity : We divide the students of our class into five groups. Assign each

group the task to collect the data for one of the following information :

(1) Weight of 30 students of our class.

(i) Number of family members in the families of 20 students of this class.

(iii) Height of 25 plants in or around our school.

(iv) Height of 20 students of our class.

(v) Total income of the family of 20 students of our class.

Now let us observe the results the students have collected.

How do they collect the data in each group ?

(i) Did they get the information from each and every student, house to
house or personally contacted the head of the family for obtaining the
information ?

(ii) Did they get the information from some source like school record
available ?

For activities (i) to (iv) when the information is collected by the investigator
himself or herself with a definite objective in his or her mind, the data obtained is
called a primary data.

In activity (v), when the information was gathered from a source which is
already stored in the school, the data obtained is called a secondary data. Such data
which has been collected by someone else in another context needs to be
used with great care ensuring that the source is reliable.

If the observations of the given data are expressed numerically, then it is said to
be a quantitative data and if they are expressed non-numerically in qualitative form,
then it is said to be a qualitative data. For example heights and weights of » students
is a quantitative data, whereas the set of n observations obtained by tossing a balance
coin n times is called a qualitative data.

EXERCISE 16.1

1.  Classify the following data as primary data or secondary data :
(1)  Number of students in the class.
(2)  Election results obtained from print media or television news channels.
(3) Literacy rate figures obtained from educational survey.
(4)  Number of trees in the school campus.
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(5)  Amount of telephone bills of our home for last one year.

(6)  Profit or loss of any company obtained from its annual report.

(7)  Temperature of the city for the last month.

*
16.3 Presentation of Data

As soon as the work related to collect the data is over, the investigator has to
find out ways to represent them in the form which is meaningful, easily understood
and gives its main features at a glance. Sometimes the data available from sample
survey is so large and extensive that it is difficult to derive conclusion from it, if it is
not reduced or classified properly.

Let us find various ways of representing the data through illustrations

Range : The difference between the largest observation and the
smallest observation is called range of the quantitative data.

As for example, consider the runs scored by Yusuf Pathan in 10 innnings as
given : 37, 52, 25, 18, 22, 30, 54, 11, 41, 47.

The data in this form is called a raw data.

From the above data we can find the highest and the lowest number of runs. It
is less time consuming if these were arranged in ascending or descending order. Let
us arrange these numbers in ascending order as 11, 18, 22, 25, 30, 37, 41, 47, 52, 54

Now we can clearly see that the lowest score is 11 and highest score is 54.

The range of this data is 54 — 11 = 43.

When the number of observations in an experiment is large, the presentation of data
in ascending or descending order is quite time consuming.

Moreover range does not give a clear picture of data. For example in above
illustration the range is 43. But 43 is also the range in the following examples.

(i) 1,44

(ii) 1001, 1044

(i) 1,2,3,4,5, ......, 44

If the data is large, instead of arranging them in increasing or decreasing order, we
prepare a table as follows.

The marks obtained by 30 students out of 100 students of class IX are as follows :

15 85 50 30 80 50 35 70 55 90
75 60 99 70 40 70 35 60 50 40
60 55 35 85 60 40 70 90 40 90
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The number of students who have obtained certain number of marks is called
the frequency of those marks. For example, 2 students got 85 marks. So the
frequency of observation 85 is 2. To make the data more easily understandable, we

write it in a table, as given below :
Table 16.1

Marks 15 [ 3035|4050 |55 [60 (70 [75 |80 | 8 [ 90 [ 99 [ Total

No. of students 1 1131413 121alal1]111|2]3 1 30
(i.e. the frequency)

Table 16.1 is called an frequency distribution table for ungrouped data or

simply a frequency distribution table.

Still an easier approach to prepare a table is to use telly marks. When an
observation comes for the first time, we mark | against the class. For the
observation occuring second time, we put || against the class in which it occurs. For a
group of five observations symbol N is used. For six observations we write TH |
against the class containing the observation and so on.

The marks (out of 30) by 60 students of class IX in mathematics are as
follows :

6 22 17 9 24 13 17 13 1518 13 2 21 27 30
5 1 3 10 2429 6 6 2528 26 10 4 22 26
9 14 2 18 25 21 7 15 2518 6 4 9 11 12
4 18 20 17 10 1 21 19 2515 7 5 12 23 21

For such a large amount of data, we convert it into groups like 1 — 5, 6 — 10,
11 — 15, ..., 26 — 30 (since our data is from 1 to 30). These groups are called classes
or class intervals.

The size of classes is called class-size or class width or class length, which
is 5 here. In each of these classes the least possible observation of the class is called
lower class limit of the class and the largest possible observation of the class is
called the upper class limit.

Upper class limit of class 1-5 is 5.

Upper class limit of class 21-25 is 25 etc.

Lower class limit of class 6-10 is 6.

Lower class limit of class 16-20 is 16 etc.
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Table 16.2
Marks (class) Telly mark Number of students

1-5 I 07

6—10 THE L | 11

11 -15 SHETHL 12

16 — 20 L TS 10

21 -25 SHETHL 13

26 — 30 I 07

Total 60

By representing the data in this form simplifies and condenses data and enables

us to observe certain important features at a glance.

This type of table is called a frequency distribution table for a grouped data.

Example 1 : The data regarding the quantity of tea being served in each cup (in ml)
in 50 different hotels are as follows :

106 107
123 125
139 119
111 141
107 81

76
111
115
130
131

82
92
128
123

75

109 107
86 70

100 180
90 115
84 104

Prepare frequency distribution table.

115
126
84
98

110

93 187
68 130
99 113
110 78
80 118

95
129
204

90

82

Solution : Here the minimum observation is 68 and maximum observation is
204. So, range is 204 — 68 = 136

Generally we divide the grouped data in 6 to 8 classes.

Let us take classes of equal length 20 i.e. 60 — 79, 80 — 99, ..., 200 — 219

Class Telly mark Frequency
60 — 79 Tk 05
80 - 99 T 1 14
100 - 119 FHOHLTHL | 17
120 — 139 TR 10
140 — 159 | 01
160 — 179 00
180 — 199 I 02
200 - 219 | 01
Total 50
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Now consider following situation :
The following distribution table shows the weight of 40 students of class IX :

Weight (in kg) Number of students
31 -35 9
36 — 40 5
41 — 45 14
46 — 50 3
51 -55 2
56 — 60 3
61 — 65 2
66 — 70 1
71 =175 1

Total 40

Now, suppose two new students having weight 35.5 kg and 40.5 kg are admitted
to this class. Then to which class should they belong ? We cannot add them to
35 —40 or 41 — 45.

Why ? Because there is a gap between the upper and the lower limits of two
consecutive classes. So, we have to devide the intervals in such a manner that the
upper end-point of a class is same as the lower end-point of the next class. For this
we have to find the difference between the upper limit of a class and the lower limit
of its succeeding class. Then we add half of this difference to each of the upper limit
and subtract the same from each of the lower limit.

For example : Consider the classes 31 — 35 and 36 — 40.

The lower limit of 36 — 40 is 36.

The upper limit of 31 — 35 is 35.

The difference is 36 — 35 = 1 and so half of it is % =0.5

So, the new class intervals formed using 31 — 35 is 30.5 — 35.5 (31 — 0.5 and
35 +0.5).

Similarly, the new class formed using the class 36 — 40 is 35.5 — 40.5 and so on.

If we take this type of class-intervals, another problems arise. 35.5 is a
candidate for both classes 30.5 — 35.5 and 35.5 — 40.5. So to which class should 35.5
belong ?

By convention, we consider 35.5 in the class 35.5 — 40.5 and not in 30.5 — 35.5.

So, the new weights 35.5 and 40.5 would be included in 35.5 — 40.5 and

40.5 — 45.5 respectively. So the new frequency distribution table is shown below :
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Class Frequency
30.5-355 9
35.5-40.5 6
40.5 - 455 15
45.5 -50.5 3
50.5 -555 2
55.5-60.5 3
60.5 — 65.5 2
65.5 - 70.5 1
70.5 - 75.5 1
Total 42

Such a frequency distribution table is called continuous frequency distribution table.
30.5, 35.5...., etc. are called lower boundary points of classes 30.5 — 35.5,
35.5 — 40.5 respectively. 35.5 is the upper boundary point of class 30.5 — 35.5 and
40.5 is the upper boundary point of class 35.5 — 40.5 etc. Note that the upper boundary
point of a class is the same as the lower boundary point of the next class.
k
EXERCISE 16.2
1.  The monthly expenses in rupees of 50 students selected at random from a hostel
are given below :
551 83 1180 709 903 82 757 790 972 535
425 760 1040 936 748 649 490 652 642 777
944 770 752 879 921 765 873 942 878 869
794 796 579 858 665 867 590 874 658 732
603 718 672 87 626 781 707 773 669  766.
Prepare frequency distribution table in which one of the classes is 425 — 524.
What is the range of the data ?
2. The relative humidity (in %) of a certain city for a period of 30 days was
recorded as follows :
98.1 980 992 903 885 935 920 981 942 951
89.5 923 971 935 927 951 972 933 952 965
962 92.1 849 902 957 893 973 96.1 92.1 98.0
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(i)  Construct a grouped frequency distribution table with classes 84 — 86,
86 — 88 ... etc.

(i)  What is the range of this data ?

During Vanche Gujarat 100 books were given to each of 100 schools. After two

months, the number of books that were read in each school was recorded as :
85 67 28 32 65 65 69 33 98 96
76 42 32 38 42 40 40 69 95 92
75 83 76 85 85 62 37 65 63 49
89 65 73 81 48 52 64 76 83 92
95 68 55 79 81 83 59 82 75 82
86 90 44 62 31 32 38 42 39 86
85 56 56 23 40 77 83 85 30 87
69 83 86 50 45 39 84 75 66 83
92 75 89 66 91 38 88 89 93 29
53 69 90 55 66 49 52 83 34 56

Prepare a frequency distribution table with classes 20 — 29, 30 — 39, .... etc.

Also find number of schools where more than 50 % books were read.

The heights of 50 students, measured to the nearest centimeters have been

found to be as follows :
165 160 154 162 168 165 157 162 150 151
162 164 171 165 158 154 156 172 160 170
150 158 161 175 162 168 166 170 165 164
155 152 153 156 158 162 160 161 173 175
161 159 162 167 148 159 158 153 154 160

(i)  Represent the above data by a grouped frequency distribution table taking
the class intervals as 160 — 165, 165 — 170,... etc.

(i)  What do we conclude about the heights from the table ?

An experiment to study the effect of new medicine for making the patients

unconscious before operation is performed on 50 rats. Each rat was injected

with a standard dose and the time taken by each rat to become conscious is

noted in minutes (correct upto one decimal point) and the following data were

obtained :
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450 582 551 522 617 529 704 625 713 50.1
849 609 354 643 757 485 413 538 668 374
324 507 823 718 664 497 517 560 88.8 64.7
779 414 527 534 579 517 556 441 854 673
873 525 40.7 487 600 66.0 773 465 543 526
Prepare a frequency distribution table from above data.
6. A study was conducted to find out the concentration of radium in air in part per
million (ppm) in a certain city. The data obtained for 30 days are as follows :
0.03 008 0.08 009 004 017 016 005 0.02 0.06
015 0.16 0.12 006 009 0.13 022 009 0.08 0.02
0.12 0.08 008 0.19 0.12 008 0.06 008 0.02 0.08
(i) Make a grouped frequency distribution table for these data with class
intervals as 0.00 — 0.04, 0.04 — 0.08 and so on.
(i) For how many days, was the concentration of radium more than 0.11
parts per million ?
7. A company manufactures car tape-recorders of a particular type. The proper
functioning record of 40 such tape-recorders were recorded as follows :
2.5 3.0 35 32 22 4.1 35 45 35 39
3.1 34 37 32 46 3.7 25 47 34 33
3.0 3.0 42 28 36 3.8 39 3.1 32 3.1
32 34 45 38 32 26 35 42 32 35
Construct a grouped frequency distribution table for these data, using class
intervals of length 0.5 starting from the interval 2.0 — 2.5.
8. The distances (in 100 metres) covered by 40 students from their residence to
their school were found as follows :
6 4 15 20 25 10 14 8 12
19 10 12 17 18 15 32 18 16
17 19 17 18 13 15 12 15 18
12 14 12 19 16 15 15 20 6 15
Construct a grouped frequency distribution table with class length 5, taking the
first interval 0 — 5 (5 not included). What main feature do we observe from this
tabular representation ?
9. A random sample of 25 ball bearings is selected from the population of ball
bearing manufactured by a company. The data regarding the measures of their

diameters in cm are as follows :
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0.738 0.743 0.736  0.735 0.726  0.728 0.736  0.724
0.742  0.739 0.745 0.742 0.728 0.725 0.734  0.733
0.732  0.739 0.738 0.727 0.727 0.734 0.730  0.731  0.740

Prepare a frequency distribution from these data with six classes of equal class

length.

16.4 Graphical Representation of Data

We have seen that an ungrouped data is not useful in drawing conclusions.
Solution to many problems are sought with the help of grouped data and frequency
distribution. If the frequency distributions are represented graphically, many
characteristic properties of the given data are observed at first sight. It is well said
that “one picture is better than thousand words.” We will study following graphs
to study discrete and continuous distributions.

Before drawing the graphs we shall keep following things in mind :

Due to reduction of a graph actually 1 ¢m does not look 1 cm but we understand
that five units is same as 1 cm.

Usually comparison among the individual data are best shown by means of
graphs. We will study these graphs : (1) Bar diagrams (2) Histograms of uniform
width and histograms of varying width (3) Frequency polygons

(1) Bar diagram : Bar diagram is a pictorial representation of data in which

usually bars of uniform width are drawn with equal spacing between them.
We represent the variable on X-axis. The frequency of the variable is
shown on Y-axis and the heights of the bars are proportionate to the
frequency of the variable. This graph is used for discrete grouped data.
Example 2 : The number of students studying in colleges in different faculties of
some city in the academic year 2009-2010 are given below. Represent given
data by a bar diagram.

Faculty Number of students
Medical 140
Engineering 210
Science 700
Commerce 950
Arts 810
Law 320

Solution :

We will represent faculty on X-axis and number of students on

Y-axis. Using the scale 1 ¢m = 100 students, we will draw bars of equal width and
appropriate heights corresponding to the number of students of different faculties.
For example there are 210 students in engineering faculty so as per our scale of
1 cm = 100 students, the height of the bar for the students of engineering will be
2.1 cm along Y-axis.
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Similarly for other faculties we can calculate the heights of bars.

N
X

I N
student
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Figure 16.1
Bar diagram showing the number of students in different faculties of the
colleges in a city for the year 2009-2010.
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Example 3 : The data regarding the number of visits to a mall or to a multiplex by 50

families of a city during Diwali week are as under :

Number of visits 0 1 2 3 4 5 6 Total
Number of families | 12 11 9 6 8 3 1 50

Draw the bar diagram.
Solution : Let us represent number of visits on X-axis and number of families

on Y-axis. Scale 1 cm = 1 family. (figure 16.2)

hilies

|

Nuhber

3

0o

5o

==y

g A pfieistes

Figure 16.2
Bar diagram showing number of visits to a mall or to a multiplex
during Diwali week and number of families
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Activity : Continuing with the same five data of activity-1, represent the data

by suitable bar graphs.

(2) Histogram : This is similar to bar graphs, but it is used for continuous
grouped data with classes. For example consider the frequency

distribution in table 16.3 representing the weights of 40 students.

Table 16.3
Weight Number of students
(in kg)
30.5-35.5 10
35.5-40.5 7
40.5 —45.5 17
45.5 - 50.5 3
50.5 - 55.5 1
55.5-60.5 2
Total 40

Now let us represent the above data graphically as follows :
To plot histogram, we shall take the boundary points on X-axis and frequency
on Y-axis.
(i) We will represent the weight on X-axis on a suitable scale like
1 ecm = 5 kg. Also the leading class starts from 30.5 and not zero. We
show it on the graph by marking kink or break on the X-axis.

(i)  We will represent the frequency (i.e. number of students) on Y-axis with
suitable scale. Since the maximum frequency is 17, we need to choose

the scale to accomodate this maximum frequency.

(i) Now we draw a rectangle (or rectangular bar) with width equal to
the class-length and height according to the frequencies of the
corresponding class-intervals. For example the rectangle for the class-
intervals 30.5 — 35.5 will have the width 1 ¢m and length (height) 10 cm.
(figure 16.3)
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Figure 16.3

Histogram showing number of students and their weights (in kg)
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Now let us consider another example in which the class length is not same.
Example 4 : The frequency distribution table is given as follows :
Class 1015 [15-20 [ 20—-30| 30—-40 [ 40 —-55 [ 55—-75[75 - 100
Frequency 4 7 10 14 15 12 5

A student draws the histogram for above distribution as shown in figure 16.4.

|
)
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[\ 2]
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LIl

Figure 16.4

Histogram showing class and frequency
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From

above graph, do we think that it correctly represents the data ? No, the

graph gives us a misleading picture. The area of the rectangles should be

proportional to the frequencies in a histogram. In the previous example, this

problem did

not arise, because the widths of all the rectangles were equal. But here

the widths of the rectangles are varying so the histogram drawn in figure 16.4 by the

student does

not give correct picture of the data. For example the greatest frequency

occurs in the interval 40 — 55, which is not proper.

Solution : So we make certain modifications in the length of rectangles so that

Proportionate frequency =

the areas are again proportional to the frequencies.
The st
1.

eps to be followed are as under :

Select a class-interval with the minimum class length. In the above
example the minimum class length is 5.

The length of the rectangles are then modified to be proportionate
according to the class length 5.

frequency of a given class X minimum class length

class length of given class

For example, for class 55 - 75, the minimum class length is 5 and frequency of

55 - 75 is 12, then proportionate frequency =

12x5

0 o

For example, when the class length is 15, the frequency is 15, so when the class

length is 5, the length of rectangle = % x5=5

Similarly, proceeding in this manner, we get the following table 16.4

Table 16.4
Class Frequency Width of class Length of rectangle
boundary points
10.0 - 15.0 4 5 2 5=4
15.0 — 20.0 7 5 2.5=7
20.0 — 30.0 10 10 T5=5
30.0 — 40.0 14 10 Bo5=7
40.0 — 55.0 15 15 Z5=5
55.0 — 75.0 12 20 = 5=3
75.0 — 100.0 5 25 > 5=1
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Since we have calculated these lengths for a class-length 5 in each case, we
may call these lengths as “Proportionate frequency for class-interval 5”.
So, the correct histogram with varying width is given in figure 16.5.
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Figure 16.5
Histogram showing class and frequency
(3) Frequency polygon : This is yet another way of representing
frequencies visually and it is called a frequency polygon.
Consider the histogram represented by figure 16.5. Let us join the midpoints
of the upper sides of the adjacent rectangles of this histogram by means of
line-segments. Let us call these points B, C, D, E, F, G, H (figure 16.6). To complete
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the polygon, we assume that there is a class interval with frequency zero before 9.5
— 15.5 and after 75.5 — 100.5, and their mid points are A and I respectively.
ABCDEFGHI is the frequency polygon corresponding to the data shown in
example 4.
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Figure 16.6

Frequency polygon showing class and frequency

Example 5 : Consider the marks out of 100, obtained by 51 students of a class in a
test, as given in table 16.5.
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Table 16.5

Class Number of students (Frequency)
0-10 5
10 - 20 10
20 - 30 4
30 - 40 6
40 — 50 7
50 — 60 3
60 — 70 2
70 — 80 2
80 - 90 3
90 — 100 9
Total 51

Draw the histogram and the frequency polygon for above data.
Solution : Let us first draw the histogram for this data and mark the midpoints
of the upper sides of the rectangles as B, C, D, E, F, G, H, I, J, K respectively. Here first
class is 0 — 10. So to find the class preceding 0 — 10, we extend the horizontal axis in
the negative direction and find the midpoint of the imaginary class-interval (—=10) — 0. The
first end pointi.e. B is joined to this midpoint with zero frequency in the negative direction
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Figure 16.7

Frequency polygon showing class and frequency
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of the horizontal axis. The point where this line-segment meets the vertical
axis is marked as A. Let L be the midpoint of the class succeeding the last class of
the given data. Then OABCDEFGHIJKL is the frequency polygon, as shown in
figure 16.7. Frequency polygon can also be drawn independently without drawing
histograms. For this we require midpoints of the class-intervals used in the data. These
midpoints of the classes are called class-marks. (or central values)

Upper limit + Lower limit

2

Example 6 : In a company of 40 employees wage per hour (in %) is as follows :

Wage per hour (in%) |[10-20 [ 20-30|30—-40 [40—-50| 50—-60 [ 60 — 70

Number of employees 2 8 12 10 6 2
Draw frequency polygon without drawing the histogram of this data.

Class mark of a class =

Solution : For the above example we have to find the classmark (central value)
of each class as follows :

Wage per hour 10-20120-30)30—-40 [40—-50| 50— 60 |60 — 70

Class mark hour (in %) 15 25 35 45 55 65

Number of employes 2 8 12 10 6 2
(frequency)

|
Y |
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Figure 16.8
Frequency polygon showing number of employees and wage per hour
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The graph is drawn in figure 16.8.

On X-axis we will take central values with a scale of | e¢m = F 5 and on
Y-axis we will take number of employees with a scale of 1 cm = 5 employees. Now
we can draw the frequency polygon. Plotting and joining the points B (15, 2),
C (25, 8), D (35, 12), E (45, 10), F (55, 6), G (65, 2) by line-segments. We also
take central value of class 0 — 10 (just before 10 — 20) with zero frequency and
class 70 — 80 (just after 60 — 70) with zero frequency that is A (5, 0) and H (75, 0).
So, the resulting polygon will be ABCDEFGH (figure 16.8).

Frequency polygons are used when the data is continuous and very large. It is
very usuful for comparing two different sets of data of the same nature.

If continuous grouped data is given in classes using upper limits and lower limits,
we convert them into classes with boundary points in order to draw histogram.
Example 7 : The length of 40 leaves of a plant are measured correct to one

millimeter and the obtained data are represented in the following table :

Length (in mm) Number of leaves
118 — 126 3
127 — 135
136 — 144
145 — 153 12
154 — 162 5
163 — 171
172 — 180 2

Draw the histogram for above data.
Solution : Here we have to transform classes with limit points in classes with

boundary points.

Length (in mm) Number of leaves
117.5 - 126.5
126.5 — 135.5
135.5 — 144.5 9
144.5 — 153.5 12
153.5 - 162.5 5
162.5 — 171.5
171.5 — 180.5 2

Now by taking suitable scale on both the axis such as 1 ¢m = 9 mm (length of a

leaf) on X-axis and 1 ¢m = 1 leaf on Y-axis, the histogram is as in figure 16.9.
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Figure 16.9

Histogram showing number of leaves and length

EXERCISE 16.3

1.  The details of export (in crore %) of a country for the last seven years are given
below. Represent the data by bar diagram.
Year 2001 2002 2003 | 2004 2005 | 2006 | 2007

Export (in crore I)| 1000 1200 1300 | 1500 1600 | 1700 1900

2.  The number of boy students from standard 8 to 12 of a school are as

follows. Draw bar diagram for the data.

Standard 8 9 10 11 12
Number of boy students 100 90 85 75 60
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3. The production of wheat of a state for five years is given below. Represent the
data by bar diagram.
Year 2003 2004 2005 2006 2007
Production of wheat | )5 000 | 30000 | 37000 | 33000 | 42000
(in metric tons)
4. A survey conducted by an organisation for the cause of illness and death among the

male between the ages 1544 (in years) world wide, found the following figures (in %) :

Sr. no. Cause Male facality rate
1 Cardio vascular condition 4.7
2 By smoking 31.8
3 By unhygenic food 25.4
4 Neuropsychiatric condition 21.3
5 Accident 12.3
6 Other cause 4.5

Represent the above data by bar diagram.
5. The following table gives the life period of 400 neno bulbs (lamps) :

Life time (in hour) Number of bulbs
400 — 500 10
500 — 600 56
600 — 700 60
700 — 800 80
800 — 900 74
900 — 1000 68
1000 — 1100 52
Draw the histogram for above data. How many bulbs have life time more than
800 hours ?
6. 100 surnames were randomly picked up from a telephone directory and the

frequency distribution of the number of letters in the English alphabet in the
surname was found as follows :

Number of letters 1 -4 4-6 6—38 8§ —12 12 — 20
Number of surnames 5 35 40 16 4
Draw the histogram for the above data.
7.  Draw the histogram of the following frequency distribution :
Class 10-20 20-40 | 40-70 | 70—-110 | 110 - 160
Frequency 10 24 39 60 50
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8.  The runs scored by Sachin and Sehvag in the first 60 balls in a cricket match
are given below :

Number of balls Sachin Sehvag
1-6 2 5
7-12 1 6
13 -18 8 2
19 — 24 9 10

25-30 4 5
31 -36 5 6
37 -42 6 3
43 — 48 10 4
49 — 54 6 8
55 -60 2 10

Represent the data for both the players on different graphs by frequency
polygons.

(Hint : First let the classes be transformed into classes with boundary points.)

*

16.5 Measures of Central Tendency

If the number of observations is very large, the data are condensed by
classification in the form of frequency distribution. The frequency distribution is
represented graphically by drawing bar graphs, histogram and frequency polygons.
The main objective of statistical analysis is to obtain a measure which represents
the summary or essence of the observations of data. The value of this measure
lies between or in the middle of the smallest and the largest value of the observations
of the data. Hence it is called the measure of central tendency or average of
the data.

Consider the situation when two students Max and Mohan received their

test copies. The test had five sections, each carying 10 marks. The scores were as

follows :
Section A B D E
Max's Score 10 7 9 7
Mohan's Score 5 10 10 7 10

Both of them found their averages.
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41 42
Max's average score = 5 = 8.2. Mohan's average score = < = 8.4

Since Mohan's average score was more than Max's average score, Mohan
claimed that his performance was better than Mohan's performance. But Mohan

asked to arrange their scores in ascending order as follows :

Max's score 7 7 9 10
Mohan's score 5 7 @ 10 10

Mohan found his middle score was 10 which was higher than Max's middle score
8. So Mohan claimed that his performance is better than Max's performance. Mohan
found another strategy that he got score 10 (3 times) more often as compared to Max's
score and Max scoreed 10 marks only once.

Now, to solve their problem, let us see the three measures which they had
adopted.

The average score that Max found is the mean. The "middle" score that Mohan
found is the "median". The most often scored marks by Mohan is the "mode".
Mean : The mean or average of a number of observations is the sum of the

values of all the observations divided by the total number of

observations. It is denoted by x (read as x bar).

So, if xy, X5, X3,...,x, are observations, then the mean of these observations is

X1 +X2 +X3 +...+xn

;:
n

We use the Greek symbol X (read as sigma) for summation. Instead of
n

writing x; + x, + ... + x,, we write Y x;, which is read as "the sum of x, as i
i=1
varies from 1 to n".

X

M=

1
n

Example 8 : Find the mean of the observations 2, 5, 6, 11, 11, 12, 13, 14.

Solution : Here eight observations are given. Let us take x; = 2, x, = 5, x; = 6,

So, x = 4

xg =11, x5 =11, x5 =12, x, = 13 and xg = 14.

_ X1 +x2 +X3 +X4+XS +x6 +.x7 +.x8
So the mean x =

8
_ 245+6+11+11+12 +13+14
- 8
-
-8

=925
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Example 9 : Five students have spent their time for reading during the last weeks
and 15 hours. Find the mean time spent by the

recorded as 10, 7, 13, 20
students during the week.

in
Solution : We know that x = =L (here n = 5)
n
10+7+13+20+15
5
_
-5
=13

So the mean time spent by the students for reading is 13 hours per week.
Example 10 : Mohan Bagan made goals in five football matches. The goals recorded
as: 7, 3,5, 6, 4. Find the mean of the goals made by him.

Solution : We know that x =
n

Mohan Bagan made 5 goals on average in each match.
To simplify calculations, let A be any real number. A is subtrated from all

observations. Then the mean is
sum of deviations from assumed number

A+ -
number of observations

So if assumed number is A and sum of all deviations from observations is %d.,

- 2.d;
thenx:A-i-T d;=x; - A)

Example 11 : The following observations represent the heights (in cm) of students
120, 115, 117, 123, 122, 122, 119, 125, 121, 116. Find the mean.

Solution : Here numbers are large. Addition would be tiring task. So we make

the following table :
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Here suppose A is 122 (not necessary that A be one of the observations)

Height (in cm) Deviation
X; d,=x; - A
120 -2
115 —7
117 =5
123 1
122 0
122 0
119 -3
125 3
121 -1
116 —6

n=10 2d. = 20
L
n
-20
= 122 + ( T )
= 122-2
= 120

Now when discrete grouped frequency distribution is given i.e. x, and f, are

given, then the mean is defined as

N htx htx fi+et+tx

X =
h+th+fh+a+];
k
'Zfixi k
T =2 wheren= 2/fi
n i=1

Example 12 : Find the mean of the marks obtained by 30 students of class IX of a

school, given in example 2.

Solution :
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Marks Number of fx;

(x;) students (f; )
10 1 10
20 1 20
36 3 108
40 4 160
50 3 150
56 2 112
60 4 240
70 4 280
72 1 72
80 1 80
88 2 176
92 3 276
95 1 95

n=2Xf, =30 2fx.= 1779

In this case of a grouped frequency distribution, we can use the formula
k
2 Ji xi .
- =1 177
X = - =30 = 59.3

Median (M) : After arranging the observations in ascending or descending order,
the number which is obtained in the middle is called the median. It is denoted by M.

n+1 \th
Note that if the number of observations » is odd then 3 observation

is the median and if the number of observations »n is even, then median

th th
n observation + n +1 | observation
M= |2 2

2

For example if observations are 13, 3,9, 20, 18, 16, 19, then arrange them in ascending

7+1 \th
order as 3,9, 13, 16, 18, 19, 20. Here seven observations are given. Therefore (Tj

that is 4th observation is median. Here 4th observation is 16. So M = 16.

Let observations be 32, 14, 8, 11, 12, 16, 5, 35. Here eight observations are
given (i.e. even). Arrange them in ascending order or decending order. We arrange

them in decending order as 35, 32, 16, 14, 12, 11, 8, 5. So the median is the average

14+12
2

of 4th observation and 5th observation i.e. average of 14 and 12. So, M = = 13.
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Mode (Z) : The observation which is repeated most often in an
ungrouped data is called the mode of the data. It is denoted by Z. If there are
two or more observations in the data that are repeated most often (and
the same number of times), each such number is a mode. A data with exactly
two modes is called bimodal, while one with more than two modes is
called multimodal.

Example 13 : Find mean, median and mode for odd numbers between 36 and 49.

The odd numbers between 36 and 49 are 37, 39, 41, 43, 45, 47

- 37+39+41+43+45+47 252
X = = —_— = 42
6 6
The number in ascending order are : 37, 39, 41, 43, 45, 47

Here n = 6 is even.

th th
(% ) observation + [% +1 ) observation
Hence M =

2
B Third observation + Fourth observation 41443 0
= 5 = 5 =

Since no number is repeated in the data, the data has no mode.
Example 14 : The marks out of 20 obtained by 10 students are as follows. Find the
mode of the following data :
8,12,5,13,12,8,9,12, 8, 10
Solution : We arrange the marks in the increasing order :
5,8,8,8,9,10, 12,12, 12, 13
Here 8 and 12 both occur frequently i.e. three times. So, the modes are 8§ and
12. (Bimodal data)
Example 15 : The temperature from 8 a.m. to 8 p.m. on a day every hour is noted
as follows : (approximatly in complete degree)
23°,25°, 25°,29°, 27°, 27°, 23°, 27°, 29°, 28°, 23°, 25°. Find the mode.
Solution : Arrange the temperature in the following form :
23°,23°, 23°, 25°, 25°, 25°, 27°, 27°, 27°, 28°, 29°, 29°
Here 23°, 25°, 27° occur frequently i.e. three times each.
So, the modes are 23°, 25°, 27°. (multi modal data)
Example 16 : The observations of the given data, in ascending order are : 31, 33,
a+ 2, a+ 6,45 and 49 where a is a constant. If the median of the data is 39

find the value of ¢ and mean of the data.
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Solution : The number of observations is 6 (i.e. even).

_ Third observation + Fourth observation

2
. _ a+2+a+6
.39 = —s
78 =2a+ 8
. 2a =170
. a=35
ca+2=37,a+ 6=41
M — _ 31+33+37+41+45+49
. Mean x = 3
236
=< = 39.33

Properties of Mean :

M

2

3)

“4)

Subtraction of the mean from each observation gives the 'deviation' with
respect to the mean. The sum of all such deviations is always zero. i.e.
X(x,—Xx)=0.

The greatest and the lowest observations have strong influence on the mean.
The mean can be considered to be a stable measure, if the range of data
is small.

For a given data :

(a) If a number « is added to each observation, then the mean is increased
by a.

(b) If a number a is subtracted from each observation, then the mean is
decreased by a.

(c¢) If every observation is multiplied by a (a # 0), the mean gets multiplied
by a.

(d) If every observation is divided by a (a # 0), the mean gets divided by a.

If the mean of n observations of one data is x, the sum of »n observations is

nx. If the mean of m observations of another data is y, the sum of

m observations is my . Hence the sum of (m + n) observations is (nx + mYy).

x+ny
m+n °

The combined mean of all observations of two given grouped data is .

*
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1.

4.

EXERCISE 16

The following number of goals were scored by a team in a series of 10 matches :

3,3,4,5,7, 1,3, 3, 4, 3. Find mean, median and mode of these scores.

In a Ramanujan mathematics test of 15 students, the following marks
(out of 100) recorded here :

45, 52, 62, 54, 39, 48, 55, 96, 98, 40, 55, 60, 45, 40, 55.

Find the mean, median and mode of this data.

Find the mean salary of 80 workers of a factory from the following table :

Salary (in ) Number of workers
2500 16
3500 12
4500 10
5500 14
6500 10
7000
8000 3
9000 10
10000 1

Total 80

Find the mean of the following frequency distribution :

Value of the variable | 11 12 | 13 14 15 16 17 | 18 19 | 20

Frequency 26 28 |18 [ 19 [ 22 [ 25 30| 32 | 40 | 45

10.

The mean of 20 observations is 31. In this data, one observation was taken by
mistake as 52 instead of 25. Find the correct mean.

The mean of 25 observations is 10.2. While calculating the mean one
observation was taken by mistake as (—10) instead of 10. Find the correct mean.
The height of five students are 140, 143, 150, 137, 145 ¢m. Find the mean and
median of this data.

The marks obtained by 10 students in a test of 20 marks are as follows : 14, 19,
7,20, 11, 8, 13, 14, 14, 17. Find the mean, median and mode of this data.

The following observations have been arranged in acending order : 26, 33, 38,
44, x + 1, x + 3, 53, 57, 62, 67. If the median of the data is 51, find x.

If the mean of following 10 observations is 37, then find the value of x.

28, 52, 34, x, 30, 62, 50, 54, 30, 20
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11. If the mean and sum of »n observations are 5 and 50, find the value of n.

12. The frequency distribution of descrete frequency distribution is as follows :
Variable (x,) 0 1 2 3 4 5
Frequency 92 40 - 36 32 20

If the mean is 1.744, then find the missing frequency.
13. Find the mean of the frequency distribution :
X; (Variable) 4 12 20 28 36 44
Frequency 8 7 16 24 15 7
14. Select proper option (a), (b), (¢) or (d) and write in the box given on the right so

that the statement becomes correct :

(1)  Total number of classes in our school is ...... data. ]
(a) primary (b) secondary (c) quantitative  (d) qualitative

(2)  Total number of books in our library is ...... data. [ ]
(a) primary (b) secondary (c) quantitative  (d) qualitative

(3) Inflation rate figure obtained from print media is ..... data. ]
(a) primary (b) secondary (c) numerical (d) qualitative

(4)  Profit and loss account of the company obtained from company report is
...... data. ]
(a) primary (b) secondary (c) numerical (d) qualitative

(5) The marks obtained (out of 50) by 10 students in a test are 13, 25, 42,
11, 40, 33, 49, 37, 19, 27. The range of this data is ...... . ]
(a) 14 (b) 38 (c) 36 (d) 49

(6) If daily wages of 5 workers in a factory are 45, 32, 59, 37 and 52, then
Mean of this data is ...... . ]
(a) 45 (b) 32 (c) 31 (d) 63

(7)  The upper limit of the class 41 — 50 is ...... . [ ]
(a) 41 (b) 50 (c) 45 (d) 91

(8)  The lower limit of the class 20 — 29 is ...... . [ ]
(a) 49 ®9 (c) 29 (d) 20

(9) The frequency of 7 in the data 3, 7,5, 6,7,5,7,9,4, 7is ...... . ]
(a) 1 (b)2 ()3 (d) 4

(10) In continuous frequency distribution table, the observation 20 will be in
the class ...... ) ]
(a) 0 —10 (b) 10 — 20 (c) 20 — 30 (d) 30 — 40

(11) The class mark (central value) of the class 25 — 30 is ...... [ ]

(a) 25.5 (b) 27.5 (c) 29.5 (d) 30.5
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(12) The class mark of the class 45 — 55 is ...... . []
(a) 55 (b) 45 (c) 50 (d) 47.5
(13) | Class 0-10 1020 | 2040 | 40-70 |70-100 ]
Frequency 3 5 14 12 6
Then the proportionate frequency of class 70 — 100 is ...... . ]

(a)3 (b) 6 (©)2 (d) 1
(14) From above example the height of the rectangle for the class 20 — 4

S

in histogram is ...... . ]
(a) 14 (b) 7 (c) 6 (d)3
(15) The width of the class 30 — 45 is ...... . ]
(a) 30 (b) 75 (c) 45 (d) 15
(16) The width of the class 55.5 — 60.5 is ...... . ]
(a) 10 (b)5 (c) 2.5 (d) 7
(17) The mean of 7, 10, 16, 20, 27 is ...... . []
(a) 16 (b) 15 (¢) 10 (d) 20
(18) The average of 4, 9, 18, 21, 30, 16, 30, 16 is ...... . []
(a) 17 (b) 18 (c) 20 (d) 24
(19) The mean for the following frequency distribution is ...... . ]
X; 5 7 8 9 10
t; 2 8 3 5 2
(a) 6.50 (b) 10.75 (c) 14.75 (d) 7.75
(20) x;, |10 |15 20 [ 25 | 30 [ ]
; 7 8 9 4 2
The mean is ...... ) []
(a) 17.66 (b) 15.66 (c) 17.5 (d) 15.5
(21) The median of the observations 17, 23, 9, 32, 14, 27, 11 is ...... . [ ]
(a) 32 )9 (c) 17 (d) 11
(22) The median of the observations 54, 32, 19, 36, 29, 44, 21, 47 is ...... [
(a) 32 (b) 36 (c) 39 (d) 34
(23) The median of the observations 26, 13, 7, 31, 21, 17 is ...... . [ ]
(a) 21 (b) 17 (c) 20 (d) 19
(24) The median of the data 76, 81, 68, 92, 88 is ...... . []

(a) 81 (b) 88 (c) 76 (d) 68
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(25) The mode of the data 9, 8, 11, 3, 8, 15, 8,9, 10, 14 is ...... . [ ]
(@) 9 (b) 11 (c) 8 (d) 10
(26) The salaries of five workers is ¥ 9000 each, then the mean, median, and
mode of this data is ¥ ...... . ]
(a) 5000 (b) 6000 (c) 8000 (d) 9000
(27) The mode of the observations 1, 3, 2, 5, 3, 7, 2 is ...... . [ ]
(a) 1 (b) 3 (c) 2 (d) 2 and 3
(28) The mode of observations 7, 13, 15, 11, 13, 13, 7, 7, 19, 20, 15, 15 is ...... .
]
(a) 15 (b) 13 (c¢) 7 and 13 (d) 7,13, 15
(29) The data of example 28 is ...... . ]
(a) having no mode (b) unimodal (c) bimodal (d) multimodal
(30) Given that 1 + 3 + ... + (2n — 1) = #n?, then the mean of first n odd
numbers is ...... . ]
(a)2n + 1 (b)2n -1 (c) m (d) n?
(31) If all the observations 3, 7, 9, 18, 21, 32 are multiplied by 3, then the new
mean is ...... ) ]
(a) 15 (b) 90 (c) 45 (d) 60
(32) If we add (-7) to each of the observation 8, 17, 25, 28, 32, then the new
mean = ..... . [ ]
(a) 22 (b) 15 (c) 8 (d)1
(33) If we divide all the observations 18, 33, 36, 39, 44 by 2, then the new
mean = ...... . ]
(a) 34 (b) 29 (c) 22 (d) 17
(34) If for the observations 5, 37, 29, 18 we replace 5 by (-5), then the new
mean = ...... ) [ ]
(a) 22.25 (b) 19.75 (c) 21.75 (d) 20.25
(35) In the observations —2, -9, 31, 28, 41, 13, if we write 9 instead of (-9),
then the new mean = ...... . ]
(a) 20 (b) 17 (c) 13 (d) 22
(36) If all the observations 33, 17, 23, 28, 42, 37 are increased by 4, then new
mean = ...... ) [ ]
(a) 28 (b) 30 (c) 32 (d) 34
(37) If all the observations 8, 13, 9, 15, 12 are multiplied by (-5), then the new
mean = ...... . ]

(a) 11.4 (b) -11.5 (c) =57 (d) 57
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Summary

In this chapter we have studied the following points :
Facts or figures, collected with a certain purpose, are called data.

2. Statistics is the area of study dealing with the presentation, analysis and
interpretation of data.
Data are of two types (i) primary data and (ii) secondary data.
Data can be presented graphically in the form of bar graphs, histograms and
frequency polygons.

5. The three measures of central tendency for ungrouped data are :

(i) Mean : The number obtained by dividing the sum of values of
observations of data by the number of observations is called the mean of
n
. - - XX
the data. It is denoted by x and x = =l
n

(ii)  The mean for grouped frequency distribution is given by

k
.Zfixi k
E=%;Wheren= X fi

1=1
(iii) Median (M) : It is the value of middle-most observation (s).

n+1 \th
If n is odd, then M = the value of = observation

) n \th n th
If n is even, then M = Mean of the values of Bl and 5“‘1

observations.

(iv)  Mode (Z) : The mode is the most frequently occuring observation.



CHAPTER 17 I

PROBABILITY
B

“It is not certain that everything is uncertain.”

“Contradiction is not a sign of falsity nor the lack of concentration

a sign of truth.” — Pascal

17.1 Introduction

The words such as 'probably', 'chances', 'most probably', 'doubtful' are often

used in day-to-day language.

Q)

2

3)

“
)

The weather forecaster on T.V. might say “There will be heavy rains in
Jamnagar and South Gujarat within two days” based on forecast models.
On railway station we hear the announcements such as : “The Lok-shakti
express from Dadar (Mumbai) to Ahmedabad is expected to arrive 10
minutes late than its scheduled time.” There are probable predictions.

There is a 70-30 chance of India winning a toss in today's match.
Most probably Nikita will stand first in board examination in our school.

Chances are less that the price of onion will go down.

These words signify the likelihood or chances of something happening or not

happening. But the word 'probability' is not another word of possibility. In case of

uncertainty, we may also like to know the degree of uncertainty. Before setting up

manufacturing plant, the enterpreneur would like to know how the product will sell.

Before going on picnic it would help us to know the chances of rain etc. The theory

of probability helps in such matters. The theory attempts to analyse mathematically the

possible outcomes of happening whose actual result can not be predicted with

certainty. It provides us with the measure of uncertainty in an uncertain situation.
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Though probability started with gambling, it has been used extensively in the
field of physics, commerce, science, biological sciences, medical science, weather
forcasting etc.

17.2 Probability — an Experimental Approach

In previous classes, we have had a glimpse of probability when we performed
experiments like tossing a coin, playing cards, throwing of dice etc. and observed
their out-comes. We will now learn to measure the chances of occurrence of

particular out-comes in an experiment.

The concept of probability developed in a
very strange manner. In 1654, a gambler
Chevalier de Mere approached the
well-known  17th  century French
philosopher and mathematician Blaise

Pascal regarding certain dice problems. ‘ - Pl
Blaise Pascal Pascal became interested in these  Pierre de Fermat
1623-1662 g g (Born : 17 Allg. 1601
( ) prf)blems, studied them and dlsf:u‘ssed t‘hem Died : 12 Jan. 1665,
with another French mathematician, Pierre France)

de Fermat. Both Pascal and Fermat solved the problems independently. This work
was the beginning of Probability Theory.

The first book on the subject was written by the Italian mathematician,
J. Cardan (1501-1576). The title of the book was ‘Book on Games of Chance’
(Liber de Ludo Aleae), published in 1663. Notable contributions were also made by
mathematicians J. Bernoulli (1654-1705), P. Laplace (1749-1827), A. A. Markov
(1856-1922) and A. N. Kolmogorov (born 1903).

Activity 1 : Take any balanced coin, toss it five times and note down the
number of times head and tail come up. Record the observations in the

following table :
Table 17.1
Number of times Number of times Number of times
the coin is tossed head (H) comes up tail (T) comes up
S5

Now write down the value of the following fractions :

Number of times head comes up Number of times tail comes up

Total number of times the coin is tossed and Total number of times the coin is tossed
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Now toss the coin ten times in the same way and record the observations as

above. Again find the value of the fractions mentioned above.

Repeat the same experiments by increasing the number of trials 20 times, 25
times and record the number of times head and tail come up and also find the

corresponding fractions.

We will find that when the number of tosses is very large, the value of the

fractions comes closer and closer to 0.5.

Activity 2 : Divide the class in groups of 3 or 4 students. Let a student in each
group toss a coin 25 times. Another student in each group will record the
observations regarding the heads and tails. Note that the coin given to

each group should be a balanced coin. By a balanced coin we mean

when tossed the coin has equal chances of a head or a tail.

Now prepare a table like table 17.2.

Table 17.2
Group | Number | Number Total Total
of of number of heads number of tails
heads tails Total number of Total number of
times the coin is times the coin is
(>i) (i) (iii) tossed (iv) tossed (V)
9 16 _
1 9 16 35 = 0.36 5 = 0.64
1249 21 13+16 29
9+12+17 38 16+13+8 37
3 17 8 25125125 = 75 = 0.51 5725725 = 75 = 0.49
9+12+17+15 53 16+13+8+10 47
4 15 10 25425125425 = 100 — 093 |5725+25+25 = 100 = 047
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First the group 1 will write down its observations and calculate the fractions.
Then group 2 will write down its observations, but will calculate the fractions for the
combined (cummulative) data of group 1 and group 2. Repeat the same for other

groups. These fractions are called cummulative fractions.
We have noted the first four rows based on the observations given by this class.

What do we observe in the table ? We will find that as the total number of
tosses increases, the value of the fractions in column (iv) and (v) comes closer and

closer to 0.5.

Activity 3 : Throw a balanced die 15 times and note down the number of times

the numbers 1, 2, 3, 4, 5, 6 come up. Record the observations in table 17.3.

Table 17.3
Number of times a Number of times the scores turn up
die is thrown 1 2 3 4 5 6

15

Then find the value of the fractions :
Number of times 1 turned up

Total number of times the die is thrown

Number of times 2 turned up

Total number of times the die is thrown

Number of times 6 turned up

Total number of times the die is thrown

Now throw the die 30 times and record the observations and calculate the
fractions as above.

From above activities, as the number of throws of the die increases, we will find

. 1
that the value of each fraction calculated comes closer and closer to 5
To check this, we can perform a group activity in the class as activity 2. Divide
the students of the class in four to five groups. One student in each group will throw a
die ten times. The observations should be noted and cummulative fractions should be

calculated.
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We will record the value of the fraction for the number 3 in table 17.4.

Table 17.4
Group Total number of times Cummulative number of times
(@) a die is thrown by the group 3 turned up
(i) Total number of times the

die is thrown (iii)

Do e
1
1
1
1
1
1

The above table can be extended to write down fractions for the other numbers.

What do we observe in this table ?

We will find that as the total number of throws of the die increases, the fraction
in column (iii) moves closer and closer to %

Activity 4 : Toss two balanced coins simultaneously twenty times and record

the observations in the table given below :

Table 17.5
Number of times the | Number of times Number of Number of times
two coins are tossed | one head comes up times two two tails come up

heads come up
20 --- --- -

Now calculate the value of fractions :

Number of times one head comes up

A= Total number of times two coins are tossed
Number of times two heads come up

B= Total number of times two coins are tossed
Number of times two tails come up

C =

Total number of times two coins are tossed
[Note : ‘two tails comes up’ is same as ‘no head comes up’]

In activity 1 each toss of a coin is called a trial. In activity 3 each throw of a
die is a trial and in activity 4 toss of two coins is also trial. So, a trial is an action
which results in one or more outcomes. So, an event for an experiment is the
collection of some outcomes of the experiment.
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From above activities, let us now see what probability is ? Here from what
we directly observe as the outcomes of our trials, we find the experimental or
empirical probability.

Let n be the total number of trials. The empirical probability denoted by P(E)

of an event E happening, is given by
Number of trials in which the event occured

P(E) =

Total number of trials

For our convenience we will write probability instead of empirical probability.
Example 1 : A coin is tossed 100 times in which 56 times head comes up and 44

times tail comes up. Calculate the probability for each event.

Soultion : Here the coin is tossed 100 times. Therefore the total number of
trials is 100. Let us call the events of getting a head and getting a tail as E and F
respectively. Then the number of times E happens. i.e. the number of times a head

comes up is 56.

Number of times head comes up

So, the probability of E= Total number of trials
56

ie. P(E) = 7o

= 0.56
Number of times tail comes up

Similarly, the probability of the event of getting tail = Total number of trials

£l
100

Note that in above example P(E) + P(F) = 0.56 + 0.44 = 1. Here E and

F are the only two possible outcomes of each trial.

ie. P(F) = — = 0.44

Example 2 : In cricket Sachin hits a century in 12 innings out of 60 innings. Find the
probability that he did not hit century.
Solution : Let the event that Sachin hit a century 12 times be called event A.
.. Number of trials Sachin did not hit century out of 60 innings = 60 — 12 = 48
Let B be the event that Sachin did not hit century.

Number of innings in which Sachin did not hit century

- P(B) =
(B) Total number of innings he played

P(B)= 2o = 3 =0.80

Example 3 : Two coins are lossed 1000 times and we get two heads 225 times, one
head 500 times and no head 275 times. Find the probability of occurrence of

each of these events.
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Solution : Let us denote the events of getting two heads, one head and no head
by A, B and C respectively. So,

225

P(B) = -5 = 0.500
P(C) = so = 0.275

Here also note that, P(A) + P(B) + P(C) = 0.225 + 0.500 + 0.275 = 1
and A, B, C are the only outcomes of the trial.

When a coin is tossed and the head turns up, we say event H has
occured. Similarly when a coin is tossed and the tail turns up, we say event T
has occured. If a coin is tossed twice or two coins are tossed simultaneously
and two heads turn up, we say event HH has occured. Similarly when a coin is
tossed thrice and head, head and tail turn up respectively we say the event HHT
has occured etc.

Example 4 : A balanced coin is tossed thrice, find the probabilities of the following

events :

(1)  Occurrence of event H all the three times.

(i)  Occurrence of event H twice and T once.

(iii)  Occurrence of H once and T twice.

(iv)  Occurrence of T all the three times.

(v)  Occurrence of T four times.

(vi)  Atmost three heads occur.

Solution : The outcomes of an event that a balance coin is tossed thrice are
HHH, HHT, HTH, HTT, THH, THT, TTH, TTT

Here total number of outcomes is 8.

(i)  Let A be the event that H occur all the three times. Then this event can

occur in only one way, HHH.
Number of outcomes containing three heads

. P(A) = =

Total number of outcomes

1
8
(i)  Let B be the event that H comes up twice and T comes once. This event

can occur in three ways : HHT, HTH and THH.

. P(B) =3
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(i) Let C be the event that H comes once and T twice. This event can also
occur in three ways : HTT, THT, TTH.
L PO) =3

(iv) Let D be the event that T comes all three times.

The event can occur in one way : TTT. So P(D) = 1

Here also we note that P(A) + P(B) + P(C) + P(D) =

|

+
=1
(v)  Let E be the event that T occurs four times which is not possible for this
example. So number of outcomes is zero.
P(E) =0
(vi) Let F be the event that H occurs atmost three times. This is a certain
event because all eight outcomes has atmost three heads.
L PE) =3 =1
Example 5 : A die is thrown 100 times with the frequencies for the outcomes 1, 2, 3,
4,5 and 6 as given in table 17.6.

oo| W
+
oo| W
+
0| —

oo 000 | —

Table 17.6
Outcome 1 2 3 4 5 6
Frequency 18 14 11 17 18 22

Find the probability of getting each outcome.

Solution : Let E; denote the event of getting the outcome 7, where i = 1, 2, 3,
4,5, 6. Then probability of getting outcome

Frequency of i

P(Ei) - Total number of times the die is thrown
P(E) = 1 = 0.I8
Similarly,  P(E,) = 1 = 0.14
P(E;) = oz = O.11
P(E) = 1= = 017
P(E) = 1ox = 0.18
P(Eg) = = = 022
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Note that P(E,) + P(E,) + P(E3) + P(E,) + P(Es) + P(E)
=0.18+0.14+0.11 +0.17+0.18 + 022 = 1

Note : From above examples note that
()  The probability of each event lies between 0 and 1 including 0 and 1.
(i)  The sum of all the probabilities is 1, if the events are all the possible
events and having no common outcome.
(i)  For example in example 5, E|, E,, E5, E,, E5, E¢ are all the possible
outcomes of the trial.
(iv)  The probability of an impossible event is zero while probability of certain
event is one.
An object is chosen at random means out of all objects, object is selected
without any prejudice and pre-condition.
Example 6 : On one page of a telephone directory, there were 200 telephone
numbers. The frequency distribution of their unit place digit (for example in the
number 230627, the unit place digit is 7) is given in the table 17.7.

Table 17.7

Digit 0 1 2 3 4 5 6 7 8 9
Frequency| 22 26 22 22 20 10 14 28 16 20

Without looking at any page, a number is choosen at random. What is the
probability that the digit in its unit place is 5, 7 or 9 ?

Solution : (i) The probability of digit 5 in the unit place

_ frequency of 5 10 0.05

~ Total number of selected telephone numbers 200 —
(i)  The probability of digit 7 in the unit place = 5= = 0.14
(ii))  The probability of digit 9 in the unit place = = = 0.1

Example 7 : 1500 family with two children were selected randomly, and the following
data were recorded :

Number of girls in family 2 1 0
Number of families 475 814 211

Compute the probability of a family chosen at random having,
(i) 2 girls  (ii)) 1 girl  (iii) No girl.
Solution : Here total number of families is 1500.

475

(i)  The probability of two girls in the selected family =
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(i)  The probability of 1 girl in the selected family = 2o = 0.5427

(iii)  The probability of no girl in the selected family = % =0.1406

Example 8 : An organisation selected 2400 families at random and surveyed them to
determine a relationship between income level and the number of vehicles in the
family. The information gathered is listed in the table below.

Monthly income Vehicles per family
(in ) 0 1 2 More than 2
Less than 10000 10 160 25 0
10000 - 13000 0 305 27 2
13000 - 16000 1 535 29 1
16000 - 19000 2 469 59 25
19000 or more 1 579 82 88
Suppose a family is chosen at random. Find the probability that the family

chosen is

(1) earning ¥ 13000-16000 per month and owns exactly 2 vechicles.
(2) earning ¥ 19000 or more per month and owns exactly 1 vehicle.
(3) earning less than ¥ 10000 per month and does not own any vehicle.
(4) earning ¥ 19000 or more per month and owns more than 2 vehicles
(5) owns not more than 1 vehicle.

Solution : Here total number of families is 2400.

(1)  Probability of a chosen family earning ¥ 13000-16000 per month and

owning exactly 2 vehicles = 2 = 0.0121

2400
(2)  Probability of a chosen family earning ¥ 19000 or more per month and
owning exactly 1 vehicle = % =0.2413
(3) Probability of a chosen family earning less than ¥ 10000 per month and
10

does not own any vehicle = = 0.0004

2400

(4)  Probability of a chosen family earning ¥ 19000 or more per month and
owning more than 2 vehicles = % = 0.3667
(5)  Probability of a chosen family owning not more than 1 vehicle

Number of families having 0 vehicle + number of families having 1 vehicle

Total number of families

10+0+14+2+1+160+ 305+ 535 + 469 + 579 2062
o 2400 2400 T 0.8592
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Example 9 : A teacher wanted to analyse the performance of students of two sections
in mathematics test of 100 marks. Looking at their performance, he found that
a few students got less than 20 marks and a few got 70 or more marks. So, he

decided to group them into classes in lengths of varying sizes as follwos :

Marks 0-20 |20-30|30-40 |40-50 | 50-60 | 60-70( 70 & above |Total
No. of students| 7 10 10 20 20 15 8 90

(i)  Find that probability that a randomly selected student obtained less than
20 % in the mathematics test.

(i)  Find the probability that a randomly selected student obtained 60 or more
marks.
Solution : Here total number of students is 90.

(i)  Let A be the event that a student obtained less than 20 % in mathematics
test
Number of students with less than 20 marks

-~ P(A)= = L =0.0778

Total number of students 920

(i)  Let B be the event that a student obtained 60 or more marks.
Here number of students who obtained 60 or more marks = 15 + 8 = 23

Number of students who obtained 60 or more marks

. P(B) =

23
= = =(.2556
Total number of students 90

Example 10 : The blood groups of 30 students of class IX are recorded as follows :

Blood group Number of students
A+
B-—
O+ 12
AB+ 3
Total 30

Find the probability that a student of this class, selected at random has
blood group : (i) AB+ (i) O+ (iii) Neither O+ nor AB+
Solution : Here total number of students of the class is 30.

(1) Let A be the event that a student selected at random has blood group AB+.

£ P(A) = =010
(i) Let B be the event that a student selected at random has blood group O+.

o P (B) = 3¢=0.400
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(i) Let C be the event that a student selected at random has blood group
neither O+ nor AB+.
In event C total number of students having blood group neither O+ nor

AB+is 9 + 6 = 15.

2 P (C) = 32=0.50
Note that the student having blood group neither O+ nor AB+ is same as
the student having blood group either A+ or B—.

*

EXERCISE 17
1.  The record of a weather station shows that out of the past 250 consecutive
days, its weather forcasts were correct on 175 days.
(i)  What is the probability that on a given day it was correct ?
(i)  What is the probability that it was not correct on a given day ?

2. A tyre manufacturing company kept a record of the distance covered before a
tyre needed to be replaced. The table shows the results of 1000 cases.
Distance | Less than | 4000 to 9000 9001 More than
(in km) 4000 to 14000
14000
Frequency 20 210 325 445

If you buy a tyre of this company, what is the probability that
(1) it will need to be replaced before it has covered 4000 km ?
(i) it will be replaced after 9000 km ?
@) it will need to be replaced after it has covered distance somewhere
between 4000 km and 14000 km ?
3.  The percentage of marks obtained by a student in the monthly unit tests are
given below :
Unit test I 11 11 v \Y%
% of marks obtained 68 72 75 70 65

Find the probability that the student gets more than 70 % marks and in
between 60 % to 70 % marks in unit test.

4.  An insurance company selected 1000 drivers at random in a particular city to
find the relationship between age and accidents. The data are given in the
following table :
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Age of driver Accidents in one year
(in years) 0 1 2 3 More than
18 —29 220 80 55 30 17
30 —50 252 63 30 11 9
Above 50 180 23 17 8 5

Find the probability of the following events for a driver chosen at random
from the city :
(i)  Being 18 — 29 years of age and doing exactly 3 accidents in one year.
(i)  Being 30 — 50 years of age and doing one or more accidents in one year.
(iii)  Doing no accident in one year.
The following frequency distribution table gives the weight of 40 students of a

class :
Weight (in kg) Number of students

31 -35 9
36 — 40 5
41 — 45 14
46 — 50 3
51 -55 3
56 — 60 2
61 — 65 2
66 — 70 1
71 =75 1

Total 40

()  Find the probability that the weight of a student in the class lies in the
interval 46 — 50 kg.

(i)  What is the probability that the weight of a student is 30 kg ?

(i)  What is the probability that the weight of a student is more than 30 kg ?

Fifty seeds were selected at random from each of 5 bags of seeds and were

kept under standardised conditions favourable to germination. After 20 days, the

number of seeds which have germinated in each collection were counted and

recorded as follows :

Bag 1 2 3 4 5

Number of seeds germinated| 40 48 40 35 45

What is the probability of germination of
(i)  more than 40 seeds in a bag ?
(i) 49 seeds in a bag ?

(i) more than 35 seeds in a bag ?
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7. Twelve bags of wheat flour, each marked 5 kg, actually contained the following
weights of flour (in kg) :
5.0, 4.97,5.05, 5.03, 5.08, 5.0, 4.98, 4.99, 5.04, 5.07, 5.06, 4.96
Find the probability that any of these bags chosen at random contains (i) more
than 5 kg of flour (ii) exactly 5 kg of flour.

8. Two balance dice are tossed 50 times. The sum of integers obtained on the dice
is noted below :

Sum 2 3 4 5 6 7 8 9 10 11 12

Frequency| 3 9 8 8 4 5 1 3 7 2 0

10.

Find the probability that

(1)  The sum of integers is more than 9.

(i)  The sum of integers is exactly 7.

(i) The sum of integers is less than 6.

The distance covered by (in km) 40 students from their residence to their school
in rural area is as follows :

Distance Number of students

(in km)
0-5 5
5-10 11
10 — 15 11
15 -20 9
20 — 25 1
25 -30 1
30 —35 2
Total 40

What is the probability that the distance of a student from residence to school is
(i)  more than 20 km.

(i)  less than or equal to 15 km.

(i)  between 10 — 15 km.

(iv) between 10 — 20 km.

From a well-shuffled pack of 52 cards one card is selected at random. Find the
probability that the card is

(i) an ace of heart. (i) a club card.

(i) a face card. (iv) a queen or a king.
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11. A die is tossed once. Then find the probability that the number appearing on the
die is even.
12. A die is tossed once. Then find the probability that the number appearing on the
die is prime.
13. A survey of 500 families having girls is as follows :
Number of girls 0 1 2
Number of families 75 275 150
Find the probability of a family chosen randomly
(1) having one girl. (ii) having two girls (iii) atleast one girl.
14. A survey of 1000 students is conducted for their 1.Q. is as follows :
1.Q. Below 30 | 30—-50| 50—-60 | 60 — 70 | More than 70
Number of students 120 230 300 190 160
Find the probability of
(i) LQ. between 50 — 60 (i)  L.Q. more than 70

15.

16.

(i) 1.Q. 50 or below 50
(v)  LQ. more than 50

The marks obtained in mathematics out of 50 by 50 students of a class are as follows :

(iv) LQ. between 60 — 70

Marks Below 20| 20 — 30 30 - 40 40 — 50
Number of students 6 11 20 13

Find the probability of a student getting
(i)  marks between 20 and 40. (ii)

(iii) (iv)

(v)  marks above 20.

marks above 40.

marks less than or equal to 30. marks between 30 and 40.

Select proper option (a), (b), (c) or (d) and write in the box given on the right so
that the statement becomes correct :

[]

(1)  The probability of getting number 5 on a balance die is ...... .
1 1 1 1

(@) 3 (b) © 3 d) ¢

(2) The probability of getting both heads when two balanced coins are

[]

tossed is ...... .

OF ) 3 © % ) 3
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(3) The probability of any event (other than impossible and certain event)
always lies between ...... ) []

(a) 1 and 2 (b) 0 and 1 (c) 0 and 2 (d)—1and 1
(4)  The probability of one card, selected from a pack of 52 cards is a jack

is ... . ]

1 2 1 1
() 33 ) 5 © (d) =
(5)  The probability of getting 51 marks out of 50 marks is ...... ) ]
1 1
(@) 0 (b) 1 © 2 @ +
(6)  The probability of the event “the sun rises in the east” is ...... . []
1 1
(@) 0 (b) 1 © 3 @ +
%
Summary

In this chapter, we have studied the following points :
1. An event for an experiment is the collection of ‘some’ outcomes of the experiment.

2. The empirical (or experimental) probability P(E) of an event E is given by

P(E) = Number of times event occurs

Total number of trials

3. The probability of an event lies between 0 and 1 (0 and 1 inclusive).



CHAPTER 18 I

LOGARITHM
B

18.1 Introduction

Previously we have learnt about powers and exponents. Also we have learnt
about the properties of exponents.

For,a, b eR", x,y€R

X

() &.@=a+7 (i) %=a"‘y
(i) (a*y = a¥ (iv) (aby = a* . b* V) (%j = z—

18.2 Logarithm

John Napier was born in 1550. He died on 4th April, 1667 in Edinburgh. A
mathematician John Napier introduced the concept of logarithm for the first time in
17th century. Later, Henry Briggs, a British mathematician born in Feb. 1561 in
Yorkshire — England, prepared and published logarithm tables. He died on 26th
January, 1663 in Oxford — England. Logarithm tables made complicated numerical
calculations both — easy and fast. Today with the advent of desk calculators and
computers, the work of numerical calculations has become easier and faster, thus
reducing the usefulness of logarithm tables. All the while they are useful for
calculations in the study of science and mathematics.

Definition : Let « € R* — {1} y€ R", x€ R and let ¢* = y. Then the
value of x is called logarithm of y to the base a. It is denoted by log,y (read
as log y to the base a).

soa*=yif and only if x =log,y

From the above definition we can conclude that,

(i) we can obtain the logarithm of only positive real numbers.
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(i) forany a € R* — {1}, log,1 =0, since a” = 1.

(iii) for every @ € R™ — {1}, log,a = 1, since a' =a

(iv) for every x € R*, y € R", log,x = log,y if and only if x = y.
18.3 Properties of Logarithm

We will assume following properties of logarithm :

(1) Ifae R {1}, then a'°%¥ = x (x& R*) and log,a* = x (x € R).
Theorem 1 : Product rule

Let « € RT _{1}.

Then for x, y € RY, log, (xy) = log,x + log,y

Corollary : If X, X wX, € R* and @ € R - {1}, then

y Xy
log, (x1 x, x3..xn) = logaxl + logax2 +...+ log, x,
Theorem 2 : Quotient Rule
Ifae R"- {1}, and x, y € R, loga(éj = log,x — log,y
Corollary : log, [i] =-log,y;ac RY-{1},ye RT
Theorem 3 : Rule for the logarithm of a power

Ifae Rt - {1}, xe RT, n € R, then log,x" = n log, x.

Example 1 : Simplify

. 17 600 8) .. 2 3 14
(1) logs (gj + logs (mj — log, (7) (ii) 4log,, (7) — 3log,, (Ej —log, (3)
(iii) logy | —3~ | + logs | g1~
Solution : (i) log; (%) + log, (%J ~ log, (%)

(17,600 8
= log; 25><119)—log (7]
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(i) 4log, (%) 3log, [%) - log, (%j
o, (3 o, (35 - e, )
= log, [ ] log,, [&J log, (14]
o |

2x2x2x2  49x49x49 9 56
loga( )

7% 7><7><7 3x3x3 14
«/E Jﬁ
(i) log, + logy
1 1
(24 )7 (33 )2

= log, 7 + logy 2

= log, 2—2 + log;,

2 _5
= log, |2 3] + log, [3 2]
_2

2 5
ey (log, a = 1)

(log3 81) (10g2 64)

2 2
Example 2 : Simplify : (i) loga + log, i + loga o (i1) Tog. 125
5

3 2
Solution : (i) loga — + loga + loga .

x2 y2 ZZ
=lo X I X
&a yZ Xz Xy

=log,1=0

(1ogs81) (log; 64) (103 3" ) (1og>2°)
(i logs 125 - (10g5 5 3)
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. (4logz 3)(6log, 2)
3 IOgS 5

4x6
: (log,a=1)

=8
18.4 Common Logarithm
Since we write numbers in the decimal system, calculations become simple if
we use the logarithm to the base 10. The logarithm to the base 10 is called common
logarithm. In the rest of this chapter, we will simply write logx instead of log,, x . To
find logx for positive x, let us study the following table :

Number x 0.0001 | 0.001 | 0.01 0.1 1 10 100 1000
X written as 104 | 103 | 102 | 107! 100 10! 102 103
power of 10

Logarithm of x | — 4 -3 =2 =1 0 1 2 3
(to the base 10)

Here each x is an integral power of 10. So, it is easy to find log x. When x is
not an integral power of 10, to find logarithm (to the base 10), first we write x
as a product of an integral power of 10 and a number between 1 and 10. This
is done because the logarithm tables have been prepared only for numbers
between 1 and 10. It is convenient to find the logarithm of any positive number using

this form.
(1) 108.9 = 1252 x 100 = 1.089 x 102
@) 7532= 222 x 10 =7.532 x 10!

(3) 0.54 =0.54 x 10 X % =54x107"

(4) 0.000279 = 0.000279 X 10000 X —— =2.79 x 10~

10000
_ 1 _ -5
(5) 0.0000163 = 0.0000163 x 100000 x 00000 — 1.63 X 10
456723 3 5
(6) 456723 = 100000 X 100000 = 4.56723 x 10

In each of the above examples, we have divided or multiplied by an appropriate
power of 10 to get a non-zero digit to the left of decimal point and then multiplied or
divided by a power of 10 to make both sides equal, leading to the representation of the

given numbers in the required form.
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In general, any positive number n can be put in the form n» = ¢x 107,
where 1 < t < 10 and p is an integer. We shall call this representation of a
positive number as presentation of number in the standard form.

If the standard form of a number is 8.97 X 100 its decimal form is
8.97 x 1000000 = 8970000.

A positive number expressed in its decimal form can be expressed in its standard
form by applying the following rules :

(1) To shift the decimal point p places to the left, multiply by 107.

(2) To shift the decimal point p place to the right, multiply by 107.

Example 3 : Write the following numbers in the standard form :

(1) 703251 (2) 3279 (3) 89.99 (4) 603.328 (5) 0.001938 (6) 0.0000168
Solution : (1) 703251 = 7.03251 x 10° (2) 3279 =3.279 x 103
(3) 89.99 = 8.999 x 10! (4) 603.328 = 6.03328 x 102
(5) 0.001938 = 1.938 x 1073 (6) 0.0000168 = 1.68 X 107>
Example 4 : Write the following numbers in decimal form :
(1) 3.72 X 102 (2) 45.793 x 10* (3) 1.798 x 103 (4) 728.32 X 107>
(5) 83.596 x 1072
Solution : (1) 3.72 X 102 =372 (2) 45.793 x 10% = 457930
(3) 1.798 x 103 = 0.001798 (4) 728.32 x 107 = 0.0072832
(5) 83.596 X 1072 = 0.83596
18.5 The Characteristic and Mantissa of Logarithm
Let the standard form of a positive number #n be ¢ x 10”, where 1< 7 < 10 and
p is an integer.
- logn =log (1 X 10°)
= log t + log 107
=log ¢+ plog 10
=logt+p
Since 1 < ¢ < 10, we have log 1 < log # <log 10. i.e. 0 < log # < 1. We note
that log » = log ¢ + p consist of two parts : (1) p and (2) log .
Here p is called the characteristic and log 7 is called the mantissa of log n.
For example : 83.628 = 8.3628 x 10!, p = 1
894.82 = 8.9482 X 102, p =2
0.0320 =329X% 102, p=-2
0.000487 = 4.87 x 1074, p =4
279389 = 2.79389 X 10°, p =5
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From above examples, we note that —

(1)  When the integral part of a number is non-zero, p is one less than the
number of digits in the integral part.

(2)  When the integral part of the number is zero, p = — (n + 1), where »n is
the number of zeros beween the decimal point and the first non-zero digit
of the number.

18.6 Use of Logarithmic Tables

Ready tables of logarithms and antilogarithms shortly called logtables and
antilogtables are available. The logtables consist of three parts : In the first part, there
is one column, the first column from left, which contains two digit numbers from 10 to
99. Next there are ten columns headed by numbers 0, 1, 2, 3,4, 5, 6, 7, 8, 9. The last
part called ‘mean difference’ has nine columns headed by numbers from 1 to 9.

The antilogtables are of the same type, except that the first column contains
numbers froms 0.00 to 0.99.

Suppose we start with a two digit number 81 and wish to find log 81. Here
81 = 81 + 0. Its characteristic is 1. The mantissa can be obtained from logtables.
Look for the number formed by first two digits in the first column. For this, find 81
in the first column and look at row against it. At the intersection of this row and the
column headed by 0 is the number 9085. The mantissa of log 81 is 0.9085. Hence,
log 81 =1 + 0.9085 = 1.9085.

To obtain the mantissa of the logarithm of a three digit number, first find the
number formed by the first two digits of the given number in the column to the
extreme left of the logtables. Look at the row against this number. In this row, the
number in the column headed by the third digit of the given number gives the mantissa.
For example to find mantissa of log 723, look at the row against 72 in the first column
and in the column headed by 3. The number 8591 appears there. Hence mantissa of log
723 is 0.8591. Since the characteristic of log 723 is 2, we have log 723 = 2.8591.

For finding the logarithm of a number with four digits, the columns of mean
difference will also be used. For examples suppose we want to find the mantissa of log
3986. The number 3986 is divided into three parts 39, 8 and 6. Now look for 39 in
the first column. Then find the number in the row against 39 in the column headed
by 8. This is 5999. Finally look for the number in the same row in the column headed
by 6 among the columns of mean differences. This number is 7. Adding 7 to 5999,
we get 6006. Hence the mantissa of log 3986 is 0.6006. Since the characteristic of
3986 is 3, log 3986 = 3.6006.

Note that the logtables are used to find the mantissa of the logarithm of a
number. Our logtables are four digits tables and so for finding the mantissa of the
logarithm of a number with more than four digits. We approximate the number to a
four digit number. For this, form the number formed by first four digits of the given
number. If the fifth digit of the given number is less than 5, this four digit number is
the required approximation. If the fifth digit is 5 or greater, then add 1 to the last digit
of the four digit number obtained by truncation. The characteristic of the logarithm of
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a given number is obtained in the usual way. The mantissa is the mantissa of the
logarithm of the four digit number which approximates the given number. For example,
let x = 5.79881. Then the characteristic of log x is 0. The four digit approximation of
x is 5.799. Hence the mantissa of log x = the mantissa of log 5.799 = 0.7634. Hence
log 5.79881 = 0.7634.

When the characteristic of a logarithm is a negative number — # it is denoted by
n (read as n bar). For example, log (0.002675) = 3.4273 .

18.7 Use of Antilogtables

The antilogarithm is used to get the number from its logarithm. The first column
from the left of the antilogtables contain numbers from 0.00 to 0.99. In all other
respects, antilogtables are similar to logtables. The antilogs are also used in the same
way as logtables.

Since the logtable gives only the mantissa part of the logarithm of a number, the
antilog table will give a number corresponding to the mantissa part only. Then by using
characteristic the actual number for the given logarithm can be obtained. For example,
suppose we want to find antilog (1.5278). From antilogtables, we find that antilog
0.5278 = 3.371 (Meaning that log 3.371 = 0.5278). Hence, antilog 1.5278 = 3.371 x 10!
= 33.71. Also antilog 3.5278 = 3.371 X 1073 = 0.003371. Note that power of 10 is
(=1) means no zero between decimal point and first non-zero digit. (—3) means two
zeroes between decimal point and first non-zero digit etc.

In fact antilog is obtained from first four digits after decimal point (the truncated
four digit number). If the characteristic is p, we multiply antilog obtained by 107

Example 5 : Find the value using logtable and antilogtables :

(329)% X 9826
(1) 49.673 X 9.4891 Q2 —=

(67.891)
(8432)” x (0.1259) . (7776)" x 0.3564
(3) (27.478) @) (92.3428)*
() ¥87.992 (6) (41.23)3

(7) (0.01237)*

Solution : (1) Suppose x = 49.673 x 9.4891
. log x = log (49.673) + log (9.4891)
=1.6961 + 0.9772 = 2.6733
~. antilog (log x) = antilog (2.6733)
Sox=471.3
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5
o s (329)2 x 9826
(2) Suppose x = (67.891)
5
- log x = log (329)2 + log (9826) — log (67.891)3

= 2 log (329) + log (9826) — 3 log (67.89)

|

(2.5172) + 3.9924 — 3 (1.8318)

|

= 6.2930 + 3.9924 — 5.4954
=4.7900

*. antilog (log x) = antilog (4.7900)

S x=61660

(8432) x (0.1259)
(27.478)

(3) Suppose x = \/

1
(8432)&(0.1259)}2

ol =1
oeY T8 { (27.478)°

{log (8432)% + log (0.1259) — log (27.478)°}

N =

{2log (8432) + log (0.1259) — Slog (27.478)}

N =

|—

= 3 {2(3.9259) + 1.1000 — 5(1.4391)}

= 1 {(7.8518) + 1.1000 — 7.1955}
-

= 2 (1.7563}

=1 (2 + 17563} = 1.8782

*. antilog (logx) = antilog (1.8782)

sox =0.7554
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o s - 3(7776)2><0.3564
() Suppose x = 177 ) 34g)"

logx = %{log (7776)% + log (0.3564) — log (92.3428)*}
= % {2log (7776) + log (0.3564) — 4log (92.3428)}
= 1 {2(3.8908) + 1.5519 — 4(1.9654)}
= 1 {7.7816 + 1.5519 - 7.8616}
= 1 (14719}
= 1 {3 +24719) = 1.8240

*. antilog (log x) = antilog (1.8240)
sox = 0.6668
(5) Suppose x = §/87.992

s log x = 5 log (87.992)

(1.9444) = 0.2431

~. antilog (log x) = antilog (0.2431)

*x=1.750
(6) Suppose x = (41.23)
.. log x =3 log (41.23)
=3 (1.6152) = 4.8456
*. antilog (log x) = antilog (4.8456)
. x = 70080
(7) Suppose x = (0.01237)*
.. log x = 4 log (0.01237)
=4 (2.0923)
= 8.3692
.. antilog (log x) = antilog (§ .3692)
<o x = 0.00000002340
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EXERCISE 18
1.  Find the value of following (using logtables) :

(1) 3.8217 X 23.469 X 0.2987 ) 4737 % 1921 x 771
(23.76)" x (41.82)
(3) (0.3215) X 7.92 X 87.69 @ iy
3.98 x8.76 X 0.1718 Jo1.82
(3) 0.03x0526x843 ©) 339

(8237) x(1.9821)

(7 (51.32)° (8) 4—(47.13)4
(921) x (44.44 1 1
O @y (10) (53.83)% x (87.23)2

2. Select proper option (a), (b), (¢) or (d) and write in the box given on the right so
that the statement becomes correct :

(1) The decimal form of the number 8.97 X 104 = ......... ]
(a) 897000 (b) 89700 (c) 8970000 (d) 897

(2) The decimal form of the number 3.8269 X 1074 = ........ ]
(a) 0.0038269 (b) 0.38269 (c) 0.038269 (d) 0.00038269

(3) The standard form of the number 9382 = .........

i

(a) 9382 x 102 (b)9.382x 102 (c)9.382x 103  (d) 9.382 x 1073
(4) The standard form of the number 773259 = .........
(a) 7.73259 x 107 (b) 7.73259 x 10° (c) 7.73259 x 1075 (d) 7.73259 x 103

i

(5) The standard form of the number 0.03711 = .........

]

(a) 3.711 X 102 (b)3.711 X 102 (¢)3.711 x 1075 (d) 3.711 x 10°
(6) The standard form of the number 0.00023821 = .........

i

(a) 2.382 x 1074 (b) 2.3821 x 10* (c) 23.821 x 10*  (d) 2382.1 x 1077
(7) The characteristic of the number log 55231 = .........

(@5 (b) 4 (¢)3 (d)2
(8) The characteristic of the number log 8989340 = .........

(a) 8 (®9 (c) 6 (d)5

O
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(9) The characteristic of the number log 0.003942 = ......... [ ]
(a) 3 (b) 2 (c) =3 (d) -2
(10) The characteristic of the number log 0.13879 = ......... ]
(@0 (b) -2 (¢) 1 (d) -1
*
Summary

In this chapter we have studied the following points :

1. & =y ifand only if x= log,y; where a € R" — {1}, x € R, y € R".
2. d°%"=x(xeR)andlog,a*=x xe R, ae R" - {1}.

3. Product rule : forx, y € R*, a € R" — {1}, log,xy = log, x + log,y
4. Quotient rule : for x, y € R™, a € R" - {1}, log, % = log, x — log,y

S. Power law for logarithm :
Forae R" — {1},x € R*, n e R, log,x" = nlog, x

6. For positive number #, we can put it as n = t X 107; where 1 < ¢ < 10 and
p € Z. This is called standard form of .

7. For positive number n, if the standard form of » is n = ¢ X 10, where

1 <¢t<10 and p € Z then log n = logt +p. p is called the characteristic
and log 7 is called the mantissa.

8. To find logarithm of any number, n € N, first we will find the characteristic
and then the mantissa from logarithmic table.
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(Answers to only problems involving some calculations are given.)

Exercise 10.1
(1) Sides : XY, YZ, ZW, WX Q) Angles : ZX, LY, £Z, /W
(3) Diagonals : XZ, YW 4) XY and YZ, XY and XW, YZ and ZW, ZW and WX
(5) XY and ZW, YZ and XW  (6) ZX and £Y, £Y and £Z, ZZ and LW,
ZW and £X (7) £LX and £Z, ZY and ZW (8) ¢ (9) {X}
No, because if one is a quadrilateral, then the other is not.
(1) mZLP = 48, mZQ = 72, mZR = 96, mLS = 144 (2) mZD = 120
(3) mZLA =36, m£B =90, mZC = 108, mZD = 126
(4) mZLA =100, m£B =70, mZC = 120, m£LD = 70
(1) False (2) True (3) True (4) True (5) True (6) False (7) False
Exercise 10.2
mZA = 80, mZC = 120 2. mZC = 120, m£D = 120
mZQ =70, mZS = 130 4. mZR =108, mZS = 100, mZLP = 80
mZA =60, mZB =70, mZC = 110, m£D = 120
(1) True (2) True (3) False (4) False (5) False (6) True (7) True (8) False (9) False
Exercise 10.3
mZP =100, mZQ = 80, mZR = 100, mZS = 80 2. mZFDE = 60
mZC =105 and mZD =75 4. mZLP =60, mZ£Q = 120, mZR = 60, m£LS = 120
mZOPS = 63 7. mZDCA =45 8. mZDBC = 60
mZDFG = 50, mZDGE = 40  10. mZAOB = 90

Exercise 10.4
QR=20cm 3.52cm 7.XY =4 or XY =3

Exercise 10.5

BC =13 2. XY =10 3. 12.5 4. Perimeter of O DBCF is 31.5,
Perimeter of ACFE is 19.5 5.PQ =11 6.RS=3 8.27 9.35 10. 48

Exercise 10

(1) 60 (2) 68 (3) mZQPO =60  (4) QR =22  (5) 45, 75, 60
(MHb@)a@G) c@d@G)a@ a(?)c@®)dO)d0) c(l)a(l2)b(3)b
(14) ¢ (15) a (16) ¢ (17) d (18) ¢ (19) a
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Exercise 11.1

1. (1) False (2) True (3) True (4) True (5) True

2. (HDAD=216cm (2)AB=9.6cm 3.125cm> 4.BE =296

5. BF =45 c¢m and AE =30 cm 6. BN =225 7. ABC = 165 cm?

8. PQR = 16 ¢m?, PQCR = 32 cm?, PBCR = 48 cm?

9. ABC = 216 cm?, altitude corresponding to AC = 14.4 cm 10. 336 sq unit
Exercise 11.2

1. 60 cm® 2.(1)25cm?* (2) AAFB and AACB (3) AFEB = 50 c¢m?

(4) O" ABCD (5) Yes (6) ADF = 7.5 cm? 4. 114 cm?

5. 252 cm® 6. 160 cm? and x = 26
Exercise 11

8. ABC = 3643 cm® 9. PQR = 30 em?, PQCR = 60 cm?, PBCR = 90 cm>

10. (HDa@)a@B)a@ b®G)aG)d (@) a@)c()b(l0)c
Exercise 12.1

1. () P=Q (2) Equal (3) OQ 2. (1) False (2) True (3) False (4) False
Exercise 12.2

1. (1) m£COD =130 (2)CD = 5¢2 em
Exercise 12.4

5. Diameter = 10

Exercise 12.5

1. 90 2. m4ZBDC = 80 3. 150,30 4. mZBAC =75 5. mZQRS = 80,
mZERS =5 6. m£BAC =100 7. r = 3, Area of the circle = 9T sq units

12.

Exercise 12

=13 4. 1cm 7.Radius=13 11. AB=CD =2, AC=BD = 10
(MHa@a@B)d@dG)c @) d(@)d@) c@O) b0 bl)ec(12)b(13)b
(14) d (15) ¢ (16) d (17) a (18) a (19) d (20) ¢ (21) d

Exercise 14.1
943 sq units 2. 60 cm® 3. 864 cm® 4. 600 m> 5. 9415 cm?

T 11,66,000 7. Length of altitude @ cm
Exercise 14.2
6V10 + 4V266) cm® 2. 12(5 + J42) m>  3.306 m> 4. 480 m?

24m cm?
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10.
12.

Exercise 14

2443 m? 2. 4246 em® 3. 36 tiles, T 594 4. 960 cm® 5. 24 cm?

150 m, 72 m 7. 414 cm? 8. base 800 m, altitude 400 m 9. 24 m2, 6 m

BD =25 ecm  11. 24421 cm?

Mec@cB)b@b@G)d®) c(7)d@®)d@O)ec(10)c(11)c (12)d
Exercise 15.1

(1) 280 cm?, 640 cm?  (2) 36 m2, 54 m*> (3) 17500 cm?, 32500 cm?

(1) 5900 cm?  (2)% 175 3. 260 m2, T 3900

% 88,560 5. (1) Areas of both boxes are equal.

(2) Total surface area of cuboid is more by 550 cm?.

Exercise 15.2

(1) curved surface area 1760 cm?, total surface area 2292 cm?
(2) r = 7 cm, total surface area 924 cm? (3) curved surface area 2826 cm?,
total surface area 4239 cm?

T 20,064 3. h=42cm 4. Diameter = 32 cm 5. 31400 cm? 6. 1408 cm?
(1) 264 m* (2) T 13,200

Exercise 15.3
(1) 180 T cm?, 324 T em?  (2) h =442 cm, 63 T em?, 112 T cm?
B)I=5,15Tcm? 24 Tem? 2. 1=13,204.10 cm?, % 20,410
1=25 8250 cm? 4. 1=21,r=3 22628 cm?5.1=75,47.1 m?, number of tents 6

Exercise 15.4

(1) 11.2 cm, 394.24 cm?, 197.12 cm?, 295.68 cm?
(2) 20, 1256, 628, 942
(3) r=3.5 cm, Diameter = 7 cm, 77 cmz, 115.5 cm?
4:9 3.%21,164 4.r=T7cm 5.% 62,800
Exercise 15.5
480 c¢m3, 2880 cm® 2. 24000 litres 3. 0.625 m 4. 5 days 5. 10800 crates
5184 cm® 7. h=25m 8.6000 cm?

Exercise 15.6

r =35, 134.750 litte 2. 7536 cm® 3. h=4m 4.h=3m

2200 cm® 6. (1) volume of cuboid = 600 cm? (2) volume of cylinder = 770 cm?,
capacity of cylinder is more by 170 cm?® 7. number of bags 100 8. radius =5 cm
r=7,h=6
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Exercise 15.7

1. (1) 234.66 cm®  (2) 616 cm® (3) 1018.28 cm® 2. 7065 cm’ 3. 120 cm

4. Tcem 5.59% m3 6. (1) 48 cm (2) 50 cm (3) 2200 cm?

1.

Exercise 15.8

(1) 904.32 cm®  (2) 1437.33 cm® (3) 4851 cm?
(1) 5749.33 cm® (2) 19404 cm® 3. 19404 litre 4. 20 cm 5. 1:2

Exercise 15

h

7:5 2.r=14,h=175cm 3.2:3 4.7=% 5.h=125cm 6.1694 cm?3

MHc@)dB)c@)cB)b(6)b(7)d(@B)a(9) a(l0)c (11)b (12) b (13) a
(14) d (15) b (16) ¢ (17) ¢ (18) b (19) d (20) a (21) c (22) d
Exercise 16.2

Range of Data = 755 2. (ii) Range of Data = 14.3 3. 73 read more than

50 % 6. (ii) concentration more than 0.11 for 10 days

O N W N =

10.
13.
15.

16.

Exercise 16
Mean (X) = 3.6, Median (M) = 3, Mode (Z) =3
Mean (X) = 56.27, Median (M) = 54, Mode (Z) = 55
Average Salary = ¥ 5262.50 4. X = 16.133 5. Correct Mean (X¥) = 29.65
Correct Mean (Xx) = 11 7.x = 143, M =143 8. x = 13.7,M=14,Z =14
x=49 10.x =10 11.»n =10 12.f=30 13. X = 254026

. (Ha@)b@b@bG)b6)a(?)b(8)d©) d(10)c (11)b (12) ¢ (13) c

(14) b (15) d (16) b (17) a (18) b (19) d (20) a (21) ¢ (22) d (23) d (24) a
(25) c (26) d 27) d (28) d (29) d (30) ¢ (31) ¢ (32) b (33) d (34) b (35) a
(36)d 37) ¢

Exercise 17

(1) 0.7 (i1) 0.3 2. (1) 0.02 (ii) 0.77 (i) 0.535 3. (i) 0.6 (ii) 0.4
(i) 0.03 (ii) 0.113 (iii) 0.652 5. (1) 0.075 (i) 0 (i) 1 6. (i) 0.4 (ii) O (iii) 0.8
(1) 0.5 (ii) 0.17 8. (i) 0.18 (ii) 0.1 (iii) 0.56 9.(i) 0.1 (ii) 0.675 (iii) 0.275 (iv) 0.5
(1) 0.02 (ii) 0.25 (iii) 0.23 (iv) 0.15 11. 0.5 12.0.5
(1) 0.55 (i) 0.3 (ii1) 0.85 14. (1) 0.3 (i) 0.16 (iii) 0.35 (iv) 0.19 (v) 0.65
(1) 0.62 (ii) 0.26 (iii) 0.34 (iv) 0.4 (v) 0.88
(HDd@)ecB)b#Hc(5)a(6)b

Exercise 18
(1)26.79 (2) 70170 (3) 223.2 (4) 16.06 (5) 45.03 (6) 2.727 (7) 356000000
(8) 21.77 (9) 170.2 (10) 25.29
MHbR)dB)c@d®BG)b@®)a(7)b (@) c(9) c(10)d
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B

AAS (Angle Angle Side)
Acute Angle

Algebraic Expression
Alternate Angles
Altitude

Angle Bisector
Antecedent
Antilogarithm
Approximate Value

Arc

Area

ASA (Angle Side Angle)
Associative Law

At least

Axes

Axiom / Postulate
Balanced Die

Bar Diagram

Base

Base

Bisector

Bisector of a Line-segment
Capacity

Cartesian Product
Central Tendency
Centroid

Characteristic

Circle

Circumcentre
Circumcircle

Circumference
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Circumradius

Class

Class-interval
Coefficient

Collinear Points
Commutative Law
Complement of a Set
Complementary Angles
Concave Quadrilateral

Concentric Circles

Congruence of Triangles

Congruent Angles
Consecutive Sides
Construction
Continuous

Converse

Convex Quadrilateral
Co-ordinate Plane
Coplanar Lines
Coplanar Points
Correspondence
Corresponding Angles
Cube

Cube Root

Cubic

Cuboid

Cumulative Frequency
Cyclic Quadrilateral
Cylinder

Data

Decimal Expansion
Denominator
Deviation

Diagonal

Direct Proof

YRBiosuL

aal

aldoels
ASLAS

AL [Bigll
sl [Run
Y5 01l
sizsial
el Agesia
AUl adail
Brsutedl 24534l
253U eI
58 ouogil
2L

Add

Udlu

ol augrsiel
UM -AHAL
Auddly vl
Arddld [Gigil
A2l

2slel

A~

gyl

(Steud

dole

A4l 29l
A5l AesiL
o512

Hiledl

g2l [dzd2el
8

[Qad-

EEE]

gl Al



TERMINOLOGY

181

Disjoint Set
Distance
Distributive Law
Dividend Polynomial
Divisor Polynomial
Equal Sets

Equation
Equiangular Triangle
Equilateral Triangle
Equivalent Set
Event

Exponent

Exterior Angle

Face

Factor

Finite Set

Foot of Perpendicular
Frequency
Frequency Distribution Table
Frequency Polygon
Great Circle

Head

Hemishpere
Histogram

Hollow Sphere
Identity

Incentre

Incircle

Included Angle
Indirect Proof
Inequality

Infinite Set

Inradius

Interior Angles
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Interior Opposite Angles
Intersection

Irrational Number
Isosceles Triangle
Kite

Lateral Surfaces

Line

Line-segment

Linear

Linear Pair of Angles
Logarithm

Lower Limit

Lower Limit point
Major Arc

Major Segment
Mantissa

Mean

Measure

Median

Mid Value

Minor Arc

Minor Segment

Mode

Non-collinear Points
Non-terminating and Non-recurring
nth root

Null Set

Numerator
Observation

Obtuse Angle
One-One Correspondence
Opposite Angles
Opposite Sides
Ordered Pair
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Origin Glaru(sig
Orthocentre cotyes

Parallel AHLdR
Parallelogram AHIAROUY Q{C\ghé:llél
Perimetre YRMA
Perpendicular Bisector doilgeurs
Perpendicular Line doivil

Point (elg,

Primary Data was Hiledl
Probability IS
Quadrant 1Y)
Quadratic (gald
Quaderilateral Q{C\l:\‘;llgl
Quadrilateral Region q@@t@ﬂq ULl
Qualitative Data dueHs Hilddl
Quantitative Data AvYcHs UL
Quotient Polynomial MHUSIR elguel
Random e (295

Range (ARd1z
Rational Number AHY Avl
Rationalization AR5

Raw Data sl Hiledl
Ray (3201
Rectangle Aol
Remainder Polynomial AW olguel
Remainder Theorem AN UMY
Rhombus AHOUY ALSLA
RHS (Right Angle Hypotenuse Side) 515011

Right Angle 5125181

Right Angled Triangle si25L s
SAS (Side Angle Side) BUVOLL

Scalene Triangle [Avmey Bt
Secondary Data ollel Hiledl

Sector of a Circle qial
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Segment of a Circle
Set

Singleton

Skew Lines

Slant Height

Space

Sphere

SSS (Side Side Side)
Step

Suplimentary Angles
Surd

Tail

Terminating Recurring
Transversal
Trapezium

Triangle

Undefined Term
Union Set

Universal Set
Universal Truth
Upper Limit

Upper Limit Point
Variable

Vertex

Vertical Line
Vertically Opposite Angle
Volume

Zeroes
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LOGARITHMS
Mean Difference

8 1 2 3 4 5 6 1 7 8 ® 2 325 67 8 9
0000 | 0043 {40861 012810470 10212 025330204 1 03341037414 B 12117 21 25|29 33 37
11110414 | 0453 {04921 0531 1 0564 1 0667 Q84810682 1 07191078514 B8 1115 19 23|26 30 34
421 0792 | 0826 | 0864 | 08951 0934 | 0969 10041 10381 1072 | 110613 7 10[14 17 21|24 26 3
3 TI3R | 1173 {12061 12391 1271 {1363 1338 13671 1389 1430313 6 10113 18 19|23 26 28
4 1481 | 1492 118231 18531 1584 11614 1644 116731 1703 1 1732313 6 9112 15 18|21 24 27
45| 1761 | 1780 { 1636 ] 16473 4675 | 1963 1931] 1958 19872014123 6 611 14 17|20 22 25
6| 2041 | 2086 | 2005 212212448 2175 2201 § 2207 {2953 207813 5 B(11 13 16|16 21 24
17 12304 | 2330 1 2355 238012408 1 2430 2458124801 2504 1252932 5 710 12 18|17 20 22
48 2BRA | 2577 12601 262512648 (2672 269512718 27421276832 5 7 9 42 14[16 19 21
19| 2788 | 2610 | 2833 | 2656 § 2676 12000 20232045 | 2067 208812 4 7| 9 11 13|16 16 20
20113010 | 3032 {3054 307513096 131168 3139 3160 3181 1320112 4 6 B 11 1318 17 19
2% |1 3222 | 3243 {32631 32841 3304 1 3324 3345713365 1336851340412 4 6 B 10 12|14 16 18
22113424 | 3444 | 3464 348313502 | 3522 3541313060 35791350812 4 6 B 10 12|44 15 17
23 13617 | 3636 | 3655 3BV 13692 3711 372913747 | 37681378432 4 6 7 9 11|13 1517
24 13802 | 3820 {38361 365613874 13882 909§ 3927 139451396212 4 B 7 911|412 14 18
25 13078 | 3887 140441 403114048 14085 4082140081 41161413332 3 51 7 9 10(42 44 15
26 | 4150 | 4166 | 4163 42001 4216 {42321 42453 4265 ] 428114298312 3 5 7 6 10|11 13 15
27 | 4314 | 4330 | 4346 | 43621 4376 14393 | 44094425 ] 4440 445612 3 5/ 86 B8 9|11 1314
2B 14472 14487 {45021 451814533 14548 4506414070 1 4584460812 3 5. 6 8 9|11 12 14
29 | 4604 | 4630 | 4854 | 466G ] 4683 | 4696 | 4713} 4726 | 47421475731 3 4 6 7 9|10 1213
30| 4771 | 4766 | 4800 ] 4844} 4620 | 4843 | 4657 1467114886 490011 3 4/ 8 7 09|10 11 13
3% [14914 | 4928 | 4842 1 4055 ] 4080 1 4988 4097 5011 1 5024 1503811 3 4. 8 7 8|10 1t 12
82| 5051 | 5085 | 5079 50921 5405 | 5119 513215145 5159(5%7211 3 4/ 5 7 6| 9 11 12
33| 5185 | 5108 | 8211 B224 {8237 | 5280  B263315276 528015830231 3 4 5 6 8| 9 1012
84 |15315 | 5328 {5340 5353150366 {5378 53Y115403 5416542881 3 4.5 6 8| 9 10 11
85 | 5441 | 5453 | 5465 | 5476 3 5480 | 5502 | 551415527 | 55391555131 2 4/ 5 B8 7| 810 1
36 | 5563 | 5575 | 5587 B566 ] 5611 [ 5623 5635158647 | 56885867031 2 4 8 68 7| 8 10 N
37 | 5682 | 5684 | 85705 B717I5728 16740 B7oR15763 6775578811 2 3. B 6 7| 8 910
38 ||5798 | 5800 | 5824 583215840 | 5855 GRAGEISBY7  5BBAISBYLGET1 2 3. 58 6 7| 8 910
30 15011 | 5522 | 5033 8044 | B0OBE | 5966 897718066 5089 1601081 2 3. 4 5 7| 8 910
40 116021 | 6031 {60421 6053160684 16075 60BE6096 1 6107 1611781 2 3. 4 5 6/ 8 910
4% 16128 | 6138 {6149 61601 6170 {6180 619136201 62121622211 2 3. 4 5 6| 7 8 9
42| 6232 | 6243 | 6253 | 62633 6274 16284 62041630416314 832581 2 3/ 4 5 6|7 8 8§
43 6335 | 6345 | 6355 | 63651 6375 16385 6305164051 6415 842581 2 3/ 4 5 6|7 B @&
44 [ 6435 1 6345 (6454 64641 6474 16484 S40316503 168131652281 2 3. 4 5 6 7 8 9
45 | 6532 | 8542 | 6551 | 858116571 18580 8590165986609 861611 2 3/ 4 5 8|7 8 8
46 | 6626 | 6637 | 56646 | 86563 6665 | 6675 666416693 | 6702671211 2 B/ 4 5 6| 7 7 6
A7 [HET21 | 6730 {6739 6740 6788 16V6T 677016785 67841680311 2 3. 4 5 5/ 6 7 8
48 16812 | 6821 | 8830 683216848 16857 600616875 | 6B84 1680311 2 3. 4 4 5|6 7 8
49| 6902 | 6911 {6920 69261 6937 | 6946 | 8955169541 69721698111 2 3/ 4 4 5|6 7 6
B0 16930 | 6088 (7007 V01617024 ({7033 704217080 170801706731 2 3. 3 4 5|6 7 8
BY 7076 |7OR4 17003 VIO EPH10 {7118 VI28 71858 7143 1718231 2 313 4 B g6 7 8B
B2UTI6C | 7168 {7177 7i85 171983 17202 V21037218 | 7226 728581 2 2. 3 4 5|6 7 7
53| 7243 | 7251 | 7259 7267} 7275 7284 72021 7300] 7308 731611 2 2/ 3 4 5|6 8 7
B4 17324 | 7332 (7340 V3487356 (TR64 VIT2I7IBG | FR88 V396831 2 213 4 B &6 6 7

8 1 2 3 4 5 6 7 8 2§t 2 3 45 +6/7 8 9
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Mean [Difference

[ 1 2 3 4 5 6 7 6 g T TEETETY R e
B 7404 | T2 {74499 VA2V I TARE [ T4A43 T4AB1 17480 7480 1 T4T41 2 2.3 4 518 6 7
B8 7482|7480 17497 730517313 (7320 V2817536 743 75141 2 213 4 515 8 7
57 [ 7550 | 7566 | 7574 | THB2I 7HB0 [ TRA7I TE04 176121 TH10|T6ET 1 2 218 4 515 6 7
5817834 | 7642 | 7649 | TEB7 {7864 (7672 777686 7684 770131 1 2|3 4 415 8 7
B [ TTOC TG V23 TN TR (VAL TIB2YTTEG I VVIET T4l Ot 2.3 4 418 8 7
60 7782|7789 (7769 TBOSI7BIC | 7RIB. BRI TBAZ | TRAD|TE4EET1 1 2.3 4 415 6 &
61 7B5L | 7860 | 7868 7TB75} 7882 | 7880 78961 7903|7910 79171 4 213 4 415 6 &
B2 17924 | 7031 {7838 | 7457952 (7059 TO66} 7073 | 7BBOVOBYI1 t 2|3 3 4|5 B 8
63 7993 [ 8000 {8007 80143 8021 {8028 803518041 {8048 805531 1 213 3 418 5§ &
64 | BOGZ | BOGO | 8075 80821 808G [ 8086 BI021B108 181161812281 + 2.8 8 415 5 &
65 | 8120 | 8138 | 8142 8140} 8156 (8162 8i6O§BI76 | 8182 BIBG 1 + 2|3 3 4|5 5 8
66 || 8195 | 82062 (8209 8215 68222 6228 823518241 (8248828431 + 2|3 3 4|5 5 8
67 | B261 | B267 {8274 82801 8287 [ 8293 220018306 8312831831 1 2 .13 8 4158 5 8
68 [18325 | 8331 {8336 8344 1 8351 {8357 BBB3IB3I7C 6378838211 1 213 3 414 5 8
89 | 8388 | B385 16401 | 640718414 8420 B426§8432| 84391844531 1 212 3 414 5 8
TO | B4E1 | 8457 | B4B3 | B470 1 8476 (8482 B4881 8494 18500850631 1 212 8 414 5 &
THI6513 | B519 | 8625 | B5311 68537 8548 54516556 18561856731 + 2 12 8 414 5 5
T2 B5753 | B579 | 8585 BBO11 8597 8603 B60SIB615 8621862731 1 2. 2 8 414 5 5
T3 8B33 | 8639 | 8645 865118857 (8660 6680 IBB7S | 6881 8861 1 22 3 414 5 B
T4 18692 | 8658 | 8704 87101 8716 | 8722 B7R7 6733|8739 674831 ¢+ 212 8 414 5 5
75118751 | 8756 {8762 B7681 8774 18779 B78518791 (8797880281 + 212 3 314 5 5
76 | BB0B | B614 18820 BB25§68831 8337 BB42§8843 | 8854885831 1 212 3 314 5 5
77 BBEE | BBYY | B876 | 88B2] 6BBY 8BS 889918904 1 BO10[BYIB 1 1 212 3§ 3{4 4 B
Y6 [ BO21 | 8927 | BS32 | BOSB I 8043 8349 BOS4IBOGO  BOBSBOV1 1 4 212 8 314 4 B
7918976 | BBB2 | 8087 | BRO3 | 6OBB {9004 S00B{ 0015 90201902531 1 212 3 314 4 5
B0 19031 9038 {9042 G047 {9053 19058 G0ERF 00801 90741007981 1 212 3 314 4 B
6119085 | 9060 {9006 S101§ 94106 19112 SNI7 922 1 91281918331 + 212 8 3{4 4 B8
6210138 9143 19140 94541 9150 [9165 9170191751 91801918631 ¢+ 212 8 3i4 4 5
B3 19181 | 0188 {8201 | 206§ 9212 {9217 02221902271 9232 1923831 1 212 3 3{4 4 5
B& 10243 | 0248 (9253 925819263 (0269 92741093701 0204 1028831 1+ 212 8 314 4 B8
85 110204 | 9200 19304 | 93081 9315 19320 93251053301 083510934031 ¥+ 212 8 314 4 5
86 [ 0345 | 9260 | 9255 9360 § 0365 9370 937510380 08851539031 + 212 8 3i4 4 5
87 119395 | 9430 19405 941019415 (9420 942510430 ] 94359440318 1 112 2 313 4 4
88 19448 | 9450 | 9455 ] 9480 1 0485 | 0489 947410470 { 0484 O4BEI0 1 112 2 313 4 4
6910404 | 9400 19504 1 050821 9513 [0518 9520105281 05331658830 ¢+ 1 2 2 318 4 4
G0 | 19542 | 9547 (9552 | 0557 0062 (0566 9571305761 98B 95B6316 1 112 2 313 4 4
91 19580 | 0585 19600 605§ 9808 (0614 06100824 | 9628198333186 1 112 2 313 4 4
82 10638 | 9643 | 9647 | 96521 0657 0661 G666 196711 9675968030 1 1 2 2 3138 4 4
83119885 | 9580 {9604 86981 9703 19708 87130717 97221972710 1 112 2 313 4 4
94 10731 | 9736 | 0741 | 974519750 (0754 G700 07639788 97733140 1 112 2 313 4 4
85 9777 | 9782 | 8786] 879110795 {96800 SB0S I OBGH | 9814 981830 t 12 2 313 4 4
86 |1 0B23 | 9827 {9832 | 836109841 0845 OBS0 I 9B54 1 OBBO 086330 1 1 2 2 318 4 4
07 [1OB68 | 9872 {98771 088119886 (9800 8894108981 99031090810 1+ 112 2 318 4 4
88 19912 [ 9917 | 9821 0026 1 9930 (9934 883019843 | 9948 998230 t 112 2 3|3 4 4
89 10056 | 0961 (0665 006210074 (0078 OB 00B7 0901009630 1 Y12 2 318 3 4

[H] 1 2 3 & 5 8 7 a8 9 {1 2 3.4 5 6{7 8 9
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188 MATHEMATICS

ANTILOGARITHMS

0 i 5 s 4 5 6 . 8 o Mean Difference

1 2 3. 4 5 6 7 89

LSOHS162 3170 {3177 1 3184 § 3182 {3198 320613214 1 3221 132881 + 213 4 4/ 8 6 7
B1113236 | 3243 13251 1 3258313266 132731 328113286 3256 330411 2 213 4 5 5 8 7
LBS2113311 | 331913327 1 333433342 | 3360 3367336513373 33811 2 213 4 5 & 8 7
LB3HIG368 3396 {3404 ) 34123 3420 {3428 3436134433451 1348011 2 213 4 B 6 6 7
HAEIB46T | 3475 {3483 34011 3409 (3508 3516 3524 1 3532 135401 2 213 4 5.6 6 7
LSBH548 | 3556 {3565 3573 3581 {3580 359736061 3614 1 36221 2 213 4 5.6 7 7
LS8 113631 | 3639 {3648 365613664 13673 3681138903608 37071 2 3|3 4 5 & 7 8
LAY HSTIE | 3724 {3733 3741313780 {3758 376713776 3784 137931 2 313 4 B 6 7 8
LHBH3802 13811 {3810 382833837 {3846 3855138641383, 38821 2 314 4 5 6 7 8
59 3830 | 3800 {3808 391713026 {3036 394513054 13963 139721 2 34 5 5 86 7 8
L8011 3081 | 3960 | 3999 40083 4018 (4027 : 403614048 4055 406841 2 314 B 6, 68 7 8
B114074 14083 {4008 41023 4111 {4121 4130141401 4180 1 41881 2 314 5 6 7 8 9
B24168 14178 {4188 410981 4207 {4217 42871423681 4246 1 42581 2 314 5 6, 7 8 9
B3 4206 14278 {4285 ) 4205 F 4305 {4315 432514335 1 4345 143581 2 34 5 8 7 8 9
L6411 4365 | 4375 1 4385 43051 4406 14416 4426144361 4446 4457 |1 2 314 & 6 7 8 8
B85 4467 | 4477 1 4487 | 4408 § 4508 14519 4520 45301 4550 456G|1 2 314 B 6. 7 8 8
BB 45T | 4581 14882 480314813 (4624 4634148451 4686 48671 2 314 5 8 7 910
BT [ 4B77 | 46868 | 4809 | 47103 4721 14732 4742147531 4764 47751 2 314 & 7.8 910
B8 4786 | 4797 14808 ) 4819314831 (4842 4853146864 4875 48687 |1 2 34 8 7. 8 910
JBG 4808 | 4800 14920 493214043 (4055 4066 4077 1 4880 BOCG|1 2 35 6 7.8 910
L0HB012 15023 { 5035 ] 5047 50588 {5070 BOBZIH003 1 5106 151171 2 48 6 ¥ 8 911
15128 | 5140 | 5152 BiB4§ 5176 (5188 520015212 6224 B236|1 2 418 8 7 8 10 11
JF2115248 | 5280 | 5872 | BRB4 15207 | 5A00  BAR1§B3A3 1 B348 (53581 2 415 6 7 91011
L3H3T0 | 5363 | 5305 B40B 1 H420 (5433 B44B 54881 5470 1 546311 3 48 6 8 910 11
SEHA05 | 5508 | BB21 | BB34 I 5546 | 5650 BETZIH585 1 5508 156101 3 415 6 8] 9 1012
A5 5623 | 5636 | 5649 | SOOI 5675 | BEBG BY0Z2IB7IS | BFEB I B741 |1 3 45 7 8] 9 1012
TG H7E4 | 5768 15781 57041 5808 (5821 5034158481 5861 58751 3 45 7 8 9 1112
LIT 1 5BB6 | 5902 | 5918 BO20§ 5043 | 5B57 I BOY0§ 5064 1 5988 60121 3 45 7 810 11 12
S8 G026 | 6030 | 6053 6067 1 6081 {6005 610916154 1 6138 1 61521 3 46 7 810 $1 13
SHGIEE [ 8180 {6104 ) 62007 6223 {8237 625216268 6281 1620511 3 4.6 7 9110 ¥1 13
B0 6310 | 6324 16330 635318368 16383 68397184121 8427 1844211 3 4 . 68 7 910 1213
LB1118457 | 6471 | 6488 68013 68516 (6631 654665661 8577 658222 3 56 8 811 1214
B2IG607 | 6622 16637 | 665316668 (6683 6609167151 6730 67452 3 516 8 9111 12 14
LB3LETET (6776 {6702 68081 6820 (6830 £8H516871 6887 189022 3 516 8 911 13 14
B4 6018 | 6834 (6850 60661 6982 (6888 FOISIV031 1 7047 V06832 3 516 81041 13 15
BB YOS | 7088 {7142 71203 7145 (7161 TIVEIVI0A 7211 Y2282 3 B (7 8 10/12 13 18
B6HTR44 | V261 | VETB ) TEOB V311 {328 V348 VI62 TV V396 )¢ 3 5 1Y B8 10/12 153 18
BT 7413 | 7430 1 7447 | 7464 F 7482 | 7489 THIG I VH34 | 7EEY YHGB|2 3 57 910112 14 18
BB VRAG | 7603 {7621 | TE30  7REB [ TET4 . PO F VOB V2T VAR |2 4 5.7 911112 14 18
BGH Y782 | 7780 {7798 TR16 3 7834 | TBE2 TRYOJVB80 | 7967 V925 |2 4 57 911112 14 16
L0 7043 | 762 | 7880 TOOB 1 B017 { B35 BOB4§B072 8081 181102 4 67 9 1113 1517
91118128 | 8147 (8168 | 81851 8204 | 8222 824118260 8279 82982 4 6 /8 9 11148 1617
92118318 | 8337 | B358 | 837531 6395 18414 B433 ] 8453 8472 64922 4 68 10 1214 15 17
93118511 | 8531 | 8851 | 85701 8590 {8610 8630 § 8650 | 8670 1 8680 |8 4 6 /8 10 1214 16 18
L4 8710 | 8730 {8750 8770 § 8790 | B810: 8831 §8851 8872 8892 |2 4 68 10 12114 16 18
O518913 | 8933 | 8854 | 89741 8995 {9018 9036 9057 1 9078 1 9092 |& 4 6 8 10 1215 17 19
L6 9120 9141 19162 | 918339204 (0228 8247102681 0280 93112 4 6 8 11 1315 17 18
AT HO0333 | 9354 {9376 ) 9397 § 9419 {9441 D462 0484 | 9506 1 0528 |8 4 7 9 1 131547 X0
OB OBE0 | OR7E | 9504 ) G616 ] 0638 | 0661 GBEIJOV0OR | OVEY  9TE81E 4 T 19 1 13116 18 20
LG 0772 | 9705 19817 | D840 1 0883 | 9888 990B 100311 0054 09772 5 T 9 11 1416 18 20
G 1 2 3 4 b 8 7 8 g |t 2 3. 4 5 67 8 9




