
�There is no permanent place in the world for ugly mathematics ... . It may

be very hard to define mathematical beauty but that is just as true of

beauty of any kind, we may not know quite what we mean by a

beautiful poem, but that does not prevent us from recognising

one when we read it. — G. H. Hardy �

1.1  (Introduction)

XI 

Relation

Recognisable A, 

XII   B 

XI A

B

(i) {(a, b) � A × B: a, b },

(ii) {(a, b) � A × B: a, b },

(iii) {(a, b) � A × B: a b },

(iv) {(a, b) � A × B: a b

},

(v) {(a, b) � A × B: a b }.

A B R Abstracting

A × B 

1

(Relations and Functions)

Lejeune Dirichlet

(1805-1859)
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 (a, b) � R, R   a, b 

a R b (a, b) ��R, 
a b XI 

composition

Invertible

1.2  (Types of Relations)

A

A × A ��� A × A 
A × A   R = {(a, b): a – b = 10}

A = {1, 2, 3, 4} R 

pair a – b = 10

R� = {(a, b) : | a – b | � 0} A × A A × A 

(a, b), | a – b | � 0 

 1 A R A 

A R = ��� A × A.

  2  A R, (universal)

A  A R = A × A.

trivial

 1 A 

R = {(a, b) : a, b } R� = {(a, b) :
a b  } 

R = � R 

R� = A × A 

XI 

{1, 2, 3, 4}  R = {(a, b) : b = a + 1} a R b

b = a + 1 (notation)
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 (a, b) � R, a,b a R b

significant

Equivalence Relation

Reflexive Symmetric

Transitive

 3 A R;

(i) (reflexive) a� A  (a, a) � R,

(ii) (symmetric) a
1
, a

2
� A  (a

1
, a

2
) � R 

(a
2
, a

1
)� R 

(iii) (transitive) , a
1
, a

2
��a

3
� A (a

1
, a

2
) � R 

(a
2
, a

3
)� R  (a

1
, a

3
)� R 

 4 A R R 

 2 T 

T   R = {(T
1
, T

2
) : T

1
, T } 

R 

(T
1
, T

2
) � R � T

1
 , T

2
� T

2
 , T

1
� (T

2
, T

1
) � R.  

R  (T
1
, T

2
), (T

2
, T

3
) � R � T

1
 , T

2

T
2
, T

3 
� T

1
, T

3
� (T

1
, T

3
) � R. R 

 R 

 3 L 

R = {(L
1
, L

2
) : L

1
, L

2 
} L R

R L
1

(L
1
, L

1
) 	 R (L

1
, L

2
) � R

� L
1
,  L

2 

� L
2
 , L

1

� (L
2
, L

1
) � R
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R L
1
, L

2
L

2
 ,

L
3 

  L
1
 , L

3 

L
1
 , L

3 
(L

1
, L

2
) � R,

(L
2
, L

3
) � R (L

1
, L

3
) 	 R

 4 {1, 2, 3} R = {(1, 1), (2, 2),

(3, 3), (1, 2), (2, 3)} 

R (1, 1), (2, 2) (3, 3), R R 

(1, 2) � R (2, 1) 	 R. R (1, 2) � R (2, 3)�R

(1, 3) 	 R
 5 Z R = {(a, b) : 2, (a – b)

} 

 R a ��Z (a – a) 

(a, a) � R. (a, b) � R, a – b b – a 

(b, a) � R, R 

(a, b) � R  (b, c) � R,  a – b  b – c

a – c = (a – b) + (b – c) (even) (a – c) 

 R Z R 

(0, ± 2),

(0, ± 4), R (0, ± 1),

(0, ± 3),  R 

E 

O Z 

(i) E O 

(ii) E O O

E

(iii) E  O Z = E 
�O 

E, (contain) (Equivalence Class)

[0] O, 

[1] [0] � [1], [0] = [2r] 
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[1]= [2r + 1], r �Z. X 

R X 

(arbitrary) R, X A

X Partition

(i) i A
i

(ii) A
i

A
j

i � j

(iii) 
 A
j
 = X A

i
� A

j
 = �, i � j

A

Z Z

A
1
, A

2
A

3
Union Z

A
1
 = {x � Z : x  } = {..., – 6, – 3, 0, 3, 6, ...}

A
2
 = {x � Z : x – 1  } = {..., – 5, – 2, 1, 4, 7, ...}

A
3
 = {x � Z : x – 2  } = {..., – 4, – 1, 2, 5, 8, ...}

Z R = {(a, b) : 3, a – b } 

R 

A , Z A , Z 

A  , Z

A  = [0], A
2
 = [1] A

3
 = [2]. A

1
 = [3r],

A
2
 = [3r + 1] A

3
 = [3r + 2], r � Z.

 6 A = {1, 2, 3, 4, 5, 6, 7}  R = {(a, b) : a b

}  R 

{1, 3, 5, 7} 

{2, 4, 6} {1, 3, 5,7} 

{2, 4, 6} 

A a (a, a) �
(a, b) � R � a b �� (b, a) �
(a, b) � R (b, c) � R � a, b, c, � (a, c) � R.

R {1, 3, 5, 7} 

{2, 4, 6,}

{1, 3, 5, 7} 

{2, 4, 6} {1, 3, 5, 7} 

 {2, 4, 6}, 
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1.

(i) A = {1, 2, 3, ..., 13, 14}  R, 

R = {(x, y) : 3x – y = 0}

(ii) N  R = {(x, y) : y = x + 5 x < 4}

R.

(iii) A = {1, 2, 3, 4, 5, 6} R = {(x, y) : y  x } 

(iv) Z R = {(x, y) : x – y } 

(v)

R

(a)  R = {(x, y) : x y }

(b)  R = {(x, y) : x y }

(c)  R = {(x, y) : x, y }

(d)  R = {(x, y) : x , y }

(e)  R = {(x, y) : x, y }

2. R R = {(a, b) : a  b2}, 

3. {1, 2, 3, 4, 5, 6} R = {(a, b) : b = a + 1} 

4. R  R = {(a, b) : a  b}, 

5. R  R = {(a, b) : a  b3} 

6. {1, 2, 3} R = {(1, 2), (2, 1)} 

7. A 

R = {(x, y) : x y } R
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8. A = {1, 2, 3, 4, 5} R = {(a, b) : |a – b| } 

R {1, 3, 5} 

{2, 4} {1, 3, 5} 

{2, 4} 

9. A = {x � Z : 0  x  12}, R

(i) R = {(a, b) : |a – b|, 4 },

(ii) R = {(a, b) : a = b},

10.

(i)

(ii) .

(iii)

(iv)

(v)

11. R = {(P, Q) : P 

Q } R 

P � (0, 0)  P

12.  A  R = {(T
1
, T

2
) : T

1
, T

2  
}

 R T
1 

T
2

T
3 

T
1
, T

2
 T
3

13.  A , R = {(P
1
, P

2
) : P

1
P
2

} R 

A

14. L L R = {(L
1
,L
2
)

: L
1

L
2 
} R R 

y = 2x + 4 
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15.  {1, 2, 3, 4} R = {(1, 2), (2, 2), (1, 1), (4,4),

(1, 3), (3, 3), (3, 2)} 

(A) R 

(B) R 

(C) R 

(D) R 

16. N R = {(a, b) : a = b – 2, b > 6} R 

(A) (2, 4) � R (B) (3, 8) � R (C) (6, 8) � R (D) (8, 7) � R

1.3  (Types of Functions)

XI 

(Disciplines)

f
1
, f

2
, f

3
f

4

1.2 X
1 

(distinct) f
1

f
2

b X
2

e f f
1  

X
1

f
3 

X
3 

X
1 

 5 f : X � Y (one-one) (injective)

f X  

 x
1
, x

2
� X,   f (x

1
) = f (x

2
)   x

1
 = x

2
,  f

(many-one)

(i) f
1  

(ii) f
2  
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 6 f : X � Y (onto) (surjective)

f  Y X 

y � Y, X x f (x) = y.

iii i

X
2

e, f,  f
1

X
1

f : X � Y f range = Y.

 7 f : X � Y (one-one and onto)

(bijective)

iv f
4

7 X A

f : A � N f (x) = x
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N

f   A f 

8 f (x) = 2x f : N� N, 

 f  f (x
1
) = f (x

2
) � 2x

1
 = 2x

2
� x

1
 = x

2
. ,  f  

1 � N, N x f (x) = 2x = 1 

 9 f (x) = 2x f : R� R, 

f f (x
1
) = f (x

2
) � 2x

1
 = 2x

2
� x

1
 = x

2
R

 y R
2

y
f (

2

y
) = 2 . (

2

y
) = y f

 10 f (1) = f (2) = 1 x > 2  f (x) = x – 1 

f : N� N, 

f f (1) = f (2) = 1, f

y � N, y � 1,  x y + 1 f  (y+ 1) = y + 1 – 1 = 

1 � N f  (1) = 1

 11 f (x) = x2  f : R� R, 
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f (– 1) = 1 = f (1), f

R R 

x

f

 12

f : N� N, 

( )f x

f (x
1
) = f (x

2
) x

1
x
2

x
1
 + 1

= x
2
 – 1, x

2
 – x

1
 = 2 x

1
x
2

x
1

x
2

x
1

x
2

f (x
1
) = f (x

2
) � x

1
 + 1 = x

2
 + 1 � x

1
 = x

2
. x

1

x
2

f (x
1
) = f (x

2
) � x

1
 – 1 = x

2
 – 1 � x

1
 = x

2
f

N 2r + 1, N 2r + 2 

N 2r, N 2r – 1 f

 13 f : {1, 2, 3} � {1, 2, 3} 

f

f

{1, 2, 3} 

 f f 

 14 f : {1, 2, 3} � {1, 2, 3}

f {1, 2, 3} f {1, 2, 3}  

 f

(finite) X, 

f : X � X  

 X  f : X � X 
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(Infinite)

(characteristic)

1. f (x) = 
1

x
f : R����

� R����

R����
R����

N

R
����

2. Injective Surjective

(i) f (x) = x2    f : N� N

(ii) f (x) = x2    f : Z� Z

(iii) f (x) = x2    f : R� R 

(iv) f (x) = x3    f : N� N 

(v) f (x) = x3    f : Z� Z 

3. f (x) = [x] f : R�R, 

[x], x

4. f (x) = | x | f : R� R, 

| x | x, x | x | – x, 

x

5. f : R� R,

6.  A = {1, 2, 3}, B = {4, 5, 6, 7}  f = {(1, 4), (2, 5), (3, 6)} A  B

f
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7.

(bijective)

(i) f (x) = 3 – 4x  f : R � R

(ii) f (x) = 1 + x2  f : R � R

8.  A B f : A × B � B × A, 
f (a, b) = (b, a) (bijective)

9. n � N f (n) = 

,

,

f : N � N f

(bijective)

10.  A = R – {3}  B = R – {1} f (x) = 
2

3

x

x

�� �
� �
�� �

f : A � B f

11. f : R� R ,  f(x) = x4 

(A) f        (B) f

(C) f  (D) f

12. f (x) = 3x f : R � R

(A) f (B) f

(C) f (D) f

1.4  (Composition of Functions and

Invertible Function)

(bijective)

(Inverse) X 

 A 

(deface)
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(Fake Code Number)

B � N C�� N

f : A � B g : B � C f (a) = a

g (b) = b 

f

g 

 8 f : A � B g : B � C f g 

gof gof : A � C, gof (x) = g (f (x)), � x � A 

 15 f : {2, 3, 4, 5} � {3, 4, 5, 9} g : {3, 4, 5, 9} � {7, 11, 15}

f (2) = 3, f (3) = 4, f (4) =  f (5) = 5 g (3) = g (4) = 7 

g (5) =  g (9) = 11, gof

gof (2) =  g (f (2)) = g (3) = 7, gof (3) =  g (f (3)) = g (4) = 7, gof (4) =  g (f (4))

= g (5) = 11 gof (5) =  g (5) = 11.

16 f : R� R g : R� R f (x) = cos x g (x) = 3x2 

gof fog gof � fog.

gof (x) =  g (f (x)) = g (cos x) = 3 (cos x)2 = 3 cos2 x. , fog (x) =

f (g (x)) =  f (3x2) = cos (3x2) x = 0 3cos2 x � cos 3x2

gof � fog.

17
3 4

( )
5 7

x
f x

x

�
�

�
7 3

:
5 5

f
� � � �� � �� � � �
� � � �

R R

7 4
( )

5 3

x
g x

x

�
�

�
3 7

:
5 5

g
� � � �� � �� � � �
� � � �

R R
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fog = I
A 

gof = I
B
, I

A
 (x) = x, � x ��A I

B
 (x) = x, � x ��B,  

A = R – 
3

5

� �
� �
� �

, B = R – 
7

5

� �
� �
� �

  I
A 

I
B 

A B (Identity)

(3 4)
7 4

(5 7)3 4
( )

(3 4)5 7
5 3

(5 7)

x

xx
gof x g

xx

x

�� � �� ���� � � �� �� � ��� � � � �� ��� �

 = 
21 28 20 28 41

15 20 15 21 41

x x x
x

x x

� � �
� �

� � �

(7 4)
3 4

(5 3)7 4
( )

(7 4)5 3
5 7

(5 3)

x

xx
fog x f

xx

x

�� � �� ���� � � �� �� � ��� � � � �� ��� �

 = 
21 12 20 12 41

35 20 35 21 41

x x x
x

x x

� � �
� �

� � �

gof (x) = x, � x � B fog (x) = x, � x � A, 

gof = I
B

fog = I
A
.

 18 f : A � B g : B � C gof : A � C

gof (x
1
) = gof (x

2
)

� g (f (x
1
)) = g(f (x

2
))

� f (x
1
) = f (x

2
), g

� x
1
 = x

2
, f

gof 

 19 f : A � B  g : B � C gof : A �C

z � C g z 

(Pre-image) y� B g (y) = z, g

y� B A  x f (x) = y, f

gof (x) = g (f (x)) = g (y) = z, gof
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 20 f g gof

f g

 f : {1, 2, 3, 4} � {1, 2, 3, 4, 5, 6} f (x) = x, � x g (x) = x,

x = 1, 2, 3, 4 g (5) = g (6) = 5 g : {1, 2, 3, 4, 5, 6} � {1, 2, 3, 4, 5, 6} 

gof : {1, 2, 3, 4} � {1, 2, 3, 4, 5, 6}  gof (x) = x, � x,

gof g

 21 gof f g ?

f : {1, 2, 3, 4} � {1, 2, 3, 4} g : {1, 2, 3, 4} � {1, 2, 3} 

 f (1) = 1, f (2) = 2,  f (3) = f (4) = 3, g (1) = 1, g (2) = 2  g (3) = g (4) = 3. 

 gof

gof

f gof g 

g

X f

g 

g 

f

f

g, gof, f g  

gof, g f 

22 f : {1, 2, 3} � {a, b, c} 

f (1) = a, f (2) = b f (3) = c, g : {a, b, c} � {1, 2, 3}

gof = I
X

fog = I
Y
, X =  {1, 2, 3} 

Y = {a, b, c}

g : {a, b, c} � {1, 2, 3} g (a) = 1, g (b) = 2 g (c) = 3, 

gof = I
X
 , X 

fog = I
Y
 , Y 
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f : X � Y 

converse f : X � Y 

g : Y � X gof = I
X

fog = I
Y
, f

 9 f : X � Y (Invertible)

g : Y � X gof = I
X

fog = I
Y

g f

(Inverse) f –1

 f f

f f f 

f

 23 f : N� Y,  f (x) = 4x + 3, 

Y = {y �N : y = 4x + 3 x � N } f 

 Y y Y, N

x y = 4x + 3 
( 3)

4

y
x

�
� ( 3)

( )
4

y
g y

�
�

g : Y �N gof (x) = g (f (x)) = g (4x + 3) = 
(4 3 3)

4

x
x

� �
�

 fog (y) = f (g (y)) = f 3� �  = y – 3 + 3 = y

gof = I
N

fog = I
Y
, f g

f

 24  Y = {n2 : n � N} � N  f : N � Y f (n) = n2

 f

 Y y, n2 n�N . n = y

g (y) = y g : Y � N
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gof (n) = g (n2) = 2n = n fog (y) =
2

f y y y� � , 

gof = I
N

fog = I f f –1 = g.

 25 f : N � R ,  f (x) = 4x2 + 12x + 15 

f : N� S, S, f 

f y y = 4x2 + 12x + 15, 

x � N y = (2x + 3)2 + 6. 
6 3

2

y
x

� �
� .

g : S � N ,  g (y) = 
6 3

2

y � �

gof (x) = g (f (x)) = g (4x2 + 12x + 15) = g ((2x + 3)2 + 6))

=

2
(2 3) 6 6 3 2 3 3

2 2

x x
x

� � � � � �
� �

fog (y) =

2

6 3 2 6 3
3 6

2 2

y y
f

� � � �� � � �
� � � �� � �� � � �
� � � �

=
2 2

6 3 3 6 6 6y y� � � � � � �  = y – 6 + 6 = y.

      gof = I
N

fog =I f f –1 = g

 26 f : N � N, g : N � N h : N � R

f (x) = 2x, g (y) = 3y + 4 h (z) = sin z, � x, y z � N

ho(gof) = (hog) of.

   ho(gof) (x) = h(gof (x)) = h(g (f (x))) = h (g (2x))

= h(3(2x) + 4) = h(6x + 4) = sin (6x + 4), x� �N

((hog)o f ) (x) = (hog) ( f (x)) = (hog) (2x) = h ( g (2x))

= h(3(2x) + 4) = h(6x + 4) = sin (6x + 4), � x � N
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ho(gof) = (hog) o f

 1 f : X � Y, g : Y � Z h : Z � S 

ho(gof) = (hog) o f

ho(gof) (x) = h(gof (x)) = h(g (f (x))), � x in X

(hog) of (x) = hog (f (x)) = h(g(f (x))), � x in X

ho(gof) = (hog) o f

 27 f : {1, 2, 3} � {a, b, c} g : {a, b, c} ��{ }  f (1) = a,

f (2) = b, f (3) = c, g(a) = , g(b) = g(c) = 

f, g gof f –1, g–1 (gof)–1

 (gof) –1 = f –1og–1 

f g

f –1: {a, b, c} � (1, 2, 3} g–1 : { } � {a, b, c} 

f –1{a} = 1, f –1{b} = 2,  f –1{c} = 3,  g –1{ } = a,  g –1{ } = b g –1{ } = c.

f –1o f  = I , f o f –1 = I
{a, b, c}

, g –1og = I
, 

go g–1 = I ,  D = { , , } ,  gof : {1, 2, 3} � { , , }

gof (1) = , gof (2) = , gof (3) = 

(gof)–1 : { } � {1, 2, 3} (gof)–1 ) = 1, (gof)–1 ) = 2

 (go f)–1 ) = 3 

(g o f)–1 o (g o f) = I (g o f) o (g o f)–1 = I

f, g gof

f –1og–1 ) = f –1(g–1 )) = f –1(a) = 1 = (gof)–1 )

f –1og–1 ) = f –1(g–1 )) = f –1(b) = 2 = (gof)–1 ) 

f –1og–1 ( ) = f –1(g–1 )) = f –1(c) = 3 = (gof)–1 )

                  (gof)–1 = f –1og–1

 2 f : X � Y g : Y � Z gof 

(gof)–1 = f –1og–1

gof (gof)–1 = f –1og–1, 

 ( f –1og–1)o(gof) = I
X

(gof)o( f –1og–1) = I
Z
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(f –1og–1)o(gof) = ((f –1og–1) og) of, 1 

= (f –1o(g–1og)) of, 1 

= (f –1 oI
Y
) of,  g–1 

= I
X

(gof ) (f –1 og –1) = I
Z

28 S = {1, 2, 3}

f : S � S f –1, 

(a) f  = {(1, 1), (2, 2), (3, 3)}

(b) f = {(1, 2), (2, 1), (3, 1)}

(c) f = {(1, 3), (3, 2), (2, 1)}

(a)  f f

f f –1 = {(1, 1), (2, 2), (3, 3)} = f

(b) f (2) = f (3) = 1, f f

(c) f  f

f –1 = {(3, 1), (2, 3), (1, 2)}

1. f : {1, 3, 4} � {1, 2, 5} g : {1, 2, 5} � {1, 3},

f = {(1, 2), (3, 5), (4, 1)} g = {(1, 3), (2, 3), (5, 1)} gof

2.  f, g h, R R 

(f + g) oh = foh + goh

(f . g) oh = (foh) . (goh)

3. gof fog 

(i) f (x) = | x | g(x) = | 5x – 2 |

(ii) f (x) = 8x3 g(x) = 

1

3x
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4. f (x) = 
(4 3)

(6 4)

x

x

�

�
, 

2

3
x � , 

2

3
x� fof (x) = x

f  ?

5.

(i) f : {1, 2, 3, 4} � {10} 

f  = {(1, 10), (2, 10), (3, 10), (4, 10)}

(ii) g : {5, 6, 7, 8} � {1, 2, 3, 4} 

g = {(5, 4), (6, 3), (7, 4), (8, 2)}

(iii) h : {2, 3, 4, 5} � {7, 9, 11, 13} 

h = {(2, 7), (3, 9), (4, 11), (5, 13)}

6. f : [–1, 1] � R,  f (x) = 
( 2)

x

x �
, 

f : [–1, 1] � ( f  

y � f, [–1, 1]  x  y = f (x) = 
2

x

x �
, 

x = 
2

(1 )

y

y�
)

7. f (x) = 4x + 3   f : R � R   f

 f

8. f (x) = x2 + 4   f : R
+
� [4,  )  f

f  f –1 , f –1(y)  = 4y � , R
+

9. f (x) = 9x2 + 6x – 5 f : R
+
� [– 5,  ) 

 f f –1(y) = 
6 1

3

y� �� �
� �
� �

10.  : X � Y 

f 

y� Y fog
1
(y) = 1

Y
(y) = fog

2
(y) f  

)
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11. f : {1, 2, 3} � {a, b, c}, f (1) = a, f (2) = b f (3) = c. f  

f –1 (f –1)–1 = f

12. f : X � Y f –1

f,   (f –1)–1 = f

13. f : R� R, f (x) = 

1

3 3(3 )x� , fof (x) 

(A)
1

3x (B) x3 (C) x          (D)  (3 – x3)

14. f (x) = 
4

3 4

x

x �
f : R – 

4

3

� �
�� �
� �

� R f

(Map) g : f� R – 
4

3

� ��� �
� �

, 

(A)
3

( )
3 4

y
g y

y
�

�
(B)

4
( )

4 3

y
g y

y
�

�

(C)
4

( )
3 4

y
g y

y
�

�
(D)

3
( )

4 3

y
g y

y
�

�

1.5  (Binary Operations)

a b, 

a + b a – b ab
a
, b � 0 (Associate)

X

X a b X 
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 10 A �� ��: A × A � A 

��(a, b) a � b

 29  R R

+ : R × R� R , (a, b) � a + b 

– : R × R� R,  (a, b) � a – b 

× : R × R� R,  (a, b) � ab 

 ‘+’, ‘–’  ‘×’ R

! : R × R� R, (a, b) �
a

b
, b = 0 

a

b

! : R� × R�� R�,  (a, b) �
a

b

R�

 30 N

– : N × N� N, (a, b) � a – b,  ‘–’

 3 – 5 = – 2 	 N.  ! N × N� N, (a, b) �
a

b

! (3  ̧5)   3 ! 5=
3

5
	N.

  31 ��: R × R� R, (a, b) � a + 4b2

�  (a, b) a + 4b2

��R

  32 P, X 


 : P × P � � A 
 B � : P × P � P,

(A, B) � A � B P 

Union Operation 
��P × P (A, B)   P 

 A 
�B  
��  P 
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(Intersection) �� , P × P (A, B) P 

A � B �� P 

  33 (a, b) �  {a, b} "  : R × R�R

(a, b) � {a, b} #  : R × R� R

" ,  R × R  (a, b) R

a b "

#

" (4, 7) = 7, " (4, – 7) = 4, # (4, 7) = 4 # (4, – 7) = – 7 

A A 

�� ��
A = {1, 2, 3} A 

" "  (1,

3) = 3, "  (2, 3) = 3, "  (1, 2) = 2.

1.1

i, j A 

* : A ×  A � A A = {a
1
, a

2
, ..., a

n
}

n  n (i, j) a
i
� a

j 
n  n

A = {a
1
, a

2
, ..., a

n
}, 

� : A × A � A 

a
i
� a

j
 = 

 3 4 order

3 + 4 = 4 + 3, 

3 – 4 � 4 – 3. 

" 1 2 3

1 1 2 3

2 2 2 3

3 3 3 3
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 11 X � (Commutative)

a, b � X a � b = b � a

 34 + : R × R � R × : R × R � R

– : R × R� R ! : R� × R�� R�

a + b = b + a a × b = b × a, � a, b � R, ‘+’ ‘×’ 

 ‘–’ 3 – 4 � 4 – 3.

 3 ! 4 � 4 ! 3, ‘!’ 

 35 a � b = a + 2b � : R × R� R

3 � 4 = 3 + 8 = 11 4 � 3 = 4 + 6 = 10, �
X  X 

a � b � c
(a � b) � c a ��(b � c) 

 (8 – 5) – 2 � 8 – (5 – 2). 
Bracket

8 + 5 + 2 ( 8 + 5) + 2 

8 + (5 + 2) 

 12 � : A × A � A Associative

(a � b) � c = a ��(b � c), � a, b, c, � A.

 36 R 

R  

(a + b) + c = a + (b + c)  (a×b) × c = a × (b × c),

� a, b, c� R (8 – 5) – 3 � 8 – (5 – 3) 
(8 ! 5) ! 3 � 8 !�(5 ! 3).

 37 a � b � a + 2b � : R × R� R

�
(8 � 5) � 3 = (8 + 10) � 3 = (8 + 10) + 6 = 24,
8 ��(5 � 3) = 8 � (5 + 6) = 8 � 11 = 8 + 22 = 30.
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a
1
� a

2 
� ... � a

n

a
1
� a

2 
� ... � a

n
(Ambiguous)

R (zero)

a + 0 = a = 0 + a, � a�R, , 

(Role)

a × 1 = a = 1 × a, � a � R 

 13 � : A × A � A,  e � A, 

(Identity) a � e = a = e � a, �  a � A 

 38 R

– : R × R� R ! : R� × R�� R�

a + 0 = 0 + a = a a × 1 = a = 1 × a, � a � R

‘+’ ‘×’, R e a – e =

e – a, � a � R R�� e

a ! e = e ! a, � a � R� ‘–’ ‘!’ 

R N 

0 	 N N

+ : R × R � R  a � R

R – a a + (– a) = 0 (‘+’ ) = (– a) + a.

R a � R, a � 0 R
1

a

a × 
1

a
 = 1(‘×’ ) = 

1

a
× a 

 14 A e � : A × A � A 

a � A ��  A 

b a � b = e = b � a  b a (Inverse)

a–1
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 39 R ‘+’ – a a R 

‘×’ a � 0 
1

a

a + (– a) = a – a = 0  (– a) + a = 0, – a a

a � 0, a ×
1

a
= 1 = 

1

a
× a, 

1

a

a

 40 N '+' a � N – a

N ‘×’ a � N, a � 1 
1

a

 – a 	 N,  N a – a

– a, a + (– a) = 0 = (– a) + a N a � 1 

1

a
	 N,  N N

R

0 a � R, � a – a

1. �
�

(i) Z+ ,  a � b = a – b �

(ii) Z+ , a � b = ab �

(iii) R � a � b = ab2 

(iv) Z+ ,  � a � b = |a – b | 

(v) Z+  , �, a � b = a 

2. � �
�
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(i) Z ,  a � b = a – b 

(ii) Q , a � b = ab + 1 

(iii) Q ,  a � b = 
2

ab

(iv) Z+ ,  a � b = 2ab 

(v) Z+ , a � b = ab 

(vi) R – {– 1} , a � b = 
1

a

b �

3. {1, 2, 3, 4, 5} a # b =  {a, b} 

#

4. {1, 2, 3, 4, 5}

�

(i) (2 � 3) � 4 2 ��(3 � 4) 
(ii) �
(iii) (2 � 3) � (4 � 5) 

5. {1, 2, 3, 4, 5} ��, a �� b = a b

HCF  �� �

6. N � a � b = a b LCM  

(i) 5 � 7,   20 � 16 (ii) � ?

* 1 2 3 4 5

1 1 1 1 1 1

2 1 2 1 2 1

3 1 1 3 1 1

4 1 2 1 4 1

5 1 1 1 1 5
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(iii) � ? (iv) N ��

(v) N �

7. {1, 2, 3, 4, 5} a � b = a b LCM  �

8. N a � b = a b HCF  

� �� N 

9. Q �

(i) a � b = a – b (ii) a � b = a2 + b2

(iii) a � b = a + ab (iv) a � b = (a – b)2

(v) a � b = 
4

ba
(vi) a � b = ab2

10.

11.  A = N × N A (a, b) � (c, d) = (a + c, b + d) 

� A �

12.

(i) N � a � a = a, � a � N

(ii) N �� a � (b � c) = (c � b) � a

13. a � b = a3 + b3 N �

(A) �

(B) �

(C) �

(D) �
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 41  R
1

 R
2

A R
1
� R

2

R
1

R
2

(a, a) � R
1
, (a, a) � R

2
, � a �

(a, a) � R
1 
� R

2
,� a, R

1 
� R

2

(a, b) � R
1 
� R

2
� (a, b) � R

1
(a, b) � R

2
� (b, a) � R

1
(b, a) � R

2
�

(b, a) � R
1
� R

2
, R

1 
� R

2
(a, b) � R

1
� R

2
(b, c) � R

1 
� R

2

� (a, c) ��R
1

(a, c) ��R
2
� (a, c) � R

1 
� R

2
R
1 
� R

2

R
1 
� R

2

 42 A  ordered pairs

R, (x, y) R (u, v),  xv = yu 

R  

(x, y) R (x, y), � (x, y) � A,  xy = yx R

(x, y) R (u, v) � xv = yu � uy = vx (u, v) R (x, y)

R  (x, y) R (u, v)  (u, v) R (a, b) � xv = yu

ub = va�
a a

xv yu
u u
� ��

b a
xv yu
v u
� � xb = ya (x, y) R (a, b)

R   R  

 43 X = {1, 2, 3, 4, 5, 6, 7, 8, 9} X 

R
1
 = {(x, y) : x – y } R

1
R
2
 = {(x, y): {x, y}

� {1, 4, 7} {x, y} ��{2, 5, 8}  {(x, y} ��{3, 6, 9} X R
2

R
1
 = R

 {1, 4, 7}, {2, 5, 8} {3, 6, 9} 

characterstic

x, y) � R
1
� x – y � {x, �  {x, y} � {2, 5, 8}

 {x, y} � {3, 6, 9} � (x, y � R
2

R
1
� R

2
x � R � x, y} �

x �  {x, � � x – y � {x, y}
� R

1
R
2
� R

1
R
1
 = R

2 

 44 f : X � Y X R = {(a, b): f (a) = f (b)} 

R 
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a � X (a, a) � R, f (a) = f (a), R 

(a, b) � R � f (a) = f (b) � f (b) = f (a) � (b, a) � R 

(a, b) � R (b, c) � R � f (a) = f (b) f (b) = f (c) � f (a) = f (c) �
(a, c) � R, R R 

 45 R

(a) a � b = 1, � a, b � R (b)  a � b = 
( )

2

a b�
� a, b � R

(a) a � b = b � a = 1, � a, b � (a � b) � c =
(1 � c) =1 a � (b � c) = a � (1) = 1, � a, b, c � R R 

(b) a � b = 
2 2

a b b a� �
�  = b � a,  � a, b � R, �

(a � b) � c =
2

a b�� �
� �
� �

� c.

=
22

2 4

a b
c

a b c

�� � �� � � �� � � .

a � (b � c) =
2

b c
a

�� �
� � �
� �

=
2 22

2 4 4

b c
a

a b c a b c
�

� � � � �
� �

�

 46 A = {1, 2, 3} 

{1, 2, 3} 1, 2, 3 

{1, 2, 3} Maps

3! = 6 
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  47 A = {1, 2, 3} 

{(1, 1), (2, 2), (3, 3), (1, 2), (2, 3), (1, 3)}, (1, 2)  (2, 3)  

R R

R , R

(3, 2) R R

(2, 1), (3, 2) (3, 1)

  48 {1, 2, 3}  (1, 2) (2, 1) 

(1, 2)  (2, 1) R
1
, {(1, 1),  (2, 2),

(3, 3), (1, 2), (2, 1)} (2, 3), (3, 2), (1, 3)  (3, 1) 

  R

R

 49  {1, 2} 

{1, 2} �� {1, 2} × {1, 2} {1, 2} 

{(1, 1), (1, 2), (2, 1), (2, 2)}  {1, 2} ��
, ��$%��%&���%��� (1, 2) = 2, ��(2, 1) = 2 (2, 2)

��(2, 2) 

  50 I  : N� N  I  (x) = x, � x � N
I
N

I
N
 + I

N
 : N� N

(I
N
 + I

N
) (x) = I

N
 (x) + I

N
 (x) = x + x = 2x

I I  + I N 

N x

(I
N
 + I

N
) (x) = 2x = 3 
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 51 f (x) = sin x f : 0,
2

'( )�* +, -
R g(x) = cos x 

g : 0,
2

'( )�* +, -
R f g f + g

0,
2

'( )
* +, -

, x
1

x
2

sin x
1
� sin x

2

cos x
1
� cos x

2
f g (f + g) (0) =

sin 0 + cos 0 = 1 (f + g)
2

'� �
� �
� �

 = sin cos 1
2 2

' '
� � f + g

1. f : R� R , f (x) = 10x + 7 

g : R� R g o f = f o g = 1
R

2. f : W�W,  f (n) = n – 1, n f (n) = n + 1, n

f f 

W

3. f : R� R f(x) = x2 – 3x + 2 f (f (x)) 

4. f : R� {x � R : – 1 < x < 1} ( )
1 | |

x
f x

x
�
�

, x � R 

5. f (x) = x3  f : R� R Injective

6.  f : N� Z g : Z� Z g o f

g

:  f (x) = x g (x) = |x | )

7. f : N � N  g : N� N

g o f f

:  f (x) = x + 1 ( )g x
x
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8. X P(X) X 

P(X) 

P(X) A, B ARB, A � B R, P(X)

? 

9. X � : P(X) × P(X) � P(X)

A � B = A � B, �A, B � P(X) P(X)

X (Power set)

X �� P(X) X 

10. {1, 2, 3, ... , n} 

11.  S = {a, b, c} T = {1, 2, 3}  S  T  

F F–1

(i) F = {(a, 3), (b, 2), (c, 1)} (ii) F = {(a, 2), (b, 1), (c, 1)}

12. a �b = |a – b| a o b = a, � a, b � R  

� : R × R� R  o : R × R�R �

o

a, b, c�R a � (b o c) = (a � b) o (a � c)  [

� o Distributes ] o ��

? 

13.  X � : P(X) × P(X) � P(X), 

A * B = (A – B) 
 (B – A), �A, B � P(X)

� � P(X) A 

A–1 : (A – �) 
 (� – A) = A. (A – A) 
 (A – A) =

A � A = �).

14.   {0, 1, 2, 3, 4, 5} �

a �0 6 – a, a
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15. A = {– 1, 0, 1, 2}, B = {– 4, – 2, 0, 2} f, g : A � B, 

f (x) = x2 – x, x � A 
1

( ) 2 1,
2

g x x� � �  x � A 

f g ? ( : 

f : A� B g : A � B f (a) = g(a) � a � A 

16. A = {1, 2, 3} 

(A) 1 (B) 2 (C) 3 (D) 4

17.  A = {1, 2, 3}  (1, 2) 

(A) 1 (B) 2 (C) 3 (D) 4

18. f : R�R Signum

Function

1, 0

( ) 0, 0

1, 0

x

f x x

x

.�
/

� ��
/� 0�

g : R � g (x) = [x], [x] x 

x fog gof , [0, 1] (coincide) ?

19. {a, b} 

(A) 10 (B) 16 (C) 20 (D) 8

� X  R = � � X × X 

� X  R = X × X 

� X  � a � X (a, a) � R, 

� X  R, (a, b) � R (b, a) � R

� X  R, (a, b) � R (b, c) � R � (a, c) � R � a, b, c � X 
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� X R, 

� X R a � X [a], X 

a

� f : X � Y 

f (x
1
) = f (x

2
) � x

1
 = x

2
, � x

1
, x

2
� X

� f : X � Y 

y � Y, 1 x � X, f (x) = y

� f : X � Y 

f

� f : A � B g : B � C gof : A � C gof (x)

= g(f (x)), � x � A 

� f : X � Y 1 g : Y � X, gof = 1
X

fog = 1
Y

.

� f : X � Y 

� X f : X � X 

f

Characterstic Property

� A �� A × A A �

� e � X, � : X × X � X,  

a � e = a = e � a, � a � X

� e � X  � : X × X � X,   

 b � X   a � b = e = b � a

e �� b, a

a–1

� X �� a � b = b � a, � a, b � X

� X �� (a � b) � c = a � (b � c),� a, b, c � X
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R. Descartes ( 1596-1650 ) 

Descartes “Geometrie”

Hyperbola

(Parabola)  (Ellipse), x 

xn 1636-1675 “ Vera

1667 ) 

G. W. Leibnitz (1646-1716 ) 

“Methodus tangentium inversa, seu  de functionibus” 

“Historia” (1714 )  Leibnitz 

‘x ’ 

John Bernoulli (1667-1748 ) 

Notation �x ‘x ’ 

f, F, �, 2 ... Leonhard Euler

(1707-1783 ) 1734 “Analysis Infinitorium”

Joeph Louis Lagrange (1736-1813 ) 

“Theorie des functions analytiques” 

Analytic f (x), F(x), �(x) 
x Lejeunne Dirichlet (1805-1859 ) 

Georg Cantor (1845-1918 )

Dirichlet 

Abstraction

—����—


