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�The essence of mathematics lies in its freedom — CANTOR �

3.1  (Introduction)

(Electronic Spreadsheet Programmes)

(Budgeting) (Sales

Projection) (Cost Estimation)

(Magnification) (Rotation)

(Reflection)

(Cryptography)

(Matrix algebra)

3.2  (Matrix)

[15] [ ] 

[15  6] [ ] 

3

(Matrices)



        63

15 6 

10 2 

13 5 

15 6

10 2

13 5

15 10 13

6 2 5
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 1

(Capital)

5–2

A 0 5

3 6

� �
� �

� � �
� �� �

, 

1
2 3

2

B 3.5 –1 2

5
3 5

7

i
� �� 	� �
� �

� � �
� �
� �
� �

,  

31 3
C

cos tansin 2

x x

x xx

� ��
� � �

�� �

(Rows)

(Columns) A B

C

3.2.1 (Order of a matrix)

m n m × n (order)

m × n A,  3 × 2 

B 3 × 3 C,  2 × 3 A 3 × 2 = 6 

B C 

m × n

A = [a
ij
]
m × n

, 1
 i 
 m, 1
 j 
 n i,  j � N
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a
i1
, a

i2
, a

i3
,..., a

in
a
1j
, a

2j
,

a
3j
,..., a

mj

a ,   A  (i, j)

m × n mn

�

1. m × n A = [a
ij
]
m × n

2.

 (x, y) 

x

y

� �
� �
� �

 (  [x, y]) P(0, 1),  
0

P
1

� �
� � �
� �

[0 1] 

ABCD 

A (1, 0), B (3, 2), C (1, 3), D (–1, 2) 

ABCD 

A B C D

X

4 2

A 1 0

B 3 2
Y

C 1 3

D 1 2
�

� �
� �
� ��
� �
� �
	� �

 1 I, II III 
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I 30 25

II 25 31

III 27 26

3 × 2 

3 × 2 

30 25

A 25 31

27 26

� �
� �� � �
� �� �

III 

m × n  mn

 (1, 8), (8, 1), (4, 2), (2, 4) 

 1 × 8, 8 ×1, 4 × 2, 2 × 4 

 3 3 × 2 
1
| 3 |
2

ija i j� 	

3 × 2 A = 

1
| 3 |
2

ija i j� 	 , i = 1, 2, 3   j = 1, 2

11

1
|1 3.1| 1
2

a � 	 � 12

1 5
|1 3.2 |
2 2

a � 	 �
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21

1 1
| 2 3.1|
2 2

a � 	 � 22

1
| 2 3.2 | 2
2

a � 	 �

31

1
| 3 3.1| 0
2

a � 	 � 32

1 3
| 3 3.2 |
2 2

a � 	 �

5
1

2
1

A 2
2

3
0

2

� �
� �
� �

� � �
� �
� �
� �

3.3  (Types of Matrices)

(i) (Column matrix)

0

3

A 1

1/ 2

� �
� �
� �
� �� 	
� �
� �� �

,  4 × 1 A= [a
ij
]
m × 1

m × 1 

(ii) (Row matrix)

1 4

1
B 5 2 3

2 �

� �� 	� �� �
, 1×4 

B = [b
ij
]
1 × n

1 × n 

(iii) (Square matrix)

m × n m = n
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‘n’ 

3 1 0

3
A 3 2 1

2

4 3 1

	� �
� �
� ��
� �
� �	� �

 A = [a
ij
]
m × m

m 

�  A = [a
ij
] n 

a
11
, a

22
, ..., a

nn
A 

1 3 1

A 2 4 1

3 5 6

	� �
� �� 	� �
� �� �

A

(iv) (Diagonal matrix)

B = [b ]
m × m

B = [b
ij
]
m × m

gS] ; fn b
ij
 = 0, i 
 j

  A = [4], 
1 0

B
0 2

	� �
� � �
� �

, 

1.1 0 0

C 0 2 0

0 0 3

	� �
� �� � �
� �� �

, 

(v) (Scalar matrix)

B = [b
ij
]
n × n

b
ij
 = 0,    i 
 j

b
ij
 = k,    i  = j, k

A = [3],     
1 0

B
0 1

	� �
� � �	� �

,      

3 0 0

C 0 3 0

0 0 3

� �
� �

� � �
� �
� �
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(vi) (Identity matrix)

 A = [a
ij
]
n × n

ija

n I
n 

I 

 [1], 
1 0

0 1

� �
� �
� �

, 

1 0 0

0 1 0

0 0 1

� �
� �
� �
� �� �

1, 2 3 

k = 1 , 

(vii) (Zero matrix)

 [0], , , [0, 0] 

O

3.3.1 (Equality of matrices)

 2 A = [a
ij
] B = [b

ij
] 

(i)

(ii) A B i j

a
ij
 = b

ij

A  B 

A = B 
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1.5 0

2 6

3 2

x y

z a

b c

	� �� �
� �� � � � �� �
� �� �� � � �

, x = – 1.5, y = 0, z = 2, a = 6 , b = 3, c = 2

 4

3 4 2 7 0 6 3 2

6 1 0 6 3 2 2

3 21 0 2 4 21 0

x z y y

a c

b b

� � 	 	� � � �
� � � �	 	 � 	 	 �� � � �
� � � �	 	 � 	� � � �

a, b, c, x, y z

x + 3 = 0, z + 4 = 6, 2y – 7 = 3y – 2

a – 1 = – 3,            0 =2c + 2 b – 3 = 2b + 4,

a = – 2, b = – 7, c = – 1, x = – 3, y = –5, z = 2

5

2 2 4 3

5 4 3 11 24

a b a b

c d c d

� 	 	� � � �
�� � � �	 �� � � �

a, b, c, d 

2a + b = 4 5c – d = 11

a – 2b = – 3 4c + 3d = 24

 a = 1, b = 2, c = 3 d = 4 

1.

2 5 19 7

5
A 35 2 12

2

173 1 5

� �	
� �
� �� 	
� �
� �	� �

, 

(i) (ii)

(iii) a
13
, a

21
, a

33
, a

24
, a

23
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2.

3.

4. 2 × 2 A = [a
ij
] 

   (i)

2( )

2
ij

i j
a

�
� (ii) ij

i
a

j
� (iii)

2( 2 )

2
ij

i j
a

�
�

5. 3 × 4 

(i)
1
| 3 |
2

ija i j� 	 � (ii) 2ija i j� 	

6. x, y z

(i)
4 3

5 1 5

y z

x

� � � �
�� � � �

� � � �
(ii)

2 6 2

5 5 8

x y

z xy

�� � � �
�� � � ��� � � �

(iii)

9

5

7

x y z

x z

y z

� �� � � �
� � � �� �� � � �
� � � ��� � � �

7.
2 1 5

2 3 0 13

a b a c

a b c d

	 � 	� � � �
�� � � �	 �� � � �

a, b, c d

8. A = [a
ij
]
m × n\

(A) m < n (B) m > n (C) m = n (D)

9. x y

3 7 5

1 2 3

x

y x

�� �
� �� 	� �

 , 
0 2

8 4

y 	� �
� �
� �

(A)
1
, 7

3
x y

	
� � (B)

(C) y = 7   ,   
2

3
x

	
� (D)

1 2
,

3 3
x y

	 	
� � .

10. 3 × 3 0  1 ?

(A) 27 (B) 18 (C) 81 (D) 512

3.4  (Operations on Matrices)
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3.4.1  (Addition of matrices)

A B

 1 :  (80 + 90),  (60 + 50)

2 : (75 + 70),   (65 + 55)

 3 :  (90 + 75),   (85 + 75)

80 90 60 50

75 70 65 55

90 75 85 75

� �� �
� �� �� �
� �� �� �

,

11 12 13

21 22 23

A
a a a

a a a

� �
� � �
� �

 2 × 3 
11 12 13

21 22 23

B
b b b

b b b

� �
� � �
� �

2 × 3 
11 11 12 12 13 13

21 21 22 22 23 23

A + B
a b a b a b

a b a b a b

� � �� �
� � �� � �� �

A = [a
ij
] B = [b

ij
] m × n

A B C = [c
ij
]
m × n
, 

c
ij
 = a

ij
 + b

ij
, i j
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 6
3 1 1

A
2 3 0

� �	
� � �
� �

2 5 1

B 1
2 3

2

� �
� �� � �	
� �� �

 A + B 

A B 2 × 3  A  B 

2 3 1 5 1 1 2 3 1 5 0

A+B 1 1
2 2 3 3 0 0 6

2 2

� � � �� � 	 � �
� � � �� �� � � �	 � �
� � � �� � � �

�
1.  A B 

A + B 
2 3

A
1 0

� �
� � �
� �

, 
1 2 3

B ,
1 0 1

� �
� � �
� �

 A + B 

2.

3.4.2 (Multiplication of a matrix by a scalar)

.
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1

3

 , 

160 120

150 130

180 170

� �
� �
� �
� �� �

A = [a ]
m × n

k kA 

A k

kA = k [a
ij
]  = [k (a

ij
)]
m × n
, kA (i, j) i j

ka
ij

A =

3 1 1.5

5 7 3

2 0 5

� �
� �

	� �
� �� �

3A =

3 1 1.5 9 3 4.5

3 5 7 3 3 5 21 9

2 0 5 6 0 15

� � � �
� � � �

	 � 	� � � �
� � � �� � � �

(Negative of a matrix) A –A

–A –A = (– 1) A 

  A =
3 1

5 x

� �
� �	� �

, – A 

– A = (– 1)
3 1 3 1

A ( 1)
5 5x x

	 	� � � �
� 	 �� � � �	 	� � � �

(Difference of matrices) A = [a
ij
], B = [b ] 

m × n A – B D = [d
ij
] i j  
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d
ij
= a – b , D = A – B = A + (–1) B,

A – B 

 7 2A – B 

2A – B = 2

=
2 4 6 3 1 3

4 6 2 1 0 2

	 	� � � �
�� � � �	� � � �

=
2 3 4 1 6 3 1 5 3

4 1 6 0 2 2 5 6 0

	 � 	 	� � � �
�� � � �� � 	� � � �

3.4.3 (Properties of matrix addition)

(i) (Commutative Law)  A = [a
ij
], B = [b

ij
] 

m × n, A + B = B + A 

A + B = [a
ij
] + [b

ij
] = [a

ij
+ b

ij
]

= [b
ij
+ a

ij
)

= ([b
ij
] + [a

ij
]) = B + A

(ii) (Associative Law)  m × n

A = [a
ij
], B = [b

ij
], C = [c

ij
] (A + B) + C = A + (B + C)

(A + B) + C = ([a
ij
] + [b

ij
]) + [c

ij
]

= [a
ij
 + b

ij
] + [c

ij
] = [(a

ij
+ b

ij
) + c

ij
]

= [a
ij
 + (b

ij
+ c

ij
)] ( ?)

= [a
ij
] + [(b

ij
+ c

ij
)] = [a

ij
] + ([b

ij
] + [c

ij
]) = A + (B + C)

(iii)

a m × n  O m × n A+O = O+A= A

O 

(iv) (The existence of additive inverse)

A = [a
ij
]
m × n

– A = [– a
ij
]
m × n
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A + (– A) = (– A) + A= O – A, A  

3.4.4 (Properties of scalar multiplication of

a matrix)

A = [a
ij
] B = [b

ij
] m × n, k l

(i) k(A +B) = k A + kB, (ii) (k + l)A = k A + l A

A = [a
ij
]
m × n
, B = [b

ij
]
m × n
, k l 

(i) k (A + B) = k ([a
ij
] + [b

ij
])

= k [a
ij
 + b

ij
] = [k (a

ij
 + b

ij
)] = [(k a

ij
) + (k b

ij
)]

= [k a
ij
] + [k b

ij
] = k [a

ij
] + k [b

ij
] = kA + kB

(ii) ( k + l) A  = (k + l) [a
ij
]

= [(k + l) a
ij
] = [k a

ij
] + [l a

ij
] = k [a

ij
] + l [a

ij
] = k A + l A.

 8 2A + 3X = 5B X

2A + 3X = 5B

2A + 3X – 2A = 5B – 2A

2A – 2A + 3X = 5B – 2A ( )

O + 3X = 5B – 2A (– 2A, 2A )

3X = 5B – 2A (O, )

X = 
1

3
 (5B – 2A)

2 2 8 0
1

X 5 4 2 2 4 2
3

5 1 3 6

� �	� � � �
� �� � � �� 	 	� �� � � �
� �� � � �	� � � �� �

 = 

10 10 16 0
1

20 10 8 4
3

25 5 6 12

� �	 	� � � �
� �� � � �� 	� �� � � �
� �� � � �	 	 	� � � �� �
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    = 

10 16 10 0
1

20 8 10 4
3

25 6 5 12

	 	 �� �
� �	 �� �
� �	 	 	� �

 = 

6 10
1
12 14

3
31 7

	 	� �
� �
� �
� �	 	� �

 = 

10
2

3

14
4

3

31 7

3 3

	� �
	� �

� �
� �
� �
� �	 	� �
� �� �

9 X Y, 
5 2

X Y
0 9

� �
� � � �

� �

3 6
X Y

0 1

� �
	 � � �	� �

(X + Y) + (X – Y) =

(X + X) + (Y – Y) =
8 8

0 8

� �
� �
� �

�
8 8

2X
0 8

� �
� � �
� �

X =
8 8 4 41

0 8 0 42

� � � �
�� � � �

� � � �

(X + Y) – (X – Y) =
5 2 3 6

0 9 0 1

� � � �
	� � � �	� � � �

(X – X) + (Y + Y) =
5 3 2 6

0 9 1

	 	� �
� ��� �

�� 2Y

Y =
2 4 1 21

0 10 0 52

	 	� � � �
�� � � �

� � � �

 10 x y

2  =
7 6

15 14

� �
� �
� �

2  = 
7 6

15 14

� �
� �
� �

�
2 10 3 4 7 6

14 2 6 1 2 15 14

x

y

	� � � � � �
� �� � � � � �	� � � � � �
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2 3 10 4

14 1 2 6 2

x

y

� 	� �
� �� 	 �� �

 =
7 6

15 14

� �
� �
� �

�
2 3 6 7 6

15 2 4 15 14

x

y

�� � � �
�� � � �	� � � �

2x + 3 = 7 2y – 4 = 14 ( ?)

2x = 7 – 3 2y = 18

x =
4

2
y =

18

2

x = 2 y = 9

 11

A  B 

(i)

(ii)

(iii) 2%  

(i)
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(ii)

(iii) B 2% =
2

B
100

� = 0. 02 × B

= 0.02 

=  

Rs

Rs Rs 

Rs Rs Rs 

3.4.5 (Multiplication of matrices)

Rs Rs 

Rs (5 × 2 + 50 × 5) Rs Rs (8 × 5 + 50 × 10)

Rs 
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2 5

8 10

� �
� �
� �

5

50

� �
� �
� �

5 2 5 50 260

8 5 10 50 540

� � �� � � �
�� � � �� � �� � � �

Rs Rs 

 Rs (4 × 2 + 40 × 5)

= Rs 208  Rs (8 × 4 + 10 × 40) = Rs 432

2 5

8 10

� �
� �
� �

4

40

� �
� �
� �

4 2 40 5 208

8 4 10 4 0 432

� � �� � � �
�� � � �� � �� � � �

2 5

8 10

� �
� �
� �

5 4

50 40

� �
� �
� �

5 2 5 50 4 2 40 5

8 5 10 5 0 8 4 10 4 0

� � � � � �� �
� �� � � � � �� �

= 
260 208

540 432

� �
� �
� �

A B 

A B 

(Product matrix) A 

B (Element–wise)

A B A B 

A = [a
ij
] m × n

B = [ ] n × p A B m × p 

C C (i, k) c A i 

B 
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A = [a
ij
]
m × n

, B = [b
jk
]
n × p

A i [a
i1
a
i2
 ... a

in
] B

1

2
.
.
.

k

k

nk

b

b

b

� �
� �
� �
� �
� �
� �� �

, c
ik
 =  a

i1
b

1k 
+ a

i2 
b

2k 
+ a

i3 
b

3k 
+ ... + a

in
b
nk 

= 
1

n

ij jk

j

a b
�
�

 C = [c
ik
]
m × p
, A  B 

1 1 2
C

0 3 4

	� �
� � �
� �

2 7

1D 1

5 4

� �
� �� 	� �
� �	� �

2 × 2  

C D 

13 2
CD

17 13

	� �
� � �	� �
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 12 AB 

 A  2 B  AB 

AB =

=
12 63 36 81 0 72

4 21 12 27 0 24

� � �� �
� �� � �� �

 = 
75 117 72

25 39 24

� �
� �
� �

�  AB BA 

AB BA B 3  A 

A  B m × n k  × l

AB BA n = k l = m 

A B AB BA 

(Non-Commutativity of multiplication of matrices)

AB BA 

AB = BA 

 13 , AB  BA 

AB 
 BA

A 2 × 3 B 3 × 2 AB BA 

2 × 2 3 × 3, 

AB =  = 
2 8 6 3 10 3 0 4

8 8 10 12 10 5 10 3

	 � 	 � 	� � � �
�� � � �	 � � 	 � �� � � �

BA =

10 2 21

16 2 37

2 2 11

	� �
� �� 	� �
� �	 	� �

 AB 
 BA.
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AB BA AB 
 BA

AB BA 

AB BA 

14 A =
0 1

B
1 0

� �
� � �
� �

0 1
AB

1 0

� �
� � �	� �

BA = AB 
 BA 

� A  B 

AB BA AB 
 BA 

1 0 3 0
A , B

0 2 0 4

� � � �
� �� � � �
� � � �

, AB = BA = 
3 0

0 8

� �
� �
� �

(Zero matrix as the product

of two non-zero matrices)

a b ab = 0 a = 0 

b = 0 

15 
0 1

A
0 2

	� �
� � �
� �

3 5
B

0 0

� �
� � �
� �

AB 

0 1 3 5 0 0
AB

0 2 0 0 0 0

	� � � � � �
� �� � � � � �
� � � � � �

3.4.6 (Properties of multiplication of matrices)

1. A, B C 

(AB) C = A (BC), 
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2. A, B C 

(i) A (B+C) = AB + AC

(ii) (A+B) C = AC + BC, 

3. A 

I IA = AI = A

 16 A(BC)

 (AB)C (AB)C = A(BC) 

AB =

(AB) (C) =

=

4 4 4 7

35 2 39 22

31 2 27 11

	� �
� �	 	� �
� �	� �

BC =

1 6 2 0 3 6 4 31 3
1 2 3 4

0 2 0 4 0 0 0 4 0 2
2 0 2 1

1 4 1 8 2 0 3 8 4 4

� � 	 	 �� �� �
	� � � �� � � � � 	 �� � � �� � 	� � � �� �	 	 � 	 � 	 	 �� � � �

=

7 2 3 1

4 0 4 2

7 2 11 8

	 	� �
� �	� �
� �	 	� �
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A(BC) =

=

=

4 4 4 7

35 2 39 22

31 2 27 11

	� �
� �	 	� �
� �	� �

(AB) C = A (BC)

 17

0 6 7 0 1 1 2

A 6 0 8 , B 1 0 2 , C 2

7 8 0 1 2 0 3

� � � � � �
� � � � � �� 	 � � 	� � � � � �
� � � � � �	� � � � � �

AC, BC (A + B)C 

(A + B) C = AC + BC

 (A + B) C =

0 7 8 2 0 14 24 10

5 0 10 2 10 0 30 20

8 6 0 3 16 12 0 28

	 �� � � � � � � �
� � � � � � � �	 	 � 	 � � �� � � � � � � �
� � � � � � � �	 � �� � � � � � � �

 AC =
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BC =

0 1 1 2 0 2 3 1

1 0 2 2 2 0 6 8

1 2 0 3 2 4 0 2

	 �� � � � � � � �
� � � � � � � �	 � � � �� � � � � � � �
� � � � � � � �	 � 	� � � � � � � �

  AC + BC =

9 1 10

12 8 20

30 2 28

� � � � � �
� � � � � �� �� � � � � �
� � � � � �	� � � � � �

(A + B) C = AC + BC

 18

1 2 3

A 3 2 1

4 2 1

� �
� �� 	� �
� �� �

A3 – 23A – 40I = O

2

1 2 3 1 2 3 19 4 8

A A.A 3 2 1 3 2 1 1 12 8

4 2 1 4 2 1 14 6 15

� � � � � �
� � � � � �� � 	 	 �� � � � � �
� � � � � �� � � � � �

A3 = A A2 = 

A3 – 23A – 40I =

=

=  =

0 0 0

0 0 0 O

0 0 0

� �
� � �� �
� �� �
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 19

A

A = 

X  Y 

B X Y 

BA =
40,000 50,000 250,000 X

Y120,000 +100,000 +500,000

� � �� �
� � �� �

=
340,000 X

Y720,000

�� �
� � �� �

Rs Rs 

1.
2 4 1 3 2 5

A , B , C
3 2 2 5 3 4

	� � � � � �
� � �� � � � � �	� � � � � �

, 

(i) A + B (ii) A – B (iii) 3A – C

(iv) AB (v) BA
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2.

(i)
a b a b

b a b a

� � � �
�� � � �	� � � �

(ii)

2 2 2 2

2 2 2 2

2 2

2 2

a b b c ab bc

ac aba c a b

� �� � � �
�� � � �	 	� � � �� �� �

(iii) (iv)

2 2 2 2

2 2 2 2

cos sin sin cos

sin cos cos sin

x x x x

x x x x

� � � �
�� � � �

� � � �� � � �

3.

(i)
a b a b

b a b a

	� � � �
� � � �	� � � �

(ii)

1

2 2 3 4

3

� �
� �
� �
� �� �

(iii)
1 2 1 2 3

2 3 2 3 1

	� � � �
� � � �
� � � �

(iv)

2 3 4 1 3 5

3 4 5 0 2 4

4 5 6 3 0 5

	� � � �
� � � �
� � � �
� � � �� � � �

(v)

2 1
1 0 1

3 2
1 2 1

1 1

� �
� �� �
� �� � 	� �� �	� �

(vi)

2 3
3 1 3

1 0
1 0 2

3 1

	� �
	� � � �

� � � �	� � � �� �

.

4. , (A+B) 

(B – C) A + (B – C) = (A + B) – C.

5. , 3A – 5B 
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6.
cos sin sin cos

cos + sin
sin cos cos sin

� � � 	 �� � � �
� �� � � �	 � � � �� � � �

7. X Y 

(i)

(ii)

8. X Y Y = 
3 2

1 4

� �
� �
� �

 2X + Y = 
1 0

3 2

� �
� �	� �

9. x  y
1 3 0 5 6

2
0 1 2 1 8

y

x

� � � � � �
� �� � � � � �

� � � � � �

10. x, y, z  t

1 1 3 5
2 3 3

0 2 4 6

x z

y t

	� � � � � �
� �� � � � � �

� � � � � �

11.
2 1 10

3 1 5
x y

	� � � � � �
� �� � � � � �

� � � � � �
x y

12.
6 4

3
1 2 3

x y x x y

z w w z w

�� � � � � �
� �� � � � � �	 �� � � � � �

x, y, z w

13.

cos sin 0

F ( ) sin cos 0

0 0 1

x x

x x x

	� �
� �� � �
� �� �

F(x) F(y) = F(x + y)

14.

(i)
5 1 2 1 2 1 5 1

6 7 3 4 3 4 6 7

	 	� � � � � � � �

� � � � � � � �

� � � � � � � �
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(ii)

1 2 3 1 1 0 1 1 0 1 2 3

0 1 0 0 1 1 0 1 1 0 1 0

1 1 0 2 3 4 2 3 4 1 1 0

	 	� � � � � � � �
� � � � � � � �	 
 	� � � � � � � �
� � � � � � � �� � � � � � � �

15.

2 0 1

A 2 1 3

1 1 0

� �
� �� � �
� �	� �

A2 – 5A + 6I, 

16.

1 0 2

A 0 2 1

2 0 3

� �
� �� � �
� �� �

 AA3 – 6A2 + 7A + 2I = 0

17. A2 = kA – 2I k

18.

0 tan
2

A

tan 0
2

�� �
	� �

� � �
�� �

� �� �

I 

I + A = (I – A) 
cos sin

sin cos

� 	 �� �
� �� �� �

19.

% %

(a) Rs 1800 (b) Rs 2000

20.

Rs Rs 

Rs 

X, Y, Z, W P 2 × n, 3 × k, 2 × p, n × 3 p × k, 
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21. PY + WY n, k p

(A) k = 3, p = n (B) k , p = 2

(C) p , k = 3 (D) k = 2, p = 3

22. n = p, 7X – 5Z 

(A) p × 2 (B) 2 × n (C) n × 3 (D) p × n

3.5.  (Transpose of a Matrix)

Symmetric Matrix Skew Symmetric Matrix

 3 A = [a ] m × n A 

Interchange A Transpose

A A� AT) 

A = [a
ij
]
m × n
, A� = [a

ji
]
n × 

A =

(Properties of transpose of matrices)

A B 

(i) (A�)� = A (ii) (kA)� = kA� k )

(iii) (A + B)� = A� + B� (iv) (A B)� = B� A�

20

(i) (A�)� = A (ii) (A + B)� = A� + B�

(iii) (kB)� = kB�, k
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(i)

A =

3 4
3 3 2 3 3 2

A 3 2 A A
4 2 0 4 2 0

2 0

� �
� � � �� � �� �� � � � �� � � �� �
� � � �� �� �

(A�)� = A
(ii)

A = 
3 3 2

,
4 2 0

� �
� �
� �

 B =
2 1 2 5 3 1 4

A B
1 2 4 5 4 4

� �	� � 	
� � � � �� �

� � � �

(A + B)��=

5 5

3 1 4

4 4

� �
� �

	� �
� �� �

A��=

A� + B� =

5 5

3 1 4

4 4

� �
� �

	� �
� �� �

(A + B)� = A� + B�
(iii)

kB = k
2 1 2 2 2

1 2 4 2 4

k k k

k k k

	 	� � � �
�� � � �

� � � �

(kB)� =

2 2 1

2 1 2 B

2 4 2 4

k k

k k k k

k k

� � � �
� � � � �	 � 	 �� � � �
� � � �� � � �

(kB)� = kB�
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21 (AB)� = B�A��

A =

2

4 , B 1 3 6

5

	� �
� � � 	� �
� �� �

AB =  = 

2 6 12

4 12 24

5 15 30

	 	� �
� �	� �
� �	� �

  (AB)����

A� = [–2  4  5] , 

B�A� =

(AB)� = B�A�

3.6  (Symmetric and Skew Symmetric

Matrices)

 4 A = [a
ij
] A� = A i j

[a
ij
] = [a

ji
]

3 2 3

A 2 1.5 1

3 1 1

� �
� �

� 	 	� �
� �	� �

A� = AA
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 5 A = [a ]  A� = – A, 
i j  = – a

ij 
i = j a

ii
 = – a

ii

2a
ii
 = 0 a

ii
 = 0 i

0

B 0

0

e f

e g

f g

� �
� �� 	� �
� �	 	� �

B��= – B 

 1 A A + A�

A – A�

 B = A + A�

B� = (A + A�)�

= A� + (A�)��(  (A + B)� = (A� + B�)

= A� + A (  (A�)� = A)

= A + A��(  A + B = B + A)

= B

B = A + A�

C = A – A�

C� = (A – A�)� = A� – (A�)�     ( ?)

= A� – A    ( ?)

= – (A – A�) = – C

C = A – A�

 2

A 

1 1
A (A A ) (A A )

2 2
� �� � � 	
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 (A + A�) (A – A�) 
A (kA)� = kA�

1
(A A )

2
��

1
(A A )

2
�	

 22

 B� = 

P =  = 

3 3
2

2 2

3
3 1

2

3
1 3

2

	 	� �
� �
� �
	� �

� �
� �	� �	
� �� �

P� =

3 3
2

2 2

3
3 1

2

3
1 3

2

	 	� �
� �
� �
	� �

� �
� �	� �	
� �� �

= P

P =
1

(B + B )
2

�

Q =

1 5
0

2 20 1 5
1 1 1

(B – B ) 1 0 6 0 3
2 2 2

5 6 0
5

3 0
2

	 	� �
� �

	 	� � � �
� � � �� � �� � � �
� �	 � �� �

� �	
� �� �
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Q� =

1 5
0

2 3

1
0 3 Q

2

5
3 0

2

� �
� �
� �
	� �	 � 	� �

� �	� �
� �� �

Q =
1

(B – B )
2

�

B

1.

(i)

5

1

2

1

� �
� �
� �
� �
� �	� �

(ii)
1 1

2 3

	� �
� �
� �

(iii)

1 5 6

3 5 6

2 3 1

	� �
� �
� �
� �	� �

2.

(i) (A + B)� = A� + B� (ii) (A – B)� = A� – B�

3.

(i) (A + B)� = A� + B� (ii) (A – B)� = A� – B�
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4.  (A + 2B)�

5. A B  (AB)� = B�A�, 

(i) (ii)

0

A 1 , B 1 5 7

2

� �
� �� �� �
� �� �

6. (i) 
cos sin

A
sin cos

� �� �
� � �	 � �� �

 AA� A = I

(ii)
sin cos

A
cos sin

� �� �
� � �	 � �� �

A� A = I

7. (i)

1 1 5

A 1 2 1

5 1 3

	� �
� �� 	� �
� �� �

          (ii)

0 1 1

A 1 0 1

1 1 0

	� �
� �� 	� �
� �	� �

8.
1 5

A
6 7

� �
� � �
� �

(i) (A + A�) 
(ii) (A – A�) 

9.

0

A 0

0

a b

a c

b c

� �
� �� 	� �
� �	 	� �

1
A A

2
��

1
A A

2
�	

10.

(i)
3 5

1 1

� �
� �	� �

(ii)

6 2 2

2 3 1

2 1 3

	� �
� �	 	� �
� �	� �
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(iii) (iv)

 11  12 

11. A B AB – BA 

(A) (B)

(C) (D)

12. A  A + AA� = I, �

(A)
6

�
(B)

3

�

(C) � (D)
3

2

�

3.7  [Elementary Operation

(Transformation) of a matrix]

(i)

R �
C
i
� C

j

1 2 1

A 1 3 1

5 6 7

� �
� �

� 	� �
� �� �

, R
1
� R

2 

1 3 1

1 2 1

5 6 7

� �	
� �
� �
� �� �

(ii)

k, k 
�0 R
i
� kR

i

C
i
� kC

i 

1 2 1
B

1 3 1

� �
� � �

	� �



        99

3 3

1
C C

7
� ,  

1
1 2

7

1
1 3

7

� �
� �
� �
� �	� �� �

(iii)

k R
i
� R

i
 + kR

j

 C
i
� C

i
 + k C

j

1 2
C

2 1

� �
� � �	� �

R
2
� R

2
 – 2R

1

1 2

0 5

� �
� �	� �

3.8  (Invertible Matrices)

 6 A,  m, 

B A 

A– 1 A

A =
2 3

1 2

� �
� �
� �

B = 
2 3

1 2

	� �
� �	� �

AB =
2 3 2 3

1 2 1 2

	� � � �
� � � �	� � � �

=
4 3 6 6 1 0

I
2 2 3 4 0 1

	 	 �� � � �
� �� � � �	 	 �� � � �

BA =
1 0

I
0 1

� �
�� �

� �
B A 

B = A– 1 A B, A = B–1

�
1.

AB BA A B
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2. B, A A, B 

  3

a m 

B C A B = C 

A B

AB = BA = I ... (1)

A C 

AC = CA = I ... (2)

B = BI = B (AC) = (BA) C = IC = C

4 A B (AB)–1 = B–1 A–1

(AB) (AB)–1 = 1

A–1 (AB) (AB)–1 = A–1I     (A–1 )

(A–1A) B (AB)–1 = A–1 (A–1 I = A–1 )

IB (AB)–1 = A–1

B (AB)–1 = A–1

B–1 B (AB)–1 = B–1 A–1

I (AB)–1 = B–1 A–1

(AB)–1 = B–1 A–1

3.8.1 (Inverse of a matrix by

elementary operations)

 X, A B X = AB X

= AB 

X A 

 X = AB 

X AB 

B

A 

A–1 A–1

A = IA A = IA 

I = BA B,  A 
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A–1  A = AI 

A = AI I = AB 

 A = IA (A = AI) 

A 

A–1

 23
1 2

A =
2 1

� �
� �	� �

A = IA 

 (R
2
� R

2
 – 2R

1 
)

1 2

0 1

� �
� �
� �

 =

1 0

A2 1

5 5

� �
� �	� �
� �

(R
2
� – 

1

5
R

2 
)

1 0

0 1

� �
� �
� �

��

1 2

5 5
A

2 1

5 5

� �
� �
� �

	� �
� �� �

(R
1
� R

1
 – 2R

2 
)

A–1 =

1 2

5 5

2 1

5 5

� �
� �
� �

	� �
� �� �

A = AI, 

1 2

2 1

� �
� �	� �

 =
1 0

A
0 1

� �
� �
� �

C
2
� C

2
 – 2C

1
, 

1 0

2 5

� �
� �	� �

 =
1 2

A
0 1

	� �
� �
� �
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C
2
� 2

1
C

5
	 , 

1 0

2 1

� �
� �
� �

 =

2
1

5
A

1
0

5

� �
� �
� �

	� �
� �� �

C
1
� C

1
 – 2C

2
, 

1 0

0 1

� �
� �
� �

 =

1 2

5 5
A

2 1

5 5

� �
� �
� �

	� �
� �� �

A–1 =

1 2

5 5

2 1

5 5

� �
� �
� �

	� �
� �� �

 24

0 1 2

A 1 2 3

3 1 1

� �
� �� � �
� �� �

A = I A, 

0 1 2

1 2 3

3 1 1

� �
� �
� �
� �� �

 = 

1 0 0

0 1 0 A

0 0 1

� �
� �
� �
� �� �

1 2 3

0 1 2

3 1 1

� �
� �
� �
� �� �

��

0 1 0

1 0 0 A

0 0 1

� �
� �
� �
� �� �

(R
1
� R

2 
)

1 2 3

0 1 2

0 5 8

� �
� �
� �
� �	 	� �

��

0 1 0

1 0 0 A

0 3 1

� �
� �
� �
� �	� �

(R
3
� R

3 
– 3R

1
)
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1 0 1

0 1 2

0 5 8

	� �
� �
� �
� �	 	� �

��
2 1 0

1 0 0 A

0 3 1

	� �
� �
� �
� �	� �

(R
1
� R

1 
)

1 0 1

0 1 2

0 0 2

	� �
� �
� �
� �� �

��

2 1 0

1 0 0 A

5 3 1

	� �
� �
� �
� �	� �

(R
3
� R

3 
)

1 0 1

0 1 2

0 0 1

	� �
� �
� �
� �� �

 =

2 1 0

1 0 0 A

5 3 1

2 2 2

	� �
� �
� �
� �	
� �� �

(R
3
�

1

2
 R

3 
)

1 0 0

0 1 2

0 0 1

� �
� �
� �
� �� �

��

1 1 1

2 2 2

1 0 0 A

5 3 1

2 2 2

	� �
� �
� �
� �
� �	
� �
� �

(R
1
� R

1 
+ R

3 
)

1 0 0

0 1 0

0 0 1

� �
� �
� �
� �� �

��

1 1 1

2 2 2

4 3 1 A

5 3 1

2 2 2

	� �
� �
� �
	 	� �
� �	
� �
� �

(R
2
� R

2 
– 2R

3
)

A–1 =

1 1 1

2 2 2

4 3 1

5 3 1

2 2 2

	� �
� �
� �
	 	� �

� �	
� �
� �

A = AI ,

0 1 2

1 2 3

3 1 1

� �
� �
� �
� �� �

 =

1 0 0

A 0 1 0

0 0 1

� �
� �
� �
� �� �
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1 0 2

2 1 3

1 3 1

� �
� �
� �
� �� �

 =

0 1 0

A 1 0 0

0 0 1

� �
� �
� �
� �� �

(C
1
� C

2
)

1 0 0

2 1 1

1 3 1

� �
� �	� �
� �	� �

 =

0 1 0

A 1 0 2

0 0 1

� �
� �	� �
� �� �

(C
3
� C

3
 – 2C

1
)

1 0 0

2 1 0

1 3 2

� �
� �
� �
� �� �

 =

0 1 1

A 1 0 2

0 0 1

� �
� �	� �
� �� �

(C
3
� C

3
 + C

2
)

1 0 0

2 1 0

1 3 1

� �
� �
� �
� �� �

 =

1
0 1

2

A 1 0 1

1
0 0

2

� �
� �
� �

	� �
� �
� �
� �

(C
3
�

1

2
 C

3
)

1 0 0

0 1 0

5 3 1

� �
� �
� �
� �	� �

 =

1
2 1

2

A 1 0 1

1
0 0

2

� �
	� �

� �
	� �

� �
� �
� �

(C
1
� C

1
 – 2C

2
)

1 0 0

0 1 0

0 3 1

� �
� �
� �
� �� �

 =

1 1
1

2 2

A 4 0 1

5 1
0

2 2

� �
� �
� �
	 	� �

� �
� �
� �

(C
1
� C

1
 + 5C

3
)

1 0 0

0 1 0

0 0 1

� �
� �
� �
� �� �

 =

1 1 1

2 2 2

A 4 3 1

5 3 1

2 2 2

	� �
� �
� �
	 	� �

� �	
� �
� �

(C
2
� C

2 
– 3C

3
)
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A–1 =

1 1 1

2 2 2

4 3 1

5 3 1

2 2 2

	� �
� �
� �
	 	� �

� �	
� �
� �

 25
10 2

P
5 1

	� �
� � �	� �

P – 1 

P = IP 
10 2 1 0

P
5 1 0 1

	� � � �
�� � � �	� � � �

1
1

5

5 1

	� �
� �
� �
	� �

 =

1
0

P10

0 1

� �
� �
� �
� �

 (R
1
�

1

10
R

1 
)

1
1

5

0 0

	� �
� �
� �
� �

 =

1
0

10
P

1
1

2

� �
� �
� �
� �
� �� �

 (R
2
� R

2
 + 5R

1 
)

 P–1

 1  17 

1.
1 1

2 3

	� �
� �
� �

2.
2 1

1 1

� �
� �
� �

3.
1 3

2 7

� �
� �
� �

4.
2 3

5 7

� �
� �
� �

5.
2 1

7 4

� �
� �
� �

6.
2 5

1 3

� �
� �
� �

7.
3 1

5 2

� �
� �
� �

8.
4 5

3 4

� �
� �
� �

9.
3 10

2 7

� �
� �
� �
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10. 11. 12.
6 3

2 1

	� �
� �	� �

13.
2 3

1 2

	� �
� �	� �

14.
2 1

4 2

� �
� �
� �

15.

2 3 3

2 2 3

3 2 2

	� �
� �
� �
� �	� �

16.

1 3 2

3 0 5

2 5 0

	� �
� �	 	� �
� �� �

17.

2 0 1

5 1 0

0 1 3

	� �
� �
� �
� �� �

18. A B 

(A) AB = BA (B) AB = BA = 0

(C) AB = 0, BA = I (D) AB = BA = I

 26
cos sin

A
sin cos

� �� �
� � �	 � �� �

cos sin
A

sin cos

n n n

n n

� �� �
� � �	 � �� �

,  n � N

P(n) : 
cos sin

A
sin cos

� �� �
� � �	 � �� �

��
cos sin

A
sin cos

n n n

n n

� �� �
� � �	 � �� �

, n � N

P(1) : 
cos sin

A
sin cos

� �� �
� � �	 � �� �

, 
1 cos sin

A
sin cos

� �� �
� � �	 � �� �

n = 1 

n = k 

P(k) : 
cos sin

A
sin cos

� �� �
� � �	 � �� �

, 
cos sin

A
sin cos

k k k

k k

� �� �
� � �	 � �� �

.
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n = k +1 

Ak + 1 =
cos sin cos sin

A A
sin cos sin cos

k k k

k k

� � � �� � � �
� � � � � �	 � � 	 � �� � � �

=
cos cos – sin sin cos sin sin cos

sin cos cos sin sin sin cos cos

k k k k

k k k k

� � � � � � � � �� �
� �	 � � � � � 	 � � � � �� �

=
cos( ) sin ( ) cos ( 1) sin ( 1)

sin ( ) cos( ) sin ( 1) cos( 1)

k k k k

k k k k

� � � � � � � � � �� � � �
�� � � �	 � � � � � � 	 � � � �� � � �

n = k  + 1 

cos sin
A

sin cos

n n n

n n

� �� �
� � �	 � �� �

, n 

 27  A B AB 

A  B AB = BA 

A B A� = A B� = B 

AB (AB)� = AB

(AB)� = B�A�= BA ( ?)

BA = AB

 AB = BA AB 

(AB)� = B�A�

= B A ( A B )

= AB

 AB 

 28
2 1 5 2 2 5

A , B , C
3 4 7 4 3 8

	� � � � � �
� � �� � � � � �
� � � � � �

D CD – AB = O 

A, B, C 2, CD – AB 

D 
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D = 
a b

c d

� �
� �
� �

CD – AB = O 

2 5 2 1 5 2

3 8 3 4 7 4

a b

c d

	� � � � � � � �
	� � � � � � � �

� � � � � � � �
 = O

2 5 2 5 3 0

3 8 3 8 43 22

a c b d

a c b d

� �� � � �
	� � � �� �� � � �

 =
0 0

0 0

� �
� �
� �

2 5 3 2 5

3 8 43 3 8 22

a c b d

a c b d

� 	 �� �
� �� 	 � 	� �

 = 
0 0

0 0

� �
� �
� �

2a + 5c – 3 = 0 ... (1)

3a + 8c – 43 = 0 ... (2)

2b + 5d = 0 ... (3)

3b + 8d – 22 = 0 ... (4)

(1) (2), a = –191, c = 77 

(3) (4), b = – 110, d = 44 

D = 
191 110

77 44

a b

c d

	 	� � � �
�� � � �

� � � �

1.
0 1

A
0 0

� �
� � �
� �

n � N 

(aI + bA)n = an I + nan – 1bA,  I 

2.

1 1 1

A 1 1 1

1 1 1

� �
� �� � �
� �� �

, 

1 1 1

1 1 1

1 1 1

3 3 3

A 3 3 3 ,

3 3 3

n n n

n n n n

n n n

n

	 	 	

	 	 	

	 	 	

� �
� �

� �� �
� �
� �

N

3. ,  n
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4.  A B AB – BA 

5.  B�AB A 

6. x, y, z 

0 2

A

y z

x y z

x y z

� �
� �� 	� �
� �	� �

A�A  = I 

7. x

1 2 0 0

1 2 1 2 0 1 2

1 0 2 x

� � � �
� � � �
� � � �
� � � �� � � �

 = O ?

8.
3 1

A
1 2

� �
� � �	� �

A2 – 5A + 7I = O 

9.

1 0 2

5 1 0 2 1 4 O

2 0 3 1

x

x

� � � �
� � � �	 	 �� � � �
� � � �� � � �

 x

10. x, y, z  

I 10,000 2,000 18,000

II 6,000 20,000 8,000

(a) x, y z Rs Rs 

Rs Revenue

(b) Cost Rs 

Rs Gross profit

11. X 
1 2 3 7 8 9

X
4 5 6 2 4 6

	 	 	� � � �
�� � � �

� � � �
12. A  B  AB = BA 

 ABn = BnA 

 n � N (AB)n= AnBn
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13. A =  A² = I,

(A) 1 + �² + �  = 0 (B) 1 – �² + �  = 0

(C) 1 – �² – �  = 0 (D) 1 + �² – �  = 0

14.

(A) A (B) A 

(C) A (D)

15. A A2 = A, (I + A)³ – 7 A 

(A) A (B) I – A (C) I (D) 3A

�

� m n m × n

� [a
ij
]
m × 1

� [a
ij
]
1 × n

� m × n m = n

� A = [a
ij
]
m × m

a
ij
= 0, i 
 j

� A = [a
ij
] a

ij
 = 0, i 
 j, a

ij
 = k, (k ),

i = j

� A = [a
ij
]
n × n

a
ij
 = 1 i = j a

ij
 = 0 

i 
 j

�

� A = [a ]= [b ] = B  (i) A B (ii)  i j 

a
ij
 = b

ij

� kA = k[a
ij
]
m × n
 = [k(a

ij
)]
m × n

� – A = (–1)A

� A – B = A + (–1) B

� A + B = B + A
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� (A + B) + C = A + (B + C),   A, B  C 

� k(A + B) = kA + kB, A B k

� (k + l ) A = kA + lA, k l

� A = [a
ij
]
m × n

 B = [b
jk
]
n × p

 AB = C = [c
ik
]
m × p
, 

1

n

ik ij jk

j

c a b
�

��
� (i) A(BC) = (AB)C,  (ii)   A(B + C) = AB + AC,  (iii)   (A + B)C = AC + BC

�  A = [a
ij
]
m × n

 A�  AT = [a
ji
]
n × m

� (i) (A�)� = A  (ii)   (kA)� = kA�  (iii)   (A + B)� = A� + B�  (iv)  (AB)� = B�A�

� A� = A A 

�  A� = –A  A 

�

�

(i) R
i
� R

j
 C

i
� C

j

(ii) R
i
� kR

i
C
i
� kC

i

(iii) R
i
� R

i 
+ kR

j
C
i
� C

i 
+ kC

j

� A B AB = BA = I, A 

B A–1 B A

�

—����—


