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�All Mathematical truths are relative and conditional — C.P. STEINMETZ �

4.1  (Introduction)
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4.2  (Determinant)

n A = [a ] 

M k

f : M 	 K, f (A) = k, A 
 M k 
 K f (A) , A 

 |A |  det (A) ��

 A = , A |A| = 
a b

c d
 = det (A) 

(i) A  |A | A 

(ii)

4.2.1   (Determinant of a matrix of order one)

 A = [a ] A a 

4.2.2   (Determinant of a matrix of order two)

2 × 2  A = 

 A 

det (A) = |A| = � =  = a
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2 4
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– 1

x x

x x

– 1

x x

x x
 = x (x) – (x + 1) (x – 1)  = x2 – (x2 – 1) = x2 – x2 + 1 = 1

4.2.3  3 × 3 (Determinant of a matrix of order 3 × 3)

 (R , R R ) 
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A = [a
ij
]
3 × 3 
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(–1)1 + 3 a
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(1), (2) (3) |A | 

|A| R
3
, C

2
C
3

(i)

(ii) (–1)i + j (i + j) 

+1  –1 

(iii) A =  B = 

A = 2B.  |A | = 0 – 8 = – 8  |B | = 0 – 2 = – 2 
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|A | = 4 (– 2) = 22 |B |  |A | = 2n |B |, n = 2, A

B 

A = kB, A B n | A| = kn | B |, 

n = 1, 2, 3 

� = 

1 2 4

–1 3 0

4 1 0

(C
3
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� =

= 4 (–1 – 12) – 0 + 0  = – 52

� = 
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1
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= 0 – sin  (0 – sin � cos ) – cos  (sin  sin � – 0)
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3 – x2 = 3 – 8

x2 = 8

x = 2 2�
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1.

2 4

–5 –1

2. (i) (ii)

2

3. A = , | 2A | = 4 | A |

4. A = | 3 A | = 27 | A |

5.

(i)
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3 – 4 5
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2 3 1
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6. A = ,  | A |

7. x

(i)
x
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8.
x

x
x

(A) 6 (B) ± 6 (C) – 6 (D) 0

4.3 (Properties of Determinants)
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� = 

2 –3 5
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�� �

��

� = – �
� = 0
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3 2 3

2 2 3

3 2 3

� = 3 (6 – 6) – 2 (6 – 9) + 3 (4 – 6)
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(i)

(ii)
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1 2 3

1 2 3

1 2 3

a a a

b b b

k a k a k a

 = 0 ( R
2

R
3

)

102 18 36

1 3 4

17 3 6

6(17) 6(3) 6(6) 17 3 6102 18 36

17 3 6 17 3 6 17 3 6

3  )

5

1 2 3

1 2 3

b b b

c c c

 = 

1 2 3 1 2 3

a a a

c c c c c c

= 1 2 3

1 2 3

b b b

c c c

� = (a
1
 + �

1
) (b

2
c
3
 – c

2
b
3
) – (a

2
 + �

2
) (b

1
c
3
 – b

3
c
1
)

+ (a
3
 + �

3
) (b

1
c
2
 – b

2
c
1
)



124        

= a
1
 (b

2
c
3
 – c

2
b
3
) – a

2
 (b

1
c
3
 – b

3
c
1
) + a

3
 (b

1
c
2
 – b

2
c
1
)

+ �
1
 (b

2
c
3
 – c

2
b
3
) – �

2
 (b

1
c
3
 – b

3
c
1
) + �

3
 (b

1
c
2
 – b

2
c
1
)

)

 =

1 2 3 1 2 3

a a a

c c c c c c

 = 

a b c

x y z

a b c

x y z

  = 

a b c a b c

x y z x y z

)

)

 R
i
	 R

i
 + kR

j
C
i
	 C

i
 + kC

j

� =
1 2 3

1 2 3

1 2 3

a a a

b b b

c c c

�
1
 = 1 2 3

1 2 3

b b b

c c c

,

�
1 

R
1
	 R

1
 + kR

3

 (R
3
) k (R

1
) 

 R
1
	 R

1
 + k R

3



        125

�
1
 =

1 2 3 1 2 3

1 2 3 1 2 3

a a a k c k c k c
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� =
1 1 1

z x y

�� R
1
	 R

1
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z x y
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1

1

1

a bc

b ca

c ab

 R
2
	 R

2
 – R

1
R

3
	 R

3
 – R

1
, 

� =
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b

= (b – a) (c – a) [(– b + c )
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� =

R
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1
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2
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R
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=

2 2

2 2

1 1

1 1
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=
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=
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� =

1 1 1 1 1 1 1 1 1
1 1 1

1 1 1
1

1 1 1
1

a b c a b c a b c

abc
b b b

c c c

� � � � � � � � �

�

�
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1 1 1

1 1 1 1 1 1
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1 1 1
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� �� � �� �
� �

�

C
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1
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3 
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1 
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1 0 0

1 1 1 1
1+ 1 0

1
0 1
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a b c b

c

� �� �� �
� �

= 
1 1 1

1 1 1– 0abc
a b c

� �� � � � �� �� �� �

=
1 1 1
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a b c

� �� �� �
� �
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�   C
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 – C

2
 C
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 – C

2
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C
1
	 C

1 
– a C
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  4.2

1. 0

x a x a

y b y b

z c z c

�

� �

�

2. 3.

2 7 65

3 8 75 0

5 9 86

�
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4.

1

1 0

1

bc a b c

ca b c a

ab c a b

�

� �

�

5. 2

b c q r y z a p x

c a r p z x b q y

a b p q x y c r z

� � �

� � � �

� � �

6.

0

0 0

0

a b

a c

b c

�

� � � 7.

2

2 2 2 2

2

4

a ab ac

ba b bc a b c

ca cb c

�

� �

�

8. (i)  

2

2

2

1

1

1

a a

b b a b b c c a

c c

� � � �

(ii)  
3 3 3

1 1 1

a b c a b b c c a a b c

a b c

� � � � � �

9.

2

2

2

x x yz

y y zx

z z xy

= (x – y) (y – z) (z – x) (xy + yz + zx)

10. (i)  
2

4 2 2

2 4 5 4 4

2 2 4

x+ x x

x x+ 2x x x

x x x+

� � �

(ii)  

y+ k y y

y y y+ k

11. (i)  
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(ii)  
3

2

2 2

2

x y z x y

z y z x y x y z

z x z x y

� �

� � � � �

� �

12.

2

2

2

1

1

x x

x x

13.

2 2

3
2 2 2 2

2 2

1 2 2

2 1 2 1

2 2 1

a b ab b

ab a b a a b

b a a b

� � �

� � � � �

� � �

14.
2

ca cb c

 15 16 

15. A 3 × 3 | kA| 

(A) k | A | (B) k2 | A | (C) k3 | A | (D) 3k | A |

16.

(A)

(B)

(C)

(D)

4.4  (Area of a Triangle)

(x
1
, y

1
), (x

2
, y

2
)  (x

3
, y

3
),

1

2
[x

1
(y

2
–y

3
) + x

2
 (y

3
–y

1
) + x

3
 (y

1
–y

2
)] 

� =
1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y

... (1)
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(i)

(ii)

(iii)

(3, 8), (–  4, 2) (5, 1) 

� =

3 8 1
1

4 2 1
2

5 1 1

–    =  
1
3 2 1 8 4 5 1 4 10

2
– – – – – –� � �� �

 =
1 61
3 72 14

2 2
–� �

 A(1, 3) B (0, 0) 

k D(k, 0) � ABD 

3 

 AB P (x, y) � ABP =  0 ( ?)

0 0 1
1
1 3 1

2
1x y

 = 0

1
3

2
y – x  = 0 y = 3x

AB 

�� ABD 

1 3 1
1
0 0 1

2
0 1k

 = ± 3  
3

3
2

k�
� � , i.e., k = �  2
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1.

(i) (1, 0), (6, 0), (4, 3) (ii) (2, 7), (1, 1), (10, 8)

(iii) (–2, –3), (3, 2), (–1, –8)

2.  A (a, b + c), B (b, c + a) C (c, a + b) 

3. k 4 

(i) (k, 0), (4, 0), (0, 2) (ii) (–2, 0), (0, 4), (0, k)

4. (i)  (1, 2)  (3, 6) 

(ii)  (3, 1)  (9, 3) 

5. (2, –6), (5, 4) (k, 4) k

(A) 12 (B) –2 (C) –12, –2 (D) 12, –2

4.5  (Minor and Co-factor)

a i j 

a
ij

a
ij

M
ij

n(n � 2) n – 1 

1 2 3

4 5 6

7 8 9

� �

= M
23

M
23
 =
1 2

7 8
 = 8 – 14 = – 6 (�� R

2
 C

3
)
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a
ij  

A
ij

A
ij
 = (–1)i + j M

ij
,

a
ij   

M
ij

1 2

4 3

–

a
ij

M
ij

a
11
 = 1, M

11
 = a

11
= 3

M
12
= a

12
= 4

M
21
 = a

21
= – 2

M
22
 = a

22
= 1

a
ij

A
ij 

A
11
 = (–1)1 + 1  M

11
 = (–1)2 (3) = 3

A
12
 = (–1)1 + 2  M

12
 = (–1)3 (4) = – 4

A
21
 = (–1)2 + 1  M

21
 = (–1)3 (–2) = 2

A
22
 = (–1)2 + 2  M

22
 = (–1)4 (1) = 1

� =  

11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

a
11

a
21

a
11 

= M
11
 = 

22 23

32 33

a a

a a
 = a

22
a
33
– a

23
a
32

a
11

= A
11
 = (–1)1+1  M

11
 = a

22
a
33
 – a

23 
a
32

a
21

= M
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12 13

32 33

a a

a a
 = a

12
a
33
 – a

13 
a
32

a
21

= A
21
 = (–1)2+1  M

21
 = (–1) (a

12 
a
33 
– a

13 
a
32
) = – a

12 
a
33 
+ a

13 
a
32
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���� R
1

� = (–1)1+1 a
11

22 23

32 33

a a

a a
+ (–1)1+2 a

12

21 23

31 33

a a

a a  + (–1)1+3  a
13

21 22

31 32

a a

a a

= a
11 
A
11
 + a

12 
A
12
 + a

13 
A
13
, a

ij
A
ij 

= R
1

� R
2
, R

3
, C

1
, C

2
C
3 

� , 

�
� = a

11 
A
21
 + a

12 
A
22

+ a
13 
A
23

� = a
11
 (–1)1+1

12 13

32 33

a a

a a + a
12
 (–1)1+2 

11 13

31 33

a a

a a
+ a

13
 (–1)1+3 

11 12

31 32

a a

a a

=

11 12 13

11 12 13

31 32 33

a a a

a a a

a a a

 = 0 ( R
1

R
2

)

2 3 5

6 0 4

1 5 7

–

–

a
11
 A

31
 + a

12 
A
32
 + a

13 
A
33
= 0 

   M
11
 = 
0 4

5 7–
 = 0 –20 = –20;  A

11
 = (–1)1+1 (–20) = –20

M
12
 = 
6 4

1 7–
 = – 42 – 4 = – 46;  AA

12
 = (–1)1+2 (– 46) = 46

M
13
 = 
6 0

1 5
 = 30 – 0 = 30;  A

13
 = (–1)1+3 (30) = 30
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M
21
 = 

3 5

5 7

–

–
 = 21 – 25 = – 4;   AA

21
 = (–1)2+1 (– 4) = 4

M
22
 = 
2 5

1 7–
 = –14 – 5 = –19;   AA

22
 = (–1)2+2 (–19) = –19

M
23
 = 
2 3

1 5

–
 = 10 + 3 = 13;  A

23
 = (–1)2+3 (13) = –13

M
31
 = 

3 5

0 4

–
 = –12 – 0 = –12;   AA

31
 = (–1)3+1 (–12) = –12

M
32
 = 
2 5

6 4
 = 8 – 30 = –22;  A

32
 = (–1)3+2 (–22) = 22

M
33
 = 

2 3

6 0

–
 = 0 + 18 = 18;  A

33
 = (–1)3+3 (18) = 18

a
11 
= 2, a

12
 = –3, a

13
 = 5;  A

31
 = –12, A

32
 = 22, A

33
 = 18 

a
11
 A

31 
+ a

12 
A
32
 + a

13 
A
33

         = 2 (–12) + (–3) (22) + 5 (18) = –24 – 66 + 90 = 0

1. (i)  
2 4

0 3

–
(ii)

a c

b d

2. (i)  

1 0 0

0 1 0

0 0 1

(ii)

1 0 4

3 5 1

0 1 2

–

3. �� = 

5 3 8

2 0 1

1 2 3
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4. � = 

1

1

1

x yz

y zx

z xy

5. � = 
11 12 13

21 22 23

31 32 33

a a a

a a a

a a a

a
ij  

 AA
ij

�

(A) a
11 
A
31
+ a

12 
A
32
 + a

13 
A
33

(B) a
11 
A
11
+ a

12 
A
21
 + a

13 
A
31

(C) a
21 
A
11
+ a

22 
A
12
 + a

23 
A
13

(D) a
11 
A
11
+ a

21 
A
21
 + a

31 
A
31

4.6  (Adjoint and Inverse of a Matrix)

A–1

4.6.1 (Adjoint of a matrix)

A = [a
ij
] [A

ij
] 

A a
ij 

A adj A 

A =

adj A =

11 21 31

12 22 32

13 23 33

A A A

= A A A

A A A

� �
� �
� �
� �� �

A =
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A
11
 = 4, A

12
 = –1, A

21
 = –3, A

22
 = 2

adj A =
11 21

12 22

A A 4 –3
 =

A A –1 2

� � � �
� � � �

� �� �

  2 × 2  A = 
11 12

21 22

a a

a a

� �
� �
� �

adj A, a
111

a
22

a
12

a
21 

A n  A(adj A) = (adj A) A = ,  I, n

A = , 

11 21 31

12 22 32

13 23 33

A A A

A= A A A

A A A

adj

� �
� �
� �
� �� �

|A | 

A (adj A) =

A 0 0

0 A 0

0 0 A

� �
� �
� �
� �� �

 = A

10 0� �� �

 = A  I

(adj A) A = |A | I

A (adj A) = (adj A) A = |A | I 
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A (singular) A  = 0 

 A =  A 

 A  (non-singular) A � 0

A = A = 
1 2

3 4
 = 4 – 6 = – 2 � 0 

 A 

A B AB BA 

AB  = A B , A B 

(adj A) A = A  I = 

( A)Aadj  =

A 0 0

0 A 0

0 0 A

|(adj A)| |A| =
3

1 0 0

A 0 1 0

0 0 1

( ?)

|(adj A)| |A| =
3

A  (1)

|(adj A)| =
2

A

n A |adjA| = |A |n – 1
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 A A 

n n

n B  AB = BA = I

 AB = I  |AB| = | I |    |A | |B | = 1    ( | I | = 1, |AB| = |A | |B |)

|A | � 0. A 

 A |A | � 0

A (adj A) = (adj A) A = A )

A 
1 1

A A A I
| A | | A |

adj adj
� � � �� �� � � �
� � � �

AB = BA = I, B = 
1

A
| A |

adj

A A–1 = 
1

A
| A |

adj

 A = A. adj A = A . I A–1

A  = 1 (16 – 9) –3 (4 – 3) + 3 (3 – 4) = 1 � 0

  A
11
 = 7,  A

12
 = –1, A

13
 = –1, A

21
 = –3, A

22
 = 1, A

23
 = 0, A

31
 = –3, A

32
 = 0, A

33
 = 1

adj A =

7 3 3

1 1 0

1 0 1

� �� �
� ��� �
� ��� �

A.(adj A) =

1 3 3 7 3 3

1 4 3 1 1 0

1 3 4 1 0 1

� �� � � �
� � � ��� � � �
� � � ��� � � �
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=

=  = (1)   = A . I

 =
1

1

A = , (AB)–1 = B–1A–1 

AB = 
2 3 1 2 1 5

1 4 1 3 5 14

� �� � � � � �
�� � � � � �� � �� � � � � �

AB  = –11 � 0, (AB)–1

(AB)–1 = 
14 51 1

. (AB)
5 1AB 11

adj
� �� �

�� � �� �� �

14 51

5 111

� �
� � �

� �

A  = –11 � 0 B  = 1 � 0.  AA–1 B–1

1 1
4 3 3 21

A ,B
1 2 1 111

� �
� �� � � �

�� �� � � ��� � � �

14 51

5 111

� �
� � �

� �

(AB)–1 = B–1 A–1 
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A = A2 – 4A + I= O, I

2 × 2 O,   2 × 2

A–1

2 2 3 2 3 7 12
A A.A

1 2 1 2 4 7

� � � � � �
� � �� � � � � �

� � � � � �

A2 – 4A + I =
0 0

O
0 0

� �
� �� �
� �

A2 – 4A + I = O

A A – 4A = – I

A  A (A–1) – 4 A A–1 = – I A–1  A–1 |A| � 0)

A (A A–1) – 4I = – A–1

AI – 4I = – A–1

A–1 = 4I – A  = 
4 0 2 3 2 3

0 4 1 2 1 2

�� � � � � �
� �� � � � � ��� � � � � �

A–1 =

adjoint

1. 2.

 A (adj A) = (adj A) .A = A . I 

3. 4.
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11 

5. 6. 7.

8. 9. 10.

11.

12.  A =  B = (AB)–1 = B–1 AA–1 

13.  A = A2 – 5A + 7I = O A–1

14.  A = a b

A2 + aA + bI = O

15.  A =  AA3– 6A2 + 5A + 11 I = O 

 A–1 

16.  A = ,  A3 – 6A2 + 9A – 4I = O 

 A–1 
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17.  A,  3 × 3 |adj A | 

(A) | A | (B) |A |2 (C) |A |3 (D) 3 |A |

18.  A  det (A–1) 

(A) det (A) (B)
1

det (A)
(C) 1 (D) 0

4.7  Applications of Determinants and

Matrices)

�

4.7.1  (Solution of a system

of linear equations using inverse of a matrix)

a
1
x + b

1 
y + c

1
z = d

1

a
2
x + b

2 
y + c

2
z = d

2

a
3
x + b

3 
y + c

3
z = d

3

X =

AX = B 

1 1 1

2 2 2

3 3 3

a b c x

a b c y

a b c z

� � � �
� � � �
� � � �
� � � �� �� �

 =

1

2

3

d

d

d

� �
� �
� �
� �� �
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A AX = B 

A–1 (AX) = A–1 B (A–1 )

(A–1A) X = A–1 )

I X = A–1 B

X = A–1 B

 A |A | = 0 

(adj A) B 

 (adj A) B � O, (O ), 

 (adj A) B = O, 

2x + 5y = 1

3x + 2y = 7

AX = B 

x

y

, A  = –11 � 0,  A 

A–1 = – 
1

11

X = A–1B = – 
1

11

 =

x = 3, y = – 1
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3x – 2y + 3z = 8

2x + y – z = 1

4x – 3y + 2z = 4

AX = B 

x

y

z

A  = 3 (2 – 3) + 2(4 + 4) + 3 (– 6 – 4) = – 17 � 0 

A

A
11
 = –1, A

12
 = – 8, A

13
 = –10

A
21
 = –5, A

22
 = – 6, A

23
 = 1

A
31
 = –1, A

32
 = 9, A

33
 = 7

A–1 =

1 5 1
1

8 6 9
17

10 1 7

� � �� �
� �� � �� �
� ��� �

X =
–1

1 5 1 8
1

A B = 8 6 9 1
17

10 1 7 4

� � �� � � �
� � � �� � �� � � �
� � � ��� � � �

x

y

z

� �
� �
� �
� �� �

 =

17 1
1

34 2
17

51 3

�� � � �
� � � �� � �� � � �
� � � ��� � � �

x = 1, y = 2 z = 3
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x, y z, 

x + y + z = 6

y + 3z = 11

x + z = 2y

x – 2y + z = 0

 A X = B 

A = 

–

, X = 

x

y

z

 B = 

– adj A 

A
11
 = 1 (1 + 6) = 7, A

12
 = – (0 – 3) = 3, A

13
 = – 1

A
21
 = – (1 + 2) = – 3, A

22
 = 0, A

23
 = – (– 2 – 1) = 3

A
31
 = (3 – 1) = 2, A

32
 = – (3 – 0) = – 3, A

33
 = (1 – 0) = 1

 adj A = 

7 –3 2

3 0 –3

–1 3 1

� �
� �
� �
� �� �

A –1 =
1

A
adj. (A) = 

7 3 2
1
3 0 3

9
1 3 1

–

–

–

� �
� �
� �
� �� �

X = A–1 B

X =

7 3 2 6
1
3 0 3 11

9
1 3 1 0

–

–

–

� � � �
� � � �
� � � �
� � � �� � � �

x

y

z
 =
1

9

42 33 0

18 0 0

6 33 0

� �� �
� �� �� �
� �� � �� �

 = 
1

9
 = 

x = 1, y = 2, z = 3
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1. x + 2y = 2 2. 2x – y = 5 3. x + 3y = 5

2x + 3y = 3 x + y = 4 2x + 6y = 8

4. x + y + z = 1 5. 3x–y – 2z = 2 6. 5x – y + 4z = 5

2x + 3y + 2z = 2 2y – z = –1 2x + 3y + 5z = 2

ax + ay + 2az = 4 3x – 5y = 3 5x – 2y + 6z = –1

7. 5x + 2y = 4 8. 2x – y = –2 9. 4x – 3y = 3

7x + 3y = 5 3x + 4y = 3 3x – 5y = 7

10. 5x + 2y = 3 11. 2x + y + z = 1 12. x – y + z = 4

3x + 2y = 5 x – 2y – z = 
3

2
2x + y – 3z = 0

3y – 5z = 9 x + y + z = 2

13. 2x + 3y +3 z = 5 14. x – y + 2z = 7

x – 2y + z = – 4 3x + 4y – 5z = – 5

3x – y – 2z = 3 2x – y + 3z = 12

15.  A = 

2 3 5

3 2 4

1 1 2

–

–

–

� �
� �
� �
� �� �

A–1 A–1

2x – 3y + 5z = 11

3x + 2y – 4z = – 5

x + y – 2z = – 3

16. kg kg kg Rs kg kg

kg Rs kg kg kg 

Rs kg  
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a, b, c

��= 

a b c

b c a

c a b

C
1
	 C

1 
+ C

2
 + C

3

� =

a b c b c

a b c c a

a b c a b

� �

� �

� �
 = (a + b + c) 

1

1

1

b c

c a

a b

= (a + b + c) 

1

0

0

b c

c – b a – c

a – b b – c

(R
2
	R

2
–R

1
, R

3
	R

3
–R

1 
)

= (a + b + c) [(c – b) (b – c) – (a – c) (a – b)]   (C
1 

)

= ( a + b + c)(– a2 – b2 – c2 + ab + bc + ca)

=
1

2

–
 (a + b + c) (2a2 + 2b2 + 2c2 – 2ab – 2bc – 2ca)

=
1

2

–
 (a + b + c) [(a – b)2 + (b – c)2 + (c – a)2]

( a + b + c > 0  (a – b)2  + (b – c)2+ (c – a)2 > 0)

a, b, c

� =

2 4 5 7 8

3 5 6 8 9

4 6 7 9 10

y y y a

y y y b

y y y c

� � �

� � �

� � �

R
1
	�R

1 
+ R

3 
– 2R

2

� =

0 0 0

3 5 6 8 9

4 6 7 9 10

y y y b

y y y c

� � �

� � �
 = 0 (  2b = a + c)
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� =

2

2

2

y z xy zx

xy x z yz

xz yz x y

�

�

�

= 2xyz (x + y + z)3

R
1
	 xR

1
, R

2
	 yR

2 
,R

3
	 zR

3
xyz, 

� =

2 2

2 2

1
x y z x y x z

xy y x z y z
xyz

xz yz z x y

C
1
 , C

2
 C

3 
x, y, z

� =

2
2 2

2
2 2

22 2

y z x x
xyz

y x z y
xyz

z z x y

�

�

�

C
2
	 C

2
– C

1
, C

3
	 C

3
– C

1
,

� =

2 2 22 2

22 2

22 2

–

0

0 –

y z x y z x y z

y x z y

z x y z

� � � �

� �

�

 C
2

 C
3 

(x + y + z) 

� = (x + y + z)2

2

2

2

y

0

0

z x – y z x – y z

y x z – y

z x y – z

� � �

�

�

R
1
	 R

1
 – (R

2
 + R

3
) 

� = (x + y + z)2
2

2

2 2 2

+ 0

0 – z

yz – z – y

y x y z

z x y

�

�
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C
2
	 (C

2
 + 

1

y
 C

1
) 

z

� = (x + y + z)2

2

2

2

2

2 0 0yz

y

z

z

y

R
1 

� = (x + y + z)2 (2yz) [(x + z) (x + y) – yz] = (x + y + z)2 (2yz) (x2 + xy + xz)

   = (x + y + z)3 (2xyz)

– –

– –

– –

x – y + 2z = 1

2y – 3z = 1

3x – 2y + 4z = 2

1 1 2 2 0 1

0 2 3 9 2 3

3 2 4 6 1 2

– –

– –

– –

� � � �
� � � �
� � � �
� � � �� � � �

= 

2 9 12 0 2 2 1 3 4

0 18 18 0 4 3 0 6 6

6 18 24 0 4 4 3 6 8

� � � � � � �� �
� �� � � � � �� �
� �� � � � � � �� �

 = 

–

– –

– –

– –
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1 –1 2 1

0 2 –3 1

3 –2 4 2

x

y

z

� � � � � �
� � � � � ��� � � � � �
� � � � � �� � � �� �

x

y

z

 =

1
1 1 2 1

0 2 3 1

3 2 4 2

�
�� � � �

� � � ��� � � �
� � � ��� � � �

= 

–

–

–

=

2 0 2 0

9 2 6 5

6 1 4 3

� � �� � � �
� � � �� � �� � � �
� � � �� �� � � �

x = 0, y = 5 z = 3

� =
u v w u v w

� R
1
	 R

1
 – x R

2

D =

u v w

=

a c p

u v w

R
2
	 R

2
 – x R

1
, 

� =

a c p

u v w
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1.

sin cos

–sin – 1

cos 1

x

x

x

� �

�

�
, �

2.

2 2 3

2 2 3

1

1

a a bc a a

b b ca b b

c c ab c c

3.

cos cos cos sin – sin

–sin cos 0

sin cos sin sin cos

 �  � 

� �

 �  � 

4. a, b c

� = 

a + b + c = 0 a = b = c 

5. a � 0 0

x a x x

x x a x

x x x a

�

� �

�

6.

a bc ac c

a ab b ac

ab b bc c

 =  4a2b2c2

7. A–1 = 
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8.  A = 

–

–

(i) [adj A]–1 = adj (A–1) (ii) (A–1)–1 = A

9.

x y x y

y x y x

x y x y

�

�

�

10.

1

1

1

x y

x y y

x x+ y

�

11.

2

2

2

  � � �

� � � � 

� �  � �

 = (� – �)  (� – ) ( – �)  ( + � + �)

12.

1

1

1

x x px

y y py

z z pz

 = (1 + pxyz) (x – y) (y – z) (z – x),

13.

3

3

a 3c

a – a+b –a+c

–b a b –b c

–c –c+b

� �

�
 = 3(a + b + c) (ab + bc + ca)

14.

1 1 1

2 3 2 4 3 2

3 6 3 10 6 3

p p q

p p q

p p q

� � �

� � �

� � �
 = 1
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15.

sin cos cos

sin cos cos 0

sin cos cos

   �  

� � � �  �

� � � �  

16.

x y z

–
x y z

–
x y z

17. a, b, c

2 3 2

3 4 2

4 5 2

x x x a

x x x b

x x x c

� � �

� � �

� � �

(A) 0 (B) 1 (C) x (D) 2x

18. x, y, z

0 0

A 0 0

0 0

x

y

z

� �
� �� � �
� �� �

(A)

1

1

1

0 0

0 0

0 0

x

y

z

�

�

�

� �
� �
� �
� �
� �

(B)

1

1

1

0 0

0 0

0 0

x

xyz y

z

�

�

�

� �
� �
� �
� �
� �

(C)

0 0
1

0 0

0 0

x

y
xyz

z

� �
� �
� �
� �� �

(D)

1 0 0
1

0 1 0

0 0 1
xyz

� �
� �
� �
� �� �
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19.   A = ,  0 !���! 2"

(A) det (A) = 0 (B) det (A) 
 (2, #)

(C) det (A) 
 (2, 4) (D) det (A) 
 [2, 4].

�

� A

11 12

21 22

A
a a

a a
� = a

11
a
22
 – a

12
a
21 

� A R
1 

)

1 1 1

2 2 2 2 2 2

2 2 2 1 1 1

3 3 3 3 3 3

3 3 3

A

a b c
b c a c a b

a b c a b c
b c a c a b

a b c

� � � �

 A  |A| 

� A = A , A = A A 

�

�

� k, 

 k
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� k

 k

�

�

�

� (x
1
, y

1
), (x

2
, y

2
)   (x

3
, y

3
) 

1 1

2 2

3 3

1
1

1
2

1

x y

x y

x y

��

� A  a i 

j M
ij

� a
ij

 A
ij
 = (– 1)i+j M

ij 

� A A = a
111
 A

11
 + a

12
 A

12
 + a

13
 A

13

�

a
11 
A

21 
+ a

12 
A

22 
+ a

13
 A

23
 = 0

� �
11 21 31

12 22 32

13 23 33

A A A

A A A A

A A A
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� �
� �� � �
� �� �

a
ij 

 A
ij

� A (adj A) = (adj A) A = A I,   A,  n 

� A  = 0

A ��0
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�   B   A B 

A–1 = B   B–1 = A   (A–1)–1 = A

�  A   A 

�
adj

� a
1 
x + b

1
y + c

1
z = d

1

a
2 
x + b

2
y + c

2
z = d

2

a x + b y + c
3
z = 

  A X = B 

�  AX = B  X = A–1 B 

�

� AX = B A

(i) , 

(ii) A = 0   (adj A) B � O, 

(iii) A = 0   (adj A) B = O,

 (‘Mikami, China, pp 30, 93).

 Seki Kowa 

'Kai Fukudai no Ho' 
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Vendermonde 

Laplace

Lagrange

Gauss

Jacques - Philippe - Marie Binet, (1812) 

m n

m = n

Cauchy (1812) 

Binet

 Carl Gustav Jacob Jacobi 
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