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�The whole of science is nothing more than a refinement

of everyday thinking.” — ALBERT EINSTEIN �

5.1  (Introduction)

differential calculus
obvious

theorems

5.2 (Continuity)

( )f x

real line

x = 0 

5

(Continuity and Differentiability)

Sir Issac Newton

(1642-1727)
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x = 0

limits

x = 0 

coincident

x = 0 

in one stroke

x = 0 continuous

( )f x

x = 0 

x = 0 

x = 0

(naively) 

around

precisely

f  

f c f c

x = c

existence x = c f

x = c
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x = c 

x = c x = c x = c 

x = c x = c 

c f discontinuous c f point of

x = 1 f (x) = 2x + 3 

x = 1 

x = 1 

x

x = 1 f

f (x) = x2, x = 0 

x = 0 

x = 0

x

x = 0 f

x = 0 f (x) = | x | 

f (x) =

x = 0 f (0) = 0 x = 0 f
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0  f

x
 =

x

x = 0 

x = 0 f

f (x) =

x = 0 

x = 0 x = 0 x � 0, 

0
lim ( )
x

f x
�

 =
3 3

0
lim ( 3) 0 3 3
x

x
�

� � � �

x = 0   f f (0) x = 0 

x = 0 

Constant function

f (x) = k

k c

lim ( )
x c

f x
�

 = lim
x c

k k
�

�

c f (c) = k = lim
x c� f (x)  f 

Identity function

f (x) = x, 

c

f (c) = c 

lim ( )
x c

f x
�

 = lim
x c

x c
�

�
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lim
x c�
f(x) = c = f(c) 

extension

f

f

closed interval [a, b] f  

 [a, b] end points a b

f  a

lim ( )
x a

f x
��

= f (a)

f b

–
lim ( )
x b

f x
�

= f(b)

lim ( )
x a

f x
��

lim ( )
x b

f x
��

f

f

f (x) = | x | 

f (x) = 

x = 0 f

c c < 0  f (c) = – c

lim ( )
x c

f x
�

 = lim ( ) –
x c

x c
�

� �           ( ?)

lim ( ) ( )
x c

f x f c
�

� , f

c c > 0 f (c) = c

lim ( )
x c

f x
�  = lim

x c
x c

�
�                  ( ?)
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lim ( ) ( )
x c

f x f c
�

� , f 

f 

f (x) = x3 + x2 – 1 

f c c

c3 + c2 – 1 

lim ( )
x c

f x
�

 =
3 2 3 2lim ( 1) 1

x c
x x c c

�
� � � � �

lim ( ) ( )
x c

f x f c
�

� f

f 

9 f (x) = 
1

x
, x � 0 

( Non-zero) c 

1 1
lim ( ) lim
x c x c

f x
x c� �

� �

c � 0, 
1

( )f c
c

� lim ( ) ( )
x c

f x f c
�

�

f 

infinity concept

f (x) = 
1

x
x = 0 

essentially x = 0 f

 5.1)

x 1 0.3 0.2 0.1 = 10–1 0.01 = 10–2 0.001 = 10–3 10–n

f (x) 1 3.333... 5 10 100 = 102 1000 = 103 10n

x f (x) 
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f (x) 

0
lim ( )
x

f x
��

� � �

f (x)  

ge cy  nsuk pkgr s gSa fd  + ��

f

x – 1 – 0.3 – 0.2 – 10–1 – 10–2 – 10–3 – 10–n

f (x) – 1 – 3.333... – 5 – 10 – 102 – 103 – 10n

f (x) 

lim ( )f x
�

� ��

f (x) 

) 

– �
f

5.3 

f (x) =

f

1  c < 1,  f (c) = c + 2 
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f

 2 c > 1, f (c) = c – 2 

lim ( ) lim
x c x c

f x
� �

� (x – 2) = c – 2 = f (c) 

x > 1 

 3 c = 1, x = 1 f

– –1 1
lim ( ) lim ( 2) 1 2 3
x x

f x x
� �

� � � � �

x = 1 

–
1 1

lim ( ) lim ( 2) 1 2 1
x x

f x x
�� �

� � � � � �

x = 1 f coincident

x = 1 f f  x  = 1 

 11

f (x) =

x � 1

x = 1 

x = 1 

x = 1 f x = 1 

x = 1  

12

f (x) =
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D
1
� D

2
D
1
 = {x 	 R : x < 0} 

D
2
 = {x 	 R : x > 0}

 1 c 	 D
1
,  (x + 2) =

c + 2 = f (c) D
1

f 

 2 c 	 D
2
,  (– x + 2) =

– c + 2 = f (c)  D
2

f 

f

f  

5.6 

 13

f (x) = 

5.7

D
1
 = {x 	 R : x < 0}, D

2
 = {0} 

D
3
 = {x 	 R : x > 0}
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 1 D
1

f (x) = x2 D
1 

 2 D
3

f (x) = x D
3 

 3 x = 0 f (0) = 0 

f

x
= f (0) 

 14

p, n

p(x) = a
0
 + a

1
x + ... + a

n
xn a

i
	 R a

n
� 0 

c 

c p c p

p

f (x) = [x] 

[x]

x

f

5.8 
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x

c

c

[c]; lim ( ) lim [ ] [ ]
x c x c

f x x c
� �

� � f (c) = [c] 

c

r > 0 [c – r] = c – 1 [c + r] = c

lim
x c

��
f (x) = c – 1 lim

x c
��
f (x) = c

c x

5.2.1  (Algebra of continuous functions)

f g c 

(1)  f + g , x = c 

(2) f – g ,  x = c 

(3) f . g ,  x = c

(4)
f

g


 �
� 

� �

 ,  x = c g (c) � 0 )

x = c (f + g) 

lim( )( )
x c

f g x
�

�  = lim [ ( ) ( )]
x c

f x g x
�

� (f + g )

= lim ( ) lim ( )
x c x c

f x g x
� �

� )
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= f (c) + g(c) f g

= (f + g) (c) f + g 

f + g x = c 

(i) f 

f (x) = � �, (��. g) (x) = ��. g (x) 
��. g)  � = – 1,  f

– f

(ii)  (4) f

f (x) = �, ( )
( )

x
g g x

� �
�

g

�

g(x) � 0 g
1

g

f

( )
( ) , ( ) 0

( )

p x
f x q x

q x
� �

p q f q

f

sine 

x
x
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  sine 

intuitively

f (x) = sin x

c x = c + h x� c h� 0 

lim ( )
x c

f x
�

 = lim sin
x c

x
�

=
0

lim sin( )
h

c h
�

�

=
0

lim [sin cos cos sin ]
h

c h c h
�

�

=
0 0

lim [sin cos ] lim [cos sin ]
h h

c h c h
� �

�

= sin c + 0 = sin c = f (c)

lim
x c�
 f (x) = f (c) f

cosine

f (x) = tan x

f (x) = tan x = 
sin

cos

x

x

cos x � 0, x � (2n +1)
2

�
 sine 

cosine tan x

composition

f g

(f o g) (x) = f (g (x))

g f 

composite

f g

c (f o g) c g g (c) f c  (f o g) 
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f (x) = sin (x2) 

f g h g o h  g (x) = sin x

h (x) = x2 g h

f

f (x) = |1 – x + | x | |   x

x g  g (x) = 1 – x + | x | h  h (x) = | x | 

(h o g) (x) = h (g (x))

= h (1– x + | x |)

= | 1– x + | x | | = f (x)

h

g

f

1. f (x) = 5x – 3, x = 0, x = – 3 x = 5 

2. x = 3 f (x) = 2x2 – 1 

3.

(a) f (x) = x – 5 (b) f (x) = 
1

5x �
, x ��5

(c) f (x) = 

2 25

5

x

x

�

�
, x ��–5 (d) f (x) = |x – 5 |

4. f (x) = xn , x = n, n

5. ( )f x f

x = 0, x = 1, x = 2 
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f

6. ( )f x 7.

8. ( )f x 9. ( )f x

10. ( )f x 11. ( )f x

12. ( )f x

13. ( )f x

f , f

14. 15.

16.

17. a b

( )f x

x = 3 
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18. �

( )f x

x = 0 x =  1 

19. g (x) = x – [x] 

[x] x x

20. f (x) = x2 – sin x + 5 x = �� ?

21.

(a) f (x) = sin x + cos x (b) f (x) = sin x – cos x

(c) f (x) = sin x . cos x

22. cosine, cosecant, secant cotangent 

23. f  

( )f x

24. f

( )f x x

25. f   f

( )f x

k

26. ( )f x x = 
2

�
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27. ( )f x x = 2 

28. ( )f x x = �

29. ( )f x x = 5 

30. a b

31. f (x) = cos (x2) 

32. f (x) = | cos x | 

33. sin | x | 

34. f (x) = | x | – | x + 1 | 

5.3.   (Differentiability)

Derivative

f c c f

0

( ) ( )
lim
h

f c h f c

h�

� �

c f f�(c) ( ( )) |c
d
f x

dx

0

( ) ( )
( ) lim

h

f x h f x
f x

h�

� �
� �
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f  

f f � (x) ( ( ))
d
f x

dx
y = f (x) 

dy

dx
y �

x  f (x) differentiate

f �(x) 

(1) (u ± v)� = u� ± v�.
(2) (uv)� = u�v + uv� )

(3)
2

u u v uv

v v

� � � �
 � �� 

� �

, v � 0 ( )

0

( ) ( )
lim
h

f c h f c

h�

� �

c 

c f
–0

( ) ( )
lim
h

f c h f c

h�

� �

0

( ) ( )
lim
h

f c h f c

h��

� �
(finite) [a, b] 

[a, b] 

a b

a b

(a, b) (a, b)

f (x) xn sin x cos x tan x

f �(x) nxn – 1 cos x – sin x sec2 x
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 3 c 

c f

( ) ( )
lim ( )
x c

f x f c
f c

x c�

�
� �

�

x � c

f (x) – f (c) =
( ) ( )

. ( )
f x f c

x c
x c

�
�

�

lim [ ( ) ( )]
x c

f x f c
�

�  =
( ) ( )

lim . ( )
x c

f x f c
x c

x c�

�� �
�� ��� �

lim [ ( )] lim [ ( )]
x c x c

f x f c
� �

�  =
( ) ( )

lim . lim [( )]
x c x c

f x f c
x c

x c� �

�� �
�� ��� �

= f �(c) . 0 = 0

lim ( )
x c

f x
�

 = f (c)

x = c f 

(converse) 

f (x) = |x | 

–0

(0 ) (0)
lim 1
h

f h f h

h h�

� � �
� � �

0

(0 ) (0)
lim 1
h

f h f h

h h��

� �
� �

0

(0 ) (0)
lim
h

f h f

h�

� �
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5.3.1 Differentials of composite functions

f (x) = (2x + 1)3

 (2x + 1)3

( )
d
f x

dx
 =

3(2 1)
d

x
dx

� ��� �

=
3 2(8 12 6 1)

d
x x x

dx
� � �

= 24x2 + 24x + 6

= 6 (2x + 1)2

f (x) = (h o g) (x)

g(x) = 2x + 1 h(x) = x3 t = g(x) = 2x + 1. f (x) = h(t) = t3.

df

dx
 = 6 (2x + 1)2 = 3(2x + 1)2 . 2 = 3t2 . 2 = 

(2x + 1)100 

chain rule

 4  ( ) f u v  

f = v o u. t = u(x) 
dt

dx

dv

dt

f u, v w

f = (w o u) o v t = u (x) s = v (t) 
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f (x) = sin (x2) 

u(x) = x2

v(t) = sin t

f (x) = (v o u) (x) = v(u(x)) = v(x2) = sin x2

t = u(x) = x2 cos
dv

t
dt

� 2
dt

x
dx

�

df

dx
 = t x

x 

df

dx
 =

2

y = sin (x2) �
dy d

dx dx
� (sin x2)

= cos x2
d

dx
(x2) = 2x cos x2

tan (2x + 3) 

f (x) = tan (2x + 3), u (x) = 2x + 3 v(t) = tan t

(v o u) (x) = v(u(x)) = v(2x + 3) = tan (2x + 3) = f (x)

f t = u(x) = 2x + 3. 
2

sec
dv

t
dt

�

2
dt

dx
�
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x  sin (cos (x2)) 

f (x) = sin (cos (x2)) ,  u, v w, 

 f (x) = (w o v o u) (x), u(x) = x2, v(t) = cos t w(s) = sin s t = u(x) = x2

s = v(t) = cos t cos , sin
dw ds

s t
ds dt

� � � 2
dt

x
dx

�

x 

 = (cos s)  (– sin t)  (2x) = – 2x sin x2 cos (cos x2)

y = sin (cos x2)

dy d

dx dx
�  sin (cos x2) = cos (cos x2) 

d

dx
 (cos x2)

= cos (cos x2) (– sin x2) 
d

dx
 (x2)

= – sin x2 cos (cos x2) (2x)

= – 2x sin x2 cos (cos x2)

x 

1. sin (x2 + 5) 2. cos (sin x) 3. sin (ax + b)

4. sec (tan ( x )) 5.
sin ( )

cos ( )

ax b

cx d

�
� 6. cos x3 . sin2 (x5)

7. 22 cot x 8. cos x

9. f (x) = |x – 1 |, x 	 R, x = 1 

10. f (x) =[x], 0 < x < 3, x = 1 x = 2 
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5.3.2  (Derivatives of Implicit Functions)

y = f (x) 

x y

x – y – � = 0

x + sin xy – y = 0

y y = x – ��
y 

y x x

y y

y = f (x) y x explicit

y x

implicity

 24 x – y = ��
dy

dx

y

y = x – �

dy

dx
 = 1

x, 

( )
d
x y

dx
�  =  

d

dx

�

d

dx

�
x �

( ) ( )
d d
x y

dx dx
�  = 0

dy

dx
 = 1
dx

dx
�
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 25 y + sin y = cos x
dy

dx

(sin )
dy d

y
dx dx

�  = (cos )
d

x
dx

cos
dy dy

y
dx dx

� �  = – sin x

dy

dx
 =

sin

1 cos

x

y
�

�

y � (2n + 1) �

5.3.3 (Derivatives of Inverse Trigonometric

Functions)

 26 f (x) = sin–1 x

y = f (x) = sin–1 x x = sin y

x 

1 = cos y
dy

dx

�
dy

dx
 = 1

1 1

cos cos (sin )y x�
�

 cos y � 0 , sin–1 x� ,
2 2

� �
� , 

x � – 1, 1, x 	 (– 1, 1)
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manipulation

 x 	 (– 1, 1) sin (sin–1 x) = x

cos2 y = 1 – (sin y)2 = 1 – (sin (sin–1 x))2 = 1 – x2

y 	 ,
2 2

� �
 ��� 

� �

, cos y cos y = 21 x�

x 	 (– 1, 1) 

2

1 1

cos 1

dy

dx y x
� �

�

 27 f (x) = tan–1 x  

y = tan–1 x x = tan y x 

1 = sec2 y
dy

dx

� 2 2 1 2 2

1 1 1 1

sec 1 tan 1 (tan (tan )) 1

dy

dx y y x x�
� � � �

� � �

 5.4

f (x) cos–1x cot–1x sec–1x cosec–1x

f �(x)
1

2

1

1 x

�

� 2

1

1x x �
2

1

1x x

�

�

Domain of f � (–1, 1) R (– �, –1) � (1, �) (– �, –1) � (1, �)
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dy

dx

1. 2x + 3y = sin x 2. 2x + 3y = sin y 3. ax + by2 = cos y

4. xy + y2 = tan x + y 5. x2 + xy + y2 = 100 6. x3 + x2y + xy2 + y3 = 81

7. sin2 y + cos xy = k 8. sin2 x + cos2 y = 1 9. y = sin–1
2

2

1

x

x


 �
� 


�� �

10. y = tan–1

3

2

3
,

1 3

x x

x


 ��
� 


�� �

1 1

3 3
x� � �

11.

2
1

2

1
,cos 0 1

1

x
y x

x

� 
 ��
� � �� 


�� �

12.

2
1

2

1 ,sin 0 1
1

x
y x

x

� 
 ��
� � �� 


�� �

13.
1

2

2
,cos 1 1

1

x
y x

x

� 
 �� � � �� 

�� �

14.
1 2 1 1,sin 2 1

2 2
y x x x�� � � � �

15.
1

2

1 1
,sec 0

2 1 2
y x

x

� 
 �� � �� 

�� �

5.4   (Exponential and Logarithmic Functions)

exponential logarithmic
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y = f
1
(x) = x, y = f

2
(x) = x2, y = f

3
(x) = x3 y = f

4
(x) = x4

x

x (>1) 

y = f
n
(x) 

n

f
n
(x) = xn

n

y = f
n 

(x) y-

f
10

(x) = x10

f
15

(x) = x15 x

f
10 

210  f
15 

215 x f
15 

f
10 

y = f (x) = 10x

n f f
n

(x) = xn 

f
100 

(x) = x100  

10x x x = 103,

f
100

 (x) = (103)100 = 10300 f (103) = 
3

1010 = 101000  f
100 

(x) f (x)

x

x > 103 , f (x) > f
100

 (x) 

x n

f
n
 (x) f (x)   

 3 y = f (x) = bx, b > 1 

y = 10x
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b 2, 3 4 

(1) R

(2)

(3)  (0, 1) 

b > 1 b0 = 1)

(4) increasing function

(5) x

x-

(common exponential

Function) XI A.1.4 

1 1
1 ...

1! 2!
� � �

e

e 

y = ex (natural exponential function)

b > 1 

b a x  bx = a 

b a log
b
a bx = a, 

log
b
 a = x

23 = 8 log
2
 8 = 3 

104 = 10000  log
10
 10000 = 4 625 = 54 = 252  log

5

625 = 4  log
25
 625 = 2 

b > 1 
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(logarithmic function)

log
b
 : R+ � R

x � log
b
x = y by = x

b = 10 

b = e

 ln  

log x e 2,

 10 

b > 1 

(1) non-positive

R+

(2)

(3) (1, 0) 

(4)

(5) 0 x

log x

y-

(6)  5.11 y = ex y = log
e
 x

y = x

(1)  log
a
p log

b
p 

log
a
p = �, log

b
p = �  log

b
 a = �
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a� = p, b� = p b� = a

(b�)� = b�� = p

b� = p = b��

� = �� � = 
�

�

log
a
p =

b

b

p

a

log

log

(2) log 

log
b
 pq = � b� = pq log

b
 p = � log

b
 q = �

b� = p b� = q b� = pq = b�b� = b� + ��

� = � + �, 

log
b
 pq = log

b
 p + log

b
 q

p = q

log
b
 p2 =  log

b
 p + log

b
 p = 2 log

b
p

n

log
b
 pn = n log

b
 p

n 

logb
x

y
= log

b
 x – log

b
 y

 28 x x = elog x ?

log

y = elog x y > 0 log y = log (elog x) = log x . log

e = log x y = x x = elog x x

(differential calculus)
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 5*

(1) x ex ex
d

dx
(ex) = ex

(2) x log x
1

x

d

dx
(log x) = 

1

x

29 x

(i) e–x (ii) sin (log x), x > 0 (iii) cos–1 (ex) (iv) ecos x

(i) y = e– x  

 (– x) = – e– x

(ii) y = sin (log x) 

(iii) y = cos–1 (ex) 

.

(iv) y = ecos x

dy

dx

x

1.
sin

x
e

x
2.

1sin xe
�

3.
3xe

4. sin (tan–1 e–x) 5. log (cos ex) 6.
2 5

...
x x x
e e e� � �

7. , 0
x

e x � 8. log (log x), x > 1 9.
cos

, 0
log

x
x

x
�

10. cos (log x + ex)
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5.5.  (Logarithmic Differentiation)

y = f (x) = [u(x)]v (x)

 (e  ) 

log y = v (x) log [u(x)]

1
 = ( )v x

u x
. u�(x) + v�(x) . log [u(x)]

dy

dx
 =

f (x) u(x) 

(logarithmic

differentiation)

 30 x
2

2

( 3) ( 4)

3 4 5

x x

x x

� �

� �

2

2

( 3) ( 4)

(3 4 5)

x x
y

x x

� �
�

� �

log y =
1

2
[log (x – 3) + log (x2 + 4) – log (3x2 + 4x + 5)]

x, 

1
 =

dy

dx
 =

=
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 31 x ax a 

y = ax,

 = x log a

x, 

1 dy

y dx
 = log a

dy

dx
 = y log a

( )x
d
a

dx
 = ax log a

( )x
d
a

dx
 =

log ) log( ( log )x a x ad d
e e x a

dx dx
�

= ex log a . log a = ax log a

 32 x xsin x, x > 0 

y = xsin x

log y = sin x log x

1
.
dy

y dx
 = sin (log ) log (sin )

d d
x x x x
dx dx

�

1 dy

y dx
 =

x

dy

dx
 =

sin
cos log

x
y x x

x

� �
�� �� �

=
sin sin

cos logx x
x x x

x

� ��� �� �

=

33 yx + xy + xx = ab 
dy

dx

yx + xy + xx = ab

u = yx, v = xy w = xx u + v + w = ab 
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= 0 ... (1)

u = yx

log u = x log y

x

1
 = (log ) log ( )

d d
x y y x
dx dx

�

=
1

du

dx
 = log logxx dy x dy
u y y y
y dx y dx


 � � �� � �� 
 � �
� � � �

   ... (2)

v = xy

log v = y log x

x

1
.
dv

v dx
 = (log ) log

d dy
y x x
dx dx

�

=

dv

dx
 = log

y dy
v x
x dx

� �
�� �� �

= logy y dy
x x

x dx

� �
�� �� �

... (3)

w = xx

log w = x log x

x

1
 = (log ) log . ( )

d d
x x x x
dx dx

�

=
x
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dw

dx
 = w (1 + log x)

= xx (1 + log x) ... (4)

(1), (2), (3) (4), 

log logx yx dy y dy
y y x x

y dx x dx


 � 
 �� � �� 
� 
 � �� �
 + xx (1 + log x) = 0

(x . yx –1 + xy . log x) 
dy

dx
 = – xx (1 + log x) – y . xy–1 – yx log y

dy

dx
 =

1

1

[ log . (1 log )]

. log

x y x

x y

y y y x x x

x y x x

�

�

� � � �

�

1 11 x

1. cos x . cos 2x . cos 3x 2.
( 1) ( 2)

( 3) ( 4) ( 5)

x x

x x x

� �
� � �

3. (log x)cos x 4. xx – 2sin x

5. (x + 3)2 . (x + 4)3 . (x + 5)4 6.

1
11

x

xx x
x


 ��� 

� �
 �� �� 


� �

7. (log x)x + xlog x 8. (sin x)x + sin–1
x

9. xsin x + (sin x)cos x 10.

2
cos

2

1

1

x x x
x

x

�
�

�

11. (x cos x)x + 

1

( sin ) xx x

12 
dy

dx

12. xy + yx = 1 13. yx = xy

14. (cos x)y = (cos y)x 15. xy = e(x – y)

16. f (x) = (1 + x) (1 + x2) (1 + x4) (1 + x8) 

f �(1) 
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17. (x2 – 5x + 8) (x3 + 7x + 9) 

(i)

(ii)

(iii)

18. u, v w , x , 

d

dx
 (u. v. w) =

du

dx
v. w + u . 

dv

dx
 . w + u . v

dw

dx

5.6  (Derivatives of Functions in

Parametric Forms)

(Parameter)

x y  x = f (t), y = g (t) 

t

dy

dt
 =

dy

dx
 =

dy

dt
dx

dt

dy

dx
 = f �(t) � 0]

  34 x = a cos  , y = a sin  !
dy

dx

x = a cos  , y = a sin  

dx

d 
 = – a sin  , 

dy

d 
 = a cos  
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dy

dx
 =

cos
cot

sin

dy

ad
dx a

d

  � � �  
�  

 

  35 x = at2, y = 2at 
dy

dx

x = at2, y = 2at

dx

dt
 = 2at  

dy

dt
= 2a

dy

dx
 =

2 1

2

dy

adt
dx at t

dt

� �

  36 x = a (  + sin  ), y = a (1 – cos  ) dy

dx

dx

d 
= a(1 + cos  ), 

dy

d 
 = a (sin  )

dy

dx
 =

sin
tan

(1 cos ) 2

dy

ad
dx a

d

   � �
�  

 

�
dy

dx
x y

  37

2 2 2

x = a cos3  , y = a sin3  

2 3

3 2x y�  =

2 2
3 33 3( cos ) ( sin )a a �  

=

2 2

2 23 3(cos (sin )a a �  �
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x = a cos3 , y = a sin3 , 
2 2 2

3 3 3x y a� �

dx

d 
 = – 3a cos2   sin  

dy

d 
 = 3a sin2   cos  

dy

dx
 =

2

3
2

3 sin cos
tan

3 cos sin

dy

a yd
dx xa

d

   � � �  � �
�   

 

�

x y

dy

dx

1. x = 2at2, y = at4 2. x = a cos  , y = b cos  

3. x = sin t, y = cos 2t 4. x = 4t, y = 
4

t

5. x = cos   – cos 2 , y = sin   – sin 2 

6. x = a (  – sin  ), y = a (1 + cos  ) 7. x = 

3
sin

cos2

t

t
, 

3
cos

cos2

t
y

t
�

8. cos log tan
2

t
x a t


 �� �� 

� �

y = a sin t 9. x = a sec  , y = b tan  

10. x = a (cos   +  �sin  ),  y = a (sin   –  �cos  )

11.

5.7  (Second Order Derivative)

y = f (x) 

dy

dx
 = f �(x) ... (1)
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f �(x) x 

d dy

dx dx


 �
� 

� �

Second Order Derviative

2

2

d y

dx
f (x) f "(x) 

y = f (x)  D2(y) y"� y

 38 y = x3 + tan x
2

2

d y

dx

y = x3 + tan x 

dy

dx
 = 3x2 + sec2 x

2

2

d y

dx
 =

2 2
3 sec

d
x x

dx
�

= 6x + 2 sec x . sec x tan x = 6x + 2 sec2 x tan x

 39 y = A sin x + B cos x
2

2
0

d y
y

dx
� �

dy

dx
 = A cos x – B sin x

2

2

d y

dx
 =
d

dx
 (A cos x – B sin x)

= – A sin x – B cos x = – y

2

2

d y

dx
 + y = 0

 40 y = 3e2x + 2e3x

2

2
5 6 0

d y dy
y

dxdx
� � �

y = 3e2x + 2e3x 

dy

dx
 = 6e2x + 6e3x = 6 (e2x + e3x)
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2

2

d y

dx
 = 12e2x + 18e3x = 6 (2e2x + 3e3x)

2

2
5

d y dy

dxdx
�  + 6y = 6 (2e2x + 3e3x)

– 30 (e2x + e3x) + 6 (3e2x + 2e3x) = 0

 41 y = sin–1 x (1 – x2) 
2

2
0

d y dy
x
dxdx

� �

y = sin–1x

dy

dx
 = 

2

1

(1 )x�

2(1 ) 1
dy

x
dx

� �

2 1

2
2

2
(1 ) 0

d y dy
x x

dxdx
� � �

y = sin–1 x 

1
2

1

1
y

x
�

�
, 2 2

1
1 1x y� �

(1 – x2) y
2
 – xy

1
 = 0

1  10 

1. x2 + 3x + 2 2. x20 3. x . cos x

4. log x 5. x3 log x 6. ex sin 5x
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7. e6x cos 3x 8. tan–1 x 9. log (log x)

10. sin (log x) 11. y = 5 cos x – 3 sin x

2

2
0

d y
y

dx
� �

12. y = cos–1 x
2

2

d y

dx
y

13. y = 3 cos (log x) + 4 sin (log x)  x2 y
2
 + xy

1
 + y = 0

14. y = Aemx + Benx
2

2
( ) 0

d y dy
m n mny

dxdx
� � � �

15. y = 500e7x + 600e–7x

2

2
49

d y
y

dx
�

16. ey (x + 1) = 1 

22

2

d y dy

dxdx


 �� � 

� �

17. y = (tan–1 x)2  (x2 + 1)2 y
2
 + 2x (x2 + 1) y

1
 = 2 

5.8  (Mean Value Theorem)

(geometric interpretation)

 6  (Rolle's Theorem) f : [a, b] � R

[a, b] (a, b) f(a) = f(b) a b

(a, b) c f �(c) = 0 
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a b 

y = f (x) 

  f (x)  

 7 (Mean Value Theorem)  f : [a, b] � R 

[a, b] (a, b) (a, b) c

( ) ( )
( )

f b f a
f c

b a

�
� �

�

(MVT), (extension) 

y = f (x) 

f �(c)  y = f (x) (c, f (c)) 

( ) ( )f b f a

b a

�
�

(a, f (a)) (b, f (b)) (Secant) 

(a, b) c (c, f(c)) 

(a, f (a)) (b, f (b))

(a, b) c c, f (c)) (a, f (a)) (b, f (b))

  42 y = x2 + 2 a = – 2 

b = 2 
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y = x2 + 2, [– 2, 2] (– 2, 2) 

f (– 2) = f ( 2) = 6 f (x) – 2  2 

c 	 (– 2, 2) f�(c) = 0 f�(x) = 2x c = 0 

f�(c) = 0 c = 0 	 (– 2, 2)

 43 [2, 4] f (x) = x2

f (x) = x2 [2, 4] (2, 4) 

f �(x) = 2x (2, 4) 

f (2) = 4 f (4) = 16 

( ) ( ) 16 4
6

4 2

f b f a

b a

� �
� �

� �
c 	 (2, 4) f �(c) = 6 

f �(x) = 2x c = 3 c = 3 	 (2, 4), f �(c) = 6 

1. f (x) = x2 + 2x – 8, x 	 [– 4, 2] 

2.

(i) f (x) = [x]  x 	 [5, 9] (ii) f (x) = [x] x 	 [– 2, 2]

(iii) f (x) = x2 – 1 x 	 [1, 2]

3. f : [– 5, 5] �R f �(x) 
f (– 5) � f (5)

4. [a, b] f (x) = x2 – 4x – 3,  a = 1

b = 4 

5. [a, b] f (x) = x3– 5x2 – 3x,  a = 1

b = 3 f �(c) = 0 c 	 (1, 3) 

6.

 44 x 

(i)
2

1
3 2

2 4
x

x
� �

�
(ii)  

2sec –1
3cos

x
e x� (iii)    log

7
 (log x)
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(i)  y = 
2

1
3 2

2 4
x

x
� �

�
= 

1 1
22 2(3 2) (2 4)x x

�
� � �

2

3
x � �

dy

dx
 =

=

= 3
2 2

3 2

2 3 2
2 4

x

x
x

�
�

�

2

3
x � �

(ii)
2sec 13cosxy e x�� � [ 1,1]�

dy

dx
 =

=
2sec 3

1

x

=
2

sec 3
2sec (sec tan )

1

xx x x e

=
2

2 sec 3
2sec tan

1

xx x e

[ 1,1]�

cos–1 x (– 1, 1) 
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(iii) y = log
7
 (log x) = 

log (log )

log7

x
 ( )

x > 1 

dy

dx
 =

1
(log (log ))

log7

d
x

dx

=
1 1

log7 log
x

=
1

log7 logx x

45 x

(i) cos –1 (sin x) (ii)   1 sin
tan

1 cos

x

x

� 
 �
� 


�� �
 (iii)   

1
1 2

sin
1 4

x

x

�
� 
 �
� 


�� �

(i) f (x) = cos –1 (sin x) 

f (x) = cos–1 (sin x)

= , since [0. ]
2
x

�
� 	 �

=
2

f �(x) = – 1 

(ii) f (x) = tan –1 
sin

1 cos

x

x


 �
� 


�� �

cos x � – 1, ��

f (x) =
1 sin

tan
1 cos

x

x

� 
 �
� 


�� �

=
1

2

2 sin cos
2 2

tan

2cos
2

x x

x
�

� �
 � 
 �
� 
 � 
� �� � � �� �

� �
� �� �

 = 
1tan tan

2 2

x x� � �
 � �� 
� �� �� �
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cos
2

x
 �
� 

� �

f �(x) = 
1

2

(iii) f (x) = sin–1 

12

1 4

x

x

�
 �
� 


�� �
. 

x
12

1 1
1 4

x

x

�

� # #
�

2
x

x
1

2
1

1 4

x

x

�

#
�

, 

x 2x + 1 # 1 + 4x 2 #
1

2x
 + 2x

x

2x = tan  

f (x) =

1
1 2

sin
1 4

x

x

�
� � �
� �
�� �

= sin

=
1

2

2 tan
sin

1 tan

�  � �
� ��  � �

= sin –1 [sin 2 ] = 2  = 2 tan –1 (2x)

f �(x) =
x

=
2

=

12 log2

1 4

x

x

�

�



206        

 46 0 < x < ��  f (x) = (sin x)sin x f �(x) 

y = (sin x)sin x

log y = log (sin x)sin x = sin x log (sin x)

1 dy

y dx
 =
d

dx
 (sin x log (sin x))

= cos x log (sin x) + sin x . 
1

sin
x

= cos x log (sin x) + cos x

= (1 + log (sin x)) cos x

dy

dx
 = y((1 + log (sin x)) cos x) = (1 + log (sin x)) ( sin x)sin x cos x

47 a
dy

dx
, 

y x, t � 0 

dy

dt
 = 

1
t
t

d
adt

�
 =

1
1

. log
t
t
d

a t a
dt t

� 
 �
�� 


� �

=

1

2

1
1 log

t
ta a

t

� 
 ��� 

� �

dx

dt
 =

1
1 1
a

d
a t t

t dt t

�
� � 
 �� � �� 
� �� � � �

=

dx

dt
� 0 t � ± 1 t � ± 1 

dy

dy dt
dxdx

dt

�  =

t

 = 

1

1

log

1

t
t

a

a a

a t
t

�

�

 ��� 

� �
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 48 e cos x    sin2 x

u (x) = sin2 x v (x) = e cos x 
/

/

du du dx

dv dv dx
�

du

dx
 = 2 sin x cos x

dv

dx
 = e cos x (– sin x) = – (sin x) e cos x 

du

dv
 = cos cos

2sin cos 2cos

sin x x

x x x

x e e
� �

�

x

1. (3x2 – 9x + 5)9 2. sin3 x + cos6 x

3. (5x)3 cos x 2x 4. sin–1(x x ), 0 # x # 1.

5.

1cos
2

2 7

x

x

�

�
, – 2 < x < 2.

6.
1 1 sin 1 sin

cot
1 sin 1 sin

x x

x x

� � �� � �
� �

� � �� �
, 0 < x <

2

�

7. (log x)log x, x > 1

8. cos (a cos x + b sin x), a b

9. (sin x – cos x) (sin x – cos x), 
3

4 4
x

� �
� �

10. xx + xa + ax + aa, a > 0 x > 0

11.
22 3 3
xxx x� � � , x > 3 

12. y = 12 (1 – cos t), x = 10 (t – sin t), 
2 2
t

� �
� � � dy

dx

13. y = sin–1 x + sin–1 21 x� , 0 � x � 1 
dy

dx

14.  – 1 < x < 1 1 1 0x y y x� � � �

2

1

1

dy

dx x
� �

�
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15. c > 0 (x – a)2 + (y – b)2 = c2

3
2 2

2

2

1
dy

dx

d y

dx

� �
 ��� �� 

� �� � ,  a b

16.  cos y = x cos (a + y), cos a � ± 1, 
2cos ( )

sin

dy a y

dx a

�
�

17. x = a (cos t + t sin t) y = a (sin t – t cos t), 
2

2

d y

dx

18. f (x) = | x |3,  f "(x) 
19. n

1n nd
x nx

dx

��

20. sin (A + B) = sin A cos B + cos A sin B cosines

21.

22.

( ) ( ) ( )f x g x h x

y l m n

a b c

�

( ) ( ) ( )f x g x h x
dy

l m n
dx

a b c

� � �

�

23. y = 
1cosa xe

�
, – 1 # x # 1, 

2
2 2

2
1 0

d y dy
x x a y

dxdx
� � � �

�

� f

g

(f ± g) (x) = f (x) ± g (x) 
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(f . g) (x) = f (x) . g (x) 

( )
( )

( )

f f x
x

g g x


 � �� 

� �

g (x) � 0) 

�

�

f = v o u, t = u (x) 
dt

dx

dv

dt

�

1

2

1
sin

1

d
x

dx x

� �
�

cos
1

d

dx

1

2

1
tan

1

d
x

dx x

� �
�

1

2

1
cot

1

d
x

dx x

� �
�

�

2

1
sec

d

dx x x
2

cosec
d

dx x x

x xd
e e

dx
�

1
log

d
x

dx x
�

� f (x) = [u (x)]v (x) 

f (x)

u (x) 

� f : [a, b] � R [a, b] (a, b) 

f (a) = f (b) (a, b) c

f �(c) = 0.

� f : [a, b] � R [a, b] (a, b) 

(a, b) c

( ) ( )
( )

f b f a
f c

b a

�
� �

�

—����—


