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�With the Calculus as a key, Mathematics can be successfully applied

to the explanation of the course of Nature — WHITEHEAD �

6.1 (Introduction)

(i) (ii)

(iii)

6.2  (Rate of Change of Quantities)

ds

dt
t s

y x 

dy

dx
f �(x)),  x y

dy

dx f �(x
0
)) x y

(Application of Derivatives)

6
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x y, t 

dy

dx
 =
dy dx

dt dt
,  

dx

dt

x t y x 

r

r A = �r2 r A 

2A
( ) 2

d d
r r

dr dr
� � � �

A
10

d

dr
� �

10� cm2

cm3/s

x  V 

S  V = x3  S = 6x2, x t

Vd

dt
 = 9 cm3/s )

9 =
3 3V

( ) ( )
d d d dx

x x
dt dt dx dt

� � � )

=
23
dx

x
dt
�

dx

dt
 = 2

3

x
... (1)

dS

dt
 =

2 2(6 ) (6 )
d d dx

x x
dt dx dt

� � ( )

= 2

3 36
12x

xx

� �
� �� �
	 


((1) )

x = 10 cm, 
dS

dt
= 3.6 cm2/s
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4 cm/s

r A = �r2 t 

A 

Ad

dt
 =

2 2( ) ( )
d d dr

r r
dt dr dt

� � � �  = 2� r
dr

dt
( )

dr

dt
 = 4 cm

r = 10 cm

Ad

dt
 = 2� (10) (4) = 80�

80� cm2/s

�   x y
dy

dx
x

y
dy

dx

x,

y y = 6 (a) 

(b)

x y

dx

dt
 = – 3 cm/min   

dy

dt
 = 2 cm/min

(a) P 

P = 2(x + y)

Pd

dt
 =

(b)  A 

A = x . y
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Ad

dt
 =
dx dy

y x
dt dt
� � �

= – 3(6) + 10(2) ( y = 6cm)

= 2 cm2/min

x C(x) 

C(x) = 0.005 x3 – 0.02 x2 + 30x + 5000

(marginal cost  MC) 

x

MC =
Cd

dx

x = 3 MC =

= 0.135 – 0.12 + 30 = 30.015

Rs 30.02

x R(x) = 3x2 + 36x

+ 5 x = 5  (marginal revenue

or MR) 

MR =
R

6 36
d

x
dx

� �

x = 5 MR = 6(5) + 36 = 66

Rs 66

1. r

(a) r = 3 cm (b) r = 4 cm 
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2. cm3/s

3. cm/s

4. 3 cm/s

5. cm/s

6. cm/s

r = 4.9 cm 

7. x, 5 cm/min y, 4 cm/min

x y (a) (b) 

8. cm3

9.

10.

cm/s

?

11. 6y = x3 +2 

x y

12.
1

2
cm/s

13.
3

2
x x 

14. cm3/s
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15. x C (x)  

C (x) = 0.007x3 – 0.003x2 + 15x + 4000

16. x R (x)

R (x) = 13x2 + 26x + 15

x = 7 

 17 18 

17.

(A) 10� (B) 12� (C) 8� (D) 11�

18. x 

R(x) = 3x2 + 36x + 5 x = 15

(A) 116 (B) 96 (C) 90 (D) 126

6.3  (Increasing)  (Decreasing ) 

f (x) = x2, x � R f

x f (x) = x2

 –2 4

9

4

 –1 1

1

4

  0 0

x f (x) = x2

0 0

1

2

1

4

 1 1

3

2

9

4

 2 4
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x > 0 

x < 0 

f I  f

(i) I I x
1
 < x

2

 f (x

1
) � f (x

2
) x

1
, x

2
� I 

(ii)  I  I x
1
 < x

2

 f (x

1
) < f (x

2
) x

1
, x

2
� I 

(iii)  I  I x
1
 < x

2

 f (x

1
) � f (x

2
) x

1
, x

2
� I 

(iv)  I  I  x
1
 < x

2

 f (x

1
) > f (x

2
) x

1
, x

2
� I
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f  x
0

x f x

I I f

x I = (x
0
 – h, x

0
 + h), h > 0 

x
1
, x

2
� I 

x  < x 
 x � x

f (x) = 7x – 3, R

R x
1

x
2

x
1
 < x

2

 7x

1
 < 7x

2


 7x
1
 – 3 < 7x

2
 – 3


 f (x
1
) < f (x

2
)

R  f

[a,b] (a,b) 

(a)  [a,b] f x � (a, b)  f �(x) > 0 

(b) [a,b] f x � (a, b)  f �(x) < 0 

(c) [a,b] f x � (a, b)  f �(x) = 0 

(a) x , x � [a, b] x
1
 < x

2
x
1

x
2

c

f (x
2
) – f (x

1
) = f �(c) (x

2
 – x

1
)

f (x
2
) – f (x

1
) > 0 ( f �(c) > 0 )

f (x
2
) > f (x

1
)

[a,b]  f

(b) (c) 
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(i)

f ' (x) > 0 x, f 

f  

f1 (x) < 0 x f f

(ii) I

f  I

 f ,

f (x) = x3 – 3x2 + 4x, x � R

R

f �(x) = 3x2 – 6x + 4

= 3(x2 – 2x + 1) + 1

= 3(x – 1)2 + 1 � 0, x � R 

f , R

 9 f (x) = cos x

(a) (0, �) 

(b) (�, 2�), 

(c) (0, 2�) 

f �(x) = – sin x

(a) x � (0, �) sin x > 0, f �(x) < 0 

(0, �) 

(b) x � (�, 2�)  sin x < 0, f �(x) > 0 

(�, 2�) f

(c)  (a) (b) (0, 2�) f

f (x) = x2 – 4x + 6 f

(a) (b)



        219



ERROR: stackunderflow

OFFENDING COMMAND: ~

STACK:
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1. (i)

(ii)

(iii)

(iv)

(v) (a)

(b)

(c)

(d)

(e)

3.

5.

9. (i) {1, 5, 9},  (ii) {1} 12. T
1

 T
3

13. 14. y = 2x + c, c � R 

15. B 16. C

1.

2. (i) (ii)

(iii) (iv)

(v)

7. (i) (ii)

9. 10. 11. D 12. A

1. gof  = {(1, 3), (3,1), (4,3)}
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3. (i) (gof ) (x) = |5 |x |– 2|, (fog) (x) = |5x – 2|

(ii) (go f ) (x) = 2x, (f og) (x) = 8x

4. f f

5. (i) f (ii) g

(iii) h

6. f –1,  f –1 (y) = 
2

1

y
, y � 1 7. f –1 , f –1 (y) = 

4

y

11. f –1 f –1 (a) = 1, f –1 (b) = 2 f –1 (c) = 3 

13. (C) 14. (B)

1. (i) (ii) (iii) (iv) (v)

2. (i) �

(ii) �

(iii) �

(iv) �

(v) �

(vi) �

3. � 1 2 3 4 5

1 1 1 1 1 1

2 1 2 2 2 2

3 1 2 3 3 3

4 1 2 3 4 4

5 1 2 3 4 5

4. (i) (2 * 3) * 4 = 1  2 * (3 * 4) = 1 (ii)  (iii) 1

5.

6. (i) 5 * 7 = 35, 20 * 16 = 80 (ii)   (iii) (iv) 1     (v) 1
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7. 8. � ; �  N 

9.   (ii) , (iv), (v) ; (v) 10.   (V)

11.

12. (i)  (ii) 13. B

1.
7

( )
10

y
g y

�
� 2. f f

3. x4 – 6x3 + 10x2 – 3x 8. No 10. n!

11. (i) F–1 = {(3, a), (2, b), (1, c)}, (ii) F–1 12. No

15. 16. A 17. B 18. No

19. B

1.
6

��
2.

6
3.

6
4.

3

��

5.
2

3
6. 7.

6
8.

6

9.
3

4
10.

4
11.

3

4
12.

2

3
13. B 14. B

5.
1
tan

2
6.

2
– sec–1 x 7.

2

x
8.

4
x

�
�

9. sin
a

10. 3tan
a

11.
4

12. 0

13.
1

x y

xy

�

� 14.
1

5
15.

1

2
	 16.

3

�

17.
4

��
18.

17

6
19. B 20. D

21. B
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1.
6

2.
6

�
13.

4
x

�
� 14.

1

3
x �

15. D 16. C 17. C

1. (i) 3 × 4 (ii) 12 (iii) 19, 35, – 5, 12, 
5

2

2. 1 × 24, 2 × 12, 3 × 8, 4 × 6, 6 × 4, 8 × 3, 12 × 2, 24 × 1; 1 × 13, 13 × 1

3. 1 × 18, 2 × 9, 3 × 6, 6 × 3, 9 × 2, 18 × 1; 1 × 5, 5 × 1

4. (i) (ii) (iii)

5. (i) (ii)

6. (i) x = 1, y = 4, z = 3

(ii) x = 4, y = 2, z = 0   or   x = 2,    y = 4,  z = 0

(iii) x = 2, y = 4, z = 3

7. a = 1, b = 2, c = 3, d = 4

8. C 9. B 10. D

1. (i) A+ B = (ii)

(iii) (iv)
6 26

AB =
1 19

�
 �
� 
�� �

(v) BA =
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2. (i) (ii)

(iii) (iv)

3. (i) (ii)

2 3 4

4 6 8

6 9 12


 �
� 

� 

� 
� �

(iii)
3 4 1

8 13 9

� �
 �
� 

� �

(iv) (v) (vi)

4.

5.

0 0 0

0 0 0

0 0 0


 �
� 

� 

� 
� �

6.
1 0

0 1


 �
� 

� �

7. (i) (ii)

8.
1 1

X
2 1

� �
 �
� � 
� �� �

9. x = 3, y = 3 10. x = 3, y = 6, z = 9, t = 6

11. x = 3, y = – 4 12. x = 2, y = 4, w = 3, z = 1

15. 17. k = 1

19. (a) Rs 15000, Rs 15000 (b) Rs 5000,   Rs 25000

20. Rs 20160 21. A 22. B
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1. (i) (ii) (iii)

4.
4 5

1 6

�
 �
� 

� �

9.

10. (i)
3 3 0 2

A
3 1 2 0


 � 
 �
� �� 
 � 
� �� � � �

(ii)

6 2 2 0 0 0

A 2 3 1 0 0 0

2 1 3 0 0 0

�
 � 
 �
� 
 � 
� � � �� 
 � 

� 
 � 
�� � � �

(iii) (iv)
1 2 0 3

A
2 2 3 0


 � 
 �
� �� 
 � 
�� � � �

11. A 12. B

1. 2. 3.

4. 5. 6.

7. 8. 9.
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10. 11. 12.

13. 14.

15. 16. 17.

18. D

6.

7. x = – 1 9. x

10. (a) -I = Rs 46000

-II  = Rs 53000

(b) Rs 15000,  Rs 17000

11. X 13. C 14. B 15. C

1. (i) 18 2. (i)  1,   (ii)   x3 – x2 + 2

5. (i) – 12,   (ii)   46,   (iii)   0,   (iv)   5 6. 0

7. (i) x ,   (ii)  x = 2 8. (B)
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15. C 16. C

1. (i)
15

2
,    (ii)   

47

2
,  (iii)   15

3. (i)   0, 8,  (ii)   0, 8 4. (i)  y = 2x, (ii)  x – 3y = 0 5. (D)

1. (i) M
11
 = 3, M

12
 = 0,   M

21 
= – 4, M

22
 = 2, A

11
 = 3, A

12
 = 0, A

21
 = 4, A

22
 = 2

(ii) M
11
 = d, M

12
 = b,  M

21
 = c,    M

22
 = a

 A
11
 = d,  A

12
= – b, A

21
 = – c,  A

22
 = a

2. (i) M
11
= 1, M

12
= 0, M

13 
= 0,  M

21 
= 0, M

22 
= 1, M

23 
= 0, M

31 
= 0, M

32 
= 0, M

33 
= 1,

 A
11
= 1, A

12
= 0,   A

13
= 0, A

21
= 0, A

22
= 1, A

23
= 0,   A

31
= 0,   A

32
= 0,    A

33
= 1

(ii)  M
11
= 11, M

12
= 6,   M

13
= 3,  M

21
= –4, M

22
= 2, M

23
= 1,   M

31
= –20, M

32
= –13, M

33
= 5

        A
11
=11,   A

12
= – 6, A

13
= 3,  A

21
= 4,  A

22
= 2,  A

23
= –1, A

31
= –20, A

32
= 13, A

33
= 5

3. 7 4. (x – y) (y – z) (z – x) 5.  (D)

1. 2. 5.
3 21

4 214


 �
� 
�� �

6.
1

13
7.

10 10 2
1
0 5 4

10
0 0 2

�
 �
� 
�� 

� 
� �

8.
3

9.

1 5 3
1

4 23 12
3

1 11 6

�
 �
� � 
�� 

� 
� �� �

10. 11.
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13.

2 11

1 37

�
 �
� 

� �

14. a = – 4, b = 1 15.
1

3 4 5
1

A 9 1 4
11

5 3 1

�

�
 �
� 
� � �� 

� 
� �� �

16.

3 1 1
1

1 3 1
4

1 1 3

�
 �
� 

� 

� 
�� �

17. B 18. B

1. 2. 3.

4. 5. 6.

7. x = 2, y = – 3 8.
5

11
x

�
� , 

12

11
y � 9.

6 19
,

11 11
x y

� �
� �

10. x = –1, y = 4 11. x = 1, y , z

12. x = 2, y = –1, z = 1 13. x = 1, y = 2, z = –1

14. x = 2, y = 1, z = 3

15. , x = 1, y = 2, z = 3

16.  kg = Rs

    kg = Rs

kg = Rs

3. 1 5.
3

a
x

�
� 7.

9 3 5

2 1 0

1 0 2

�
 �
� 
�� 

� 
� �

9. – 2(x3 + y3) 10. xy 16. x = 2, y = 3, z = 5

17. A 18. A 19. D
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2. f , x = 3 

3. (a), (b), (c)  (d) 

5. f , x = 0 x = 2 ; x = 1 

6. x = 2 7. x = 3 

8. x = 0 9.

10. 11.

12. x = 1 f 13. x = 1 f

14. x = 1 x = 3 f

15. x = 1 

16. 17.
2

3
a b� �

18. �� f , x = 0  f , ��
x = 1 

20. x = �� f  21. (a), (b)  (c) 

22. x � R cosine cosecant x = n�, n � Z 

 secant x = n , n�Z

cotangent x = n�, n � Z

23.

24. x � R f 25. x � R f

26. k = 6 27.
3

4
k � 28.

2
k

�
�
�

29.
9

5
k � 30. a = 2, b = 1

34.

1. 2x cos (x2 + 5) 2. – cos x sin (sin x) 3. a cos (ax + b)

4.

2sec(tan ).tan (tan ).sec

2

x x x

x
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5. a cos (ax + b) sec (cx + d) + c sin (ax + b) tan (cx + d) sec(cx + d)

6. 10x4 sinx5 cosx5 cosx3 – 3x2 sinx3 sin2 x5

7. 2 2

2 2

sin sin 2

x

x x

�
8.

x

x

1.
3

x
2.

2

y
3.

2 sin

a

by y
�

�

4.

2sec

2 1

x y

x y

�

� �
5.

(2 )

( 2 )

x y

x y

�
�

�
6.

2 2

2 2

(3 2 )

( 2 3 )

x xy y

x xy y

� �
�

� �

7.

sin

sin 2 sin

y xy

y x xy� 8.
sin 2

sin 2

x

y
9. 2

2

1 x�
10. 2

3

1 x�

11. 2

2

1 x�
12. 2

2

1 x

�

�
13. 2

2

1 x

�

�
14. 2

2

1 x�

15. 2

2

1 x
�

�

1.
2sin x

, x � n���n � Z 2.

1
x

3.
3

23 xx e 4.
1

5. – ex tan ex, N 6.

7.

4

x

x

e

xe

, x > 0 8.
1

logx x
, x > 1

9.
2

( sin log cos )
, 0

(log )

x x x x
x

x x

� �
� � 10. x > 0
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1. – cos x cos 2x cos 3x [tan x + 2 tan 2x + 3 tan 3x]

2.

3.
cos cos

(log ) sin log (log )
log

x x
x x x

x x


 �
�� 


� �
4. xx (1 + log x) – 2sin x cos x log 2

5. (x + 3) (x + 4)2 (x + 5)3 (9x2 + 70x + 133)

6.

12 1

2 2

1 1 1 1 log
log ( )

1

x

x
x x x

x x x
x xx x

�
 �� � �� � � �
� � � �� 
� � � �

�� � � �� �
7. (log x)x-1 [1 + log x . log (log x)] + 2x logx–1 . logx

8. (sin x)x (x cot x + log sin x) + 
2

1 1

2 x x�

9. x sinx
sin

cos log
x

x x
x


 �
�� 
� �

+ (sin x)cos x [cos x cot x – sin x log sin x]

10. x x cosx [cos x . (1 + log x) – x sin x log x] – 
4x

x

11. (x cos x)x [1 – x tan x + log (x cos x)] + (x sin x) 
1

x

12. 13.
log

log

y y x y

x x y x

� ��
� �

�� �

14. 15.
y x

x y

16. (1 + x) (1 + x2) (1 +x4) (1 + x8) 
3 7

2 4 8

1 2 4 8

1 1 1 1

x x x

x x x x


 �
� � �� 


� � � �� �
;  f �(1) = 120

17. 5x4 – 20x3 + 45x2 – 52x + 11

1. t2 2.
b

a
3. – 4 sin t 4.
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5. 6.
2

7. – cot 3t 8. tan t

9. cosec
b

a
� 10. tan �

1. 2 2. 380 x18 3. – x cos x – 2 sin x

4. 2

1

x
� 5. x(5 + 6 log x) 6. 2ex (5 cos 5x – 12 sin 5x)

7. 9 e6x (3 cos 3x – 4 sin 3x) 8. 2 2

2

(1 )

x

x
�

�

9.
2

(1 log )

( log )

x

x x

�
� 10. 2

sin (log ) cos (log )x x

x

�
�

12. – cot y cosec2 y

1. 27 (3x2 – 9x + 5)8 (2x – 3) 2. 3sinx cosx (sinx – 2 cos4 x)

3. 3cos2 3cos2
(5 ) 6sin 2 log 5

x x
x x x

x


 �
�� 
� �

4.
3

3

2 1

x

x�
5.

3

2

1

2

cos
1 2

4 2 7 (2 7)

x

x x x

�
 �
� 


� �� 

� �� 
�� �

6.
1

2
7.

8. (a sin x – b cos x) sin (a cos x + b sin x)

9. (sinx – cosx)sin x – cos x (cosx + sinx) (1 + log (sinx – cos x)), sinx > cosx

10. xx (1 + log x) + ax a–1 + ax log a

11.

12.
6
cot
5 2

t
13. 0 17.

3sec
,0

2

t
t

at

�
� �
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1. (a) 6� cm2/cm (b) 8� cm2/cm

2.
8

3
 cm2/s 3. 60� cm2/s 4. 900 cm3/s

5. 80� cm2/s 6. 1.4� cm/s

7. (a) –2 cm/min (b) 2 cm2/min

8.
1

�
 cm/s 9. 400� cm3/cm 10.

8

3
 cm/s

11. (4, 11)  and 
31

4,
3

�� �
�� �
� �

12. 2� cm3/s

13.
227

(2 1)
8

x� � 14.
1

48�
 cm/s 15. Rs 20.967

16. Rs 208 17. B 18. D

4. (a)
3
,

4

� �
�� �

� �
(b) 

3
,
4

� �
��� �
� �

5. (a) (– �, – 2) and (3, �) (b)  (– 2, 3)

6. (a) x < – 1 x > – 1 

(b)
3

2
x � �

3

2
x � �

(c) – 2 < x < – 1 x < – 2  x > – 1 

(d)
9

2
x � �

9

2
x � �

(e) (1, 3)   (3, �), (– �, –1)  (– 1, 1) 

8. 0 < x < 1 x > 2 12. A, B

13. D 14. a = – 2 19. D

1. 764 2.
1

64

�
3. 11 4. 24
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5. 1 6.
2

a

b

�
7. (3, – 20) (–1, 12)

8. (3, 1) 9. (2, – 9)

10. (i) y + x +1 = 0 y + x – 3 = 0

11.

12.
1

2
y � 13. (i)  (0, ± 4)     (ii)  (± 3, 0)

14. (i) : 10x + y = 5; : x – 10y + 50 = 0

(ii) : y = 2x + 1; : x  + 2y – 7 = 0

(iii) : y = 3x – 2; : x + 3y – 4 = 0

(iv) : y = 0; : x = 0

(v) : x + y 2� = 0; x = y

15. (a) y – 2x – 3 = 0 (b) 36 y + 12x – 227 = 0

17. (0, 0), (3, 27) 18. (0, 0), (1, 2), (–1, –2)

19. (1, ± 2) 20. 2x + 3my – am2 (2 + 3m2) = 0

21. x + 14y – 254 = 0, x + 14y + 86 = 0

22. ty = x + at2, y = – tx + 2at + at3

24.

25. 48x – 24y = 23 26. D 27. A

1. (i) 5.03 (ii) 7.035 (iii) 0.8

(iv) 0.208 (v) 0.9999 (vi) 1.96875

(vii) 2.9629 (viii) 3.9961 (ix) 3.009

(x) 20.025 (xi) 0.06083 (xii) 2.984

(xiii) 3.0046 (xiv) 7.904 (xv) 2.00187

2. 28.21 3. – 34.995 4. 0.03 x3 m3

5. 0.12 x2 m2 6. 3.92 � m3 7. 2.16 � m2

8. D 9. C
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1. (i)  = 3 (ii) = – 2

(iii)  = 10 (iv)

2. (i)  = – 1; 

(ii)  = 3; 

(iii)  = 4; = 6

(iv)  = 2; = 4

(v)

3. (i) x = 0 ,  = 0

(ii) x = 1 ,  = – 2

x = – 1  ,  = 2

(iii)
4

x
�

�  ,  = 2

(iv)
4

x
��

�  , = 2

7

4
x

�
� ,  = – 2

(v) x = 1 , = 19

x = 3 ,  = 15

(vi) x = 2 ,  = 2

(vii) x = 0 ,  = 
1

2

(viii) x ,   = 
2 3

9

5. (i)   = – 8, = 8

(ii)  = – 1,  = 2

(iii)  = – 10,  = 8

(iv)  = 3,  = 19

6. = 113 
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7. x = 2 ,  = – 39, x = 0 = 25.

8. x 9.  = 2

10. x = 3 89; x = – 2 = 139

11. a = 120

12. x = 2�� = 2�; x = 0 , = 0

13. 12, 12 14. 45, 15 15. 25, 10 16. 8, 8

17. 3 cm 18. x = 5 cm

21.  = 

1

350� �
� �
�� �

cm = 

1

350
2
� �
� �
�� �

cm

22.
112 28

27.  A 28. D 29. C

1. (a) 0.677 (b) 0.497

3. 3b  cm2/s 4. x + y – 3 = 0

6. (i) 0 < x < 
2

� 3

2

�
 < x < 2� (ii)

3

2 2
x

� �
� �

7. (i) x < –1 x > 1 (ii) – 1 < x < 1

8.
3 3

4
ab 9. Rs 1000

11.  = 
20

4��
 m, = 

10

4� �
 m

13. (i)
2

7
x � ( ii) x = 2 

(iii) x = –1 

14.  = 
5

4
,     = 1

17.

34 R

3 3

�
19. A 20. B 21. A

22. B 23. A 24. A

—����—
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 5

(i) f(x) = ex

f(x) = ex , 

f '(x) = lim

= lim

=
x e
e

= xe  [

h

h

e

h
]

, 
d

dx

(ii) f(x) = log
e
x

f(x) = log
e
x 

f '(x) = lim

= lim
e

=
1

lim
e

x
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=
1

x
  [

e

h h
]

loge
d

x
dx

=
1

x



�Proofs are to Mathematics what calligraphy is to poetry.

Mathematical works do consist of proofs just as

poems do consist of characters

— VLADIMIR ARNOLD �

A.1.1  (Introduction)

IX X XI 

A.1.2  ? (What is a Proof?)

(Proofs in Mathematics)

1
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(i) (Approach)

x2 – 5x + 6 = 0 x = 3 x = 2 

x2 – 5x )

� (x – 3) (x – 2) = 0 ( )

� x – 3 = 0 x ab = 0 a = 0 b = 0, a, b � R

� x – 3 + 3 = 0 + 3 x – 2 + 2 = 0 + 2  (

)

� x + 0 = 3 x Identity

)

� x = 3 x )

x2 – 5x + 6 = 0 ��x = 3 x = 2

p   “x2 – 5x + 6 = 0” q “x = 3 x = 2”

p x2 – 5x + 6 (x – 3) (x – 2) 

 r : “(x – 3) (x – 2) = 0” 

(i) (x – 3) (x – 2) x2 – 5x + 6 ?

(ii) ? 

x2 – 5x + 6 = x2 – 3x – 2x + 6 = x (x – 3) – 2 (x – 3) = (x – 3) (x – 2)

r (Premise) 

s: “ x – 3 = 0 x – 2 = 0” (steps) brackets

p � q

p p � r � s � … � q

“p� q” 
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f : R ���� R f(x) = 2x + 5 

one-one

f f (x
1
) = f (x

2
) � x

1
 = x

2

f (x
1
) = f (x

2
) 2x

1
+ 5 = 2x

2
 + 5

� 2x
1
+ 5 – 5 = 2x

2
)

� 2x
1
+ 0 = 2x

2
 + 0

� 2x
1
 = 2x

2
)

� 1

2

2
x  = 2

2

2
x )

� x
1
 = x

2

(ii)

N S 

(i) 1 � S 

(ii) k + 1 � S k � S,  S = N

“S(n), n = 1 ”

j ) n = k

n = k + 1 k � j), 

n, n � j

A = 
cos sin

sin cos

� �� �
	 
� � �� 


,    An= 
cos sin

sin cos

n n

n n

� �� �
	 
� � �� 


P(n) : An =
cos sin

sin cos

n n

n n

� �� �
	 
� � �� 
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P(1) : A1 =
cos sin

sin cos

� �� �
	 
� � �� 


P(1) 

 P(k) 

P(k) : Ak =
cos sin

sin cos

k k

k k

� �� �
	 
� � �� 


P(k + 1) P(k) 

P(k + 1) : Ak+1 =
cos ( 1) sin ( 1)

sin( 1) cos ( 1 )

k k

k k

� � � �� �
	 
� � � � �� 


Ak+1 = Ak . A

 P(k) 

Ak+1 =
cos sin

sin cos

k k

k k

� �� �
	 
� � �� 


cos sin

sin cos

� �� �
	 
� � �� 


=
cos cos sin sin cos sin sin cos

sin cos cos sin sin sin cos cos

k k k k

k k k k

� � � � � � � � � �� �
	 
� � � � � � � � � � � �� 


( )

=
cos ( 1) sin ( 1)

sin( 1) cos ( 1 )

k k

k k

� � � �� �
	 
� � � � �� 


 P(k + 1) P(k) 

 P(n), n

(iii)

p� q p

r, s, ) p = r �  s � “� ” 

” )

r � q;

s � q;

t � q
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A

 (r �  s �  t) � q, p� q

ABC, 

a = b cos C + c cos B

p “ABC ” q

“a = b cos C + c cos B” 

ABC A  BC 

AD 

p r, s t

r : ABC ���C  

s : ABC ��C 

t : ABC ��C 

 (i) ��A, ��B, ��C A1.1)

ADB, 

BD

AB
 = cos B

BD = AB cos B = c cos B

 ADC 

CD

AC
 = cos C

CD = AC cos C

= b cos C

a = BD + CD

= c cos B + b cos C ... (1)



270        

 (ii) ��C A1.2)

 ADB 

BD

AB
 = cos B

BD = AB cos B

= c cos B

  ADC  

CD

AC
 = cos ��ACD

= cos (180 – C)

= – cos C

CD = – AC cos C

= – b cos C

a = BC = BD – CD

a = c cos B – ( – b cos C)

a = c cos B + b cos C ... (2)

 (iii) ��C A1.3)

ACB, 

BC

AB
 = cos B

BC = AB cos B

a = c cos B,

b cos C = b cos 900 = 0

a = 0 + c cos B

= b cos C + c

 (1), (2) (3) ABC 

a = b cos C + c cos B

(i) r���� q

(ii) s ���� q

 (iii) t���� q

 (r  �  s  �  t) ���� q p���� q

A

A
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(i) (Reductio Ad Absurdum):

(Infinite) 

(Prime Numbers) P 

(Negation) 

P
1
, P

2
, P

3
,..., P

k 

N = (P
1
 P

2
 P

3
…P

k
)  + 1 ... (1)

N 

N 

N 

N (Divisor)

N 

N N 

�

(ii) contrapositive

p� q

~ q� ~ p
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f (x) = 2x + 5 f : R���� R

f (x
1
) = f (x

2
) � x

1
 = x

2
.

 “2x
1
+ 5 = 2x  + 5” � “x  = x ” p� q, 

2x + 5 = 2x  + 5 p x
1
  = x

2
q

 ~ q � ~ p “ f (x
1
) = f (x

2
) x

1 
= x

2
” 

“ x
1
� x

2
f (x

1
) � f (x

2
)”

x
1
� x

2

� 2x
1
� 2x

2

� 2x
1
+ 5 � 2x

2
 + 5

� f (x
1
) � f (x

2
).

 “~ q� ~ p”, “p� q” 

A, Invertible A, Non-singular

p� q p “ A, invertible

” q “A, non-singular ”

 A non-singular A invertible

 A non-singular |A| = 0 

A–1 =
A

|A|

adj
 |A | = 0

 A, Invertible

A non-singular A,

invertible ~ q� ~ p.

 A invertible A non-singular

(iii) (counter example) 
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p� q ~ (p� q) 

n � N ( 2
2

n + 1)  

122 + 1 = 22 +  1 = 5 
22

2 + 1 = 24 + 1 = 17 
322 + 1 = 28 + 1 = 257 

52
2 + 1 = 232 + 1 = 4294967297 

4294967297  =  641 × 6700417 

n
n2

2 + 1 � n � N+”

5
2
2 + 1 

n � N
n2

2 + 1 

”

(i) f (x) = x2

(ii) g (x)  = ex

(iii) h (x)  = sin x

x 

x 

“�(x) = |x |”
x = 0 

“�(x) = |x |” 
“�(x) = |x |” 

—����—
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A.2.1  (Introduction)

XI

Models

A.2.2 (Why Mathematical Modelling?)

(i)

(ii)

2

(Mathematical Modelling)
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(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

A.2.3 (Principles of Mathematical Modelling)

(i)

(ii)

(iii)

(iv)

(v)

(vi)

(a)

(b)

(c)
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(vii)

(a)

(b)

(viii)

 1:

 2:

 3:

 4:

 5:

1

 1

 2  AB A.2.2)  PQ 

P PQ = h

H 

�  l = QB = PC

A.2.1



        277

tan � =
PC l

H = h + l tan � ... (1)

 3 h, l �

 4 l

B P � � PQB 

 A.2.2

tan � =
PQ

QB
l = h cot �

 5 h, l, � �

P
1
, P

2
P
3

R
1
, R

2
R
3

F
1

F
2 

R
1
, R

2
R
3

R
1
, R

2
R
3

 1

 2 A F
1

F
2

A 
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P P P

A

 B P
1
, P

2
 P
3 

R
1
, R

2
 R

3
, B 

1

3

R R R

P

P

 3 A  B 

R R R

AB

F
1

 F
2

R
1
, R

2
R
3

 3

R
1 

,  R
2

R
3 

 = 

1 2 3

1

2

R RR

F

F

 F
1

F
2

R
1
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R
2

R
3

A A
�

1
A

 R
1 

, R
2

R
3

R
1 

R
2 

R
3 

�   A 

A
�

 B 

P
1
, P

2
, P

3
 R

1
, R

2
, R

3

 R
1

 R
2

 R
3 

 R
1
, R

2
 R
3
,

1 2 3
R R R
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P
1 

x , P
2

y P
3 

z

P
1

R
1 

, P
2

R
1

P
3

R
1 

B ) R
1 

3x + 7y + 5 R
1 

)

4x + 9y + 12 R
2 

)

3y + 7 R
3 

)

 =

 =

x = 20,  = 35 z = 5 P
1 

, P
2

35 P
3

F F

F
1
P
3

 M M M

M

M

M

M

Rs M Rs 

  M
1

M
2

M x M
2

M

Rs M
2 

Rs objective
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function

Z � Z (x, y) = 8x + 7y

x

y

... (1)

constraints OPQRST

A.2.3) O, P, Q, R, S  T (0, 0), (20000, 0),

(20000, 6000), (10500, 34500), (5000, 40000)  (0, 40000) 

A.2.3
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P (0, 0)  Z  = 0

P (20000, 0) Z = 8 × 20000 = 160000

Q (20000, 6000) Z  = 8 × 20000 + 7 × 6000 = 202000

R (10500, 34500) Z = 8 × 10500 + 7 × 34500 = 325500

S = (5000, 40000) Z = 8 × 5000 + 7 × 40000   = 320000

T = (0, 40000)  Z = 7 × 40000 = 280000

x = 10500 y = 34500 Rs 

Rs M
1

M
2

x

C =

I =

P =

I assumption C 

= a ),

= b ( ).

C = a + bx ... (1)

 I s ) 
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I = sx ... (2)

P 

P = I – C

= sx – (a + bx)

= (s – b) x – a ... (3)

 x, C, I, P, a, b, s 

x

C, I, P

a, b, s

x, a, b, s, P 

P = 0, , x

a
x
s b

�
�

a

s b�

Pd

d x
 = s – b

x P s – b
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g

g/L L/min  

y = y (t) t

t = 0,

y = 250 g × 1000 = 250 kg

y

kg/min  25 × 200 g  = 5 kg) 

1000

y
 kg )

t

dy

dt
 = 5 ( ?)

dy

dt
 = 5 ... (1)

40

t

y e  =
t

e   y (t) = 200 + C e ... (2)

 C 

t = 0, y = 250. , 250 = 200 + C

C = 50

y = 200 + 50 e ... (3)

50

y
 = e
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40

t

e  =
50

y

t = 40log ... (4)

t y kg 

y > 200 e

t > 0 

0 <  – 200 < 50 200 <  < 250 

kg kg

(Limitations)

Bio-mathematics

fast

accurate

environment

world models

—����—


