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� In most sciences one generation tears down what another has built and what

one has established another undoes. In Mathematics alone each generation

builds a new story to the old structure. – HERMAN HANKEL �

10.1  (Introduction)

10.2  (Some Basic Concepts)

(Vector Algebra)

10

W.R. Hamilton

(1805-1865)
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[ 10.1 (i), (ii)]

‘l’ AB 

‘l’ 

( 10.1(iii))

1

( 10.1(iii)), AB
����

a
�

,  AB
����

a
�

A AB
����

B 

AB
����

, 

| AB
����

| | a
�

| 

� | a
�

| < 0 

(Position Vector)

XI 

i O(0, 0, 0) P 

 (x, y, z) OP
����

O P O 
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P XI ) OP
����

( r
�

)

| OP |
����

 = 2 2 2x y z� �

O A, B, C , ,a b c
�� �

[ 10.2(ii)]

(Direction Cosines)

P(x, y, z) 
����

r
�

x, y  z-
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�, �, � cos�, cos� cos �

r
�

l, m n

 10.3, OAP 

x

r
� �

OBP OCP 
z

P 

(lr, mr, nr) lr,

mr nr r
�

a, b c

� l2 + m2 + n2 = 1 a2 + b2 + c2 � 1

10.3  (Types of Vectors)

[Zero (null) Vector]

0
�

AA,BB
���� ����

(Unit Vector)

a
�

â

(Co-initial Vectors)

(Collinear Vectors)

(Equal Vectors)
�

 =a b
��

(Negative of  a Vector)

AB
����

) 

BA
����

, AB
����

BA AB� �
���� ����
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 1  30° 

����

( )

 2

(i) 5 s (ii) 1000 cm3 (iii) 10 N
(iv) 30 km/h (v) 10 g/cm3

(vi) 20 m/s

(i) (ii) (iii)

(iv) (v) (vi)

 3

(i)

(ii)

(iii)

(i) : 
� �

(ii)  : 

(iii)  : 
�

1. 30° 

2.

(i) 10 kg (ii) 2 (iii) 40°

(iv) 40 (v) 10–19 (vi) 20 m/s2

3.

(i) (ii) (iii)

(iv)      (v)
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4.

(i) (ii)

(iii)

5.

(i) a
�

a�
�

(ii)

(iii)

(iv)

10.4  (Addition of Vectors)

AB
����

A B

A B 

B C ( 10.7) A 

C ,

AC
����

AC
����

 = AB BC�
���� ����

a
�

b
�

 [ 10.8 (i)], 

[  10.8(ii)]
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10.8 (ii) b
�

a
�

ABC

AC a b�
��

a
�

b
�

ABC AB BC�
���� ����

 = AC
����

[ 10.8 (ii)]

AC CA� �
���� ����

, 

AB BC CA� �
���� ���� ����

 = AA 0�
���� �

[ 10.8(iii)]

BC�
�����

BC
����

, 

BC
����

iii

BC�
�����

 = BC�
����

[ (iii)]

AC AB BC� �� �
����� ���� �����

 = AB ( BC)� �
���� ����

a b� �
��

AC�
�����

, 
�

�

+a b
��
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�
OA AC�
���� ����

 = OC
����

OA OB�
���� ����

 = OC
����

( AC OB�
���� ����

) 

Properties of vector addition)

�

a b�
��

 = b a�
� �

)

ABCD 
��

ABC 

AC
����

 = +a b
��

� �

ADC AC
�����

= AD + DC
���� ����

= +b a
� �

a b�
��

 = b a�
� �

 2
�

( )a b c� �
�� �

 = ( )a b c� �
�� �

)

�

10.11(i) (ii) 
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a b�
��

 = PQ + QR = PR
���� ���� ����

b c�
� �  = QR + RS = QS

���� ���� ����

( )  a b c� �
�� �

 = PR + RS = PS
���� ���� ���

( )a b c� �
�� �

 = PQ + QS = PS
���� ���� ���

( )a b c� �
�� �

 = ( )a b c� �
�� �

�

a b c� �
�� �

a
�

0a �
��

 = 0 a a� �
� � �

0
�

10.5  (Multiplication of a Vector by a Scalar)

a
�

� a
�

�,

� a
�

a
�

��

� a
�

a
�

�

� a
�

a
�

� a
�

a
�

 |� | 

| |a�
�

 = | | | |a�
�

[ (visualisation)]

� = – 1, a a� � �
� �

a
�

a
�

– a
�

a
�

(– )a a�
� �

 = (– ) 0a a� �
�� �
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1
=

| |a
� � , �

| | | | | |a a� � �
� �

 =
1

| | 1
| |

a
a

�
�

�

� a
�

, a
�

â  =
1

| |
a

a

�
�

� k 0 = 0k
� �

10.5.1 (Components of a vector)

 A(1, 0, 0), B(0, 1, 0) C(0,0, 1) x- ,

y-  z-

| OA | 1, | OB |�
���� ����

 = �

OX, OY  OZ 

ˆ ˆ

P (x, y, z)  OP
����

x; k gSA eku y hft ,  fd  c̄nq  P
1

XOY P
1

P
1 
P, z- ˆ ˆ x, y z-

 P 
1

ˆP P OR zk� �
���� ����

. 

1
ˆQP OS yj� �

���� ����
ˆOQ xi�

����
. 

1OP
����

 =
1

ˆ ˆOQ + QP xi yj� �
���� ����

OP
����

 =
1 1

ˆˆ ˆOP + P P xi yj zk� � �
���� �����

 O P
����

 = ˆˆ ˆxi yj zk� �

x, y z, r
�

ˆ ˆ r
�

x, y z
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ˆˆ ˆr xi yj zk� � �
�

, 

OQP
1

( 10.14)

1| OP |
�����

 = 2 2 2 2
1| OQ | +|QP | x y� �

����� ����

 OP
1
P, 

| OP |
����

 = 2 2 2 2 2
1 1| OP | | P P | ( )x y z� � � �

���� ����

ˆˆ ˆ +r xi yj zk� �
�

| |r
�

 = 2 2 2ˆˆ ˆ| | =xi yj zk x y z� � � �

�

1 2 3
ˆˆ ˆ +a i a j a k� 1 2 3

ˆˆ ˆb i b j b k� �

(i)
�

a b�
��  = 

1 1 2 2 3 3
ˆˆ ˆ( ) ( ) ( )a b i a b j a b k� � � � �

(ii)
�

a b�
�� = 

1 1 2 2 3 3
ˆˆ ˆ( ) ( ) ( )a b i a b j a b k� � � � �

(iii)
�

a  = b , a  = b a
3
 = b

(iv) �� a
�

a�
�

 = 
1 2 3

ˆˆ ˆ( ) ( ) ( )a i a j a k� � � � �
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�
k m

(i) ( )ka ma k m a� � �
� � �

(ii) ( ) ( )k ma km a�
� �

(iii) ( )k a b ka kb� � �
� �� �

1. � a�
�

a
�

�

� b a� �
� � �

1 2 3
ˆˆ ˆa a i a j a k� � �

�

1 2 3
ˆˆ ˆb b i b j b k� � �

�
, 

1 2 3
ˆˆ ˆb i b j b k� �  = 1 2 3

ˆˆ ˆ( )a i a j a k� � �

� 1 2 3
ˆˆ ˆb i b j b k� �  = 1 2 3

ˆˆ ˆ( ) ( ) ( )a i a j a k� � � � �

� 1 1b a� � , 2 2 3 3,b a b a� � � �

�
1

1

b

a
���

32

2 3

bb

a a
� � �

2. a
�

 = 1 2 3
ˆˆ ˆa i a j a k� � a , a , a a

�

3. l, m, n

ˆˆ ˆli mj nk� � = ˆˆ ˆ(cos ) (cos ) (cos )i j k� � 	 � 


�, 	� 
� x,

y z 

 4 x, y z ˆˆ ˆ2a xi j zk� � �
� ˆˆ ˆ2b i yj k� � �

�

�
x = 2, y = 2, z = 1

 5 ˆ ˆ2a i j� �
�

ˆ ˆ2b i j� �
�

| | | |a b�
��

? 
�

2 2| | 1 2 5a � � �
� 2 2| | 2 1 5b � � �

�

| | | |a b�
��
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 6 ˆˆ ˆ2 3a i j k� � �
�

a
� 1

ˆ
| |

a a
a

�
�

�

| |a
�

 = 2 2 22 3 1 14� � �

1 ˆˆ ˆˆ (2 3 )
14

a i j k� � �  =
2 3 1 ˆˆ ˆ
14 14 14

i j k� �

 7 ˆ ˆ2a i j� �
�

a
� 1

ˆ
| |

a a
a

�
�

�  =
1 1 2ˆ ˆ ˆ ˆ( 2 )
5 5 5

i j i j� � �

a
�

7a
�

 = 
1 2

7
5 5

i j
� �� �
�� �

	 

 = 

7 14ˆ ˆ
5 5

i j�

 8 ˆˆ ˆ2 2 – 5a i j k� �
� ˆˆ ˆ2 3b i j k� � �

�

ˆˆ ˆ
�

| |c
�

 = 2 2 24 3 ( 2) 29� � � �

1 1 4 3 2ˆ ˆˆ ˆ ˆ ˆˆ (4 3 2 )
| | 29 29 29 29

c c i j k i j k
c

� � � � � � �
�

�

 9 ˆˆ ˆ 2a i j k� � �
�

ˆˆ ˆr xi yj zk� � �
�

a, b, c

x, y, z   a = 1, b = 1 c = –2 

l, m n

| | | | | |6 6 6r r r

�
� � �

1 1 2
, , –

6 6 6

� �
� �
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10.5.2 (Vector joining two points)

P
1
(x

1
, y

1
, z

1
)  P

2
(x

2
, y

2
, z

2
) 

P
1

  P
2 1 2P P

�����

P
1

P
2

O 

OP
1
P

2 1 1 2OP P P�
���� �����

 = 
2OP

�����

1 2P P
�����

 =
2 1OP OP�

����� ����

1 2P P
�����

 = 2 2 2 1 1 1
ˆ ˆˆ ˆ ˆ ˆ( ) ( )x i y j z k x i y j z k� � � � �

=
2 1 2 1 2 1

ˆˆ ˆ( ) ( ) ( )x x i y y j z z k� � � � �

1 2P P
�����

1 2P P
������

 = 2 2 2
2 1 2 1 2 1( ) ( ) ( )x x y y z z� � � � �

P(2, 3, 0) Q(– 1, – 2, – 4) P  Q 

P  Q P Q 

P Q PQ
����

, 

PQ
����

 = ˆˆ ˆ( 1 2) ( 2 3) ( 4 0)i j k� � � � � � � �

PQ
����

 = ˆˆ ˆ3 5 4i j k� � �

10.5.3 (Section Formula)

O P Q 

P Q 

R 

O R OR
����

 R, PQ  R, PQ
����

RQm
����

 = PRn
����

, m n
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R, PQ
����

m : n ORQ OPR 

RQ
����

 = OQ OR b r� � �
���� ���� � �

PR
����

 = OR OP r a� � �
���� ���� � �

( )m b r�
� �

 = ( )n r a�
� �

r
�  =

mb na

m n

�

�

� �

)

 R P  Q m : n

OR
����

 =
mb na

m n

�

�

� �

 II  R, PQ 

PQ m : n

R 
PR

i.e.,   
QR

m

n

� �
�� �

	 


OR
����

 = 
mb na

m n

�

�

� �

R, PQ m = n I PQ
����

R

OR
����

 = 
2

a b�
��

11 P Q OP 3 2a b� �
���� ��

OQ a b� �
���� ��

R P Q 2:1 

(i) (ii) 

(i) P Q 2:1 R

OR
����

 = 
2( ) (3 2 ) 5

3 3

a b a b a� � �
�

� �� � �

(ii) P Q 2:1 

OR
����

 = 
2( ) (3 2 )

4
2 1

a b a b
b a

� � �
� �

�

� �� �
� �
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 12 ˆ ˆ ˆˆ ˆ ˆ ˆ ˆA(2 ), B( 3 5 ), C(3 4 4 )i j k i j k i j k� � � � � �

AB
����

 = ˆˆ ˆ(1 2) ( 3 1) ( 5 1)i j k� � � � � � � ˆˆ ˆ2 6i j k� � � �

BC
����

 = ˆˆ ˆ(3 1) ( 4 3) ( 4 5)i j k� � � � � � � ˆˆ ˆ2i j k� � �

CA
����

 = ˆˆ ˆ(2 3) ( 1 4) (1 4)i j k� � � � � � ˆˆ ˆ3 5i j k� � � �

2| AB |
����

 = 2 241 6 35 | BC | | CA |� � � �
���� ����

1.

1 1 1ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ; 2 7 3 ;    
3 3 3

a i j k b i j k c i j k� � � � � � � � �
�� �

2.

3.

4. x y

5.

6. ˆ ˆˆ ˆ ˆ ˆ2 , 2 4 5a i j k b i j k� � � � � � �
�� ˆˆ ˆ6  – 7c i j k� �

�

7. ˆˆ ˆ 2a i j k� � �
�

8. PQ,
����

P  Q 

9.
�

, a b�
��

10. ˆˆ ˆ5 2i j k� �

11.

12. ˆˆ ˆ2 3i j k� � cosine
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13. A (1, 2, –3) B(–1, –2, 1)  A B 

cosine

14. ˆˆ ˆi j k� � OX, OY OZ 

15. P (

 (i)  (ii) 

16.  P(2, 3, 4) Q(4, 1, –2) 

17.  A, B C, ˆˆ ˆ3 4 4 ,a i j k� � �
� ˆˆ ˆ2b i j k� � �

�

ˆˆ ˆ3 5c i j k� � �
�

18.  ABC ( 10.18), 

(A) AB + BC + CA = 0
���� ����� ���� �

(B) AB BC AC 0� � �
���� ���� ���� �

(C) AB BC CA 0� � �
���� ���� ���� �

(D) AB CB CA 0� � �
���� ���� ���� �

19.
�

(A)
� �

(B) a b� �
��

(C)
�

(D)
�

10.6  (Product of Two Vectors)
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10.6.1 [Scalar (or dot) product of two vectors]
�

a b�
��

a b�
��

 = | | | | cosa b �
��

���
�

�
�

0a b� �
��

1. a b�
��

2.
�

0a b� �
��

�
0  a b a b� � � �

� �� �

3. � = 0, | | | |a b a b� �
� �� �

2| | ,a a a� �
� � � �����

4. � = 	, | | | |a b a b� � 

� �� �

2( ) | |a a a� 
 � 

� � �

, �, 	

5. ˆ ˆ

ˆ ˆ ˆ ˆi i j j� � �  = ˆ ˆ 1k k� �
ˆˆ ˆ ˆi j j k� � �  = ˆ ˆ 0k i� �

6.
� �,

.
cos

| || |

a b

a b
� �

��

��
–1 .

 cos
| || |

a b

a b

� �
� �  �

� �

��

��

7.

a b�
��

= b a�
� �

          ( ?)

(Two important properties of scalar
product)

 1
�

( )a b c� �
�� �

 = a b a c� � �
�� � �

  2
�

�

( )a b� �
��

 = ( ) ( )a b a b� � � � �
� �� �
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1 2 3
ˆˆ ˆa i a j a k� �

1 2 3
ˆˆ ˆb i b j b k� � , 

a b�
��

 = 1 2 3 1 2 3
ˆ ˆˆ ˆ ˆ ˆ( ) ( )a i a j a k b i b j b k� � � � �

= 1 1 2 3 2 1 2 3
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ( ) ( )a i b i b j b k a j b i b j b k� � � � � � �  + 3 1 2 3

ˆ ˆˆ ˆ( )a k b i b j b k� � �

= 1 1 1 2 1 3 2 1 2 2 2 3
ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )a b i i a b i j a b i k a b j i a b j j a b j k� � � � � � � � � � �

 + 3 1 3 2 3 3
ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( )a b k i a b k j a b k k� � � � �

)

= a
1
b

1
 + a

2
b

2
 + a

3
b

3
)

a b�
��

 = 1 1 2 2 3 3a b a b a b� �

10.6.2 (Projection of a vector on a line)

AB
����

l �

AB
����

l p
�

| AB | cos�
����

l

cos� p
�

| p
�

|, l AB
����

AB
����

l AC
����

[ 10.20 (i)  (iv) ]
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1. p̂ l a
�

ˆ.a p
�

2. a
�

b
�

, ˆ,a b�
�

�
�

� = 0, AB
����

AB
����

�� = 	 AB
����

BA
����

π
θ = 

2

3π
θ = 

2
AB
����

��, � ��
1 2 3

ˆˆ ˆa a i a j a k� � �
�

31 2
ˆ.

cos , cos ,   and  cos
ˆ | | | | | || || |

aa aa i

a a aa i
� � � � � � �

�

� � ��

OX, OY OZ 

a
�

a
�

a
1
, a

2
a

3
x, y,, z 

a
�

a
�

ˆˆ ˆcos cos cosa i j k� � � � � �
�

�
1a b� �

��
, 

� �
.

1 1. 1
cos cos

2 3| || |

a b

a b


 
� � 	� �� � � � �  �
� �� �

��

��

�

�
�

cos� =
| || |

a b

a b

�
��

��
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a b�
��

 = ˆ ˆˆ ˆ ˆ ˆ( ) ( ) 1 1 1 1i j k i j k� 
 � 
 � � 
 
 � 


  cos� =
1

3




� =
1 1

cos
3


 � �
 �
� �

 15
�

, a b�
��

a b

��

a b�
��

 = ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ(5 3 ) ( 3 5 ) 6 2 8i j k i j k i j k
 
 � � 
 � � 


a b

��

 = ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ(5 3 ) ( 3 5 ) 4 4 2i j k i j k i j k
 
 
 � 
 � 
 �

( ) ( )a b a b� � 

� �� �

 = ˆ ˆˆ ˆ ˆ ˆ(6 2 8 ) (4 4 2 ) 24 8 16 0i j k i j k� 
 � 
 � � 
 
 �

 16 ˆˆ ˆ2 3 2a i j k� � �
� ˆˆ ˆ2b i j k� � �

�

a
�

b
�

1
( )

| |
a b

b
�
��

�  = 
2 2 2

1 10 5
(2 .1 3 . 2 2 . 1) 6

36(1) (2) (1)
� � � �

� �

 17
�

| | 2, | | 3a b� �
��

4a b� �
��

| |a b

��

2

a b

��

 = ( ) ( )a b a b
 � 

� �� �

= .a a a b b a b b
 � 
 � � �
� � � �� � � �

=
2 2| | 2( ) | |a a b b
 � �

� �� �

=
2 2(2) 2(4) (3)
 �

| |a b

��

 = 5

18 a
�

( ) ( ) 8x a x a
 � � �
� � � �

, | |x
�

a
�

| | 1a �
�

. 

( ) ( )x a x a
 � �
� � � �

 = 8

x x x a a x a a� � � 
 � 
 �
� � � � � � � �

 = 8

2| | 1x 

�

 =

| |x
�

 = 3( )
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19
�

, | | | | | |a b a b� �
� �� �

  (Cauchy-Schwartz

)

�
. 

| | 0 | | | |a b a b� � �
� �� �

. | | 0 | |a b� �
��

| |

| || |

a b

a b

�
��

��  = | cos | 1� �

| |a b�
��

� | | | |a b
��

 20
�

| | | | | |a b a b� � �
� �� �

)

�
( ?)

| | 0 | |a b� �
���

2| |a b�
��

 =
2( ) ( ) ( )a b a b a b� � � � �

� � �� � �

= a a a b b a b b� � � � � � �
� � � �� � � �

=
2 2| | 2 | |a a b b� � �

� �� �
 ( )

� 2 2| | 2 | | | |a a b b� � �
� �� �

( | |x x x� � �R )

� 2 2| | 2 | || | | |a a b b� �
� �� �

)

=
2(| | | |)a b�

��

| | | | | |a b a b� � �
� �� �

�

| |a b�
��

 = | | | |a b�
��

, 

| AC |
����

 = | AB | | BC |�
���� ����

 A, B  C 

 21 ˆ ˆˆ ˆ ˆ ˆA( 2 3 5 ),  B( 2 3 )i j k i j k
 � � � � ˆˆC(7 )i k


AB
����

 = ˆ ˆˆ ˆ ˆ ˆ(1 2) (2 3) (3 5) 3 2i j k i j k� � 
 � 
 � 
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BC
����

 = ˆ ˆˆ ˆ ˆ ˆ(7 1) (0 2) ( 1 3) 6 2 4i j k i j k� � � � � � � � �

AC
����

 = ˆ ˆˆ ˆ ˆ ˆ(7 2) (0 3) ( 1 5) 9 3 6i j k i j k� � � � � � � � �

| AB |
����

 =

AC
����

 = | AB | | BC |�
���� ����

 A, B C 

� AB BC CA 0� � �
���� ���� ���� �

A,

B  C 

1.
�

6a b� �
�� �

2.

3. ˆ ˆi j� ˆ ˆi j�

4. ˆˆ ˆ3 7i j k� � ˆˆ ˆ7 8i j k� �

5.

1 1 1ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ(2 3 6 ),  (3 6 2 ),   (6 2 3 )
7 7 7
i j k i j k i j k� � � � � �

6. | |a
�

| |b
�

7. (3 5 ) (2 7 )a b a b� � �
� �� �

8.
�

60° 
1

2

9. a
�

,  ( ) ( ) 12x a x a� � � �
� � � �

| |x
�

10.

�
a b� �

��
, c
�

�
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11.
�

| | | |a b b a�
� �� �

,  | | | |a b b a�
� �� �

12. , b
�

?

13. , ,a b c
�� �

0a b c� � �
� �� �

a b b c c a� � � � �
� �� � � �

14.

15. ABC A, B, C (1, 2, 3), (–1, 0, 0), (0, 1, 2) 

�ABC  [�ABC, BA
����

BC
����

]

16. A(1, 2, 7), B(2, 6, 3) C(3, 10, –1) 

17.

18. a
�

‘a’ � � a
�

(A) � = 1 (B) � = – 1 (C) a = |� | (D) a = 1/|� |

10.6.3 [Vector (or cross) product of two vectors]

x- y-

z- [ 10.22(i)]

x-

y- z-

[ (ii)]
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�
, a b�

��

a b�
��

 = ˆ| || | sina b n�
��

�	
�

0 
 � 
 �

n̂
�

, 
��

�
n̂

�
, � 0a b� �

� ��

1. a b�
��

2.
�

0a b� �
� ��

�

a b�
��

 = 0 a b�
�� �

�

0a a� �
�� �

( ) 0a a� � �
�� �

, � = 0 

���, sin �

3.
2

�
� � | || |a b a b� �

� �� �

4. ˆ ˆ

 ( ), 

ˆ ˆi i�  = ˆ ˆˆ ˆ 0j j k k� � � �
�

ˆ ˆi j� = ˆ ˆ ˆˆ ˆ ˆ ˆ, ,   k j k i k i j� � � �

5.
�

�

sin� =
| |

| || |

a b

a b

�
��

��

6. a b�
��

 = b a� �
� �

ˆ| || | sina b a b n� � �
� �� �

, 
��
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� , 
�

i

1
ˆ| || | sinb a a b n� � �

� �� �
, 

� �

�	
�

ii

�

n̂ 1̂n

1̂ ˆn n� �

a b�
��

 = ˆ| || | sina b n�
��

= 1̂| || | sina b n� �
��

b a� � �
� �

7.

8.
�

1
| |

2
a b�

��

ABC  = 
1

AB CD
2

� .

AB | |b�
�

) CD = | |a
�

sin�

 ABC = 
1

| || | sin
2
b a �
� � 1

| |
2
a b� �

��

9.
�

| |a b�
��
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 ABCD  = AB. DE.

AB | |b�
�

 ( ), 

DE | | sina� �
�

ABCD  =

| || | sinb a �
� �

| |a b� �
��

 (Distributivity of vector product

over addition) 
�

�

(i) ( )a b c� �
�� �

 = a b a c� � �
�� � �

(ii) ( )a b� �
��

 = ( ) ( )a b a b� � � � �
� �� �

�
1 2 3

ˆˆ ˆa i a j a k� �
1 2 3

ˆˆ ˆb i b j b k� �

a b�
��

 =  1 2 3

1 2 3

ˆˆ ˆi j k

a a a

b b b

a b�
��

 = 1 2 3 1 2 3
ˆ ˆˆ ˆ ˆ ˆ( ) ( )a i a j a k b i b j b k� � � � �

= 1 1 1 2 1 3 2 1
ˆˆ ˆ ˆ ˆ ˆ ˆ ˆ( ) ( ) ( ) ( )a b i i a b i j a b i k a b j i� � � � � � �

+ 2 2 2 3
ˆˆ ˆ ˆ( ) ( )a b j j a b j k� � �

+  
3 1 3 2 3 3

ˆ ˆ ˆ ˆˆ ˆ( ) ( ) ( )a b k i a b k j a b k k� � � � � ( )

=
1 2 1 3 2 1

ˆˆ ˆ ˆ ˆ ˆ( ) ( ) ( )a b i j a b k i a b i j� � � � �

+  
2 3 3 1 3 2

ˆ ˆ ˆˆ ˆ ˆ( ) ( ) ( )a b j k a b k i a b j k� � � � �
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= 1 2 1 3 2 1 2 3 3 1 3 2
ˆ ˆˆ ˆ ˆ ˆa b k a b j a b k a b i a b j a b i� � � � �

= 2 3 3 2 1 3 3 1 1 2 2 1
ˆˆ ˆ( ) ( ) ( )a b a b i a b a b j a b a b k� � � � �

= 1 2 3

1 2 3

ˆˆ ˆi j k

a a a

b b b

22

a b�
��

 =

ˆˆ ˆ

2 1 3

3 5 2

i j k

�

= ˆˆ ˆ( 2 15) ( 4 9) (10 – 3)i j k� � � � � � ˆˆ ˆ17 13 7i j k� � � �

a b�
��

 = 2 2 2( 17) (13) (7) 507� � � �

 23 ( )a b�
��

( )a b�
��

ˆ ˆˆ ˆ ˆ ˆ, 2 3a i j k b i j k� � � � � �
��

( ) ( )a b a b� � �
� �� �

 =

ˆˆ ˆ

ˆˆ ˆ

0 1 2

i j k

i j k c�� � � �

� �

�

| |c
�

 = 4 16 4 24 2 6� � � �

| |

c

c

�

�  =
1 2 1 ˆˆ ˆ
6 6 6
i j k

�
� �
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�
1 2 1 ˆˆ ˆ
6 6 6
i j k� � ( ) ( )a b a b� � �

� �� �

 24 A(1, 1, 1),  B(1, 2, 3)

C(2, 3, 1)

. 

1
| AB AC |

2
�

���� ����

AB AC�
���� ����

 =

ˆˆ ˆ

ˆˆ ˆ0 1 2 4 2

1 2 0

i j k

i j k� � � �

| AB AC |�
���� ����

 = 16 4 1 21� � �

1
21

2

25 ˆˆ ˆ3 4a i j k� � �
�

ˆˆ ˆb i j k� � �
�

�
| |a b�

��

a b�
��

 =

ˆˆ ˆ

ˆˆ ˆ3 1 4 5 4

1 1 1

i j k

i j k� � �

�

| |a b�
��

 = 25 1 16 42� � �

42
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1.

2. ˆˆ ˆ3 2 2a i j k� � �
�

ˆˆ ˆ2 2b i j k� � �
�

3. a
�

, �

� a
�

4. ( ) ( )a b a b� � �
� �� �

 = 2( )a b�
��

5. � � ˆ ˆˆ ˆ ˆ ˆ(2 6 27 ) ( ) 0i j k i j k� � � � � � � �
�

6. 0a b� �
��

0a b� �
� ��

. 
�

?

7. , ,a b c
�� �

1 2 3 1 2 3
ˆ ˆˆ ˆ ˆ ˆ, ,a i a j a k b i b j b k� � � � 1 2 3

ˆˆ ˆc i c j c k� �

( )a b c a b a c� � � � � �
� �� � � � �

8.
�

0a b� �
� ��

9.  A(1, 1, 2), B(2, 3, 5) C(1, 5, 5) 

10. ˆˆ ˆ 3a i j k� � �
�

ˆˆ ˆ2 7b i j k� � �
�

11.
� 2

3

�
, a b�

��

�

(A) 	/6 (B) 	/4 (C) 	/3 (D) 	/2

12.  A, B, C D 

1 1ˆ ˆˆ ˆ ˆ ˆ– 4 , 4
2 2

i j k i j k� � � � , 
1 ˆˆ ˆ 4
2

i j k� �
1 ˆˆ ˆ– 4
2

i j k� � , 

(A)
1

2
(B) 1

(C) 2 (D) 4
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 26

r x i y j

 


� �
�

,

x = cos � y = sin � ( | r
�
| = 1). 

r
�

OPr �
�����

= ˆ ˆcos sini j� � � ... (1)

| |r
�

 = 2 2cos sin 1� � � �

�� 0 2	, P ( ) 

x2 + y2 = 1 XY-

 27 A, B, C  D, ˆˆ ˆ ,i j k� � ˆ ˆ2 5i j� ,

ˆˆ ˆ3 2 3i j k� � ˆ   AB CD 

AB CD 

�, AB CD, ��

AB
����

 =  B – A 

= ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ(2 5 ) ( ) 4i j i j k i j k� � � � � � �
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| AB |
����

 = 2 2 2(1) (4) ( 1) 3 2� � � �

CD
����

 = ˆˆ ˆ

cos� =
AB . CD

|AB||CD|

���� ����

���� ����

=
1( 2) 4( 8) ( 1)(2) 36

1
36(3 2)(6 2)

� � � � � �
� � �

 0 ���	, � = 	. AB CD 

1
AB CD

2
��

���� ����

AB
����

CD
����

28

�

| | 3, | | 4, | | 5a b c� � �
�� �

| |a b c� �
�� �

( )a b c� �
�� �

 = 0, ( ) 0, ( ) 0b c a c a b� � � � � �
� �� � � �

2| |a b c� �
�� �

 = ( ) ( )a b c a b c� � � � �
� �� � � �

= ( ) ( )a a a b c b b b a c� � � � � � � � �
� � � �� � � � � �

+ .( ) .c a b c c� �
�� � � �

= 2 2 2| | | | | |a b c� �
�� �

= 9 + 16 + 25 = 50

| |a b c� �
�� �

 = 50 5 2�

 29

�

0a b c� � �
� �� �

0a b c� � �
� �� �

, 

a a b c� � �
�� � �

 = 0

a a a b a c� � � � �
� �� � � �

 = 0

a b a c� � �
� �� �

 =
2

9� � �
�
a ... (1)

b a b c� � �
� �� �

 = 0
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a b b c� � �
� � ��

 =
2

16b� � �
�

                                       ... (2)

a c b c� � �
�� � �

2 ( )a b b ac c� � � � �
� � �� ��

 = – 29

2� = – 29, i.e., � =
29

2

�

ˆ ˆ

ˆˆ ˆ ˆ ˆ3 ,   2 – 3i j i j k� � � � � �
��

, �
�

1 2� � � � �
� � �

1�
�

�
�

2�
�

, �
�

1 ,� � �� �
� �

1
ˆ ˆ3 i j� � � � �

�

2 1� � � ��
� � �

 = ˆˆ ˆ(2 3 ) (1 ) 3i j k� � � � � �

2
�
�

, �
�

2 0� �� �
��

3(2 3 ) (1 )� � � � �  = 0

� = 
1

2

1�
�

 = 
3 1ˆ ˆ
2 2
i j� 2

1 3 ˆˆ ˆ – 3
2 2
i j k� � �

�

1. x- 30° 

2. x , 
1
, z

1
)  Q(x

2
, y

2
, z

2
)  

3. 30°  

4. a b c� �
�� �

, | | | | | |a b c� �
�� �

?  

5. x ˆˆ ˆ( )x i j k� �

6.
�
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7.
�

, 2 –  3a b c�
�� �

8. A(1, – 2, – 8), B(5, 0, –2) C(11, 3, 7) B AC

9. P �

 R P

RQ 

10.

11. OX, OY OZ 

1 1 1
, ,

3 3 3

12.
�

. 

d
� �

15c d� �
��

13. ˆˆ ˆi j k� � ˆˆ ˆ2 4 5i j k� � ˆˆ ˆ2 3i j k� � �

�

14. , , ca b
� ��

a b c� �
�� �

�

15.
2 2( ) ( ) | | | |a b a b a b� � � � �

� � �� � �
, ,a b

��

0, 0a b	 	
�� ��

16 19 

16.
�


 0a b� �
��

(A) 0
2

�
 
  (B) 0

2

�
� 
 �

(C) 0 < 
 < � (D) 0 � 
 � �

17.
�


 a b�
��

(A)
4

�

 � (B)

3

�

 � (C)

2

�

 � (D)

2

3

�

 �
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18. ˆ ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ.( ) .( ) .( )i j k j i k k i j� � � � �

(A) 0 (B) –1 (C) 1 (D) 3

19.
�


 | | | |a b a b� � �
� �� �




(A) 0 (B)
4

�
(C)

2

�
(D) �

� P(x, y, z) ˆˆ ˆOP( )r xi yj zk� � � �
���� �

2 2 2x y z� �

�

�  (r), a, b, c (l, m, n)

, ,
a b c

l m n
r r r

� � �

� 0
�

�

� �� |� | 

�

� a
� ˆ

| |

a
a

a
�

�

� a
�

� P Q
�

m : n R  (i) 
na mb

m n

�

�

��

 (ii) 
mb na

m n

�

�

� �
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�
�




| || | cosa b a b� � 

� �� �

a b�
��

�
‘
’,  cos
 =

| || |

a b

a b

�
��

��

�
�




a b�
��

= ˆ| || | sina b n

��

n̂

� ��

� 1 2 3
ˆˆ ˆa a i a j a k� � �

�
1 2 3

ˆˆ ˆb b i b j b k� � �
�

�

a b�
��

 = 1 1 2 2 3 3
ˆˆ ˆ( ) ( ) ( )a b i a b j a b k� � � � �

a�
�

 = 1 2 3
ˆˆ ˆ( ) ( ) ( )a i a j a k� � � � �

.a b
��

 = 1 1 2 2 3 3a b a b a b� �

a b�
��

 = 1 1 1

2 2 2

ˆˆ ˆi j k

a b c

a b c

vectus

Caspar Wessel Jean Robert

Argand (1768-1822 ) 

a + ib

William Rowen Hamilton (1805-1865 ) 

"Lectures on Quaternions" (1853 ) 

(quaternians) [

ˆ ˆˆ ˆ ˆ ˆ, , ,a b i c j d k i j k� � �
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] 

Plato (384-322 

Aristotle (427-348 ) 

Sterin Simon(1548-1620 ) 

"DeBeghinselen

der Weeghconst" 

 Josaih Willard Gibbs

(1839-1903 )  Oliver Heaviside (1850-1925 ) 

Gibbs "Entitled Element of

Vector Analysis" 

D. Heaviside  P.G. Tait (1831-1901 ) 

—����—


