
�The moving power of mathematical invention is not

reasoning but imagination. – A.DEMORGAN �

11.1  (Introduction)

XI 

*

11.2  (Direction Cosines and Direction
Ratios of a Line)

L x z-

� �

cos�, cos�  cos�� L direction cosines or dc's

(Three Dimensional Geometry)

11

* For various activities in three dimensional geometry, one may refer to the Book

“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005

Leonhard Euler

(1707-1783)
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 L �-�, �-��

�-��

l, m n

(direction

ratios or dr's) l, m, n a, b, c

����R a = �l, b=�m c = �n

�
a, b, c l, m, n

l

a
 = 
m

b
 =
n

k
c
� ), k
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l = ak, m = bk, n = ck ... (1)

l2 + m2 + n2 = 1

k2 (a2 + b2 + c2) = 1

k =
2 2 2

1

a b c
�

� �
(d.c.’s )

2 2 2 2 2 2 2 2 2
, ,

a b c
l m n

a b c a b c a b c
�� � � � �

� � � � � �

a, b, c ka, kb, kc; k � 0 

11.2.1 (Relation between the direction cosines

of a line)

RS l, m, n 

P(x, y, z) P x- PA

OP = r. 
OA

cos
OP

��
x

r
� . x = lr 

y = mr z = nr.

x2 + y2 + z2 = r2 (l2 + m2 + n2)

x2 + y2 + z2 = r2

l2 + m2 + n2 = 1

11.2.2 (Direction cosines of a line

passing through two points)

P(x
1
, y

1
, z

1
) Q(x

2
, y

2
, z

2
) 

a

PQ l, m, n x, y z-

�, �� �	
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P Q XY- R S P 

 QS N  PNQ , 
PQN =	�

( 11.3 (b)) 

cos� =
2 1NQ

PQ PQ

z z�
�

cos� =

P(x
1
, y

1
, z

1
) Q(x

2
, y

2
, z

2
) PQ

2 1

PQ

x x�
, 2 1

PQ

y y�
, 

2 1

PQ

z z�

PQ =
22 2

2 1 2 1 2 1( ) ( )x x y y z z� � � � �

P(x
1
, y

1
, z

1
) Q(x

2
, y

2
, z

2
)

x
2 
– x

1
, y

2 
– y

1
, z

2 
– z

1
, x

1 
– x

2
, y

1 
– y

2
, z

1 
– z

2

 1 x, y z- 90°, 60° 30°

l , m, n l = cos 90° = 0, m = cos 60° = 
1

2
,

n = cos 30° = 
2

3
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 2

2 2 2

2

2 ( 1) ( 2)� � � �
,  

2 2 2

1

2 ( 1) ( 2)

�

� � � �
,  

22 2

2

2 1 ( 2)

�

� � � �

2 1 2
,,

3 3 3

� �

 3 (– 2, 4, – 5) (1, 2, 3) 

P(x
1
, y

1
, z

1
)  Q(x

2
, y

2
, z

2
) 

2 1 2 1 2 1,,
PQ PQ PQ

x x y y z z� � �

PQ =
22 2

2 1 2 1 2 1( ) ( )x x y y z z� � � � �

P Q (– 2, 4, – 5) (1, 2, 3) 

PQ = 2 2 2(1 ( 2)) (2 4) (3 ( 5))� � � � � � �  = 77

3 2 8
, ,

77 77 77

�

 4 x, y z-

x- x, y z- 0°, 90° 90° x-

cos 0°, cos 90°, cos 90° 1,0,0 

y- z- 0, 1, 0 0, 0, 1 

 5 A (2, 3, – 4), B (1, – 2, 3) C (3, 8, – 11) 

 A B 

1 –2, –2 –3, 3 + 4 – 1, – 5, 7 

B  C 3 –1, 8 + 2, – 11 – 3, , 2, 10, – 14 

 AB BC AB  BC 

AB BC B A, B, C 
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1. x, y z- 90°, 135°, 45° 

2.

3. –18, 12, – 4, 

4.  (2, 3, 4), (– 1, – 2, 1), (5, 8, 7) 

5.

(3, 5, – 4), (– 1, 1, 2)  (– 5, – 5, – 2) 

11.3 (Equation of a Line in Space)

XI 

(i)

(ii)

11.3.1 A
�
b

(Equation of a line through a given point A and parallel to a given vector 
�
b )

O

A a
�

A b
�

l l

P r
�

AP
����

b
�

AP
����

= �b
�

,  

�

AP
����

 = OP – OA
���� ����

�b
�

 = r a�
� �

�  P 

�
r  = +

��
a b���� ... (1)
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ˆˆ ˆb ai bj ck� � �
�

a, b, c

a, b, c ˆˆ ˆb ai bj ck� � �
�

b | |b
�

(Derivation of Cartesian Form from Vector

Form)

  A (x
1
, y

1
, z

1
) 

a, b, c P (x, y, z) 

kzjyixr ˆˆˆ ���
�

; kzjyixa ˆˆˆ
111 ���

�

ˆˆ ˆb a i b j c k� � �
�

ˆ ˆ,i j k̂ , 

x = x  + �a;  y = y  + � b;  z = z + �c ... (2)

�

1x x

a

�
 = 

1 1y y z z

b c

� �
� ... (3)

l, m, n

1x x

l

�
 = 

1 1y y z z

m n

� �
�

 6 (5, 2, – 4) ˆˆ ˆ3 2 8i j k� �

a
�

 =

r
�

= ˆ ˆˆ ˆ ˆ ˆ5 2 4 ( 3 2 8 )i j k i j k� � � � � �  [(1) ]

P(x, y, z) r
�

ˆˆ ˆx i y j z k� �  = ˆ ˆˆ ˆ ˆ ˆ5 2 4 ( 3 2 8 )i j k i j k� � � � � �

= (5 3 ) (2 2 ) ( 4 8 )i j k� � � � � � � � ��
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�

5

3

x�
 =

2 4

2 8

y z� �
�
�

11.3.2 (Equation of a line passing

through two given points)

A(x
1
, y

1
, z

1
)  B(x

2
, y

2
, z

2
), 

a
�

b
�

 ( 11.5)

r
�

P

P

AP r a� �
���� � �

AB b a� �
���� � �

P

( )r a b a� �� �
�� � �

�
���� , ���� ���� R ... (1)

1 1 1
ˆ ˆˆ ˆ ˆ ˆ, ,r xi y j z k a x i y j z k� � � � � �

� �

2 2 2
ˆˆ ˆb x i y j z k� � �

�

1 1 1 2 1 2 1 2 1[( ) ( ) ( ) ]xi y j z k x i y j z k x x i y y j z z k� � � � � � � � � � � �� � �

kji ˆ,ˆ,ˆ

x = x  + � (x  – x ); y = y
1
 + � (y

2
 – y

1
); z = z

1
 + � (z

2
 – z

1
)

�

1 1 1

2 1 2 1 2 1

x x y y z z

x x y y z z

� � �
� �

� � �

 7 (–1, 0, 2) (3, 4, 6) 

a
�

b
�

A(– 1, 0, 2) B(3, 4, 6) 
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ˆˆ 2a i k�� �
�

ˆˆ ˆ3 4 6b i j k� � �
�

ˆˆ ˆ4 4 4b a i j k� � � �
� �

P r
�

ˆ ˆˆ ˆ ˆ2 (4 4 4 )r i k i j k�� � �� � �
�

8
3 5 6

2 4 2

x y z� � �
� �

1 1 1x x y y z z� � �
� �

x
1
 = – 3, y

1
 = 5, z

1
 = – 6; a = 2, b = 4, c = 2

 (– 3, 5, – 6) ˆˆ ˆ2 4 2i j k� �

r
�

ˆˆ ˆ( 3 5 6 )r i j k� � � �
�

+ � ˆˆ ˆ(2 4 2 )i j k� �

11.4  (Angle between two lines)

  L
1

 L

a , b , c a , b , c ,  L P L Q  

OP OQ OP  OQ

� OP OQ a
1
, b

1
,

c
1

a
2
, b

2
, c

2 
�

cos� = 
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a a b b c c

a b c a b c

� �

� � � �

sin �

sin � = �2cos1 �

=

2
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

( )
1

a a b b c c

a b c a b c

� �
�

� � � �
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=

22 2 2 2 2 2
1 1 1 2 2 2 1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a b c a b c a a b b c c

a b c a b c

� � � � � � �

� � � �

=

2 2 2
1 2 2 1 1 2 2 1 1 2 2 1

2 2 2 2 2 2
1 1 1 2 2 2

( ) ( ) ( )

(

a b a b b c b c c a c a

a b c a b c

� � � � �

� � � �
... (2)

� L
1 

 L
2

L
1

L
2 

L
1

l
1
, m

1
, n

1

L
2

l
2
, m

2
, n

2

cos � = |l
1 
l
2
 + m

1
m

2
 + n

1
n

2
| ( 2 2 2

1 1 1 1l m n� � � 2 2 2
2 2 2l m n� � � ) ... (3)

sin � =
2 2 2

1 2 2 1 1 2 2 1 1 2 2 1( ) ( )l m l m m n m n n l n l� � � � �                    ... (4)

a
1
, b

1
, c

1
a

2
, b

2
, c

2

(i) � = 90°, a
1
a

2
 + b

1
b

2
 + c

1
c

2
 = 0

(ii) � = 0, 
1

2

a

a
 = �1 1

2 2

b c

b c

r
�

 = 1 1a b� �
��

r
�

 = 2 2a b� �
��

�

cos� =
1 2

1 2

b b

b b

�
� �

� �

1

1

x x

a

�
 =

1 1

1 1

y y z z

b c

� �
� ... (1)

2

2

x x

a

�
 =

2 2

2 2

y y z z

b c

� �
� ... (2)

� a
1
, b

1,
c

1 

a
2,
b

2
, c

2 

cos � =
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a a b b c c

a b c a b c

� �

� � � �
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9

r
�  = ˆ ˆˆ ˆ ˆ ˆ3 2 4 ( 2 2 )i j k i j k� � � � � �

r
�  = ˆˆ ˆ ˆ ˆ5 2 (3 2 6 )i j i j k� � � � �

1b
�

 = ˆˆ ˆ2 2i j k� � 2b
�

 = ˆˆ ˆ3 2 6i j k� �

�

cos � =
1 2

1 2

ˆ ˆˆ ˆ ˆ ˆ( 2 2 ) (3 2 6 )

1 4 4 9 4 36

b b i j k i j k

b b

� � � � � �
�

� � � �

� �

� �

=
3 4 12 19

3 7 21

� �
�

	

� = cos–1
19

21


 �
� 
� �

 10

3

3

x �
 =

1 3

5 4

y z� �
�

1

1

x �
 =

4 5

1 2

y z� �
�

�

cos � =
2 2 2 2 2 2

3.1 5.1 4.2 16 16 8 3

1550 6 5 2 63 5 4 1 1 2

� �
� � �

� � � �

cos–1
8 3

15


 �
� � 
� �

11.5  (Shortest Distance between two lines)
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skew lines

x, y z-

GE 

DB, A 

11.5.1 (Distance between two skew lines)

l
1 

l
2  

( 11.8) 

r
�

 = 1 1a b� �
��

                                           ... (1)

r
�

 = 2 2a b��
��

                                           ... (2)

l
1

S 
1a
�

l
2 

T  
2a
�

. 

ST 

10.6.2)

l
1 

l
2 PQ

����

1b
�

2b
�

PQ
����

n̂

n̂  =
1 2

1 2| |

b b

b b

	

	

� �

� � ... (3)
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PQ
����

 = d n̂

d, ST
���

PQ
����

�

PQ = ST |cos �|

cos � =
PQ ST

| PQ | | ST |

�
���� ���

����� ���

 =
2 1

ˆ ( )

ST

d n a a

d

� �
� �

  (
2 1ST )a a� �

��� � �

=
1 2 2 1

1 2

( ) ( )

ST

b b a a

b b

� � �

�

� � � �

� �     ((3) )

d = PQ = ST |cos �|

d =
1 2 2 1

1 2

( ) ( )

| |

b b a a

b b

� � �

�

� � � �

� �

(Cartesia	 F�r)

l
1 
: 

1

1

x x

a

�
 =

1 1

1 1

y y z z

b c

� �
�

l
2  

: 
2

2

x x

a

�
 =

2 2

2 2

y y z z

b c

� �
�

2 1 2 1 2 1

1 1 1

2 2 2

2 2 2
1 2 2 1 1 2 2 1 1 2 2 1( ) ( ) ( )

x x y y z z

a b c

a b c

b c b c c a c a a b a b

� � �

� � � � �
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11.5.2 (Distance between parallel lines)

l
1

l
2 

r
�  =

1a b� �
��

... (1)

r
�

 =
2a b� �

��
… (2)

l
1 

 S  
1a
�

l
2 

T

2a
�

11.9)

l
1
, l

2 
T l

1

P  l
1 

l
2 

= |TP|

ST
���

b
�

�

STb �
����

 = ˆ( | | | ST| sin )b n�
����

... (3)

l
1 

l
2 

n̂

ST
���

 = 2 1a a�
� �

2 1( )b a a� �
� � �

 = ˆ| | PTb n
�

        (  PT = ST sin �)

2 1| ( )|b a a� �
� � �

 = | | PT 1b �
�

       (as | |n̂  = 1)

d =
2 1( )

| PT |
| |

b a a

b

� �
�

� � �
����

�

 11 l
1

l
2 

r
�  = ˆˆ ˆ ˆ ˆ(2 )i j i j k� � � � � ... (1)

r
�  = ˆ ˆˆ ˆ ˆ ˆ2 (3 5 2 )i j k i j k� � � � � � ... (2)

r
�

 = 1 1a b� �
��

22
bar
���

��� , 

1a
�

 = 1
ˆˆ ˆ ˆ ˆ, 2i j b i j k� � � �

�

2a
�

 = 2 î  + ĵ – k̂ 2b
�

 = 3 î  – 5 ĵ  + 2 k̂
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2 1a a�
� �

 = ˆî k�

1 2b b�
� �

 = ˆ ˆˆ ˆ ˆ ˆ( 2 ) ( 3 5 2 )i j k i j k� � � � �

=

ˆˆ ˆ

ˆˆ ˆ2 1 1 3 7

3 5 2

i j k

i j k� � � �

�

1 2| |b b�
� �

 = 9 1 49 59� � �

d  =
1 2 2 1

1 2

( ) ( )

| |

b b a a

b b

� � �

�

� � � �

� �
59

10

59

|703|
�

��
�

 12 l
1

l
2 
:

r
�

 = ˆ ˆˆ ˆ ˆ ˆ2 4 ( 2 3 6 )i j k i j k� � � � � �

r
�

 = ˆ ˆˆ ˆ ˆ ˆ3 3 5 ( 2 3 6 )i j k i j k� � � � � �

1a
�

 = ˆˆ ˆ2 4i j k� � , 2a
�

 = ˆˆ ˆ3 3 5i j k� � b
�

 = ˆˆ ˆ2 3 6i j k� �

d =
2 1( )

| |

b a a

b

� �
� � �

�  = 

ˆˆ ˆ

2 3 6

2 1 1

4 9 36

i j k

�

� �

=
ˆˆ ˆ| 9 14 4 | 293 293

749 49

i j k� � �
� �

1.
12 3 4 4 12 3 3 4 12

, , ; , , ; , ,
13 13 13 13 13 13 13 13 13

� � �

2.  (1, – 1, 2), (3, 4, – 2) (0, 3, 2) 

(3, 5, 6) 
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3.  (4, 7, 8), (2, 3, 4) (– 1, – 2, 1),

(1, 2, 5) 

4. (1, 2, 3) kji ˆ2ˆ2ˆ3 ��

5. ˆˆ2 4i j k� � ˆˆ ˆ2i j k� �

6. (– 2, 4, – 5) 

3 4 8

3 5 6

x y z� � �
� �

7.
5 4 6

3 7 2

x y z� � �
� �

8.  (5, – 2, 3) 

9.  (3, – 2, – 5),  (3, – 2, 6) 

10.

(i) ˆ ˆˆ ˆ ˆ ˆ2 5 (3 2 6 )r i j k i j k� � � � � � �
�

ˆ ˆˆ ˆ ˆ7 6 ( 2 2 )r i k i j k� � � � � �
�

(ii) ˆ ˆˆ ˆ ˆ ˆ3 2 ( 2 )r i j k i j k� � � � � � �
�

ˆ ˆˆ ˆ ˆ ˆ2 56 (3 5 4 )r i j k i j k� � � � � � �
�

11.

(i)
� �

(ii)

12. p
1 7 14 3

3 2 2

x y z

p

� � �
� �

7 7 5 6

3 1 5

x y z

p

� � �
� �
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13.
5 2

7 5 1

x y z� �
� �

� 1 2 3

x y z
� �

14. ˆˆ ˆ( 2 )r i j k� � �
�

 + ˆˆ ˆ( )i j k� � � ˆ ˆˆ ˆ ˆ ˆ2 (2 2 )r i j k i j k� � � � � � �
�

15.
1 1 1

7 6 1

x y z� � �
� �
�

3 5 7

1 2 1

x y z� � �
� �

�

16.

ˆˆ ˆ( 2 3 )r i j k� � �
�

 + ˆˆ ˆ( 3 2 )i j k� � � ˆ ˆˆ ˆ ˆ ˆ4 5 6 (2 3 )r i j k i j k� � � � � � �
�

17.

ˆˆ ˆ(1 ) ( 2) (3 2 )r t i t j t k� � � � � �
� ˆˆ ˆ( 1) (2 1) (2 1)r s i s j s k� � � � � �

�

11.6  (Plane)

(i)

(ii)

(iii)

11.6.1 (Equation of a Plane in normal form)

d (d 	 0) 

ON
����

ON
����

n̂ ON
����

= d n̂

 P 

NP
����

 , ON
����

NP ON�
���� ����

 = 0 ... (1)

P r
�

NP
����

= ndr ˆ�
�

 ( ON NP OP� �
���� ���� ����

)
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( )r d n d n
� �

� �
�

 = 0

( )r d n n
� �

� �
�

 = 0 (d � 0)

r n d n n
� � �
� � �

�
 = 0

r n
�
�

�
 = 

… (2)

(Cartesian Form)

n̂

P(x, y, z) 

OP
����

 = ˆˆ ˆr x i y j z k� � �
�

n̂ l, m, n

n̂  = ˆˆ ˆl i m j n k� �

r n
�
�

�

ˆ ˆˆ ˆ ˆ ˆ( ) ( )x i y j z k l i m j n k d� � � � � �

lx + my + nz = d ... (3)

�
ˆˆ ˆ( )r a i b j c k� � �

�
= d

ax + by + cz = d

a, b c

 13
29

6

2 kji ˆ4ˆ3ˆ ��

kjin ˆ4ˆ3ˆ2 ���
�

||
ˆ

n

n
n �

�

�  =
ˆ ˆˆ ˆ ˆ ˆ2 3 4 2 3 4

4 9 16 29

i j k i j k� � � �
�

� �
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2 3 4 6ˆˆ ˆ
29 29 29 29

r i j k
�� �

� � � �	 

� �

�

 14 ˆˆ ˆ(6 3 2 ) 1r i j k� � � �
�

 = 0  

ˆ ˆ( 6 3 2 )r i j k� � � �
��

 = 1   ... (1)

ˆˆ ˆ| 6 3 2 |i j k� � �  = 36 9 4 7� � �

6 3 2 ˆˆ ˆ
7 7 7

r i j k
� �
� � � �	 

� �

�
 = 

1

7

dnr �ˆ.
�

kjin ˆ
7

2ˆ
7

3ˆ
7

6
ˆ ����

n̂
7

2
,

7

3
,

7

6�

 15 2x –  3y + 4z – 6 = 0 

2, –3, 4 

2 2 2 2 2 2 2 2 2

2 3 4
, ,

2 ( 3) 4 2 ( 3) 4 2 ( 3) 4

�

� � � � � � � � �
 , 

2 3 4
, ,

29 29 29

�

2x – 3y + 4z – 6 = 0  2x – 3y + 4z = 6 29

2 3 4 6

29 29 29 29
x y z

�
� � �

lx + my + nz = d,  d

29

6
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 16 2x – 3y + 4z – 6 = 0

P (x
1
, y

1
, z

1
)  ( 11.11)

 OP x
1,

y
1
, z

1 

2 3 4 6

29 29 29 29
x y z� � �

OP 
2 3 4

, ,
29 29 29

�

1

2

29

x
 = 

1 1

3 4

29 29

y z
�

�
= k

x
1
 =  

29

2k
, y

1
 = 1

3 4
,

29 29

k k
z

�
�

k = 
29

6

12 18 24
, ,

29 29 29

�� �
	 

� �

� d

l, m, n (ld, md, nd) 

11.6.2

(Equation of a

plane perpendicular to a given vector and

passing through a given point)

P(x
1
, y

1
, z

1
)
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A, 

a
�

N
��

P r
�

 P 

AP
����

, N
��

AP
����

. N
��

= 0. 

AP r a� �
���� � �

. 

( ) N 0r a� � �
�� �

         … (1)

(Cartesian Form)

A (x
1
, y

1
, z

1
)  P (x, y, z) N

��

A, B C 

1 1 1
ˆ ˆˆ ˆ ˆ ˆ,a x i y j z k r xi y j z k� � � � � �

� � ˆˆ ˆN A B Ci j k� � �
�

( – ) N =0r a �
�� �

1 1 1
ˆ ˆˆ ˆ ˆ ˆ(A B C ) 0x x i y y j z z k i j k �� � � � � � � � �� �

A(x – x
1
) + B(y – y

1
) + C(z – z

1
) = 0

 17 (5, 2, – 4) 

2, 3, – 1 

(5, 2, – 4) ˆˆ ˆ5 2 4a i j k� � �
�

ˆˆ ˆN= 2 +3i j k�
�

( ) N 0r a� � �
�� �

ˆ ˆˆ ˆ ˆ ˆ[ (5 2 4 )] (2 3 ) 0r i j k i j k� � � � � � �
�

... (1)

ˆ ˆˆ ˆ ˆ ˆ[( – 5) ( 2) ( 4) ] (2 3 ) 0x i y j z k i j k� � � � � � � �

2( 5) 3( 2) 1( 4) 0x y z� � � � � �

2x + 3y – z = 20
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11.6.3

(Equation of a plane

passing through three non-collinear points)

R, S T a
�

, b
�

c
�

( 11.14)

RS
����

RT
����

RS RT�
���� ����

R, S T 

P r
�

R RS RT�
���� ����

( ) (RS RT)r a� � �
���� ����� �

 = 0 

�( ) . [( – ) ( – )]
�� � � � �

r a b a c a���� = 0 … (1)

�

T 

R, S T x1, y1, z1 x2, 2, z2 x3, 3,  z3

P (x, y, z) r
�

RP
����

 = (x – x
1
) î  + (y – y

1
) ĵ  + (z – z

1
) k̂

RS
����

 = (x2 – x1) î  + (y2 – y1) ĵ  + (z2 – z1) k̂

RT
����

x3 – x1 ˆ 3 – 1 ˆ z3 – z1 ˆ

1 1� � �

� �

� �

1

2 1 2 1 2 1

3 1 3 1 3 1

z = 0

z

x x y y z z

x x y y – z

x x y y – z

x1, y1, z1), (x2, y2, z2) (x3, y3, z3) 



        499

 18  R(2, 5, – 3), S(– 2, – 3, 5)  T(5, 3,– 3) 

ˆˆ ˆ2 5 3a i j k� � �
�

, ˆˆ ˆ2 3 5b i j k�� � �
�

, ˆˆ ˆ5 3 3c i j k� � �
�

a
�

, b
�

c
�

( ) (RS RT)r a� � �
���� ����� �

 = 0     ( ?)

( ) [( ) ( )]r a b a c a� � � � �
�� � � � �

 = 0

ˆ ˆˆ ˆ ˆ ˆ ˆ ˆ[ (2 5 3 )] [( 4 8 8 ) (3 2 )] 0r i j k i j k i j� � � � � � � � � �
�

11.6.4 (Intercept form of the equation of a

plane)

Ax + By + Cz + D = 0  (D ���� 0) ... (1)

x, y, z- a, b c ( 11.16) 

x, y z- (a, 0, 0), (0, b, 0), (0, 0, c) 

Aa + D = 0  A = 
D

a

�

Bb + D = 0  B = 
D

b

�

Cc + D = 0  C = 
D

c

�

x y z

a b c
� �  = 1 ... (2)

 19 x, y z-

x y z

a b c
� �  = 1 ... (1)

a = 2, b = 3, c = 4 



500        

a, b  c

1
2 3 4

x y z
� � �   6x + 4y + 3z = 12 

11.6.5   (Plane passing

through the intersection of two given planes)

�
1

�
2

1
ˆ.r n

�
 = d

1 2
ˆ.r n

�
 = d

2

11.17)

t
�

1t n�
� �

 = d
1 2t n�

� �
 = d

2

�

1 2( )t n n� � �
� � �

 = 1 2d d��

t
�

1 2 1 2( )r n n d d� �� � ��
� � � �

3

r
�

,	�
1

�
2
, �

3  

1r n�
� �

 = 

� 1 2( )
� � �
r n n� �� �� �� � = d

1
+ ����d

2
... (1)

(Cartesian Form)

1n
�

 =
1 2 1

ˆˆ ˆA B Ci j k� �

2n
�

 =
2 2 2

ˆˆ ˆA B Ci j k� �

r
�

 = ˆˆ ˆxi y j z k� �

x (A
1
 +  �A

2
) + y (B

1
 +  �B

2
) + z (C

1
 +  �C

2
) = d

1
 +  �d

2

(A
1
x + B

1
y + C

1
z – d

1
) +  ����(A

2
x + B

2
y + C

2
z – d

2
) = 0       ... (2)

�	
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 20

(1,1,1) 

1
ˆˆ ˆn i j k� � �

�
2n
�

 = ˆˆ ˆ2 3 4i j k� �  d
1
 = 6 d

2
 = –5 

1 2 1 2( )r n n d d� �� � ��
� � �

ˆ ˆˆ ˆ ˆ ˆ[ (2 3 4 )]r i j k i j k� � � �� � �
�

 = 6 5� �

ˆˆ ˆ[(1 2 ) (1 3 ) (1 4 )]r i j k� � � � � � � � �
�

 = 6 5� � … (1)

�

ˆˆ ˆr xi y j z k� � �
�

, 

ˆ ˆˆ ˆ ˆ ˆ( ) [(1 2 ) (1 3 ) (1 4 ) ] 6 5xi y j z k i j k� � � � � � � � � � � � � �

(1 + 2� ) x + (1 + 3�) y + (1 + 4�) z = 6 – 5�

(x + y + z – 6 ) + �  (2x + 3y + 4 z + 5) = 0 ... (2)

(1 + 1 + 1 – 6) + � (2 + 3 + 4 + 5) = 0

� = 
3

14

�

3 9 6 ˆˆ ˆ1 1 1
7 14 7

r i j k

 ��  �  � 

� � � � � �� � � � � �� �� � � � � �� �

�
 = 

15
6

14
�

10 23 13 ˆˆ ˆ
7 14 7

r i j k
� 
� � �� �� �

�
 = 

69

14

ˆˆ ˆ(20 23 26 )r i j k� � �
�

 = 69

11.7  (Coplanarity of two lines)

r
�  = 

1 1a b��
��

... (1)
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r
�  = 

2 2a b��
��

... (2)

A, 1a
�

1b
�

B 2a
�

2b
�

AB
����

 = 2 1a a�
� �

AB,
����

1 2AB.( )b b�
���� � �

 = 0 2 1 1 2( ) ( )a a b b� � �
� �� �

 = 0

(Cartesian Form)

A B (x
1
, y

1
, z

1
) (x

2
, y

2
, z

2
) 

1b
�

2b
�

a
1
, b

1
, c

1
a

2
, b

2
, c

2

2 1 2 1 2 1
ˆˆ ˆAB ( ) ( ) ( )x x i y y j z z k� � � � � �

����

1 2AB ( ) 0b b� � �
���� � �

2 1 2 1 2 1

1 1 1

2 2 2

0

x x y y z z

a b c

a b c

� � �

�                                 ... (4)

 21

+ 3 1 5

– 3 1 5

x y z� �
� �

+1 2 5

–1 2 5

x y z� �
� �

x
1
 = – 3, y

1
 = 1, z

1
 = 5, a

1
 = – 3, b

1
 = 1, c

1
 = 5

x
2
 = – 1, y

2
 = 2, z

2
 = 5, a

2
 = –1, b

2
 = 2, c

2
 = 5

2 1 2 1 2 1

1 1 1

2 2 2

2 1 0

3 1 5 0

1 2 5

x x y y z z

a b c

a b c

� � �

� � �

�
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11.8  (Angle between two planes)

 2

11.18 (a)) � 180 – �
( 11.18 (b)) 

1r n�
� �

 = d
1 2 2r n d� �

� �
�

�

cos � =
1 2

1 2| | | |

n n

n n

�
� �

� �

� 1n
�

.
2n
�

 = 0 
1n
�

2n
�

(Cartesian Form)

A
1

x + B
1 
y + C

1
z + D

1
 = 0   A

2
x + B

2 
y + C

2
z + D

2
 = 0

�	
A

1
, B

1
, C

1
A

2
, B

2
, C

2

cos � = 
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

A A B B C C

A B C A B C

� �

� � � �

�
1. � = 90° cos � = 0. 

cos � = A
1
A

2
 + B

1
B

2
 + C

1
C

2
 = 0
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2. 1 1 1

2 2 2

A B C

A B C
� �

 22 2x + y – 2z = 5  3x – 6y – 2z = 7 

1N
��

 = ˆˆ ˆ2 2i j k� � 2
ˆˆ ˆN 3 6 2i j k� � �

��

cos � =
1 2

1 2

ˆ ˆˆ ˆ ˆ ˆN N (2 2 ) (3 6 2 )

| N | |N | 4 1 4 9 36 4

i j k i j k� � � � � �
�

� � � �

�� ��

�� ��  = 
4

21

� �
� 	

 �

� = cos–1 	
�

�
�



�
21

4

 23 3x – 6y + 2z = 7 2x + 2y – 2z = 5 

A
1
x + B

1
y + C

1
z + D

1
 = 0    A

2
x + B

2
y + C

2
z + D

2
 = 0

A
1
 = 3, B

1
 = – 6, C

1
 = 2

 A
2
 = 2, B

2
 = 2, C

2
 = – 2

 cos � =
2 2 2 2 2 2

3 2 ( 6) (2) (2) ( 2)

3 ( 6) ( 2) 2 2 ( 2)

� � � � �

� � � � � � �

=
10 5 5 3

217 2 3 7 3

�
� �

�

� = cos-1  
5 3

21

� �
� 	� 	

 �
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11.9  (Distance of a point from a plane)

(Vector Form)

 P a
� 

1
ˆr n�

�
 = d

( 11.19) 

P 
1 


2


2

n̂ ˆ( ) 0r a n� � �
� �

ˆr n�
�

 = ˆa n�
�

ON��= ˆ| |a n�
�

P 
1

 11.21 (a))

PQ = ON – ON� = |d – ˆ |a n�
�

11.19 (b) 

�

1. 
2

. Nr d�
���

, N
�

| . N |

| N |

a d�
��

�

2.  O . Nr d�
�� | |

| N |

d
�� ( a

�
 = 0)
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(Cartesian Form)

P(x
1
, y

1
, z

1
) a

�

Ax + By + Cz = D 

a
�

 = 1 1 1
ˆˆ ˆx i y j z k� �

N
�

 = ˆˆ ˆA B Ci j k� �

P

1 1 1

2 2 2

ˆ ˆˆ ˆ ˆ ˆ( ) ( A B C ) D

A B C

x i y j z k i j k� � � � � �

� �

=
1 1 1

2 2 2

A B C D

A B C

x y z� � �

� �

24 (2, 5, – 3) ˆˆ ˆ( 6 3 2 )r i j k� � �
�

 = 4 

ˆ ˆˆ ˆ ˆ ˆ2 5 3 , N 6 3 2a i j k i j k� � � � � �
��

d = 4.

 (2, 5, – 3) 

ˆ ˆˆ ˆ ˆ ˆ| (2 5 3 ) (6 3 2 ) 4|

ˆˆ ˆ| 6 3 2 |

i j k i j k

i j k

� � � � � �

� �

=
| 12 15 6 4 | 13

736 9 4

� � �
�

� �

11.10  (Angle between a line

and a plane)

 2

(complementary angle) ( 11.20)

(Vector Form)

bar
���

���

r n d� �
� �



        507

�, 

cos � =
| | | |

b n

b n

�

�

� �

� �

�, 90° – �, 

sin (90° – �) = cos �

sin � =
| | | |

b n

b n

�
� �

� � � = 
–1sin
b n

b n

�

 25
1

2

x �
 =

3

3 6

y z �
�  10 x + 2y – 11 z = 3 

��

r
�  = ˆ ˆˆ ˆ ˆ( – 3 ) ( 2 3 6 )i k i j k� � � � �

ˆˆ ˆ( 10 2 11 )r i j k� � �
�

 = 3 

b
�

 = ˆˆ ˆ2 3 6i j k� � kjin ˆ11ˆ2ˆ10 ���
�

sin � =
2 2 2 2 2 2

ˆ ˆˆ ˆ ˆ ˆ(2 3 6 ) (10 2 11 )

2 3 6 10 2 11

i j k i j k� � � � �

� � � �

=
40

7 15

�
�

 = 
8

21

�
 = 

8

21
� = 

1 8
sin

21

� � �
� 	

 �

1.

(a) z = 2 (b) x + y + z = 1

(c) 2x + 3y – z = 5 (d) 5y + 8 = 0

2.

kji ˆ6ˆ5ˆ3 ��
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3.

(a) ˆˆ ˆ( ) 2r i j k� � � �
�

(b) ˆˆ ˆ(2 3 4 ) 1r i j k� � � �
�

(c) ˆˆ ˆ[( 2 ) (3 ) (2 ) ] 15r s t i t j s t k� � � � � � �
�

4.

(a) 2x + 3y + 4z – 12 = 0 (b) 3y + 4z – 6 = 0

(c) x + y + z = 1 (d) 5y + 8 = 0

5.

(a)  (1, 0, – 2) ˆˆ ˆi j k� �

(b)   (1,4, 6) kji ˆˆ2ˆ ��

6.

(a) (1, 1, – 1),  (6, 4, – 5), (– 4, – 2, 3)

(b) (1, 1, 0), (1, 2, 1), (– 2, 2, – 1)

7.  2x + y – z = 5 

8. y

9.  3x – y + 2z – 4 = 0 

x + y + z – 2 = 0 (2, 2, 1) 

10. ˆˆ ˆ.(2 2 3 ) 7r i j k� � �
�

,

ˆˆ ˆ.(2 5 3 ) 9r i j k� � �
�

 (2, 1, 3) 

11. x + y + z = 1 2x + 3y + 4z = 5 

x – y + z = 0 

12. ˆˆ ˆ(2 2 3 ) 5r i j k� � � �
�

ˆˆ ˆ(3 3 5 ) 3r i j k� � � �
�

13.

(a) 7x + 5y + 6z + 30 = 0  3x – y – 10z + 4 = 0

(b) 2x + y + 3z – 2 = 0 x – 2y + 5 = 0

(c) 2x – 2y + 4z + 5 = 0  3x – 3y + 6z – 1 = 0

(d) 2x – y + 3z – 1 = 0  2x – y + 3z + 3 = 0

(e) 4x + 8y + z – 8 = 0 y + z – 4 = 0
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14.

(a) (0, 0, 0) 3x – 4y + 12 z = 3

(b) (3, – 2, 1) 2x – y + 2z + 3 = 0

(c) (2, 3, – 5) x + 2y – 2z = 9

(d) (– 6, 0, 0) 2x – 3y + 6z – 2 = 0

26 �,  �, �,  �, 

cos2 ��+ cos2 � + cos2 ��+ cos2 ��= 
4

3

 OADBEFCG 

a ( 11.21)

OE, AF, BG CD 

O E OE 

OE 

2 2 2 2 2 2 2 2 2

0 0 0
, ,

a a a

a a a a a a a a a

� � �

� � � � � �

3

1
, 

3

1
,  

3

1

AF, BG  CD 

– 
3

1
,  

3

1
, 

3

1
; 

3

1
, – 

3

1
, 

3

1

3

1
 , 

3

1
, – 

3

1
, 

OE, AF, BG, CD, �, �, �, ��
l, m, n

cos �  =
1

3
 (l + m+ n); cos � = 

1

3
(– l + m + n)

cos � =
1

3
(l – m + n); cos � = 

1

3
(l + m – n)
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cos2 � + cos2 � + cos2 � + cos2 �

 =
1

3
  [ (l + m + n )2 + (–l + m + n)2 ]  + (l – m + n)2 + (l + m –n)2]

 =
1

3
 [ 4 (l2 + m2 + n2 ) ]  = 

3

4
  ( l2 + m2 + n2 = 1)

 27 (1, – 1, 2) 

2x + 3y – 2z = 5 x + 2y – 3z = 8 

A (x – 1) + B(y + 1) + C (z – 2) = 0 ... (1)

 2x + 3y – 2z = 5 x + 2y – 3z = 8, 

2A + 3B – 2C = 0  A + 2B – 3C = 0

A = – 5C B = 4C

– 5C (x – 1) + 4 C (y + 1) + C(z – 2) = 0

5x – 4y – z = 7

 28 P(6, 5, 9) A (3, – 1, 2), B (5, 2, 4) C(– 1, – 1, 6) 

A, B, C P 

D PD PD , AP
����

AB AC�
���� ����

PD = AB AC�
���� ����

AP
����

AP
����

 = 3 kji ˆ7ˆ6ˆ ��

AB AC�
���� ����

 = 

ˆˆ ˆ

ˆˆ ˆ2 3 2 12 16 12

4 0 4

i j k

i j k	 � �

�

AB AC�
���� ����

 = 
ˆˆ ˆ3 4 3

34

i j k� �
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PD
����

 = ( )ˆ7ˆ6ˆ3 kji �� . 
ˆˆ ˆ3 4 3

34

i j k� �

=
17

343

  A, B C P

 29 

x a d� �
� � �

 =
y a z a d� � �

	
� � � �

x b c� �
� � �

 =
y b z b c� � �

	
� � � �

x
1
 = a – d x

2
 = b – c

y
1
 = a y

2
 = b

z
1
 = a + d z

2
 = b + c

a
1
 = � – � a

2
 = � – �

b
1
 = � b

2
 = �

c
1
 = � + � c

2
 = � + �

2 1 2 1 2 1

1 1 1

2 2 2

x x y y z z

a b c

a b c

� � �

 =

b c a d b a b c a d� � � � � � �

� � � � � � �

� � � � � � �

2 

b a b a b c a d� � � � �

� � � � �

� � � � �
 = 0
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 30  A(3, 4, 1) B(5, 1, 6) 

A B 

r
�

 = ˆ ˆˆ ˆ ˆ ˆ3 4 [ (5 3) (1 4) (6 1) ]i j k i j k� � � 
 � � � � �

r
�  = ˆ ˆˆ ˆ ˆ ˆ3 4 ( 2 3 5 )i j k i j k� � � 
 � � ... (1)

P  P 

jyix ˆˆ �

     ( ?)

ˆ ˆx i y j�  = ˆˆ ˆ(3 2 ) ( 4 3 ) ( 1 5 )i j k� 
 � � 
 � � 


ˆ ˆ , 

x = 3 + 2 


y = 4 – 3 


0 = 1 + 5 


x =

�
�


�
�

�
0,

5

23
,

5

13

1.

2. l
1
, m

1
, n

1
l
2
, m

2
, n

2 

m
1

n
2
 – m

2
n

1
, n

1
l
2
 – n

2
l
1
, l

1
m

2
 – l

2
 – m

1

3. a, b, c  b – c, c – a,
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6.
� �

k

7.  (1, 2, 3) 09)ˆ5ˆ2ˆ(. 	��� kjir
�

8.  (a, b, c) ˆˆ ˆ( ) 2r i j k� � � 	
�

9. ˆ ˆˆ ˆ ˆ ˆ6 2 2 ( 2 2 )r i j k i j k	 � � � 
 � �
�

ˆ ˆˆ ˆ ˆ4 (3 2 2 )r i k i j k	 � � � � � �
�

10.  (5, 1, 6)  (3, 4,1) 

11.  (5, 1, 6)  (3, 4, 1) 

12.  (3, – 4, – 5)  (2, – 3, 1) 

 2x + y + z = 7 

13. (– 1, 3, 2) x + 2y + 3z = 5 3x + 3y + z = 0 

14.  (1, 1, p)  (– 3, 0, 1) ˆˆ ˆ(3 4 12 ) 13 0r i j k� � � � 	
�

p

15. ˆˆ ˆ( ) 1r i j k� � � 	
� ˆˆ ˆ(2 3 ) 4 0r i j k� � � � 	

�

x-

16. O  P (1, 2, – 3), P OP

.

17. ˆˆ ˆ( 2 3 ) 4 0r i j k� � � � 	
� ˆˆ ˆ(2 ) 5 0r i j k� � � � 	

�

ˆˆ ˆ(5 3 6 ) 8 0r i j k� � � � 	
�

18. (– 1, – 5, – 10) ˆ ˆˆ ˆ ˆ ˆ2 2 (3 4 2 )r i j k i j k	 � � � 
 � �
�

ˆˆ ˆ( ) 5r i j k� � � 	
�

?/

// //
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19. (1, 2, 3) ˆˆ ˆ( 2 ) 5r i j k� � � �
� ˆˆ ˆ(3 ) 6r i j k� � � �

�

20. (1, 2, – 4) 
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21. a, b, c  p

2222

1111

pcba
���

22 23 
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23. 2x – y + 4z = 5  5x – 2.5y + 10z = 6 
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� (x
1
, y

1
, z

1
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B, C  A (x – x
1
) + B (y – y
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) + C (z – z

1
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