e |

fr-fasita wenfufa

(Three Dimensional Geometry)

¢ The moving power of mathematical invention is not
reasoning but imagination. — A DEMORGAN <

11.1 9fHerT (Introduction)

el XIH, Sveiftven St o1 31eaa ohid woe fg-faeda
IR F-forefrar format o ofea & eae @ 1 chadl i
fafy oo it @ 21 56 q&e o fUsd A o g A
Tf Y got HehouAetl &1 e fovan 21 ore wH Afem | D
o o o1 f-fara senfafa 5 so=m == f-farda
sfafa o 39 ST #1 SR § T 9% THoh eremEa
Tl TR T geagol (GaEd) S ar g1

39 e H ' q fogetl 1 faam ot W@ ok
feen-wen 3 fe-1q9a &1 ‘
feerforal o eiafier § T@nati 3R ool o GeiehLon ﬁi@m;,

'QT;H

T a9 T @ @R Il & W= H I,

formaeia T@nstl o &9 =[AaH 30 9 TH ad &l Tk fog
@@%Wﬁ’ﬂﬁmmﬁlmmﬁ@ Leonhard Euler
Frfererter aftomel 1 wfewl o &9 | w21 9ty g (1707-1783)

T ST & H oft SFaR w4 S el § feerfd 1 v sefird SR vt
TersToT ogqd Y Hen |

11.2 3@ ﬁiﬁ—w 3R faep-3 Ut (Direction Cosines and Direction
Ratios of a Line)

FeAg 10 ®, TR Hifw, % g1 fog 9 79 9ol 9f e W1 L gh x, p 3R z-orel
& Y HA o, B AR y TAC T H107 fSF-h10T Heelid & qa 7 HI0N shi HIGE AHd:
cosa., cosf AR cosy @1 L & ﬁiﬁ—qﬁw (direction cosines or dc's JHEa! ¢ |

*

For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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ErFrzgﬂLﬁﬁ{snﬁuﬂaaﬂiﬁ%’aﬁﬁ?{—aﬁm,auﬁ#cgaﬁﬁmhn-a,n-saﬁx
1y ¥ 95 W ¥ 39 YR, fKp-wiaed & g a9<a 9 2

Z
A
............. 4
) bt 4
LR BRI '
: :
r ’
¥ ;
p N
/o G T2 Y
X
X
TRt 11.1

e ST, SidRer § <) E Y w1 < fauda faensti § w1 wehd & 3N gEfie sues
feer-shiTee & T WHE B gHioy faRer § W Y@ o fou fep-shiemed & arfgdi
e & fau, 39 @ @ H TE 9w @ o =il 39 g fep-whiesd w
l,mﬁ?né#@'mﬁﬁ%mmﬁl
feoguit stafter o < ¢ Y@ Ak got fog @ 7 Tord) @ @ U Rep-wiaEA H A
T o fo, B9 ue fog ° 6 T @ o SHi T @ wied € o g fag § g
T % A9 W@ o fKop-31ud a0 F € HifR 3 gHieR Y@nen o fKep- st &
T T (D) B 2

T @1 o Seh-hEEA o AU §est &l @ o <ep-31ud (direction
ratiosordr's)‘clﬁﬁ %’lﬁ@%@%ﬁ?{—aﬁw I, m, na Teep-SAqard a,b,cq q@
el YR L e RS M a = A, b=Am 3R ¢ = An

G o -l 1 feop-get it Fed
A ST Tk Y@ o K- a, b, ¢ 3R @1 T K- [, m, n 81 qE
[ m n

— = — = —=k (9 <AfS0), k TF 3TN 2|

a b c
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EESiclY l=ak,m= bk, n=ck .. (D)
kIS P+m*+n=1
iy BP@+b+cH)=1
1
Rl k= +

\/aerb2+c2

3td: (1) |, @ &t fKp-FEEA (d.e’s)

[=+ m=+ =t <
\/a2 +b* +c? \/a2 +b% +c? \/a2 +bh%+c?
ot Y@ o fau afx Y@ & fKp-3rque ®A9: a, b, ¢ ¥, A ka, kb, ke; k=0 <f

feer- 21Tl 1 T T 21 THfeT Tk Y@ o fEep- o1l o <t g off geumd g
a1a: Tl Tk @ % feep-orul o orEeT 99E B R

11.2.1 ¥@T &t 7%{717—5}#?773'? T G (Relation between the direction cosines
of a line)

M e ff T @1 RS &1 fKep-shiamnsd I,m,n? bl
fog @ <t T @ o Eid T @ wita 3 39 W T
fag P(x, y, z) wifsT PH x-3151 W @9 PA Hifgu
(3meRfa 11.2)1

OA
afc OP=r. cosa="—o =%.f\_rm'{5l x = Iy 9T Bl 7l

E@TEIT:FI'{ y=mr3ﬁ'{z=nr.

A X*+y+2=r(P+m+n?

=g R+ +R=p TR 11.2
3d: P+m*+n=1

11.2.2 E?‘ l%'g’a-ﬁ' &t e areit T@T &t 7%'7{—3!#??7?? (Direction cosines of a line
passing through two points)
Fifer K fager @ gt S areft W sfgda gt @1 gaferg < e o faget
P(x,, ¥, 2,) I Qx,, v, z,) | TRA ATet W@ 1 faep-hiare i f79 76R ¥ 7@
FT TR § (3P 1.3 (a)l

T eifee fo PQaﬁﬁT—aﬁw l,m,n% ﬁ?%x,yﬁ?z—ﬂ&i%ﬂmaﬁm
HAN: o, B, y T B
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oM S P 3t Q€@ @ Eifay s XY-ad & Raun S W e 21 P9 wHh

9 e Sifau st QS ®t N W fHerr 21 31a THHI s PNQ H, ZPQN =y
(3ATeRfd 11.3 (b)) 39T

Z V4
Q
ik ‘MQ
P N
Y Y
I) 0
s
X (a) & (b)
JTeRfd 11.3
_NQ_z-z
cosy PO PQ
Tl TR cosa, = szE;ﬁ CIny COSB:yZP—;le

a1d: foigatl P(x, p,, z,) €1 Q(x,, y,, z,) 1 g el {@r@s PQ o fep-=hiaeA

X, =X WM ~N 254 #
PQ ° PQ ~ PQ

&

SH| PQ = \/(xz_x1)2+(J’2_Y1)2+(22_ZI)2

feoruft fagaf P(x,, p, 2,) T8 Q(x,, ,, z,) l SigH ATl {@rEs o feep-sigaa =
TR ¥ fow s T

X = Xp V= Ve Zz_Zl’z” X=Xy V=V 2172,

SETET0T 1 A1 Ueh @I x, y A1 z-318q 1 SIS 9T o |1 hEsT: 90°, 60° qe 30°
1 101 ST B A fEep-ehiEEd 36 i

%ﬂﬂﬁ?ﬁmi@aﬁﬁ?{—aﬁwhm,n%lﬁa [=co0s 90° =0, m = cos 60° =
V3

n=cos 30°= —
2

1
2 b
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IETET0T2 AR T 1@ o fSep-31qurd 2, -1, -2 & Ol SUeh! ep- G Fa Hifory
T Teep-errare freter &
2 -1 -2
\/22 D+ (=27 2R 1)+ (27 \/22 +(-1)° +(-2)?

2 -1 =2

! 333

SaTetur3 < fage (—2,4,-5) 3R (1,2,3) i foar arelt T #1 K- 5
hifsTa)

T BY WA © TR ﬁs@a:ﬁ P(xl,yl,zl)GﬁTQ(xz,yz,zz)_clﬁ e arelt @ &t
fee-pram

Yo =X Vo=V 224

PQ ° PQ  PQ
g, Wt PQ = \/(xz )+, —n) +(Zz _21)2
&l P 3R Q WhHSI: (-2, 4,—5) 3 (1,2, 3) 2l
e PQ=/(1-(-2)* +(2-4) + B~ (-5 =77
st <) fagal 1 faem e W@ w1 REw e
3 2 8
NEEARNGENGE]

33101 4 x,yﬁ?z-ﬂ@ﬂﬁﬁ%—aﬁwaﬁaﬂﬁql

T x-318 THH: x, p 3 z-3787 o T 0°, 90° SR 90° o IV & | TETY x-3787
) ﬁ?{—aﬁw cos 0°, cos 90°, cos 90° 313‘[?{ 1,0,0 2l

T R -8 AR z-318T 1 ep-hrasa ®wEw: 0, 1,0 3R 0,0, 1 €

SETET0T 5 TMET R 6 A (2,3, - 4), B(1,-2,3) 3R C (3,8,— 11) T@ 2

e A @R B! fHom areft @ o feep-erqumd
1-2,-2-3,3+4 3°iq —1,- 5, 7%

B 3R C =i T arelt Y@ & fep-3rgum 3 -1, 8 +2, — 11 — 3, 31ifq, 2, 10, — 14 B

T ¢ for AB 3R BC o f&ep- 21 THU €1 3/d: AB 3R BC 99i@ &) W
AB @R BC 34 & B S9afTs 21 a1a: A, B, 3R C W@ fog 2|
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[wo=rarett 11.1]
1. 9 Tk W@ x, y 3 z-3781 & T HAA: 90°, 135°, 45° 5k HI0] &A1 ¢ <l ST
Rep-whdmEa 9d Sifsu)
Teh 1@ 1 fRep-shiEEd 9 ity s et & @rer e i o 2
Ifg T W & fp-3Tqua 18, 12, — 4, € A 3ok fKp-hi@E" = 272
Toiey T fag (2,3,4), (- 1,-2, 1), (5,8, 7) W@ €l
T S w1 9qene 1 fKep-shieed 9@ i Ak Bqs o 3 fag
(3,5,—4),(=1,1,2) 3R (~5,-5,-2) B
11.3 afeer U I@T T HHIHTOT (Equation of a Line in Space)

Fel XIH fg-forfta 90 ¥ {@nstl o1 Teqad & o qvaNq o1@ oF JIaRa H T& @
o WY qo1 HIAF THIHN i A H

T Y@ Afgdiga: i e €, 9
() =% fau fog ¥ < T faom 9 g St 7, @
(i) =€ T fau Tu faget 9 e S R

11.3.1 3T 7T f&g A @ 5= a7t a9 ST 7T QiG9r b & QUiay I@T T GHISHTOT

(Equation of a line through a given point A and parallel to a given vector b))

N & W N

Taehiforer fdener frema o qa fag O o @y Z b
S i fig A% ST g 1w ot e //P/,
fog A® S oreft qen f{u g |iEwr 5 o gHiw &

W RIgA e fe I mfemfadiwss iy < | 2
P w1 feafa wfew 7 ® (emepfd 11.4)1

=y

Y
T AP WKW b o GHIMR € S AP =Ab , &I 0
A\ Ueh aTdfaeh 9@ Bl
R & X T 11.4
=g AP = OP — OA

et Ab=F—a
ot d: 9r=re A o Ucieh AH ok foT I8 SEet @ o foedt fag Pt Rufa wem
YAl B 3Fd: @ HT WY FHIHT 2

F=a+Ab (D)
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fewuit A b = ai +bj +ck T A @ % Kb~ a, b, ¢ T R facima: o w @

o T&eb- 31T a, b, B T b = ai + bj + ck T@1 o FEIR B =&l b =i | b |7 qoen W)

wiger ®U ¥ &g ®Y A h{T (Derivation of Cartesian Form from Vector
Form)

T el fF Ry Bg A% FRWE (v, z) § SR t@ # R
a,b,c%ﬂﬂ?ﬁmWﬁQPaﬁﬁiﬂW(x,y,z)%lﬁa

?=xf+yj+zl€;&=xlf+y1j+zll€
AR E:af+bj+cl€

T HE (1) ® wfaeenfud @ 1, j AR &, TN ®i gor w8 I
g

x=x tAa, y=y +Ab;, z=z+ A .. (2)
3 Y@ o Y= FHE 2 (2) ¥ UEe A ® faeE e W, €9 U B
X—X% Y= _zZ~%
- ; - - 3)
T8 1@ F FHAH GHH 2

feuquit 9 e 1 RKep-HIaET [, m, n e, A @ w1 THH

X5 _Y-h _zZ-4% #
n

l m
SETETUT 6 97 (5,2, 4) | S aTelt qe 9?0 37 + 27 — 84 o SHIGX @1 1 Wi
T AT FHHION H S0 I
7l &8 9 7, %
G=5i+2j-4kARb=3i+2]-8k
W%@TWWW%
F=57+27—4k+A(3i+2]-8KF) [(1) ¥
{ﬁi@mﬁ%ﬁﬁgP(x,y,z)ﬁmm F%W
Xi+yj+zk=5+2]-4k+1(3i+2j-8k)

= (5+30)i+(2+20) j+(—4-80) k
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A foeltd @ W g9 I © 6
x=5 y-2 z+4
3 2 -8
St Y@ o g T A w9 2

11.3.2 & fow @ ﬁlgaﬁ @ ST aret @7 FHT GHIHOT (Equation of a line passing

through two given points)
M o Tk Y@ W feer 1 faget Ay, 2,) FRB(x,, v, 2,), & Teafa A o
G AR p ® (3P 11.5)1

e s 7 tw @es fag P w1 feafg z )
ofew 31 9@ P T W © AR R FEa IR 1 X ¥z
— . . , %

AP=7-d q AB=b - a @ TRk & e al b
P Y@ W fod ® Afg 3R chae 9% "‘& -
F—d=\(b-a) 2 ’
ol F=d+A(b-d),AeR ..(1) 0 o
S Y@ w1 wiew g 2 s
iy w0 ¥ HdlT T SO HEAT X e
B UM ©

F=xf+yj'+zl€,ﬁlef+y1j+zll€,3ﬁ'{[;=x2f+y2j‘+221€
T A W (1) § Wigeenftid o W EF 99 § TR
Xi+yjrzk=xi+y j+zk+A[C,—x)i+ (=) )+ (2, —2)k]
i, j, k o TORT ®T o R W T U & fR
X:.xl+7\4(x2*)(‘f1);y:y1+7\4(‘yz*y1);Z:ZI+7\,(ZZ*21)
A o1 foaeliod 9 W89 Ud © TR
X=X _Y-h _ 275
Xo=X Vo= ZH—34
St Y@ o GHIH 1 FwAE w9 2
sareETur 7 fage (1,0, 2) 3R (3, 4, 6) W Bl S ool @1 1 Gier FHiehr 3
HifTa|

T HA Wit d@ 3R b fega A 1,0,2) 3R B(3, 4, 6) o ferfa @fw B
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GEl d=—i+2k
R b=3i+4j+6k
ERISIY b-a=4i+4j+4k

A ehfee fF YEr W e frdt @=s fog P fefd afew 7 21 o @ &
Tfee gHrenIor
F=—i+2k+N(4i+ 4 ]+4k)
x+3 y-5 z+6
SETETUT 8 Ueh 1@ 1 I FHIHT RV
J1d it
7ol U T eIl &1 JHE ®9

X=5_Y=rn_z74

21 29 @1 1 gfew FHe

a b c
@WW?W@%W x,=-3,y,=5,z=-6a=2,b=4,c=2
30 YR i Y@ f§g (- 3, 5, — 6) @ B S ® a1 WiRW 27 +4 42k ok
TER B O it Tk Yo W feer Tt fog wt feufa wfew 7 € @ @ o wlew
THTHIO
Fo(=31457-6k)+1 Qi +4]+2k)
g W59 2

11.4 7 QT3 o HeT RIT (Angle between two lines)

T AT fF L, R L, qat g § o aeft < 3w # fores faep- g ww:
a,b,c a,b,c,? T: T9 AGEF L R TF &5 Paen L, R T 65 Q 2
AR 11.6 § T 7T |9 OP 3R 0Q W fa=r wifswl #M <fifsy fF OP 3R 0Q
o e =T HIT O 2| ST TR FIC K AR OP SR 0Q % ek FEA: a, b,
clﬁaz,bz,czﬁlmmﬁﬂwﬁmﬁ 7

aya, +bb, +c,c,

Jat +bt+ci @i +b2+c3
TA: sin 0%k &9 |, W@IH o = &1 R0 Q,L,

sin®= /1 - cos® @ 9 ved 0 9 P "

(¢a, +b1b2+clc2)2
=1 2,12, 2\( 2,2 2 X
(af +57 +cf )(a3 +55 +c3) ATHIT 11.6

cosO = FEURCES] %I
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\/(alz +b12 +clz)(az2 +b22 +022)—(a1a2 +bb, +¢,c, )2

Ja? +82 +¢) (&3 +b2 +3)

\/ (a, by —a, b1)2 + (b ey — b )2 ta-—ca )2 @)

2 2 2 2 2 2
\/(a1 + b + ¢ \/az + by +¢;

- fewnht| g feufd § s@ Wt L dRL, 9o fg @ T SRt € o e
L, 3R L, 9@, 9 fg ¥ oA aeft @ e L, 9L, o §13f et
L, 3R L % facp-3rgumai o oo fkep-shiare §f 7 &1 S L o f £, m, n, 3R
L, faT L, m,n,@ (1) 3R (2) Fefafed meg &

cos 0=/, 1, + mm, + nn| (FME 24md+n2=1=2+m2+n2) ... (3)

R sin 0 = \/(11 my =l m )2_(”11 ny=mym)* +(m by =ny ) - (4)
ﬁ%"-?ﬂﬂmﬂ a,b,c A a, b, cza'l?'ﬁ @

IEES Ea|
() doad €, I 0=90°, siq (1) ¥ aa,+bb,+cec,=0

b _ o

(i) wEiR €, A€ 0 =0, vt (2) @%:b_z
2

2 (%)

319 &9 31 W@ o o= 1 R0 [ Hw Toeh gt feu T € afe o Yene
Fo=a+\b RF = d,+pb, o s = w0 0 €

bi-b>
ad cosO = | ==
15| 2|
it v o e L - S-S (1)
: " h o
iR X=X _ V= _275 0
a, b, <) @

o o9 w1 F0 T Wl W@ (1) 9 (2) F Kep-TII FAA: a0, b, ¢, T

a, b,, 02%\ El
a,a, +bb, +c,c,

2,72, 2 [2 32, 2
\/a1 +b +¢ \/a2 +b; +c;

cos 0 =
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sarEvuT 9 fRu T Y-
=342 —4k+0(i+2]+2k)
AR F=50-27+uBi+2]+6k)
o HE I AT HIST
T CAM WS b = f+27+2k FR b, = 37 +2]+6k
T T o e w0 0¥, gEi

b-by | |(G+2]+2k)-(3i+2]+6k)
cos 0= ===
A JI+4+49+4+36
(3444127 19
| 3x7 21
o omeont (2)
. = COS 71

FETE0T 10 @-gm:
x+3 y-1 z+3

3 5 4
x+1  y-4 z-5
Rl 1 1 2

o HEF HIU AT ST

T Bl W@ o fKep-argurd 3, 5, 4 3R e Y@ o fKep-egud 1, 1, 2 €1 A 3
o= @1 I OB T

o 3145.1+4.2 16 16 83
cos 0 = = = =
V325t a2 e12 422 | V5046 526 15
83
3d: A= HIT cos ! (?J 2l

11.5 & @3l & Heh =IAa® g (Shortest Distance between two lines)

Fafte o AfE 3 T R wfaess wd € o Sk S i =AaE g g €1 SR
Fafer # 4% < Y@ guiat & 9 S9 o= i ad g, 39eh ote weed g et
U Teh @1 o T fog § 3o @1 R ©i=n 71 oal
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zHon rfafied ofafter o, Tet «ff 3@ Z
Bl © S A @ ufqeser R A 8 gHia
Bt 21 arqa ® UE t@ien o g™

AFTAAT B € S 3= Toomaeia @ G F

(skew lines) ®8d &1 STEUGAl W \1) i

aApfa 11.7 | x, y 3R z-3181 o e e ™

HHL: 1, 3, 2 THE o AR ol HH T 9 C Y

foeR e B A B
WGEW%W%W%@TX ATeRTd 11.7

@ DB,A% df% FW BA o HM d
T 78 S % fra % G 31 e § i 4 i T e
wheft foerdt off & )

T @l & " HAaH T8 9 eEr iy T Ul e ¥ @ S Ut W fed
T o5 I 3 T W R o= fog i foam § ura &1 @i g9t e —gad gl
=JAaH U {@rEs A1 fasmaea @netl W dd gl

11.5.1 & fawwacia I@ren’ & &t &t Qﬁ' (Distance between two skew lines)
319 B9 @18l o o4 &1 =Aad 30 Fefated fafy 9

T B §1 W A 1 R L, e a8 T 0
Torer Tt (st 11.8) Frefafea 2 b
Fo=a+\b (D) o
dR 7 =d,+ub, Q) — L I,

T | R FE g S fowet feafa wfew g, ofR e TRfT 11.8

fog T fomet feafq wfew g, 2, <ifsw) 7@ =m0

gfeer &1 9@, ST &1 <Faq 30 &1 e & Y&q &1 A9 oF §9F 8 (STIes]
10.6.2)1

afg /3 [, 5 o= i =AaH 0 9w pQ € @ A8 A 5, W b, W« BRI PQ
i feen # s 9T ;5 39 YRR BA TR

I}

X
St

- (3)

>
)
X
)

—_
[S)
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q« PQ=dn
el d, <A S0 Wiew 1 9w 81 6E A g7 SR pQ o el 1 v 0%, 7

PQ = ST |cos O
. PQ-ST
g cos 0 = \ﬁjHS‘ﬂ
dn-(a, — a) -
S| ast | PR ST =a, -a)
b x b)-(dG, —a
_ (b 22 (af a,) (3) % B)
ST |B, x b
iy srvfee =Aaq g
d=PQ = ST |cos 9|
- d:‘ (51 XEZ)-£d2—51) 3
| b x byl
i ®9 (Cartesian Form)
e
XN YT 27
A b, G
XX VT 275
R 1, : . b2 .
o o 1 A gl B
X=X V=N 24
a b G
a, b, )

\/(blcz _bZCl)z +(qa, —c2a1)2 +(a,b, _a2b1)2
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11.5.2 GHTaY I@rel’ & &l @t Q'ﬁ' (Distance between parallel lines)
af < Y@t/ Az [ wE ¥ @ 9 gHaehd g €1 A & e wmee:

F= G + Mb (1)
S F=d, +ub Q)
g Wl | W fag s @ feurf wfew g o R fag T @
w1 fearfa wfewr @, ® (3mepfa 11.9) - :
wiifr [, SR, TAaea 31 ARk g T® [ W
TS T &9 HT 9E P 2 q@ {@ne [ $R 1, o o w5 o p /
i = [TP| S (a7) '
A ST &R Ffew ST iR 5 o o %1 H1o1 021 I 1.9
b x ST = (| b||ST|sin 0)4 .. (3)
Wl et [ 3R % 9 R wa TR 9k A 2
g ST = a4, - 4

AT (3) ¥ 79 U © R
b x(d,—a) = |b|PTa  (FfH PT = ST sin )

19iq |bx(@,—a)l = |5|PT-1  (as|i|=1)
T @ TEnet & e =gAad g
d=|§—'|= bx(ﬁ%—al) %|
|b |

SETEOT 11 W@t [, iR 1,3 o T JgAan g S i foren wfewr w2

FEi 4N Qi-]+k) . ()
S FE2i 4kt pnGi-5je2k) .
T WO (1) A (2) F F =8 +Ab SR F = G+ ub,,d IO FA R EA
€ fF

G =1i+j, b=2i-j+k

G, =21 +]—k 3R b, =37 —5] +2k
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zafaT i, —a=1i-k
AR by xby= (20 —j+k)x(3i-5]+2k)
ik
=2 -1 1| =3i-j-7k
3 -5 2
TH AR b, xby| = AJ9+1+49 = /59
Tafery § T Y@t o s w = g
g (blxb3)~(§2—§l)| _13-0+7] _ 10
1B xby | | V59 V59

saretr 12 frefafea & w et 1 ek 4
F=i+2j—-4k+A(2i+3j+6k)
3R F=30+3]-5k+u(2i{+3]+6k)% o= Jaq g0 @ S
gl T @ geeR # (F?) 76w ®
G =i+2]—-4k,d,=3{+3]-5k ¥R b = 2{+3j+6k
st Yae & S

iJ ok
g | bx@—a) 236
b 2 1 -1
J4+9+36

C=9i+14j-4k| 293 293 5)

J49 Va9
[orerarett 11.2]
2 3 -4 4 12 3 3 -4 12
I “'is‘lﬁﬁ%' S B 30101 13 131
@ e e €l

2. swiign fom fagen (1,— 1,2), (3,4, —2) ¥ 8o <9 dreft 3@ fagatt (0, 3,2) @R
(3,5,6) " S Tl W@ W @e 2
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10.

11.

12.

T

. Zuisu o fagaT (4, 7, 8), (2, 3, 4) § 81 5 aratt 3@, fagat (- 1,-2, 1),

(1,2,5)d S areft W@ & FAR 2

. 95 (1,2, 3) | oA aTelt Y@ 1 i Sd SIS S wRw3 42 j -2k

T 2

. fog formert feafa afsw 27— j + 4k g |fcw §+2 -k &1 R & 5

el Ya o1 gfeer 3 ity w9 § gt T it

. 39 YW w1 HEE GHEHIO A6 IO S fag (- 2,4, - 5) ¥ W 7 &R

x+3_y—4_z+8a?wmﬂ%|
3 5 6

. @%@Twewﬁfawwxgszy+4=2_6%|sﬂwﬂﬁﬂ11ﬁwam

i 7 2
|

. o fog 3R (5,-2,3) W M drelt T@n w1 wiEer a9 wdid w6 g A

Hiferg|

. faget (3,-2,-5), 3R (3,2, 6) Y A oIl Tl 1 GRS a4 wdd w9

T IR ! T hitT)
freAfafed TEr-gmi o o= 1 Fio | S

() F=2i-5]+k+1(3i+2]+6k)3R
F=T7i—6k+pn(i+2]+2k)

() 7=37+]-2k+1(—]-2k) &R
F=2i-j-56k+p(3i-5]-4k)
forAferfam TE1-arel & ST T B A H
x—2:y—1:z+3ﬁkx+2:y—4:z—5
2 5 -3 -1 8 4

XY _Z
@ 5=577

()
x-5 y-2 z-3
4 1 8

p 1 T A SIS At 1;x=7y2_14=Z;3
p

R 7;7x=y15=6;2wmgh
p
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13. ﬁ@ﬁqﬁ%@ﬁx;szy:f:%aﬁifzgzgwm%l

14, @S F=({+2j+k) + M@~ j+k) R 7=2] - j-F+pQi+j+20)F
o= 1 =AdH g0 [ hIST:

. 1 1 1 -3 -5 -7
15. aeh ’“; =y+6 =Zl+ @ﬁixl =y2 =Zl % e Y =gaE O

HifeTg|
16. @rd, fSeen afer gt Freferfaa @, o s sl =ad g s it

F=(+2]+3k)+A({-3]+2k) R F=4i+5]+6k+u(Q2i+3]+k)
17. Y@, et afte aefec f=fafead 2, & o= &t =[AqH AT RIS
F=(-0)i+(-2)j+B-20k IRF=(s+1)i+2s-1)j-Q2s+ Dk

11.6 9HAT (Plane)
T GHAA 1 A ®9 9 T R S Feha © wfe Frfaied o € %€ T v 9 @
(i) FHT 1 Afere IR go fog ¥ THae i g0 9 €, ererfq sifueis ®9 o g9
T GHIHIOT
(i) 8 U fog o ToRar & @R & 7 fxen o wae 2
(i) =& f{u Tu & er@ foger o TR 21
9 Y G o HE¥ 3T I FHHLON Sl G

11.6.1 3fyciad &9 ¥ THA T THIHIIT (Equation of a Plane in normal form)

T THae W faem Sty fert 9ot fog @ daadq g d (d= 0)® (SThfd 11.10)1
. Z

gfg ON Ho fog ¥ a1 W o9 & 92 ON &

sTfer 7w fied WY € 9@ ON=d 7

21 7 oifST fF waae W S fag P71 THfe,

. P(y,
NP » ON W @i« 2 :‘J’»z)
r
a@: NP-ON =0 (D d_ >N
e eifsT P frufa wfew 7 @ ot © Y

NP= 7 - d i (FifH ON+NP=0P) X TRt 11,10
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39 TR (1) &1 ®9 Fefafed 8:
(F—dn)-dn=0

el (F—dn)-n=0(d=0)
Bl Fen—dn-n=0
ER ] Fon=d @iF n-n=1)
()
g THA 1 WY FHIHIT B

HAT T (Cartesian Form)
HHAS o1 Wi THIROT & S8T 5, HHAA o SATWeld SehTE | 81 A ST oA
WaﬁﬁﬁgP(x,y,z)%lﬁH
@=F=xf+y}'+zl€
oM ST ;i Y R [, m, n €1 T

A=1i+mj+nk

n % T w (2) § e w0 W EH W ©,
(xi+yj+zk)-(Ui+mj+nk)=d

3197 Ix+my+nz=d .. (3)
IE GHAA 1 FHIATE GHFW B

T (3) WeR w2 R AR Fo(ai+bj+ck)=dTE
FoAe 1 WY FHH § @ ax + by + cz = d THAA 1 HId1d GHIHO & SRl
a, b N ¢ A o Aol o fep-egam 2l

=Ny

6
TEET0T 13 39 I9qa 1 Wiy HHRl Fd &g st 9 fag @ Eaﬁ{ﬁﬂ'{%

SR @ fog & s sifreia |fewr 27 - 3 4 4481
A WM AT ji=27-3j+4k 2@

i 2037 +4k 2i-3)+4k

il J4+9+16 V29

n=
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Ty 9aaal oh1 A4S eI

(2 . 3 a4 4 ~ 6
”{@”@”@"jwﬁ'
SETETUT 14 FHAA 7 (61 -3 j—2k)+1 =0 W 9 {95 T Tet 7T &9 h1e Afawm
Teep-eh1ETe Td FifST
T GAAA o I TR0 1 TF UK e [ ST gehdl 8
F(=6i+3j+2k)=1 (D

CE| |—-6f +3j+2k|=36+9+4 =7
TEfe (1) o <1 9el i 7 ¥ 9 % W B9 U ® T
F[_é;+éj’\+gk’\j:l

7 7 7 7

S fF 9ad 1 GHEO A= d % ®9 & 7
sﬂﬁw%ﬁﬁﬁz—gf+%j+7&éwa€mwﬁm%6ﬁt@ﬁg

T TSR B 39 R 5 w1 w0 3 2§

77777

IEEI0T 15 §AAA 2x— 3y +4z—6=0F 7a foag ¥ T @ &Sl

& IR qe1 o Al o faeh-31qurd 2, -3, 4 € SHfAT He! fep-shiamE
2 -3 4 2 -3 4

S22+ (32447 224 (-3 4 22 (3) + 42 LA 5 9" Jao

AL, HIRTOT 2x — 3y + 42— 6 =0 AL 2x— 3y +4z =6 /29 ¥ 91 &

T EY WKl i 8

2 -3 4 6
NN RN CRRNET
SﬁTZITE?lx+my+nz=d,agmﬁ%aﬁ%ﬁgﬁwaﬁ§ad%l?ﬂﬁﬂ

a1 g fag 9 g4 %‘%
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SEEI0T 16 A f9g ¥ wwaa 2x—3y+42z-6=0
R A T A o IR o FRenw [ i)
T HH ST ga fog @ g9aa U8 ST T o o
R P fREE (x,y,z) 7 (3TFHM 11.11)1
T‘Iﬁi’@TOPé’TﬁT{aﬂqﬁx ylz§|
waaﬁaﬁwﬁaﬁqméamﬁmﬁm%ﬁ

o ¥ Fe 3THfd 11,11
2 3 4 6
x— v+ z=
V290 V297 V29 29
. 2 3 4
&l OP o fep-rqurd @,@,@%|
Fiifer Tk W & K-shiaET iR ficp-2gad g 8 §) era:
X Nh _ a
2 T3 "4 F
V29 Y29 29
2k 3k 4k
F19iq = 90T \/— BN

T A bl GHAA o IR § Hiwenfyd i W EH U 7 T k=

s‘ox
Ne)

mm%w%ﬁ@m(zﬁ,ﬁ)%l

29" 29 29

It g o5 ¥ wwaat # I 4@ SR gHad & Aface i
b [, m, n & & s *1 R (Id, md, nd) Bl B

11.6.2 T W Qlewr & arcrar agr fauw foig @
gl ST+ a1t WA BT WHIERTUT (Equation of a zZ
plane perpendicular to a given vector and

passing through a given point)
siaftar o, ws fag o wfew & e o wHAw P(x, Yy 20)
B " € WY T U T 6y P(x,y,z) ¥ T 0 Y

JehT 1 Shelel Tk HA o1 3ifeded gl ¢ (*fET
el 11.12)1 X HTHFT 11.12
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o+ wife fo guaa w55 A, gt feafa 74
ofewr G ®, 9 el 8 @) |Wiw N o eeid g1 /e
Sy for wwael W frelt fag P feorfa wfgwr 7@
(3TRid 11.13)1

a9 fog P oHael ® feed e €, 9k 3R et

o5 AP, N w3 %, st AP N-0. W S
AP=7 -G . T8feTT TRt 11,13

(F—a)-N=0 (D
I THAA HT WKL FHH B

@It &Y (Cartesian Form)
W i R R g A (v, 2) @R T W OFE FIP (ry,2) F d N F
faep-3gaa A, Bden C €, 7@

a=xi+y j+zk, F=xi+yj+zk 3R N=Ai+Bj+Ck

CE| (F—ad)-N=0
gfer [(x=x)i+(y=3) ] +(z=2)k |- (AT +B j+Ch)=0
el Ax-x)+By-y)+Cz-z)=0

SETET0T 17 39 WHAS sh1 WG ST Hiia G 716 shitse, S {865 (5,2, —4) @ St
7 3R 2,3, | Rep-argura areht Y w9 2
Tl T4 S € 6 g (5,2, - 4) o ferfa wfw g=5i 12 j—4f ¥ iR 9Haa o o
1 et wieyr N=2i+3 ]k 2
THT THAe 1 |iew el (F—d)-N=09 9ed 2|
= [F—(5i+2]-4k)]-(2i+3]-k)=0 (D
(1) ! SE &9 § S0 HH T 89 T4 ¢, 6
[(x—5)i+(y=2) j+(z+4)k]- (2 i +3 j-k)=0
B 2(x=5)+3(y-2)-1(z+4)=0
31eAiq 2x+3y—z=20
S FHAE 1 ST FHR
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11.6.3 @7 srar@ia fags | glaht 9T arer z

quae &l @91kl (Equation of a plane
passing through three non-collinear points)

9 it gaaa R e 94 stetw faget
R, S 3R T o feafs wfew wwer: a,5 3R ¢ 7
(3TTeRTd 11.14)1

gfzer RS siX ﬁﬁqwﬁ%wﬁqx
i< RS xRT ﬁgaﬁR,saﬁTTﬁaaﬁ“Q STHTT 11,14
HH 916 GAAA W e 8N HH e gHae |/
g forg Pew1 Teafa wfger 7 €1 g@feie R Y ST ot de1 |iK®l RS xRT W &, THdet

1 Wi (7 -d)- (RSx RT) =0 21
7 (F—a). [(b—a)x (¢ -a)] =0 .. (D)
TE T 3@ fagati ¥ oA aTel 9Hae o HHI 1 |iee

laks S <

| frout | s wfmen ® 9 ot fig e i e
27 I fog T & T W feord © e SE8 A Al s wHaa
B (STepfd 11.15)1

3 THAA Ueh J&Ih o Js3i i Al g Sl
fagell R, S @R T %! sfdfde & amef @
T o 531 o SUH oTel T B 9 B TR 11.15
HAT B (Cartesian Form)
HH F’ﬁﬁ‘m ﬁge’ﬁ R, S 3:ﬁT T fidenes s (x1, y1, z1), (X2, ¥2, 22) 3:ﬁ—{ (x3, ys, Z3)%|
oM oifSe for wHaer w feel fag Pos fdenies (x, v, 2) 9 z@en feufa afkw 721
ﬁ :(x_xl)l’: +(y_y1)j +(Z_Zl) ]2
RS =(—x)] +(-y)j +(@-2)

RT =(u—x)i+(-y)j +(z-2) ¢
T O ) Wiy Uey & FHe (1) § giieerdT i W g9 W © 6

X=X y=n»n =%
X=Xy Nh—Nh Z,— 4

X3~ -V 23—
Eifik] ﬁvl‘gg (X1 1, 21), (X2, 12, Zz) AR (X3 )3, Z3)@ NSS! et THA o GHIhOT
FIA TET 8

=0
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saEror 18 faget R(2, 5,—3), S(—2, -3, 5) 3R T(5,3,—3) ¥ S ot THdel =1 GfEw

HHIEROT FA HIfS

T UM M G=2i+5]-3k, b=—2i-3j+5k, ¢=5i+3] -3k

q9 G, b AN W S ol GHAA 1 HiEw qHieR Frefafed B¢
(F-d)-(RSxRT) =0 (F?)

Bl (F—a)-[(b-d)x(E-ad)] =0

efiq [F—(2i+5]-3k)]-[(—4i -8 ] +8k)x(37 -2 })]=0

N

11.6.4 TOAT o THIHIUT HT Hd: GE-BT (Intercept form of the equation of a
plane)
3T =] H, H WHAA o THIHIU i, SHoh g1 dena | He 3fd: T & w9 H
A HA| AN AT THAA T R

Ax+By+Cz+D=0 (D=#0) Tl (D
m;ﬂﬁqwmx,y,aﬁ?z-aﬁmaﬁ 3d: ¥ Hul: a,bﬁ?c(ﬂ@ﬁ‘l 11.16)%I

T A x, p AR z-3tel W wE: 95 (a, 0, 0), (0, b, 0), 3R (0, 0, ¢) W firew 21
Z

safeTT Aa+D=0TA=—
a

R (0,0,c)

Bb+D=OEITB=7

_D Y
Ce+D=0aC=—— (0,5,0)
T 9 R A o G (1) § gfaeenfud s 3tk

WA FE W B U © 6

P (a,0,0)
X JHT 11,16
y

X z
_+_+_:1 2
a b c @

S 3(d: W ®9 H GHIA 1 e FHe B

SETET0T 19 ST GHAA 1 GHIHIT J1d I S x, p IR z-37ef W %wuer: 2, 3 3R
4 37d: @S Fredl B

T HF AT, a1 GHIH R

S| (D)
a b c

Tel a=2,h=3,c =47 Bl
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a, b3 ¢ =3 T & (1) § It & W 80 99a0 1 ST gHie

§+§+§=1 A 6x + 4y +3z= 12 W FW T

11.6.5 I o GHaen & Ufaesed @ kT I arelm WHAA (Plane passing
through the intersection of two given planes)

79 W 1, SR n, ¥ THAA, TSR Wi e
FR: 7oA =d, SR Fa, =d, T gfaessd [ yT™
e W feoq Tt fag = feafa afew s <+ I

gt S W HOT (3R 11.17)1
7R T8 Y@ W few e g R ok s @ ™ o Y
i, =d R 7-ii, =d, TR 1117
sHiferT A % G+t ardfas 9 % faT g9 U@ © TR
{-(A,+\iy) = d, +\d,
Fifer 7 @5 ? zEfaw 98 @1 & fwdt fag a1 gge w3 2
TH R THIB 7 - (7, + i, ) =d, + hd, FEGE m, i FTefia o & < v € fo A
T AW 7, n 3 1, o THGON H T HI 8 q T8 1, Bl ORI HIE B
aa: gEaEA P oA, = dy R P iy =d, & e @ ¥ W aet fEe e
THE F - (7 + Miy) = d, + \d, B ()
Eanipikov (Cartesian Form)
HAF ®Y o T A

i, = Ai+B, j+C, k

i, = A,i+B, j+C, k
AR 7= xf+y}'+zl€
a (1) o el &9 2

x (A, + M) +y (B, + AB) +z(C, + AC)=d, + Ad,

Ell Ax+By+Cz-d)+ MAx+By+Cz-d)=0 - (2
YRS A o fo R wmae o wfaessd @ | giel W arel fhdt FHdel 1 i
iR B
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SEETOT 20 FHAA 7. (i+ j+k)=6 3R F - (21 +3 ] +4k)=— 5,5 Wia=ssa qo1 fag
(1,1,1) ¥ ST aTe THAe 1 AT GHI0T A Shifad)

AU i =i+ j+k IR 7, = 20 +3]+4k FRd =6 W d,=-5%
AT G 7 - (7, + M, ) =d, +hd, T TN &HE T,

T+ j+k+0Q2i+3]+4k)] = 6-51

=N

0

N

T +20) i +(1+3R) j+(1+40)] k = 6-5A (D)
SRl A\ U ATt S €l

F=xf+yj+z/€,'{'@ﬁtﬁgqtﬂﬁgﬁ

(xi+y j+zk)[(1+20) +(1430) j +(1+4L)k]=6—5L
Bl (1+20)x+(1+30) y+(1+41)z=6-5Lr
Bl x+y+z-6)+A 2x+3y+4z+5)=0 .. (2)
9 JEIER st T fog (1,1,1) ¥ W0 €, o1: ¥ 95, (2) & wg= wam
S

(1+1+1-6)+AL(2+3+4+5)=0

. i
]

A% T OE & (1) ¥ gfaeenfid 0 W 89 94§,

: [1+§]f+[1+2)}+(1+é)1€ _ 612
7 14 7 14

. A A 69
a F-(Ei+§j+£kj =
7 147 7

N

el (207 +23j+26k) =69
S HEae w1 A Tk TR 7
11.7 7 Y@= hT WE-Acd BT (Coplanarity of two lines)
7= d,+\b . (1)

=N
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Ll F = dy+ub, © e
@ (1) fag A, fowet feufq wfew G, 8, ¥ 8o St € qen 5, & 99 81 T (2)
fog B et feofa wfew 4,2, 9 2ot St 8 Qo 5, % 99I@R 81 7@
AB = d,—d,
T4 Y@ we-qeld ¥, Ak R e Ak AB, 4 ol 5, We-aela 8 st
AB.(hyx by) =07 (@, - a)-(bxb,) =0
Eacipikay) (Cartesian Form)
7 wifoe R foget A iR Bk fdems ®a9: (x,p,,2,) 3R (x,, ,2,) T A e
& b 3R b, o fp-3gId F oM a, b, ¢, T a, b, c, T T

12712 71 22 720 72
Hé:(xz_)ﬁ)l?"‘(h _Y1)j+(22_21)]€
by=ai+b j+c k; 3R by=a,i+bh, j+c, k
T4 Y@ we-aeta €, A o Sha@ AR AB- (b xb,)=0 f& frfafeq it w9
o = H Hhd B
Xo=X V=N 2%
a, b, ¢ |=0 (4

a b, &)

SEET0T 21 T9ise f Y@

1 oz- 1 y-2 z-5 .
XI3_ Yl 270 oy XLV T2 270 el ¥
3 1 5 1 2 s

T g e WA € & x =-3,y,=1,2,=54a,=-3,b=1,¢,=5
x,=-1,y,=2,z,=5,a,=-1,b,=2,¢,=5
a1 frfafed arfores oF = 59 99 2
=X = 274 210
a, b, ¢ |=]-3 1 5|=0
a, b, C, -1 25

TgferT Y@t H-aefi 2|
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11.8 St WUAS ok Sl AT hIUT (Angle between two planes)

UftaTeT 2 <) HHAell o | Wl IV Soh SAfAcidl oh HEAEY Shivl gRI TR ©
(3Tepfa 11.18 (a))| &M ST for =k < wHael o o= &1 o1 0 2 af 180 — 0
(BT 11.18 (b)) ¥ft STk =1 T =101 B1 €H = i1 ol € Feclell o sirel 1 I |

A AfS foF whaet, 7, =d, SR 7 -7, = d, o S w1 B0 7| 79 R |
fog @ wuael W ©iw MU et o st w1 w0 0 )

GE cos 0=

sifireral o fier T IoT
Wl/?{\790—(90—9)]
n, - / ’
/N /N o>
90-0
0 HHAA 2 “;’
T ' 180 -0

T T

G STFRT 11.18 (b)
| fooroft |G T WeR wiue, ® AR ., = 0 AR EER § AR, SR

i, TR T

Eanie) ®U (Cartesian Form)
ﬂﬂ?ﬁﬁl‘qm
A x+By+Cz+D =03 Ax+B,y+C,z+D,=0
o ot 1 HI0 0 R
A wHaal o e % fKe-3TTa w1 A, B, C, 3R A, B, C, B @i
A A, +B, B, +C, C,
JA? B+ Q| A2+B2+C3

cos 0=

1. aff S THde TR ofd § dd 0 = 90° 3R TH & cos O = 0. 37
c0s6=A1A2+B1B2+C1C2=0
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C

2. af R e T AL = B C—l
2

=l
AZ B2
SETETUT22 T WHAW 2x +y—2z=5 3R 3x— 6y — 2z =7 9 1 0 Gy fafy
ERURICECAIS I

T € HAAA o o= T R GE B S 3ok fAcial o &= Rl IVl &1 HHI o
U U T ¥ gHael o 9ieen Afaed

Ni=2i+j-2k3R N,=3i-6j-2Fk I

Ni-N Qi+j-2k)yQBi-6]-2k) (4)
T 0=|——|= N
cos ‘|N1||Nz| JA+1+4 J9+36+4 21

(4

HAd: 0 =cos 3

SETET0T23 T HHaAl 3x— 6y +22z="7 3R 2x+2y—2z =57k &= 1 iU A BT
A x+By+Cz+D =0 3R A x+B,y+C,z+D,=0
¥ HH WA IW ¢ A =3B=-6C =2
A,=2,B,=2,C,=-2
3x2 +(=6) (2) +(2) (-2)
\/(32 £ (=6) +(-2)°) (22 + 22 +(-2)?)

gd: cos 0=

~10 5 53

T l7x 23| B 21

gfee 0 = cos! (ﬂJ

21
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11.9 90ad ¥ fau @ 1%@ E) ?gﬁ' (Distance of a point from a plane)
qfg9r ®U (Vector Form)

w fog P fowen feufa wfew 5 ot s woaw n, TSrEe1 St 7.4 = d
(3R 11.19) W fo=R Hifs)
z

o T,
Ty
p S L\ P
..... ! a
a N’ N N >Y
0 i 57 v o (I
ZEEEE \,J |-
X
() X (b)
JTRTd 11.19

H: fog P ¥ HHAA n, o WA HHAA n, W =R RS0 wHdel n, o Afaee
T WY 5 B A SR GHEH (7 — G )-A =0 2
et Foh=dn
a1:, 7o fag ¥ 39 9Haa # g ON' = |44 B 36T P ¥ w9adt n, § gl
(&A1eRid 11.21 (a))

PQ=ON-ON =|d— G-A|

2, S T o5 @ G gHdel W old i o 1 Shfd 11.19 (b) o fU 79 s wRR
1 RO T Y Fehd

1. af THae 7, 1 FHE 7 N =d , % §9 1, @ N TEGA W A 8

Eﬁﬂﬁ%{ﬁ% 3

2. 7@ fag O @ 99w p.N:dﬁ@%%(wﬁawM
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T ®Y (Cartesian Form)

A AT R P(x,, v, z,) T T fag @ fomen feufa wfewr g @ aon Ru wwaa =1
AT FHERTOT
Ax+By+Cz=D%

qd a=x15+y1}+zll€
N = Ai+Bj+Ck
3@d: (1) & g P ¥ 99qd W &d &I TaT8
(xlf+y1]'+zl12)-(Af+Bj+c1€)—D|
J AT B 1 C |

Ax1+By1+Czl—D|
\/A2+B2+C2 ‘

SEETUT 24 65 (2,5, -3)F WAAA F(671 -3 +2k) =49 T I Fitww)

T U G=27+5]-3k, N=6i-3j+2k3Rd=4.
Tafere fag (2, 5, - 3) 1 KU goda @ 0 2:
(27 +57-3k)-(61-3j+2k) -4

167 -3 ]+2k|
C12-15-6-4] 13
- [36+9+4 7
11.10 Uk IW@T 31T Ueh HHAA o 1<l kT aHIUT (Angle between a line
and a plane) W

TftaTeT 2 U Y@ SR U GHAA o S B R, apfireig —>
Yo iR g & sficE % e & S H /“T

(complementary angle) I B ® (3TRfd 11.20)1 / 690 8 /
/

wfeyr ®9 (Vector Form)
A AT fF @ w1 SR F =G+ A b € e T
T 1 WHISHOT 7 -7i = d 8 a6 1 AR THad o 3R 11.20
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sAfiretss o o= 1 Hior 0, FreAfefad g gR1 e fwan <1 g 21
b-ii
b |
3R 39 YRR @ IR WHAS o ot T 0§, 90° — 0, BRI W & el

sin (90° — 0) = cos O

cos 0=

, ji . 17-;7‘
Y1, smo=|—=—— | AM=SM |—=—
it ¢ b||n|‘ ¢ b7
x+1 y z-3
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