
�The Theory of probabilities is simply the science of logic

quantitatively treated – C.S. PEIRCE �

13.1 (Introduction)

(classical theory)

(conditional probability)

(Bayes' theorem),

(random variable)

(mean)

discrete

probability distribution

13.2 (Conditional Probability)

Probability

13

Pierre de Fermat

(1601-1665)
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(fair) 

S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

1

8

 E F 

E = {HHH, HHT, HTH, THH}

F = {THH, THT, TTH, TTT}

P(E) = P ({HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})

=
1 1 1 1 1

8 8 8 8 2
� � � �  ( ?)

P(F) = P ({THH}) + P ({THT}) + P ({TTH}) + P ({TTT})

=
1 1 1 1 1

8 8 8 8 2
� � � �

E � F = {THH}

 P(E ��F) = P({THH}) = 
1

8

 F

E F 

E 

E S

F

F

F E THH 

F E = 
1

4

F E = 
1

4
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E F

P (E|F) 

 P(E|F) =  
1

4

F E E F

 E � F 

E F

P(E|F) =
(E F)

F

�

=
(E F)

(F)

n

n

�

P (E|F) 

P(E|F) =

(E F)

P(E F)(S)

(F) P(F)

(S)

n

n

n

n

�
�

� ... (1)

P(F) � 0  F ����( ?)

E F 

F E 

P(E|F) =
P(E F)

P(F)

�
, P(F) � 0

13.2.1  (Properties of conditional probability)

E F S 

 1 P (S|F) = P (F|F) = 1

P(S|F) =
P(S F) P (F)

1
P(F) P(F)

�
� �
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P(F|F) =
P(F F) P(F)

1
P(F) P(F)

�
� �

P(S|F) = P(F|F) = 1

A B S F

P(F) � 0, 

P[(A � B)|F)] =P(A|F) + P(B|F) – P[(A � B)|F]

A B

P[(A�B)|F)] = P(A|F) + P(B|F)

P[(A�B)|F)] =
P[(A B) F]

P(F)

� �

=
P[(A F) (B F)]

P(F)

� � �

=
P(A F)+ P(B F) – P(A B F)

P(F)

� � � �

=
P(A F) P (B F) P[(A B) F]

P(F) P(F) P(F)

� � � �
� �

= P(A|F) + P(B|F) – P(A�B|F)

A B

P[(A � B)|F)] = 0

	 P[(A ��B)|F)] = P(A|F) + P(B|F)

A B P(A ��B) = P(A|F) + P(B|F)

P (E
|F) = 1 – P(E|F)

P (S|F) =  1

	 P [(E ��E
)|F)] = 1   S = E ��E


	 P (E|F) + P (E
|F) = 1 E E


P (E
|F) = 1 � P (E|F)
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P (A) = 
7

13
, P (B) = 

9

13
P (A � B) = 

4

13
, P (A|B) 

4

P(A B) 413P(A|B) =
9P(B) 9

13

�
� �

b g

S = {(b,b), (g,b), (b,g), (g,g)}

 E  F 

E :

F :

E = {(b,b)} F = {(b,b), (g,b), (b,g)}

E � F = {(b,b)}

P(F) =
3

4
 P (E � F ) = 

1

4

P(E|F) =

1

P(E F) 14
3P(F) 3

4

�
� �

 A B 

P(A|B) 

 S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}

A = {2, 4, 6, 8, 10}, B = {4, 5, 6, 7, 8, 9, 10}

A ��B = {4, 6, 8, 10}
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P(A) = � �

P(A|B) =

4

P(A B) 410
7P(B) 7

10

�
� �

% XII 

XII 

E XII   F 

P (E|F) 

P(F) =
430

0.43
1000

�
43

P(E F) = 0.043
1000

� �   ( ?)

 P(E|F) =
P(E F) 0.043

0.1
P(F) 0.43

�
� �

A B

A :  

B : 

B A

B = {(6,5,1), (6,5,2), (6,5,3), (6,5,4), (6,5,5), (6,5,6)}

A =

(1,1,4)   (1,2,4) ... (1,6,4) (2,1,4) (2,2,4) ... (2,6,4)

(3,1,4) (3,2,4) ... (3,6,4) (4,1,4) (4,2,4) ...(4,6,4)

(5,1,4) (5,2,4) ... (5,6,4) (6,1,4) (6,2,4) ...(6,6,4)

� �

 

� �

 

� �

A � B = {(6,5,4)}

P(B) =
6

216
  P(A ��B) = 

1

216

P(A|B) =

1

P(A B) 1216
6P(B) 6

216

�
� �
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E F 

E = {(4,1), (4,2), (4,3), (4,4), (4,5), (4,6), (1,4), (2,4), (3,4), (5,4), (6,4)}

F = {(1,5), (2,4), (3,3), (4,2), (5,1)}

P(E) =
11

36
 P(F) = 

5

36

E ��F = {(2,4), (4,2)}

P(E ��F) =
2

36

P(E|F) =

2

P(E F) 236
5P(F) 5

36

�
� �

P(E � F) P (F) 

 13.1
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 (H,H) 

(T, i) 

i

 (H,H), (H,T), (T,1), (T,2),

(T,3) (T,4), (T,5), (T,6) 
1 1 1 1

, , , ,
4 4 12 12

1 1 1 1
, , ,

12 12 12 12

F E

F = {(H,T), (T,1), (T,2), (T,3), (T,4), (T,5), (T,6)}

E = {(T,5),  T,6)}   E � F = {(T,5), (T,6)}

P(F) = P({(H,T)}) + P ({(T,1)}) + P ({(T,2)}) + P ({(T,3)}) +

P ({(T,4)}) + P({(T,5)}) + P({(T,6)})

=
1 1 1 1 1 1 1 3

4 12 12 12 12 12 12 4
� � � � � � �

P (E ��F) = P ({(T,5)}) + P ({(T,6)}) = 
1 1 1

12 12 6
� �

P(E|F) =

1

P(E F) 26
3P(F) 9

4

�
� �

13.1

1.  E F P (E) = 0.6, P (F) = 0.3 

P (E ��F) = 0.2 P (E|F) P (F|E) 

2. P(A|B) P(B) = 0.5   P (A ��B) = 0.32

3.  P(A) = 0.8,  P(B) = 0.5 P (B|A) = 0.4 

(i) P(A ��B) (ii) P(A|B) (iii) P(A ��B)

4. P(A ��B)  P(A) = P(B) =
5

13

2
P A|B =

5

13.2
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5.  P(A) = 
6

11
, P(B) = 

5

11
 P(A � B) 

7

11
�

(i) P(A�B) (ii) P(A|B) (iii) P(B|A)

P(E|F) 

6.

(i) E : F :

(ii) E : F :

(iii) E : F :

7.

(i) E :  F : 

(ii) E :   F 

8.

E : 

F : 

9.

E : F :

10.

(a)

(b)

11. E = {1,3,5},  F = {2,3},  G = {2,3,4,5}

(i) P (E|F)  P (F|E) (ii) P (E|G) P (G|E)

(iii) P (E � F|G)  P (E ��F|G)

12.

(i) (ii) 

13.
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14.

15.

16. P (A) = 
1

2
, P(B) = 0 P (A|B)

(A) 0 (B)
1

2
(C) (D) 1

17.  A B P (A|B) = P (B|A) � 0 

(A) A � B (B) A = B (C) A � B = �

(D) P (A) = P(B)

13.3 (Multiplication Theorem on Probability)

E F S

E ��F E  F E ��F E 

F E ��F EF 

EF

EF 

F E 

P(E|F) 

P(E|F) =
P(E F)

,P (F) 0
P(F)

�
�

P(E � F) = P (F) . P (E|F) ... (1)
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P(F|E) =
P(F E)

,P(E) 0
P(E)

�
�

P(F|E) =
P(E F)

P(E)

�
( E � F = F ��E)

P(E � F) = P(E) . P(F|E) ... (2)

P(E ��F) = P(E) P(F|E) = P(F). P(E|F)  P(E) � 0 P(F) � 0

E F

P(E�F)  P (EF) 

) = 
10

15

E

F

E

P(F|E) =
9

14

P(E�F) = P(E) P(F|E) = P(E) . P(F|E) . P(G|EF)

=
10 9 3

15 14 7
	 �

E, F  G 

P(E�F�G) = P(E) P(F|E) P(G|E�F) = P(E) P(F|E) P(G|EF)
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 K A 

P (KKA) 

P(K) =
4

52

 P(K|K) 

(52 
�1) = 51 

P(K|K) =
3

51
P(A|KK) 

P(A|KK) =
4

P(A|K K)
50

�

P(KKA) = P(K) P(K|K) P(A|KK)

=
4 3 4 2

52 51 50 5525
	 	 �

13.4 (Independent Events)

E F

P(E) =

E F

P(E ��F) =
1

52

P(E|F) =

1

P(E F) 152
1P(F) 4

13

�
� �

P(E) =
1

4
= P (E|F), F

E
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P(F|E) =

1

P(E F) 152 P(F)
1P(E) 13

4

�
� � �

P(F) = 
1

13
 = P(F|E)  E F  

E  F 

E F

P(F| E) = P(F)  P(E)  � 0

P(E| F) = P(E)  P(F)  � 0

P(E)  P(F) 

P(E ��F) = P(E) . P(F|E) ... (1)

 E F 

P(E ��F) = P(E). P(F) ... (2)

E F 

E  F 

P(E ��F) = P(E)  P(F)

1. E  F dependent

P(E ��F ) � P(E) . P(F)

2.
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3. E F E

F E F

P(E)  P(F) 

 P(E�F) = P(E) . P(F)

4. A, B C

P(A�B) = P(A) P(B)

P(A�C) = P(A) P(C)

P(B�C) = P(B) P(C)

P(A�B�C) = P(A) P(B)  P(C)

E F

E F

 S = {1, 2, 3, 4, 5, 6}

E = {3, 6}, F = {2, 4, 6}   E ��F = {6}

P(E) = 

P(E ��F) = P(E) . P(F)

E F

unbiased A

B

A B

18 1
P(A)

36 2
� �

18 1
P(B)

36 2
� �
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P(A �� )

=
9 1

36 4
�

P(A) . P(B) =
1 1 1

2 2 4
� �

P(A ��B) = P(A) . P(B)

 A   B 

E 

F  G 

 (E,F), (E,G) (F,G) 

S = {HHH, HHT,   HTH,  THH, HTT, THT, TTH, TTT}

E = {HHH, TTT},  F= {HHH, HHT, HTH, THH}

G = {HHT, HTH, THH, HTT, THT, TTH, TTT}

E ��F = {HHH},   E ��G = {TTT},   F � G = { HHT, HTH, THH}

P(E) =
2 1 4 1 7

, P (F) , P(G)
8 4 8 2 8
� � � �

P(E � F) =
1 1 3

, P(E G) , P(F G)
8 8 8

� � � �

P(E) . P(F) =
1 1 1 1 7 7

, P(E) P(G)
4 2 8 4 8 32
� � � � � �

1 7 7
P(F) P(G)

2 8 16
� � � �

P(E � F) = P(E) . P(F)

P(E � G) � P(E) . P(G)

P(F � G) � P(F) . P(G)

 (E  F) (F  G)  (E  G) 

 E  F E  F�

E F 

P(E ��F) = P(E) . P(F) ... (1)
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13.3, E ��F  E ��F�

E = (E � F) � (E ��F�)

E ��F  E � F�

P(E) = P(E ��F) + P(E � F�)

P(E ��F�) = P(E) 	 P(E � F)

= P(E)  	 P(E) . P(F) (1) 

= P(E) [1 	 P(F]

= P(E) . P(F�)

 E  F�

�
(a) E� F

(b) E� F�

A B A B 

= 1	 P(A�)  P(B�)

P(A  B ) = P(A ��B)

= P(A) + P(B) 	 P(A ��B)

= P(A) + P(B) 	 P(A) P(B)

= P(A) + P(B) [1	P(A)]

= P(A)  +  P(B) . P(A�)

= 1	 P(A�) + P(B) P(A�)

= 1	 P(A�)  [1	 P(B)]

= 1	 P(A�) P (B�)

13.2

1.   P(A) 
3

� P (B) 
1

� A B   P (A �� B)

2.

3.

 13.3
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4. A

B

A B

5. 1, 2, 3 4, 5, 6 

A B 

A B 

6.  E  F P(E) 
3

5
� , P (F) 

3

10
�  P (E ��F) = 

1

5
 E F ?

7. A  B 
1

P A = , P (A ��B) 
3

= P(B) = p.

p i ii

8. A  B  P(A) = 0.3   P(B) = 0.4.

(i) P (A ��B) (ii) P (A ��B)

(iii) P(A|B) (iv) P B | A

9. A B P(A) 
1

4
� ,  P (B) = 

1

2
P(A � B) = 

1

8

P(A B

10.  A B P(A) = 
1

2
P(B) = 

7

12

P(A B
1

4
� . A B

11. A B P(A) = 0.3,  P (B)  =  0.6 

(i) P(A B) (ii) P(A B

(iii) P(A B) (iv) P(A B )

12.

13.

(i) (ii)

(iii)
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14. A  B 
1

2

1

3

(i)

(ii)

15.

 E F ?

(i) E : ‘ ’

F : ‘ ’

(ii) E : ‘ ’

F : ‘ ’

(iii) E : ‘ ’

F : ‘ ’

16.  60% 40% 20% 

(a)

(b)

(c)

17.

(A) 0 (B)
1

3
(C)

1

12
(D)

1

36

18. A B

(A) A  B (B) P(A�B�) = [1–P(A)][1–P(B)]

(C) P(A) = P(B) (D) P(A) + P(B) = 1
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13.5 (Bayes' Theorem)

I II I 

II 

1

2
I)

II) 

II reverse

13.5.1 (Partition of a sample space)

E
1
, E

2
 ... E

n
S

(a) E
i
� E

j
 = �, i � j, i, j = 1, 2, 3, ...n

(b) E
1
���

�
��			��E

n
= S 

(c) P(E
i
) > 0, i = 1, 2, ..., n 

E , � , ... E S 

 E E� S 

E � E� = � E � E� = S.

13.3, E  F 

S, {E ��F, E � F�} E 

{E����F, E ��F, E ��F�} E ��F 

{E ��F�, E ��F, E� ��F, E� ��F�} S 

13.5.2  (Theorem of Total Probability)

  {E
1
, E

2
,...,E }  S, 

 E
1
, E

2
 ,...,E

n
A 
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,

P(A) = P(E
1
)  P(A|E

1
) +  P(E

2
)  P(A|E

2
) + ... + P(E

n
) P(A|E

n
)

=
1

P(E )P(A | E )
n

j j

j


�

E
1
, E

2
, ..., E

n
 S ) 

S = E
1
� E

2 
��			���E

n
 ... (1)

E
i
��E

j
 = � � i � j, i, j = 1, 2, ...., n

 A, 

A = A ��S

= A ��(E
1
��E

2
 ... E

n
)

= (A ��E
1
) ��(A ��E

2
) ��			��(A ��E

n
)

 A ��E
i
,  A ��E

j
, E

i
E

j
i j� , 

i � j,  i, j = 1, 2 ..., n A ���E
i

A �E
j

P(A) = P[(A ��E
1
) ��(A ��E

2
)� .....��(A ��E

n
)]

= P(A ��E
1
) + P(A ��E

2
) + ... + P(A ��E

n
)

P(A ��E ) = P(E ) P(A|E )  P (E
i
) � 0�i = 1,2,..., n

P(A) = P(E
1
) P(A|E

1
) + P(E

2
) P(A|E

2
) + ... + P(E

n
) P(A|E

n
)

P(A) =
1

P(E ) P(A | E )
n

j j

j


�

A 

B P(A) 

P(B) = 0.65, P( ) = P(B�) = 1 
 P(B) = 1 
 0.65 = 0.35

P(A | B) = 0.32, P(A | B�) = 0.80

B B�

= P(B) . P(A | B) + P(B�) P(A | B�)

 13.4
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= 0.65 × 0.32 + 0.35 × 0.8

= 0.208 + 0.28 = 0.488

(Bayes' Theorem)  E
1
, E

2
 ,..., E

n
S

E
1
, E

2
 ,...., E

n
E

1
� E

2
� ,..., �

E
n
 = S A 

P(E
i
|A) =

1

P(E )P(A|E )
,   1, 2, 3, ..., 

P(E )P (A | E )

i i

n

j j

j

i n







�

P(E
i
|A) =

P(A E )

P(A)

i�

=
P(E )P(A|E )

P(A)

i i

=

1

P(E )P(A|E )

P(E )P(A|E )

i i

n

j j

j


�

 E
1
, E

2
, ... E

n
hypotheses

P(E
i
) E

i 
a priori

P(E
i
A) E

i
a posteriori

E
i

S

E
i

 E
i

E
i

A
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I II  I II

II

I E
1

II E
2

A 

P(E
1
) = P(E

2
) = 

1

2

P(A|E
1
) = P(  I ) = 

3

7

P(A|E
2
) = P(  II ) = 

5

11

 II 

= P(E
2
|A), 

P(E
2
|A) =

2 2

1 1 2 2

P(E )P(A | E )

P(E )P (A | E )+P(E ) P(A | E )

1 5

352 11
1 3 1 5 68

2 7 2 11

�

 


� � �

I, II  III I 

II III 

E
1
, E

2
E

3
I, II III 

P(E
1
) = P(E

2
) = P(E

3
) = 

1

3

A 

P(A|E
1

I ) = 
2

2
 = 1

P(A|E
2

II ) = 0

P(A|E
3

III ) = 
1

2
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=  I 

= P(E
1
|A)

P(E
1
|A) =

1 1

1 1 2 2 3 3

P(E )P(A|E )

P(E )PA|E )+P(E )P(A|E )+P(E )P(A|E )

=

1
1

23
1 1 1 1 3

1 0
3 3 3 2

�

�

� � � � �

90% 10% 

99% 

1% 

0.1% 

E A 

 P(E|A) 

 E�

 {E, E�} 

P(E) = 0.1% 
0.1

0.001
100

� �

P(E�) = 1 – P (E) = 0.999

P(A| E) = P 

= 90% = 
9

0.9
10
�

P(A|E�) = P 

= 1% = 0.01
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P(E|A) =
P(E)P(A|E)

P(E)P(A|E) +P(E ) P(A | E )� �

=
0.001 0.9 90

0.001 0.9 0.999 0.01 1089

�
�

� � �
 = 0.083 

0.083 

A, B  C 

25%, 35% 40% 

B

B
1
, B

2
, B

3

B
1
 :  A 

B
2
 :  B 

B
3
 :  C 

  B
1
, B

2
, B

3
E

E 

E, B
1

 B
2

 B
3

P(B
1
) = 25% = 0.25,  P (B

2
) = 0.35   P(B

3
) = 0.40

P(E|B
1
) = B

= 5% = 0.05

P(E|B
2
) = 0.04,  P(E|B

3
) = 0.02

P(B
2
|E) =

2 2

1 1 2 2 3 3

P(B )P(E|B )

P(B )P(E|B )+P (B )P(E|B )+P(B )P(E+|B )

 =  
0.35 0.04

0.25 0.05 0.35 0.04 0.40 0.02

�

� � � � �

0.0140 28
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11. A, B  C A 1% 

B  C 5% 7% 

A 50% B 30% C 

20% A 

?

12. 52 

13. A 
4

5
A 

(A)
4

5
(B)

1

2
(C)
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5
(D)

2

5

14. A B A � B P(B) ��0  
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P(B)

P(A | B)
P(A)

� (B) P(A|B) < P(A)

(C) P(A|B) � P(A) (D)

13.6  (Random Variables and its Probability

Distribution)

(i)  

(ii)

(iii)
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X 
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X (HHH) = Rs (2 � 3) =  Rs 6
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13.6.1  (Probability distribution of a random

variable)
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i
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�
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P(X = 0) = P( ) = 
5 5 5 125

6 6 6 216
� � �

P(X = 1) = P( )
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1 5 5 5 1 5 5 5 1

6 6 6 6 6 6 6 6 6
� � � � � � � �
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(b)

X 

X 0 1 2 3 4

P(X) 0.1 k 2k 2k k

(a)
1

1
n

i

i

p
�

�


0.1 + k + 2k + 2k + k = 1

� k = 0.15

(b) P( ) = P (X � 2)

= P (X = 2) + P (X = 3) + P (X = 4)

= 2k + 2k + k = 5k = 5 × 0.15 = 0.75

P( ) = P (X = 2)

= 2k = 2 × 0.15 = 0.3

P( ) = P (X � 2)

= P (X = 0) + P(X = 1) + P(X = 2)

= 0.1 + k + 2k = 0.1 + 3k = 0.1 + 3 × 0.15 = 0.55

13.6.2  (Mean of a random variable)
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P(X = 2) = P({(1, 1)}) 
1

36
�

P(X = 3) = P({(1, 2), (2, 1)}) 
2

36
�

P(X = 4) = P({(1, 3), (2, 2), (3, 1)}) 
3

36
�

P(X = 5) = P({(1, 4), (2, 3), (3, 2), (4, 1)})
4

36
�

P(X = 6) = P({(1, 5), (2, 4), (3, 3), (4, 2), (5, 1)})
5

36
�

P(X = 7) = P({(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)})
6

36
�

P(X = 8) = P({(2, 6), (3, 5), (4, 4), (5, 3), (6, 2)})
5

36
�

P(X = 9) = P({(3, 6), (4,5), (5,4), (6,3)})
4

36
�

P(X = 10) = P({(4, 6), (5, 5), (6, 4)})
3

36
�

P(X = 11) = P({(5, 6), (6, 5)})
2

36
�

P(X = 12) = P({(6, 6) 
1

36
�



582        

X 

X x
i

2 3 4 5 6 7 8 9 10 11 12

P(X) p
i

1

36

2

36

3

36

4

36

5

36

6

36

5

36

4

36

3

36

2

36

1

36

� = E(X) =
1

1 2 3 4
2 3 4 5

36 36 36 36

n

i i

i

x p
�

� � � � � � � �


5 6 5
6 7 8

36 36 36
� � � � � �

4 3 2 1
9 10 11 12

36 36 36 36
� � � � � � � �

=
2 6 12 20 30 42 40 36 30 22 12

36

� � � � � � � � � �
 = 7

13.6.3  (Variance of a random variable)
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13.4

1.

(i) X 0 1 2

P(X) 0.4 0.4 0.2

(ii) X 0 1 2 3 4

P(X) 0.1 0.5 0.2 – 0.1 0.3

(iii) Y – 1 0 1

P(Y) 0.6 0.1 0.2

(iv) Z 3 2 1 0 –1

P(Z) 0.3 0.2 0.4 0.1 0.05

2.  X 

X X

3.  X  

X ?
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(i)

(ii)
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6.
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17. X
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(A)
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13.7  (Bernoulli Trails and Binomial Distribution)

13.7.1  
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(i)
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13.7.2   (Binomial Distribution)
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)

= P({FFF}) = P(F) P(F) P(F)

= q . q . q = q3

P(X = 1) = P( )

= P({SFF, FSF,  FFS})

= P({SFF}) + P({FSF}) + P({FFS})
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x  (n ��x) 
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x b

a b x a

�
�

�
12.

1 41
sin ( ) C

4
x� �

13.

1+
log C

2+

x

x

e

e


 �
�� 
� �

14.
1 11 1

tan tan C
3 6 2

x
x� �� �

15.
41

cos C
4

x� � 16.
41

log( 1) C
4

x � �

17.

+1
[ ( + )]

C
( +1)

n
f ax b

a n
� 18.

sin ( )–2
C

sin sin

x

x

�

�

�
�

19.

2
12(2 1) 2

sin C
π π

x x x
x x�� �
� � �

20.
1 2–2 1– cos Cx x x x�� � � �

21. ex tan x + C 22.
1

2log +1 3log 2 C
1

x x
x

� � � � �
�

23.
1 21

cos 1 C
2
x x x

�� �� � �� �� 	
24.

3

2

2 2

1 1 1 2
– 1 log 1 C

3 3x x

� �
 � 
 �
� � � �� 
 � 
� �� � � �� 	

25. 2e

�
26.

8

�

27.
6

�
28.

1 ( 3 1)
2sin

2

� �

29.
4 2

3
30.

1
log9

40

31.
π

1
2
� 32.

π
(π 2)

2
�
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33.
19

2
40.

21 1

3
e

e


 �
�� 
� �

41. A 42. B

43. D 44. B

1.
14

3
2. 16 4 2� 3.

32 8 2

3

�

4. 12� 5. 6� 6.
π

3

7.

2
π
1

2 2

a 
 �
�� 


� �
8.

2

3(4) 9.
1

3

10.
9

8
11. 8 3 12. A 13. B

1.
12 9 2 2

sin
6 4 3

�� 2.
2π 3

3 2


 �
�� 
� 


� �

3.
21

2
4. 4 5. 8

6. B 7. B

1. (i)
7

3
(ii) 624.8

2.
1

6
3.

7

3
4. 9 5. 4

6.

2

3

8

3

a

m
7. 27 8.

3
(π 2)
2

�
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9. (π 2)
4

ab
� 10.

9

2
11. 2 12.

1

3

13. 7 14.
7

2
15.

19π 9 1 1
sin

8 4 3 3 2

� 
 �
� �� 


� �

16. D 17. C 18. C 19. B

1.  4; 2.  1; 1

3. 2; 1 4.  2; 

5.  2; 1 6.  3; 2

7.  3; 1 8.  1; 1

9.  2; 1 10.  2; 1

11. D 12. A

11. D 12. D

1. y� = 0 2. xy y� + x (y�)² – y y��= 0

3. y� – y�– 6y = 0 4.  y� – 4y��+ 4y = 0

5. y� – 2y��+ 2y = 0 6. 2xyy� + x2 = y2

7. xy� – 2y = 0 8. xyy� + x(y�)² – yy� = 0

9. xyy� + x(y�)² – yy� = 0 10. (x² – 9) (y�)² + x² = 0

11. B 12. C

1. 2 tan C
2

x
y x� � � 2. y = 2 sin (x + C)

3. y = 1 + Ae–x 4. tan tan Cx y �

5. y = log (ex + e–x) + C 6.

3
–1tan = + C

3

x
y x �
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7. y = ecx 8. x – 4 + y –4 = C

9. y = x sin–1x + 21– x + C 10. tan y = C ( 1 – ex)

11.
2 2 3 –11 1

log ( 1) ( 1) tan 1
4 2

y x x x� �� � � � �� 	

12.

2

2

1 1 1 3
log – log

2 2 4

x
y

x


 ��
� � 


� �
13.

2
cos

y
a

x

�
 �
�� 
� �

14. y = sec x 15. 2y – 1 = ex ( sin x – cos x)
16. y – x + 2 = log (x2 (y + 2)2) 17. y2 – x2 = 4

18. (x + 4)2 = y + 3 19.

1

3(63 27)t �
20. 6.93% 21. Rs 1648

22.
2log 2

11
log

10


 �
� 
� �

23. A

1.
2

( ) C

y

xx y x e

�

� � 2. log Cy x x x� �

3.
–1 2 21

tan log( ) C
2

y
x y

x


 �
� � �� 


� �
4. x2 + y2 = Cx

5.

1 2
log log C

2 2 2

x y
x

x y

�
� �

�
6.

2 2 2+ + Cy x y x�

7. xy cos 
y

x
 = C 8. 1 cos Csin

y y
x

x x

� �
 � 
 �
� �� 
 � 
� �

� � � �� 	

9. cy = log 1
y

x
� 10. C

x

y
ye x� �

11. log ( x2 + y2) + 2 tan–1
y

x
 = 

π
log 2

2
�

12. y + 2x = 3x2 y 13. cot log
y

ex
x


 �
�� 


� �

14. cos log
y

ex
x


 �
�� 


� �
15.

2
( 0, )

1 log

x
y x x e

x
� � �

�

16. C 17. D
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1. y = 
1

5
(2sin x – cos x) + C e–2x 2. y = e–2x + Ce–3x

3.

4

C
4

x
xy � � 4. y (sec x + tan x) = sec x + tan x – x + C

5. y = (tan x – 1) + Ce–tanx 6.

2
2(4 log 1) C

16

x
y x x

�� � �

7.
2

log (1 log ) Cy x x
x

�
� � � 8.

2 1 2 1
=(1+ )  log sin C(1 )y x x x

� �� �

9.

1 C
cot

sin
y x

x x x
� � � 10. (x + y + 1) = C ey

11.

2 C

3 y

y
x � � 12. x = 3y2 + Cy

13. y = cos x – 2 cos2 x 14. y (1 + x2) = tan–1 x – 
4

�

15. y = 4 sin3 x – 2 sin2 x 16. x + y + 1 = ex

17. y = 4 – x – 2 ex 18. C 19. D

1. (i)  2; 1 (ii) 1;  3

(iii)  4; 

3.

2 22

4

y x
y

xy

�
�� 5. (x + yy�)² = (x – y)2 (1 + (y�)2)

6. sin–1y + sin–1x = C 8. cos y = 
sec

2

x

9. tan–1 y + tan–1(ex) =
π

2
10. C

x

y
e y� �

11. log – 1x y x y� � � 12.
2 (2 C)x

y e x� �

13.

2
2 π

sin 2 (sin 0)
2

y x x x� � � 14.

2 1
log , 1

1

x
y x

x

�
� � �

�
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15. 31250 16. C

17. C 18. C

1. OP
����

2. (i) (ii) (iii) (iv) (v)

(vi)

3. (i) (ii) (iii) (iv) (v)

4. (i) a
�

b
�

(ii) b
�

d
��

(iii) a
�

c
�

5. (i) (ii) (iii) (iv)

1. 3, 62, 1a b c� � �
�� �

2.

3.

4. x = 2, y = 3 5. –7 6; ˆ�

6. ˆˆ4 j k� � 7.

1 1 2 ˆˆ ˆ
6 6 6
i j k� �

8.
1 1 1 ˆˆ ˆ
3 3 3
i j k� � 9.

1 1 ˆˆ
2 2
i k�
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10.

40 8 16 ˆˆ ˆ
30 30 30
i j k� � 12.

1 2 3
, ,

14 14 14

13.
1 2 2

, ,
3 3 3

� � 15. (i) 
1 4 1 ˆˆ ˆ
3 3 3
i j k� � � (ii) ˆˆ3 3i k� �

16. ˆˆ ˆ3 2i j k� � 18. (C) 19. (B), (C), (D)

1.
π

4
2.

–1 5
cos

7

� �
	 
� �

3. 0

4.

60

114
6.

16 2 2 2
,

3 7 3 7
7.

22
6 11 . – 35a a b b�

� �� �

8. 1, 1a b� �
��

9. 13 10. 8

12. b
�

13.
3

2

�

14. a
�

b
�

15.
–1 10

cos
102

� �
	 
� � 18. (D)

1. 19 2 2.
2 2 1 ˆˆ ˆ
3 3 3
i j k
 � � 3.

π 1 1 1
; , ,

3 2 22

5.
27

3,
2

6.
�

8. ; 

9.
61

2
10. 15 2 11. (B)        12.  (C)

1.
3 1ˆ ˆ

2 2
i j�

2.
2 2 2

2 1 2 1 2 1 2 1 2 1 2 1– , – , ; ( ) ( ) ( )x x y y z z x x y y z z� � � � � �
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3.
5 3 3ˆ ˆ

2 2
i j

�
�

4. ; a
�

, b
�

c
�

5.

1

3

 6.

3 10ˆ ˆ10
2 2

i j� 7.

3 3 2 ˆˆ ˆ
22 22 22
i j k� �

8. 2 : 3 9. 3 a
�

 + 5b
�

10.
1 ˆˆ ˆ(3 – 6 2 ); 11 5
7
i j k�

12.
1 ˆˆ ˆ(160 – 5 – 70 )
3

i j k 13. ��= 1 16. (B)

17. (D) 18. (C) 19. (B)

1.
1 1

0, ,
2 2

�
2.

1 1 1
, ,

3 3 3

 
 
 3.

11

2
,

11

6
,

11

9 ��

5.

2 2 3 2 3 2 4 5 1
, , ; , , ; , ,

1717 17 17 17 17 42 42 42

� � � � � �

4. ˆ ˆˆ ˆ ˆ ˆ2 3 (3 2 2 )r i j k i j k� � � � � � �
�

�

5. ˆ ˆˆ ˆ ˆ ˆ2 4 ( 2 )r i j k i j k� � � � � � �
�

1

4

2

1

1

2

�

�
�

�
�

� zyx

6.
6

5

5

4

3

2 �
�

�
�

� zyx

7. ˆ ˆˆ ˆ ˆ ˆ(5 4 6 ) (3 7 2 )r i j k i j k� � � � � � �
�

8. ˆˆ ˆ(5 2 3 )r i j k� � � �
�

;

325

zyx
�

�
�

9. ˆ ˆˆ ˆ3 2 5 (11 )r i j k k� � � � �

3 2 5

0 0 11

x y z� � �
� �
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10. (i) � = 
1 19

cos
21

� � �
	 

� �

, (ii) � = 
1 8

cos
5 3

� � �
	 
	 

� �

11. (i) � = 
1 26

cos
9 38

� � �
	 
	 

� �

(ii) � = 
1 2

cos
3

� � �
	 

� �

12.
70

11
p � 14.

3 2

2
15. 2 29

16.

3

19
17.

29

8

1. (a) 0, 0, 1; 2 (b)
1 1 1 1

, , ;
3 3 3 3

(c)
2 3 1 5

, , ;
14 14 14 14

�
(d) 0, 1, 0;  

5

8

2.

ˆˆ ˆ3 5 6
7

70

i j k
r
� �� �
� �	 
	 

� �

�

3. (a) x + y – z = 2 (b) 2x + 3y – 4 z = 1
(c) (s – 2t) x + (3 – t) y + (2s + t) z = 15

4. (a)
24 36 48

, ,
29 29 29

� �
	 

� �

(b)
18 24

0, ,
25 25

� �
	 
� �

(c) 

�

�
	
�

�

3

1
,

3

1
,

3

1
(d) 


�

�
	
�

� �
0,

5

8
,0

5. (a) ˆ ˆˆ ˆ ˆ[ ( 2 )] ( ) 0;r i k i j k� � � � � �  x + y – z = 3

(b) ˆ ˆˆ ˆ ˆ ˆ[ ( 4 6 ) ] ( 2 ) 0;r i j k i j k� � � � � � � x – 2y + z + 1 = 0

6. (a)

(b) 2x + 3y – 3z = 5

7.
2

5
,  5, –5 8. y = 3 9. 7x – 5y + 4z – 8 = 0

10.
ˆˆ ˆ38 68 3 153r i j k� � � � 11. x – z + 2 = 0

12.
1 15

cos
731

� � �
	 
� �
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13. (a)
1 2

cos
5

� � �
� �
� �

(b)

(c) (d)

(e) 45o

14. (a)
13

3
(b)

13

3
(c) 3 (d) 2

3. 90° 4.
1 0 0

x y z
� � 5. 0

o

6.
10

7
k

�
� 7. ˆ ˆˆ ˆ ˆ ˆ2 3 ( 2 5 )r i j k i j k� 	 	 	 
 	 �

8. x + y + z = a + b + c 9. 9

10.
17 13

0, ,
2 2

�� �
� �
� �

11.
17 23

, 0,
3 3

� �
� �
� �

12. (1, – 2, 7)

13. 7x – 8y + 3z + 25 = 0 14. p = 
3

2

11

6

15. y – 3z + 6 = 0 16. x + 2y – 3z – 14 = 0

17. 33 x + 45 y + 50 z – 41 = 0 18. 13

19. ˆ ˆˆ ˆ ˆ ˆ2 3 ( 3 5 4 )r i j k i j k� 	 	 	 
 � 	 	

20. ˆ ˆˆ ˆ ˆ ˆ2 4 (2 3 6 )r i j k i j k� 	 � 	 
 	 	 22. D

23. B

1. (0, 4)  Z = 16

2. (4, 0) Z = – 12

3.
20 45

,
19 19

� �
� �� �

Z = 
235

19

4.
3 1

,
2 2

� �
� �� � Z = 7
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5. (4, 3) Z = 18

6. (6, 0)  (0, 3)  Z = 6.

7. (60, 0) Z = 300;

(120, 0)   (60, 30) 

Z = 600;

8. (0, 50)  (20, 40) Z = 100.

(0, 200)  Z = 400

9. Z 

10. Z 

1.
8

,0
3

� �
� �� �

1
2,

2

� �
� �� �

= Rs 160 .

2.  = 30 

3. (i)

(ii)  = Rs 200

4.  = Rs 73.50.

5. A B 

= Rs 410

6.  = Rs 32

7. A B 

= Rs 160.

8. 200  = Rs 1150000.

9. Z = 4x + 6y 3x + 6y � 80, 4x + 3y � 100, x � 0 

y � 0, x y F
1

F
2

= Rs 104

10. F
1 

100 kg F
2

80 kg; = Rs 1000

11. (D)
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1. 40  P Q ; A  = 285

2. P Q ; = Rs 1950

3.  Rs 112 X  2 kg  Y 4 kg).

5. = Rs 136000.

6. A : 10, 50  40 ; B : 50, 0 0 D, E  F 

= Rs 510

7. A : 500, 3000 3500 ; B : 4000, 0  0 D, E F 

= Rs 4400

8. P Q 100 ;  = 470 kg.

9. P Q 50 ;  = 595 kg.

10. A B ; = Rs 16000

1.
2 1

P E|F , P F|E
3 3

� � 2.
16

P A|B
25

�

3. (i) 0.32 (ii) 0.64 (iii) 0.98

4.
11

26

5. (i)
4

11
(ii)

4

5
(iii)

2

3

6. (i)
1

2
(ii)

3

7
(iii)

6

7

7. (i) 1 (ii) 0

8.
1

6
9. 1 10. (a) 

1

3
,   (b) 

1

9

11. (i)
1

2
, 

1

3
(ii)

1

2
, 

2

3
(iii)

3

4
, 

1

4
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12. (i)
1

2
(ii)

1

3
13.

5

9

14.
1

15
15. 0 16. C 17.   D

1.
3

25
2.

25

102
3.

44

91

4. A  B 5. A  B 

6. E  F 

7. (i)
1

10
p � (ii)

1

5
p �

8. (i) 0.12 (ii) 0.58 (iii) 0.3 (iv)    0.4

9.
3

8
10. A  B 

11. (i) 0.18 (ii) 0.12 (iii) 0.72 (iv) 0.28

12.
7

8
13. (i) 

16

81
, (ii) 

20

81
, (iii) 

40

81

14. (i) 
2

3
, (ii) 

1

2
15. (i) , (ii) 16. (a) 

1

5
, (b) 

1

3
, (c) 

1

2

17. D 18. B

1.
1

2
2.

2

3
3.

9

13
4.

12

13

5.
22

133
6.

4

9
7.

1

52
8.

1

4

9.
2

9
10.

8

11
11.

5

34
12.

11

50

13. A 14. C
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1. (ii),  (iii)   (iv) 2. X = 0, 1, 2; 3. X = 6, 4, 2, 0

4. (i) X 0 1 2

P(X)
1

4

1

2

1

4

(ii) X 0 1 2 3

P(X)
1

8

3

8

3

8

1

8

(iii) X 0 1 2 3 4

P(X)
1

16

1

4

3

8

1

4

1

16

5. (i) X 0 1 2

P(X)
4

9

4

9

1

9

(ii) X 0 1

P(X)
25

36

11

36

6. X 0 1 2 3 4

P(X)
256

625

256

625

96

625

16

625

1

625

7. X 0 1 2

P(X)
9

16

6

16

1

16

8. (i)
1

10
k � (ii)

3
P(X 3)

10
� � (iii)

17
P(X 6)

100

 �

(iv)
3

P(0 X 3)
10

� � �
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9. (a)
1

6
k � (b)

1 1
P(X 2) , P(X 2) 1, P(X 2)

2 2
� � � � � �

10. 1.5 11.
1

3
12.

14

3

13. Var(X) = 5.833, S.D = 2.415

14. X 14 15 16 17 18 19 20 21

P(X)
2

15

1

15

2

15

3

15

1

15

2

15

3

15

1

15

 = 17.53, Var(X) = 4.78 S.D(X) = 2.19

15. E(X) = 0.7  Var (X) = 0.21 16. B 17. D

1. (i)
3

32
(ii)

7

64
(iii)

63

64

2.
25

216
3.

9
29 19

20 20

� � � �
� � � �
	 
 	 


4. (i)
1

1024
(ii)

45

512
(iii)

243

1024

5. (i) (0.95)5 (ii) (0.95)4 × 1.2 (iii) 1 – (0.95)4 × 1.2

(iv) 1 – (0.95)5

6.

4
9

10

� �
� �	 


7.

20

20 20
12 13 20

1
20C C ... C

2

� � � �
 
 
� � � �
	 


9.
11

243

10. (a)

50
99

1
100

� �
�� �	 


(b)

49
1 99

2 100

� �
� �	 


(c)

49
149 99

1
100 100

� �
� � �	 


11.

5
7 5

12 6

� �
� �	 


12.

4
35 5

18 6

� �
� �	 


13.

3

11

22 9

10

�

14. C 15. A



628

1. (i) 1 (ii) 0

2. (i)
1

3
(ii)

1

2

3.
20

21
4.

10
10 10

7

1 C (0.9) (0.1)r r

r

r

�

�

��

5. (i)

6
2

5

� �
� �
	 


(ii)

4
2

7
5

� �
� �
	 


(iii)

6
2

1
5

� �
� � �
	 


(iv)
864

3125

6.

10

9

5

2 6�
7.

625

23328
8.

2

7

9.

4
31 2

9 3

� �
� �
	 


10. n � 4 11.
91

  54

�

12.
1 2 8

, ,
15 5 15

13.
14

29
14.

3

16

15. (i) 0.5 (ii) 0.05 16.
16

31

17. A 18. C 19. B

—����—


