
� Just as a mountaineer climbs a mountain – because it is there, so

a good mathematics student studies new material because

it is there. – JAMES B. BRISTOL �

7.1  (Introduction)
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7.2 Integration as the

Inverse Process of Differentiation
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( )
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f x
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� , y = ( )f x dx�

7.1

( )f x dx� f x 

( )f x dx�   f (x)
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( )f x dx�   x

f F  

F�(x) = f (x)

Derivatives

Integrals (Antiderivatives)
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(iii) – cos sin
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(iv)
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x x
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(v)
2– cot cosec
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(vi) sec sec tan
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x x x
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x x x
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� cosec cot – cosec Cx x dx x� ��
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7.2.1 (Geometrical interpretation of

indefinite integral)

f (x) = 2 x 2( ) Cf x dx x� ��  C 

y = x2 + C,  C  C, 
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y-

C = 0 y = x2

C = 1  y = x2 + 1 y = x2  y-

C = – 1, y = x2 – 1 y = x2
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7.2.2 (Some properties of indefinite integrals)

(i)

( )
d

f x dx
dx
� = f (x)

( )f x dx��  = f (x) + C,  C 

 F f
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d
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( ) ( ) 0
d

f x dx – g x dx
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( ) ( ) Cf x dx – g x dx �� � ,  C 

( ) ( ) Cf x dx g x dx� �� �
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1 1( ) C , Cf x dx � �� R

2 2( ) C , Cg x dx � �� R

� 1 1( ) + C ,Cf x dx �� R 2 2( ) + C ,Cg x dx �� R

( ) = ( )f x dx g x dx� � , 

(iii) ( ) + ( ) ( ) + ( )f x g x dx f x dx g x dx�� � �
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(i) cos 2x (ii) 3x2 + 4x3 (iii)
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(i)

(sin cos ) sin cosx x dx x dx x dx� � �� � �
= – cos sin Cx x� �

(ii)

2(cosec (cosec + cot ) cosec cosec cotx x x dx x dx x x dx� �� � �
= – cot cosec Cx – x �

(iii)

2 2 2

1 sin 1 sin

cos cos cos

– x x
dx dx – dx

x x x
�� � �

=
2sec tan secx dx – x x dx� �

= tan sec Cx – x �

f (x) = 4x3 – 6 f F 

F(0) = 3 

f (x) x4 – 6x 

4( 6 )
d

x – x
dx

 = 4x3 – 6,  F,

F(x) = x4 – 6x + C,  C 

F(0) = 3
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 F (x) = x4 – 6x + 3 
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f F 
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2
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7.2.3 (Comparision between differentiation and

integration)
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7.

8.

fd l h l e;  t

 t

9.
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15.
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17.
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21.
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7.3  (Methods of Integration)

F 

f  f 

1.

2.

3.

7.3.1  (Integration by substitution)

x

x = g (t) ( )f x dx�

I = ( )f x dx�
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x = g(t) 
dx

dt
 = g�(t)

dx = g�(t) dt

I = ( ) { ( )} ( )f x dx f g t g t dt
 �� �

x

(i) sin mx (ii) 2x sin (x2 + 1) (iii)
4 2

tan secx x

x

(iv)
1

2

sin (tan )

1

– x

x�

(i) mx m mx = t 

mdx = dt

1
sin sinmx dx t dt

m

� �  =  – 

1

m
cos t + C  = – 

1

m
cos mx + C

(ii) x2 + 1 2x x2 + 1 = t

2x dx = dt

22 sin ( 1) sinx x dx t dt� 
� �  =  – cos t + C  = – cos (x2 + 1) + C

(iii) x

1

2
1 1

2 2

–

x
x




x
 dx = 2t dt

4 2 4 2
tan sec tan sec 2x x t t t dt

dx
tx


� �  = 
4 22 tan sect t dt�
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tan t = u  sec2 t dt = du

4 2 42 tan sec 2t t dt u du
� �  = 
5

2 C
5

u
�

=
52

tan C
5

t �  ( u = tan t)

=
2

5

4 2
5tan sec 2

tan C
5

x x
dx x

x

 ��

tan x t


(iv) 1tan–
x 2

1

1 x�
tan–1 x = t

21

dx

x�
 = dt

1

2

sin (tan )
sin

1

–
x

dx t dt
x



�� �  = – cos t + C = – cos (tan –1x) + C

(i) tan log sec Cx dx x
 ��
sin

tan
cos

x
x dx dx

x

� �

cos x = t,  sin x dx = – dt

tan log C log cos C
dt

x dx – – t – x
t


 
 � 
 �� �

tan log sec Cx dx x
 ��

(ii) cot log sin Cx dx x
 ��
cos

cot
sin

x
x dx dx

x

� �
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sin x = t  cos x dx = dt

cot
dt

x dx
t


� �

= log Ct �

= log sin Cx �

(iii) sec log sec tan Cx dx x x
 � ��

,
sec (sec tan )

sec
sec + tan

x x x
x dx dx

x x

�

� �

sec x + tan x = t  sec x (tan x + sec x) dx = dt

sec log + C = log sec tan C
dt

x dx t x x
t


 
 � �� �

(iv) cosec log cosec cot Cx dx x – x
 ��

, 
cosec (cosec cot )

cosec
(cosec cot )

x x x
x dx dx

x x

�



�� �

cosec x + cot x = t

– cosec x (cot x + cosec x) dx = dt

cosec – – log | | – log |cosec cot | C
dt

x dx t x x
t


 
 
 � �� �

= 

2 2cosec cot
– log C

cosec cot

x x

x x

	
�

	

=  log cosec cot Cx – x �

(i)
3 2sin cosx x dx� (ii)

sin

sin ( )

x
dx

x a�� (iii)
1

1 tan
dx

x��

(i)
3 2 2 2sin cos sin cos (sin )x x dx x x x dx
� �

 = 
2 2(1 – cos ) cos (sin )x x x dx�
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t = cos x dt = – sin x dx

2 2 2 2sin cos (sin ) (1 – )x x x dx – t t dt�� �

= 

3 5
2 4( – ) C

3 5

t t
– t t dt – –

� �
� �� �

� 	
�

= 
3 51 1

cos cos C
3 5

– x x� �

(ii) x + a = t dx = dt

sin sin ( )

sin ( ) sin

x t – a
dx dt

x a t
�

�� �

= 
sin cos cos sin

sin

t a – t a
dt

t
�

= cos – sin cota dt a t dt� �

= 1(cos ) (sin ) log sin Ca t – a t
 ��� 

= 1(cos ) ( ) (sin ) log sin ( ) Ca x a – a x a
 �� � �� 

= 1cos cos (sin ) log sin ( ) C sinx a a a – a x a – a� �

sin

sin ( )

x
dx

x a��  = x cos a – sin a log |sin (x + a)| + C

C = – C
1
 sin a + a cos a,

(iii)
cos

1 tan cos sin

dx x dx

x x x
�

� �� �

= 
1 (cos + sin + cos – sin )

2 cos sin

x x x x dx

x x��

= 
1 1 cos – sin

2 2 cos sin

x x
dx dx

x x
�

�� �

= 
1C 1 cos sin

2 2 2 cos sin

x x – x
dx

x x
� �

�� ... (1)
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cos sin
I

cos sin

x – x
dx

x x
�

��

cos x + sin x = t  (–sin x + cos x) dx = dt

2I log C
dt

t
t

� � �� = 2log cos sin Cx x� �

I

1 2C C1
+ + log cos sin

1 tan 2 2 2 2

dx x
x x

x
� � �

��

 = 
1 2C C1

+ log cos sin
2 2 2 2

x
x x� � �

 = 
1 2C C1

+ log cos sin C C
2 2 2 2

x
x x ,

� �
� � � �� �

� 	

1. 2

2

1

x

x�
2.

2
log x

x
3.

1

logx x x�

4. sin sin (cos )x x 5. sin ( ) cos ( )ax b ax b� �

6. ax b� 7. 2x x � 8.
21 2x x�

9.
2(4 2) 1x x x� � � 10.

1

x – x
11.

4

x

x �
, x > 0

12.

1

3 53( 1)x – x 13.

2

3 3(2 3 )

x

x�
14.

1

(log )m
x x

, x > 0, m � 1

15. 29 4

x

– x
16. 2 3x

e
� 17. 2

x

x

e

18.

1

21

–
tan x

e

x�
19.

2

2

1

1

x

x

e –

e �
20.

2 2

2 2

x – x

x – x

e – e

e e�

21. tan2 (2x – 3) 22. sec2 (7 – 4x) 23.

1

2

sin

1

–
x

– x
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24.
2cos 3sin

6cos 4sin

x – x

x x�
25. 2 2

1

cos (1 tan )x – x
26.

cos x

x

27. sin 2 cos 2x x 28.
cos

1 sin

x

x�
29. cot x log sin x

30.
sin

1 cos

x

x�
31. 2

sin

1 cos

x

x�
32.

1

1 cot x�

33.
1

1 tan– x
34.

tan

sin cos

x

x x
35.

2
1 log x

x

�

36.

2
( 1) logx x x

x

� �
37.

3 1 4
sin tan

1

–
x x

x
��

38.

10
9

10

10 10 log

10

�

��
x

e

x

x dx

x

(A) 10x – x10 + C (B) 10x + x10 + C

(C) (10x – x10)–1 + C (D) log (10x + x10) + C

39. 2 2sin cos

dx

x x
�

(A) tan x + cot x + C (B) tan x – cot x + C

(C) tan x cot x + C (D) tan x – cot 2x + C

7.3.2 (Integration using

trigonometric identities)

(i)
2cos x dx� (ii) sin 2 cos 3x x dx� (iii)

3sin x dx�

(i) cos 2x = 2 cos2 x – 1 

2 1 cos 2
cos

2

x
x

�
�



        323

2 1
cos (1 + cos 2 )

2
x dx x dx�� � = 

1 1
cos 2

2 2
dx x dx�� �

 = 
1

sin 2 C
2 4

x
x� �

(ii)  sin x cos y = 
1

2
[sin (x + y) + sin (x – y)] , 

1
sin 2 cos 3 sin 5 sin

2
x x dx x dx – x dx
 �� � � � �

= 
1 1

cos 5 cos C
2 5

– x x

 �

� �� �� 

= 
1 1

cos 5 cos C
10 2

– x x� �

(iii)  sin 3x = 3 sin x – 4 sin3 x

3 3sin sin 3
sin

4

x – x
x �

3 3 1
sin sin sin 3

4 4
x dx x dx – x dx�� � �

= 
3 1

– cos cos 3 C
4 12

x x� �

3 2sin sin sinx dx x x dx�� �  = 
2(1 – cos ) sinx x dx�

cos x = t – sin x dx = dt

3 2sin 1x dx – – t dt�� �  = 
3

2 C
3

t
– dt t dt – t� � � �� �

= 
31

cos cos C
3

– x x� �

1. sin2 (2x + 5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x

4. sin3 (2x + 1) 5. sin3 x cos3 x 6. sin x sin 2x sin 3x
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7. sin 4x sin 8x 8.
1 cos

1 cos

– x

x� 9.
cos

1 cos

x

x�

10. sin4 x 11. cos4 2x 12.

2sin

1 cos

x

x�

13.
cos 2 cos 2

cos cos

x –

x –

�

�
14.

cos sin

1 sin 2

x – x

x� 15. tan3 2x sec 2x

16. tan4x 17.

3 3

2 2

sin cos

sin cos

x x

x x

�
18.

2

2

cos 2 2sin

cos

x x

x

�

19. 3

1

sin cosx x
20. 2

cos 2

cos sin

x

x x� 21. sin – 1 (cos x)

22.
1

cos ( ) cos ( )x – a x – b

23.

2 2

2 2

sin cos

sin cos

x x
dx

x x

�
�

(A) tan x + cot x + C (B) tan x + cosec x + C

(C) – tan x + cot x + C (D) tan x + sec x + C

24. 2

(1 )

cos ( )

x

x

e x
dx

e x

�
�

(A) – cot (exx) + C (B) tan (xex) + C

(C) tan (ex) + C (D) cot (ex) + C

7.4  (Integrals of Some Particular Functions)

(1) 2 2

1
log C

2

dx x – a

a x ax – a
� �

�� (2) 2 2

1
log

2

dx a x

a a xa – x

�
�

�� + C

(3)
– 1

2 2

1
tan C

dx x

a ax a
� �

�� (4)
2 2

2 2
log C

dx
x x – a

x – a
� � ��



        325

(5)
– 1

2 2
sin C

dx x

aa – x
� �� (6)

2 2

2 2
log C

dx
x x a

x a
� � � �

�
�

(1) 2 2

1 1

( ) ( )x – a x ax – a
�

�

= 
1 ( ) – ( ) 1 1 1

2 ( ) ( ) 2

x a x – a
–

a x – a x a a x – a x a

� �� � �
�� � � �� �� 	� 	

2 2

1

2

dx dx dx
–

a x – a x ax – a

� �
� � ��� 	

� � �

= 
1

log ( )| log ( )| C
2

| x – a – | x a
a

� �

= 
1

log C
2

x – a

a x a
�

�

(2)

2 2

1 1 ( ) ( )

2 ( ) ( )–

a x a x

a a x a xa x

� �� � 

� � �� 
� 	

 = 
1 1 1

2a a x a x

� �
�� �
 �� 	

2 2

1

2–

dx dx dx

a a x a xa x

� �
� �� �
 �� 	

� � �

= 
1

[ log | | log | |] C
2

a x a x
a

 
 � � �

= 
1

log C
2

a x

a a x

�
�




�
(3) x = a tan � dx = a sec2 � d�

2

2 2 2 2 2

θ θ

θ

sec

tan

dx a d

x a a a
�

� �� �

= 
11 1 1

θ θ C tan C– x
d

a a a a
� � � ��
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(4) x = a sec� dx = a sec � tan � d�

2 2 2 2 2

secθ tanθ θ

sec θ

dx a d

x a a a
�


 

� �

= 1secθ θ log secθ + tan θ + Cd ��

= 

2

12
log 1 C

x x
–

a a
� �

= 
2 2

1log log Cx x – a a� 
 �

= 
2 2log + Cx x – a� ,  C = C

1
 – log |a|

(5) x = a sin � dx = a cos � d�

2 2 2 2 2

θ θ

θ

cos

sin

dx a d

a x a – a
�



� �  = 

1θ = θ + C = sin C– x
d

a
��

(6) x = a tan � dx = a sec2� d�

2

2 2 2 2 2

θ θ

θ

sec

tan

dx a d

x a a a
�

� �
� �

= 1θ θsecθ θ = log (sec tan ) Cd � ��

= 

2

12
log 1 C

x x

a a
� � �

= 
2

1log log Cx x a | a |�� � 
 �

= 
2log Cx x a�� � � ,  C = C

1
 – log |a |
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(7) 2

dx

ax bx c� �� , 

ax2 + bx + c = 

2 2
2

22 4

b c b c b
a x x a x –

a a a a a

� � �� �  �
� � � � �� �� �� �� �� 	 � �� �� �� 	

2

b
x t

a
� � dx = dt

2
2

24

c b
– k

a a
� �

2

24

c b
–

a a

 �
� �
� �

2 2

1 dt

a t k��

(8) 2

dx

ax bx c� �
� , 

(9) 2

px q
dx

ax bx c

�

� �� , p, q, a, b, c

A B 

2+ = A ( ) + B = A (2 ) + B
d

px q ax bx c ax b
dx

� � �

A B, x

A B 

(10)
2

( )px q dx

ax bx c

�

� �
� , 

(i) 2 16

dx

x 
� (ii)
22

dx

x x

�
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(i)
2 2 216 4

dx dx

x x –
�


� �  = 
4

log C
8 4

x –

x

�
�

�
[7.4 (1) ]

(ii)
2 22 1 1

dx dx

x x – x –

�

� �

x – 1 = t dx = dt

2 22 1

dx dt

x x – t

�



� �  = 
1sin ( ) C–

t � [7.4 (5) ]

= 
1sin ( – 1) C–

x �

(i) 2 6 13

dx

x x
 �� (ii) 23 13 10

dx

x x� 
� (iii) 25 2

dx

x x

�

(i) x2 – 6x + 13 = x2 – 6x + 32 – 32 + 13 = (x – 3)2 + 4

2 2

1

6 13 3 2

dx
dx

x x x –
�

�

 � �

� �

x – 3 = t dx = dt

1

2 2

1
tan C

2 26 13 2

–dx dt t

x x t
�

� � �

 � �� � [7.4 (3) ]

= 
11 3

tan C
– x –

�

(ii)

2 2 13 10
3 13 10 3

3 3

x
x x – x –

 �
� � �� �

� �

= 

2 2
13 17

3
6 6

x –
� � �  �

�� �� � � �
� � � �� �� 	

)

2 2

1

33 13 10 13 17

6 6

dx dx

x x
x

�
�

� 
  �  �
� 
� � � �

� � � �

� �
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13

6
x t� � dx = dt

2

2

1

33 13 10 17

6

dx dt

x x
t

�
�

� 
  �

 � �
� �

� �

= 1

17

1 6log C
17 17

3 2
6 6

t –

t

�
� � �

[7.4 (i) ]

= 1

13 17

1 6 6log C
13 1717

6 6

x –

x

�
�

� �
 =  1

1 6 4
log C

17 6 30

x

x



�

�

= 1

1 3 2 1 1
log C log

17 5 17 3

x

x



� �

�

=
1 3 2

log C
17 5

x

x



�

�
, where C = 1

1 1
C log

17 3
�

(iii)
2 25 2

5
5

dx dx

xx x
x –

�
�

 �

� �
� �

� �

= 
2 2

1

5 1 1

5 5

dx

x – –
 �  �
� � � �
� � � �

� )

1

5
x – t� dx = dt

2

2

1

55 2 1

5

dx dt

x x
t –

�
�


  �
� �
� �

� �
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=

2

21 1
log C

55
t t –

� �
� �� �

� �
[7.4 (4) ]

=
21 1 2

log C
5 55

x
x – x –� �

(i)
2

2 6 5

x
dx

x x
�

�

� �	 (ii) 2

3

5 4

�


 

	

x
dx

x x

(i)

x + 2 = 
2A 2 6 5 B

d
x x

dx
� � �  = A (4 6) Bx � �

x

4A = 1  6A + B = 2       A = 
1

4
B = 

1

2

2 1 4 6 1

4 22 6 5 2 6 5 2 6 5

x x dx
dx

x x x x x x
� � �

� �
� �

� � � � � �	 	 	

= 1 2

1 1
I I

4 2
� ) ... (1)

I
1

2x2 + 6x + 5 = t, (4x + 6) dx = dt

1 1I log C
dt

t
t

� � �	 = 
2

1log | 2 6 5 | Cx x� � �        ... (2)

2 2
2

1
I

522 6 5 3
2

dx dx

x x
x x

� �
� � � �

	 	  = 2 2

1

2 3 1

2 2

dx

x
� � � �

� �� � � �
� � � �

	

3

2
x t� � , dx = dt, 
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2 2

2

1
I

2 1

2

dt

t

�
� �

� � �
� �

	  = 
1

2

1
tan 2 C

1
2

2

–
t �

�
[7.4 (3) ]

= 
1

2

3
tan 2 + C

2

–
x
� �

�� �
� �

 = 
1

2tan 2 3 + C
–

x � ... (3)

2 12 1 1
log 2 6 5 tan 2 3 C

4 22 6 5

–x
dx x x x

x x
�

�
� � � � � �

� �	 ,

1 2C C
C

4 2
� �

(ii) 3x �

23 A (5 4 ) + B
d

x – x – x
dx

� �  = A (– 4 – 2x) + B

x

– 2A = 1  – 4 A + B = 3,

A = 
1

2
–  B = 1

2 2 2

4 23 1

25 4 5 4 5 4

– – x dxx dx
dx –

x x x x x x

�
� �


 
 
 
 
 

	 	 	

= 
1

2
–  I

1
 + I

2
... (1)

I
1
, 5 – 4x – x2 = t,  (– 4 – 2x) dx = dt

1
2

4 2
I

5 4

– x dx dt

tx x



� �


 

	 	  = 12 Ct �

= 2
12 5 4 C– x – x � ... (2)

2
2 2

I
5 4 9 ( 2)

dx dx

x x – x

� �

 
 �

	 	

x + 2 = t dx = dt
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1
2 2

2 2
I sin + C

33

–dt t

t

� �



	 [7.4 (5) ]

= 
1

2

2
sin C

3

– x � � ... (3)

2 1

2

3 2
5 – 4 – + sin C

35 4

–x x
– x x

– x – x

� �
� �	 , 1

2

C
C C

2
–�

1.

2

6

3

1

x

x �
2. 2

1

1 4x�
3. 2

1

2 1– x �

4. 2

1

9 25– x
5. 4

3

1 2

x

x�
6.

2

6
1

x

x


7. 2

1

1

x –

x –
8.

2

6 6

x

x a�
9.

2

2

sec

tan 4

x

x �

10. 2

1

2 2x x� �
11. 2

1

9 6 5x x� �
12. 2

1

7 6– x – x

13.

1

1 2x – x –
14. 2

1

8 3x – x�
15.

1

x – a x – b

16. 2

4 1

2 3

x

x x –

�

�
17. 2

2

1

x

x –

�
18. 2

5 2

1 2 3

x

x x




� �

19.

6 7

5 4

x

x – x –

�
20. 2

2

4

x

x – x

�
21. 2

2

2 3

x

x x

�

� �

22. 2

3

2 5

x

x – x

�



23. 2

5 3

4 10

x

x x

�

� �
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24.
2 2 2

dx

x x� �	
(A) x tan–1 (x + 1) + C (B) tan–1 (x + 1) + C

(C) (x + 1) tan–1x + C (D) tan–1x + C

25.
29 4

dx

x x

	

(A) –11 9 8
sin C

9 8

x 
� �
�� �

� �
(B) –11 8 9

sin C
2 9

x 
� �
�� �

� �

(C) –11 9 8
sin C

3 8

x 
� �
�� �

� �
(D)

–11 9 8
sin C

2 9

x 
� �
�� �

� �

7.5  (Integration by Partial Fractions)

P( )

Q( )

x

x
, 

P(x) Q(x), x Q(x)� 0. P(x) Q(x) 

P( )

Q( )

x

x

1P ( )P( )
T( )

Q( ) Q( )

xx
x

x x
� �  ,   T(x) x

1P ( )

Q( )

x

x

P( )x
dx

x
	

P( )x

x
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1.
( – ) ( – )

px q

x a x b

�
, a � b

A B

x – a x – b
�

2. 2
( – )

px q

x a

�
2

A B

x – a x – a
�

3.

2

( – ) ( ) ( )

px qx r

x a x – b x – c

� � A B C

x – a x – b x – c
� �

4.
2

2( – ) ( )

px qx r

x a x – b

� �
2

A B C

( )x – a x – bx – a
� �

5.

2

2( – ) ( )

px qx r

x a x bx c

� �

� � 2

A B + Cx

x – a x bx c
�

� �
,

x2 + bx + c 

A, B C 

( 1) ( 2)

dx

x x� �	

[  7.2 (i)], 

1 A B

( 1) ( 2) 1 2x x x x
� �

� � � �
, 

  A  B 

x x + 1)

x

A + B = 0

2A + B = 1

  A = 1   B = – 1 

1

( 1) ( 2)x x� �
 = 

1 – 1

1 2x x
�

� �
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( 1) ( 2)

dx

x x� ��  =
1 2

dx dx
–

x x� �� �

= log 1 log 2 Cx x� � � �  = 
1

log C
2

x

x

�
�

�

x 

��
 = 

 x 

2

2

1

5 6

x
dx

x x

�

� ��
2

2

1

5 6

x

x – x

�

�
 x2 + 1 

x2 – 5x + 6 

2

2 2

1 5 5 5 5
1 1

( 2) ( 3)5 6 5 6

x x – x –

x – x –x – x x – x

�
� � � �

� �

5 5 A B

( 2) ( 3) 2 3

x –

x – x – x – x –
� �

5x – 5 = A (x – 3) + B (x – 2)

x   A + B = 5 

3A + 2B = 5.

A = – 5    B = 10 

2

2

1 5 10
1

2 35 6

x

x – x –x – x

�
� � �

�

2

2

1 1
5 10

2 35 6

x dx
dx dx dx

x – x –x – x

�
� � �

�� � � �
= x – 5 log |x – 2 | + 10 log |x – 3| + C



336        

2

3 2

( 1) ( 3)

x
dx

x x

�

� ��

2 2

3 2 A B C

1 3( 1) ( 3) ( 1)

x –

x xx x x
� � �

� �� � �

3x – 2 = A (x + 1) (x + 3) + B (x + 3) + C (x + 1)2

x2 + 4x x x2 + 2x

x2 , x

A + C = 0, 4A + B + 2C = 3   3A + 3B + C = – 2 

,

2

3 2

( 1) ( 3)

x

x x

�

� �
 = 2

11 5 11

4 ( 1) 4 ( 3)2 ( 1)
– –

x xx� ��

2

3 2

( 1) ( 3)

x

x x

�

� ��  = 2

11 5 11

4 1 2 4 3( 1)

dx dx dx
–

x xx
�

� ��� � �

=
11 5 11

log +1 log 3 C
4 2 ( +1) 4

x x
x

� � � �

=
11 +1 5

log + C
4 + 3 2 ( +1)

x

x x
�

2

2 2( 1) ( 4)

x
dx

x x� ��

2

2 2( 1) ( 4)

x

x x� �
x2 = y

2

2 2 ( 1) ( 4)( 1) ( 4)

x y

y yx x
�

� �� �

( 1) ( 4)

y

y y� �
 =

A B

1 4y y
�

� �

y =  A (y + 4) + B (y + 1)



        337

y A + B = 1 

4A + B = 0, 

A = –

2

2 2( 1) ( 4)

x

x x� �
 = 2 2

1 4

3 ( 1) 3 ( 4)
–

x x
�

� �

2

2 2( 1) ( 4)

x dx

x x� �� = 2 2

1 4

3 31 4

dx dx
–

x x
�

� �� �

=
1 11 4 1

tan tan C
3 3 2 2

– – x
– x � � �

=
1 11 2

tan tan C
3 3 2

– – x
– x � �

2

3 sin 2 cos

5 cos 4 sin

–
d

– –

� �
�

� ��

y = sin�

dy = cos� d�

2

3 sin 2 cos

5 cos 4 sin

–
d

– –

� �
�

� �� = 2

(3 – 2)

5 (1 ) 4

y dy

– – y – y
�

= 2

3 2

4 4

y –
dy

y – y �� = 2

3 2
I

2

y –

y –
��

2 2

3 2 A B

2 ( 2)2

y –

y yy –
� �

� �
[ 7.2 (2) ]

3y – 2 = A (y – 2) + B

y A = 3 

B – 2A = – 2, A = 3 B = 4 
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2

3 4
I [ + ]

2 ( 2)
dy

y – y –
� �  = 2

3 + 4
2 ( 2)

dy dy

y – y –
� �

=
1

3 log 2 4 C
2

y –
y

	 

� � �� �� �

 = 
4

3 log sin 2 C
2 sin–

� � � �
�

=
4

3 log (2 sin ) + C
2 sin

� � �
� �

 (  2 – sin � )

2

2

1

( 2) ( 1)

x x dx

x x

� �

� ��

[ 2.2(5)]

2

2

1

( 1) ( 2)

x x

x x

� �

� �
 = 2

A B + C

2 ( 1)

x

x x
�

� �

x2 + x + 1 = A (x2 + 1) + (Bx + C) (x + 2)

x2 , x A + B =1,

2B + C = 1  A + 2C = 1 

3 2 1
A , B , C

5 5 5
� � �

2

2

1

( 1) ( 2)

x x

x x

� �

� �
 = 2

2 1

3 5 5

5 ( 2) 1

x

x x

�
�

� �
 = 2

3 1 2 1

5 ( 2) 5 1

x

x x

�	 
� � �� � �

2

2

1

( +1) ( 2)

x x
dx

x x

� �

��  = 2 2

3 1 2 1 1

5 2 5 51 1

dx x
dx dx

x x x
� �

� � �� � �

=
2 13 1 1

log 2 log 1 tan C
5 5 5

–
x x x� � � � �



        339

1.
( 1) ( 2)

x

x x� �
2. 2

1

9x –
3.

3 1

( 1) ( 2) ( 3)

x –

x – x – x –

4.
( 1) ( 2) ( 3)

x

x – x – x –
5. 2

2

3 2

x

x x� �

6.

21

(1 2 )

– x

x – x
7. 2( 1) ( – 1)

x

x x�
8. 2( 1) ( 2)

x

x – x �

9. 3 2

3 5

1

x

x – x x

�

� �
10. 2

2 3

( 1) (2 3)

x

x – x

�

�
11. 2

5

( 1) ( 4)

x

x x� �

12.

3

2

1

1

x x

x

� �

�
13. 2

2

(1 ) (1 )x x� �
14. 2

3 1

( 2)

x –

x �

15.
4

1

1x �
16.

1

( 1)n
x x �

x n – 1

xn = t  ]

17.
cos

(1 – sin ) (2 – sin )

x

x x
[  sin x = t ]

18.

2 2

2 2

( 1) ( 2)

( 3) ( 4)

x x

x x

� �

� �
19. 2 2

2

( 1) ( 3)

x

x x� �
20. 4

1

( 1)x x –

21.
1

( 1)x
e –

[ ex = t ]

22.
( 1) ( 2)

x dx

x x� ��

(A)

2( 1)
log C

2

x

x

�
�

�
(B)

2( 2)
log C

1

x

x

�
�

�

(C)

2
1

log C
2

x

x

�	 
 �� �
� �

(D) log ( 1) ( 2) Cx x� � �
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23.
2( 1)

dx

x x ��

(A)
21

log log ( +1) + C
2

x x� (B)
21

log log ( +1) + C
2

x x�

(C) 21
log log ( +1) + C

2
x x� � (D)

21
log log ( +1) + C

2
x x�

7.6  (Integration by Parts)

x u v

( )
d dv du

uv u v
dx dx dx

� �

dv du
uv u dx v dx

dx dx
� �� �

dv du
u dx uv – v dx

dx dx
�� � ... (1)

u = f (x) 
dv

dx
= g (x) 

du

dx
= f � (x) v = ( )g x dx�

( )  ( )  = ( ) ( ) [ ( ) ( )]f x g x dx f x g x dx – g x dx f x dx�� � � �

( ) ( )  = ( ) ( ) [ ( ) ( ) ]f x g x dx f x g x dx – f x g x dx dx�� � � �
f g 

) —

) × )] ”
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cosx x dx�

f (x) = x ) g (x) = cos x ) 

cos cos [ ( ) cos ]
d

x x dx x x dx – x x dx dx
dx

�� � � �

= sin sinx x – x dx�  = x sin x + cos x + C

f (x) = cos x g (x) = x

cos cos [ (cos ) ]
d

x x dx x x dx – x x dx dx
dx

�� � � �

=
2 2

(cos ) sin
2 2

x x
x x dx� �

cosx x dx� , x

1.

sinx x dx�
x  sin x

2.

cos x sin x + k, 

k 

cos (sin ) (sin )x x dx x x k x k dx� � � �� �
= (sin ) sinx x k x dx k dx� � �� �
= (sin ) + cos Cx x k x – kx� �  = sin cos Cx x x� �

3. x x



342        

log x dx�

log x log x 

x

(log 1)x dx��  = log 1 [ (log ) 1 ]
d

x dx x dx dx
dx

�� � �

=
1

log . – log Cx x x dx x x – x
x

� ��
xx e dx�

x ex

= ex

1x x xx e dx x e .e dx� �� �  = xex – ex + C

1

2

sin

1

–x x
dx

x�
�

 = sin – 1x,   = 
21

x

x�

21

x dx

x�
�

t  = 1 – x2 

dt = – 2x dx

2
1

x dx

x�
�  =

1

2

dt
–

t
�  = 

2– 1t x� � �

1

2

sin

1

–x x
dx

x�
�  =

1 2 2

2

1
sin 1 ( 1 )

1

– x – x – x dx
x

� � �
�

�

=
2 11 sin C– x x x�� � �  = 

2 11 sin Cx – x x�� �

sin–1 x  = �
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sinxe x dx�
ex sin x 

I = sin ( cos ) cos
x x x

e x dx e – x e x dx� �� �
= – ex cos x + I

I
1 

ex cos x

I
1
= sin sinx xe x – e x dx�

I
1

(1) 

I = cos sin Ix x– e x e x –�  2I = ex (sin x – cos x)

 I = sin (sin cos ) + C
2

x
x e

e x dx x – x��
 sin x ex

7.6.1 [ ( ) + ( )]xe f x f x dx��
 I = [ ( ) + ( )]xe f x f x dx��  = ( ) + ( )x xe f x dx e f x dx�� �

= � ... (1)

I
1 

f (x) ex

I
1
 = f (x) ex – ( ) Cxf x e dx� ��

I
1

 (1) 

I = ( ) ( ) ( ) Cx x xe f x f x e dx e f x dx� � �� �� �  = ex f (x) + C

�  = ( ) Cxe f x �

(i) 1

2

1
(tan )

1

x –e x dx
x

�
�� (ii)

2

2

( +1)

( + 1)

xx e

x
� dx

(i) I =
1

2

1
(tan )

1

x –e x dx
x

�
��

f (x) = tan– 1x, f �(x) = 2

1

1 x�
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ex [ f (x) + f �(x)] 

I =
1

2

1
(tan )

1

x –e x dx
x

�
��  = ex tan– 1x + C

(ii) I =

2

2

( +1)

( +1)

xx e

x
� dx

2

2

1 +1+1)
[ ]

( + 1)

x x –
e dx

x
� �

=
2

2 2

1 2
[ ]

( + 1) ( +1)

x x –
e dx

x x
�� 2

1 2
[ + ]

+1 ( +1)

x x –
e dx

x x
� �

1
( )

1

x
f x

x

�
�

�
2

2
( )

( 1)
f x

x
� �

�

ex [f (x) + f �(x)] 

2

2

1

( 1)

xx
e dx

x

�

�� = 
1

C
1

xx
e

x

�
�

�

1. x sin x 2. x sin 3x 3. x2 ex 4. x log x

5. x log2 x 6. x2 log x 7. x sin– 1x 8. x tan–1 x

9. x cos–1 x 10. (sin–1x)2 11.

1

2

cos

1

x x

x

�

�
12. x sec2 x

13. tan–1x 14. x (log x)2 15. (x2 + 1) log x

16. ex (sinx + cosx) 17. 2(1 )

xx e

x�
18.

1 sin

1 cos

x x
e

x

� 	�

 �
�� 

19. 2

1 1
–

x
e

x x

� 	

 �
� 

20. 3

( 3)

( 1)

xx e

x

�

�
21. e2x sin x

22.
1

2

2
sin

1

– x

x

� 	

 �
�� 

23.
3

2 xx e dx�

(A)
31

C
3

xe � (B)
21

C
3

xe �

(C)
31

C
2

x
e � (D)

21
C

2

xe �
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24. sec (1 tan )x
e x x dx��

(A) ex cos x + C (B) ex sec x + C

(C) ex sin x + C (D) ex tan x + C

7.6.2 (Integrals of some more types)

(i) 2 2
x a dx�� (ii) 2 2

x a dx�� (iii) 2 2
a x dx��

(i)  
2 2

I x a dx� ��

I =
2 2

2 2

1 2

2

x
x x a x dx

x a

� �
�

�

=

2
2 2

2 2

x
x x a dx

x a

� �
�

�  = 

2 2 2
2 2

2 2

x a a
x x a dx

x a

� �
� �

�
�

=
2 2 2 2 2

2 2

dx
x x a x a dx a

x a

� � � �
�

� �

=
2 2 2

2 2
I

dx
x x a a

x a

� � �
�

�

2I =
2 2 2

2 2

dx
x x a a

x a

� �
�

�

I =
2

2 2 2 2 2 2log C
2 2

x a
x – a dx x – a – x x – a� � ��

(ii)
2

2 2 2 2 2 21
log C

2 2

a
x a dx x x a x x a� � � � � � ��

(iii)
2

2 2 2 2 11
sin C

2 2

–a x
a x dx x a x

a
� � � � ��

 (i), (ii) (iii) x = a sec�, x = a tan�

x = a sin�, 
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2 2 5x x dx� ��

2 22 5 ( 1) 4x x dx x dx� � � � �� �
x + 1 = y dx = dy, 

2
2 5x x dx� ��  =

2 2
2y dy��

=
2 21 4

4 log 4 C
2 2

y y y y� � � � �   [7.6.2 (ii) ]

=
2 21

( 1) 2 5 2 log 1 2 5 C
2

x x x x x x� � � � � � � � �

2
3 2x x dx� ��

2 23 2 4 ( 1)x x dx x dx� � � � �� �
x + 1 = y dx = dy

2
3 2x x dx� �� =

2
4 y dy��

=
2 11 4

4 sin C
2 2 2

– y
y y� � �  [7.6.2 (iii) ]

=
2 11 1

( 1) 3 2 2 sin C
2 2

– x
x x x

�� �
� � � � �� 	


 �

1. 24 x� 2. 21 4x� 3. 2 4 6x x� �

4. 2 4 1x x� � 5. 21 4x x� � 6. 2 4 5x x� �

7. 21 3x x� � 8. 2 3x x� 9.

2

1
9

x
�
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10. 2
1 x dx��

(A) 2 21
1 log 1 C

2 2

x
x x x� � � � � (B)  

3

2 2
2

(1 ) C
3

x� �

(C)

3

2 2
2

(1 ) C
3

x x� � (D)
2

2 2 21
1 log 1 C

2 2

x
x x x x� � � � �

11.
2 8 7x x dx� ��

(A)
2 21

( 4) 8 7 9log 4 8 7 C
2

x x x x x x� � � � � � � � �

(B)
2 21

( 4) 8 7 9log 4 8 7 C
2

x x x x x x� � � � � � � � �

(C)
2 21

( 4) 8 7 3 2 log 4 8 7 C
2

x x x x x x� � � � � � � � �

(D)
2 21 9

( 4) 8 7 log 4 8 7 C
2 2

x x x x x x� � � � � � � � �

7.7   (Definite Integral)

( )
b

a
f x dx� , 

b a, 

[a, b] 

F F 

F(b) – F(a) 

7.7.1 (Definite integral as the limit

of a sum)

 [a, b] f 

x-
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y = f (x), x = a, x = b x-

( )
b

a
f x dx� x- x = a

x = b PRSQP 

 [a, b]  [x , x ], [x
1
, x

2
] ,..., [x

r – 1
, x

r
], ... [x

n – 1
, x

n
], n

x
0
 = a, x

1
 = a + h, x

2
 = a + 2h, ... , x

r
 = a + rh

x
n
 = b = a + nh

b a
n

h

�
� n �� h � 0

PRSQP, n  [x
r – 1

, x
r
], r = 1,

2, 3, …, n

 (ABLC) < (ABDCA) < (ABDM) ... (1)

x  – x � 0 h � 0, 

s
n
 = h [f(x

0
) + … + f(x

n - 1
)] = 

1

0

( )
n

r

r

h f x
�

�
� ... (2)

S
n
 = 1 2

1

[ ( ) ( ) ( )] ( )
n

n r

r

h f x f x f x h f x
�

� ��� � � ... (3)

s S [x , x ] r = 1, 2, 3, …, n, 

[x
r–1

, x
r
] 

s
n
 < PRSQP < S

n
... (4)
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n��

lim Sn
n��

 = lim n
n

s
��

�  PRSQP  = ( )
b

a
f x dx� ... (5)

( )
b

a
f x dx�  =

0
lim [ ( ) ( ) ... ( ( – 1) ]
h

h f a f a h f a n h
�

� � � � �

( )
b

a
f x dx�  =

1
( – ) lim [ ( ) ( ) ... ( ( – 1) ]

n
b a f a f a h f a n h

n��
� � � � �        ... (6)

h =
–b a

n

x u

( )
b

a
f x dx� ( )

b

a
f t dt� ( )

b

a
f u du�

2 2

0
( 1)x dx��

( )
b

a
f x dx�  =

1
( – ) lim [ ( ) ( ) ... ( ( – 1) ]

n
b a f a f a h f a n h

n��
� � � � �

h =
–b a

n

a = 0, b = 2, f (x) = x2 + 1, 
2 – 0 2

h
n n

� �
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2 2

0
( 1)x dx��  =

1 2 4 2 ( – 1)
2 lim [ (0) ( ) ( ) ... ( )]
n

n
f f f f

n n n n��
� � � �

=

2 2 2

2 2 2

1 2 4 (2 – 2)
2 lim [1 ( 1) ( 1) ... 1 ]
n

n

n n n n��

� �
� � � � � � �� �

	 


=
n

n

n
n n���

� � � � � � �

=

2
2 2 21 2

2 lim [ (1 2 ... ( –1) ]
n

n n
n n

���
� � � �

=
1 4 ( 1) (2 –1)

2 lim [ ]
6n

n n n
n

n n���

�
�

=
1 2 ( 1) (2 –1)

2 lim [ ]
3n

n n
n

n n��

�
�

 =
2 1 1

2 lim [1 (1 ) (2 – )]
3n n n��

� �  = 
4

2 [1 ]
3

�  = 
14

3

2

0

x
e dx�

2

0

x
e dx�  =

2 4 2 – 2

01
(2 – 0) lim ...

n

n n n

n
e e e e

n��

 �
� � � �� �

� �� �

n a = 1, 

2

nr e� , 

2

0

x
e dx� =

2

2

1 –1
2 lim [ ]

1

n

n

n
n

e

n
e

��

�

 = 

2

2

1 –1
2 lim

–1
n

n

e

n
e

��

 �
� �
� �
� �

=

2

2

2 ( – 1)

–1
lim 2

2

n

n

e

e

n

��

 �
� �

�� �
� �
� �

 = e2 – 1 [
0

( 1)
lim 1

h

h

e

h�

�
� ]
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1.
b

a
x dx� 2.

5

0
( 1)x dx�� 3.

3 2

2
x dx�

4.
4 2

1
( )x x dx�� 5.

1

1

x
e dx

�� 6.
4 2

0
( )xx e dx��

7.8  (Fundamental Theorem of Calculus)

7.8.1 (Area function)

( )
b

a
f x dx y = f (x), x-

x = a x = b

[a, b] x

( )
x

f x dx�
[

x � [a, b] f (x) > 0 

x

 x x A(x)

A(x)

A (x) = � ( )
x

a
f x dx ... (1)

7.8.2  (First fundamental theorem

[a, b] f A (x) 

x � [a, b]  A�(x) = f (x)

7.8.3 (Second fundamental theorem of

integral calculus)
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[a, b] f f

F � ( )
b

a
f x dx = [F( )] =

b
ax F (b) – F(a)

1. ( )
b

f x dx� = (f

F b – a )

2.

3.

4. ( )
b

a
f x dx� [a, b] 

1
3 2 2

2
( – 1)x x dx

��

[– 2, 3]  – 1 < x < 1 f (x) = 

1

2 2( –1)x x f

( )
b

a
f x dx�  (Steps for calculating � ( )

b

a
f x dx )

(i) ( )f x dx� F(x)  

C  F(x)  F(x) + C 

( ) [F ( ) C] [F( ) C] – [F( ) C] F( ) – F( )
b b

a
a

f x dx x b a b a� � � � � ��

(ii) [F ( )]b
ax  = F(b) – F(a)  ( )

b

a
f x dx�

(i)
3 2

2
x dx� (ii)

9

34
22(30 – )

x
dx

x

� (iii)
2

1 ( 1) ( 2)

x dx

x x� ��

(iv) 34

0
sin 2 cos2t t dt

�

�
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(i)
3 2

2
I x dx� �

3
2 F ( )

3

x
x dx x� ��

27 8 19
I F (3) – F (2) –

3 3 3
� � �

(ii)
9

34
22

I

(30 – )

x
dx

x

� �

3
2

–
3

x dx dt�

3 2

22

2
–

3
(30 – )

x dt
dx

t
x

�� �  = 
2 1

3 t

 �
� �� �

 = 3

2

2 1
F ( )

3
(30 – )

x

x

 �
� � �� �
� �� �

9

3

2
4

2 1
I F(9) – F(4)

3
(30 – )x

 �
� �� � � �
� �� �

  = 
2 1 1

3 (30 – 27) 30 – 8

 �
�� �

� �
 = 

2 1 1 19

3 3 22 99

 �
� �� �� �

(iii)
2

1
I

( 1) ( 2)

x dx

x x
�

� ��

–1 2

( 1) ( 2) 1 2

x

x x x x
� �

� � � �

– log 1 2log 2 F( )
( 1) ( 2)

x dx
x x x

x x
� � � � �

� ��

I = F(2) – F(1) = [– log3 + 2 log4] – [– log2 + 2 log3]

= – 3 log3 + log2 + 2 log4 = 
32

log
27

� �
� �
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(iv)
34

0
I sin 2 cos2t t dt

�

� � . 
3sin 2 cos2t t dt�

sin 2t = u 2 cos 2t dt = du  cos 2t dt = 
1

2
 du

3 31
sin 2 cos2

2
t t dt u du�� �

= 
4 41 1

[ ] sin 2 F ( )
8 8

u t t� �

4 41 1
I F ( ) – F (0) [sin – sin 0]

4 8 2 8

� �
� � �

1.
1

1
( 1)x dx

�
�� 2.

3

2

1
dx

x
� 3.

2 3 2

1
(4 – 5 6 9)x x x dx� ��

4.
4

0
sin 2x dx

�

� 5.
2

0
cos 2x dx

�

� 6.
5

4

x
e dx� 7.

4

0
tan x dx

�

�

8.
4

6

cosec x dx

�

�� 9.
1

0 21 –

dx

x
� 10.

1

201

dx

x�� 11.

3

22 1

dx

x ��

12.
22

0
cos x dx

�

� 13.

3

22 1

x dx

x �� 14.

1

20

2 3

5 1

x
dx

x

�

�� 15.

21

0

x
x e dx�

16.

2
2

21

5

4 3

x

x x� �� 17.
2 34

0
(2sec 2)x x dx

�

� ��

18.
2 2

0
(sin – cos )

2 2

x x
dx

�

� 19.
2

20

6 3

4

x
dx

x

�

��

20.
1

0
( sin )

4

x x
x e dx

�
��
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21.
3

21 1

dx

x��

(A)
3

�
(B)

2

3

�
(C)

6

�
(D)

12

�

22.

2

3

20 4 9

dx

x��

(A)
6

�
(B)

12

�
(C)

24

�
(D)

4

�

7.9  (Evaluation of Definite

Integrals by Substitution)

( )
b

a
f x dx� , 

1. y = f (x) x = g (y)

2.

3.

4.

�
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1 4 5

1
5 1x x dx

�
��

t = x5 + 1, dt = 5x4 dx

4 55 1x x dx��  = t dt�  = 

3

2
2

3
t  = 

3

5 2
2

( 1)
3

x �

1 4 5

1
5 1x x dx

�
��  =

1
3

5 2

– 1

2
( 1)

3
x

� �
�� �

� �	 


=

3 3
5 52 2

2
(1 1) – (– 1) 1

3

� �
� �� �

� �	 


=

3 3

2 2
2

2 0
3

� �
�� �

� �	 

 = 

2 4 2
(2 2)

3 3
�

t = x5 + 1. dt = 5 x4 dx

x = – 1 t = 0 x = 1 t = 2

x, – 1 1 

1 4 5

1
5 1x x dx

�
��  = 

2

0
t dt�

= 

2
3 3 3

2 2 2

0

2 2
2 – 0

3 3
t
� � � �

�� � � �
� � � �	 
 	 


 = 
2 4 2

(2 2)
3 3

�

– 1
1

20

tan

1

x
dx

x��

t = tan – 1x, 2

1

1
dt dx

x
�

�
. x = 0 t = 0 x = 1 

4
t

�
�

x, 0 1 t, 0 
4

�

–1
1

20

tan

1

x
dx

x�� =

2 4
4

0
0

2

t
t dt

�
� � �

� �
	 


�  = 

2 21
– 0

2 16 32

� �� �
�� �
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1.
1

20 1

x
dx

x �� 2. 52

0
sin cos d

�

� � �� 3.
1 – 1

20

2
sin

1

x
dx

x

 �
� ��� ��

4.
2

0
2x x dx��  (x + 2 = t2 ) 5. 2

20

sin

1 cos

x
dx

x

�

��

6.
2

20 4 –

dx

x x�� 7.
1

21 2 5

dx

x x� � �� 8.
2 2

21

1 1
–

2

x
e dx

x x

 �
� �
� ��

9.

1

3 31

1 4

3

( )x x
dx

x

�
�

(A) 6 (B) 0 (C) 3 (D) 4

10. f (x) = 
0

sin
x

t t dt� , f �(x) 

(A) cos x + x sin x (B) x sin x (C) x cos x (D) sin x + x cos x

7.10  (Some Properties of Definite Integrals)

P
0 
: ( ) ( )

b b

a a
f x dx f t dt�� �

P
1 
: ( ) – ( )

b a

a b
f x dx f x dx�� � , ( ) 0

a

a
f x dx ��

P
2
 : ( ) ( ) ( )

b c b

a a c
f x dx f x dx f x dx� �� � � , ,a b c

P
3
 : ( ) ( )

b b

a a
f x dx f a b x dx� � �� �

P
4
 :

0 0
( ) ( )

a a

f x dx f a x dx� �� � P
4
, P

3

P
5
 :

2

0 0 0
( ) ( ) (2 )

a a a

f x dx f x dx f a x dx� � �� � �



358        

P
6
 :

2a a

� �
= 0, f (2a – x) = – f (x)

P
7
 :  (i)  

0
( ) 2 ( )

a a

a
f x dx f x dx

�
�� � , f (– x) = f (x)

(ii)  ( ) 0
a

a
f x dx

�
�� , f f (–x) = –f (x)

P
0

x = t

P
1

f F 

( ) F ( ) – F ( ) – [F ( ) F ( )] ( )
b a

a b
f x dx b a a b f x dx� � � � �� � ,

a = b, ( ) 0
a

a
f x dx ��

P
2 

f F 

( )
b

a
f x dx�  = F(b) – F(a) ... (1)

( )
c

a
f x dx�  = F(c) – F(a) ... (2)

( )
b

c
f x dx�  = F(b) – F(c) ... (3)

(2)  (3)  

( ) ( )
c b

a c
f x dx f x dx�� � = F(b) – F(a) = ( )

b

a
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sec C

1

dx
x

x x

�� �
�

�

(xiii) 1

2
cosec C

1

dx
x

x x

�� � �
�

� (xiv) Cx xe dx e� ��

(xv) C
log

x
x a
a dx

a
� �� (xvi) 1

log Cdx x
x

� ��
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�

P ( )

Q ( )

x

x
, P(x)

Q (x), x Q (x) � 0. P(x) Q(x), 

P(x) Q (x) 

1P ( )P ( )
T ( )

Q ( ) Q( )

xx
x

x x
� � T (x), 

P
1
(x) Q(x) T (x) 

1P ( )

Q( )

x

x

1.
( ) ( )

px q

x a x b

�

� �
 = 

A B

x a x b
�

� �
, a � b

2. 2( )

px q

x a

�

�
= 2

A B

( )x a x a
�

� �

3.

2

( ) ( ) ( )

px qx r

x a x b x c

� �

� � �
=

A B C

x a x b x c
� �

� � �

4.

2

2( ) ( )

px qx r

x a x b

� �

� �
= 2

A B C

( )x a x bx a
� �

� ��

5.

2

2( ) ( )

px qx r

x a x bx c

� �

� � �
=

2

A B + Cx

x a x bx c
�

� � �
,

x2 + bx + c

�
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(i) tan log sec Cx dx x� �� (ii) cot log sin Cx dx x� ��

(iii) sec log sec tan Cx dx x x� � ��

(iv) cosec log cosec cot Cx dx x x� � ��
�

(i) 2 2

1
log C

2

dx x a

a x ax a

�
� �

���

(ii) 2 2

1
log C

2

dx a x

a a xa x

�
� �

��� (iii)
1

2 2

1
tan C

dx x

a ax a

�� �
��

(iv) 2 2

2 2
log C

dx
x x a

x a
� � � �

�
� (v)

1

2 2
sin C

dx x

aa x

�� �
�

�

(vi)
2 2

2 2
log | | C

dx
x x a

x a
� � � �

�
�

�

f
1

f
2
, 

1 2 1 2 1 2( ) . ( ) ( ) ( ) ( ) . ( )
d

f x f x dx f x f x dx f x f x dx dx
dx

� �
� � � �� 	

� � � � , 

= × – {

× } . 

� [ ( ) ( )] ( ) Cx xe f x f x dx e f x dx�� � �� �
�

(i)
2

2 2 2 2 2 2log C
2 2

x a
x a dx x a x x a� � � � � � ��

(ii)
2

2 2 2 2 2 2log C
2 2

x a
x a dx x a x x a� � � � � � ��
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(iii)
2

2 2 2 2 1sin C
2 2

x a x
a x dx a x

a

�� � � � ��

(iv)
� �

ax2 + bx + c = 

2 2
2

22 4

b c b c b
a x x a x

a a a a a

� �� �� � � �
� � � � � �	 
� �� �	 
 � � �	 
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(v)
� �

2A ( ) B A (2 ) B
d

px q ax bx c ax b
dx

� � � � � � � � , A  B 

� ( )
b

a
f x dx� y = f (x), a � x � b, x- x = a x = b

[a, b] x 

( )
x

a
f x dx� A (x)

�

A(x) = ( )
x

a
f x dx� , � x � a, f  [a, b] 

 A� (x) = f (x) � x � [a, b]

�
[a, b] f , x F 

F( ) ( )
d

x f x
dx

� , f x

( ) F( ) C F ( ) F ( )
b b

aa
f x dx x b a� � � ��

 [a, b]  f a b

a b
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