.

(HHTSheTT Integrals )

o Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL <

7.1 ‘ﬂ'\ﬁm (Introduction)

el TG FAdFers H1 Hehoudl T hfgd 81 Hodl & o
sl o fog Toel t@rd ofivfid 5 S 99en w gg
YR ] @l &1 FE0El 1 Ghe i TS &
for wet SafsroRer o) wErERer T, wer o eterd | R
&5 o aFwd i gRWfad ® U9 3Heh ewel i
e F F e 4 9| 2

ofE uh e f e Faue 16 saskera € duiq 1
o YIF g T HEH & e [ H AT ©, T TE | R
e we 391 ¢ T A 1o gk g W £ e 6
To ¢ @ FN BH FOE S T B THA &2 o Ff Her

; i ; G .W. Leibnitz
s =1 wF wer Seh STl o B9 H W B 2. Rl (1646-1716)

e o Ffderaeherst (TET) e g $E: 98 9 foed

A wefi ufqeEsers W id €, B &1 SAYEd ke sednd B 3 faseEsers
A FE F 98 THH THEHEH FE FEA 2| 39 TR F SR aE ATERE
uftfeerfe o @t ¥ SarEvo: At e fHwt e w R a5y et 5 A 2,
q TS 99 7 Sodl ® R F0 n fadt ao W oew awg =7 feufa s w1 g
27 20 YR F 3% SAERNE U8 Hgiaes gt o 8, S g &1 |l
fafea 2idt 21 weRer v @1 T frafafag ver %1 gaenst & ga @ %
e w1 wfawe 2
(a) 9% T ®eH F1 ATFAS A1 2, a 39 Hed il Td HE Rl GHET,
(b) Tafyem wfaaet o ofarfa wem o setm @ B &9 &1 aiswe 9a S
T TEE
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I S GHEIE gkl o 2 w0 T S U w2, SfAfvEd aeerer ue
e TmTeher| 3 Q9 o1 WitAfd ®9 GHeher T sheeld 2|

srfafyea auerer wd ffved gueher & 959 U Hay & f e &l SuRyd
O o w9 H S S 21 9e v e aurerer w1 famm e st o forg
TF =NERls AR o ®9 4 791 w36 21 vefore, fam ud i s fafa= a=f
H 3 YER F Toh IR & 7@ wH & fau oFf ffvea seemen w1 3w
e s 21

U AE |, TH U AU AHY=d Ta Fi¥aq gHeherl 1@ 9Heh e 6§59
fafiat afea S7er yRfas ormt o stee % ditha @
7.2 WUTHEH ol EHeT h FIohY Weh" o &4 | (Integration as the
Inverse Process of Differentiation )
R o FhT WehH i GHIRCH Fed 2| fordl o 1 STdehel 1d i o T
W gH e 1 Tashorst AT g3 © 3R sHeR! ge sreifq arfaen hoM Hd R %
T 1 T R | T WohH HHIhO Sedl Y- 3Teshor sheeldl €l

amen frfared seeen ) fa=mr =t

%9 S & i(Sin X)= cos x .. (1)
dx
i[ﬁj . )
7\ 3 =X .. (2)
d .
AR E(e ) =e . (3)

70 Ut @ ® foF wdftetor (1) § % cos x BT sin x 1 SgFes 21 T8 89
=9 TR Nt FEd T F cosx 1 URsTaEaS (3AYE THRE) sinx Bl 36 TER (2)

3
W (3) 9 X2 3R & % ufaerasrers (e GuHed) A % #AR e Bl TH: BH

e i § for el ot arfas e C, 99 3= werd |1 S €, &1 g
7, ¥R T B9 (1), (2) ¥R (3) =1 F=fafes w9 ¥ fom v 2

d . _ i X_3 _ ZSﬁTi x _ x
E(smerC)—cosx,dx(3 +C)=x dx(e +C)=e

39 UHN BH 2Ed 2 1% sTda wel o yfastaswerst Sgal gHehed Afgdd
Tt €| aEqq: 31 Her | W Yo% Her o Ui aeraeshes 8, TR g9 et
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Tena & 9= ¥ W A C 1 HIE 0 UEH Hih Ww Y Gehd 21 TE HEol
2 o C &1 TUER @3 A=K F8d 2| 9%d: C % U= ¢, fowes 99 %1 ufafdd
toh B9 U gU wer o fafs= wftatershorsi a1 Qamer! i 9w e © | oA Afg

. d . ..
T wod Fuar g fo EF(X):J[(X)’ v x € | (areafas §emsi & Hqua) df g

@5 I C, & T %[F(X)JFC]:f(X),er

T YRR {F+ C, C e R}, f o Wigsrkers & 9Rar &1 =45 & ¢, 5@ C
ATl &kl AL shacdldl %|

feuguft THF FaFHes 9T Herl | U 3T=R F1 3a¥ B 21 SHH! < & fen, "e
T g 3R h U < For ¢ s sashers sfate 1§ 996

f) =g —-h(x), vxelgl@ RIEC IR Wf=g—hmﬁl?lﬂ‘olﬂﬁ'q

ar %=f’=g’h’ g f/(x)=g’ (x)— N (x) yx e ld= 2
Y91 f/(x) =0, Vx e I (e 9)
ey 9 x o FMUel £ o UREdH #1 X ¥ € 3R THie £ TF A 2
Ire et o rgERr =7 fend feprer =mEma 2 fF 9f@r (F+C,C e R},

f o adt sfaereashorsi il ueH w2
I &1 Tk U Tk O ofifad 2§ S o ofeemeerst & @ ofiar 1 fefia wam

7 TR [ () dx ¥, T xF W £ FT AR WHERCR % w9 § @l W |
et gqu(x)dx:F(x)+c1’%»|@€r%|

T o g & e = (), W = [/ () de ford ¥

gfawn & fou 7w fAfafeaa gdewiagiamne w1 33 a1 afed grei 7.1 |
Iocifiad w4 B

R 7.1
Wlteh /9a /STRIT9T aret

[f@ax f I x % e FEEeH

[feyde & f) A
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[fGydx % x THIEHEA 1 =
HHTHA U A HE
[ R G & %o F fowes fan
F'(x) = f(x)
qurRe G TR T FH HT TFH
TR ST 3TET HE 9 arafas e o9 e
He Fed 2

30 Teet © € 9gd ¥ Y@ ol oh STaeherel o g Sd €1 3 Al o G e
THIHH o WHITOTR G o1 qd ford Wehd €1 37 WIHITOeh I3 i gel frtated §

TS 9eT 3T &9 38 Tl o FHRel i A i H

AdheTd Derivatives

() d xn +1 xn
1 _— =
dx\ n+1

fafere w1 4 &0 @q ¥

(ii) 4 (sin x) =cos x
dx

(iii) % (—cos x)=sin x

(iv) % (tan x) =sec’x

W) % (— cot x) = cosec’x

d
i) —(sec x)=sec x tan x
(i) - (see )

Lo d
(vif) — (- cosec x) = cosec x cot x
X

qHTehe™ ( widaraenerst )

Integrals (Antiderivatives)

sinxdx=—-cosx+C

cosec’ xdx=—cotx+C

secxtanx dx=secx+C

cosec x cotx dx =— cosec x + C

]
]
[sec? xdx =tan x+.C
]
]
]




(viil)
d
i) o

d
(%) d

(xi)

(xi) g

(xiii)

(xiv)

(xv)

(xvi)

d X\ _ X
dx(e )=e

d
—- (log|x)) =

d(
de

1

x

a* \—a"
logaJ
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f dx =sin"'x+C
1-x?

dx

1-x?

=—cos 'x+C

=—cosec 'x+C

e

Iexdx =" +C

Ildxz 10g|x| +C
X

ax

Iaxdxz +C

loga

T W W U 9 S 1 Tk e e foed fafee wo
it & qunfy feet off faftre w7 & oo § o o o ¥ e =t

7.2.1 SfHfyerd TuiaherT @ SErfadta (&®9ur (Geometrical interpretation of
indefinite integral)
M ey fF £ (x) =2 x jf(x)dx=x2+c qun C o fafa= 4 o fau &x fafe=
gOThed UM B W sanfEdE gfie @ 3 gt gEehem @EH €1 $9 UK
y=x2+C, &l C Teh Wes 3R €, GHeheHl o T URaR 1 fefud = &1 C, i
faf= = we *veh &8 RER & fafe= 9ser o St 81 59 dee affem &g
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atfafeea T 81 TTdd s T T T Fi el s & fage e

y-319 o R B

el C=0%k foe 89 y=x2 U & St Toh UE weerd & ekt o 9o fog
REIC=1% T ok y=x2+ | AT y=x>F T THIEy-398 o 317 ¥AHF {90
T THERE T WY g g1 C=— 1, % fau, 9% y=x'— | Waed y=x> & TH
TS y-3181 o STE FUTCHH €91 H WM FE W W g 81 39 WK C,

Td& % HH o fou, uiEr
% Yo% WETE T VN p-3E
YT fEen # 2 3R C 3 SoneTh
Tl & U geEs weeg & v
y-318 T wOTHE fen H ¥ EA
TEeEl H H S &l Al 7.1 °
=z T 2
Gﬁﬁ'qg?‘qﬁﬁ'ﬂ)f$i'@1x=a
BN Wieeed W R i ) SR 7.1
¥ 94 o> 0 forn 21 =98 fewd <0
%" ‘%I'Q 91 |9 %I ?Jlﬁ i@T X=a
TaeE y=x2,y=x>+1,y=x>+2,
y=x2—1,y=x>—2 ! HHI: ﬁ'gaﬁ
P,P,P,P P, 5efe T e @

aﬁsﬂasﬂﬁgaﬁm%wmzaél
7 fifdee w2 fo o aft fagen
R TH B TR W@ g
9 YL JZxdx=x2+C=FC(x)

(9 =ifse) 4 urd e 2 o we
y=FC(x),CeR,a55\'@Tx=a,§m

Y 1
5 y=x+3

y=x+2

&

-

7/
COAAA AN

ISR 7.1

yiese fagall w0 ot #1 o9el T@d guie § SEl g e R swa: fefofaa s
[£()dx=F (x)+ C =y (v shf) =i & 7fem = Frefim F<a &1 C o faf=

T o HT BY 39 TRER o Tl o8 U B © SR 39 e | 9§ 'Y e wh
HEH i T oh FH TR Shieh U Y Gehd 8| AMTYed ool o1 SamHdre

freq Tt B
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7.2.2 fAfy=a gaTRe & EdE) ‘-_'IUJ‘F’-JTJC (Some properties of indefinite integrals)
39 30 Ufi=e] § W AfAfiad wWeher & &9 TUHE Hl = Sl
() freifofaa aRom = wesd & sfoeher U THEReH % YH TR S o ofohT

(ii)

L 1w dv=r)

R [fr@ydx = f(x) +C, 5T C T @os a7t 31
Suuf 7 WS R F, /%1 T wiasreeros € @19fq

“LF) = /)
@ [fe)ax =F@)+C
e L[ fwds = L (Fw+C)
dx dx
= L F )=/
X
ot geR B9 3Ed © fF
f'(x) = % Sx)

iR Tafera [fr@de =fm+c

TR C U Do =R & 99 GHe o=t H&d 2

T g = Taeer (S STk ¥9H & 9 & (% & IReR #1 IRd
A € AR T YR 99aed 2

Suufe 79 o T g UH  wem @ fom

Cfr@dr =< [ ds
7o %U S dx—[g @) dx] -0

ora: [ £y dx— [ g () dx=C, vl C o areafers weem 1 (F412)

Feran [reydc=[g@ax+C
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sufe @@l & wfEn ([ /() dx+C,,C eR]
T {J‘g(x)abc+C2,C2 eR} Taqed &
TAER () d 3R [g(x) dv wwgea #)

| oot | o {[ 70 dv+C.C <R} {[gwax+c,c, <R} =
THGEE 1 WATAR [ f () dv = [ g(x) dx , feree =ae @ § foad wree w5
Foi7 T 2l
i) [[/ )+ gm]de=] /) dc+[g) de

souty o (1) 9

7w+ glds]= 76+ g ()
s & 9 €
d d d
“Jr@act [eeyae|="- [f@det - [atdx = f) + g0 @)
39 YR e (i) % ged § (1) 3 (2) | wra g ®
[(£00)+ g(0) de =[ fx) dx+ [ gx) dx

(iv) forelt areferh w@k, o forq [k f () dx =k [ £ (x) dx

st e ()3 [k ) dv=k £
X

e <[k o] =k [ 1o ds=k £

afery U (ii) 1 S9ET H g EE W § R [k f@) de=k [ f(x) dx

(v) WO (iii) SR (iv) T [, f,, ..., Bl @ ffeed gen sk awdfas gensik,
k,, ... k o fera i caruekteRol feRar S wehar € St TR A fean e

[[ i) +hofy () + ..+ K, f, ()] dx
= k[ A dc+ k[ £ () dx+ ok, [ £, () dx



HHTh T 311

f&u gu wer 1 fqsTaewers T4 S o (AT €9 Siaeid ¥ U8 e %l 9 i
& Tt sroehert fean gon e 81 i Hor w1 59 YRR 1 @i, St ¥ 8T e
% g e I HE o forw w1 St €, 1 e gh weeRer #Ed g1 2 A
FS IIET ¥ T B
zareror 1 e fafy 1 swm i ge Frefafaa wemt =1 wfaseshast 3@ Sifsg)

1
@) cos2x () 3%+ 4x° (i) —.x#0

'
() B9 TF U8 Hed & B S Aed € (T Eahes cos 2x €

: d
Bq S § f ~- (sin 2x) = 2 cos 2x

lad . i(lsin 2xj
AT cos 2x = > (sin 2x) = el 2

1 .
SqfeTe cos 2x 1 T HfaaTashels 5s1n2x 2

(i) B9 UF U HoA 1 @IS HE FEd 2 AHE FaHes 3x’ + 4y’ B

SiC %(x3+x4)=3x2+4x3
AT 302 + 4y T HfdsTEses o + x* 7l

(i) &9 <A €
i(logx)zl.x>0a?r{i[log(—x}]:L(—1‘):l.x<0

dx X dx ’ X ox

= G wefed wE W %%(loglxl)=l,x¢0

X
sﬂﬁqﬁdxﬂOglxl 5w i%uﬁsﬁlwﬁﬁﬁw%
sarevor 2 frafafed TEeesl & T Sty

-1 2 2
Q) [Fodr (@) [ +1)dx (i) J.(x3+2ex—i)dx

x2
e BN U F B

J.x:_ldx:.l.xdxfjx*zdx (TTMI?V@)
X
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I+1 —-2+1
X X
+C, |- +C, |- F
(1+1 J [_2+1 2J,C1,C2W3ﬂ'{%l

2 -1
G R o
2 -1

X2 1

—+—+C,-C,
X

2
X

1 .
=5+ +C, T C=C,-C, T 5 FFer SR 2
X

mmmw Hfam 3 o B, Uk g o= fo

(i) =&l
j(xi +1) dx= Ix§ dx + jdx

3 3 5
+x+C==x3+x+C

(ii) qﬁj(x;+26xi)dxzjx§ dx+j2ex de‘idx

34
2

+2e"—log|x|+C

—+1
2

7 3
=§x2 +Zexflog|x|+C

a3 frefafead gamemeHl & Jd sifse

) j(sin X + cos x) dx (i) jcosec x (cosec x + cot x) dx
1—sin x
i) [ ooty &

COoS X
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gl
() ==
j(sinx+cos X) dx:Isinxdx+Icosxdx
= —cosx+sinx+C

(i) =l

j(cosec x (cosec x + cot x) dx = jcoseczx dx + Icosec x cot x dx

= —cotx—cosecx+C
(i) =l
1—sin x 1 sin x
dx = dx — dx
j cos’x J‘coszx Icoszx
=Iseczx dx—jtanxsecxdx
=tan x —sec x +C
AT 4 f(x) = 4x° — 6 g0 IR Her /w1 gfderahes F A Sifaw el
F(0)=3%1
& f(x) 1 Tk Gia Teaeherst xf — 6x @
. d
e —- (6" = 6x) = 4x* 6, e e F,
X
F(x) = x*—6x+C, g =4 & W8l C = ¢ |

fean gan € o F(0)=3
39 U B ® 3=0-6x0+C
31eqa Cc=3

od: i wfqsraeer, F (x) = x* — 6x + 3 g1 aRenfoa o sifgdta wem 21
feogoit

() =9 2@d ¢ fw afe £ ufasases F 2 @ F+C, 56 Cus &=w &, o £ &0
T GaIEeers 21 T YHR AG g6 Wer [ UF yiasEshers F e @ o gn
Fo &% oft 3= Sieat £ o ¥19q ufasrased fog a4 € 52 F (x) +C,
C e R& &9 | afiemsa foran o1 Tshal €1 sl & wmr=e: & afafea
SR 1 W F AEIF Bl 2 el C w1 e fafine wm wra g € ek
o ofiomreey e g wem =1t AAfgdE wfsmsres wa g 2l
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(i) wf-FR Fept urfies worl S8 for agug, o, = A, e,
AR wfaetrs FeRmitd, s o ®9 § Aere S3 TEYE g 8 3ary

[ £ x) dx 5 e sreeg @ S &1 sere: Frism fafa @ o dx i T
I ST © ifE e 9 w9 tW wer 39 T W T T st
e Rl
(i) I HHETRE 1 = x, % Al 7 F1¢ T dl G & G GAIER B
w1 for i #1 SereE:
4+1

4 Yy 1 s
dy = +C==y»"+C
.[y Y 4+1 5y

7.2.3 HAFHAT UG THTHAT i de1ir (Comparision between differentiation and
integration)

1. < werl W s

2. 3 Waekar & o I GEE W@ T aAeiq

.d 4 4
(1) E[klﬁ(x)+k2f2 (x)]—kl dxfl(x)+k2 dxfz(X)

@) [[k £+ £ @] de=k [ £ () dx+k, [ £, () dx
&l k, k, TR 2

3. 20 9Ed U B 9d § T uvl wer seerera W@l B 2 St sHl wen e
e gAEReE ot 78T 2R € 29 seserE 3R SR el & favd
T 3=9 wmemell o e i

4. ot frelt wor o Sdwe &1 i 8 A or ifgda g @ wy fed wem
o YA & WY U TE € 9ty 3 fee oy eer aw difga sl s
# rofq feft wom & S THEEEl § THI U SR H A e 2

5. af% forlt Sg9= wer P Eshor (w91 @ @ A TRUTHEEY T UH 9guE
fiern & foramh! W9 9gug P %1 919 4 TF % g6l ¢ 99 {0 9g9s we P
1 TEReH S S @ @ uftomTersy © UE §gee w g @ et w
TETE P I UM ¥ UF e Bt 2

6. BH ATehersl i =dl Ueh 65 W i & W GO &I wEl U f6g W
=&l gl B9 fEU §U W o WHERC @i w9 SaUel W S @ o W
THIEHEH IR B S B9 UResE 7.7 § @l Hwi
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T Ho o STame w1 s @i off g @ S T R gy w o R gn
fag w ooel T #1 yavEn, 34 fig W W & SEwes o AF % auer et
21 3ot yehR fau gU woM 1 AfAfyed GHeher U Tt o gEiat feud ol o
far =1 fefua e 2, foad gaeer & = %1 fefua w3 9 @8 &
ITea Y@ o gt ol % gfaesed fage W el YEnd guia B 21

5 wifas AEG A FE W SAawes H SUHN gl 8 S3ewE: TRE FH01 g
fdlhle; (¥ ® T gff aft 9q & @ fau 70 o7 =% 37 99 & o
e HeTH a8 SH YRR fRE g R A o 3 § d fu e e
o 99 g 9| wW & o gHeReH 1 S99 e 2

S TH U YT ¢ fad g @1 99 geifed § S SH UER & 9
e H o wwifed & frwer e H &w ufees 7.7 ® semw |
e TF THRCH o Yo T Ol o oohd & o fR 9fees 7.2.2 ()
== Wt S g B

1.
4.

| woeTEett 7.1 |
frfafea womt o gfderases (Fmren) e fafy gr s sifsT
sin 2x 2. cos 3x 3. e¥
(ax + b)? 5. sin2x — 4 &*

Tr=fafaa garerl =1 9@ Sifsa:

6.

9.

12

15

17

19.

1
J(4 e+ 1) dx 7. sz(lf—z)dx 8. j(ax2+bx+c) dx
x

2
1 3 2
J(2x2+ex)dx 10. j[\/;——j dx  11. J.mdx

Jx X

J-x3+3x+4dx 3 ij_x2+x_1d 14 I(l )\/7d
—_— . |———————dx 14. —x)Nx dx

\/; x—1
j\/§(3x2+2x+3)dx 16. j(zx—3cosx+e")dx
J‘(2x2—3sinx+5\/;)dx 18. jsecx(secx+tanx)dx

2

sec” x — i

J R 20. j2 351nxdx
cosec” x cos? x
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TeT 21 TS 22 H WEl ST H =9I HifAC:

21. (Jﬁfj 1 yfaeEwas 2

S 2 201
(A) 5x3+2x2+c (B) §x3+5x2+C

SR 33 1!
© §x2+2x2+C (D) Exz +5x2+C

22. aﬁq%f(x)=4x3—j—41%mﬁ f)=0d f(x)e:

o w12 I EC
(A) x B) ¥+t

FIRENEC a1
(C) x3 8 () x4 8

7.3 WUTeRe i Tafer@l (Methods of Integration)
fuze ufiese & 799 U9 GEeheHl &t 99 @t of, S F© W o SAakesi 4
WWEAEF W U S Td €1 9% i | aneifa fafy of, sun U8 wed F
WIS #1 S 8 e stawers £ 2 S99 £ o GHeher Wi Wit et ) qerty friem
R i g8 fafer sies Sl =1 feorfa ® sga sfod =21 €1 o1 : THeher! iy
w9 ¥ ufiafdd & gu 3= 90 w0 o fou gy afefea fafusl fowfoa =6 =
AevTFT Bl T e fafir frefafe w eefa 2

1. TfTETe g1 HHEeH

2. oiferss fa=i o fa=em g gareer

3. @S TR

7.3.1 UTaeqTa GRT @HIheT (Integration by substitution)
54 37 fi=e | en ufavered fafy g oo W faar w3 was o & |

el S o T x = g (1) Wenfie @ gy &y T gEEen [ £() dv i o=
w1 § fafda fean =1 9@t 2

I= J‘f(x)dxmﬁl?l'l'{qﬁﬁﬁ
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d.
7 x = g(0) S Fo afE - = g'()
‘H dx = g'(t) dt feaae F
T TER 1= [f(x)dr= flg®)} ') dt
gfowenTs g0 FHehe o fau 77 =1 wfedT &1 §9 3R U Sueed U "yl
GIoE 21 SUINTT AT A € SEeRT SIHE AT BH Heequl €1 WH: € U

UY e o fau gfqeenme & 8 fSas semas 9§ gareen o gfinfaq &, S fe
frfafaa sl g v e o 2

FETET0 5 fqefafad werl &1 x oF GIie FHERe it

4 2
tan” \/x sec \/;

@) sinmx (i) 2xsin(2+1) (i)
Jx
. sin (tan~ ' x)
) Sm(tan  x)
) 1+ x°
'
() B9 A B 6 mx ®1 ATRAS m B Hd: BH mx = ¢ YT HW , Al
mdx = dt
. 1, 1 1
Tgfaq J.smmxdxz—jsmtdt = - —cost+C =——cosmx+C
m m m
(i) x>+ 11 s 2x 21 &1 B0 &% + | = 1o WAeen A F1 39T W 2 arfE
2x dx = dt

Fafeg [2xsin (¢ +1) de = [sintdt = —cos 1+ C =—cos (@ + 1)+ C

1
(i) /o BT SFoReTSt 5 ¥ =

1
mﬁhaﬁ:w
Jx =t o giaeamd &1 SuE aﬂﬁ%mﬁﬁ—; dx=dt S99 dx =2t dt
X

NS
W B

tan*/x sec? \/; tan*t sec’t 21 dt
¥ o]

Jx t

=2 Itan“t sec’t dt



318

@iv)

)

(i1)

iford

R o eH 580 9T tan £ = u HW © qlleh sec? 7 dr = du

5

ERIGIY 2jtan4tsecztdt=2ju4 du = 2%+C

2 .
:§tan5t+C (FNF u = tan 1)

%tan Vx + C (Fi® t =+/x)
4 2
4 J~tan x'_iec al dx=§tan5\/;+

Taereua: tan /x = ¢ wfacem Fifsw

tan”'x 1 R | 2%I3ﬁ BY tan! x = ¢ FRIELTIA &1 STINT 0 © qf

dx
1+ x? i
sin (tan~
WJ’ ( x) Jsmtdt——cost-i-C—fCOS(tan x)+C
1+x°

G BH FO HEAYUl GHhH| (oH ARIUHAE Werl X SHeh Wi
TR 1 ST wfaer fafy § feen w0 @, w ==t w1

Jtan xdx = 10g|sec x| +C

sin x

t dx =
%ﬂmﬁ%ﬁj an x Icosx
cos x = ¢, gfazenfug sifsw a@1fe sinx dx =— dt

GG J.tanxdxzfjﬁzflog|t|+C=710g|cosx|+C
t

37 Itan x dx =log |sec x| +C
jcotxdx=10g|sinx|+C

COS X

B UG ® ﬁjcotxdxzjsinx

dx




sin x = ¢ Ffaeenfyd Sifsy q1fek cos x dx = dt
dt
de= =
GEI Icotx X It
=10g|t|+C
= log |sin x| +C
(iii) Isecxdx:10g|secx+tanx|+c

sec x (sec x + tan x) i

= 9 %ﬁg,jsecxdxzj.
sec x + tan x = ¢ FTENIT FH W sec x (tan x + sec x) dx = dt

sec x +tan x

Tqfag J‘secxdxzj.%zlog|t|+C=10g|secx+tanx|+C

(1v) Icosec x dx =log |cosec x —cot x| +C

) _ cosec x(cosec x + cot x)
T %]%F’ Icosec x = -[ (cosec x +cot x) dx

cosec x + cot x = ¢ gfqzenfua wifsg

difeh — cosec x (cot x + cosec x) dx = dt

zgfag J.cosecxdxzj.%zlog|t|=log|cosecx+cotx|+C

|COS602 x —cot’ x|
+C

—log
| cosec x —cot x |

log |cosec x —cot x| +C
SETET0T 6 FrEAfafEag g9eRedl w1 9 SIfa:

NI L [Sinx N R S

@) jsm X cos” x dx (i1) -[sin (+a) X (iii) I1+tan .
B

@) P Isin3 x cos’x dx = Isinz x cos’x (sin x) dx

= I(l — cos’x) cos”x (sin x) dx
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t = cos x Afaeenfia FIST dif% dr = — sin x dx
zgqfag jsinzx cos”x (sin x) dxz—j(l — ) dt
3

5
G —t4)dt=—(%—%J+C

= flcos3x+lcossx+c
3 5

(i) x+a= ¢l FH W dy=dr

sin x sin (¢ — a)
TqfaT dx = dt
-[sin (x+a) '[ sin ¢
sin f cos @ —cos ¢ sin a
- : dt
sin ¢
= cosajdt—sinajcottdt
= (cosa)t—(sin a) [10g|sin t|+CJ
= (cos a) (x + a) — (sin a) [log|sin (x+ a)| +C1]
= xcosa+acosa—(sina)log |sin (x+ a)| —C,sina
J~ sin x _ .
3d: sin (x+a) =x cos a — sin a log [sin (x + a)| + C
STl C=-C,sina+acosa, T 5 To3 3T 2|

_[ .[ cos x dx
(iif) 1+tan x COS X + sin x

1J-(cosx+sinx+cosxfsinx)dx
COS X + sin x

lJ-dXJrlJ-cosxfsinxdx
2 COS X +sin x

J‘COSX*SII’IX

. (1)

CosS x +SIn x



1 ¥ 37 Tk o 9T A UAS Held Rl HHhOA A ohifaU)

12.

15.

18.

21.

3Ad I=

S

wfeg |

J'COSX smxdtﬁﬁ :”:\ |

€OS X + sin x

[ (1) § @ Wen T &

dx
J‘1+tanx

. JJax+b
. (4x+2)w/x2+x+1

1
=13 x
X
9 — 4yx?
tan" ' x
1+ x°
tan? (2x — 3)

C
2

X +l log |cos X + sin x|
2 2

CI
+—Lt4+—=
2

X e . C,
=—+—+—10g|cosx+smx|+—
2 2 2

G,
2
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cos x + sin x = ¢ Gfazenfad sifsw @fF (—sin x + cos x) dx = dt

- [ t0gl+ C, = ogleos x+sin  + C,

£+llog|cosx+sinx|+C, C=&+&
2 2 2 2

| woTaet 7.2 |

2x
1+ x? 2.
. sin x sin (cos x) 5.

7.

16.

19.

22.

(log x)2
x

3.

sin (ax + b) cos (ax + b)

XA/x+2

I
x—~x

2

_r
(2 +3x°)
er +3

e -1

e +1

sec? (7 — 4x)

8.

11.

14.

17.

20.
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2¢os x — 3sin x 1 cosv/x
24, =222 95— - 26.
6¢cos x + 4sin x cos’x (1 — tan x) Jx
coS X
27. 4[sin 2x cos 2x 28. m 29. cotxlogsinx
i sin 1
30. —2% 3. ——— 32.
1+cosx (1+cosx) l+cotx
1 Jtan 1+log x)°
33. 34, NEIE 35, (tlogx)
1—tan x sin X cOS X X
2 3. -1 4
26, (x+1)(x+log x) - xsm(tan x)
X 1+x°

TeT 38 U9 39 H HEl ST & TIF St

28 J-10x9 +1010 log, dx s,
x +10"
(A) 100—x"+C (B) 100+x"+C
©) (A0r=x""'+C (D) log (10* +x'%)+ C
dx
39. J‘sinzxcoszx T 2
(A) tanx+cotx+C (B) tanx—cotx+C
(C) tanxcotx+C (D) tanx—cot2x+ C

73.2 TIFivfadta wed-qiaesrsii & IUGNT ZRT GHIReT (Integration using
trigonometric identities)

ST gHRed B $9 Breptuiitdta wer fifed @i €, 9 79 guehed 90 w6 & foau 5w
A GRS 1 ST i 2 S o Frefafed el & g Swen T 2

zarevor 7 fr=fafaa =1 9@ wifse
() [cos’xdx (i) [sin2xcos 3xdx i) [sin’xdx

T
(i) FIRMERT cos 2x =2 cos® x — 1 Tl TR Hifew 5

cos’x =#W%ﬁ?ﬂ%l
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Tqfag Icoszxdxzéj.(Hcos?.x)dx:%J.der%Icos?.xdx

X .
+—sin2x+C

2

NG

(i) wEEfHERT sinxcosy=%[sin x+y)+sin (x— y)] , T TR FHifeC

GG Isin 2x cos 3xdx=%“sin S5x dxfjsinxdx]
= l{lc055x+cosx}+c
21 5

= —i0055x+%cosx+C

(i) HeERT sin 3x =3 sinx—4 sin’x ¥ B9 9W ¥ %
. 3 3sin x—sin 3x
Sin x=f

.3 3. 1.
zgfag Ismxdx—zjsmxdxfzjsmkdx
:fécosx+Lcos3x+C
4 12

IECIR LR Isin3x dx:Isinzx sin x dx = J‘(lfcos2x) sin x dx
cosx =t T@ W —sin x dx = dt

3

Tafere Isin3xdx=—j(1—12)dt = —_[dt+jt2 dt=—t+%+c

1
= —cosx+§cos3x+C

feufi fenortadte Sd-afHenel 1 STErT #id §¢ 98 ST 5 Gkl € R g 3w
T E

| wyTaet 7.3 |

I § 22 deh oh ¥l H Ycdsh Bl sl HHIROH S ohifely|
1. sin®?(2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sin®*(2x + 1) 5. sin® x cos® x 6. sinx sin 2x sin 3x
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‘ ' 1—cos x CoS X
7. sin4x sin 8x 8. 1+ cos x 9. 1+ cos x
) sin” x
10. sin*x 11. cos* 2x 2. T
1+ cos x
cos 2x —cos 2a COS X —sin x
13. ————  14. _1 2 15. tan® 2x sec 2x
COS X —COS & +sm 2x
sin® x + cos® x cos 2x + 2sin’x
16. tan*x 17. —— 5 18, ——————
sin” x cos” x cos” x
1 cos 2x
. T3 . . 2 . sin !
19 sin x cos’x 20 (cosx+sm x) 21. sin ' (cos x)
1
22.

cos (x —a)cos (x — b)
TeT 23 TH 24 H TWE I K1 =9 Hifew

-2 2
sin” x —cos” x
23. j.z—dxw 2:
sin” x cos” x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx+secx+C

24. .[de T B

cos? (e"x)
(A) —cot (ex®) + C (B) tan (xe*) + C
(C) tan(e")+C (D) cot(e) +C

7.4 Fo fafyre el ok TATeRe (Integrals of Some Particular Functions)
39 ufess o w8 frefafad Hecql gameher gl w1 oATe il AR 9gd @ g
HeAfHd GO FHTR T 1 J1d T | SRT JAT 0|
dx

1
+C () jaz — =2—alog

X—a a+x

n ] E =L og +C
() x2—az xX+a a—x

X+VX2—612

+C

1 1 X dx —
=—tan" —+C =log
@) [ =S @ =
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dx .1 X dx
5) j—\/ﬁzsm l;+C (6) I—m=log x+Vx*+a’|+C

31 gH 39 Tl i fag w2
(1) =A a2 le > 1

—a z(x—a)(x+a)
1|o+a)-(x-a) _L[L_ ! }
T 2a| (x—a)(x+a) " 2a|x-a x+a
dx 1 dx dx
5 : J‘xzfa2 :Z{J‘x—a_-.‘era}

1
_ 2_a[10g|(xfa)|*10g|(x+a)|]+c

X—a

=ilog +C

xX+a

(2) STF (1) % IR & W € 5
1 _L[(a+x)+(a—x)} 1 1 1
a*—x* 2a| (a+x)(a-x) :Z[a—x+a+x}

w5t [

a—Xx a+x

[-log|a—x|+log|a+x]|]+C

a+x

log +C

2a
1
2a

a—Xx

(1) 9 swam =1 7w fafu =) =aren ufit=s] 7.5 § %) s

(3) x=atan 6 WA W dx =a sec? 0 do

|

dx __[ asec’ 6 do

x* +a’ a® tan’0 + a’

:ljd9=19+C=ltan’1£+C
a a a a
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(4) UM ST x =a secO T dx = a sec 0 tan O dO

J~ dx :J' asecH tan6 do
\/x2 —-a’ \/a2 sec’0—a’

= Isece dd =log |sec@ +tan 6|+ C,

_log| —+,[——-1|+C,

= log| x +Vx*—a* —10g|a|+C1

= log| x +Vx* —a* +C,Tr|ﬁC=Cl—log|a|
(5) " <ifSiufed x=asin®dd dx=acos 0 do
dx
=
AN ety

(6) ¥H T foh x=atan 0 & dx = a sec?0 dO

a cos0 do

- Id9=9+C=sin’l£+C
a* —a’ sin’0 a

a sec’0 do

\/a2 tan’0 + a*

dx
e J.\/x2 +ad’

= jsece dod =log |(sece + tan 9)| +C,

[2
= log Ty x_2+1
a \a

= log|x+Vx* +d° —log|a|+C,

+C,

= log|x +Vx* +a’[+C W=l C = C, - log |a|

T W G o WA W o1 W 59 AR g W B © Sl SuET i gfe
[ IR § ST TE HHERCHI 1 W W H oh To1q ST |en WA fhe S
Tl B
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d 5
Wj 5 a ,3d & o fow &\

ax“+bx+c

2 2
ax2+bx+c= a|:x2+éx+£:|=a|:(x+2ij +[£—%]:l'ﬁ'ﬁ§ﬁ %l
a

a a a

e b \ S g
3Wx+i=t'{'@ﬁ ™ dx=dt113f§*ﬁ=ik2 forad gu =9 @ ¥

a

b2
[E——j%ﬁﬁgwﬁ%ﬁaﬂﬁ@ﬁw éj.ﬁi—tkzﬁwﬁqﬁﬁﬁﬂ

a 4a°

B a1 & R T YHR 9 WA i R S 9l 2

d
j\/ax2+xbx+c ,%h TR o TR Hi G i o T (7) i 9ifd 2 ded
BU IO G 1 SYET ek GHERH S fRdl W Hehdl 8l

px+gq
ax* +bx+c¢

0 Ut S arafa® 9@t Aden BEE F © aife

dx S&l p,q,a,b,c 3R &, o TR % GHERCH S F o g

pﬁq:Adi(axz thx+c)+B=A(ax+b)+B
X

AT B, 16 & o fofq 9 g1 qail § x ok oriehl UF SR 1 GHE i F
AU B 91 B 9H W YU Fd Wi €9 § gRafid g S 2l

(10) j(px+q)dx , o YehI{ o FHIShel h1 HIH 30 i o fe1T 89 (9) i wifd

\/ax2 +bx+c

M aGd ¢ SN GHHEH &1 A Wi w9 § giEfdd w8

ameT s fafeal =i o SIEn w1 HerE @ geEd B
sarEvor 8 frAfafad TRl i 9 Sify

dx

2
2x—x

0 J= G |
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&
, or d d 1 —4
O g =g E 74 =
() J‘Zx x2 _I[_ _1
x—1=¢tT@H ‘T{dx
; d
J.\/2xix2 :j\/l—tt2 =Sin71(t)+C [7'4(5)@]
—sin' (x-1)+C
mqﬁmﬁ@aw#ﬁrﬁaﬂﬁw

J . J dx JL
@) —6x+13 LU B E T S C U O FERP

3yl

(1) Tlﬁx276x+13=x276x+32732+13:(x73)z+4
1
RIS = x
'[ —6x+13 '[x 3) +22
Iﬂ:ft—'“\an 3=1t7qd dx=dt

dt 1. ¢t
; ;I —6x+13 It2+22:§tan E+C [7.4 (3) 9]
=ltan’1x_3+C
2 2

(i) T 3o TrRer 7.4(7) & ©9 1 2| €9 GHHeT o o ! fEterEd TR
¥ fomy &
13x 10

3x2+13x10:3(x2+——j
3 3

_ :{(H%(%H (ot i T )

1 dx

332 +13x-10 3 ( 13)2 (17j2
x+—| -] —
6 6

w5
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13
o7 x+g=t T W dx = dt

J‘ dx _ 1 dt
3x” +13x-10 3t2_C7T

+C, [7.4 (i) 9]

6x—4
6x +30

1 x+6 p 1
— 9 Yi.iC = —lo
1= 7708

‘+C1

1 1 1
= —Ilo +C, +—log—
17 % xes| 117083

1 3x-2 1 1
= —1lo +C =C, +—log—
17 g ot 5 , where C 1 g3

1
Id x—§=l"{'@ﬁ‘T{ dx=dt

dt

e I—Js)%x‘%f—ﬂ(lf

5
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1 1Y
zﬁlogt+ tz—(gj +C [7.4 (4) 9]
zﬁlog x%+,/x % +C
FaEu 10 frfafaa aaeher i Ad iy
J x+2 B I x+3
@ 2x2 +6x+5 L V5—4x—x?

T

() G 7.4(9) 1 STAM HW T w9 AT HW ©

d(,
x+2= Aa(bc +6x+5)+B — A(4x+6)+B

Tt T ® xS TN T SR TN W B T €

1 1
4A=1TAM6A+B=2 3@ A=Zaﬁ1B=5
x+2 1 4x+6 1 dx
Tafer == do+—[—F
sz2+6x+5 492x* +6x+5 2J2x2+6x+5
1. 1
:ZIH'EIz (FH wiifs) - (1)
LH, 222+ 6x+5=1¢%@ W (4x +6) dv = dt
dt 5
Tafe II=IT=10g|t|+C1=10g|2x +6x+5]+C, Q)
1 dx 1 dx
o j2x+6x+5 21, SZEJ 3V (1)
X +3x+* [X‘F] +[j
2 2 2

3 x+%=t,'{'@ﬁtl'{dx=dt,%'qflﬁ%
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1 dt 1 .
I :EI ;= —tan 26+ C, [7.4 (3) 9]
t2+(1j 2x—
) 2
= tan12(x+§j+ C, = tan"' (2x+3)+C, .. 3)

(2) 3R (3) FITEM (1) HFH Wed 9 &

2 1 1
jf;dxz—log‘bf+6x+5‘+—tan71(2x+3)+C
2x° +6x+5 4 2 ’
o C, C
T8l C=—
4 2

T gaRed 7.4 (10) & €9 § 81 3RU 443 &I FHeAfafed €9 F sifisrsa
ETCE

x+3:Adi(54xx2)+B =A(-4-2x)+B
X
S el @ x ok TN TE AU B GHE S W EH T 8
—2A=13R-4A+B=3,
1
Agq A= - FRB=1

J- x+3 *—J. —4 - 2x dx J-
e V55— \/5 4x —x* \/5 4x —x*

1
=75 I +1, .. ()

I,H 5-4x—x =t ‘T{(7472x)dx=dt

= 2J5-4x—x" +C, (2
dx
12: =
J.\/5—4x—xz J.\/9—(x+2)2
x+2=¢T@ W dx=dt

I
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dt .ot
g Iz=IW=Sm B [7.4 (5) 9]
- sinle”wz . (3)

FHtEo (2) TE (3) W (1) & wfaeenfya @ ™ =4

J‘%=—\/5—4x—x2 +sin1x—;2+C e F €, STEl C=C2—%
5—4x—x

| woTareht 7.4 |
T 1 § 23 T% o el 1 GHEE i)
3x2 1 ;
2. 3. 2
X011 V1+4x? (2-x) +1
1 5 3x 6 X2
9-25x" Tl 2x* C1=x®
x—1 x2 sec’x
7. 8. TT—— 9, TV —
x2 -1 x° +4a° Jtan’x + 4

1 1 1
10. 11. —— 12.
Va2 +2x+2 9% +6x+5 N7 —6x—x2

1 1 1

13. (xfl)(fo) 14. 43y 2 15. (xfa)(xfb)
4dx+1 x+2 5y —2
16. V2x2 +x-3 7. x2 -1 18 1+ 2x +3x°
6x+7 x+2 x+2
19. (x—5)(x—4) 20. 4x — x* 21 VX% +2x+3
x+3 5x+3
22. 23, TS .
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T 24 TS 25 H WEl ST H =9I HIfAC:

24. J'Z—a?r@r{%‘
x“+2x+2
(A) xtan (x+1)+C (B) tan (x+ 1)+ C
(C©) (x+Dtan'x+C (D) tan'x + C
25. T o d
V9x —4x?
(A) 1sin1(—9x_8j+c (B) lsinl(gx_9j+C
9 8 2 9
1 . ,(9x-8 lsin1(9x—8j+c
© gsm ( 2 j+C (D) 2 9

7.5 aATTyTeR T=AT gRT |WaTeRe (Integration by Partial Fractions)

T HIWY o T aRed wem Q(( ) , 3 IgURl & 31U ok &4 | gRefa fea s

% el P(r) W8 Qv), x ® WEUE & a9 Q(x) = 0. AR P(x) 1 S Q(x) i =1d & hH
2, @ ufg wor Sfad aReg wer wedrd ® e fauw qiEs her sweard g foamm
T el k1 ol 9 ot g sfed 9fas wer o w9 | ufafda fean s g

Px) P(x) P
21 39 ¥R I 0w fawm oy wer 7, @ oo =T(x)+ 0w ST T(x) xd
P(x)
Q()
oy e s €, o fordt off 9Rea ®om 1 gAeher fhet Sfed aie™ wem &
AR 1 HHE o ®Y § URatad 81 Sl ¢ T8 W gH TS 9 werl o qHeher
R =R #, 37 81 aw 3R fgum ueEst | foutea 8 o 8

e wifee o 8| fo()dxmnmmﬁmm%mgix)] 3faa afe=

e ¢ s fafy, fomt nferer faeii & fasism &AM 9 S e @, 1 gear 9 fau
B HIEHTT 1 WERY GREY HOE & A o &9 ° for S 999 21 36 99En]
7 W@ fafm =t wemer @ wHEed WeaEs FA oS wwa 21 fFefatea
ot 7.2 fAfEw w2, i fafa= wer o 9ftm werl & Wy fRE TR o '
sfifren fa=il = gag fFar o1 g 2l

T 9805 2 SN ——— U sfuq o wer 21 29 WA § 5 T 9g0% %1 gHee
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qruft 7.2
wWih | uRuT we & ®U aniforw fu=i &1 ®u
L] B A LB
(x—a)(x—>b) x—a x-b
) pxX+q A + B 7
' (x—a)? xX—a (x—a)
3 px’ 4 qx+r A N B N C
' x—-a)(x-b)(x—c) x—-a x-b x-c
A pxegx+r A B _C
' (x—a)’ (x—b) x—a (x—a)® x-b
: pxt+gx+r A . Bx+C
(x—a) (x> +bx +¢) X—a xX*+bx+c
Rl a2+ bx + ¢ 1 AR M [UrEE T& fHE S gl

S GROt § A, BUS C aredtas gead & foment sfaa fafa 9 5im w2

SaTEor 11 | M w1 ST

x+D)(x+2) I

7ol fean gon wahed ww sfea uftds wem € safoe anfyrss fo=i o w6
[|1TOT 7.2 (i)], T SUFMT 3 g, &H

! A LB e o (1)
x+D)E+2) x+1 x+2
e ASRBafas st & sl el She A e s s 21 s9 T &
I=A(x+2)+Bx+1)

x o T[T UE X WGl ! §HM H W EH U §

A+B=0
T 2A+B=1
T THHON 1 Bl i W EH A=1 3R B=— 1 W« &l 2l

1 1 -1
= +
x+D)x+2) x+1 x+2

59 YRR 9HHed fefafed €9 § rd g &
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dx dx dx
FHeTs I(x+1)(x+2) B fx+17fx+2
= log|x+1|-log|x+2[+C = log ::; +C

feuufi Sudea W (1) ok Gaaiieh © Jiefq T Th1 S Wi x o g9 wine
gt Wl o T g 81 @ i@ Hohd =1 AN 8 T o forg e € T e
B3 e Ueh WadTieh] 8 Sl Hohd =1 AN I8 JUIH ok foig st & o o gan
H U Ueh THIHO & $1iq I8 <9 o forg o fan gan e x o ffiem ai o fog
T B

2
x“+1
3algul 12 jmdquﬁaﬁ cals1

X2 +1

m@ﬁﬁmqﬂ??ﬁ%mﬁnxz+laﬁ
X—5x+6F 9 HW T AR EH UM €

x2+1 5x—5 : 5x-5

3 =l+— =1+
X —=5x+6 x°=5x+6 x-2)(x-3)

T FE GHRT

5x-5 A N B
Rl Sk (x—2)(x—3)_x—2 x=3

GIED Sx-5=Ax-3)+B(x-2)
T el W xSk TR TS SR U o HHM HH W EH YN E A+B=5 3R
3A+2B=5.
T GHRON T wE W ER
A=-5 3R B=10 9« & &l

x2+1 5 10
1 +

Ad: =1-
¥ —5x+6 x—2 x-3
2
x“+1 1 dx
LI —dx=|dx-5 dx+10
J.ch—Ser6 '[ '[x—2 '[x—S

=x-—5log|x—2|+10log|x-3|+C
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3x-2

deﬁW%W'

FaTETw 13 |

ol o gon wHehed 9Roft 7.2(4) ® KU g€ SHRed o ®9 H1 21 o: e

3x-2 A B C
2 = + 2 T
x+D"(x+3) x+1 (x+1)° x+

3 [e1idd %

e 3x—2=A@x+ 1D (x+3)+Bx+3)+C(x+1)7?
=AX+4x+3)+Bx+3)+C(x?*+2x+1)
AT gel @ x2Sk TR, x F [OTH] T TS UG W GO FH W IR 2 F
A+C=0,4A+B+2C=3 3R 3A + 3B+ C=-2 37 Gl &l 81 HH W &Y

A= g2 gin =T R w5 R T frafafed w9 H W
4 2 4

-2 115 1l
+1)>(x+3) 4(x+1) 2(x+1)2 4(x+3)
_[ 3x -2 5 dx _H dx
e (+1>(x+3) x+1 (x+1)? 47 x+3
2210g|x+1|+ > —Elog|x+3|+C
4 2(x+1) 4
:E erl+ > +C
4 x+3| 2(x+1)
x2
Falelll 14 |———————dax <l "1 hifeTd|
o J(x +1) (x? +4) =
X2
- 2 —
& (x2+1)(x2+4)ﬁ5”|13ﬁ1x y e
x2 _ ¥y
A ) +4) i)+
A
Y = &+ w9 ¥ fafag

y+hHy+4) Bl y+1 y+4
GIED y=A@+4H+B@y+1)
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T el @y o TOTeR] U SRR UG 1 gol i W ¥H U € A+B =13
4A + B =0, f5E@ W giar @

A- -1 sk B=2

3 3
x° 1 4
&Ad: 2 2 Y ti 2
x"+D)(x"+4) 3(x*+1) 3" +4)
2
x“dx 4
SIS '[(x2+1)(x2+4)_ Ix T Ix +4
= fltan lx+i ltan 1Xic
3 32 2

= —ltan71x+ztan*1£+c
3 3 2

ST 3IE § Shael AR 9= At a9 o fore wfawems feen e e 9
AR o 1T o foIU) 37d 89 T U9 IS0 &1 949 Fid & 199y Gaeher o
o wfteem fafy v enferr fom faf <1 =1 9 &1 & w3 fRan 0 2

(3sin¢— 2)cos¢
5—cos*p—4sin ¢

d¢ =1 7 Fd Sifsw)

ETEIUT 15 I

Tl /M ey = sing
GE dy =cos¢ do

3sin¢ 2)cos¢ B GBy—-2)ady
RIS I5 cos’d— 4smd)d _J57(17y2)74y
B 3y-2 o 3y-2 _
_jy2—4y+4dy_jy2)2 to e
3y-2 A
e BH o2y =5 S o 2) foaa & [ERoft 7.2 (2) 9]
ESiiY 3y-2=A(-2)+B

T el ¥y ok U T SR UG Sl GOl el W BH UM €, A=3Td
B-2A=-2,f54 4 A=3Td B=4 9 gl 2
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WQWWﬁmﬁﬁaﬁmﬁmm%\

]y—3jdy+f

-2’

4
2—sin¢

3log|y—2|+4(—L]+c=310g|sin¢—2|+ +C
y=2

3log (2-sin )+ —— ¢+c (TR 2 — sin ¢ BHM AT )

_[ x2+x+1dx

mwnﬁaﬁaﬁﬁm

34TeY0T 16

T fea gen wAmhed U Sfaa uiHg WM € 9RHd o @i enfees faen W
forafea &ed & [EROM 2.2(5)]1

¥4x+l A Bx+C
D (x+2)  x+2 (x*+1)
SHfeTT X+x+1=A@+1)+Bx+C)(x+2)

Tl el | x2S TN, x o TOTH] TH TR TR ®I GO FH R W A+ B =1,
2B+ C=13RA+2C =19 % 2|

. 3 2 1 .
S?WWﬁHﬁWWW%ﬂAzE,Bzg,C=gQﬁ%I
T4 UFR T Frefafed 9 § ura e @
2 1
X +x+1 3 3 +gx+g B 3 +l(2x+1j
G+ (x+2) 5(x+2) ¥F¥+1 S5x+2) 5(x*+1
whm [t R FLY SRS
(2+1) (x+2) x+2 5 x2+1 59 %% +1

W

glog|x+2|+ log‘x +1‘+—tan x+C
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| worerett 7.5 |
1 921 9% & Y B IRET el 1 HHEREA Hife)|
X 1 3x-1
I (x+1)(x+2) 2. x* =9 3 E-DEx-2)(x-3)
X 2x
e De-2 -3 S
1-x? X X
6. x(1-2x) 7 P+ (x-1) 8. (x=1)* (x+2)
3x+5 2x-3 S5x
S P a1 @y N e -4
X Hx+1 2 3x—1
12. o 13. o) 14. 12)
! N \
15. o 16. 5D [Hohd: 391 TF L ! x| | TN SIS 3R
X' =t @ |
COS X . )
17. (1 _sin0) (2_sinx) [Hehd: sin x = ¢ IEw]
(2 +1) (2 +2) 2x 1
18. S5———5——= 5 - 200 ———
X" +3)(x"+4) x"+D(x"+3) x(x*=1
21. 1 [Hend: eF = ¢ @)
(e’ 1)

YT 22 WE 23 H Wel ST w1 =g9 &It

x dx 5
22. Im U B :
(A) log G=D? +C (B) log (x=2)° +C
X - x—
2
(C) log (5) +C (D) log|(x-1)(x-2)|+C
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23 _[ dx
EEE TR

(A) 10g|x|—%log(x2+l)+c (B) log|x|+%log(x2+1)+c

1
(C) —log |x|+%10g(x2+1)+C(D) Elog|x|+log(x2+1)+c

7.6 @SIT: GHTeheA (Integration by Parts)

30 TRes § BH wHehe i U SR fafy w1 == w3 s B S wer o e
1 gHEHET FH H 9gd STt 2|
A Wohel =X x (A AT H 4 3R vl Sigehoria hoH 2 ol e o JurHha
i & oTER B9 U € R
d dv  du
— W) =u—+v—
dx dx dx
S TEl 1 GHEROE HE T BH U € 6

uv=juﬂdx+jvﬂdx
dx dx
dv du
YAl —dx=uv—|v—d
J.udx X =uv J.vdx x (1)
d
M e fon u=f(x)aﬁ1d—:=g(x)aa

%=f’(x)3ﬁ'{v= Jg(x)dx
X
sgferT gt (1) =i fefafad w9 o foan st wear @
[re)g @ de =70 [ () de—[[] () dx f0r)] dx
s [0 g @ de=7() [g@de— {1/ () [2)dx]dx
afE g9 £ ! YUH WeH R g U BoH 99 o 9 39 93 %1 fefafad w9
o = T o Tl 2

“Tl HweHl oF UFHE Tl HHIGEH = (Y29 %or) x (fgdfa wem &1 9dsher) —
[(9om FEE ®1 AaswkeH TUa) x (a1 wem 1 aursded)] &1 gaee”
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SATET0T 17 [xcos x dx 1 W WA I

T f(x) = x (Y¥H HeF) 3R g (x) = cos x (gt wer) Faw) qa @=9: GHFaT d
o g @ f

IxcosxdxzxjcosxdxI[%(x)jcosxdx]dx

= xsinx—jsinxdx =xsinx+cosx+C

oA #fife fF 89 f(x) =cosx T g (x) =x o & ad
d
jxcosxdxzcosxjxdxfj[a(cosx)jxdx]dx
X X
= (cos x)?+_[smx?dx
TH R B 2@ € f WEEEH [ x cos x dx , GO 3R H x T SAfuF W
I AT Rt THEReH | UREfda e S 81 SHfaT oW wer TS fgdig W &

S == Heeyot 21
feayuit
1. @7 oo 2, 5 S woen 3 wer & orwa wwedt feafe H v
T 2, sawwrEn [V sin xdr 1 feofd § 7 fafu wm @ S 21w
FI I 7 T 091 i wer sifde ¥ & 98 2 fous1 saswasi/x sin x 2l

2. v <ifs o fgda wom &1 Tuhed Jd Hid 999 B0 i GHehe T
& Jre1 en afg &9 fgd™ %o cosx oF U & sinx +k, % ®9 § fowed
&, W&l kI =N B, 79

fxcosxdx:x(sinx+k)—f(sinx+k)dx

- x(sinx+k)—jsinxdx—jkdx

= x(sinx+k)+cosx—kx+C = xsinx+cosx+C
g T € o ew: T fafe o W @ siftm oo W e % o
fodia el o WHRed o (=R %1 SieT & 2
3. WHEMIE: A IS %o x &1 o % ®9 H € 3{¥dl x 1 9895 ¢ al 89 3H YUH
e o ®Y § T ¢ aenty ot feafa ® vl o wer wiaes et wer
AUl TUHIT HeH ¢, d 80 SRl T Hed & &9 H ofd 2l
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IETET0T 18 jlogxdx 3 Fifu

T U F30 % foU 29 1R e 1 AgHE o o srgned g s
log x 81 BH log x Tl YUH el Td 3R e | i fgdid Bor od 81 SH Herd &
YR x B

d
: logx-1)dx = lo ldx—|[—(lo ldx]d
S [ logx 1) dx = log x [T~ [~ (log x) [ dx] dx
1
:logx.x—J.—xdx=xlogx—x+C
X

IETETUT 19 jxexdx | i

T x U e Td e i fgdlg o o ®9 § wifog
TEL T 1 GHREH = e
zgfe Ixexdxzxex—jl.exdx =xe'—e'+C

. -1
3ETETUT 20 _[f/s’mizx dx Fa Hifsal
1-x

X

T | ST YoH el = sin - x, 3R g e = —
—X

m%ﬂ%ﬁ'ﬂmmm«mmmﬂaﬁw&%aaﬁj‘ B )

V1-x*
t =1-x* @
LE dt=—2x dx
x dx
ey fﬁ?—j———\f 1=

) X sin~ x . (_ 1 2)_
3d: sin” x{—v1-x
.[ /1 2 .[

1
(—1-x%)dx
V1=x?
= —1-x*sin 'x+x+C = x—1-x*sin"'x+C

faeheaa: sin'x = 0 WTEefia &3 W SR 79 WeU: FHHEE B ST FHA g
ot S0 GRS 1 B TRA ST Gl B
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JETEL0T 21 _[e" sin x dx I whifsg)
T ' hl YW Fed TG sin x i f5diT Fed o ®9 | ifow) 99 @ew: THFed 9
ERCIED

I= Iex sinxdx:ex(fcosx)JrIexcosxdx

=—e' cos x + I, (A fife) e (1)

L9 ¢ Td cosxhl HHY: Yu¥ Ud fgda weM AMd 8T &H U € %

I= e’ sinx—je"sinxdx
[ % "9 ()F T Wen o0 € f&

[= —e€" cosx+e'sinx —13¥A 2] = ¢* (sin x — cos x)

31d: I=Je" sinxdx:%(sinxfcosx)JrC

forRead: sin x Sl Yo HoH TH o' ! fgdid HeM o T ¥ ST e i
A feman <1 wehen €1

7.6.1 fe"[f(x)+f’ (X)) dx & Wt T GEIEHAT
= 7 & fe 1= [ [f@+ f'@]dv = [ S @) dvt [e"f'(x) dx

= I, + Je' () dv, SR 1,= e £ (x) dx (D)
LH f(x) T e 1 %R1: Yo T fgdia %o ofd g¢ T8 @s¥: Teed gl v
W =f(0) e [f(x)e'de+C
1,1 (1) % wfeeenfid #¢ ™ g o &

= e f()-[f' () edx+[e f'(x)dx+C = e f(x) + C
3 [e (£ + £ (0)dx = " f(x)+C

3aglur 22 Jd ?m"'l ;_7'3

. o 1 (P e”
() je (tan 1x+1 )dx (i) ijr—e dx

+x°

'

. 1
() T 1=[e"(tan x+——) dx
1+ x

e f(x) = tan" 'y, TST, T f(x) =

1+ x?
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a1a: T gam guERed e [f(x) +f'(x)] % ®9 W 2

1
zafay 1= jex(tan‘1x+ 7)dx = e tan 'x + C
1+ x
+1 —1+1+
(i) = e fw j(x )e dr=[e x 1+l D]dx
(x+1)*
_I 22]dx=ex[x71+ 22
( +1) (x+1) X+l (x+)
nﬁvﬁﬁqﬁf@=i— f()—( 11y
a7a: T gam guERed o [f(x) + /()] % &9 H 2
x2+1 x—1
Ll e dx= e"+C
J‘(x+1) x+1
| woaTaett 7.6 |
1 § 22 9% o 9¥I o FoHl 1 GHERET SISU)
1. xsinx 2. xsin 3x 3. e 4. xlogx
5. xlog2 x 6. x*logx 7. xsin 'x 8. xtan' x
. xcos x
9. xcos!x 10. (sin''x)? 11. \/—2 12. x sec’x
I-x
13. tan'x 14. x (log x)? 15. (x*+1)logx
' xe o 1+sin x
16. e (sinx + cosx) 17. 1+ ) 18. 1+ cos x
19. 2 20. (x—1)3 21. e¥sinx
22 sinl[ 2 j
’ 1+x*
¥ 23 TS 24 H Wl IW 1 T4 hifSu)
J.xZexsde%:
A) Lo B EYRNG
(A) se+c ®) ;

1 1
—e" +C D) —e" +C
© 3 (D) e
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24. Ie" secx (1+ tan x) dx sUaR Bt

(A) efcosx+C (B) esecx+C
(C) esinx+C (D) etanx+C

7.6.2 T 3T WhN & TUTHT (Integrals of some more types)
75l &1 WS FAheN fafy W st o fafire yohr & wreifors gemeher & ==

| S fom
® J. x*—a® dx (i1) j x> +a® dx (i) j\/az—xz dx
() A e 5 1= [Vx® —a® dx

ww1ﬁ%ﬁuwnﬁﬂ§qﬁm:wmmm%‘

I=x \/:—J. - dx

(l

:xm_ /— J-x ~a*+a’

fﬁ e

x\/xz—ar2 —I\/xz —a* dx-a®

J~ dx

xVxt-a® -1-4°

J- dx
[ _ 2
[ 2 dx
A= xVx’—a’ -a’ | ———
I/xz_az
2

A I=I xz—azdx=§\/x2—a2 —%log +C

T YHER TR I TAHH B SR Fer 1 H fgiE wem o9 w gswm:
gaeRe fafy g1 &9 U €

2
(ii) j\/x2+a2d =%x\/x2+a2 +%log

2
(iii) J a2—x2dx:%x\/a2—x2 +%sin_1£+c
a

forread: THERCM (i), (i) T8 (i) § 9 x = a sech, x = a tan® 3T
X = a sin®, YT G W ) 37 GAEhEH i 1 R S gl 2

YAl

2 2
X+NX" —a

x+Vxt+a® |+C
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TR 23 [{¥ 42045 dx @ HI
T %mﬁﬂﬁ'@ﬁﬁjde=Imdx

34 x+ 1=y W dy=dy, T

J.\/x2+2x+5 dx = J.\/y2+22 dy
ya/y? +4+%10g
r+D) Vx> +2x+5+2log

y+yt+4 ‘ +C [7.6.2 (i) 3TEMT ]

x+1+vVx? +2x+5 ‘+C

1
2

1
2
ISR 24 jV3—2x—x2 dx T HITT

7ol & st R IV3—2x—x2 abc=j«/4—(x+l)2 dx

39 x+1=yT@H W dx=dy
ESICEIR I\/3—2x—x2 dx= J.«/4—y2 dy

1 4
= S yy4=yt +sin 1%+C [7.6.2 (i) I 9]

_ %(x+1)\/3—2x—x2 +2sin1(x7+1j+C

| woeTerett 7.7 |
1 § 9 9% o Ul o el 1 HHEReH Hifeg|
I J4-x2 2. \1-4x* 3. Jx®+4x+6

4. \x? +ax+1 Se A1-4x—x? 6. Jx*+4x-5
x
7. A1+3x-x* 8. Jx? +3x 9. 1+?
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T9T 10 T8 11 § W&l ST 1 =99 HIfeU)

10. j\/1+x2 dx TR 7

3

(A) %\/1+x2+%10g(x+\/1+x2)+c (B) %(1+x2)2+C
3 2
(©) %x(1+x2)2+C (D) %\/1+x2+%x210g x+Vl+x7 | +C

11. J.\/x2 —8x+7 dx IR ©
(A) %(x—4)\/x2 —8x+7 +9log

(B) %(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
(©) %(x—4)\/x2—8x+7—3\/§10g x—4+\/x2—8x+7‘+C
(D) %(x—4)\/x2—8x+7—%10g x—4+\/x2—8x+7‘+C

7.7 TAf¥=r@ @aTehe™ (Definite Integral)

oot aftessal § we tfafeea Tamemer o aR H s faan 2 iR oo fafire wom!
% gkl Gfed SIfHfTed FEherl i W i i $w faftl W ==t w1 215w
Ti=e] | &d fhell %o o M= Smeer &1 Terad &l = weeRer &1 T

stfgdta w1 g 21 uw ffvad qameer & jjf(x)dx,ﬁﬁ%@%?mw%aﬁ
b, TS HY 399 A A1 o, A Hi T S weandt &1 fifved weees w5
oftea, o @ A =7 S o 9 F w0 S 8 e afg a0 [a, b] W SHE e
wfasEees F e df fAfvea e &1 9 sifaq fagei ™ F o o & s sieiq
F(b) - F(a) & a0 211 2, & &9 § F0 51 21 e gaeeq & 39 29 &9
I TH STONT-3TAT == H |

7.7.1 TRTEH it AT F B H (ied qHEHET (Definite integral as the limit
of a sum)

o Aifsy 56 U 6E 3aUe [, b] W U Gad o f Ui €1 °e ety fe
Her o5 et A HUR € THET O 1 NeE x-574 § TR TH 96 ¢

x—4+x> —8x+7 ‘+C
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Th y=f(x),x=a,x=>bT@x-Aa & R &3 &1 dvwa & Ffvga garwe
I;f(x)dx %IW &Il < Hﬁwaﬁm.ﬁaﬁ,x—aﬁi Qﬁﬁﬁ?ﬁx=a1®f

x=bhdh &= iR &= PRSQP =i =fifs (emepfa 7.2 3f@w) |
A [a, b] HI [xp X1 [x %] 5ees [x, 15 X ], o [xnfl,xn],@l fafde n T =
?qaq'?IIIFﬁ'ffFq"HTrTr!HGlfﬁ%rl'qTrlﬁx0=a,xl=a+h,x2=a+2h,...,xr=a+rh?MT

b_
ha 2 ST I n > ood@ A — 0

<feid & PRSQP, n SU&H! 1 417 & 8T Yk SU& Susiaue [x ,x],r=1,
2,3, ...,n W gitwfia 2

aMmeFpfa 7.2 Y ew U ® fw
3Td (ABLC) &1 &9%d < & (ABDCA) 1 &F%e < 3¥d (ABDM) &1 &5 ... (1)

x =b=a+nh A n=

Y
H S
M?D/
C
” fy 1T
o ¥ 3
0 )
P A B R
X'€ > X
Ole=X % % A x,=b

3meRfd 7.2

TR AR x —x | — 0 FAA h—> 0, d FHEHW (1) F W T A e
Toh TR o O A € S B o1 gW TreetEd Ahe s i e €

n—1
s =h[fx) + ...+ fix, )] = h2 () Q)
r=0
AR S, = hlf @)+ /@) +...+ fx)]=h) f(x,) .. (3)
r=1

el s ud S, susauE [x_,x]r=1,2,3,...,n, W o HEe: f amadl v 3=
Al o STEel o A 1 AR wa 81 el (1) & ued o et @ e

ITA [x xr]ﬁmﬁqﬁ%%
s < &3 PRSQP &1 &F%el <S )

—1°
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AME 51— o0 , 1 TfeAT TRV T HeHrol et =l S € 3R T w9 forn S @
& (2) 8RR (3) & Hifqd 71 T 99 & a1 SWArTS SifHd "E & o% % ST
il &% 2
Hrekfass o ¥ 29 =8 Frefafed g foaed &

limS, = lims, = &% PRSQP &1 &%l = fjf(x)dx .. (5)

3H9 98 Ta1 9ol ¢ o sivfie Auwe 9% o A9 o SFdl U9 9% o W %
el % e % Tt &l 1 Gifh w21 gfaw & fo ww uee suse
% 99 TR T Tk 1 SHE % GUEt SIS ael Al & ol @7d: €F (5) HI gan
frefafas w9 4 foaad 2

j:f(x)dx = imh[/(a)+ f(a+h)+ ..+ f(a+(n=1)h]

o j:f(x)dx — (b—a) m%[f(a)+f(a+h)+...+f(a+(n—1)h] ..(6)

. b—a

S h= 09T n>w

n

ST e (6) FTEe B HW H w9 H fAfved wweeed 1 aRem weera 2

feouit faret fafyre Aque | ©= %o & Afi=n 9o &1 9F wed 1d Said
R 73R Fd T R FEHEE & $H R W T {9 99 79 WA R H @
FE % U FWQ B AR ¢ F W W ST W F ¢ A ¢ § e R e @

@ T qHRH f:f(X)dxéﬁ LI T hael HHIhe J'bf(t)dt awj'bf(u)du

foraa &1 =1 fifvad T & foag gamed =R TF g% =X e 2|

Y "~ ~ - . 2
SETET0T 25 ANTHRA HI GH1 &F ®Y H Io(x2+1)dx 1 HH Fd Hifg)
7ol IR & STER

Ibf(x)dx =(b-a) liml[f(a)+f(a+h)+...+f(a+(n—l)h]
a n—)oon

. b-a
EE h=

n

. 2-0
TWI|/EO A a=0,b=2,f(x)=x2+1, h= —=

S|
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2(n-1)

i [0+ ds = 20im [0+ fC)+ fCy vt G
n—w pn n n

2 2 N2
| PYCIT) PR P | C A Y

1 | I 5
=2lim—[(1+1+.+D+—2°+4"+..+(2n-2)
ngwn[( - ) nz( ( )1

=2lim—[n+— 1" +2"+...+(n-1)7]
n

n—0 n

- 211m1[n+iz—(”_1)”(2”’1)]
n—w p n 6

= 2 fim Lpp 4 22D @n=D),
n—)oon 3 n

, 2 1 1 14
=2lim [I+=(1-—) 2-9)] =2 [Hi] =3
n—»00 3 n n 3 3

~ ~ - 2
mzeﬁwﬁmmmﬁjoexdx F1 AE FG HITeU
el URENT o STER

2 4 2n-2

) 2 4
J. e dx = (2—0)liml et e . e "
0 n—w© pn

2

TOIR 0 & TR & ATES % F F1 ST FW LT a=1, r=e’ ,TH UM

ERED

2

n __ 27
jzexczxzzhml[e Ly 2 2im 1| =L
0 n—o n 2 n—w© pn 2

e"—1 e"—1

2(e 1) iy
:fzez_l [}lln’(l) ind)) =13\‘73'3|Z|T‘T'{3l]
lim| <21 |2

nsw| 2
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| wommaett 7.8 |
A & W ok w9 ° frefafea ffyea g w1 9m 9| s
1. Ijxdx 2. I()S(x+1)dx 3. I;xzdx
4. I14(x2—x)dx 5. I_llexdx 6. I:(x+ezx)dx

7.8 et @t MeTYd wHa (Fundamental Theorem of Calculus)

7.8.1 a?snw—r Tl (Area function)
Y

T J:f(x)dx B TH y = f0), -9, T}
Hifed x=qdM x=>bF B} &7 F sFwa &
wﬂqﬁmﬁam%mﬁﬁlﬁq [a, b] H x F1E

fag 2 @ j:f(x)dx Tt 7.3 § okt BEfRA
&3 & &FFe H FIEGd H § [F8 a8 "H
fermn mn & % x e [0, 0] % T f0)>021
ﬁﬂﬁﬁﬂﬁ?ﬁﬂﬂ«mwmﬂmmf%ﬁﬁﬁmﬁvﬂ -
T €| T TR A W AR x BT W Y grefe g3
frsie 21

TH W=l H 3 BRIk 8 1 &5hel x 1 T o 21 86 x % 79 Hel Fl A(Y)
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