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�One should study Mathematics because it is only through Mathematics that

nature can be conceived in harmonious form. – BIRKHOFF �

8.1  (Introduction)

y = f (x), 

x = a, x = b x-

8.2 (Area Under Simple Curves)

y = f (x), x- x = a x = b 

A.L. Cauchy

(1789-1857)

8

(Application of Integrals)
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y dx

dA

) = ydx, y = f (x) 

a b x y = f (x), x = a, x = b

x A PQRSP 

A = A ( )
b b b

a a a
d ydx f x dx� �� � �

 x = g (y), y- y = c, y = d 

A = ( )
d d

c c
xdy g y dy�� �

x-

x = a  x = b 

f (x) < 0 

x- x = a, x = b

( )
b

a
f x dx�
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A
1
 < 0 A

2
 > 0 

y = f (x), x- x = a x = b A A = 1A + AA
2

x2 + y2 = a2 

x- x = 0 x = a AOBA )

       [ x-  y-

]

= 
0

4
a

ydx� )

= 
2 2

0
4

a

a x dx�� ,

x2 + y2 = a2
2 2y a x�� �

 AOBA 

y

= 
2

2 2 –1

0

4 sin
2 2

a

x a x
a x

a

� �
� �� 	


 �
 = 

2
14 0 sin 1 0

2 2

a a �
� �� 

� � �� 	� �� �
 �

 = 

2
24

2 2

a
a

�  �� 
��� � � �

� � � �



        379

= 
0

4
a

xdy�  = 2 2

0
4

a

a y dy��         ( ?)

= 
2

2 2 1

0

4 sin
2 2

a

ay y
a y

a

�� �
� �� 	


 �

=  

2
14 0 sin 1 0

2 2

aa �
� �� 

� � �� 	� �� �
 �

= 

2
24

2 2

a
a

�
� �

2 2

2 2
1

x y

a b
� �

 8.7 ABA�B�A

= 4

( x- y- )

= 
0

a

ydx�

2 2

2 2

x y

a b
�  = 1 

2 2b
y a x

a
�� �  AOBA 

y 

= 
2 2

0
4

a b
a x dx

a
��

2
2 2 –1

0

4
sin

2 2

a

b x a x
a x

a a

� �
� � �� 	


 �
( ?)

2
14

0 sin 1 0
2 2

b a a

a

�
� �� 

� � � �� 	� �
� 	� �
 �

24

2 2

b a
ab

a

�
� ��



380        

= 
0

4
b

xdy�  = 2 2

0
4

ba
b y dy

b
��  ( ?)

2
2 2 –1

0

4
sin

2 2

b

a y b y
b y

b b

� �
� � �� 	


 �

2
–14

0 sin 1 0
2 2

a b b

b

� �� 
� � � �� 	� �� �� 	
 �

24

2 2

a b
ab

b

�
� � � � �

8.2.1 (The area of the region bounded

by a curve and a line)

y = x2 y = 4 

y = x2 y-
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 AOBA 

PQ 

x2 = y y = 4 

x = –2 x = 2 

 AOBA y = x2, y = 4 

x = –2 x = 2 
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2
ydx

�� [ y =  Q y P  y = 4 – x2]
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x2 + y2 = 32, 

y = x, x-

y = x ... (1)

x2 + y2 = 32 ... (2)

B(4, 4) x-

BM 

=  OBMO 

+ BMAB 
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1. y2 = x, x = 1, x = 4 x-

2. y2 = 9x, x = 2, x = 4 x-

3. x2 = 4y, y = 2, y = 4 y-

4.

2 2

1
16 9

x y
� �

5.

2 2

1
4 9

x y
� �

6. x2 + y2 = 4, x = 3 y x-

7.
2

a
x� x2 + y2 = a2

8. x = y2 x = 4  x = a

a

9. y = x2  y = x

10. x2 = 4y x = 4y – 2 

11. y2 = 4x x = 3 

12. x2 + y2 = 4 x = 0, x = 2 

(A) � (B)
2

�
(C)
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�
(D)
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13. y2 = 4x, y- y = 3 
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(D)
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8.3 (Area Between Two Curves)

y = f (x) y = g (x) 

 [a, b]  f (x) ��g(x)

y x = a x = b
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f (x) – g (x) dx

dA = [f (x) – g(x)] dx, A = [ ( ) ( )]
b

a
f x g x dx��

A = [ y = f (x), x- x = a, x = b ]

y = g (x), x- x = a, x = b ]

= ( ) ( )
b b

a a
f x dx g x dx�� �  = ( ) ( )

b

a
f x g x dx�� [a, b] f (x) � g (x)

[a, c] f (x) � g (x) [c, b] f (x) � g (x) a < c < b

= ACBDA + BPRQB 

= ( ) ( ) ( ) ( )
c b

a c
f x g x dx g x f x dx� � �� �
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y = x2  y2 = x

O (0, 0) A (1, 1) 

y 2 = x y = x = f (x) y = x2 = g (x),

[0, 1] f (x) � g (x) 

= 
1

0
( ) ( )f x g x dx��

= 
1 2

0
x x dx	 
�� ��

1
3 3

2

0

2

3 3

x
x

	 

� � �
 �� �

 = 
2 1 1

3 3 3
� �

 x- x2 + y2 = 8x y2 = 4x

x2 + y2 = 8x, (x – 4)2 + y2 = 16 

(4, 0) y2 = 4x 
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(1, 0),

(2, 2)  (3, 1) 

A(1, 0), B(2, 2) C (3, 1) 
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1. x2 = 4y 4x2 + 4y2 = 9 

2. (x  – 1)2 + y2 = 1 x2 + y2 = 1 

3. y = x2 + 2,  y = x, x = 0 x = 3 

4.

(– 1, 0), (1, 3) (3, 2) 

5.

y = 2x + 1,  y = 3x + 1  x = 4 

6.  x2 + y2 = 4 x + y = 2 
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y = 3x + 2, x-

x = –1 x = 1 
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x = 0 x = 2��

y = cos x
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=  
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y2 = 4x x2 = 4y, 

x = 0, x = 4, y = 4 y = 0 

y2 = 4x x2 = 4y

(0,0) (4,4) 

y2 = 4x   x2 = 4y OAQBO 

=  
2

4

0
2

4

x
x dx

� �
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3 3
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2
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3 12
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32 16 16

3 3 3
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x2 = 4y, x = 0, x = 4 x- OPQAO 

=
2

4 4
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0 0

1 16

4 12 3

x
dx x� �� �� �	 ... (2)

y2 = 4x, y- , y = 0 y = 4 OBQRO 

=
2

4 4 4
3

0 0 0

1 16

4 12 3

y
xdy dy y� �� � �� �	 	 ... (3)

 OAQBO = OPQAO = OBQRO 
2 = 4x x2 = 4y

{(x, y) : 0 � y � x2 + 1, 0 � y � x + 1, 0 � x � 2}

A
1
 = {(x, y) : 0 � y � x2 + 1}

A
2
 = {(x, y) : 0 � y � x + 1}

A
3
 = {(x, y) : 0 � x � 2}
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 = x2 + 1  = x + 1  Q(1, 2) 

OPQRSTO 

=  OTQPO + TSRQT 

=
1 22

0 1
( 1) ( 1)x dx x dx� � �	 	 ( ?)

=

1 2
3 2

103 2
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x x
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1.

(i) y = x2; x = 1, x = 2 x-

y = x4; x = 1, x = 5 x-

2.  = x2

3. y = 4x2, x = 0, y = 1 y = 4 

4. y = 3x �
0

6
3x dx
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5. x = 0 x = 2��  = sin x

6. 2 = 4ax = mx 

7.  4y = 3x2 2y = 3x + 12 

8.

2 2

1
9 4

x y
� � 1

3 2

x y
� �

9.

2 2

2 2
1

x y

a b
� � 1

x y

a b
� �

10. x2 = y, y = x + 2 x-

11. 1x y� �

: x + y = 1, x– y = 1, – x + y = 1  – x – y = 1

]

12.  {(x, y) : y � x2 y = x } 

13.  ABC, 

A(2, 0), B (4, 5)  C (6, 3) 
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14. 2x + y = 4, 3x – 2y = 6 x – 3y + 5 = 0

15.  {(x, y) : y2 � 4x, 4x2 + 4y2 � 9}

16. y = x3, x- x = – 2, x = 1 

(A) – 9 (B)
15

4

�
(C)

15

4
(D)

17

4

17. y = x | x | , x- x = – 1  x = 1 

(A) 0 (B)
1

3
(C)

2

3
(D)

4

3

 : y = x2 x > 0 y = – x2 x < 0]

18. y2 � 6x x2 + y2 = 16 

(A)
4

(4 3)
3

� � (B)
4

(4 3)
3

� � (C)
4

(8 3)
3

�� (D)
4

(8 3)
3

� �

19. y- , y = cos x y = sin x, 0
2

x
�

� �

(A) 2 ( 2 1)� (B) 2 1� (C) 2 1� (D) 2

� y = f (x), x- x = a x = b (b > a) 

: 

� x = � (y), y- y = c, y = d :

� y = f (x), y = g (x) x = a, x = b

?

b

f x g x dx� ,  [a, b]  f (x) � g (x)

� [a, c]   f (x) � g (x)   [c, b]    f (x) �  g (x) , a < c < b,  

= ( ) ( ) ( ) ( )
c b

a c
f x g x dx g x f x dx� � �� �
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 (Eudoxus (440 ) 

(Archimedes (300 ) 

(Theory of fluxion) 

(Inverse Method of tangents) 

1684–86, (Leibnitz) (Acta

Eruditorum) (Calculous Summatorius)

‘�’ (J.Bernoulli)

(Calculus Integrali) 

(A.L.Cauchy)

(Lie Sophie) "It may be said that the conceptions

of differential quotient and integral which in their origin certainly go back to
Archimedes were introduced in Science by the investigations of Kepler, Descartes,
Cavalieri, Fermat and Wallis... The discovery that differentiation and integration
are inverse operations belongs to Newton and Leibnitz".
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