
�He who seeks for methods without having a definite problem in mind

seeks for the most part in vain – D. HILBERT �

9.1  Introduction
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Differential Equations
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9.2  (Basic Concepts)

x2 – 3x + 3 = 0 ... (1)

sin x + cos x = 0 ... (2)

x + y = 7 ... (3)

dy
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� = 0

... (4)
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9.2.1  (Order of a differential equation)

xdy
e

dx
� ... (6)

2

2
0

d y
y

dx
� � ... (7)

3
3 2

2

3 2
0

d y d y
x

dx dx

� �
� �� �� �

...(8)

9.2.2  (Degree of a differential equation)

y	, y
, y
	

2
3 2

3 2
2 0

d y d y dy
y

dxdx dx

� �
� � � �� �� �

... (9)

2

2sin 0
dy dy

y
dx dx

� �
� � �� �� � ... (10)

sin 0
dy dy

dx dx

� �
� �� �� � ... (11)

y
	�
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  y	

y	
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�

(i) cos 0
dy

x
dx

� � (ii)

22

2
0

d y dy dy
xy x y

dx dxdx

� �� � �� �
� �

(iii) 2 0yy y e
				 � � �

(i)
dy

dx

y	
dy

dx

(ii)

2

2

d y

dx
2

2

d y

dx

dy

dx

2

2

d y

dx

(iii) y			

1.

4

4
sin( ) 0

d y
y

dx
			� � 2. y	 + 5y = 0 3.

4 2

2
3 0

ds d s
s

dt dt

� � � �� �
� �
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4.

2
2

2
cos 0

d y dy

dxdx

� � � �� �� � � �
� �� �

5.

2

2
cos3 sin3

d y
x x

dx
� �

6.
2( )y			  + (y
)3 + (y	)4 + y5 = 0 7. y			  + 2y
 + y	 = 0

8. y	 + y = ex 9. y
 + (y	)2 + 2y = 0 10. y
 + 2y	 + sin y = 0

11.

3 22

2
sin 1 0

d y dy dy

dx dxdx

� � � � � �� � � �� � � � � �
� � � �� �

(A) 3 (B) 2 (C) 1 (D)

12.
2

2

2
2 3 0

d y dy
x y

dxdx
� � �

(A) 2 (B) 1 (C) 0 (D)

9.3.  (General and Particular

Solutions of a Differential Equation)

x2 + 1 = 0 ... (1)

sin2 x – cos x = 0 ... (2)

x

2

2

d y
y

dx
� = 0 ... (3)

�

� y

y = � (x) 

y = � (x) = a sin (x + b) ... (4)
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a, b�R. 

a b a = 2 
4

b
�

�

y = �
1
(x) = 2sin ... (5)

�
1 

� a, b

�
1

a b

y = e– 3x,

2

2
6 0

d y dy
y

dxdx
� � �

y =  e– 3x  x

dy

dx
 = 3e–3x ... (1)

x 

2

2

d y

dx
 = 9e–3x

2

2
,

d y dy

dxdx
y

 = 9 e– 3x + (–3e– 3x) – 6.e– 3x = 9 e– 3x – 9 e– 3x = 0 = 
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y = a cos x + b sin x, a, b � R,

2

2
0

d y
y

dx
� �

y = a cos x + b sin x ... (1)

x, 

dy

dx
= –a sin x + b cos x

2

2

d y

dx
 = – a cos x – b sin x

2

2

d y

dx
y

= (– a cos x – b sin x) + (a cos x + b sin x) = 0 = 

1. y = ex + 1 : y
 – y	 = 0

2. y = x2 + 2x + C : y	 – 2x – 2 = 0

3. y = cos x + C : y	 + sin x = 0

4. y = 21 x� : y	 = 21

xy

x�

5. y = Ax : xy	 = y (x � 0)

6. y = x sin x : xy	 = y + x 2 2x y�  (x � 0 x > y x < – y)

7. xy = log y + C : y	 = 

2

1

y

xy�  (xy � 1)

8. y – cos y = x : (y sin y + cos y + x) y	 = y
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9. x + y = tan–1y : y2 y� + y2 + 1 = 0

10. y = 2 2a x� x � (– a, a) : x + y
dy

dx
 = 0 (y � 0)

11.

(A) 0 (B) 2 (C) 3 (D) 4

12.

(A) 3 (B) 2 (C) 1 (D) 0

9.4.  (Formation of a

Differential Equation whose Solution is Given)

x2 + y2 + 2x – 4y + 4 = 0 ... (1)

x, 

1

2

dy x

dx y

�
�

�
, (y � 2) ... (2)

x2 + y2 = r2 ... (3)

r, 

x2 + y2 = 1, x2 + y2 = 4, x2 + y2 = 9

r

r x
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2x + 2y
dy

dx
�  0    x + y

dy

dx
�  0 ... (4)

y = mx + c ... (5)

m c, 

y = x (m = 1,   c = 0)

y = 3 x (m = 3 ,  c = 0)

y = x + 1 (m = 1,  c = 1)

y = – x (m = – 1,  c = 0)

y = – x – 1 (m = – 1,  c = – 1)

m, c

m c

m c

x

dy
m

dx
�

2

2
0

d y

dx
� ... (6)

9.4.1

(Procedure to form a Differential Equation that will represent a given

Family of curves)

(a) F

F
1
 (x, y, a) = 0 ... (1)
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y2 = ax f(x, y, a) : y2 = ax 

x y�, y, x, a

g (x, y, y�, a) = 0 ... (2)

a

F (x, y, y�) = 0 ... (3)

(b)  F
2

a, b

F
2
 (x, y, a, b) = 0 ... (4)

 (4) x  y�� x, y,  a, b 

g (x, y, y�, a, b) = 0 ... (5)

x 

h (x, y, y�, y�, a, b) = 0 ... (6)

a b

F (x, y, y�, y�) = 0 ... (7)

�

y = mx

m

y  =  mx ... (1)

x

dy
m

dx
�

m
dy

y x
dx

� 	 0
dy

x y
dx

� �

m
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y = a sin (x + b), a, b

y = a sin (x + b) ... (1)

x

cos( )
dy

a x b
dx

� � ... (2)

2

2
– sin ( )

d y
a x b

dx
� � ... (3)

a b 

2

2
0

d y
y

dx
� � ... (4)

a b

x-

2 2

2 2
1

x y

a b
� � ... (1)

x

2 2

2 2
0

x y dy

dxa b
� �

2

2
a

�
� ... (2)

x 

2

2 2
0

dy
x y

y d y dydx

x dxdx x


 ��� 

 �
 �
� �� 
� 
� 


� � � � � �
22

2
– 0

d y dy dy
xy x y

dx dxdx


 �
� �� 


� �
... (3)



406        

x

C  (0, a) 

C 

x2 + (y – a)2 = a2  x2 + y2 = 2ay ... (1)

a

x 

2 2 2
dy dy

x y a
dx dx

� �

dy dy
x y a

dx dx
� �

dy
x y

dxa
dy

dx

�
�

... (2)

a

2 2 2

dy
x y

dx
x y y

dy

dx

� �
�� �� �� �

2 2 2( ) 2 2
dy dy

x y xy y
dx dx

� � �

2 2

2

–

dy xy

dx x y
�

x-

 P 

(a, 0) a
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P 

y2 = 4ax ... (1)

x

2 4
dy

y a
dx

� ... (2)

a

2 2 ( )
dy

y y x
dx

� �
� � �� �

2 2 0
dy

y xy
dx

� � ... (3)

a b

1. 1
x y

a b
	 � 2. y2 = a (b2 – x2) 3. y = a e3x + b e– 2x

4. y = e2x (a + bx) 5. y = ex (a cos x + b sin x)

6. y-

7.

y-

8. y-

9. x-

10. y-

11. y = c
1
ex + c

2
e–x

(A)

2

2
0

d y
y

dx
	 � (B)

2

2
0

d y
y

dx
� � (C)

2

2
1 0

d y

dx
	 � (D)

2

2
1 0

d y

dx
� �
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12. y = x

(A)

2
2

2

d y dy
x xy x

dxdx
� 	 � (B)

2

2

d y dy
x xy x

dxdx
	 	 �

(C)

2
2

2
0

d y dy
x xy

dxdx
� 	 � (D)

2

2
0

d y dy
x xy

dxdx
	 	 �

9.5. 

(Methods of Solving First order, First Degree Differential Equations)

9.5.1 (Differential equations with variables

separable)

F ( , )
dy

x y
dx

� ... (1)

 F (x, y) g (x), h(y) x), x 

h(y),  y 

dy

dx
 = h (y) . g (x) ... (2)

h (y) 
 0, 

1

( )h y
dy = g (x) dx ... (3)

1
( )

( )
dy g x dx

h y
�� � ... (4)

H (y) = G (x) + C ... (5)

 H (y) G (x) 
1
( )h y g (x) C 
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1

2

dy x

dx y

	
�

�
, (y 
 2) 

1dy x 	
�

�
 (y 
 2) ... (1)

x dx ... (2)

(2 ) ( 1)y dy x dx� � 	� �
2 2

12 C
2 2

y x
y x� � 	 	

x2 + y2 + 2x – 4y + 2 C
1
 = 0

x2 + y2 + 2x – 4y + C = 0 ... (3)

C = 2C

2

2

1

1

dy y

dx x

	
�

	

1 + y2 
 0, 

dy dx
�

	 	
... (1)

2 21 1

dy dx

y x
�

	 	� �
tan–1 y = tan–1x + C

24
dy

xy
dx

� � y = 1 

x = 0 

y 
 0, 

2
4

dy
x dx

y
� � ... (1)
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2
4

dy
x dx

y
� �� �

1

y
�  = – 2x2 + C

2

1

2 C
y

x
�

�
... (2)

y = 1 x = 0 C = – 1 

C 

2

1

2 1
y

x
�

	

x *dy = (2x2 + 1) *dx (x 
 0) 

22 1x
dy dx

x

� �	
� � �
� �

1
2dy x dx

x

� �
� 	� �
� �

... (1)

1
2dy x dx

x

� �
� 	� �� �� �

y = x2 + log | x | + C ... (2)

*
dy

dx dx

  Introduction to calculus and

Analysis, volume-I page 172, By Richard Courant, Fritz John Spinger — Verlog New York.
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x = 1,  y = 1 C = 0  C

y = x2 + log | x | 

 (–2, 3), 

(x, y) 
2

2x

y

dy

dx

2

2dy x

dx
� ... (1)

y2 dy = 2x dx ... (2)

2 2y dy x dx�� �
3

2 C
3

y
x� 	 ... (3)

x = –2, y = 3 C = 5 

C 

3
2

5
3

y
x� 	

1

2 3(3 15)y x� 	

5% 

Rs 1000

t P 

P 5
P

100

d

dt

� �
� �� �� �

P P

20

d

dt
� ... (1)

P

P 20

d dt
� ... (2)
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log P = 1C
20

t
�

120P

t

c
e e� �

20P C

t

e� 1C Ce � ) ... (3)

P = 1000, t = 0

P t C = 1000 

P = 1000 20

t

e

t

2000 = 1000 20

t

e � t = 20 log
e
2

1.
1 cos

1 cos

dy x

dx x

�
�

�
2.

24 ( 2 2)
dy

y y
dx

� � � � �

3. 1( 1)
dy

y y
dx

� � � 4. sec2 x tan y dx + sec2 y tan x dy = 0

5. (ex + e–x) dy – (ex – e–x) dx = 0 6.
2 2(1 ) (1 )

dy
x y

dx
� � �

7. y log y dx – x dy = 0 8.
5 5dy

x y
dx

� �

9.
1

sin
dy

x
dx

�� 10. ex tan y dx + (1 – ex) sec2 y dy = 0

11.
3 2( 1)

dy
x x x

dx
� � �  = 2x2 + x; y = 1 x = 0
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12.
2( 1) 1

dy
x x

dx
� � ; y = 0 x = 2

13. cos
dy

a
dx

� 	
�
 �

� 

 (a � R); y = 1 x = 0

14. tan
dy

y x
dx

� ; y = 2 x = 0

15.

y� = ex sin x 

16. ( 2) ( 2)
dy

xy x y
dx

� � �

17. (0, –2) 

(x, y) y x

18.  (x, y) (– 4, –3).

(–2, 1) 

19.

t

20. r% 

r   (log
e
2 = 0.6931).

21.  5% Rs 1000

(e0.5 = 1.648)

22.  10%

23.
x ydy

e
dx

��

(A) ex + e–y = C (B) ex + ey = C

(C) e–x + ey = C (D) e–x + e–y = C
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9.5.2 (Homogenous differential equations)

x y 

F
1
 (x, y) = y2 + 2xy, F

2
 (x, y) = 2x – 3y,

F
3
 (x, y) = cos

y

x

� 	

 �
� 


, F
4
 (x, y) = sin x + cos y

x y �� �x �y

F
1
 (�x, �y) = �2 (y2 + 2xy) = �2 F

1 
(x, y)

F
2
 (�x, �y) = � (2x – 3y) = � F

2 
(x, y)

F
3
 (�x, �y) = cos cos

y y

x x

�� 	 � 	
�
 � 
 �

�� 
 � 

 = �0  F

3 
(x, y)

F
4
 (�x, �y) = sin �x + cos �y � �n F

4 
(x, y), n 

  F , F , F  F(�x, �y) = �n F (x, y) 

F
4

F(x, y), n ��

F (�x, �y) = �n F(x, y)

F
1
, F

2
, F

3
2, 1, 0 

F

2
2 2

1 12

2
F ( , )

y y y
x y x x h

x xx

� 	 � 	
� � �
 � 
 �

� 
� 


2 2
1 2

2
F ( , ) 1

x x
x y y y h

y y

� 	 � 	
� � �
 � 
 �

� 
 � 

,

1 1
2 3

3
F ( , ) 2

y y
x y x x h

x x

� 	 � 	
� � �
 � 
 �

� 
 � 


1 1
2 4F ( , ) 2 3

x x
x y y y h

y y

� 	 � 	
� � �
 � 
 �

� 
 � 

,

3 5F ( , ) cos
y y

x y x x h
x x

�� 	 � 	
� � �
 � 
 �

� 
 � 
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4 6F ( , ) n y
x y x h

x

� 	
� 
 �

� 

, n � N 

F
4 
(x, y) � 7

ny h , n ��N

 F (x, y), n

F (x, y) = 
 � 
 �� 
 � 


dy

dx
= F (x, y)   F(x, y)

F ,
dy y

x y g
dx x

� 	
� � 
 �

� 

... (1)

y

x
= v

y = v x ... (2)

x

dy dv
v x

dx dx
� � ... (3)

dy

dx

( )
dv

v x g v
dx

� �

( )
dv

x g v v
dx

� � ... (4)

( )

dv dx

g v v x
�

�
... (5)

1
C

( )

dv
dx

g v v x
� �

�� � ... (6)

v
y
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�
F( , )

dx
x y

dy
�

 F (x, y) 
x

v
y
� x = vy

F( , )
dx x

x y h
dy y

� 	
� � 
 �

� 


 (x – y) 
dy

dx
 = x + 2y

2dy x y

dx x y

�
�

�
... (1)

 F (x, y) = 
2x y

x y

�

�

( 2 )
F( , ) F( , )

( )

x y
x y x y

x y

�
� � �

�

�
� � �

�
�

F(x, y)

2
1

1

y

dy yx g
ydx x

x

� 	
�
 � � 	

� �
 � 
 �
� 

 ��

� 


... (2)

y
g

x

� 	

 �� 


y = vx ... (3)
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x

dy dv
v x

dx dx
� � ... (4)

y
dy

dx

1 2

1

dv v
v x

dx v

�
� �

�

1 2

1

dv v
x v
dx v

�
� �

�

2 1

1

dv v v
x
dx v

� �
�

�

2

1

1

v dx
dv

xv v

� �
�

� �
... (5)

2

1

1

v dx
dv

xv v

�
� �

� �� �

2

1 2 1 3
log C

2 1

v
dv x

v v

� �
� � �

� ��

2 2

1 2 1 3 1
log C

2 21 1

v
dv dv x

v v v v

�
� � � �

� � � �� �

2

2

1 3 1
log 1 log C

2 2 1
v v dv x

v v
� � � � � �

� ��

2

22

1 3 1
log 1 log C

2 2 1 3

2 2

v v dv x

v

� � � � � �
� �� �

� �� �� �
	 
 	 


�

2 11 3 2 2 1
log 1 . tan log C

2 2 3 3

v
v v x� �� �
� � � � � �� �
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2 2 11 1 2 1
log 1 log 3 tan C

2 2 3

v
v v x � �� �
� � � � �� �

	 


v
y

x
, 

2
2 1

2

1 1 2
log 1 log 3 tan C

2 2 3

y y y x
x

xx x

� �� �
� � � � �� �

	 


2
2 1

12

1 2
log 1 3 tan C

2 3

y y y x
x

xx x

�� � �� �
� � � �� � � �

	 
	 


2 2 1
1

2
log ( ) 2 3 tan 2C

3

y x
y xy x

x

� �� �
� � � �� �

	 


2 2 1 2
log ( ) 2 3 tan C

3

x y
x xy y

x

� �� �
� � � �� �

	 


cos cos
y dy y

x y x
x dx x

� � � �
� �� � � �

	 
 	 


cos

cos

y
y x

dy x

ydx
x

x

� �
�� �	 


�
� �
� �	 


... (1)

F( , )
dy

x y
dx
�

 F (x, y) = 

cos

cos

y
y x

x

y
x

x

� �
�� �

	 

� �
� �
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x �x y �y 

F (�x, �y) = 
0

[ cos ]

[F( , )]

cos

y
y x

x
x y

y
x

x

� �
�� �

	 
 �
� �
� �
	 


�
�

�

F (x, y)

y = vx ... (2)

x

dy dv
v x

dx dx
� � ... (3)

y
dy

dx

cos 1

cos

dv v v
v x

dx v

�
� �

cos 1

cos

dv v v
x v

dx v

�
� �

1

cos

dv
x

dx v
�

cos
dx

v dv
x

�

1
cosv dv dx

x
�� �

sin v = log | x | + log | C|

sin v = log | Cx |

v
y

x

sin log C
y

x
x

� �
�� �
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2 ( 2 ) 0

x x

y yy e dx y x e dy� � �

x = 0 y = 1 

2

2

x

y

x

y

dx x e y

dy
y e

�
� ... (1)

F(x, y) 
2

2

x

y

x

y

xe y

ye

�
�     F(�x, �y) 

2

[F ( , )]

2

x

y

x

y

xe y

x y

ye

�

�

�

�

� �
� ��
� �
	 
� �
� �
� �
� �
	 


F (x, y) 

x = vy 

y

+
dx dv

v y
dy dy

�

x

2 1

2

v

v

dv v e
v y

dy e

�
� �

2 1

2

v

v

dv v e
y v

dy e

�
� �

1

2 v

dv
y

dy e
� �

2 v dy
e dv

y

�
�
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2 .v dy
e dv

y
� �� �

2 ev = – log | y | + C

v
x

y

2 

x

ye  + log | y | = C ... (3)

x = 0 y = 1 

2 e0 + log | 1 | = C 
 C = 2

C 

2  

x

ye  + log | y | = 2

(x, y) 

2 2

2

x y

xy

�
x2 – y2 = cx

dy

dx

2 2

2

dy x y

dx xy

�
�

2

2
1

2

y

dy x
ydx

�
� ... (1)

y = vx 

y = vx x 

dy dv
v x

dx dx
� �

21

2

dv v
v x

dx v

�
� �

21

2

dv v
x

dx v

�
� 2

2

1

v dx
dv

xv
�

� 2

2

1

v dx
dv

xv
� �

�
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2

2 1

1

v
dv dx

xv
� �

�� �

log | v2 – 1 | = – log | x | + log | C
1
|

log | (v2 – 1) (x) | = log |C
1
|

(v2 – 1) x =  ± C
1

v
y

x

2

12
1 C

y
x

x

� �
� � �� �

	 


(y2 – x2) = ± C
1

x x2 – y2 = Cx

1. (x2 + xy) dy = (x2 + y2) dx 2.
x y

y
x

�
� �

3. (x – y) dy – (x + y) dx = 0 4. (x2 – y2) dx + 2xy dy = 0

5.
2 2 22

dy
x x y xy

dx
� � � 6. x dy – y dx = 2 2x y dx�

7. cos sin sin cos
y y y y

x y y dx y x x dy
x x x x


 � 
 �� � � � � � � �
� � �� � � �� � � � � � � �

	 
 	 
 	 
 	 
� � � �

8. sin 0
dy y

x y x
dx x

� �
� � �� �

	 

9. log 2 0

y
y dx x dy x dy

x

� �
� � �� �

	 


10.
1 1 0

x x

y y x
e dx e dy

y

� � � �
� � � �� � � �	 
	 


11. (x + y) dy + (x – y) dx = 0; y = 1 x = 1

12. x2 dy + (xy + y2) dx = 0; y = 1 x = 1
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13.
2sin 0;

4

y
x y dx x dy y

x

� � �� �
� � � �� �� �	 
� �

x = 1

14. cosec 0
dy y y

dx x x

� �
� � �� �

	 

;  y = 0 x = 1

15.
2 22 2 0

dy
xy y x

dx
� � � ;  y = 2 x = 1

16.

dx x
h

dy y

� �
� � �

	 


(A) y = vx (B) v = yx (C) x = vy (D) x = v

17.

(A) (4x + 6y + 5) dy – (3y + 2x + 4) dx = 0

(B) (xy) dx – (x3 + y3) dy = 0

(C) (x3 + 2y2) dx + 2xy dy = 0

(D) y2 dx + (x2 – xy – y2) dy = 0

9.5.3 (Linear differential equations)

P Q
dy

y
dx

� � ,

P Q x

sin
dy

y x
dx

� �

1 xdy
y e

dx x

� �
� �� �
	 


1

log

dy y

dx x x x

� �
� �� �
	 


1 1P Q
dx

x� � P
1

Q
1

y

cos
dx

x y
dy

� �
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22 ydx x
y e

dy y

��
� �

P Q
dy

y
dx

� � ... (1)

x g (x)

g (x) 
dy

dx
 + P.. g (x) y = Q . g (x) ... (2)

g (x) y . g (x) 

g (x) 
dy

dx
 + P.. g (x) y = 

d

dx
[y . g (x)]

g (x) 
dy

dx
 + P.. g (x) y = g (x) 

dy

dx
+ y g� (x)

� P. g (x) = g� (x)

( )
P =

( )

g x

g x

�

x

( )
P =

( )

g x
dx dx

g x

�
� �

P. = log ( )dx g x�

g (x) = P dx
e�

g(x) = e�pdx x y 

g(x) = e�pdx

(I.F.) 

g (x) 

P Q.
pdx pdx pdxdy

e e y e
dx

� � �� �

P P
Q

dx dxd
y e e

dx

� ��
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x, 

P P
Q

dx dx
y e e dx� �� � ��

P P
Q C

dx dx
y e e dx

�� �� � � ��

(i) P Q
dy

y
dx

� � P, Q 

x

(ii)  (I.F.) = Pdx
e�

(iii)

y . (I.F.) = Q × I.F. Cdx ��

1 1P Q
dx

x
dy

� � P
1

Q
1

y I.F. = 1P dy
e�

x . (I.F.) = 1Q × I.F. Cdy ��

cos
dy

y x
dx
� �

P Q
dy

y
dx

� � ,   P = –1 Q  =  cos x

1
I.F.

dx xe e
� ��� �

 I.F. 

cosx x xdy
e e y e x

dx

� � �� �

cos
x xd

y e e x
dx

� ��
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x

cos Cx xy e e x dx� �� �� ... (1)

I = cosxe x dx�
�

= cos ( sin ) ( )
1

x
xe

x x e dx
�

�� �
� � �� �

�	 
 �

= cos sinx xx e x e dx� �� � �

= cos sin (– ) cos ( )
x x x

x e x e x e dx
� � �� �� � � �� ��

= cos sin cosx x xx e x e x e dx� � �� � � �
I = – e–x cos x + sin x e–x – I

2I = (sin x – cos x) e–x

I =
(sin cos )

2

xx x e��

I 

sin cos
C

2

x xx x
y e e� ��� �

� �� �
	 


sin cos
C

2

xx x
y e

�
� �

2
2 ( 0)

dy
x y x x

dx
� � �

2
2

dy
x y x

dx
� � ... (1)

x

2dy
y x

dx x
� �

P Q
dy

y
dx

� � , 
2

P
x

� Q = x 

I.F. = 
2

dx
xe
� = e2 log x = 

2log 2xe x� �
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y . x2 = 
2( ) ( ) Cx x dx ��  = 

3 Cx dx ��
2

2C
4

x
y x�� �

y dx – (x + 2y2) dy = 0 

2
dx x

y
dy y

� �

1 1P Q
dx

x
dy

� � , 1

1
P

y
� �

Q
1
 = 2y

1

1

log log( ) 1
I.F

dy
y yye e e

y

��
��

� � � �

1 1
(2 ) Cx y dy

y y

� �
� �� �

	 

�

2 C
x

dy
y
� ��

2 C
x

y
y
� �

x = 2y2 + Cy

cot 
dx

y x
dy

�  = 2x + x2 cot x (x � 0)

y = 0 
2

x
�

�

P Q
dy

y
dx

� � , 
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P = cot x Q = 2x + x2 cot x 

cot log sin
I.F = sin

x dx x
e e x� � �

y . sin x �
� (2x + x2 cot x) sin x dx + C

y sin x �
�2x sin x dx + � x2 cos x dx + C

y sin x = 
2 2

22 2
sin cos cos C

2 2

x x
x x dx x x dx
� � � �

� � �� � � �
	 
 	 
� �

2 2 2sin sin cos cos Cy x x x x x dx x x dx� � � �� �
y sin x = x2 sin x + C ... (1)

y = 0 
2

x
�

�

2

0 sin C
2 2

� �� � � �
� �� �� � 	 
	 


2

C =
4

��

C 

2
2sin = sin

4
y x x x

�
�

2
2= (sin 0)

4 sin
y x x

x

�
� �

(x, y) x x

y

dy

dx

dy
x xy

dx
� �

dy
xy x

dx
� � ... (1)
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P Q
dy

y
dx

� � P = – x

Q  =  x
2

2I.F. = 

x
x dx

e e

�
�� �

2
2

2 2. ( ) C

x x

y e x dxe

� �

� �� ... (2)

2

2I ( )
x

x dxe

�

� �
2

2

x
t

�
� ,  – x dx = dt x dx = – dt

2

2I –
x

t te dt e e

�

� � � � ��
 (2) I

2 2

2 2 + C
x x

y e e

� �

� �
2

21 C

x

y e� � � ... (3)

x = 0 y = 1 

1 = – 1 + C . eo    C = 2

C 
2

21 2

x

y e� � �

1. 2 sin
dy

y x
dx

� � 2.
2

3
xdy

y e
dx

�� � 3.
2dy y

x
dx x

� �

4. (sec ) tan 0
2

dy
x y x x

dx

�� �
� � � �� �

	 

5.

2
cos tan

dy
x y x

dx
� � 0

2
x

�� �
� �� �
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6.
22 log

dy
x y x x

dx
� � 7.

2
log log

dy
x x y x

dx x
� �

8. (1 + x2) dy + 2xy dx = cot x dx (x � 0)

9. cot 0 ( 0)
dy

x y x xy x x
dx

� � � � � 10. ( ) 1
dy

x y
dx

� �

11. y dx + (x – y2) dy = 0 12.
2( 3 ) ( 0)

dy
x y y y

dx
� � � .

13.
3

dy

dx

�

14.
dx x�

15.
2

dy

dx

�

16.

(x, y) 

17.

18.
2

2
dy

x y x
dx

� �

(A) e–x (B) e–y (C)
1

x
(D) x

19.
2(1 )

dx
y yx

dy
� �  = ( 1 1)ay y� � �

(A) 2

1

1y �
(B) 2

1

1y �
(C) 2

1

1 y�
(D) 2

1

1 y�
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y = c
1

eax cos bx + c
2

eax sin bx, c
1
, c

2

2
2 2

2
2 0

d y dy
a a b y

dxdx
� � � �

1 2cos sin
ax

y e c bx c bx� � ... (1)

x

1 2 1 2– sin cos cos sin .ax axdy
e bc bx bc bx c bx c bx e a

dx
� � � �

2 1 2 1[( )cos ( )sin ]axdy
e bc ac bx ac bc bx

dx
� � � � ... (2)

x, 

2

2 1 2 12
[( ) ( sin . ) ( ) (cos . )]

axd y
e bc ac bx b ac bc bx b

dx
� � � � �

  + 
2 1 2 1[( ) cos ( ) sin ] .axbc a c bx a c bc bx e a� � �

= 2 2 2 2
2 1 2 1 2 1[( 2 ) sin ( 2 ) cos ]axe a c abc b c bx a c abc b c bx� � � � �

2

2
,

d y dy

dxdx
y

2 2 2 2
2 1 2 1 2 1[ 2 )sin ( 2 )cos ]axe a c abc b c bx a c abc b c bx� � � � � �

2 1 2 12 [( )cos ( )sin ]axae bc ac bx ac bc bx� � � �

2 2
1 2( ) [ cos sin ]axa b e c bx c bx� � �

2 2 2 2 2
2 1 2 2 1 2 2

2 2 2 2 2
1 2 1 2 1 1 1

2 2 2 sin

( 2 2 2 )cos

ax
a c abc b c a c abc a c b c bx

e
a c abc b c abc a c a c b c bx

� �� � � � � �
� ��
� �� � � � � � �� �

=  [0 sin 0cos ]axe bx bx� � = eax × 0 = 0  = 
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C (–a, a) 

( )

 C 

(x + a)2 + (y – a)2 = a2 ... (1)

x2 + y2 + 2ax – 2ay + a2 = 0 ... (2)

x

2 2 2 2 0
dy dy

x y a a
dx dx

� � � �

1
dy dy

x y a
dx dx

� �
� � �� �

� 	

1

x y y
a

y


�
�


 �

a

2 2 2

1 1 1

x y y x y y x y y
x y

y y y


 
 
� � �� � � � � �
� � � �
 � 
 � 
 �
 
 
� � �� � � � � �

2 2 2
x y x x y y y y y x y y x y y
 
 
 
 
� � � � � � � � �

(x + y)2 2y
  + [x + y]2 = [x + y y
]2

(x + y)2 [
2

y
  + 1] = [x + y y
]2

log 3 4
dy

x y
dx

� �
� �� �

� 	

y = 0 x = 0

(3 4 )x ydy
e

dx

��



        433

3 4x ydy
e e

dx
� � ... (1)

3

4

x

y

dy
e dx

e
�

4 3y xe dy e dx� �� �
4 3

C
4 3

y xe e�

� �
�

4 e3x + 3 e– 4y + 12 C = 0 ... (2)

x = 0 y = 0 

4 + 3 + 12 C = 0 C = 
7

12

�

 C 

4 e3x + 3 e– 4y – 7 = 0, 

(x dy – y dx) y sin 
y

x

� �
� �
� 	

 = (y dx + x dy) x cos 
y

x

� �
� �
� 	

2 2sin cos cos sin
y y y y

x y x dy xy y dx
x x x x

� � � �� � � � � � � �
� � �� � � � � � � �
 � 
 �� 	 � 	 � 	 � 	� � � �

2

2

cos sin

sin cos

y y
xy y

dy x x

y ydx
xy x

x x

� � � �
�� � � �

� 	 � 	�
� � � �

�� � � �
� 	 � 	

x2

2

2
cos sin

sin cos

y y y y

dy x x xx

y y ydx

x x x

� �� � � �
�� � � �� �

� 	 � 	� 	�
� � � �

�� � � �
� 	 � 	

... (1)
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dy y
g

dx x

� �
� � �

� 	

y = vx ... (2)

dy dv
v x

dx dx
� �

2cos sin

sin cos

dv v v v v
v x

dx v v v

�
� �

�
 [ ]

2 cos

sin cos

dv v v
x
dx v v v

�
�

sin cos 2

cos

v v v dx
dv

v v x

�� �
�� �

� 	

sin cos 1
2

cos

v v v
dv dx

v v x

�� �
�� �

� 	� �

1 1
tan 2v dv dv dx

v x
� �� � �

1log sec log | | 2log | | log | C |v v x� � �

12

sec
log log C

v

v x
�

12

sec
C

v

v x
� � ... (3)

v
y

x

2

sec

C

( )

y

x

y
x

x

� �
� �
� 	 �

� �
� �
� 	

 C = ± C
1

sec C
y

xy
x

� �
�� �

� 	
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(tan–1y – x) dy = (1 + y2) dx 

1

2 2

tan

1 1

dx x y

dy y y

�

� �
� �

... (1)

1P
dx

dy
� x = Q

1
, 

1 2

1
P

1 y
�

�

1

1 2

tan
Q

1

y

y

�

�
�

12

1

tan1I.F.
dy

yye e
���� �

1 1
1

tan tan

2

tan
C

1

y yy
xe e dy

y

� �
�� �

� �� �
�� 	

� ... (2)

1
1

tan

2

tan
I

1

yy
e dy

y

�
�� �

� � �
�� 	

�

tan–1 y = t
2

1

1
dy dt

y

� �
�� ��� 	

I = 
tt e dt� , I = t et – �1 . et et, I = t et – et = et (t – 1)

I =  
1tan ye
�

(tan–1y –1)

 I 

1 1tan tan 1
. (tan 1) C

y y
x e e y

� � �� � �

x = 
11 tan

(tan 1) C
y

y e
�� �� �
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1.

(i)

22

2
5 6 log

d y dy
x y x

dxdx

� �
� � �� �

� 	
         (ii)  

3 2

4 7 sin
dy dy

y x
dx dx

� � � �
� � �� � � �

� 	 � 	

(iii)

4 3

4 3
sin 0

d y d y

dx dx

� �
� �� �

� 	

2.

(i) xy = a ex + b e–x + x2 :

2
2

2
2 2 0

d y dy
x xy x

dxdx
� � � � �

(ii) y = ex (a cos x + b sin x) :

2

2
2 2 0

d y dy
y

dxdx
� � �

(iii) y = x sin 3x :

2

2
9 6cos3 0

d y
y x

dx
� � �

(iv) x2 = 2y2 log y :
2 2

( ) 0
dy

x y xy
dx

� � �

3. (x – a)2 + 2y2 = a2, 

a

4. x2 – y2 = c (x2 + y2)2 c

(x3 – 3x y2) dx = (y3 – 3x2y) dy

5.

6.

2

2

1
0

1

dy y

dx x

�
� �

�
x �1

7.

2

2

1
0

1

dy y y

dx x x

� �
� �

� �

(x + y + 1) = A (1 – x – y – 2xy) A 

8. 0,
4

�� �
� �
� 	

sin x cos y dx + cos x sin y dy = 0 



        437

9.  (1 + e2x) dy + (1 + y2) ex dx = 0 

y = 1 x = 0.

10. 2
( 0)

x x

y yy e dx x e y dy y
� �
� �� � �� 	

11.   (x – y) (dx + dy) = dx – dy

y = –1, x = 0 ( :  x – y = t )

12.

2

1( 0)
xe y dx

x
dyx x


� �

 � �
 �

� �

13. cot
dy

y x
dx

�  = 4x cosec x (x � 0) 

y = 0 
2

x
�

� .

14.  (x + 1) 
dy

dx
 = 2 e–y – 1 

 = 0 x = 0.

15.

16. 0
y dx x dy

y



�

(A) xy = C (B) x = Cy2 (C) y = Cx (D) y = Cx2

17. 1 1P Q
dx

x
dy

� �

(A) 1 1P P

1Q C
dy dy

y e e dy� �� ��

(B) 1 1P P

1. Q C
dx dx

y e e dx� �� ��

(C) 1 1P P

1Q C
dy dy

x e e dy� �� ��

(D) 1 1P P

1Q C
dx dx

x e e dx� �� ��
18. ex dy + (y ex + 2x) dx = 0 

(A) x ey + x2 = C (B) x ey + y2 = C (C) y ex + x2 = C (D) y ey + x2 = C
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�
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x dx
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