Chapter 1

(RELATIONS AND FUNCTIONS )

¢ There is no permanent place in the world for ugly mathematics ... . It may
be very hard to define mathematical beauty but that is just as true of
beauty of any kind, we may not know quite what we mean by a
beautiful poem, but that does not prevent us from recognising
one when we read it. — G. H. HARDY %

1.1 Introduction

Recall that the notion of relations and functions, domain,
co-domain and range have been introduced in Class XI
along with different types of specific real valued functions
and their graphs. The concept of the term ‘relation’ in
mathematics has been drawn from the meaning of relation
in English language, according to which two objects or
quantities are related if there is a recognisable connection
or link between the two objects or quantities. Let A be
the set of students of Class XII of a school and B be the
set of students of Class XI of the same school. Then some
of the examples of relations from A to B are

(1) {(a, b) € Ax B:ais brother of b}, Lejeune Dirichlet
(i) {(a, b) € A xB: ais sister of b}, (1805-1859)
(iii) {(a, b) € A xB: age of a is greater than age of b},
(iv) {(a, b) € A x B: total marks obtained by « in the final examination is less than
the total marks obtained by b in the final examination},
(v) {(a, b) € A x B: alives in the same locality as b}. However, abstracting from
this, we define mathematically a relation R from A to B as an arbitrary subset
of A x B.
If (a, b) € R, we say that a is related to b under the relation R and we write as
a R b. In general, (a, b) € R, we do not bother whether there is a recognisable
connection or link between a and b. As seen in Class XI, functions are special kind of
relations.
In this chapter, we will study different types of relations and functions, composition
of functions, invertible functions and binary operations.
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1.2 Types of Relations

In this section, we would like to study different types of relations. e know that a
relation in a set A is a subset of A x A. Thus, the empty set ¢fand A x A are two
extreme relations. or illustration, consider arelation R in the setA {,,, } given by

R {( a,b):a b }.Thisis the empty set,asno pair (  a, b) satisfies the condition
a b .imilarly, R "{( a,b): a b =} isthe whole set A x A, as all pairs
(a, b) in A x A satisfy a b = . These two extreme examples lead us to the
following definitions.

Definition 1 A relation R in a set A is called empty relation, if no element of A is
related to any element of A, i.e., R ¢l A x A,

Definition 2 A relation R in a set A is called universal relation, if each element of A
is related to every element of A, i.e., R A x A,

Both the empty relation and the universal relation are some times called trivia/
relations.

Example 1 Let A be the set of all students of a boys school. how that the relation R
in A given by R {( a, b) : ais sister of b} is the empty relation and R" {( a, b) : the
difference between heights of a and b is less than meters} is the universal relation.

Solution ince the school is boys school, no student of the school can be sister of any
student of the school. Hence, R ¢, showing that R is the empty relation. It is also
obvious that the difference between heights of any two students of the school has to be
less than meters. This shows that R ' A x A is the universal relation.

Remark In Class XI, we have seen two ways of representing a relation, namely raster
method and set builder method. However, arelation R in the set {, , , } defined by R

{( a,b): b a }isalso expressedas a R bifand onlyif b a by many
authors. e may also use this notation, as and when convenient.

If (a, b) € R, we say that a is related to b and we denote it as a R b.

ne of the most important relation, which plays a significant role in Mathematics,
is an equivalence relation. To study equivalence relation, we first consider three
types of relations, namely reflexive, symmetric and transitive.

Definition 3 A relation R in a set A is called
(1) reflexive, if (a, a) € R, for every a € A,
(i) symmetric,if(a,a) € Rimplies that (a,a )e R, foralla,a € A.
(iii) transitive,if (a ,a ) € Rand (a,a )€ Rimplies that (a ,a ) e R, foralla ,a,
a €A.
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Definition 4 A relation R in a set A is said to be an equivalence relation if R is
reflexive, symmetric and transitive.

Example 2 Let T be the set of all triangles in a plane with R a relation in T given by
R {(T ,T):T iscongruentto T }. how that R is an equivalence relation.

Solution R is reflexive, since every triangle is congruent to itself. urther,
(T, T)eR=T iscongruentto T = T is congruentto T = (T , T ) € R. Hence,
R is symmetric. Moreover, (T ,T),(T,T) €e R=T 1is congruentto T and T is
congruentto T = T iscongruentto T = (T, T ) € R. Therefore, R is an equivalence
relation.

Example 3 Let L be the set of all lines in a plane and R be the relation in L defined as
R {(L ,L):L is perpendicular to L }. how that R is symmetric but neither
reflexive nor transitive.

Solution R is not reflexive, as a line L can not be perpendicular to itself, i.e., (L , L)

¢ R. R is symmetricas (L ,L ) € R L,
= L is perpendicular to L '
= L is perpendicular to L L,

= (L,L)eR L

R is not transitive. Indeed, if L is perpendicular to L and
L isperpendicularto L ,then L cannever be perpendicular to
L .In fact, L isparalleltoL ,ie,(L,L)e R, (L,L)eRbut(L,L)¢R.

Fig 1.1

Example 4 how that the relation R in the set {, , } given by R {(, ), (, ),
(), (), (,)} is reflexive but neither symmetric nor transitive.

Solution R is reflexive, since (, ), (, ) and (, ) lie in R. Also, R is not symmetric,
as(,) e€Rbut(,) ¢R. imilarly, R isnot transitive, as (, ) eRand(,) €R
but(,) ¢R.

Example 5 how that the relation R in the set Z of integers given by

R {( a b): divides a b}
is an equivalence relation.
Solution R is reflexive, as divides ( a «) for all a €[Z. urther, if (a, b) € R, then
divides a b. Therefore, divides b a. Hence, (b, a) € R, which shows that R is
symmetric. imilarly, if ( @, b) € Rand (b, c) € R,thena band b c are divisible by

.ow, a c¢ (a b) (b c)iseven(hy).o, a c) is divisible by . This
shows that R is transitive. Thus, R is an equivalence relation in Z.
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In Example , note that all even integers are related to ero, as (, ), (, )
etc., lie in R and no odd integer is related to , as (, ), (, ) etc., do not lie in R.
imilarly, all odd integers are related to one and no even integer is related to one.
Therefore, the set E of all even integers and the set of all odd integers are subsets of
Z satisfying following conditions:

(i) All elements of E are related to each other and all elements of are related to
each other.
(i) o element of E is related to any element of and vice-versa.
(i) E and aredisjointand Z E Ul
The subset E is called the equivalence class containing zero and is denoted by
.imilarly, is the equivalence class containing and is denoted by . ote that
£, rand r , r e Z.Infact, what we have seen above is true
for an arbitrary equivalence relation R in a set X. iven an arbitrary equivalence
relation R in an arbitrary set X, R divides X into mutually disjoint subsets A, called
partitions or subdivisions of X satisfying:

(i) all elements of A_ are related to each other, for all i.
(i) no element of A is related to any element of Aj ,I#E].
(iii) uAj_XandA iNA, 0,1 #].
The subsets A are called equivalence classes. The interesting part of the situation

is that we can go reverse also. or example, consider a subdivision of the set Z given
by three mutually disjoint subsets A , A and A whose union is Z with

A { xeZ:xisamultiple of } {..., .
A { xeZ:x isamultipleof} {.., .
A { xeZ:x isamultipleof} {.., .

efine a relation R in  Z given by R {( a, b) : divides a b}. ollowing the
arguments similar to those used in Example , we can show that R is an equivalence
relation. Also, A coincides with the set of all integers in Z which are related to ero, A
coincides with the set of all integers which are related to and A  coincides with the
set of all integers in Z which are related to . Thus, A , A and A
In fact, A rA r and A r , for all rel.

Example 6 Let R be the relation defined in the set A {,,,,,, } by

R {( a, b) : both a and b are either odd or even}. how that R is an equivalence
relation. urther, show that all the elements of the subset {, , , } are related to each
other and all the elements of the subset {, , } are related to each other, but no
element of the subset {, , , } is related to any element of the subset {, , }.
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Solution iven any element a in A, both a and @ must be either odd or even, so
that (a, @) € R. urther, ( a, b)) € R = both a and b must be either odd or even
= (b, a) € R. imilarly, ( a, b) € R and (b, ¢) € R = all elements a, b, ¢, must be
either even or odd simultaneously = (a, ¢) € R. Hence, R is an equivalence relation.
urther, all the elements of {, , , } are related to each other, as all the elements

of this subset are odd. imilarly, all the elements of the subset {, , } are related to
each other, as all of them are even. Also, no element of the subset {, ,, } can be
related to any element of {, , }, as elements of {, ,, } are odd, while elements

of {,, } are even.

EXERCISE 1.1

1. etermine whether each of the following relations are reflexive, symmetric and
transitive:

(i) Relation RinthesetA {,,,...,, } defined as
RA{(x»: x y3}
(i) Relation R in the set N of natural numbers defined as
R{(xy:y x and x }
(iii) RelationRinthesetA {,,,,,} as
R {( x,y):yisdivisible by x}
(iv) Relation R in the set Z of all integers defined as
R {( x,y):x yisan integer}
(v) RelationR inthe set A of human beings in a town at a particular time given by
(a) R {( x,y):xandy work at the same place}
(b) R {( x,»):xandy live in the same locality}
(¢) R {( x,y):xis exactly cm taller than y}
(d) R {( x,y):xis wife of y}
() R {( x,y):xis father of y}
2. how that the relation R in the set R of real numbers, defined as
R {( a, b):a<b} isneither reflexive nor symmetric nor transitive.
3. Check whether the relation R defined in the set {, ,,,, } as
R {( a,b):b=a } isreflexive, symmetric or transitive.
4. how that the relation R in Rdefined as R {( a, b) : a < b}, is reflexive and
transitive but not symmetric.

5. Check whether the relation R in Rdefined by R {( a, b) : a < b } is reflexive,
symmetric or transitive.
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14.
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how that the relation R in the set {, , } given by R {(, ), (, )} is
symmetric but neither reflexive nor transitive.

how that the relation R in the set A of all the books in a library of a college,
given by R {( x, ¥) : x and y have same number of pages} is an equivalence
relation.
how that the relation R inthe set A {,,,, } given by
R {( a,b): a biseven}, is an equivalence relation. how that all the
elements of {, , } are related to each other and all the elements of {, } are
related to each other. But no element of {, , } is related to any element of {, }.
how that each of the relation R intheset A { xeZ: <x<},given by
@) R {( a,b): a bisamultiple of }

@ R {( a,b):a b}
is an equivalence relation. ind the set of all elements related to in each case.
ive an example of a relation. hich is

(i) ymmetric but neither reflexive nor transitive.

(i) Transitive but neither reflexive nor symmetric.

(ii)) Reflexive and symmetric but not transitive.

(iv) Reflexive and transitive but not symmetric.

(v) ymmetric and transitive but not reflexive.
how that the relation R in the set A of points in a plane given by
R {(,) :distance of the point from the origin is same as the distance of the
point from the origin}, is an equivalence relation. urther, show that the set of

all points related to a point  # (, ) is the circle passing through with origin as

centre.

how that the relation R defined in the set A of all trianglesas R {(T ,T):T

is similarto T }, is equivalence relation. Consider three right angle triangles T

with sides,,, T with sides ,, and T with sides , , . hich

triangles among T , T and T are related

how that the relation R defined in the set A of all polygons as R {( , )
and have same number of sides}, is an equivalence relation. hat is the

set of all elements in A related to the right angle triangle T with sides , and

Let L be the set of all lines in X plane and R be the relation in L defined as

R {(L ,L):L isparalleltoL }.how thatR is an equivalence relation. ind

the set of all lines related to the liney  x .
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15. LetRbetherelationintheset {,,, } givenbyR {(,),(,),(,), (),
(,), (), (,)}. Choose the correct answer.

(A) Risreflexive and symmetric but not transitive.
(B) Risreflexive and transitive but not symmetric.
(C) Ris symmetric and transitive but not reflexive.
() Risanequivalence relation.

16. LetR betherelation in the set NgivenbyR {( a,b):a b , b }.Choose
the correct answer.

A)G) R B () R (©) () R 0() R

1.3 Types of Functions

The notion of a function along with some special functions like identity function, constant
function, polynomial function, rational function, modulus function, signum function etc.
along with their graphs have been given in Class XI.

Addition, subtraction, multiplication and division of two functions have also been
studied. As the concept of function is of paramount importance in mathematics and
among other disciplines as well, we would like to extend our study about function from
where we finished earlier. In this section, we would like to study different types of
functions.

Consider the functions f', f, f and f given by the following diagrams.

Inig ., we observe that the images of distinct elements of X under the function
f are distinct, but the image of two distinct elements and of X  under f is same,
namely b. urther, there are some elements like e and fin X which are not images of
any element of X under /', while all elements of X are images of some elements of X
under /. The above observations lead to the following definitions:

Definition 5 A function /: X — is defined to be one-one (or injective), if the images
of distinct elements of X under f are distinct, i.e., for every x , x € X, f(x) f(x)
implies x  x . therwise, f'is called many-one.

The function f and f in ig . (i) and (iv) are one-one and the function  f and f
inig. (ii) and (iii) are many-one.
Definition 6 A function f: X — is said to be onto (or surjective), if every element
of is the image of some element of X under f; i.e., for every y €, there exists an
element x in X such that f(x) .

The function f/ and f inig . (iii), (iv) are onto and the function ~ f inig. (i)is
not onto as elements e, fin X are not the image of any element in X under f'.
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X, (iii) X X, (iv) Xy

Fig 1.2 (i) to (iv)

Remark f:X — is onto if and only if Range of f .

Definition 7 A function f: X — is said to be one-one and onto (or bijective), if f'is
both one-one and onto.

The function /" in ig . (iv) is one-one and onto.

Example 7 Let A be the set of all students of Class X in a school. Let  f: A— Nbe
function defined by f(x) roll number of the student x. how that fis one-one
but not onto.

Solution o two different students of the class can have same roll number. Therefore,
fmust be one-one. e can assume without any loss of generality that roll numbers of
students are from to . This implies that in Nis not roll number of any student of
the class, so that can not be image of any element of X under  £. Hence, fis not onto.

Example 8 how that the function f: N— N, given by f(x)  x, is one-one but not
onto.

Solution The function f'is one-one, for f(x ) f(x )= x X =x  x.urther,
fis not onto, as for € N, there does not exist any x in Nsuch that f(x) x .
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Example 9 rove that the function f: R — R, givenbyf(x) x, is one-one and onto.

Solution fis one-one, as f(x ) f(x)= x

X =x x.Also, given any real

number y in R, there exists 2 in Rsuch that fi (Z) . ( Z) y. Hence, f'is onto.

¥
rFs
y=f(x)=2x
X'€ 0 > X
h 4
Yr
Fig 1.3

Example 10 how that the function f:N— N givenbyf() f() and f(x) x ,

for every x , is onto but not one-one.

Solution fis not one-one, as f()  f() . But
we can choose x as y such that f(y )

have f() .

Example 11 how that the function f: R — R,
defined as f(x) x , is neither one-one nor onto.

Solution ince f( ) f0, fisnot one-
one. Also, the element in the co-domain Ris

not image of any element x in the domain R X

(hy). Therefore  f'is not onto.
Example 12 how that f: N — N, given by

x+,if xs odd,

f(x)={

x —,if xs even

1s both one-one and onto.

fis onto, as givenany y € N,y #,
y y. Also for € N, we

v
Y!
The image of 1 and —1 under f is 1.

Fig 1.4
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Solution uppose f(x) f(x).otethatif x isoddandx iseven, then we will have

X x ,ie., x x whichisimpossible.imilarly, the possibilityof = x being

even and x being odd can also be ruled out, using the similar argument. Therefore,

both x and x must be either odd or even. uppose both x and x are odd. Then

fx) fx)=x X =x x.imilarly, ifboth x andx are even, then also

fx) fx)y=>x X = x  x.Thus, fis one-one. Also, any odd number
r inthe co-domain  Nisthe image of »+ inthe domain N and any even number
7 in the co-domain N is the image of 7 in the domain N. Thus, fis onto.

Example 13 how that an onto function f: {,, } — {,, } is always one-one.

Solution uppose fis not one-one. Then there exists two elements, say and in the

domain whose image in the co-domain is same. Also, the image of under fcan be
only one element. Therefore, the range set can have at the most two elements of the
co-domain {,, },showingthat  fis not onto, a contradiction. Hence, fmust be one-one.

Example 14 how that a one-one function f: {,, } — {,, } must be onto.

Solution ince fis one-one, three elements of {, , } must be taken to different
elements of the co-domain {,, } under  f. Hence, fhas to be onto.

Remark The results mentioned in Examples and are also true for an arbitrary
finite set X, i.e., a one-one function f: X — X is necessarily onto and an onto map
f: X — Xis necessarily one-one, for every finite set X. In contrast to this, Examples
and show that for an infinite set, this may not be true. In fact, this is a characteristic
difference between a finite and an infinite set.

EXERCISE 1.2

1. how that the function f: R, - R defined by f(x) — is one-one and onto,
X

where R is the set of all non-ero real numbers. Is the result true, if the domain
R, is replaced by N with co-domain being same as R,
2. Checkthe injectivity and surjectivity of the following functions:
(1) f: N> Ngivenby f(x) x
() f:Z —> Zgivenby f(x) x
@) f: R—> Rgivenby f(x) x
(iv) f: N —> Ngiven by f(x) x
(v) f:Z— Zgivenby f(x) x
3. rove that the reatest Integer unction f:R—> R givenby f(x) x,isneither
one-one nor onto, where x denotes the greatest integer less than or equal to x.
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how that the Modulus unction f: R — R, given by f(x)  x, is neither one-
one nor onto, where x is x, if x is positive or and x is x, if x is negative.

how that the ignum unction ~ f: R — R, given by

S x>

f(x)=1,if x=

S x<

1s neither one-one nor onto.

LetA {,,},B {,,,} and let /16D, (), ()} be afunction
from A to B. how that f'is one-one.

In each of the following cases, state whether the function is one-one, onto or
bijective. ustify your answer.

(1) f: R— R defined by f(x) X

(i) f: R — R defined by f(x) X

Let A and B be sets. how that f: A x B — B x A such that f(a, b) ( b, a) is
bijective function.

Y if nis odd
Let f: N —> N be defined by f(n) " forall » € N.
— ,if niseven

tate whether the function fis bijective. ustify your answer.
LetA R {}andB R {}. Consider the function f: A — B defined by

X
fx) (rj . Is fone-one and onto ustify your answer. .

Let f: R —> R be defined as f{x) x . Choose the correct answer.

(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto ()  fis neither one-one nor onto.
Let f: R —> Rbe defined as f(x)  x. Choose the correct answer.

(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto ()  fis neither one-one nor onto.
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1.4 Composition of Functions and Invertible Function

In this section, we will study composition of functions and the inverse of a bijective
function. Consider the set A of all students, who appeared in Class X of a Board
Examination in . Each student appearing in the Board Examination is assigned a

roll number by the Board which is written by the students in the answer script at the
time of examination. In order to have confidentiality, the Board arranges to deface the
roll numbers of students in the answer scripts and assigns a fake code number to each
roll number. Let B — N be the set of all roll numbers and Cl N be the set of all code
numbers. This gives rise to two functions f: A— B and g: B —» C given by f(a) the
roll number assigned to the student a and g(b) the code number assigned to the roll
number b. In this process each student is assigned a roll number through the function f
and each roll number is assigned a code number through the function g. Thus, by the
combination of these two functions, each student is eventually attached a code number.

This leads to the following definition:

Definition 8 Let f: A— B and g : B — C be two functions. Then the composition of
fand g, denoted by gof, is defined as the function gof': A — C given by

gof (x) g(f(x), v x € A.

A f B g
4 e
/,, i
—

gof
Fig 1.5

Example 15 Letf: {,,, } —{,,, } and g:4,,} —{,,} be
functions defined as /() , O , f0 fO and g0 g0 and
g0 g0 .ind gof.

Solution e have gof()  g(f() g0 . g0  g(fO) g0 ,
gof)  g(f0) g0 and  gof) g0 .

Example 16 ind gofand fog, if f: R —> R and g: R — R are given by f(x) cos x
and g(x)  x.how that gof # fog.

Solution e have gof(x) g(f(x)) g(cosx) (cos x) cos x. imilarly,
fog(x) f(g(x)) f(x) cos( x).otethatcos x=cos x,forx .Hence,

gof # fog.
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X+

Example 17 how that if f:R - {—} —R- {—} is defined by f(x) = and

X —

X+

g:R- {—} —>R- {—} is defined by g(x)= thenfog I ,andgof 1 ,, where,

b
X —

A R {—},B R {—} I,(x) x,vxelA I (x) x VxebBarecalledidentity

functions on sets A and B, respectively.

Solution e have

)
B x+ ) Ox— x+ + x- __ X
gOf(x)—g( - j— (()H J— r — a1 *
Ox-
Ox+ N
_ \Ox- x+ + x- :_x:x

Lo _ X+
imilarly, ng(x)—f( o j— (()x+ J— Y+  — x4

0x-

Thus, gof(x) x, vx € Band fog(x) x, vx € A, which implies that gof I |
and fog 1 .

Example 18 how that if f: A — B and g: B — C are one-one, then gof: A — C is
also one-one.

Solution uppose gof(x) gof(x)

= gfix))  g(f(x))
= f(x) f(x),as gis one-one
= X  Xx,asfis one-one

Hence, gof is one-one.

Example 19 how that if f: A — B and g: B — C are onto, then gof: A — C is
also onto.

Solution iven an arbitrary element z € C, there exists a pre-image y of z under g
such that g(y) z, since g is onto. urther, for y € B, there exists an element x in A
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with f(x) y, since f'is onto. Therefore, gof(x) g(f(x)) g(y) z, showing that gof
is onto.

Example 20 Consider functions f'and g such that composite gof’is defined and is one-
one. Are fand g both necessarily one-one.

Solution Consider f: {, ,, } —->{,,,,, } defined as f(x) x, vxand

g lsssst —>{,,,,}as g(x) xforx ,,, and g0 g0.
Then, gof(x) x Vv x, which shows that gof’is one-one. But g is clearly not one-one.

Example 21 Are fand g both necessarily onto, if gof'is onto

Solution Considerf: {,,, } —>{,,,}and g:4,,} — {,, } defined
af0, 0, O fO0, g0, g0 ad g0 g( .Itcanbe

seen that gofis onto but fis not onto.

Remark It can be verified in general that gof is one-one implies that f is one-one.
imilarly, gofis onto implies that g is onto.

ow, we would like to have close look at the functions fand g described in the
beginning of this section in reference to a Board Examination. Each student appearing
in Class X Examination of the Board is assigned a roll number under the function f'and
each roll number is assigned a code number under g. After the answer scripts are
examined, examiner enters the mark against each code number in a mark book and
submits to the office of the Board. The Board officials decode by assigning roll number
back to each code number through a process reverse to g and thus mark gets attached
to roll number rather than code number. urther, the process reverse to fassigns a roll
number to the student having that roll number. This helps in assigning mark to the
student scoring that mark. e observe that while composing fand g, to get gof, first
and then g was applied, while in the reverse process of the composite gof, first the
reverse process of g is applied and then the reverse process of f.

Example 22 Let f: {, , } — {a, b, ¢} be one-one and onto function given by
fO a,f() bandf() c.how thatthereexists a function g: {a,b,c} = {,,}
such that gof 1 | and fog 1 ,where, X {,,}and { a, b, c}.

Solution Consider g: {a, b,c} > {,,}as g(a) , g() and g(c) .Itis
easy to verify that the composite gof I | is the identity function on X and the composite
fog 1 is the identity function on.

Remark The interesting fact is that the result mentioned in the above example is true
for an arbitrary one-one and onto function f: X — . ot only this, even the converse
is also true , i.e., if /1 X — is a function such that there exists a function g: —X
such that gof I | and fog 1 , then fmust be one-one and onto.

The above discussion, Example and Remark lead to the following definition:
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Definition 9 A function f: X — is defined to be invertible, if there exists a function
g: —>Xsuchthat gof I | andfog I .The function g is called the inverse of f and
is denoted by f* .

Thus, if f'is invertible, then f must be one-one and onto and conversely, if f is
one-one and onto, then f must be invertible. This fact significantly helps for proving a
function f'to be invertible by showing that fis one-one and onto, specially when the
actual inverse of f'is not to be determined.

Example 23 Let f: N — be a function defined as f(x) x , where,
{ yeN:y x forsome x e N} howthat fisinvertible. ind the inverse.

Solution Consider an arbitrary element y of . By the definition of, y x ,

for some x in the domain N. This shows that x =M. efine g: — N by
e=2 0w g gy e(x) VT —rang
fog(») flg() f((y ) )=( > Loy y. This shows that gof I

and fog 1 , which implies that fis invertible and g is the inverse of /.

Example24 Let { n :ne N} cN.Considerf: N — as f(n) n.how that
fis invertible. ind the inverse of f.

Solution An arbitrary element y in is of the form 7, for some n € N. This

implies that n \/; . This gives a function g: — N, defined by g(») \/; . OW, ,

gof(n) g(n) \/n_ n and fog(y) f(\/;) =(\/;) =y, which shows that
gof 1 and fog 1 .Hence, fis invertible with f*  g.

Example 25 Let f: N — R be a function defined as f(x) x x . how that
f: N>, where, isthe range of f, is invertible. ind the inverse of f.

Solution Let y be an arbitrary element of range /- Theny  x x , for some

(o=)- )

x in N, which implies that y = ( x ) . This gives x=+"""_/ asy>.



MATHEMATIC

Letusdefineg: —> Nbyg(y) M
ow gof(x) g(fx)) g(x  x) gix) )
(Vo + =)= ) _(av -
= =X

{((F)— )J { (Wr=)-), J \

and fog &) f =
(F- e )
Hence, gof' 1 [ andfogl . Thisimplies that fis invertible with f  g.

Example 26 Consider f: N —> N, g: N —> Nand #: N > R defined as f(x) x,
g(») y and h(z) sin z vx,yandzin.how that ho(gof) ( hog) of.

Solution e have
ho(gof) (x)  h(gof (x))  h(g(f(x))) h(g( x))
h(( x)) h( x ) sin ( x) VxeN
Also,  ((hog)of) (x) ( hog) (f(x)) ( hog) (x) h(g( x))
h(( x)) h( x ) sin( x), vxeN.
This shows that #o(gof) ( hog)of.
This result is true in general situation as well.
Theorem 1 If f: X —, g: — and h: — are functions, then

ho(gof) (- hog)of.

¢ have
ho(gof) (x)  h(gof(x)) h(g(f(x)), vxinX
and (hog) of (x)  hog(f(x)) Mg(f(x))), vxinX.
Hence, ho(gof) ( hog)of.

Example 27 Consider f: {,, } — {a,b,c} and g : {a, b, c} >{apple, ball, cat}

defined as f() a, 10 b, 10 ¢, g(a) apple, g(b) ball and g(c) cat.
how that f, g and gof are invertible. ind out f , g and (gof) and show that

(g9/) f og .
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Solution ote that by definition, f and g are bijective functions. Let
f {a, b,ct > (,} and g : {apple, ball, cat} — {a, b, ¢} be defined as
fotay . f by, f {cy, g {apple} a, g {ball} band g {cat] c.
It is easy to verify that/ of =1, , ,fof =1, .g og=1 , and gog =1,
where, {apple, ball, cat}. ow, gof: {,,} — {apple, ball, cat} is given by
gof() apple, gof() ball, gof() cat. e can define
(gof) :{apple,ball,cat} —> {,,} by( gof) (apple) , (gof) (ball) and
(gof) (cat) .Itis casy toseethat( gof) o(gof) I, and
(gof) o (gof) 1 . Thus, we have seen that f, g and gof are invertible.
ow, [ og (apple) f (g (apple)) f (&) (  gof) (apple)
f og (ball) f (g (ball)) f (b) ( gof) (ball)and
Jfoog (cat) f (g (cat)) f (¢) ( gof) (cap).
Hence (gof) f og .
The above result is true in general situation also.

Theorem 2 Letf: X — and g: — be two invertible functions. Then gof is also
invertible with (gof) f og .
To show that gofis invertible with (gof)  f og , it is enough to show that
(f og )o(gof) T y and (gof)o(f og ) I
ow, ( f og )o(gof) (( f og )og)of, by Theorem
( f o(g og)) of, by Theorem
( f ol) of, by definition of g
I ..

imilarly, it can be shown that ( gof )o(f og ) I

Example 28 Let {,, }. etermine whether the functions f: — defined as
below have inverses. ind f , if it exists.

@ f16). ()6}
(b) £ HG).6) 6}

() f1G). ()0}

Solution

(a) Itis easy to see that f is one-one and onto, so that f is invertible with the inverse
fooffgivenby /' {(), (), ()} /-

(b) ince f() f( , fisnotone-one, so thatf is notinvertible.

(c) Itis easy to see that / is one-one and onto, so that f is invertible with

SoAG)L G G-
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|EXERCISE 1.3 |

. Letf:4{,,} —>{,,tand g:{,,} — {, } be given by

S 4G G), ()} and g (), (), ()} rite down gof.
. Let f, g and 4 be functions from R to R. how that

(f goh foh goh

(f. g)oh ( foh) . (goh)

. ind gofand fog, if

@) f(x) xand gx)  x

() f(x) x andg(x) x .

X+
. I f(x) gx——’ X #— show that fof(x) x, for all x=—. hat is the

inverse of f
. tate with reason whether following functions have inverse
@ 4,0 — {} with
S HAG)H GGG}
i g:4{,,} —{,,, } with
g 16 GGG}
@) h:{,,,} —{,,,} with
hAG) GG G)Y
. howthat f: — R, given by f(x) ﬁ is one-one. ind the inverse
of the function f: — Range f.

Y
0-y
Consider f: R—> R given by f(x) x .how that  fis invertible. ind the
inverse of f.

Considerf:R, >, o)givenbyf(x) x .howthat  fisinvertible with the
inversef of fgivenbyf () /y— ,whereR isthe setofall non-negative

real numbers.

X
(Hint: or y € Rangef,y f(x) Ty forsomexin ,,ie., x



10.

11.

12.

13.

14.
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Considerf: R, - , o)givenbyf(x) x x .howthat fisinvertible
+ —
it/ 0) ((_W) J

Let f: X — be an invertible function. how that  f'has unique inverse.
(Hint: suppose g and g are two inverses of /. Then for all y €,

fog (v) (y) fog (»). se one-one ness of f).

Considerf: {,, } —>{a,b,c} givenby f() a,f() bandf() c.ind
f and show that (f ) f.

Let f: X — be an invertible function. how that the inverse of [ isfi.e.,

) r
If/:R—>Rbegivenby f(x) ()—x ,thenfof(x)is

(A) (B) x © x 0C x)

X

Letf: R {——} — R be a function defined as f(x) —j: The inverse of
X

fis the map g : Range f > R {——} given by

__r __y
A) &) 5 B) &) 5

Y Y
©) g — O g0 —,

1.5 Binary Operations

Right from the school days, you must have come across four fundamental operations
namely addition, subtraction, multiplication and division. The main feature of these
operations is that given any two numbers a and b, we associate another number a b

or a

a
b or ab or Z , b # . It is to be noted that only two numbers can be added or

multiplied at a time. hen we need to add three numbers, we first add two numbers
and the result is then added to the third number. Thus, addition, multiplication, subtraction
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and division are examples of binary operation, as ‘binary’ means two. If we want to
have a general definition which can cover all these four operations, then the set of
numbers is to be replaced by an arbitrary set X and then general binary operation is
nothing but association of any pair of elements a, b from X to another element of X.
This gives rise to a general definition as follows:

Definition 10 A binary operation * on a set A is a function *[JA x A — A. e denote
*[(a, b) by a * b.

Example 29 how that addition, subtraction and multiplication are binary operations
on R, but division is not a binary operation on R. urther, show that division is a binary
operation on the set R, of nonero real numbers.

Solution : R xR — Ris given by
(a,b) >a b

: R xR — Ris given by
(a,b) >a b

x: Rx R — Ris given by
(a, b) > ab

3 % €

ince ,” and “x’ are functions, they are binary operations on R.

But +: RX R — R, given by (a, b) > %, is not a function and hence not a binary

a
operation, as for b , Z 1s not defined.

However, +: R, x R, = R, given by (a, b) —> % is a function and hence a
binary operation on R .
Example 30 how that subtraction and division are not binary operations on N.
Solution :NxN— N, givenby (a, b)—> a b, is not binary operation, as the image

of , )under  is ¢ N.imilarly, +:NxN—>N, givenby (a,b) > a+b

is not a binary operation, as the image of (, ) under +is =+ —¢N.

Example 31 how that * R x R — R given by (a, b) - a b is a binary
operation.

Solution ince * carries each pair (a, b) to aunique elementa b in R, *[i5 a binary
operation on R.
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Example 32 Let be the set of all subsets of a given set X. how that U: x —
given by (A, B) > AuBand n: x — given by (A, B) — A n B are binary
operations on the set .

Solution ince union operation U carries each pair (A, B)in x to a unique element
AUB in, Uk binary operation on . imilarly, the intersection operation M carries
each pair (A, B) in X to aunique elementA N Bin, M isabinary operationon.
Example 33 how that the Vv : R X R — R given by (@, b)) > max {a, b} and the
A R xR — Rgiven by (a, b) - min {a, b} are binary operations.

Solution ince Vv carries each pair (a4, b) in R X R to a unique element namely
maximum of ¢ and b lying in R, v is a binary operation. sing the similar argument,
one can say that A is also a binary operation.

Remark v (,) , v, ), A(,) and AG )

hen number of elements in a set A is small, we can express a binary operation  * on
the set A through a table called the operation table for the operation *. or example

considerA {,, }. Then, the operation v on Adefined in Example can be expressed
by the following operation table (Table .) . Here, Vv (,), v, v ().
Table 1.1
v 1 2 3
1 1 2 3
2 2 3
3 3 3 3

Here, we are having rows and columns in the operation table with (i, j) the
entry of the table being maximum of /™ and ;™ elements of the set A. This can be
generalised for general operation * : AXA —>A.IfA { a,a, .. a}. Then the
operation table will be having n rows and n columns with (7, /) entry being a, * a.
Conversely, given any operation table having » rows and » columns with each entry
being an element of A { a,a, ..., a }, we can define a binary operation * : A X A — A
given by a, * a, the entry in the " row and j* column of the operation table.

ne may note that and can be added in any order and the result is same, i.e.,

, but subtraction of and in different order give different results, i.e.,

# . imilarly, in case of multiplication of and , order is immaterial, but
division of and in different order give different results. Thus, addition and
multiplication of and are meaningful, but subtraction and division of and are
meaningless. or subtraction and division we have to write ‘subtract from ’, ‘subtract
from ’,‘divide by ’or ‘divide by °’
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This leads to the following definition:
Definition 11 A binary operation * on the set X is called commutative,ifa*b b *a,
for every a, b € X.

Example 34 how that : R xR — Rand x: R x R — R are commutative binary
operations, but : RxR — Rand +: R, xR, — R are not commutative.

Solutionince a b b aandaxb bxa, va, b e R, and ‘X’ are
commutative binary operation. However, ¢’ is not commutative, since #
imilarly, <+ # <+ showsthat °+’isnotcommutative.

Example 35 how that *: R xR — Rdefinedbya*b a bisnotcommutative.

Solutionince  *  and *  showing that the operation *
is not commutative.

If we want to associate three elements of a set X through a binary operation on X,
we encounter a natural problem. The expression a * b * ¢ may be interpreted as
(a *b) * c or a *[(b * ¢) and these two expressions need not be same. or example,
() * (). Therefore, association of three numbers , and through
the binary operation ‘subtraction’ is meaningless, unless bracket is used. But in case
of addition,  has the same value whether we look atitas ( ) oras

( ). Thus, association of or even more than numbers through addition is
meaningful without using bracket. This leads to the following:

Definition 12 A binary operation * : A x A — A is said to be associative if
(axb)y*c a=l(b=*c), vVa, b, c, € A.

Example 36 how that addition and multiplication are associative binary operation on
R. But subtraction is not associative on R. ivision is not associative on R..

Solution Addition and multiplication are associative, since(¢ b) ¢ a ( b c¢)and
(axbyxc ax(bxc)v a,b,ceR. However, subtraction and division are not
associative, as () # ( Jand( =+) + # =H( +).

Example 37 how that *: Rx R —> Rgivenbya*b —>a b is not associative.

Solution The operation * is not associative, since
(*) * () * (),
while *( %) *() *

Remark Associative property of a binary operation is very important in the sense that
with this property of a binary operation, we can write @ * a * ... * a_which is not
ambiguous. But in absence of this property, the expressiona *a * ... * a isambiguous
unless brackets are used. Recall that in the earlier classes brackets were used whenever
subtraction or division operations or more than one operation occurred.
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or the binary operation © ’on R, the interesting feature of the number ero is that
a a a, 1.e., any number remains unaltered by adding ero. But in case of
multiplication, the number plays thisrole,as ax a x a, ¥ ainR. This leads
to the following definition:

Definition 13 iven a binary operation *:A XA — A, anelement e € A, if it exists,
is called identity for the operation *,ifa*e a e=*a, V a € A.

Example 38 how that ero is the identity for addition on R and is the identity for
multiplication on R. But there is no identity element for the operations

:RxR—>Rand+:R xR, > R.

Solution a a aandaX a * a, va < Rimplies that and are
identity elements for the operations © ’and ‘x’respectively. urther, there is no element
einRwitha e e a, \va. imilarly, we cannot find any element e in R_such that
a+e e+a, yainR_Hence, " and ‘+’ do not have identity element.

Remark ero is identity for the addition operation on R but it is not identity for the
addition operation on N, as ¢ N. In fact the addition operation on N does not have
any identity.

ne further notices that for the addition operation : R x R — R, given any
a € R, there exists a in Rsuchthata ( a) (identity for *°) ( a) a.

imilarly, for the multiplication operationon R, givenanya# in R, we can choose —
a

in R such thata x B (identity for  “x”) B x g. This leads to the following definition:

Definition 14 iven a binary operation * : A x A — A with the identity element e in A,
an element a € A is said to be invertible with respect to the operation *, if there exists
an element » in Asuch thata *b» e b * aand b is called the inverse of a and is
denoted by a .

Example 39 how that  a is the inverse of a for the addition operation ¢ ’ on R and
— is the inverse of @ # for the multiplication operation ‘%’ on R.

a

SolutionAsa ( a) a a and( a) a, a is the inverse of a for addition.

imilarly, for a#, ax— — x gimplies that — is the inverse of a for multiplication.
a a a
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Example 40 how that  a is not the inverse of @ € N for the addition operation on
N and —is not the inverse of @ € N for multiplication operation x on N, for a #.
a

Solution ince @ ¢ N, a can not be inverse of a for addition operation on N,
although asatisfiesa ( a) ( a) a.

imilarly, for a# in N, ; ¢ N, which implies that other than no element of N

has inverse for multiplication operation on N.

Examples, , and show that addition on R is a commutative and associative
binary operation with as the identity element and  a as the inverse of ain R V a.

EXERCISE 14
1. etermine whether or not each of the definition of * given below gives a binary
operation. In the event that * is not a binary operation, give justification for this.
(i) n Z ,define *bya*b a b
(i) n Z, define *bya *b ab
(i) n R, define *(by a *b ab
(ivy n Z,definexbya*db a b
(v) n Z ,define *lbya*b a

2. oreach operation * defined below, determine whether * is binary, commutative
or associative.

i) n Z,definea*b a b
(@) n Q,definea=*b ab

b
(i) n Q,definea*bh —
(ivy n Z ,defineaxb
(v) n Z ,defineaxb a°
iy n R { },define a*b b%

3. Consider the binary operation A on the set {, ,, , } defined by
a A b min { a, b}.rite the operation table of the operation A .
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4. Consider a binary operation * on the set {, , ,, } given by the following
multiplication table (Table .).
(1) Compute ( *) =* and  *[{ =*)
(i) Is * commutative
(iii) Compute ( *) *( *).
(Hint: use the following table)

Table 1.2
% 1 2 3 4 5
1 1 1 1 1 1
2 1 2 1 2 1
3 1 1 3 1 1
4 1 2 1 4 1
5 1 1 1 1 5
5. Let *'[be the binary operation on the set {, , , , } defined by

a*"b H.C..of aandb.Is the operation *' same as the operation * defined
in Exercise above ustify your answer.
6. Let * be the binary operation on N givenby a * b L.C.M. of a and b. ind
@ =, * (i) Is * commutative
(ii)) Is * associative(iv) ind the identity of *[in N
(v) hich elements of N are invertible for the operation *
7. Is * defined on the set {, ,,, } by a*b L.CM. of a and b a binary
operation ustify your answer.

8. Let * be the binary operation on N defined by a * b H.C.. of a and b.
Is * commutative Is * associative oes there exist identity for this binary
operation on N

9. Let * be a binary operation on the set Q of rational numbers as follows:

Q) a*b a b @) a*b a b
i) a*b a ab (v) a*b (a b)
V) a*b ab i) a*b ab

ind which of the binary operations are commutative and which are associative.
10. ind which of the operations given above has identity.
11. LetA N x N and * be the binary operation on A defined by

(a,b) *(¢,d) (a c,b d)
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how that * is commutative and associative. ind the identity element for * on
A, if any.

12. tate whether the following statements are true or false. ustify.
(i) or an arbitrary binary operation *onasetN,a*a a Va € N.
(i) If *is a commutative binary operation on N, thena * (b *¢) ( ¢ *b) *a
13. Consider a binary operation * on N defined asa *b a b . Choose the
correct answer.
(A) Is * both associative and commutative
(B) Is * commutative but not associative
(C) Is * associative but not commutative

() Is =*neither commutative nor associative

Miscellaneous Examples

Example 41 If R and R are equivalence relations in a set A, show that R N R is
also an equivalence relation.

Solution ince R and R are equivalence relations, (¢, a) € R ,and (¢,a) e R Va € A.
This implies that (¢, a) € R " R, Va, showing R n R is reflexive. urther, ,
(@) e R "R = (a,b) eR and (¢, b)) e R = (b,a) e R and (b,a) e R =
(b, ) €e R "R, hence, R n R is symmetric. imilarly, ( a, b)) € R " R and
(b,c) eR "R = (a,c) €lR and (a, ¢) €eR = (a,¢) € R " R. This shows that
R MR is transitive. Thus, R N R is an equivalence relation.

Example 42 Let R be a relation on the set A of ordered pairs of positive integers
defined by (x, y) R (1, v) if and only ifxv  yu. how that R is an equivalence relation.

Solution Clearly, (x, ¥) R (x, ¥), v (x, ¥) € A, since xy  yx. This shows that R is
reflexive. urther, ( x,y) R (4, v) = xv yu=uy vxand hence (&, v) R (x, y). This
shows that R is symmetric. imilarly, ( x,y) R (&, v) and (4, v) R (a, b) = xv yu and

b a
ub va= < =yuﬁ =[Xv—=yu— =xb yaand hence (x, y) R (a, b). Thus, R
u u v u

is transitive. Thus, R is an equivalence relation.

Example 43 Let X {,,,,,,,,}. LetR be a relation in X given
by R {( x,y):x yisdivisible by } and R be another relation on X given by

R ACxy)r iyl yor{  xyjci,,yor{ Xy} c{,}} howthat
R R
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Solution ote that the characteristic of sets {, , }, {,, } and {, , } is

that difference between any two elements of these sets is a multiple of . Therefore,

(x,y) e R =>x yisamultipleof = {x,y}c{,,}or{ x,y}c{,}

or {x,y}tc{,,} = (x,y) € R.Hence, R — R .imilarly, { x,y} € R = {x, y}

c{,,tor{ x,ytc{,tor { x,ytci{,} = x y is divisible by
= {x, y} € R. This shows that R < R . Hence, R R

Example 44 Let f: X — be a function. efine a relation R in X given by
R {( a,b): fla) f(b)}. Examine whether R is an equivalence relation or not.

Solution or every a € X, (a, @) € R, since f(a) f(a), showing that R is reflexive.
imilarly, ( a, b)) € R = f(a) f(b) = f(b) f(a) = (b, a) € R. Therefore, R is
symmetric. urther, ( @, b)) € Rand (b, ¢) e R = f(a) f(b)and f(b) f(c) = f(a)

f(c) = (a, ¢) € R, which implies that R is transitive. Hence, R is an equivalence
relation.

Example 45 etermine which of the following binary operations on the set R are
associative and which are commutative.

(a+b)
(@) axb YV a,beR b)) a*xb —— VabekR
Solution
(a) Clearly, by definition a * b b * a va, b € R. Also
(axb)y*c=( *c)and axb=*c) ax*x() , v a, b, c € R. Hence
R is both associative and commutative.
a+b b+a ) )
(b) axb = b * a, shows that * is commutative. urther, ,

(a*b)*c (a+bj* c.

a+b N
C_a+b+ c

b+c
But a* (b *c) a*( j

b+c

a+b+c a+b+ c .
= # in general.

Hence, * is not associative.
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Example 46 ind the number of all one-one functions from set A {,, } to itself.

Solution ne-one function from {, , } to itself is simply a permutation on three
symbols , , . Therefore, total number of one-one maps from {, , } to itself is
same as total number of permutations on three symbols , , whichis .

Example 47 Let A {,, }. Then show that the number of relations containing (, )
and (, ) which are reflexive and transitive but not symmetric is three.

Solution The smallest relation R containing (, ) and (, ) which is reflexive and
transitive but not symmetricis {(,), (,),(,), (), (,), (,)}. ow,if we add

the pair (, ) to R to get R , then the relation R will be reflexive, transitive but not
symmetric. imilarly, we can obtainR by adding(,)toR  to get the desired relation.
However, we can not add two pairs (, ), (, ) or single pair (, ) to R at a time, as
by doing so, we will be forced to add the remaining pair in order to maintain transitivity
and in the process, the relation will become symmetric also which is not required. Thus,
the total number of desired relations is three.

Example 48 how that the number of equivalence relation in the set {, , } containing
(,)and (, ) is two.

Solution The smallest equivalence relation R containing (, ) and (, ) is {(, ),

) G)G) ()} ow we are left with only pairs namely (, ), (, ),

(,) and (, ). If we add any one, say (, ) to R , then for symmetry we must add
(,) also and now for transitivity we are forced to add (, ) and (, ). Thus, the only
equivalence relation bigger than R is the universal relation. This shows that the total
number of equivalence relations containing (, ) and (, ) is two.

Example 49 how that the number of binary operations on {, } having as identity
and having as the inverse of is exactly one.

Solution A binary operation * on {, } isa function from {, } x {, } to {, }, i.e.,

a function from {(, ), (,), (, ), (,)} — {, }. ince is the identity for the
desired binary operation *, *[( 1,7 1)1, (, ) *[(, ) and the only choice
left is for the pair (, ). ince is the inverse of , i.e., *[(, ) must be equal to . Thus,

the number of desired binary operation is only one.
Example 50 Consider the identity function I, : N — N definedas I (x) x Vx e N.
how that although I _is onto butl, I _: N — N defined as

LT VXTI x) I  (x) x x xisnotonto.

Solution Clearly I is onto. But I, I  is not onto, as we can find an element
in the co-domain N such that there does not exist any x in the domain N with

(I, T ) ) X .
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Example 51 Consider a function f : [, E}—)R given by f(x) sin x and

g: [’ E}—>R given by g(x) cos x.how that fand g are one-one, but f g is not
one-one.

Solution ince for any two distinct elements x and x in {, —} ,sinx #sinx and

cos x #cos x , both fand g must be one-one. But (f g) () sin cos and

LT L1
f 2 (EJ sm—+cos—= | Therefore, f g is not one-one.

Miscellaneous Exercise on Chapter 1

1. Letf: R — Rbe defined as f(x) x .ind the function  g: R — Rsuch
thatgof fog .

2. Letf: — bedefinedas f(n) n ,if nisoddand f(n) n ,if nis
even. how that f'is invertible. ind the inverse of f. Here, is the set of all
whole numbers.

3. Iff:R—> Risdefinedby fix) x x,find f(f(x)).

4. how that the function f:R— {x e R: x )} definedby f(x)= +xx ,

x € Ris one one and onto function.
how that the function f: R— R given by f(x) x is injective.
ive examples of two functions f: N — Z and g : Z — Z such that g o f'is
injective but g is not injective.
(Hint : Consider f(x) xand g(x) x).

7. ive examples of two functions f: N — Nand g: N — N such that g o fis onto
but f'is not onto.

x—if x>

(Hint : Consider f(x) x and  g(x) ={ i xe

8. 1iven a non empty set X, consider (X) which is the set of all subsets of X.
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11.

12.
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16.
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MATHEMATIC

efine the relation R in (X) as follows:

or subsets A, B in (X), ARB ifand only if A < B. Is R an equivalence relation
on (X) ustify your answer.

iven a non-empty set X, consider the binary operation *:(X)x(X) —(X)
givenby A* B A N B VA, Bin (X), where (X) is the power set of X.
how that X is the identity element for this operation and X is the only invertible
element in (X) with respect to the operation *.

ind the number of all onto functions from the set {, ,, ..., n} to itself.

Let { ab,c}andT {,,}.ind of the following functions from
to T, if it exists.

@ {C a),(bh)(c)y @ {( a)(b)(c)
Consider the binary operations * : Rx R —> Rand o : R X R — R defined as
a*b a band aob a, Va,b € R how that * is commutative but not
associative, o is associative but not commutative. urther, show that Vv a, b,c € R,
a*x(boc) ( a*xb)o(ax*c) Ifitisso, we say that the operation * distributes
over the operation o. oes o distribute over  * ustify your answer.
iven a non-empty set X, let * : (X) x (X) — (X) be defined as
AB (A B)u (B A), vA, B € (X). how that the empty set ¢ is the
identity for the operation * and all the elements A of (X) are invertible with
A A (Hint: (A ¢)u(@d A Aand(A A)U(A A) A *A ).
efine a binary operation *ontheset{,,,,,} as

a+b, ifa+b<
a*b= )
at+b—if a+b>

how that ero is the identity for this operation and each element @ # 0 of the set
is invertible with ~ a being the inverse of a.

LetA { ,,,},B{ , ,,yand  f,g:A— Bbe functions defined

by f(x) x x,x e Aand g(x)=,x——‘— x € A. Are fand g equal

ustify your answer. (Hint: ne may note that two functions f: A — B and
g:A—> Bsuchthat f(a) g(a) va € A, are called equal functions).

LetA {,, }. Then number of relations containing (, ) and (, ) which are
reflexive and symmetric but not transitive is

(A) B) (©) 0

Let A {,,}. Then number of equivalence relations containing (, ) is

(A) B) (©) 0
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18. Letf: R — Rbe the ignum unction defined as

, x>
f)=q, x=
- x<
and g : R — R be the reatest Integer unction givenby  g(x) x, where xis
greatest integer less than or equal to x. Then, does fog and gof coincide in (,
19. umber of binary operations on the set { a, b} are

(A) B) (€) ()

Summary

In this chapter, we studied different types of relations and equivalence relation,
composition of functions, invertible functions and binary operations. The main features
of this chapter are as follows:

Empty relation is the relation R in X givenby R ¢ < X x X.

Universal relation is the relation R in X given by R X x X.

Reflexive relation R in X is a relation with (a, a) € R va € X.
Symmetric relation R in X is a relation satisfying (a, b) € R implies (b, a) € R.

L 2 R 3K K 2

Transitive relation R in X is a relation satisfying (a, b)) € R and (b, ¢) € R
implies that (a, ¢) € R.

*

Equivalence relation R in X is a relation which is reflexive, symmetric and
transitive.

@ FEquivalence class acontaining a € X for an equivalence relation R in X is
the subset of X containing all elements b related to a.

@ A function f: X — is one-one (or injective) if
fx) fx)=x x Vx,x €X
@ Afunction f: X — is onto (or surjective) if givenany y €, I x € X such

that f(x) .
€ A functionf: X — is one-one and onto (or bijective), if fis both one-one
and onto.

@ The composition of functions f: A — B and g : B — C is the function
gof : A — C given by gof(x) g(f(x))V x € A.

¢ Afunction f: X — is invertible if 3 g: — X such that gof 1 | and
fog 1

@ A function f: X — is invertible if and only if fis one-one and onto.
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€ ivenafinite set X, a function f: X — Xisone-one (respectively onto) if and
only if fis onto (respectively one-one). This is the characteristic property of a
finite set. This is not true for infinite set

@ A binary operation * on a set A is a function * from A X A to A.
¢ Anclement e € Xis the identity element for binary operation * : X x X — X,
ifaxe a e*a VaelX

@ An element a € X is invertible for binary operation * : X x X — X, if
there exists b € Xsuchthata *b e b * a where, e is the identity for the
binary operation *. The element b is called inverse of a and is denoted by a .

@ An operation * on X is commutative ifa *b b *a \ya, bin X.

@ An operation * on X is associative if (a * b)) * ¢ a*(b*c)va,b,cin X

Historical Note

The concept of function has evolved over a long period of time starting from

R. escartes (-), who used the word ‘function’ in his manuscript

Geometrie in to mean some positive integral power x" of a variable x
while studying geometrical curves like hyperbola, parabola and ellipse. ames
regory (-) in his work Vera Circuli et Hyperbolae Quadratura
() considered function as a quantity obtained from other quantities by
successive use of algebraic operations or by any other operations. Later . .
Leibnit (-) in his manuscript Methodus tangentium inversa, seu de
functionibus written in used the word ‘function’ to mean a quantity varying
from point to point on a curve such as the coordinates of a point on the curve, the
slope of the curve, the tangent and the normal to the curve at a point. However,
in his manuscript Historia (), Leibnit used the word ‘function’ to mean
quantities that depend on a variable. He was the first to use the phrase ‘function
of x’. ohn Bernoulli (-) used the notation ¢x for the first time in to
indicate a function of x. But the general adoption of symbols like £, , ¢, v ... to
represent functions was made by Leonhard Euler (-) in in the first
part of his manuscript Amnalysis Infinitorium . Later on, oeph Louis Lagrange
(-) published his manuscripts Theorie des functions analytiques in
, where he discussed about analytic function and used the notion f),( x),
¢ (x) etc. for different function of x. ubsequently, Lejeunne irichlet
(-) gave the definition of function which was being used till the set
theoretic definition of function presently used, was given after set theory was
developed by eorg Cantor (-). The set theoretic definition of function
known to us presently is simply an abstraction of the definition given by irichlet
in a rigorous manner.
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