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Chapter 3

(MATRICES )

o The essence of Mathematics lies in its freedom. — CANTOR <

3.1 Introduction

The knowledge of matrices is necessary in various branches of mathematics. Matrices
are one of the most powerful tools in mathematics. This mathematical tool simplifies
our work to a great extent when compared with other straight forward methods. The
evolution of concept of matrices is the result of an attempt to obtain compact and
simple methods of solving system of linear equations. Matrices are not only used as a
representation of the coefficients in system of linear equations, but utility of matrices
far exceeds that use. Matrix notation and operations are used in electronic spreadsheet
programs for personal computer, which in turn is used in different areas of business
and science like budgeting, sales projection, cost estimation, analysing the results of an
experiment etc. Also, many physical operations such as magnification, rotation and
reflection through a plane can be represented mathematically by matrices. Matrices
are also used in cryptography. This mathematical tool is not only used in certain branches
of'sciences, but also in genetics, economics, sociology, modern psychology and industrial
management.

In this chapter, we shall find it interesting to become acquainted with the
fundamentals of matrix and matrix algebra.

3.2 Matrix

Suppose we wish to express the information that Radha has 15 notebooks. We may
express it as [15] with the understanding that the number inside [ ] is the number of
notebooks that Radha has. Now, if we have to express that Radha has 15 notebooks
and 6 pens. We may express it as [15 6] with the understanding that first number
inside [ ] is the number of notebooks while the other one is the number of pens possessed
by Radha. Let us now suppose that we wish to express the information of possession
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of notebooks and pens by Radha and her two friends Caulia and Simran which
is as follows ]

Radha has 15 notebooks and 6 pens,
Caulia has 10 notebooks and Opens,
Simran has 10 notebooks and 5 pens.
Now this could be arranged in the tabular form as follows
Notebooks Pens
Radha 15 6
Caulia 101 0
Simran 10 5
and this can be expressed as
15 6 « First row
10 3 <+ Second row
13 5 ¢ Third row
0 T
First Second
Column Column
or
Radha Fauzia Simran
Notebooks 15 10 10
[ens 6 O 5

which can be expressed as™]

15 10

]

6

i 1
First Second
Column Column

13 | <« First row

5| <« Second row

1\
Third
Columm

In the first arrangement the entries in the first column represent the number of
note books possessed by Radha, Taulia and Simran, respectively and the entries in the
second column represent the number of pens possessed by Radha, Taulia and Simran,
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respectively. Similarly, in the second arrangement, the entries in the first row represent
the number of notebooks possessed by Radha, Caulia and Simran, respectively. The
entries in the second row represent the number of pens possessed by Radha, Taulia
and Simran, respectively. An arrangement or display of the above kind is called a
matrix. Cormally, we define matrix as]

Definition 1 A matrix is an ordered rectangular array of numbers or functions. The
numbers or functions are called the elements or the entries of the matrix.

We denote matrices by capital letters. The following are some examples of matrices [

oo 5 C
A=| 0 4f5], 0=] 05

0 6 \/—[5

1+x x[ C

COSXx sinx+ ] tanx

v

In the above examples, the horilontal lines of elements are said to constitute, rows
of the matrix and the vertical lines of elements are said to constitute, columns of the
matrix. Thus A has Crows and [columns, [] has Crows and [Jcolumns while C has [
rows and [Jcolumns.

3.2.1 Order of a matrix

A matrix having m rows and z columns is called a matrix of order m On or simply m (n
matrix Tead as an m by n matrix[J]So referring to the above examples of matrices, we
have A as [J[][Omatrix, [Jas [ Omatrix and C as [0 Omatrix. We observe that A has
00006 elements, [1and C have Tand 6 elements, respectively.

In general, an m [ matrix has the following rectangular array [’

Ay Ay Ay ees Gy ooes

Gy Gy Uy eee Gy e

an apn Uy === Gy =0 Ay,
aml amZ am} ot a»zj ot amn mxn
or A[[ay_]m L 1Si<m, 1<j<n i,jeN
Thus the i* row consists of the elements a,, a,, a, ,..., a,, while the j* column
consists of the elements 4, d,0d ., d

mj?

In general g, is an element lying in the /" row and ;/* column. We can also call
it as the [Z, j™ element of A. The number of elements in an m [z matrix will be
equal to mn.
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In this chapter

1. Weshall follow the notation, namely A [ [ay.] to indicate that A is a matrix

mlin

of order m .

[1 We shall consider only those matrices whose elements are real numbers or

functions taking real values.

We can also represent any point [X, y[in a plane by a matrix [¢olumn or row[as

x
L}} [or [x, y][J Cor example point [1T] 1 as a matrix representation may be given as

L
D=L} or [LI1].

[bserve that in this way we can also express the vertices of a closed rectilinear
figure in the form of a matrix. “or example, consider a quadrilateral ATJC with vertices
A0, [0 O0Cc O, [0 ml, M

Now, quadrilateral ACICJ in the matrix form, can be represented as

A O C (] ALl O
1 01 -1 O O O

U= or 0=
00 O O, Cl1 O
Ol-1 O

[x[

Thus, matrices can be used as representation of vertices of geometrical figures in
a plane.
Now, let us consider some examples.

Example 1 Consider the following information regarding the number of men and women
workers in three factories I, II and III

Men workers Women workers
I N )
11 ) h
111 N (6

Represent the above information in the form of a (17 Jmatrix. What does the entry
in the third row and second column represent(]
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Solution The information is represented in the form of a (][] [Imatrix as follows[]

(5
A=[5 [
[ [6

The entry in the third row and second column represents the number of women
workers in factory IIL

Example 2 If a matrix has Celements, what are the possible orders it can havel]

Solution We know that if a matrix is of order m [n, it has mn elements. Thus, to find
all possible orders of a matrix with Celements, we will find all ordered pairs of natural
numbers, whose product is []

Thus, all possible ordered pairs are (1, [T, [T} 1015 [T, 0] [T

Hence, possible orders are 1 0[] 01, 000 000

. . 1 .
Example 3 Construct a [J[] Cmatrix whose elements are given by a; = —[ -1y L

dpp dir
Solution In general a [11][matrix is givenby A=|a a |.
an 4m
1 .
Now alj=—[ﬁ—[],i[l,f,[andj[l,i
1 1 5
Therefore a“:EEI—[xl[:l al[:ED_[X[:E

1 1 1
a,=—[M—[xl =— q, =—[T—[x=C
T C T

1[[ [X1ZECL 1[[ [x [ -
a = — — = a = — — = —
1 T 0 C

1
. o 1
Hence the required matrix is given by A = -
U

Al o
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3.3 Types of Matrices
In this section, we shall discuss different types of matrices.
] Column matrix

A matrix is said to be a column matrix if it has only one column.

L
Vo
Cor example, A =| —1 | is a column matrix of order 1.
1T

In general, A [ la,],, is a column matrix of order m [11.
GiCTJ Row matrix

A matrix is said to be a row matrix if it has only one row.

1 . .
Cor example, [1= {— - \/g O [} 1S a row matrix.
1

x [
In general, [J [ [bi/_] ., 1s a row matrix of order 1 [In.
fiiil] Square matrix

A matrix in which the number of rows are equal to the number of columns, is
said to be a square matrix. Thus an m [Jn matrix is said to be a square matrix if
m [n and is known as a square matrix of order 7[]

0 -1 L
- Ar . .

Cor example A= 0 ‘N1 | is a square matrix of order []
o o -

In general, A U[a,] is a square matrix of order m.

miim

If A [[a,] is a square matrix of order 7, then elements (entries @, a , ..., a

nn

1 -0 1
are said to constitute the diagonal, of the matrix A. Thus, if A= 0O 0O -1].
05 6

Then the elements of the diagonal of A are 1, [] 6.
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Diagonal matrix

A square matrix [ [I[b,]  is said to be a diagonal matrix if all its non
diagonal elements are [éro, that is a matrix (] [] [b,-,-] ., is said to be a diagonal
matrix if b, (1] when i # . ‘

DL -1.1 O C
Cor example, A O[], U ={ . D} ,C=| 0O 0O L], are diagonal matrices
o O cC

of order 1, [] ] respectively.
Scalar matrix

A diagonal matrix is said to be a scalar matrix if its diagonal elements are equal,
that is, a square matrix [ [J [b,-,-] ., 1s said to be a scalar matrix if

b,-,- 00 wheni #j
b,-,- Ok, wheni [Jj, for some constant .
Cor example ‘

Joo o ¢
AL, D{‘Dl j, c=| 0 vo ¢
0O O «C

are scalar matrices of order 1, (Jand [] respectively.

Identity matrix

A square matrix in which elements in the diagonal are all 1 and rest are all [ero
is called an identity matrix. In other words, the square matrix A [J [ay_] .., isan
o o Lif i=j
identity matrix, if @; = {[ it i

We denote the identity matrix of order n by I . When order is clear from the
context, we simply write it as [.

|

1 O C
O1 C . . .
, are identity matrices of order 1, Cand 7]
S e 0

Cor example [1], {
respectively.

Observe that a scalar matrix is an identity matrix when & [J1. [Cut every identity
matrix is clearly a scalar matrix.
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Wil Zero matrix

A matrix is said to be zero matrix or null matrix if all its elements are [ero.
0 C 0ot

Cor example, [], {[ J , {[ 0 J , [0 O] are all Céro matrices. We denote
Cero matrix by [J. Its order will be clear from the context.

3.3.1 Equality of matrices

Definition 2 Two matrices A [J [a,] and 00 O [bi/_] are said to be equal if

fi] they are of the same order

1il) each element of A is equal to the corresponding element of [, that is a, L5, for
all i and ;.

0o 0o . 0o 0o
Cor example, and are equal matrices but and are
01 01 01 01

not equal matrices. Symbolically, if two matrices A and [J are equal, we write A [1 .

x y] [-15 C
If|lz a|=|0 6|, thenx 0015,y 00z00a0J6,b 00 c 0
b ¢ 0 C

x+0 z+0 y-U 0 6 [py—L
Example 4If | -6 a-1 0 |=|-6 -0 Ce+C
b-0O -1 U h+0 -1 L
Cind the values of a, b, ¢, x, y and z.
Solution As the given matrices are equal, therefore, their corresponding elements

must be equal. Comparing the corresponding elements, we get
x ooy z U6, by 0oy 0o

alJl OO0 U0Le OO b OOOCh O]
Simplifying, we get
a000Obp000c001,x000y00,z00
Example 5 Cind the values of a, b, ¢, and d from the following equation[’]

la+b a-1b B 0 —C
Sc—d le+0d| |11 [T
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Solution [y equality of two matrices, equating the corresponding elements, we get
Ca Ob 00 Sc0d 011
a0 000 fc 0d O
Solving these equations, we get
all,b00cO0and d OO

EXERCISE 3.1

0o 5 10 —¢

5
1. Inthe matrix A=| [5 —[I —[ 1C |, write[

Joo1 =5 1r

il The order of the matrix, liiC] The number of elements,

iiil ) Write the elements a, ,a ,a ,a ,a .
2. Ifamatrix has [TJelements, what are the possible orders it can haveTWhat, if it

has 1[Jelements[]

3. Ifamatrix has 1 Celements, what are the possible orders it can have[JWhat, if it
has 5 elements[]

4. Construct a LI Umatrix, A [[a,], whose elements are given byl

0+ ji- ] D+ (-
J il @, =— i) @, =———

J

5. Construct a [17] Omatrix, whose elements are given by

il a; =

1 . ..
A a;‘/‘ ZEEE+J [l azsz_.]

6. [ind the values of x, y and z from the following equations(]

xty+z L
0o |y z x+y O 6 0O ..
G = il = fiil ] x+z |=|5
x 5 1 5 54z xy 5 0
y+z L

7. [ind the value of a, b, ¢ and d from the equation[]

a-b l[a+c B -1 5
a-b e+d| | O 1T
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Alm On M0m On

| 1s a square matrix, if
[Cllm Un
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(111 None of these

9. Which of the given values of x and y make the following pair of matrices equal

x+0 5 0oy-L

y+1 O-x |’ |0 O
-1

DA[XZ—[a y:[

TOy0Qg x=—

M0 Not possible to find
o
TN

10. The number of all possible matrices of order 17 OJwith each entry Cor 1 is[]

(AD LD o1

3.4 Operations on Matrices

[CL1 (0510

In this section, we shall introduce certain operations on matrices, namely, addition of
matrices, multiplication of a matrix by a scalar, difference and multiplication of matrices.

3.4.1 Addition of matrices

Suppose [atima has two factories at places A and []. Each factory produces sport
shoes for boys and girls in three different price categories labelled 1, Jand [] The
quantities produced by each factory are represented as matrices given below[]

Factory at A
Boys Girls
[ 80 60
21 75 65
3 9 85

Factory at B
Boys Girls
1] 90 50
21 70 55
3| 75 75

Suppose Catima wants to know the total production of sport shoes in each price

category. Then the total production

In category 1 [for boys ML) for girls 6005T]
In category O[for boys 5 TI[TT) for girls [65 (1550
In category O(for boys M5 for girls M5 D50

[T+ [ 6+5LC

This can be represented in the matrix form as | [5 + [T 65+55 .

[T+ 5 [(5+05
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This new matrix is the sum of the above two matrices. We observe that the sum of
two matrices is a matrix obtained by adding the corresponding elements of the given
matrices. [urthermore, the two matrices have to be of the same order.

bll bl[ bl[

a, a. a
T } 1s a (1] [Jmatrix and [=L

Thus, if A= { } is another

an 4oy 4 n Y90 O

a, +b, a-+b- a-+b
[T matrix. Then, we define A = R
a,+b, a +b. a +b
In general, if A [[a ] and [ L1[), ] are two matrices of the same order, say m L n.
Then, the sum of the two matrices A and [J is defined as a matrix C [J [Cif]m .» Where
¢, Ua, b, for all possible values of i and ;.

01 -1
Example 6 Uiven A={\/[_ : J and (= 1|, find A I

Since A, [ are of the same order (1] [] Therefore, addition of A and [J is defined
and is given by

[+\/_[ 1+\/§ 1-1 [+\/_[ 1+\/§ C

A= 1= 1
O-0 O O+— O 6 -
O C

1. We emphasise that if A and [ are not of the same order, then A [J 1 is not

o C
defined. Corexampleif A = L J , O= B - ﬂ , then A [1[Jis not defined.
U

[1 We may observe that addition of matrices is an example of binary operation
on the set of matrices of the same order.

3.4.2 Multiplication of a matrix by a scalar

Now suppose that [atima has doubled the production at a factory A in all categories
(refer to [0
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[Teviously quantities [in standard unitsproduced by factory A were

Boys Girls
1{ 80 60
2 75 65
31 90 85

Revised quantities produced by factory A are as given below[]

Coys  Cirls
1| Ox [ [x6l
O x5 [x65
O Ox [0 x5

160 1T
This can be represented in the matrix form as | 1501 1T |. We observe that
1017 1T

the new matrix is obtained by multiplying each element of the previous matrix by [

In general, we may define multiplication of a matrix by a scalar as follows[if
Allal, , is a matrix and k is a scalar, then kA is another matrix which is obtained
by multiplying each element of A by the scalar £.

In other words, kA Uk[a,], , Ulkla,], , thatis, [4 ] [ element of kA is ka,
for all possible values of i and ;.

0 1 1.5
Corexample,if A [ \/E [0 —[|,then
0o o 5

0115 00 s
A DS 0 —o|=lis o -
005 6 [ 15

Negative of a matrix The negative of a matrix is denoted by [JA. We define
DA DDA,
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0 1
Cor example, let Al {_ 5 x} , then [JA is given by
0 1 -0 -1
LA DDA =31 =
-5 x 5 —x

Difference of matrices IfA [ [ai/_], oo [bi/_] are two matrices of the same order,
say m [n, then difference A (1] is defined as a matrix [] [J [di/_], where di/_ Ha, [bi/_,
for all value of i and /. In other words, [ A [0 A O [T, that is sum of the matrix
A and the matrix [,

| R 0-1 0
Example 7 If A= and (= , then find TA O
0 o1 -1 0O 0

Solution We have
1 00 0 -1 C
(A 0000 -
0 o1 -1 00
0 oe -0 1 -C
0 +
06 O 1 [ -C
-0 O+1 6-0 B -1 5 C
Lol 6+0 -0 |5 6 ¢
3.4.3 Properties of matrix addition

The addition of matrices satisfy the following properties

0] Commutative Law IfA [ [a,], L1 [b,-,-] are matrices of the same order, say
m On,then A OO OO DA, ‘

Now ACOO0O [ai/_] 0 [bi/_] 0 [ai/_ 0 bi/.]
(] [bi/_ (] ai/_] faddition of numbers is commutative [
O [[bi/_] 0 [ai/_][[ 0O0A
[iC] Associative Law [or any three matrices A [ [ai/_], ERN [bi/_], C [ [ci/_] of the
same order, say m (n, A D O0O0C DA O OCH
Now [AODOOOCO [[ai/_] 0 [bi/_][[ [ci/_]
Oa, 0b,] De,] Clla, Db,
(] [ai/. (] U)i/_ (] ci/_E_I (Why [T
Ola,] OB, Te,] Cla,] 0 b, Dle,]00A DI DCH



MATRICES 6]

il Existence of additive identity Let A [ [ai/_] be an m [J n matrix and
[l be an m [n Lero matrix, then A (1] [1[] [JA [JA. In other words, [ is the
additive identity for matrix addition.

iv] The existence of additive inverse Let A [J la,], . be any matrix, then we
have another matrix as [JA [ [[ai/_]m , such that A [ DAL MACDCA DD, So
A is the additive inverse of A or negative of A.

3.4.4 Properties of scalar multiplication of a matrix

If AU[a,] and [ LI[b,] be two matrices of the same order, say m Ln, and k and / are
scalars, then ‘

G0 kA D00k A Ok, GOk OITA DKA OFA
il k (A O O00K fay] O[]0
Dk [a, 0b] Ok @, b, Ok a, 00 k b[])
Ulka] Ulkb,] Uk [a] Uk [b] kA D kL
il Lk DDA Dk Ul[a,]
Ok [I[ai/.] Ok ai/.] O[l ai/.] Ok [ai/.] 0l [ai/.] OkAOIA

0 O 0 —-C
Example 8 If A=| 0 —-0Oland U= [0 [ |, then find the matrix (], such that
06 =51

[A OIS0

Solution We have [A [1[[] []5[]

or CA OO O0A OS50 00A
or CA OMA O OS50 00A [(Matrix addition is commutative [
or OO0 Os5000A [T1[A is the additive inverse of [A[]
or LI OS50 DA [T is the additive identity[]

1
or 00 —[ B0 OAD

0O -0 OcC | 10 -10] [-16 O

1

or [=—[5[[—[[—[ [—[ o 10+ -0 O

=51 ) -5 5 -6 10
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—10 ]
B
. 10-16 —10+°LC . -6 —1LC .
L
—| -0 104C —| 10 1C 0 —
[[ [6-6 5-1 [[ (1 [ -
—5-6 51 R N RS QR
U L
5 L 0 6
Example 9 Cind [1and [}, if U+ L= oo and [ —[= il
Il Il
Solution We have ([ + 1) +(0-0) = > + 6 .
0 O 0 -1
UL UL
or D 0000 oodd = =
RS
1|0 0O O C
or 0o— =
D{D D} {D [}
Also D JOUom 0odd > D— o6
0 O 0 -1
5-0 -6 0 —L
or D JOU0 I O ood (= =
Il O+1 0 10

110 =0 1 -
or 0d— =
D{D 1D} {D 5}

Example 10 Tind the values of x and y from the following equation(]

X 5 o -0 0O 6
O + 0
{D y—D} L D} Ls m}
Solution We have

[{x 5}{[—1[56:& ] o =g [0 s
Ooy-0) 1L 15 10 10 y—-6| (1 0| |15 1C
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{DHE 1=t }[ 06 x40 6 06
- =
o 1+l Ly-6+L 15 10 15 [y-0] |15 10

or x OOO0 and Ly OO (Why T
or Lx OO0 and Ly 010
L 1C
or x[E and y[—[
ie. x 00 and y 00

Example 11 Two farmers Ramkishan and Curcharan Singh cultivates only three
varieties of rice namely [Jasmati, Cermal and Naura. The sale [in Rupeeslof these
varieties of rice by both the farmers in the month of September and Cctober are given
by the following matrices A and [.
September Sales (in Rupees)
Basmati Permal Naura
s [ 10,000 20,000 30,000:| Ramkishan

50,000 30,000 10,000 _| Gurcharan Singh

October Sales (in Rupees)
Basmati Permal Naura

B - [ 5000 10,000 6000 :|Ramkisl1an

20,000 10,000 10,000 _| Gurcharan Singh

i] Cind the combined sales in September and [ctober for each farmer in each
variety.
Gi0] Cind the decrease in sales from September to Clctober.
il If both farmers receive [T] profit on gross sales, compute the profit for each
farmer and for each variety sold in Cctober.

Solution
i] Combined sales in September and [ctober for each farmer in each variety is

given by
Basmati Permal Naura
A4Bi= [ 15,000 30,000 36,000] Ramkishan

70,000 40,000 20,000 _| Gurcharan Singh
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(ir] Change in sales from September to Cctober is given by

Basmati Permal Naura
A_B= l: 5000 10,000 24,000 ] Rambkishan
30,000 20,000 0 Gurcharan Singh

U
[iil] [[Of[[EX[[E[[[[

Basmati Permal  Naura
N E[[[: 5000 10,000 6000 :{ Ramkishan
20,000 10,000 10,000 _| Gurcharan Singh
Basmati Permal  Naura
0 [ 100 200 120 :{Ramkishan
400 200 200 Gurcharan Singh

Thus, in Cctober Ramkishan receives Rs 17T] Rs [TT]and Rs 1T Jas profit in the
sale of each variety of rice, respectively, and [Crucharan Singh receives profit of Rs
[TT] Rs [TT]and Rs [TTJin the sale of each variety of rice, respectively.

3.4.5 Multiplication of matrices

Suppose Meera and Nadeem are two friends. Meera wants to buy [pens and 5 story
books, while Nadeem needs [pens and 10story books. They both go to a shop to
enquire about the rates which are quoted as follows [

Cen [ORs 5 each, story book [1Rs 5Ceach.

How much money does each need to spendCIClearly, Meera needs Rs (3 (IS C05T
that is Rs [6[] while Nadeem needs (1115 (1500 1L Rs, that is Rs 5[] In terms of
matrix representation, we can write the above information as follows[]

Requirements Prices per piece (in Rupees) Money needed (in Rupees)

05 5 Sx [+ 5x500) [ I6L
0o1C 50 Ox5+10x50 | 500
Suppose that they enquire about the rates from another shop, quoted as follows [

pen [JRs [Ceach, story book [TRs [TJeach.

Now, the money required by Meera and Nadeem to make purchases will be
respectively Rs MO OO MOSO0Rs [(MTand Rs MO OO1 00 TIORs (117
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Again, the above information can be represented as follows[
Requirements Prices per piece (in Rupees) Money needed (in Rupees)

[l 5 L Ox [+ [1Ix 5 3 (1L
nlR s T OxO+10x 00 | O
Now, the information in both the cases can be combined and expressed in terms of

matrices as follows[]

Requirements Prices per piece (in Rupees) Money needed (in Rupees)

o 5 5 O SxO+5x50 [Ox O+ Ox5S
0O 10 50 M Ox5 +10x5 0 OxO+10x00O
6] [ILC
- 500 [OC

The above is an example of multiplication of matrices. We observe that, for
multiplication of two matrices A and [, the number of columns in A should be equal to
the number of rows in . Curthermore for getting the elements of the product matrix,
we take rows of A and columns of [J, multiply them elementWise and take the sum.
Cormally, we define multiplication of matrices as follows[

The product of two matrices A and [Jis defined if the number of columns of A is
equal to the number of rows of (1. Let A [ [a,] be an m T n matrix and [ [J [bjk] be an
n Op matrix. Then the product of the matrices A and [Jis the matrix C of order m [p.
To get the [, k[ element c, of the matrix C, we take the i row of A and k" column
of [J, multiply them elementwise and take the sum of all these products. In other words,
ifAUla], ..o U[b,], . then the i" row of Ais [a, a. ... a, ] and the k" column of

by,
Jis| - |,thenc, U a,b,la b [la b [.. Ca b [ Z%—bjk )
ﬁ j=l
bnk
The matrix C U[c,] ) is the product of A and .
0 C

Cor example, if C =F[ _1[ ﬂ and [1=|—-1 1 |,thentheproduct C[Jis defined
5-C
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0 C
1 -1
and is given by C[ ={[ - [:| =1 1. Thisis a [J[][] matrix in which each
5 -C

entry is the sum of the products across some row of C with the corresponding entries
down some column of 1. These four computations are

Buryin [y g o [ 2 7]_[0@+ch)+@6)
first row -1 ] |=
firstcolumn |0 3 4 5 —4 ? ?
Entry in 1 1 2 2 7 13 (HM+EEDH(a)+24)
first row —1 I | =
sccondcolumn |0 3 4 5 —4 ? ?
Entry in 1 -1 3 2 7 13 iy
second row -1 l |= _ B
firstcolumn [0 3 4 5 —4 0(2)+3¢1)+4(5) ?
Entry in 1 =i 4§ 2. 13 2
second row -1 | | =
gsecondcolumn [0 3 4 5 o 17 0(7)+3(1)+4(-4)

10 -C
Thus Cl = { }

10 =1C

6 O 06 LC
Example 12 Tind AT, if A:{[ J and [={ }

o ot

Solution The matrix A has [Jcolumns which is equal to the number of rows of [.
Hence A is defined. Now

A [ 6T (I 60604 (101 611+ DI[}

| O+ (T (16 03 (T (I (1T

[T+ 60 (6+01 [+[T 5 110 [T
_D+[[1 10+ 1 O+ [T 5 [ [T
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Remark If ATlis defined, then TJA need not be defined. In the above example, A is

defined but [JA is not defined because [ has [lcolumn while A has only [Jfand not [T]
rows. If A, [ are, respectively m [n, k [1/ matrices, then both AT and [JA are defined

if and only if » [k and / Om. In particular, if both A and [ are square matrices of the

same order, then both A[] and [JA are defined.

Non-commutativity of multiplication of matrices

Now, we shall see by an example that even if A[Jand [JA are both defined, it is not
necessary that A (1 TA.

0oL
-0 O
. 5} and O=| 05, then find A[], [JA. Show that

1
Example 13 If A:{
01

Al = [A.

Solution Since A is a [1[] Omatrix and [Jis (1] Omatrix. Hence A[Jand [JA are both
defined and are matrices of order (1] Tand [J[1[] respectively. Note that

(1 -0 [ -t =46 =10+ 0 0 -C
All= 05| 0 =

-0 0 5 [+ 410 —10+10+5 10 €

(o0 Lo 0—10 —-[+6 6+15 10 o
and TA=|115 {[ - 5}: (=[] (410 1[+[5] =|-16 [ [L

=B (=01 —[H+[ 6+5 -0 -0 11

Clearly A0 # DA

In the above example both A and [JA are of different order and so A= [JA. [ut
one may think that perhaps AJ and [JA could be the same if they were of the same
order. [ut it is not so, here we give an example to show that even if A[Jand A are of
same order they may not be same.

1 0O 01
Example 14 If A= and [1= ,then A= 21 .
0o -1 1 O -1 O

0O -1
and DA = L D} . Clearly A0 = TA.

Thus matrix multiplication is not commutative.
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This does not mean that Al # [JA for every pair of matrices A, [ for
which Al]and (A, are defined. Cor instance,

1 0O 0 0O 0 0O
If A={ }, D={ },thenADDDAD{ }
0 o 0 O 0 O

[bserve that multiplication of diagonal matrices of same order will be commutative.

Zero matrix as the product of two non zero matrices

We know that, for real numbers a, b if ab [1[] then either a []Clor b [I1[] This need
not be true for matrices, we will observe this through an example.

0o C

O =110 5 0 C
Solution We have All ={ } { } ={ } .
O oo o 0 C

) 0o -1 05
Example 15 Cind AT, if A={D J and D={ }

Thus, if the product of two matrices is a [éro matrix, it is not necessary that one of
the matrices is a [éro matrix.

3.4.6 Properties of multiplication of matrices

The multiplication of matrices possesses the following properties, which we state without
proof.

1. The associative law [or any three matrices A, [] and C. We have
[ACCC DA MCL whenever both sides of the equality are defined.
[l The distributive law [or three matrices A, [J and C.
JA MCCOJAD DAC
G0 TACOCC DOAC OJOC, whenever both sides of equality are defined.

[1 The existence of multiplicative identity [or every square matrix A, there
exist an identity matrix of same order such that [A TTAI TJA.

Now, we shall verify these properties by examples.

1 1 -1 1 O
1 00 -]
Example 16 If A=|0 O 0], O=| 0O O] and C= , find
0o =01
0 -1 0 -1 [

ACL) [ADLC and show that [ADC DAMICL
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1 1 -1 1 O 1+0+1 4+ -0 01
Solution We have All=| [ [ O O0=0+0-06+0+10(=|-1 1C
0 -1 0Of|-1 ¢ +0-0 O-0+ O 1 15

01 Lo oo O+ O 0+0 6-0 —[+1
ADOOCE=|-1 1[{ _ J: -1+06 —-[+0 —-[~06 O+ 1C
1 15 1+ [+0 OO —0O+15

(10 146 [+ [—6 —[+[
1 0 0O-0

Now [CCO| 00 =| 40 [H0O [=0 [+C

—1+0 -[+0 -0 [+C

O 0O -0 -1

0 0 o -0 C

|0 -0 11
(1 1 =110 0 -0 -1
Therefore ACooy o o oo o -0 ¢
0 -1 g O0o-0 =11 C

[+ -0 [+ 0 (=011 —1+0-C
o1+ 0+ A +0-6 -6+ 00— —O+ [+ [T
_D—[+1[ 6+00-0 —[+0O-[ —[0+16

[0 0O 0O -C
5 -0 -0 [T
a0 =11

. Clearly, TADOC DA [MCO
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0o 6 [ Oo1 1 L
Example 17 If A=|-6 0O 0O|,0=|1 0O O],C=|-L
0 -0 0o 1 O O L

Calculate AC, [JC and A C0IC. Also, verify that [A O OC DAC O 0OC

L
1C
L

[

10

[

U
U

U
-0
U

o

-0

O-10+ [ 1C
=|-10+ [+ L0 | =| [T
16 +10+ 0 (T
O-10+ 1 C
=|-10+ ¢+ [TJ |=| 1C
10+16+ 0 [T
[O- 4+ O 1
O+0+6|=| C
| O-[+ O] |-C

(L
(L

g 0O
Solution Now, Al=|-5 [
0-6
[0 O
So A DJOCC (-5 O
| L -6
[0 6
Curther AC|-6 [
|0 -0
(01 1
and oc o oo
1 00
[0 1
So ACOOC O|1U|+| O
|| |0
Clearly,

1
Example 18 If A =| [J
U

Solution We have A" =AA

[A D HEC DAC LHC

0 C
-1 1], then show that A~ O[TA O[T OO
O 1
1 O 4|1 0O o 10 O C
=\U0-0 1}|0-0 1|=|1 10 C
O O 11|10 o1 10 6 15
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o gj1o oo 61 [6 6L
So A'TAA'D|O-0 141 10 =6l =6 [T
oo 1)1 6 15 (I [6 6L

Now
(601 6 6] 1 0O O 1 0 C
AOTAOMITO| 60 =6 OO0 0 =0 1o 1 ¢
T 6 60 O o1 0O 01

(601 (6 6[1] [—(11 =6 —601] [-11 O C
160 =6 [+ —601 6 —[[|+| O - *
6 60| | -1 -6 —[T] O 0O -IT

(67— T—1T] 6-16+ 6—6+[
n|é6b-60+40 —-6+16—[1] [[—-1H+LC
| -0+0  6-06+0 60-[T-[T

|
[ I
[ I
0O O O

Il

|

Example 19 In a legislative assembly election, a political group hired a public relations
firm to promote its candidate in three waystelephone, house calls, and letters. The
cost per contact [in paise[is given in matrix A as

Cost per contact
N Telephone
A 111 Housecall
50 Letter

The number of contacts of each type made in two cities [ and [ is given by

Telephone Housecall Letter

{mz 5017 SDI}—>[

. [ind the total amount spent by the group in the two
(T 1000 1 ) —

cities []and [
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Solution We have

M0+ 5000+ 5000

>0
1 MOD01 MO0 I

[A[{
>
MO0 — O
- T — O

So the total amount spent by the group in the two cities is [TT][TT]paise and
[TT]TTpaise, i.e., Rs [TTT]and Rs [TTT] respectively.

| EXERCISE 3.2|
0o 1 0 -5
. LetA{ }D{ }c{ }
0 o -5 0 o
[ind each of the following[
HJA OO GOA OO0 i) CA OC
v AL il A
2. Compute the following[
fa b a b [a"+b" b +c" Cab  [hc
i + il
_—b a b a a[+C[ a[+b[ —Lac —Lab
-1 0O -6] [10 O 6 -
cos x sin x sin ' x cos x
aid| O 5 16|+ O 0O 5| Gvd
0o 5 O0cr _sin[x cos X cos x sin x
3. Compute the indicated products.

i

Gvl

wilJ

[ a
I—b

b

a

[

1

~b c -0 oo
i |0 00 i

a c 0oojlo ot
1 -0°5 01

1 01
0O tC v | 00

-1 01
0 os -11




10.

11.

12.

MATRICES i

1 0 -0 0O-1 0O 0o 1 C
If A=|5 O O,0=|0 0O 5|andC=|0 [ L[], then compute
1 -1 1 0 o o 1 -0 €

AMMand M OCOAlso, verify that A [ T OCOO A O O0O0C.

g2 IR
O 0 55
1 O O 1 O C
If A=|— — —|and [l=|—- — —|, then compute (A [15[
O 0 O 5 5 5
g0 g6 c
L[] L] L5 5 5]
. cos® sin0 _ [sin® —cos6
Simplify cos®| | Osin® )
—sin® cos0 | cosO sin©

Cind [0 and [, if

0 d [0 ¢
G0 000= and [][1[]=
5 |10 O

0o o 0o -t
A0 (1 O = and [+ 1=
0o o -1 5

0L 1 C
[ind[,if[[{1 Jand[[[[[{ }

-0 C
. . I O y U
Cind x and y, if [ + =
U x

56
I o |1 0

X z 1 -1
Solve the equation for x, y, z and ¢, if [ +0 =
y t o 0

i

0 -1 10
If ){D}_J{ 1}=L },ﬁndthevalues of x and y.

6 0 +
Uiven [J SRR P + Ty , find the values of x, y, z and w.
z w -1 Ow zZ+w C
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cosx -—-sinx L[
13. If O&=|sinx cosx [|,show that (XO0O0 Ox Oyl

g g 1
14. Show that

(5 -1
i }

1 [
aic) | O 1
11

o1
15. OndA-0O5SA06LiIf A=|{0 1 T
1 -1 [

1 0 LC
16. If A={[J [1 1], provethat A"D6A-TTADI OO
0O C
[0 -0 1 C
17. If A= and IJ , find &k so that A" kA OO0
|0 -0 0ol
U —tang
18. If A= . and I is the identity matrix of order [] show that
tang U
L U
cosa —sina
I0ADCO [A]{ . }
sino coso

19. A trust fund has Rs [T][TT]that must be invested in two different types of bonds.
The first bond pays 50 interest per year, and the second bond pays [T interest
per year. [Jsing matrix multiplication, determine how to divide Rs [T][TTlamong
the two types of bonds. If the trust fund must obtain an annual total interest ofT]

fall Rs 10111 MO Rs [1TT]
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20. The bookshop of a particular school has 1T]doleén chemistry books, [Jdolen
physics books, 10dorén economics books. Their selling prices are Rs [T]Rs 6
and Rs [MJeach respectively. [ind the total amount the bookshop will receive
from selling all the books using matrix algebra.

Assume [, [} [, W and [Jare matrices of order (10 n, Ok, 00 p, n 0 Oand p Tk,
respectively. Choose the correct answer in Exercises 1 and [T]

21. The restriction on n, k and p so that [TJ JWJ will be defined are[’]

ADkO0Op On M0 k is arbitrary, p ([
[COp is arbitrary, k ([ MOkO0p 00

22. If n Op, then the order of the matrix [T] TJ50is[]
Alp OO o On [COn OO Mp On

3.5. Transpose of a Matrix

In this section, we shall learn about transpose of a matrix and special types of matrices
such as symmetric and skew symmetric matrices.

Definition 3 If A [l[a,] be an m [In matrix, then the matrix obtained by interchanging
the rows and columns of A is called the transpose of A. Transpose of the matrix A is
denoted by A’ or [AT[]In other words, if A [ [a,], ,thenA’[[a], . Lor example,

s 0 O O
it A=[0 1 , then A'= -1
51 —
[ __1 Ox O
5 Ox O

3.5.1 Properties of transpose of the matrices

We now state the following properties of transpose of matrices without proof. These
may be verified by taking suitable examples.

Cor any matrices A and [J of suitable orders, we have

A0 TA'TTOA, i) (kAT kA" Where £ is any constant[]
i A OOOOA" OO v AOD OO A
0 ~vo O 0 -1 C
Example 20 If A= - and [I= , verify that
o g o 1 0 rC
i (AT A, GiC A D OM DA D0,

i kOO Ok, where £ is any constant.
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Solution
i} We have

U g
A[{[ & [} = A’ =| 0 [:»(A')':{[ & [}A
0O 0O

g 00 g
Thus A'TT DA
il We have
0 -1 0O _
A[D\/_DD,[[ :>A+D=5\/_Dlm
OO O |1 0o 5 O 0
s S
Therefore (A OO \/_[—1 C
O
[0 g 01
Now A'TT] \/_[[’['2_1 Hp
| 0O 0C
s
So A D01 T
L g C
Thus ADOMOA O
il We have
k[=kD_1 DzD’c—kD’c
1 00 ko ko Ck
k k o1
Then kU | -k Ck|=k|-1 O|=kC'
k [k | 0O

Thus kO Ok
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-0
Example 21 If A=| 0|, 0=[l 0 -6], verify that AT [ [TA".
5
Solution We have
e
Aol O 0=l 0 6]
— 5_
[—0] -0 -6 IC
then ADO| Ot O -6] 0| & 10 -1
5 5 15 -IT
.
Now A" O[0s], Oo'=| ¢
_6_
1 -0 o 5
oA 0| O|[-0 O S]=[-6 10 15|=[ADC
-6 |10 —[1] -1
Clearly ADOOOA!

3.6 Symmetric and Skew Symmetric Matrices

Definition 4 A square matrix A [J [a,] is said to be symmetric if A’ [0 A, that is,
[a,] [[a,] for all possible values of i and ;.

Joooo o«
Corexample A=| 0 -1.5 —1 | is a symmetric matrix as A’ JA
0o -1 1

Definition 5 A square matrix A [ [a,] is said to be skew symmetric matrix if
A" LA, that is a, [ [a,, for all possible values of i and j. Now, if we put i LI/, we
have a, [ [la,. Therefore La, [ [Jor a, [)[for all ils.

This means that all the diagonal elements of a skew symmetric matrix are [ero.
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0 e f
Corexample, the matrix [1=| —e [] g |isa skew symmetric matrix as ['[][1]
-f g L

Now, we are going to prove some results of symmetric and skew/symmetric
matrices.

Theorem 1 Cor any square matrix A with real number entries, A [JA’ is a symmetric
matrix and A [JA' is a skew symmetric matrix.
Proof Let (] A [JA’', then

0O A DA
A" [IA'Mas [A O HA" D
A" [JA [as [A'[TTAL]
A ATas A D10 T AL

00
Therefore 00 ATA'is a symmetric matrix
Now let COATA

C'0ADATOA OA'T  (WhyD
0A DA [(WhyD
0 O DA'D00C

Therefore C O A TJA' is a skew symmetric matrix.

Theorem 2 Any square matrix can be expressed as the sum of a symmetric and a
skew symmetric matrix.

Proof Let A be a square matrix, then we can write
1 'y :
A=—A+A'H+—[A-A'[]
U L
[rom the Theorem 1, we know that TA [JA' s a symmetric matrix and [A TA'(is

1
a skew symmetric matrix. Since for any matrix A, [kATILA’, it follows that = [A+A'l

1
is symmetric matrix and T 'A—A'l is skew symmetric matrix. Thus, any square

matrix can be expressed as the sum of a symmetric and a skew symmetric matrix.
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0 -0 -C
Example 22 Express the matrix J=|—1 [ [ | asthe sum of a symmetric and a
1 -0 -C
skew symmetric matrix.
Solution Here
0 -1 1
0o|l-0 0O -C
-0 o0 -C
- I
"o T
0o -0 -t
1 | —U
Let [[—[[[[D[:— -0 6 L[| 0| o1,
-0 O -6
-
- 1 -C
[ -0 (] - -
n — —
0o C
-
Now Udl— o 1o
U
-0
— 1 -L
L [ J
Thus 0o - O is a symmetric matrix.
C o s
]
| oSy -
Also, let Oo—mobE=1 0 6|=— 0O [
U U 5 6 U
é -0 C
LU J
- . -
o1l >3
0 o
Then 00 0 -0O=-0
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Thus 00 - O is a skew symmetric matrix.
I -0 =0 [. -1 =5]
0o — —| |o = =
o 0 | o O 0 -0 =[]
-0
Now Oobd=— 0 1 [+|— 0 0O)=-1 U dj=C
- . 1 0 -
| N EA
L O 4 L0 |

Thus, [Jis represented as the sum of a symmetric and a skew symmetric matrix.

| EXERCISE 3.3 |
1. [ind the transpose of each of the following matrices(]
> 15 6
1 -l :
i | = il {[ J i |05 6
) 0O 0 -1
-1 0 0O -0 1 =5

2. If A= 5 0O Ojand O=| 1 [ [|,then verify that
-0 1 1 1 0O 1

GO A DONDJA O, GOA OO0 DA OO
[0 O
-1 01 .
3. If A’=|-1 (]| and (1= . , then verify that
=R
GOA DONDA O GOA OO0 DA OO
(-0 O -1
4. If A'= . D} and D={ | J,thenﬁndm[[[l

5. [or the matrices A and [J, verify that TACT [0 T'A’, where
1 0
i A=-0|, O=[-1 O 1] G@oA=[1], O=[1 5 []
U U
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cosa  sina )
6. If a7 A={ . },thenverlfythatA'A[I
—sino.  coso
sina  cosa
il IfA={ ) },then verify that A" A 01
—cosa  sina
1 -1 5
7. ] Show that the matrix A =|-1 [0 1| is a symmetric matrix.
5 1 ¢
01 -1
[ii[ 1 Show that the matrix A=|—-1 [] 1 | isa skew symmetric matrix.
1 -1

1 5
8. [or the matrix A = L D} , verify that

[ TA JA'Ts a symmetric matrix
A0 TA DJA'Chs a skew symmetric matrix

O a b

.1 / 1 /
9. Dnd—[(A+A)and—[(A—A),when A=|-a O c
-b —¢ L[

10. Express the following matrices as the sum of a symmetric and a skew symmetric

matrix[|
. 6 -0 €
0 5
G { { ac | -0 o -1
- | 0o-1
. g 0 -1 "1 s
Gl | -0 =0 1 Ovl] 1 0
-0 -5 C
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Choose the correct answer in the Exercises 11 and 1]

11.

12.

If A, [ are symmetric matrices of same order, then AT [J[JA is a

[A[] Skew symmetric matrix 00 Symmetric matrix
[C[J [Cero matrix M7 Identity matrix
coso —sino
IfA=| ,then A [JA' [J1, if the value of o is
sin o cos o
T T
(ALl — [ —
6 C
[m
[COmn o -

3.7 Elementary Operation (Transformation) of a Matrix

There are six operations [fransformations on a matrix, three of which are due to rows
and three due to columns, which are known as elementary operations or
transformations.

i

il

fifi[]

The interchange of any two rows or two columns. Symbolically the interchange
of i" and j* rows is denoted by R, <> R and interchange of i and j/* column is
denoted by C, <> C.. ‘

1 01 -1 Jo1
_or example, applying R, <> R to A =|-1 JO 1], we get| 1 O 1
5 6 T 5 6 [

The multiplication of the elements of any row or column by a non zero
number. Symbolically, the multiplication of each element of the i row by £,
where k #1]is denoted by R, — kR..

The corresponding column operation is denoted by C, — kC,

1 01 b

1

Cor example, applying C ! C ,to[] we get -
5 o ) = )

St -1 Vo1 1

-1 JoO

The addition to the elements of any row or column, the corresponding
elements of any other row or column multiplied by any non zero number.

Symbolically, the addition to the elements of i row, the corresponding elements
of /" row multiplied by & is denoted by R, — R [J kR..
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The corresponding column operation is denoted by C, —> C, LIAC..

1 0 1 0
Cor example, applyingR —R R, to C= {D J , we get {D 5} .
3.8 Invertible Matrices

Definition 6 If A is a square matrix of order m, and if there exists another square
matrix [J of the same order m, such that Al [J [JA 1, then [ is called the inverse
matrix of A and it is denoted by A". In that case A is said to be invertible.

[0 ¢ O-C
Cor example, let AT . J and 00 [ { L oc }be two matrices.
[0 O] o-C
Now AUE of[ar ¢
[0-0 —6+6] [1 O
O = =1
|0-0 -Ow D} {D 1}
1O . . .
Also LA O . J =I. Thus [lis the inverse of A, in other

words [] [JA"! and A is inverse of [, i.e., A []["

1. A rectangular matrix does not possess inverse matrix, since for products A
and A to be defined and to be equal, it is necessary that matrices A and [J
should be square matrices of the same order.

[l If [1is the inverse of A, then A is also the inverse of [J.

Theorem 3 Mniqueness of inverseInverse of a square matrix, if it exists, is unique.

Let A [I[a,] be a square matrix of order m. If possible, let [ and C be two
inverses of A. We shall show that [1 [1C.

Since []is the inverse of A

AOOUOA OI i
Since C is also the inverse of A

AC OCA UI ... (1]
Thus OO0 00 ACUO MWALC UIC UC

Theorem 4 If A and [ are invertible matrices of the same order, then (AT [0 A,
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[rom the definition of inverse of a matrix, we have

ADOADE 01
or A TAODOADE DA [Mre multiplying both sides by A" [J
or ATADD AOM JOAM [Since A'I ODA"D
or IO rADm OAM
or O AOm oA
or O OADm OOt AR
or [ TADT OO AT
Hence ACH OO AY

3.8.1 Inverse of a matrix by elementary operations

Let [J, A and [J be matrices of, the same order such that [J [J AL In order to apply a
sequence of elementary row operations on the matrix equation [J A, we will apply
these row operations simultaneously on [] and on the first matrix A of the product A
on RHS.

Similarly, in order to apply a sequence of elementary column operations on the
matrix equation [J [JAT], we will apply, these operations simultaneously on ] and on the
second matrix [ of the product A7 on RHS.

In view of the above discussion, we conclude that if A is a matrix such that A"
exists, then to find A" using elementary row operations, write A [JIA and apply a
sequence of row operation on A [J1A till we get, I [J [JA. The matrix [ will be the
inverse of A. Similarly, if we wish to find A" using column operations, then, write
A AT and apply a sequence of column operations on A TJAI till we get, [ TAL

Remark In case, after applying one or more elementary row [¢olumnCoperations on
A [OIA TA DAIL)if we obtain all [eros in one or more rows of the matrix A on L.H.S.,
then A" does not exist.

Example 23 Oy using elementary operations, find the inverse of the matrix

1T
AT
{[ _1}.

Solution In order to use elementary row operations we may write A [J1A.

U Bla men |1 Y2l b YA applyineR >R R -
= , en =
o 0o-1| o 05| =01 pplymg &, — ‘
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1 O
I . 1
or | 0 —1|A [applyingR — =R [
01 - — 5
L5 5]
_l _[_
1 5 5 .
or {D 1}[= R A [applying R, - R R [
L5 5
_l _[_
5 5
1
Thus Al [ o0
L5 5

Alternatively, in order to use elementary column operations, we write A [JAL i.e.,

1 ] 1 O
OA
-1 |01

Applying C — C LLC,, we get
1 ] 1 —C

OA
{D -5 | 0 1}

. 1
Now applying C_— —EC[ , we have

I C ! S

01 A

L 5

Uinally, applying C, — C, [I[C , we obtain

LA

1 0O 5 5

A

B R

LS 5

[

Hence Al [

n| -
m||
—
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Example 24 [btain the inverse of the following matrix using elementary operations

01 C
A=|1 O [].
011

(01 C 1 OO
Solution Write A T A, ie, |1 O C| OO0 1 OJA
01 1 001
(1 0O 01 O
or o1 D=1 [ D) A [applying R, <> R [
|01 1 001
oo o] [oo1r O
or 01 O =1 O OJA [applyingR — R IR, []
0-5 0| [0-01
1o -1 [-0 1 0
or 01 C|=f 1 O OA lapplying R, - R IR [J
05 -0 |0 -0
1 0O -1 -0 1 O
or 01 L= 1 O O]A lapplyingR — R [5R [
oooo] |5 -0
10— -0 1 0
1 0O OA . 1
or A D lapplyingR — — R [
5 -0 1 L
o1 - — =
- - o o 0

-1 1
O 00
or 01 o []A lapplying R, — R R [J
O -0 1
IS
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}A fapplying R. — R R [

-1 1
0 0
0ol
—0 1
0 0

1
[s
0
5
[s

!

[ R

or

Hence

Alternatively, write A AL i.e.,

L

OA|L 1

[

L

[

or

or

or

n[w O
™~ @) U
] O @)
& & &
I 1
O U — —_ 0 U
— U _[1 [ I
< < <
] ] ]
—
.I_A.I_A I [ T
- O [ 1 — [
[

or
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1
1o o=
or Sl DioApl O-1) €, > C OICH
-5 01 1
o o =
L L]
! . 1
1 O C O T
or U1 L|ogA-0O O -1 €, > C, 15C [
001 5 - 1
L O C
1 -1 T
ot O O C
or 01 CLJgA|-0 O -1 »>C OO
001 5 001
L 00
1 -1
0 0 C
Hence AT | -0 O -1
S -1
L O O C

10 -0
Example 25 Dnd 0, if it exists, given D={ s } .

_ 10 -0 [1 ¢
Solution We have [[IELG.,{ 5 l}={ }[.

-1 1

— 1
or 51010 _ lapplying R, — ER‘ 0
-5 1 0 1
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2]
or 5[1[
0O C 11

O

L
 lapplyingR — R [I5R,[J

We have all [éros in the second row of the left hand side matrix of the above
e[ 1tlonCTherelore, (1! does not exist.

| EXERCISE 3.4

Osing elementary transformations, find the inverse of each of the matrices, if it exists
in Exercises 1 to 1]

1 -1 01 1 1]
1 2. 3
0o 11 O C
[ T (0 1] [0 5]
4 5. 6
15 O |0 O 11 O
[0 1] (1 5] [0 10
7 8. 9 }
B | | |0 C
10 0 11_D_6 12_6_[
-0 R l-Do1
_ i} [0 -0 ¢
O -0 01
13. 14. 15. |0 O C
-1 0O O 0
L - - |0 -0
(1 0O -r (0 0O -1
16. |-O O -5 17. |5 1 T
|05 L |01

18. Matrices A and [J will be inverse of each other only if
ADAD OOA MOAOOOA OO
[COAD DO DA DI MOADOOA OI
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Miscellaneous Examples

cosO sin6

Example 26 If A = {

cosn® sinnO
} , then prove that A" = { " 5

) ,neN.
—sinnd cosne}

—sin® cosO

Solution We shall prove the result by using principle of mathematical induction.

We have ROCIF A ={ cos® s1n6} J[then A" ={ cosnd smne} neN

—sin® cos0O —sinn® cosnd
cosO sin® , | cos® sin®
1A =] ,so Al=|
—sin® cosH —sin® cos0O
Therefore, the result is true for n 1.

Let the result be true for n [l k. So

0 in® cosk® sink©
cos sin } then A* _{ }

E%EEA{ | —sink® cosk®

—sin® cosO

Now, we prove that the result holds for n Tk [l

—sink® coskO

N A1 ACAK = cosO® sinO || coskO sinkO
oW | -sin® cosH

[ cosOcoskO [IsinOsink®  cosOsinkO + sinOcoskO
| —sinOcos kO +cosOsin kO —sinOsin kO +cosOcos kO

[

[ cos @+ k00 sin[@+k6L| | coslk+16 sinlk+10
| —sin [0+ k0 cos ®+kOC| |—sink+10 cosk+16

Therefore, the result is true for n Tk [11. Thus by principle of mathematical induction,

, | cosn® sinn0
we have A" =

. , holds for all natural numbers.
—sinn® cosn0

Example 27 If A and [J are symmetric matrices of the same order, then show that A
is symmetric if and only if A and [J commute, that is AT [JTJA.

Solution Since A and [J are both symmetric matrices, therefore A" JA and [’ [ [
Let ATl be symmetric, then TATTT DA
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[t ADD OO'A'00A ™Why[TJ

Therefore LA [TAT

Conversely, if AT [JA, then we shall show that A[] is symmetric.

Now (AL A
O A las A and [J are symmetric[]
OAD

Hence AT is symmetric.

0 -1 5 0 a5 .
Example 28 Let A ={ } , 0 ={ }, C ={ } [ind a matrix [J such that
0 o 0 0

CU DAL DL

Solution Since A, [J, C are all square matrices of order [] and C0 DA is well
defined, [J must be a square matrix of order [

b
Let [[{a d]ThenC[ OAD O Ogives
C
[0 SHa b} {D —1“5 [}
or - 0o
|0 Ojle 4] |0 OJl0 O
[Ca+5¢c [h+5d] [0 O 40 0
o |La+lec [b+1d I O cC
[a+5c-1 b +5d -[B
o la+le—(1 h+d—(1)| |0 O

Oy equality of matrices, we get

La U5c OO0 . ag

La [le OCTICI] ... U

b 054010 ..

and b 0@ Omnon ...
Solving M and MTJwe get a (1O, ¢ [T Solving MTand M )we get b (1103

d 0l

11 -110
Therefore 00 {a b} ={ }
c d (] (1]
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MATHEMATICS

Miscellaneous Exercise on Chapter 3

01
Let A= {D D} , show that [al ObA™ Ta"l Ona""' bA, where 1 is the identity

matrix of order [Jand n € N.

1 1 1 E’l—l E’l—l [n—l
If A=|1 1 1]|,provethat A" ="' ! 1] peN.
AR ot ot o
[0 -O o [t+th —n ) »
IfA= L then prove that A" = { , where 7 is any positive
—_— n —_—

integer.

If A and [J are symmetric matrices, prove that ATJ [1[JA is a skew symmetric
matrix.

Show that the matrix ['A[]is symmetric or skew symmetric according as A is
symmetric or skew symmetric.
0oy z
Cind the values of x, y, z if the matrix A=|x y —z | satisfy the equation
X -y z

A'A L

1 0O 0O
Cor what values of x L[1 T 1]| 0 O 1| | D00
1 0O 0

01
IfA={ J,showthatA OSA OO

[indx,if[x -5 —1]

[ A
[ I
0o — O

X
Oj=0
1



10.

11.

12.

MATRICES 101

A manufacturer produces three products x, y, z which he sells in two markets.
Annual sales are indicated below[]

Market Products
I Qoo goo 10000
11 6,11 Qoo Qoo

fa[JIf unit sale prices of x, y and z are Rs [157] Rs 1.500and Rs 1.[T] respectively,
find the total revenue in each market with the help of matrix algebra.

(b If the unit costs of the above three commodities are Rs [1[1] Rs 1.[Tland 5[]
paise respectively. [ind the gross profit.

. . 1 O O -0 -0 -=C
[ind the matrix [] so that [ =
O35 6 0o 0 6

If A and [J are square matrices of the same order such that A[] [J[JA, then prove
by induction that A" [J ["A. Curther, prove that TADM A" for all n € N.

Choose the correct answer in the following questions(]

13.

14.

15.

L IR R 2B JBR 2R 2

a p
IfA O v -a is such that A1, then

A1 Dalllpy 00 MO 1 DaddBy OO

[CO1 Doallpy 00 MO1 Dedopy OO

If the matrix A is both symmetric and skew symmetric, then

[A[] A is a diagonal matrix M A is a [éro matrix

[C A is a square matrix [0 None of these

If A is square matrix such that A~ (1A, then I TJATMITICA is equal to

ATTA oI DA [Col Mo A
Summary

A matrix is an ordered rectangular array of numbers or functions.
A matrix having m rows and 7z columns is called a matrix of order m [n.

[a.] ., is acolumn matrix.
yim 01
[a ] . 1is a row matrix.
41 On
An m [n matrix is a square matrix if m On.

Al [aij]m , 1s a diagonal matrix if a, 00 when i # .



1000

*

¢ o

L 2R 2R R JNE R 2 ® 6 6 6 0 0 0

*

MATHEMATICS

Allal, ., is a scalar matrix if a; 00 when i # j, a, O k, Tk is some
constantl) when 7 (/.

A [[a
A [éro matrix has all its elements as [éero.

AO[a]O [bij] 0 0O if GCA and [ are of same order, Hill a; U bij for all
possible values of i and ;.

kA U Ka, , U lkla,]
DA CITTTA

A 00O OA OO0
AOODOOOA

[A 000OC DA O OCL)where A, [ and C are of same order.
K[A O OO0 KA Ok, where A and [ are of same order, & is constant.
[k /A kA OIA, where k and / are constant.

; is an identity matrix, if .. [0 1, when i [I/, a.. (][] when i # ;.
ijinlln y ij ] ij ]

m [n

IfA D la,], . and [0 [bjk]n > then ADOC Ofc, ] 37 where ¢; = Zaij by

j=1
HJAMNCOOMALIC, GiD AN OCOJAL DAC, hLiill [A OOC DAC OOC
IfADO [aij]m ., then A" or AT [ [aﬁ]
G0 AT OA, Gi0 RADNOKA’, Giid A O0ON0OA’ O, GvO AONOTA!
A is a symmetric matrix if A’ [JA.

nllm

A is a skew symmetric matrix if A" [T CA.

Any square matrix can be represented as the sum of a symmetric and a
skew symmetric matrix.

Elementary operations of a matrix are as follows[]
[ﬂDRi<—>Rj or C, & C,

iR, — kR or C, — kC,

iR, = R, LAR or C, — C, LkC,

If A and [ are two square matrices such that AT [ [TJA 1, then [ is the
inverse matrix of A and is denoted by A'' and A is the inverse of [.

Inverse of a square matrix, if it exists, is unique.

\/
—_— Q‘Q_



