Chapter

APPLICATION OF
DERIVATIVES

» With the Calculus as a key, Mathematics can be successfully applied
to the explanation of the course of Nature.” — WHITEHEAD %

6.1 Introduction

In Chapter 5, we have learnt how to find derivative of composite functions, inverse
trigonometric functions, implicit functions, exponential functions and logarithmic functions.
In this chapter, we will study applications of the derivative in various disciplines, e.g., in
engineering, science, social science, and many other fields. For instance, we will learn
how the derivative can be used (i) to determine rate of change of quantities, (ii) to find
the equations of tangent and normal to a curve at a point, (iii) to find turning points on
the graph of a function which in turn will help us to locate points at which largest or
smallest value (locally) of a function occurs. We will also use derivative to find intervals
on which a function is increasing or decreasing. Finally, we use the derivative to find
approximate value of certain quantities.

6.2 Rate of Change of Quantities

ds
Recall that by the derivative E , we mean the rate of change of distance s with

respect to the time ¢. In a similar fashion, whenever one quantity y varies with another
, s dy

quantity x, satisfying some rule y = f(x), then o (or f'(x)) represents the rate of
X

dy
change of y with respect to x and E} (or f'(x,)) represents the rate of change
X:XO

of y with respect to x at x = x, .
Further, if two variables x and y are varying with respect to another variable ¢, i.¢.,
if x= f(¢) and y = g(?), then by Chain Rule
Ay _dy fdv  dv

= —=#0
warl a T a
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Thus, the rate of change of y with respect to x can be calculated using the rate of
change of y and that of x both with respect to ¢.

Cet us consider some examples.

Example 1 Find the rate of change of the area of a circle per second with respect to
its radius » when » =5 cm.

Solution The area A of a circle with radius 7 is given by A = 7. Therefore, the rate

dA d
of change of the area A with respect to its radius r is given by I = E(ﬁ r)y=Cnr,

dA
When » =5 cm, I =107, Thus, the area of the circle is changing at the rate of
r

10T cm'Is.

Example 2 The volume of a cube is increasing at a rate of 9 cubic centimetres per
second. How fast is the surface area increasing when the length of an edge is 10
centimetres [J

Solution Cet x be the length of a side, [] be the volume and S be the surface area of
the cube. Then, [] = x"and S = [x", where x is a function of time ¢.

U .
Cow o 9cm's (Diven)
Theref o= L Ly =L o)™ Ly Chain Rul
erefore = dr I ar (Cy Chain Rule)
— [x[.@
dt
de 1
or i x .. (1)
s d,_ .. d o dx
2o S (x ) ==(x"H). = i
Jow 7 (Ix) o (xH) 0 (Cy Chain Rule)
0) @ ‘
= 1lx- F 27 (Osing (1))

ds
Hence, when x=10cm, E =[llem'[s



1901 MATHEMATICS

Example 3 A stone is dropped into a quiet lale and waves move in circles at a speed
of 4cm per second. At the instant, when the radius of the circular wave is 10 cm, how
fast is the enclosed area increasing[’]

Solution The area A of a circle with radius 7 is given by A = nr . Therefore, the rate
of change of area A with respect to time ¢ is

d_A — i(mﬂ[)_i(mﬂ[).ﬂ = [ ﬂ “Jv Chain Rul
dt — dt dr " ar (b Chain Rule)
. dr
It is given that o =4cmls

dA
Therefore, when » = 10 cm, T = (10) (4)=0xn

Thus, the enclosed area is increasing at the rate of [0n cm'(s, when » =10 cm.

dy
< Note 2 S positive if y increases as x increases and is negative if y decreases
X

as x increases.

Example 4 The length x of a rectangle is decreasing at the rate of [Jem/inute and
the width y is increasing at the rate of Ccmminute. When x =10cm and y = [cm, find
the rates of change of (a) the perimeter and (b) the area of the rectangle.

Solution Since the length x is decreasing and the width y is increasing with respect to
time, we have

ax = —[lcm[min and & = [emmin
dt dt
(a) The perimeter [Jof a rectangle is given by
O= O(x Oy)
dr dx dy} .
Theref — = [| —+—=| = U(-H D) =-lcmlmin
sreore a = Na )T
(b) The area A of the rectangle is given by
A=x.y
dA d d
Therefore 2o e

a ar

OHD 0100  (asx =10 cm and y = Cem)
= Cem in
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Example 5 The total cost C(x) in Rupees, associated with the production of x units of
an item is given by
C(x) =0.005 x"'110.00)x" [ [0x 15000
Find the marginal cost when [Junits are produced, where by marginal cost we
mean the instantaneous rate of change of total cost at any level of output.

Solution Since marginal cost is the rate of change of total cost with respect to the
output, we have

dc
Marginal cost (MC) = o 0.005("x") —0.0( )+ [0
When x=1]MC= 0.015()—0.04(0) + [0

=0.105 00.100J0=[0.015
Hence, the required marginal cost is Rs (0.0 (nearly).

Example 6 The total revenue in Rupees received from the sale of x units of a product
is given by R(x) = [x¥” 0 [Tx 5. Find the marginal revenue, when x = 5, where by
marginal revenue we mean the rate of change of total revenue with respect to the
number of items sold at an instant.

Solution Since marginal revenue is the rate of change of total revenue with respect to
the number of units sold, we have

dR
Marginal Revenue (MR) = T [x+ [
When x=5MR=[5) 0=

Hence, the required marginal revenue is Rs [T]

EXERCISE 6.1

1. Find the rate of change of the area of a circle with respect to its radius » when
(a) r=0Ocm (b) r=4cm

2. The volume of a cube is increasing at the rate of [Jcm'’s. How fast is the
surface area increasing when the length of an edge is 1 Jem[]

3. Theradius of a circle is increasing uniformly at the rate of CJcm/s. Find the rate
at which the area of the circle is increasing when the radius is 10 cm.

4. An edge of a variable cube is increasing at the rate of [Jem(s. How fast is the
volume of the cube increasing when the edge is 10 cm long[]

5. A stone is dropped into a quiet lae and waves move in circles at the speed of
5 cmls. At the instant when the radius of the circular wave 1s [cm, how fast is
the enclosed area increasing[’]



1901

10.

11.

12.

13.

14.

15.

16.

MATHEMATICS

The radius of a circle is increasing at the rate of 0.CJcm(s. What is the rate of
increase of its circumferencel

The length x of a rectangle is decreasing at the rate of 5 cmminute and the
width y is increasing at the rate of 4 cmminute. When x = [tm and y = [tm, find
the rates of change of (a) the perimeter, and (b) the area of the rectangle.

A balloon, which always remains spherical on inflation, is being inflated by pumping
in 900 cubic centimetres of gas per second. Find the rate at which the radius of
the balloon increases when the radius is 15 cm.

A balloon, which always remains spherical has a variable radius. Find the rate at
which its volume is increasing with the radius when the later is 10 cm.

A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled
along the ground, away from the wall, at the rate of "cm’s. How fast is its height
on the wall decreasing when the foot of the ladder is 4 m away from the wall [J
A particle moves along the curve [ = x~ [T] Find the points on the curve at
which the ylcoordinate is changing [Jtimes as fast as the x[¢oordinate.

1
The radius of an air bubble is increasing at the rate of T cm(s. At what rate is the

volume of the bubble increasing when the radius is 1 cm[]

U
A balloon, which always remains spherical, has a variable diameter T (Ix+1).

Find the rate of change of its volume with respect to x.
Sand is pouring from a pipe at the rate of 1 JJcm'[s. The falling sand forms a cone
on the ground in such a way that the height of the cone is always onesixth of the
radius of the base. How fast is the height of the sand cone increasing when the
height is 4 cm[J
The total cost C(x) in Rupees associated with the production of x units of an
item is given by

C(x) =0.00Cx" J0.00x [15x [14000.
Find the marginal cost when 1[units are produced.
The total revenue in Rupees received from the sale of x units of a product is
given by

R(x)=10x"0Ox O15.

Find the marginal revenue when x =[]

Choose the correct answer in the Exercises 1[]and 1]

17.

The rate of change of the area of a circle with respect to its radius  at » = Tcm is
(A) 10n (O) 10 (C) (0) 1ln
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18. The total revenue in Rupees received from the sale of x units of a product is

given by
R(x) = Ix” 0Tk 5. The marginal revenue, when x = 15 is
(A) 1101 (1) 9t (C) 90 () 101

6.3 Increasing and Decreasing Functions

In this section, we will use differentiation to find out whether a function is increasing or

decreasing or none.
Consider the function f'given by f(x) = x", x € R. The graph of this function is a
parabola as given in Fig [11.

Calues left to origin Calues right to origin
x | f@)=x X x | f@)=x"
[ 4 \ [ 0 0
Ll 2 \ 1/ 1 !
C 4 \ i o C 4
\ | o,
(1 1 \\ T / height of 1 1
1 1 -\\ 1+ /  graphatx, C 9
C 4 e e S —t >X T 4
X =10 Tx2 X (s 4
0 0 T [ 4
as we move from left to right, the \ as we move from left to right, the
height of the graph decreases Y height of the graph increases

Fig 6.1

First consider the graph (Fig [11) to the right of the origin. [lbserve that as we
move from left to right along the graph, the height of the graph continuously increases.
For this reason, the function is said to be increasing for the real numbers x 0.

Cow consider the graph to the left of the origin and observe here that as we move
from left to right along the graph, the height of the graph continuously decreases.
Consequently, the function is said to be decreasing for the real numbers x [J0.

We shall now give the following analytical definitions for a function which is
increasing or decreasing on an interval.
Definition 1 Cet I be an interval contained in the domain of a real valued function f.
Then fis said to be
() increasingonlifx [x inl= f(x)<f(x)forallx,x el
(i) strictly increasing on Iif x, Ux inI= f(x) Lf(x) forall x,x €L
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(i) decreasingon lifx Ux inl= f(x)2>f(x)forallx,x €L
(iv) strictly decreasing onI'if x, Ux inI= f(x) [/f(x ) forall x ,x € I
For graphical representation of such functions see Fig (1]

Y 7
A }\ / }:
x s O . X X = O/ X x’\ D >X

4

v — v v

\rr ‘.’f

Increasing function Strictly Increasing function Decreasing function
(i (i) (iii)
Y Y

aT A

KX >X X”/O\\/L:X

D w
Y
Y 4
V'
Strictly Decreasing function Neither Increasing nor Decreasing function
e )

Fig 6.2
We shall now define when a function is increasing or decreasing at a point.

Definition 2 [et x, be a point in the domain of definition of a real valued function f.
Then f is said to be increasing, strictly increasing, decreasing or strictly decreasing at
x, if there exists an open interval I containing x, such that f is increasing, strictly
increasing, decreasing or strictly decreasing, respectively, in L.

[Cet us clarify this definition for the case of increasing function.

A function /s said to be increasing at x, if there exists an interval I= (x, L[4, x [1h),
h [10 such that for x,, x €1

x, Ux inl= f(x) < f(x)
Similarly, the other cases can be clarified.

Example 7 Show that the function given by f(x) = Tk [J[Jis strictly increasing on R.

Solution Cet x, and x be any two numbers in R. Then
x Ux =[x Ux =[x D00 DO=f(x) Lf(x)
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Thus, by Cefinition 1, it follows that f7is strictly increasing on R.

We shall now give the first derivative test for increasing and decreasing functions.
The proof of this test requires the Mean [Calue Theorem studied in Chapter 5.

Theorem 1 Tet f be continuous on [4, b[and differentiable on the open interval
(a,b). Then

(a) f is strictly increasing in [a,b[if f'(x) (10 for each x € (a, b)
(b) f is strictly decreasing in [a,bCif f'(x) T0 for each x € (a, b)
(c) f isa constant function in [4,bif f'(x) = 0 for each x € (a, b)

Proof (a) Let x, x € la, blbe such that x, [Ix .

Then, by Mean [alue Theorem (Theorem [in Chapter 5), there exists a point ¢
between x, and x_such that

S(x) Ufx) =f"(c) (x Lx)
ie. S ) Uf(x,) 00 (as f"(c) 0O (given))
1.€. f(x ) [f(xl)
Thus, we have
X <x,= f(x)< f(x;), forall x,,x ela,blC
Hence, f is an increasing function in [é, bl

The proofs of part (b) and (c) are similar. It is left as an exercise to the reader.

Remarks
(1) There is a more generalised theorem, which states that if /'(x) [JO for x in an
interval excluding the end points and f'is continuous in the interval, then f'is
strictly increasing. Similarly, if /'(x) [JO for x in an interval excluding the end
points and f'is continuous in the interval, then fis strictly decreasing.

(i) Ifafunction is strictly increasing or strictly decreasing in an interval I, then it is

necessarily increasing or decreasing in I. However, the converse need not
be true.

Example 8 Show that the function f* given by

Jx)=x Ux U4x,x e R
is strictly increasing on R.
Solution Tote that

flfx)y=Ik Ok 04
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=[x Ok 01) 01

=[x 01)" 01 00, in every interval of R
Therefore, the function f7is strictly increasing on R.

Example 9 [rove that the function given by f(x) = cos x is
(a) strictly decreasing in (0, )
(b) strictly increasing in (m, [7t), and
(c) neither increasing nor decreasing in (0, ).

Solution Cote that f"(x) = Csin x

(a) Since for each x € (0, m), sin x 710, we have f'(x) T 0 and so f'is strictly
decreasing in (0, 7).

(b) Since for each x € (m, [7r), sin x 110, we have f’(x) (10 and so f'is strictly
increasing in (7, 7).

(c) Clearly by (a) and (b) above, f is neither increasing nor decreasing in (0, [7t).

Example 10 Find the intervals in which the function f'given by f(x) = x" 04x 0 is

(a) strictly increasing (b) strictly decreasing

Solution We have
f(x)=x"04x 00O

or f'x) =[x 4

Therefore, f'(x) =0 gives x =[] Jow . .
the point x = [Jdivides the real line into two  —w ‘2 +00
disoint intervals namely, (TJoo, [) and (3 Fig 6.3
o) (Fig (10). In the interval (oo, ), f'(x)
=[x 4 1O0.

Therefore, f is strictly decreasing in this interval. Also, in the interval ([(Joo),
f'(x)> 0 and so the function f is strictly increasing in this interval.

Example 11 Find the intervals in which the function f'given by f(x) =4x"' 0" OTx 000
is (a) strictly increasing (b) strictly decreasing.

Solution We have
fx) =4x" 0" OOx 000
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or fx)=1x"010k O
=10x" Ox 00
=1lx 0D (x 00D
Therefore, f"(x) = 0 gives x = 0] [ The : :
points x = JJand x = Cdivides the real line into —© -2 3 +o0
three dis[oint intervals, namely, (Coo, 00), (0 D) Fig 6.4
and (7] o).

In the intervals (oo, [J0) and ([ o), '(x) is positive while in the interval (] D),
f"(x) is negative. Consequently, the function f'is strictly increasing in the intervals
(Doo, 110) and ([] o) while the function is strictly decreasing in the interval (1] D).
However, f'is neither increasing nor decreasing in R.

Interval Sign of f”(x) Dature of function f
(Do, 0D (O @O To fis strictly increasing
(00D (D (@M 0o fis strictly decreasing
(0] ) (D) (D To fis strictly increasing

Example 12 Find intervals in which the function given by f(x) =sin [k, x € {0,%} is

(a) increasing (b) decreasing.

Solution We have

f(x) =sin [k
or f'(x) = Ctos [k
n n T

Therefore, f'(x) =0 gives cos [x =0 which in turn gives [ X = = T as x €|:0,Ei|
. Lm T T s T
implies Lk € {0,?} ).So x = T and —[ The point x =— d1V1des the interval {0,—[
) o 7-[ = | }
into two dis[oint intervals _[ and 0 % %

Fig 6.5

T
How, f'(x)>0 forall XG{Q—J as 0£x<E[:>OS Dc<E[ and f'(x)<0 for

T T T T T LTt
all XE(—,—J as —<x<—=>—<[xk<—.
or O o O C
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i T
Therefore, fis strictly increasing in {O’_[J and strictly decreasing in (_D ’_Dj .

b
Also, the given function is continuous atx =0 and x = —[ . Therefore, by Theorem 1,

. . . TE . TE TE
fs increasing on {O,—J and decreasing on {_[’E} .
Example 13 Find the intervals in which the function f'given by

f(x)=sinx Ocosx,0<x< [
is strictly increasing or strictly decreasing.

Solution We have

fix) =sinx Ocos x,

or f'(x) = cos x Osin x
Sm

ow f’(x)=0 gives sinx = cos x which gives that x=— T as 0<x<[m

N

b b
The points x = Z and x= 7 divide the interval [0, [itlinto three dis(0int intervals,

1 i
T T - 4

n) (7m 5% 51 0 Z b3 m
Oa_ (_a_] — 4 4
namely, [ 4) 4 4 and(4 ,[n]
Fig 6.6
Cote that  f'(x)>0 if xe {O,EJ U (%, [n}
i S5n
or f is strictly increasing in the intervals {O’ZJ and (T’ [71:|

T Sn
Al "(x)<0 if e(—,—]
$0 S'(x) o e

o . [m5m
or f is strictly decreasing in 2
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Interval Sign of f'(x) Uature of function
T

{072) Lo f is strictly increasing
T Sm — :
s Lo f is strictly decreasing
Sn

[T’ n } il f is strictly increasing

EXERCISE 6.2

Show that the function given by f(x) = [k [J10Jis strictly increasing on R.
Show that the function given by f'(x) = e™ is strictly increasing on R.
Show that the function given by f(x) = sin x is

. . . . TE . . . TE
(a) strictly increasing in (O’Ej (b) strictly decreasing in (—[’ ﬁj
(c) neither increasing nor decreasing in (0, )
Find the intervals in which the function f'given by f(x) = [x" Ok is

(a) strictly increasing (b) strictly decreasing
Find the intervals in which the function f'given by f(x) = Ckx" O O x D Ois
(a) strictly increasing (b) strictly decreasing

Find the intervals in which the following functions are strictly increasing or
decreasing[’]

(a) x"0lx 05 (b) 10 Uix Dk
(c) Mx"O9% ' 010k 01 (d) O0O9%x Ox

(e) ([ (x[0)

x

Show that y=log(l+x)— — (1011, is an increasing function of x
x

throughout its domain.

Find the values of x for which y = [x(x [][)[7is an increasing function.

[rove that y = _4sind__ 0 is an increasing function of 9 in 0,E .
(O+cos0) C
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[rove that the logarithmic function is strictly increasing on (0, ©).

[rove that the function £ given by f(x) = x” [x [J1 is neither strictly increasing
nor strictly decreasing on (11, 1).

Which of the following functions are strictly decreasing on [0,9 O

(A) cos x (D) cos Tk (C) cos x (0) tan x
['n which of the following intervals is the function f'given by f(x) =x'® [sin x [1
strictly decreasing [

(A) (0,1) (0) (5[ ] ©) [09 () Tlone of these

Find the least value of a such that the function f'given by f(x) =x"'Jax 1 is
strictly increasing on 1, [TJ

Cet I be any interval dis[oint from [T1, 1[] Crove that the function f* given by

1
f(x) =x+— is strictly increasing on I.
x

[rove that the function f given by f(x) =log sin x is strictly increasing on [O,EJ

and strictly decreasing on (E[’ n} .
Crove that the function f given by f(x) = log Cos x| is strictly decreasing on
(O,E[J and strictly increasing on (%, [n)

[rove that the function given by f(x) = x” O[x" [J [k [J100 is increasing in R.
The interval in which y = x" e™ is increasing is

(A) (Hoo,00)  (0) (BH0)  (C) (o) (1) (0,0)

6.4 Tangents and Normals

In this section, we shall use differentiation to find the equation of the tangent line and
the normal line to a curve at a given point.

Recall that the equation of a straight line passing through a given point (x, y,)

having finite slope m is given by

y Uy, =mx Ux,)
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Cote that the slope of the tangent to the curve y = f(x)

. L d ,
at the point (x,, y,) is given by _y} (=/"(x)). So
(x0,¥0)
the equation of the tangent at (x,, y,) to the curve y = f(x)
is given by
y Uy, =f"()(x Dx)

Also, since the normal is perpendicular to the tangent,

the slope of the normal to the curve y = f(x) at (x,,y,) is

-1 ) ) Fig 6.7
- , if f'(x,)# 0. Therefore, the equation of the
I (x0)

normal to the curve y = f(x) at(x,,y,) is given by

-1
Yy [y() = fr(x()) (x_XO)

Le. (V=) (%)) +(x—x4)=0
If a tangent line to the curve y = f(x) males an angle 0 with x[axis in the

d
positive direction, then d—y = slope of the tangent = tan © .
b

Particular cases

(i) Ifslope of the tangent line is Céro, then tan 6 = 0 and so 6 = 0 which means the
tangent line is parallel to the x[axis. In this case, the equation of the tangent at
the point (x,, y,) is given by y = y,.

i) IfO—>" , then tan 6 — oo, which means the tangent line is perpendicular to the
. g

x[axis, i.e., parallel to the yTaxis. In this case, the equation of the tangent at
(x,,y,) is given by x = x, (WhyL).

Example 14 Find the slope of the tangent to the curve y=x"Oxatx = T[]

Solution The slope of the tangent at x = [Jis given by

dy .
dx:|x_[: xo- l:Ix:[ =1 1
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Example 15 Find the point at which the tangent to the curve y =+/4x — -1 hasits

| L
slope .
Solution Slope of tangent to the given curve at (x, y) is
dy 1 = 0
— =—(4x-0D)"4=
dc [ Nax -]
L
The slope is given to be T
0 C
S0 Ndx—C T
or 4x U0=9
or x =1

Tow Y=~4x—1-1 Sowhenx=0[] y=4D-0U-1=L,
Therefore, the required point is ([} D).

Example 16 Find the equation of all lines having slope [Nand being tangent to the curve

y+ i 0.
Solution Slope of the tangent to the given curve at any point (x,y) is given by
dy 0
de  (x-D)
Cut the slope is given to be [1 Therefore
0
TR
or x0D'=1
or x U0= 101
or x=1014

Oow x = Ogives y = Jand x = 4 gives y = [J[1 Thus, there are two tangents to the
given curve with slope Cand passing through the points ([} ©) and (4, [J0). The equation
of tangent through (7] ) is given by

y O0=Ox 00
or yUx O=0
and the equation of the tangent through (4, [10) is given by
y (0D = Ox 04)
or yUlx J10=0
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] ]

Example 17 Find points on the curve 7 + % =1 at which the tangents are (i) parallel

to x[axis (ii) parallel to ylaxis.

O O
Solution ifferentiating Y + I =1 with respect to x, we get

*Dd
0 [5dx
dy _~bx
or w4
(i) Cow, the tangent is parallel to the x[axis if the slope of the tangent is [éro which
O O
gives —5x =0. This is possible if x =0. Then — +2 =1 for x=0 gives
4 y 4 b

y'=10b,1e.,y=05.
Thus, the points at which the tangents are parallel to the xTaxis are (0, 5) and
(0, LI5).

(i) The tangent line is parallel to yfaxis if the slope of the normal is 0 which gives

] ]
4y =0,1e.,y=0. Therefore, E A | for y =0 gives x = [J[1 Hence, the
[Sx 4 [b

points at which the tangents are parallel to the ylaxis are ([] 0) and (T} 0).
. . x—U
Example 18 Find the equation of the tangent to the curve y =———— at the
(x=D(x-0
point where it cuts the x[axis.
Solution Cote that on x[axis, y = 0. So the equation of the curve, when y = 0, gives

x = [1 Thus, the curve cuts the x[dxis at ([] 0). Jow differentiating the equation of the
curve with respect to x, we obtain

Ay 1-y(x-5)
& (oDe-n (WD

dy} 1-0 1
or - = =
(110) 0
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1
Therefore, the slope of the tangent at ([] 0) is - Hence, the equation of the

tangent at ([] 0) is
1

—0=—1(x- or Oy—x+0=0
y [0( ) y

O O
Example 19 Find the equations of the tangent and normal to the curve x" + " =[]
at (1, 1).
IR
Solution Uifferentiating x" + y" = [[ with respect to x, we get

-1 -1
AR BV I
U L dx
!
b __(r)
of dx x
. dy
Therefore, the slope of the tangent at (1, 1) is I =-1.
*lay

So the equation of the tangent at (1, 1) is
yO1=01(x01) or yUxO0=0
Also, the slope of the normal at (1, 1) is given by
-1 ~
slope of the tangent at (1,1)

1

Therefore, the equation of the normal at (1, 1) is
yOl=1(x01) or ylx=0
Example 20 Find the equation of tangent to the curve given by
x=asin"t, y=bcos't .. (1)

T
at a point where = e

Solution Differentiating (1) with respect to ¢, we get

d. . d .
@ “asin"tcost and —y=—ﬂ7cos[tsmt
dt dt
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@
dy g  —[bcos tsint _—bcost
dx dx  [ysin'tcost a sint
dt

T
Therefore, slope of the tangent at = T is

=0

Q } -b cosE[
dx ) _n =

= sin T
O a —
O

Also, when t=—, x = a and y = 0. Hence, the equation of tangent to the given

—la

T . .
curve at r=—,1.e., at (a, 0) is
C

y 00=0(x Da), i.e., y=0.

| EXERCISE 6.3 |
Find the slope of the tangent to the curve y = [k* [4x at x = 4.

Find the slope of the tangent to the curve y = al = x# [ atx=10.

Find the slope of the tangent to curve y = x~ Tx [J 1 at the point whose
x-coordinate is [

Find the slope of the tangent to the curve y = x" [Tx [J Jat the point whose
x[coordinate is [

Find the slope of the normal to the curve x =acos 0, y=asin 0 at = %

Find the slope of the normal to the curve x=1-asin0,y=bcos 0 at 6= E[

Find points at which the tangent to the curve y =x"[1[x" [19x [Jis parallel to
the x[axis.

Find a point on the curve y = (x [J0)" at which the tangent is parallel to the chord
[0ining the points ([] 0) and (4, 4).
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
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Find the point on the curve y = x" [J11x [J5 at which the tangent is y = x [J11.
Find the equation of all lines having slope 11 that are tangents to the curve

,x# 1.

y:x—l

Find the equation of all lines having slope CJwhich are tangents to the curve

y= ,x # [

X —

Find the equations of all lines having slope 0 which are tangent to the curve
3 1

g xO— D+ L

O O
Find points on the curve Ky + i}—[ =1 at which the tangents are

(i) parallel to x[daxis (i) parallel to ylaxis.
Find the equations of the tangent and normal to the given curves at the indicated
points™]
(1) y=x*Ux"O1x 010x 15 at (0, 5)
() y=x* Uk O1x D10x 5 at (1, D)
@) y=xat(l, 1)
(iv) y=x"at (0, 0)

. T
(v) x=cost,y=sintat tzz

Find the equation of the tangent line to the curve y =x" [0k [TJwhich is
(a) parallel to the line Tx [y 79=10
(b) perpendicular to the line 5y 015x=1[]

Show that the tangents to the curve y = [x” [J11 at the points where x = TJand
x = O0are parallel.

Find the points on the curve y = x"'at which the slope of the tangent is equal to
the y’éoordinate of the point.

For the curve y = 4x" 1 [¥°, find all the points at which the tangent passes
through the origin.

Find the points on the curve x" [Jy~ [ 0= 0 at which the tangents are parallel
to the x[axis.

Find the equation of the normal at the point (am-,am") for the curve ay" = x".



21.

22.

23.

24.

25.
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Find the equation of the normals to the curve y =x" [0k [J Owhich are parallel
to the line x D14y 14 =0.

Find the equations of the tangent and normal to the parabola y"'= 4ax at the point
(at", Cat).
[rove that the curves x = y~and xy = k cut at right angles[Jif &k'= 1.

O O

Find the equations of the tangent and normal to the hyperbola x_[ - % =1 atthe
a

(LTI, yo)'

Find the equation of the tangent to the curve y =+/[x — [ which is parallel to the

line 4x -y +5=0.

Choose the correct answer in Exercises [[land []

26.

27.

The slope of the normal to the curve y = X" [ Osin x at x = 0 is

1 1
(A) 1 () - © () -

The line y = x (01 is a tangent to the curve y~'= 4x at the point

(A) (1,0 (D) (4D © (1,00 (0) (UL D

6.5 Approximations

In this section, we will use differentials to approximate values of certain quantities.
\

Cet /11— R, 0 c R, bea given function N
and let y = f(x). et Ax denote a small Qxtag p+ig)
increment in x. Recall that the increment in y
corresponding to the increment in x, denoted
by Ay, is given by Ay =f(x JAx) [f (x). We

S (x+dx, y + dy)

define the following R
(1) The differential of x, denoted by dx, is —_—
defined by dx = Ax.
(i) The differential of y, denoted by dy, X< >X
is defined by dy = f(x) dx or -
. (@J Ar Fig 6.8
dx

[l Two curves intersect at right angle if the tangents to the curves at the point of intersection

are perpendicular to each other.
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In case dx = Ax is relatively small when compared with x, dy is a good approximation
of Ay and we denote it by dy ~[Ay.

For geometrical meaning of Ax, Ay, dx and dy, one may refer to Fig (1]

|@= Note|In view of the above discussion and Fig (17} we may note that the
differential of the dependent variable is not equal to the increment of the variable
where as the differential of independent variable is equal to the increment of the
variable.

Example 21 Use differential to approximate /(1] .
Solution Tale y = Jx . et x=[Tand let Ax = 0.[] Then

&y = 578w N =TT T=

or Joo=O0Ay
Cow dy is approximately equal to Ay and is given by
dy] 1 1
d =[— Ax=—==(0.) = —= (0.0 =0.05 =
Ly dx [\/;( D B\/E] 0.0 (as y \/;)

Thus, the approximate value of /][ is [1110.05 = [105.
1
Example 22 [Ise differential to approximate ([5) .
1
Solution (et y= x . Letx=[Iand let Ax = (][] Then
11 1 1 1
Ay= (x+AY) —x' = ((5) (1) =(5) ~C

1

or (75) = Ay
Cow dy is approximately equal to Ay and is given by

d 1 .

tr=(ar- 0 sy
dx -
[x[
B EPNE
y0 -
()

1
Thus, the approximate value of ([5)" is given by

D0(00. 004) = (1901
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Example 23 Find the approximate value of f(C100), where f(x) = [x' 05x OO
Solution et x = Dand Ax = 0.0C] Then

(0D =f(x JAx) =[x DAx) [5(x LAx) [0
Cote that Ay = f(x T Ax) [0f (x). Therefore
S DAx) =f(x) DAy
= f(x) Of'(x) Ax (as dx = Ax)
or S(O0D) ~ (k- O5x 00 O(tx 05) Ax
= (OISO 0D (D 05 (0.00) (asx=1LAx=0.00)
(LTS 0D O(1005) (0.00)
45 110.41=45.40)
Hence, approximate value of f(I100) is 45.47]

Example 24 Find the approximate change in the volume [J of a cube of side x meters
caused by increasing the side by [T].

Solution [ote that

=x
drl
= | — |Ax =
or dr (de (Cx") Ax
=(x) (0.0x) = 0.0k 'm (as [T of x is 0.07x)

Thus, the approximate change in volume is 0.0 0x"m".

Example 25 If the radius of a sphere is measured as 9 cm with an error of 0.000cm,
then find the approximate error in calculating its volume.

Solution et 7 be the radius of the sphere and Ar be the error in measuring the radius.
Then » =9 cm and Ar = 0.000cm. Cow, the volume [J of the sphere is given by

= —mr"
C
@,
or o nr
dO
Therefore drn = (EJ Ar = (4nr [)Ar

=41(9) '(0.00) =9.[Tkcm
Thus, the approximate error in calculating the volume is 9.[Ti¢m".
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| EXERCISE 6.4|

1. [Osing differentials, find the approximate value of each of the following up to [
places of decimal.

(i) V5.0 (i) 49.5 (iii) /0.0

1 1

1 1
(iv) (0.009)" (v) (0.999)° (vi) (15)*

1 1 1
(vii) ((D)" (viil) (155)4 (i) ((D)*
1 1 1
(x) (401)" (xi) (0.00°0)" (xi) ([1150)"
1 O 1
(xii) (C1.5)4 (xiv) (090" (xv) (C1115)5

Find the approximate value of f(C101), where f(x) = 4x"' 0 5x O]
Find the approximate value of f(5.001), where f(x) =x" OCk" [J15.

Find the approximate change in the volume [ of a cube of side x metres caused
by increasing the side by 107.

5. Find the approximate change in the surface area of a cube of side x metres
caused by decreasing the side by 10].

6. Iftheradius of a sphere is measured as [Jm with an error of 0.0Jm, then find the
approximate error in calculating its volume.

7. Iftheradius of a sphere is measured as 9 m with an error of 0.0Jm, then find the
approximate error in calculating its surface area.

8. If fix)="0x" 0O15x 05, then the approximate value of f(CI00) is
(A) 401010 (1) SO (C) M () [

9. The approximate change in the volume of a cube of side x metres caused by
increasing the side by [T] is
(A) 0.00x ' m (D) 0.0x' m" (C) 0.09x" m' () 0.9 x" m

6.6 Maxima and Minima

In this section, we will use the concept of derivatives to calculate the maximum or
minimum values of various functions. In fact, we will find the furning pointsCof the
graph of a function and thus find points at which the graph reaches its highest (or
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lowest) locally. The Thowledge of such points is very useful in sCetching the graph of
a given function. Further, we will also find the absolute maximum and absolute minimum
of a function that are necessary for the solution of many applied problems.

Cet us consider the following problems that arise in day to day life.

(i) The profit from a grove of orange trees is given by [(x) = ax [Jbx-, where a,b
are constants and x is the number of orange trees per acre. How many trees per
acre will maximise the profit(]

(i) A ball, thrown into the air from a building [0 metres high, travels along a path

O
givenby h(x)=[0+x— % , where x is the horil ontal distance from the building

and A(x) is the height of the ball . What is the maximum height the ball will
reach

(i) An Apache helicopter of enemy is flying along the path given by the curve
f(x)=x"00 Asoldier, placed at the point (1, [), wants to shoot the helicopter
when it is nearest to him. What is the nearest distance(]

In each of the above problem, there is something common, i.e., we wish to find out
the maximum or minimum values of the given functions. In order to tac[le such problems,
we first formally define maximum or minimum values of a function, points of local
maxima and minima and test for determining such points.

Definition 3 (et /' be a function defined on an interval I. Then
(a) f1is said to have a maximum value in 1, if there exists a point ¢ in I such that

f(e)> f(x),forallx € L.

The number f(c) is called the maximum value of fin I and the point c is called a
point of maximum value of fin 1.

(b) f is said to have a minimum value in I, if there exists a point ¢ in [ such that
fe)<f(x), forallx € L
The number f(c), in this case, is called the minimum value of fin I and the point
¢, in this case, is called a point of minimum value of f in L

(c) fis said to have an extreme value in I if there exists a point ¢ in I such that
f(c) is either a maximum value or a minimum value of f in L.

The number f(c), in this case, is called an extreme value of f in I and the point ¢
is called an extreme point.

Remark In Fig [19(a), (b) and (c), we have exhibited that graphs of certain particular
functions help us to find maximum value and minimum value at a point. Infact, through
graphs, we can even find maximuminimum value of a function at a point at which it
is not even differentiable (Example [T).
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7
~
i

r I & : f_-: E L
X'€ QL X \OJ’ s > X
Y’ (a) h ) (c)
Fig 6.9
¥
Example 26 Find the maximum and the minimum values,
if any, of the function f* given by
f(x)=x",x € R. /
Solution From the graph of the given function (Fig [110), /
we have f(x)=0ifx=0. Also
f(x) 20, forall x € R.
Therefore, the minimum value of £ is 0 and the point r
of minimum value of fis x = 0. Further, it may be observed X'€ :ifé 7; 1 . 3 >X
from the graph of the function that f has no maximum i (‘i -
value and hence no point of maximum value of f in R. Y
Fig 6.10

If we restrict the domain of fto MI[] 1Conly,

then f'will have maximum value(CJ[)"'= 4 at x = [J[]

Example 27 Find the maximum and minimum values
of f, if any, of the function given by f(x) = X [Ix € R.

Solution From the graph of the given function
(Fig CI11) , note that
f(x) =20, forallx €e Rand f(x)=0 if x=0.
Therefore, the function / has a minimum value 0 X< 3310 12 3 i
and the point of minimum value of fis x = 0. Also, the
graph clearly shows that /' has no maximum value in Y’
R and hence no point of maximum value in R.

(i) Ifwe restrict the domain of fto (T[] 1 Conly, then fwill have maximum value
o= d

Fig 6.11
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(i) One may note that the function f in Example [TJis not differentiable at
x=0.

Example 28 Find the maximum and the minimum values, if any, of the function

given by
fx)=x,x e (0, 1).

Solution The given function is an increasing (strictly) function in the given interval
(0, 1). From the graph (Fig [110) of the function £ it Y

seems that, it should have the minimum value at a T
point closest to 0 on its right and the maximum value
at a point closest to 1 on its left. Are such points
availableJ0f course, not. It is not possible to locate
such points. Infact, if a point x, is closest to 0, then

Xo . . / :
we find ?< X, for all x, €(0,1). Also, if x, is Xé5 : >X

W . 1
vy fx)=xin (0,1)

Fig 6.12
Therefore, the given function has neither the maximum value nor the minimum
value in the interval (0,1).

x +1

closest to 1, then >x; forall x, €(0,1).

Remark The reader may observe that in Example [T] if we include the points 0 and 1
in the domain of £, i.e., if we extend the domain of f to [0,17]then the function f has
minimum value 0 at x = 0 and maximum value 1 atx = 1. Infact, we have the following
results (The proof of these results are beyond the scope of the present text)

Every monotonic function assumes its maximum/minimum value at the end
points of the domain of definition of the function.

A more general result is
Every continuous function on a closed interval has a maximum and a minimum
value.

[y a monotonic function f in an interval I, we mean that f is either
increasing in [ or decreasing in .

Maximum and minimum values of a function defined on a closed interval will be
discussed later in this section.

Cet us now examine the graph of a function as shown in Fig (1] Observe that at
points A, [, C and [ on the graph, the function changes its nature from decreasing to
increasing or vicelversa. These points may be called turning points of the given
function. Further, observe that at turning points, the graph has either a little hill or a little
valley. Roughly spealing, the function has minimum value in some neighbourhood
(interval) of each of the points A and C which are at the bottom of their respective
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Fig 6.13

valleys. Similarly, the function has maximum value in some neighbourhood of points [

and [J which are at the top of their respective hills. For this reason, the points A and C

may be regarded as points of local minimum value (or relative minimum value) and

points [Jand [J may be regarded as points of local maximum value (or relative maximum

value) for the function. The local maximum value and local minimum value of the

function are referred to as local maxima and local minima, respectively, of the function.
We now formally give the following definition

Definition 4 Tet f be a real valued function and let ¢ be an interior point in the domain
of f. Then

(a) cis called a point of local maxima if there is an 4 [J0 such that
f(e)>f(x), forall xin (c Oh, c T h)
The value f(c) is called the local maximum value of f.
(b) cis called a point of local minima if there is an 4 [10 such that
f(c) <f(x), forall xin (c Oh, c Oh)
The value f(c) is called the local minimum value of f .

Ceometrically, the above definition states that if x = cis a point of local maxima of f,
then the graph of faround ¢ will be as shown in Fig [114(a). Cote that the function f is
increasing (i.e., f”(x) [10) in the interval (¢ Tk, c¢) and decreasing (i.e., f'(x) [J0) in the
interval (c, ¢ O h).

This suggests that /’(c) must be [ero.
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Similarly, if ¢ is a point of local minima of f, then the graph of f around ¢ will be as
shown in Fig [114(b). Here f is decreasing (i.e., f'(x) [J0) in the interval (¢ [, ¢) and
increasing (i.e., f”(x) [JO) in the interval (¢, ¢ (/). This again suggest that f'(c) must

be Léro.

The above discussion lead us to the following theorem (without proof).

Theorem 2 et f be a function defined on an open interval I. Suppose ¢ € I be any
point. If f has alocal maxima or a local minima at x = ¢, then either f'(c)= 0 or f is not

differentiable at c.

Remark The converse of above theorem need
not be true, that is, a point at which the derivative
vanishes need not be a point of local maxima or
local minima. For example, if f(x) =x", then f'(x)
= [x'and so f'(0) = 0. Cut O is neither a point of
local maxima nor a point of local minima (Fig ]15).

A point ¢ in the domain of a function
fatwhich either f'(c) =0 or fis not differentiable
is called a critical point of f. Clote that if fis
continuous at ¢ and f'(c) = 0, then there exists
an A [J0 such that fis differentiable in the interval
(c Oh, c O h).

A%
H

Fe=x

> X
point of inflection

Fig 6.15

We shall now give a worling rule for finding points of local maxima or points of

local minima using only the first order derivatives.

Theorem 3 (First Derivative Test) Cet f'be a function defined on an open interval 1.

et f be continuous at a critical point ¢ in I. Then

(i) Iff'(x) changes sign from positive to negative as x increases through c, i.e., if
f'(x) 0O at every point sufficiently close to and to the left of ¢, and f'(x) (J0 at
every point sufficiently close to and to the right of ¢, then c is a point of local

maxima.

(i) If f'(x) changes sign from negative to positive as x increases through c, i.e., if
f'(x) 00 at every point sufficiently close to and to the left of ¢, and f'(x) (J0 at
every point sufficiently close to and to the right of ¢, then c is a point of local

minima.

@ii)) Iff"(x) does not change sign as x increases through c, then c is neither a point of
local maxima nor a point of local minima. Infact, such a point is called point of

inflection (Fig [115).
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If ¢ is a point of local maxima of /, then f(c) is a local maximum value of
f- Similarly, if ¢ is a point of local minima of £, then f{c) is a local minimum value of /-

Figures (115 and []17] geometrically explain Theorem ]

point of

local maxima ) ) o o
point of non differentiability

>

f'(cl =0 and point of local maxima
r_\,,%
AN
R o ¥ point of non differentiability

, _point == P and point of local minima

. of local |

' minima ' ;

X'€ e 4 . o > X
0 C, e 0 C
YI’

Fig 6.16
Example 29 Find all points of local maxima and local minima of the function f
given by
fx)=x"0 00

Solution We have
fx)=x"0x 00

or f')=x'00=0x01)(x3O1)
or f'x)=0atx=1and x= 1

Thus, x = [J1 are the only critical points which could possibly be the points of local
maxima and[or local minima of /. [let us first examine the point x = 1.

Cote that for values close to 1 and to the right of 1, f(x) 0 and for values close
to 1 and to the left of 1, f"(x) [JO. Therefore, by first derivative test, x =1 is a point
of local minima and local minimum value is (1) = 1. In the case of x = [, note that
f"(x) 0O, for values close to and to the left of (1 and f"(x) 0JO, for values close to and
to the right of [J1. Therefore, by first derivative test, x = [11 is a point of local maxima
and local maximum value is f([1)=>5.

Values of x Signof f'(x)=3(x—-1) (x+1)
to the right (say 1.1 etc.) 0
Closziw to the left (say 0.9 etc.) o

to the right (say — 0.9 etc.) <0
to the left (say —1.1 etc.) >0

Close to [1 <
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Example 30 Find all the points of local maxima and local minima of the function f
given by
f(x) =[x Ox Olx [B.
Solution We have
fx)=L D' Ox IS
or () = 010k 00=C(x 01)
or f'fx)=0 at x=1
Thus, x =1 is the only critical point of f. We shall now examine this point for local
maxima and[0r local minima of /. [lbserve that f”(x) > 0, for all x € R and in particular
f'(x) 10, for values close to 1 and to the left and to the right of 1. Therefore, by first

derivative test, the point x = 1 is neither a point of local maxima nor a point of local
minima. Hence x = 1 is a point of inflexion.

Remark Tne may note that since f(x), in Example [0, never changes its sign on R,
graph of fhas no turning points and hence no point of local maxima or local minima.

We shall now give another test to examine local maxima and local minima of a
given function. This test is often easier to apply than the first derivative test.

Theorem 4 (Second Derivative Test) Cet f be a function defined on an interval I
and ¢ € L. Cet f be twice differentiable at c. Then

(1) x=cis apoint of local maxima if f'(c) =0 and /"(c) OO
The value f(¢) is local maximum value of f".
(i) x=cisapoint of local minima if f'(c)=0 and f"(c) [10
In this case, f(¢) is local minimum value of f.
(iii) The test fails if /'(c) =0 and f"(c) = 0.

In this case, we go bacto the first derivative test and find whether ¢ is a point of
local maxima, local minima or a point of inflexion.

¥
As f'is twice differentiable at ¢, we mean " il .
N . ff)\\ T /s
second order derivative of f exists at c. N ?\/j‘:
% )
X, N
Example 31 Find local minimum value of the function f “ 1 3
given by f(x) =00 x € R. 1
Solution [ote that the given function is not differentiable X< '3' -2 0 3 5 4 >X
at x =0. So, second derivative test fails. Cet us try first ¥ .

derivative test. TJote that 0 is a critical point of /. Cow )
to the left of 0, f(x) = [/ [lx and so f"(x) = (/1 [10. Also Fig 6.17
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to the right of 0, f(x) = O0x and so f'(x) =1 0. Therefore, by first derivative test,
x=01s a point of local minima of f" and local minimum value of f is /' (0) =[]

Example 32 Find local maximum and local minimum values of the function f given by

F(x) =% D4 C1x" 010
Solution We have

F(x) =% Ddx' D1x" 010

or ff)=1K"01 O0@x=1k(xd)(xO00D
or f'x)=0atx=0,x=1and x= 0[]
Cow F(x) = O O x O = 10(0x O O1)
f"(0) =-10<0
or f'@Q =41>0
f"(-0D =4>0

Therefore, by second derivative test, x = 0 is a point of local maxima and local
maximum value of fat x =0 is (0) = 1 Owhile x = 1 and x = [1[Jare the points of local
minima and local minimum values of fat x = [J1 and [are f(1) = Jand f([T) = [T0,
respectively.

Example 33 Find all the points of local maxima and local minima of the function f
given by

f(x) = X Ox' Ok C5.
Solution We have
fx) =X Ox' O 5
{f’(x)z[x[—lix+[= (x—1)
S'(x)=11x-1)

Oow f'(x) = 0 gives x =1. Also f”(1) = 0. Therefore, the second derivative test
fails in this case. So, we shall go bac[to the first derivative test.

or

We have already seen (Example [0) that, using first derivative test, x =1 is neither
apoint of local maxima nor a point of local minima and so it is a point of inflexion.

Example 34 Find two positive numbers whose sum is 15 and the sum of whose
squares is minimum.

Solution Clet one of the numbers be x. Then the other number is (15 Tx). Cet S(x)
denote the sum of the squares of these numbers. Then
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S(x) =x"0(15 Ox)"'= X" O00x OTH
{S'(x)=4x—[0

or
S"(x)=4

1 15 .
Cow S'(x)=0gives x = —[5 .Also S"(—[J =4> 0. Therefore, by second derivative

15 . . - .
test, x = - is the point of local minima of S. Hence the sum of squares of numbers is

minimum when the numbers are % and 15— % = % .

Remark [roceeding as in Example 4 one may prove that the two positive numbers,

. L k k
whose sum is k£ and the sum of whose squares is minimum, are — and — .
U L

Example 35 Find the shortest distance of the point (0, ¢) from the parabola y = x",
where 0 < ¢ <5.

Solution et (4, k) be any point on the parabola y = x". Cet [] be the required distance
between (4, k) and (0, ¢). Then

O=(h=0) +(k—c) =h +(k-c) (D)
Since (4, k) lies on the parabola y = x", we have k= /". So (1) gives

D=0k = Jk+(k—c)

Tk 1+ dk—-c)
or = ————
Ak +(k—c)"
le—1
Cow '(k) = 0 gives k= —
le—1 .
Observe that when & < ,then [(k—c)+1<0,i.e., ['(k)<0.Also when
-1 . o c—-1
k> ,then T'(k) > 0. So, by first derivative test, [J (k) is minimum at k = —

Hence, the required shortest distance is given by
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() [

U U U L

The reader may note that in Example 5, we have used first derivative
test instead of the second derivative test as the former is easy and short.

Example 36 Cet ACand (070 be two vertical poles at 2

points A and [, respectively. If ACl= 100m, (0 = [Tm
and A[J= [0 m, then find the distance of a point R on
AT from the point A such that R[(H R [0"is minimum.

P

16m
22m

Solution et R be a point on AJ such that AR = x m.
Then RO = (10 Ox) m (as A0 = [0 m). From Fig (1103 ]
we have A > Re 20 - v)m D
R(T'=AR" [JAT] 20m

and RO =R 0002 Fig6.18
Therefore RIFORO"=AR"OAF ORODZ O OO

=x"0(1D"0(00 Ox)” 0(M)

=[x [040x 01140
Cet S=S(x) =RI'OROY= [x [140x [11140.

Therefore S'(x) = 4x 040.

Oow S'(x) = 0 gives x = 10. Also S"(x) =4 00, for all x and so S"(10) 0.
Therefore, by second derivative test, x = 10 is the point of local minima of S. Thus, the
distance of R from A on Allis AR =x=10 m.

Example 37 If length of three sides of a trape[ium other than base are equal to 10cm,
then find the area of the trape[ium when it is maximum.

Solution The required trapelium is as given in Fig [119. Oraw perpendiculars [Jand

D 10 cm 8
&
S G
Py [
2
[ =
a xem P 10 cm Q xcm B

Fig 6.19
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CO on ATl Cet AC=x cm. Cote that AATT] OJADOC. Therefore, [0 = x cm. Also, by
Cythagoras theorem, [1[]1=[1C = /100 — x" - [ et A be the area of the trape[ium. Then
1
A=A = - (sum of parallel sides) (height)
l[ (Ck+10+ 10)(\/100 —x[)

= (x+10)(\/100—x[)
(x+10)(_—DC)+(\/100—xE)

or A'(x) =
A/100 - x -
~[x —10x+100
-~ 100-x"
Cow A’(x) =0 gives (X" 010x J100=0,i.e.,x =5 and x = [10.

Since x represents distance, it can not be negative.
So, x=15. Oow

JI00—x (<4x—10)— (=% —10x+100)— 20
(A100—x"

A" —
) 100-x"
x —00x-1000
= = (onsimplification)
(100—x")"
5)"—100(5)-1000 —[T50 -0
. Ar(s) = 9 = 1009)~1000 _ _

= = <0
R 5J5 A0S

(100—(5))"

Thus, area of trape[ium is maximum at x =5 and the area is given by
A(5)= (5+10)4/100—(5)" =15v5 = (54/Tem”

Example 38 [rove that the radius of the right circular cylinder of greatest curved
surface area which can be inscribed in a given cone is half of that of the cone.

Solution Cet [JC = r be the radius of the cone and [TJA = 4 be its height. Cet a cylinder
with radius [JE = x inscribed in the given cone (Fig [1[0). The height TE of the cylinder
is given by



ooa MATHEMATICS

[—E —E i AUEC OAADC
AT C (since )
OE r—x
or — =
h r
h(r —x
or OE = —( P )

Cet S be the curved surface area of the given
cylinder. Then

S = S (x) = 7 = p (Kx - x[) Fig 6.20
S0 = (- 1)
or ” 47h
S"(x)=

r r
Cow S'(x) = 0 gives X =T Since S"(x) [10 for all x, S"(%} <0.So x =T isa

point of maxima of S. Hence, the radius of the cylinder of greatest curved surface area
which can be inscribed in a given cone is half of that of the cone.

6.6.1 Maximum and Minimum Values of a Function in a Closed Interval

Cet us consider a function f given by

fx)=x00x€e(0,1)
[bserve that the function is continuous on (0, 1) and neither has a maximum value
nor has a minimum value. Further, we may note that the function even has neither a
local maximum value nor a local minimum value.

However, if we extend the domain of f to the closed interval [0, 1[Jthen fstill may
not have a local maximum (minimum) values but it certainly does have maximum value
0= f(1) and minimum value 0= f(0). The maximum value [Jof fat x = 1 is called
absolute maximum value (global maximum or greatest value) of f on the interval
[0, 101 Similarly, the minimum value TJof /" at x = 0 is called the absolute minimum
value (global minimum or least value) of fon [0, 10]

Consider the graph given in Fig (11 of a continuous function defined on a closed
interval a4, d[J Observe that the function f has a local minima at x = » and local
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T : ny
J@ B J© L (d),
.

X-ﬁo\ - s >
Y

4

T
7

Fig 6.21
minimum value is f(b). The function also has a local maxima at x = ¢ and local maximum
value is f'(¢).

Also from the graph, it is evident that f has absolute maximum value f'(a) and
absolute minimum value f(d). Further note that the absolute maximum (minimum)
value of f is different from local maximum (minimum) value of .

We will now state two results (without proof) regarding absolute maximum and
absolute minimum values of a function on a closed interval 1.

Theorem 5 Clet f be a continuous function on an interval I = [a, (] Then f has the
absolute maximum value and f attains it at least once in 1. Also, f has the absolute
minimum value and attains it at least once in L.

Theorem 6 Cet f be a differentiable function on a closed interval I and let ¢ be any
interior point of I. Then

(i) f'(c)=01if fattains its absolute maximum value at c.
(i) f'(c)=01if fattains its absolute minimum value at c.

In view of the above results, we have the following wor [ing rule for finding absolute
maximum and[or absolute minimum values of a function in a given closed interval
la, bl
Working Rule
Step 17Find all critical points of f in the interval, i.e., find points x where either

f'(x)=0 orf is not differentiable.
Step 2Tale the end points of the interval.
Step 3C0At all these points (listed in Step 1 and [), calculate the values of f.

Step 4[dentify the maximum and minimum values of f out of the values calculated in
Step [1 This maximum value will be the absolute maximum (greatest) value of
f and the minimum value will be the absolute minimum (least) value of f.
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Example 39 Find the absolute maximum and minimum values of a function f given by
f(x) =k 015x" O[Tk 1 on the interval (1, 5T

Solution We have

fx) =0k O15x' OOx O1
or f'x)=X"'000x 0M=0x 0D (x 0D
Cote that f'(x) = 0 gives x = [and x = []

We shall now evaluate the value of fat these points and at the end points of the
interval (1, 5[Ji.e,atx=1,x=[x=[Candatx=15. So

S=0(1)015(1) D) 01=14
SO =) 015 (0) 0D 01 =19
SO = () D15 (0) 0D 01 = 1]
F(5)=1(5) 115(5) LCTY(5) 11 =501
Thus, we conclude that absolute maximum value of fon [1, 50s 5[] occurring at
x =5, and absolute minimum value of fon [1, 5Cis (4 which occurs at x = 1.

Example 40 Find absolute maximum and minimum values of a function f'given by

4 1
f)=1x -k, xe =L 1l
Solution We have
4 1
) =1k =[x
Lo
or fix) =1k ——=
[}

X

(-1
E
x[

1
Thus, f'(x) =0 gives x = T Further note that f”'(x) is not defined at x = 0. So the
critical points are x =0 and x= T Cow evaluating the value of fat critical points

1
x=0, T and at end points of the interval x = [ and x = 1, we have

4 1
F) = 10(=])" = (=) " =1¢
£(0) = 10(0) C11(0) =0
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1

D) (1) o
f(EJ_IE([J [([J T4
F()=100)"-1) =L

Hence, we conclude that absolute maximum value of f is 1 that occurs at x = [J1

- .9 1
and absolute minimum value of fis 7 that occurs at X = T

Example 41 An Apache helicopter of enemy is flying along the curve given by
y=x"0T0 A soldier, placed at ([] [), wants to shoot down the helicopter when it is
nearest to him. Find the nearest distance.

Solution For each value of x, the helicopter(s position is at point (x, x"' [ [).
Therefore, the distance between the helicopter and the soldier placed at ([} ) is

Ja—D T+ +0=0) e, Jx—0) +xt.

Cet ) =00 Ox*

or ) =0x 0D 04x'=0x 0D ('O 00D
Thus, f'(x) = 0 gives x = 1 or (k" [] [k [J = 0 for which there are no real roots.

Also, there are no end points of the interval to be added to the set for which f” is [ero,

i.e., there is only one point, namely, x = 1. The value of f at this point is given by
f(1)=(1 20" (1)* =5. Thus, the distance between the solider and the helicopter is

JTD =5,

Cote that \/E is either a maximum value or a minimum value. Since

JF0) = J0-D"+0)* =>5,

it follows that /5 is the minimum value of ./f(x). Hence, /5 is the minimum

distance between the soldier and the helicopter.

|EXERCISE 6.5 |
1. Find the maximum and minimum values, if any, of the following functions
given by
O f=(xOnH'0O0 (i) f(x)=9x"01x 00

(i) f(x) = CO(x 01)' 1110 (iv) g(x)=x 011
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Find the maximum and minimum values, if any, of the following functions
given by
1) f(x)=x 001 (i) gkx)=0x01M00
(iii) 4 (x)=sin(Cx) O5 (iv) f(x) = [§in 4x O [
V) h(x)=x01,x e (01, 1)
Find the local maxima and local minima, if any, of the following functions. Find
also the local maximum and the local minimum values, as the case may bel

@) f(x)=x (i) gx)=x [lx
(iii) h(x)=sinx[cosx,0<x<£[
(iv) f(x)=sinx Ocosx, O0<x < [ft

W) f)=x 0 0% 15 (vi) g(x)=£[+;[, x>0

(vii) g(x)= 0L (vii)) f(x)=xvl1-x, O0<x<l
X
[rove that the following functions do not have maxima or minimal’
M) f(x) = ¢ (i) g(x)=logx

(i) A(x)=x"0Ox"'Ox 0
Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals [

1) f(x)=x",x e MM (i) f(x)=sinx Jcosx,x € [0, n[]

(i) f(x) =4x—l[x[, XE{—E%} iv) f(x)=(x-D"+0 x =1

Find the maximum profit that a company can mare, if the profit function is
given by
px) =41 00x O1x
Find both the maximum value and the minimum value of
x* Ox" 01" 040k OC5 on the interval [0, [T]

At what points in the interval [0, [t[[Jdoes the function sin [k attain its maximum
valuel

What is the maximum value of the function sin x [Icos x[]

Find the maximum value of [k~ [J[4x [J1001n the interval (1, (L] Find the
maximum value of the same function in 1] (1]
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Itis given that at x = 1, the function x* [J[Tx" [lax [19 attains its maximum value,
on the interval [0, [T Find the value of a.

Find the maximum and minimum values of x [Isin [x on [0, [it[]
Find two numbers whose sum is [4 and whose product is as large as possible.
Find two positive numbers x and y such that x [y = [0 and xy" is maximum.

Find two positive numbers x and y such that their sumis [5 and the product x"y?
is a maximum.

Find two positive numbers whose sum is 1Jand the sum of whose cubes is
A square piece of tin of side 1 0cm is to be made into a box without top, by
cutting a square from each corner and folding up the flaps to form the box. What

should be the side of the square to be cut off so that the volume of the box is the
maximum possible.

A rectangular sheet of tin 45 cm by [4 cm is to be made into a box without top,
by cutting off square from each corner and folding up the flaps. What should be
the side of the square to be cut off so that the volume of the box is maximum [

Show that of all the rectangles inscribed in a given fixed circle, the square has
the maximum area.

Show that the right circular cylinder of given surface and maximum volume is
such that its height is equal to the diameter of the base.

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic
centimetres, find the dimensions of the can which has the minimum surface
areal]

A wire of length [TIm is to be cut into two pieces. [Ine of the pieces is to be
made into a square and the other into a circle. What should be the length of the
two pieces so that the combined area of the square and the circle is minimum[’]

[rove that the volume of the largest cone that can be inscribed in a sphere of

L
radius R is e of the volume of the sphere.

Show that the right circular cone of least curved surface and given volume has

an altitude equal to T time the radius of the base.
Show that the semi Vertical angle of the cone of the maximum volume and of

given slant height is tan™' NI
Show that semilvertical angle of right circular cone of given surface area and

. .41
maximum volume is sin (—J .
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Choose the correct answer in the Exercises [T]and [9.
27. The point on the curve x~= [3» which is nearest to the point (0, 5) is

A) (W4 () (W10 (©) 0,00 (D) (LD

1 _ [}
28. For all real values of x, the minimum value of x—+x[ is
I+x+x
1
(4) 0 () 1 (© © () =

!
29. The maximum value of X(x —1)+11", o< x<1 is

1

W[ ot o () 0

Miscellaneous Examples

Example 42 A car starts from a point [at time ¢ = 0 seconds and stops at point []. The
distance x, in metres, covered by it, in ¢ seconds is given by

()

Find the time taTén by it to reach [J and also find distance between [Jand [J.

Solution et v be the velocity of the car at ¢ seconds.

Uow x = t[([—iJ
L
dx
Therefore V=T 4¢ Ot =t (4 Or)

Thus, v=0 gives t =0 andlor ¢ = 4.

Oow v =0 at [Jas well as at [ and at [J £ = 0. So, at [, t = 4. Thus, the car will
reach the point 7 after 4 seconds. Also the distance travelled in 4 seconds is given by

4 0y @
4 =2 =1 = |=—m
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Example 43 A water tanThas the shape of an inverted right circular cone with its axis
vertical and vertex lowermost. Its semi¥ertical angle is tan''(0.5). Water is poured
into it at a constant rate of 5 cubic metre per hour. Find the rate at which the level of
the water is rising at the instant when the depth of water in the tanTJis 4 m.

Solution et 7, & and o be as in Fig [1[T] Then tano = %

So o = tan”' (LJ )
h

Cut o =tan''(0.5) (given)
r
or W =0.5
h
or r=_

[et [1 be the volume of the cone. Then

Theref d—[—iﬂ[ﬁ by Chain Rul
erefore 7 a0 (by Chain Rule)
— Ehi@

4 dt
. dO B
Cow rate of change of volume, i.e., 7=5rn M and 7 =4 m.
t
n .- dh
- S22
Therefore 4 4 i
dh 5 [5 (T
or — — —=—mlh mT=—
dt 4 [ C

Thus, the rate of change of water level is %m[ﬁ .

Example 44 A man of height COmetres wal[s at a uniform speed of 5 Tm(h away from
a lamp post which is Cmetres high. Find the rate at which the length of his shadow
increases.
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Solution In Fig [11T] Cet AT be the lamp[post, the
lamp being at the position T and let M be the man
at a particular time ¢ and let AM = / metres. Then,
MS is the shadow of the man. Cet MS = s metres.

Cote that AMS[] [TAAST]
MS MO s s
or AS T AL
Fig 6.23

or AS =[5 (as MO = Dand A= [J(given))
Thus AM =[5 Os=s. (Wt AM =1/
So [=T%
Therefore dar_ [é

dt dt

5
Since ?: 5 Cmfh. Hence, the length of the shadow increases at the rate T Cmh.
t

Example 45 Find the equation of the normal to the curve x '= 4y which passes through
the point (1, D).

Solution Differentiating x" = 4y with respect to x, we get

dy _x

dc [
Cet (A, k) be the coordinates of the point of contact of the normal to the curve
x"'=4y. Dow, slope of the tangent at (4, k) is given by

Q} h
dx (h, k) T r

-
Hence, slope of the normal at (h, k) = ——

Therefore, the equation of normal at (4, k) is
-0
y k= x=h) ()
Since it passes through the point (1, [), we have

[—kz%(l—h) or k=[+%(l—h) (0
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Since (4, k) lies on the curve x"'= 4y, we have

h-=4k .. (D
From (0) and (0), we have & = [and £ = 1. Substituting the values of 2 and kin (1),
we get the required equation of normal as

-0
y—lz—[(x— Dor x Oy =0
Example 46 Find the equation of tangents to the curve
y=cos(x Oy), Om<x<[n
that are parallel to the line x (173 = 0.

Solution Differentiating y = cos(x [Jy) with respect to x, we have

dy —sin(x+ y)

dr  1+sin(x+)
or slope of tangent at (x, y) ITsin(xty)

Since the tangents to the given curve are parallel to the line x (173 =0, whose slope

-1
is I we have

—sin(x + y) -1
l+sin(x+y) [
or sin(x Oy) =1
T
or x[y=mt[([1)"—[aneZ
2 T
Then y=cos(x Ly)= cos(nn+(—l) E} nel

=0, foralln e Z

. —n T
Also, since —[(m<x<[m, we get sz and xz—[. Thus, tangents to the

=l T
given curve are parallel to the line x [ [» = 0 only at points (—[,OJ and [—[,OJ .

Therefore, the required equation of tangents are
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-1 [n
yU0=—{x+— | or [x+4y+in=0

U L
-1 b1
and y[0=—[ X—E or [kx+4y-mn=0

Example 47 Find intervals in which the function given by

4 4 - o
=—x ——x -k +—x+11
SO =107 73 5
is (a) strictly increasing (b) strictly decreasing.
Solution We have
=—x ——x -k +—x+11
T 5

Therefore f'(x) = %(4x[) —%(Dc[) —(x)+ [?[

= EE (x=-D(x+D(x-D (on simplification)

Oow f'(x)=0givesx=1,x=0Jorx=[]The <
points x = 1, (0[] and Cdivide the real line into four -1 1
dis[0int intervals namely, ([Joo, [I0), (D] 1), (1, D Fig 6.24
and ([} o) (Fig [1[4).

Consider the interval ([ oo, [11), i.e., when (oo [1x [1[][]
In this case, we have x (11 [0, x 0 and x 0.

(In particular, observe that for x = [T] f'(x) = (x J1) (x 0D (x DD =(0O4) (01)

(0D Do)

Therefore, f'(x) 110 when [loo [lx [1[1[]

Thus, the function f’is strictly decreasing in (oo, [(I0).
Consider the interval (0] 1), i.e., when OO0x 1.

In this case, we have x [J1 00, x OO0 and x OO0

(In particular, observe that for x =0, f'(x) = (x J1) (x 0D (x DD = (1) (D (D)
=1010)

So f'(x) D0 when OO0 0x O1.
Thus, fis strictly increasing in (0] 1).



ALCCICATION OF CDERICATICES om

Cow consider the interval (1, D), i.e., when 1 [ x [0 [ In this case, we have
x 01 00,x 0000 and x OO0,

So, f'(x) 00 when 1 Ox 0O
Thus, fis strictly decreasing in (1, ).

Finally, consider the interval (] ), i.e., when x [J[] In this case, we have x (11 (10,
x 0000 and x OO0, So f'(x) 00 when x 0[]

Thus, f is strictly increasing in the interval (7] o).
Example 48 Show that the function f given by
f(x) =tan"!(sin x TJcos x), x 1O

is always an strictly increasing function in (O’EJ .
4

Solution We have
f(x) =tan"'(sin x Clcos x), x 0
1

Therefore "(x) = (cosx—sinx
/') 1+ (sin x + cosx) )

CcOSX —Ssinx (on simplification)
= on simplification
[Hsinlx P

i
[lote that [1[sin [x [0 for all x in (Q-j .

4
Therefore f'(x) 00 ifcos x Osinx (10
or f'(x) 00 ifcos x Osinx or cot x (11
Uow cotx[liftanx[l,i.e.,if0<x<§
Thus £(x) 100 in [o,gj

Hence fs strictly increasing function in (0, EJ .

Example 49 A circular disc of radius TJcm is being heated. [Jue to expansion, its
radius increases at the rate of 0.05 cm's. Find the rate at which its area is increasing
when radius is [l[0cm.
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Solution Cet 7 be the radius of the given disc and A be its area. Then

A=mr
A _ [ﬂrﬂ by Chain Rul
or o " (by Chain Rule)
. . . dr
Cow approximate rate of increase of radius = dr = EAt =0.05cmls.

Therefore, the approximate rate of increase in area is given by
dA dr
= —(A?) = Lr| — At
dA=— (A ( 7 J

= (00D (0.05) =0.10x cm'[s  (r= Clcm)

Example 50 An open topped box is to be constructed by removing equal squares from
each corner of a [Jmetre by [Jmetre rectangular sheet of aluminium and folding up the
sides. Find the volume of the largest such box.

Solution et x metre be the length of a side of the removed squares. Then, the height
of the box is x, length is (1] [k and breadth is 00 (Fig C105). If T(x) is the volume
of the box, then

- ) T— !_1.1:
: ‘& e
B i | B2
[ i 8-2x
(a) (b)
Fig 6.25
O(x) =x(00) (D0 )
=4x- [JIx" O 4x
Therefore I'(x)=10x —44x+ 4 =4(x—D)(x-D)
"(x)=[4x—44
. O
Cow O'(x) =0 gives x = E—[. Cut x = J(WhyD)

C
Thus, we have X=—[. Low ["(—3=E4(—3—44=—[[<0.



ALCCICATION OF CDERICATICES 41

0. . . . . . L
Therefore, x = - is the point of maxima, i.e., if we remove a square of side -

metre from each corner of the sheet and male a box from the remaining sheet, then
the volume of the box such obtained will be the largest and it is given by

()4 -5 =0

[T

Example 51 Manufacturer can sell x items at a price of rupees (5 —ﬁ] each. The

cost price of x items is Rs (% + 500] . Find the number of items he should sell to earn

maximum profit.

Solution Cet S(x) be the selling price of x items and let C(x) be the cost price of x
items. Then, we have

C

S(x) = (S—LJx=5x—x—
100 100

and Cx) = §+ 500

Thus, the profit function [(x) is given by

= S(x)— C(x)=5x————2—500
) = S -C)=5x -
4 X
ie. - x—2 500
-e T
Ty = 2%
or (x) = 5 350

Cow [1(x) =0 gives x = [40. Also [(x) =;—é . So [T(r40) =;—é <0

Thus, x = [40 is a point of maxima. Hence, the manufacturer can earn maximum
profit, if he sells 40 items.
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Miscellaneous Exercise on Chapter 6
Osing differentials, find the approximate value of each of the following [

1

(a) (15[] (b) (1)

Show that the function given by f(x)= logx has maximum at x = e.
x

The two equal sides of an isosceles triangle with fixed base b are decreasing at
the rate of Clcm per second. How fast is the area decreasing when the two equal
sides are equal to the base [

Find the equation of the normal to curve x"=4y which passes through the point
(1, 0.

Show that the normal at any point § to the curve

x=acosd (a0 sinb, y =a sind [ab cosO

is at a constant distance from the origin.

Find the intervals in which the function f'given by

4sinx — [k —xcosx

fx)=

is (i) strictly increasing (ii) strictly decreasing.

[+ cosx

1
. . . . . . s .
Find the intervals in which the function fgiven by f(x)=x"+ el x#0is
(i) increasing (i) decreasing.
X O y O
Find the maximum area of an isosceles triangle inscribed in the ellipse — + I =1
a
with its vertex at one end of the malor axis.
A tan[Jwith rectangular base and rectangular sides, open at the top is to be
constructed so that its depth is ['m and volume is TJm". If building of tan[Jcosts
Rs [0 per sq metres for the base and Rs 45 per square metre for sides. What is
the cost of least expensive tan[T]

The sum of the perimeter of a circle and square is &, where k is some constant.
Crove that the sum of their areas is least when the side of square is double the
radius of the circle.
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A window is in the form of a rectangle surmounted by a semicircular opening,
The total perimeter of the window is 10 m. Find the dimensions of the window to
admit maximum light through the whole opening.

A point on the hypotenuse of a triangle is at distance a and b from the sides of
the triangle.

O o C
Show that the maximum length of the hypotenuse is (aE + bE)E .

Find the points at which the function fgiven by f(x)= (x [1[)*(x [11)" has
(i) local maxima (i) local minima
(ii)) pointofinflexion
Find the absolute maximum and minimum values of the function f given by
f(x)=cos'x Osinx, x € [0, n[J

Show that the altitude of the right circular cone of maximum volume that can be

4r
inscribed in a sphere of radius 7 is -

Cet f be a function defined on [a, b[such that f'(x) (10, for all x € (a, b). Then
prove that f is an increasing function on (a, b).

Show that the height of the cylinder of maximum volume that can be inscribed in

a sphere of radius R is R . Also find the maximum volume.

NG

Show that height of the cylinder of greatest volume which can be inscribed in a
right circular cone of height 4 and semi vertical angle a is onelthird that of the

4
cone and the greatest volume of cylinder is e mh tan o

Choose the correct answer in the Exercises from 19 to [4.

19.

20.

A cylindrical tan[Jof radius 10 m is being filled with wheat at the rate of (14
cubic metre per hour. Then the depth of the wheat is increasing at the rate of

(A) 1mh (0) 0.1mmh
(C) 1L.lmh () 0.5mh

The slope of the tangent to the curve x = ¢ [1[¢ (] y = (¥ [1[¢ IS5 at the point
(L) is

T C C y
(A) - ) T ©) T () —
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21. The line y = mx (11 is a tangent to the curve y-= 4x if the value of m is

(A) 1 () © ©) (1) %
22. The normal at the point (1,1) on the curve [y [x"= [is
(A) xOy=0 (D) xOy=0
(C) xOym=0 (O) xOy=1
23. The normal to the curve x"'= 4y passing (1,0) is
(A) xOy=10 (O) xOy=0
(C) xOy=1 (O) xOy=1

24. The points on the curve 9y" = x", where the normal to the curve males equal
intercepts with the axes are

L -L
42 o [+
L L
(©) (‘hiﬂ () (i“f}

Summary

@ Ifaquantity y varies with another quantity x, satisfying some rule y = f(x),

d
then & (or f'(x)) represents the rate of change of y with respect to x and
X

d.

dy
a} (or f'(x,)) represents the rate of change of y with respect to x at
X=X()

X=X, .
¢ [Iftwo variables x and y are varying with respect to another variable ¢, i.e., if
x= f(t)and y= g(¢), then by Chain Rule

dx dt/ dt’ dt

¢ A function f is said to be

(a) increasing on an interval (a, b) if
x, Ux in(a, b) = f(x,) < f(x ) for all x, x € (a, b).
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Alternatively, if /'(x) = 0 for each x in (a, b)
(b) decreasing on (a,b) if
x, Ux in(a, b) = f(x)) 2 f(x ) forall x, x € (a, b).
Alternatively, if /'(x) < 0 for each x in (a, b)
The equation of the tangent at (x,, y,) to the curve y = f(x) is given by

d
y_J’ozd_y:| (x—xp)
X (xg5%0)

d
If Ey does not exist at the point (x,,y,) , then the tangent at this point is

parallel to the ylaxis and its equation is x = x,,.

If tangent to a curve y = f(x) at x = x, is parallel to x[axis, then %} =0.
29 X=X,

Equation of the normal to the curve y = f(x) at a point (x,,y,) is given by
-1

—Yp=——=—(x—x
Y= dy:| ( 0)
dx (xg5%0)

d
If Ey at the point (x,,y,) is Lero, then equation of the normal is x = x,.

d
If d—y atthe point (x,,y,) doesnot exist, then the normal is parallel to x[axis
X

and its equationis y = y,.

Cet y = f(x), Ax be a small increment in x and Ay be the increment in y
corresponding to the increment in x, i.e., Ay = f(x [ Ax) Of(x). Then dy
given by

dy = f'(x)dx or dyz[ﬂj Ax .
dx

is a good approximation of Ay when dx = Ax isrelatively small and we denote
it by dy ~ Ay.

A point ¢ in the domain of a function f at which either f'(c) = 0 or f'is not
differentiable is called a critical point of f.
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@ First Derivative Test (et f be a function defined on an open interval I. [et

f be continuous at a critical point ¢ in I. Then

(1) Iff'(x) changes sign from positive to negative as x increases through c,
i.e., if f'(x) 0O at every point sufficiently close to and to the left of ¢,
and f"'(x) [JO at every point sufficiently close to and to the right of c,
then c is a point of local maxima.

(i) Iff’(x) changes sign from negative to positive as x increases through c,
i.e., if f'(x) 0O at every point sufficiently close to and to the left of ¢,
and f"'(x) 0O at every point sufficiently close to and to the right of ¢,
then c is a point of local minima.

@iii) If f'(x) does not change sign as x increases through ¢, then c is neither
a point of local maxima nor a point of local minima. Infact, such a point
is called point of inflexion.

@ Second Derivative Test [et f be a function defined on an interval I and

c € L. Cet f be twice differentiable at ¢. Then
(i) x=cis apoint of local maxima if f'(c) =0 and f"'(c) 00
The values f'(c) is local maximum value of f'.
(i) x = cis a point of local minima if f'(¢) = 0 and f"(c) 71O
In this case, f'(¢) is local minimum value of f.
(iii) The test fails if /'(c) =0 and f"(c) = 0.
In this case, we go bac[to the first derivative test and find whether c is
a point of maxima, minima or a point of inflexion.

Worling rule for finding absolute maxima and[or absolute minima

: Find all critical points of fin the interval, i.e., find points x where
either f'(x) = 0 or f'is not differentiable.

:Tale the end points of the interval.
: At all these points (listed in Step 1 and [), calculate the values of f.

: Identify the maximum and minimum values of f out of the values
calculated in Step [] This maximum value will be the absolute maximum
value of f and the minimum value will be the absolute minimum value of f.

J
0‘0



