Chapter 1 1

(THREE DIMENSIONAL GEOMETRY )

% The moving power of mathematical invention is not
reasoning but imagination. — A. DEMORGAN %

11.1 Introduction

In Class XI, while studying Analytical Geometry in two
dimensions, and the introduction to three dimensional
geometry, we confined to the Cartesian methods only. In
the previous chapter of this book, we have studied some
basic concepts of vectors. We will now use vector algebra
to three dimensional geometry. The purpose of this
approach to 3-dimensional geometry is that it makes the
study simple and elegant*.

In this chapter, we shall study the direction cosines
and direction ratios of a line joining two points and also
discuss about the equations of lines and planes in space
under different conditions, angle between two lines, two

. . Leonhard Euler
planes, a line and a plane, shortest distance between two (1707-1783)

skew lines and distance of a point from a plane. Most of

the above results are obtained in vector form. Nevertheless, we shall also translate
these results in the Cartesian form which, at times, presents a more clear geometric
and analytic picture of the situation.

11.2 Direction Cosines and Direction Ratios of a Line

From Chapter 10, recall that if a directed line L passing through the origin makes
angles a, B and y with x, y and z-axes, respectively, called direction angles, then cosine
of these angles, namely, cos a, cos  and cos y are called direction cosines of the
directed line L.

Ifwereverse the direction of L, then the direction angles are replaced by their supplements,

ie., r—a, #— f and 7 —y. Thus, the signs of the direction cosines are reversed.

* For various activities in three dimensional geometry, one may refer to the Book

“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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Note that a given line in space can be extended in two opposite directions and so it
has two sets of direction cosines. In order to have a unique set of direction cosines for
a given line in space, we must take the given line as a directed line. These unique
direction cosines are denoted by /, m and n.

Remark If the given line in space does not pass through the origin, then, in order to find
its direction cosines, we draw a line through the origin and parallel to the given line.
Now take one of the directed lines from the origin and find its direction cosines as two
parallel line have same set of direction cosines.

Any three numbers which are proportional to the direction cosines of a line are
called the direction ratios of the line. If [, m, n are direction cosines and a, b, ¢ are
direction ratios of a line, then @ CJAl, b{Am and ¢ (JAn, for any non"ero AL&E[R.

Some authors also call direction ratios as direction numbers.

Let a, b, ¢ be direction ratios of a line and let /, m and » be the direction cosines
[d.c[SCof the line. Then

/ m n .
— [0 — [ —=k [Say[] k being a constant.

a b c
Therefore [ Dak,m O bk, n U ck .o ag
But POm?>On? 01
Therefore a2 Ok 001
1
or k[ =x

«/az+b2+c2
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Hence, from [1L[)the d.c.(s of the line are
=+ a b c

t— m=% ,n=1
\/az +b% +c? \/a2 +b% +c? \/a2 +b%+c?

where, depending on the desired sign of £, either a positive or a negative sign is to be
taken for /, m and n.

For any line, if a, b, ¢ are direction ratios of a line, then ka, kb, kcCk # 0 is also a
set of direction ratios. So, any two sets of direction ratios of a line are also proportional.
Also, for any line there are infinitely many sets of direction ratios.

11.2.1 Relation between the direction cosines of a line

Consider a line RS with direction cosines /, m, n. Through
the origin draw a line parallel to the given line and take a
point [IX, y, z[on this line. From [CJdraw a perpendicular
[A on the x-axis [Fig. 11.27]

Let OO O r. Thencosaz% =2 This gives x [ lr.

r
Similarly, y Omrand z Onr

Thus Xy 02 07 P Om? On2l)

But X y2 0220

Hence P+m*+n*=1 Fig 11.2

11.2.2 Direction cosines of a line passing through two points

Since one and only one line passes through two given points, we can determine the
direction cosines of a line passing through the given points [x ,y,,z Land Ulx,,y,,z,[]
as follows [Fig 11.3 @[Tl

Z Z
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Fig 11.3
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Let /, m, n be the direction cosines of the line [T and let it makes angles o, B and y
with the x, y and z-axis, respectively.

Draw perpendiculars from [Jand [0 to XY-plane to meet at R and S. Draw a
perpendicular from Cto [JS to meet at N. Now, in right angle triangle TN, Z[TIN[]
yIIFig 11.3 [bLJ

NLO  z,—z
Therefore, cosy ] — = 2—L
L L
X, =X, _
Similarly cosa [1—>—L and cosB=M
L L

Hence, the direction cosines of the line segment joining the points [lx, y,, z,Land
Uix,, y,, z, lare

Yo =X =N A2 T4
b b

0 N N

where [[[\/Bz_xlf +5’2_J’1f+(22_21)2

The direction ratios of the line segment joining [ 1x,, y,, z,[and [I[x,, y,, z,[]
may be taken as
x,Ux,y,0y,z 0z orx Ux, y Oy, z Uz,

Example 1 If a line makes angle (0[] 60 and 30 with the positive direction of x, y and
z-axis respectively, find its direction cosines.

1
Solution Let the d. c. fof the lines be [, m, n. Then / Ccos [0° 00, m Ccos 60° O Ix
3
n [Jcos 30° [ %

Example 2 If a line has direction ratios 2, (11, [12, determine its direction cosines.

Solution Direction cosines are

2 -1 2

V2 32 220 22 =18+ 220 22 4 (1) + =220
212
3303

Example 3 Find the direction cosines of the line passing through the two points
M2, 4, 05Cand 0, 2, 301
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Solution We know the direction cosines of the line passing through two points
x,y,,zand Lx,, y,, z,[lare given by

HTH N TN HTEH
9

B

L L L
where - [\/Dcz - xlE + 5’2‘)’1E+ (22_21)2
Here [is 102, 4, (05Cand Cis 1, 2, 30
So 0 0 y- 2203 + 2 - 43 + 3 2512 00
Thus, the direction cosines of the line joining two points is

3 2 ¢
NEERRN ER RN

Example 4 Find the direction cosines of x, y and z-axis.

Solution The x-axis makes angles 0[] [0Jand [0respectively with x, y and z-axis.
Therefore, the direction cosines of x-axis are cos 0L) cos (0[] cos [0ll.e., 1,0,0.
Similarly, direction cosines of y-axis and z-axis are 0, 1, 0 and 0, 0, 1 respectively.

Example 5 Show that the points A 2, 3, 04JB 0, 02, 30and C 3, [ J110are
collinear.
Solution Direction ratios of line joining A and B are

102,02 03,3 041e., 01,05, 0

The direction ratios of line joining B and C are

301, 002,011 03,1.e., 2, 10, 014,

Itis clear that direction ratios of AB and BC are proportional, hence, AB is parallel
to BC. But point B is common to both AB and BC. Therefore, A, B, C are
collinear points.

EXERCISE 11.1

1. Ifaline makes angles (0] 1350]45Cwith the x, y and z-axes respectively, find its
direction cosines.

2. Find the direction cosines of a line which makes equal angles with the coordinate
axes.

If a line has the direction ratios (1] 12, [4, then what are its direction cosines [
Show that the points 2, 3, 40) (1, (2, 10][3, [] [Tare collinear.

Find the direction cosines of the sides of the triangle whose vertices are
(3,5, 140111, 1, 2[and (115, 15, [12[]
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11.3 Equation of a Line in Space

We have studied equation of lines in two dimensions in Class XI, we shall now study
the vector and cartesian equations of a line in space.

A line is uniquely determined if
[iJ it passes through a given point and has given direction, or

filJ it passes through two given points.

11.3.1 Equation of a line through a given point and parallel to a given vector

Let g bethe position vector of the given point 7

A with respect to the origin O of the 4 —/’E,,——/

rectangular coordinate system. Let / be the

p_>!
line which passes through the point A and is M

parallel to a given vector b . Let 7 be the «—
position vector of an arbitrary point [Jon the r
line [Fig 11.47] >Y

Then AL is parallel to the vector b , Le.,
AL UMb, where A is some real number. X Fig 11.4
But AL 1 OCCO0A
ie. Ab O F—d

Conversely, for each value of the parameter A, this equation gives the position
vector of a point Ton the line. Hence, the vector equation of the line is given by

Fla+hb s la
RemarkIf b = ai b}; ck ,then a, b, ¢ are direction ratios of the line and conversely,
if a, b, ¢ are direction ratios of a line, then b =aik b}; ck will be the parallel to
the line. Here, b should not be confused with [ ]

Derivation of cartesian form from vector form

Let the coordinates of the given point A be [x, y,, z,"and the direction ratios of
the line be a, b, c. Consider the coordinates of any point [Jbe [, y, z[J Then

Fo=xt+ oyt zkDad = x4y oz k)
and 5=a£+bﬁ+clg

Substituting these values in [1and equating the coefficients of £ j and k) we get
xx, Uhally Oy DA bz Lz e .. 20
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These are parametric equations of the line. Eliminating the parameter A from [2[]
we get

0 = .. 30
a b c 3

This is the Cartesian equation of the line.

If /, m, n are the direction cosines of the line, the equation of the line is

Example 6 Find the vector and the Cartesian equations of the line through the point
5,2, 4T and which is parallel to the vector 3i'+ 2 - [ k.
Solution We have
d [15i4+2 j-4kand b=3i42 LTk
Therefore, the vector equation of the line is
FOSIH2 jakh ABi2 jl- 0kt
Now, 7 is the position vector of any point [1X, y, zTon the line.

Therefore, xtzky FF zk O 5&2F4/g+ AIBL42 F— k0

0 [5+3k[f+ [2+2kD}'+ [—I—4—DLD’;
Eliminating A , we get
x-=5 -2 z+4
==
3 2 —C
which is the equation of the line in Cartesian form.

11.3.2 Equation of a line passing through two given points

Let g and 5 be the position vectors of two i,

points Alx, y, z,lJand Blx,, y,, z,[ il

respectively that are lying on a line (Fig 11.50] P ?)
P

1 M*J
X JT’
k -

Let 7 be the position vector of an  (x,¥v z)
arbitrary point [1X, y, z[Jthen [Jis a point on /ﬁ/’

the line if and only if Al=F—a and

L
=y

&)

AB=b—a are collinear vectors. Therefore, 7Y
Ois on the line if and only if

Fed=Mb-al X Fig11.5
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or F=d+h(b—d), \[e R. . a0
This is the vector equation of the line.
Derivation of cartesian form from vector form
We have

F=xt+y jhzkla=xi% y j+z kand b=xyiky, j+z,k,
Substituting these values in [1[Jwe get

xf+y}+zl€=x1§+y1}+zll€+k [x, —xlﬁ+ b, —yID}'+ (2, —ZIUCAD
Equating the like coefficients of £, 7, k, we get

x Ux, UM x, Ox, [0y Oy, DA p, Oy Mz Dz, O [z, Oz, [
On eliminating A, we obtain

X=X _ V"N 7%
H=% Namh LTy

which is the equation of the line in Cartesian form.

Example 7 Find the vector equation for the line passing through the points 1, 0, 2
and (3, 4, 6]

Solution Let @ and p bethe position vectors of the point A (111, 0, 2Cand B 3, 4, 61

Then d=—1+2k
and b=3i+ 4};6/@
Therefore b-a=4i+ 4 j+4k

Let 7 be the position vector of any point on the line. Then the vector equation of
the line is

F=— {42k 011+ 4 jh 4k

Example 8 The Cartesian equation of a line is
x+3 y-5 z+6

2 4 2
Find the vector equation for the line.

Solution Comparing the given equation with the standard form

X5 _Y-h_zZ73
a b c
We observe that x, 03,y U5,z D6La 12,b 14, c 2.
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Thus, the required line passes through the point M3, 5, J6and is parallel to the

vector 2i-+4 42k . Let 7 be the position vector of any point on the line, then the
vector equation of the line is given by

F= 23045 L6k 0N ik 4742k

11.4 Angle between Two Lines Z

Let L, and L, be two lines passing through the origin
and with direction ratios a, b, ¢, and a,, b,, c,,
respectively. Let [lbe a point on L and [] be a point
on L,. Consider the directed lines OlJand OL! as Q_1L.

given in Fig 11.6. Let 0 be the acute angle between ‘ﬁ.j___,’ L,
OO and O0. Now recall that the directed line y P >y

segments OJand O[] are vectors with components
a,b,c anda, b, c,respectively. Therefore, the

angle 6 between them is given by X Fig 11.6
a,a, +bb, +c,c
cos0 = 2122 212212 > . Ao
\/a1 +b; +¢; \/a2 +b; +c,
The angle between the lines in terms of sin 0 is given by
sin 0 [ 4/1 — cos® 0
. laya, +bb, +cc,
(al2 +b! +clz)(az2 +b; +c§)
2,12, 2 2,32, 2 2
\/(al +b +¢ )(a2 +b; +c2)—(ala2 +b1b2+clcz)
J(a2 +07 +) (3 +83 +3)
\/Bllbz—azblf+H7lcz—bzclf+ﬁla2—czal[2 a2

J @&+ i+ b+

In case the lines L and L, do not pass through the origin, we may take

lines L andL', which are parallel to L and L, respectively and pass through
the origin.
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If instead of direction ratios for the lines L and L,, direction cosines, namely,
l,m,n forL and/,m,n,for L are given, then [1[and [2[takes the following form[]

cos O 111, Tmm, Unn,[] [as 112+m12+n12=1 =122+m22+n22[ ... 30

and Sine[\/(llmz—lzml)z—ﬁnln2—m2n1f+ﬁ1112—n211[2 .. 40

Two lines with direction ratios @, b,, ¢, and a,, b,, c, are
[i] perpendiculari.e. if ® O T0Cby (100
aa,+bb, +cc,=0
A paralleli.e. if 6 (0 by 20

Now, we find the angle between two lines when their equations are given. If 6 is
acute the angle between the lines

7 U c71+k171 and 7 [ a,+ub,
b1 b

5,115
In Cartesian form, if 6 is the angle between the lines

then cosO [J

U = .

and O = .. 20

where, a,.b, ¢ and a, b,, c,are the direction ratios of the lines [1[and [2[,respectively,
then

a,a, +bb, +cc,

Jat +b7 + ¢ a3 b2+

cos 6 [

Example 9 Find the angle between the pair of lines given by

D342 jhdkbe a2 i 2kt
05012 4 uB3ik2 jh 6kt

Ny

and

Ny
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Solution Here b, [ /42 jk 2k and b, 03/ 42 jh 6k
The angle 0 between the two lines is given by

b -b, | | EW27H2k0 B2 6kt
cos O O |=77=7|=
5|5, Ji+4+40+4+36
‘3+4+12‘_1_[
3x [ 21
om0 00w (1)
€nce COS 21

Example 10 Find the angle between the pair of lines
x+3 y-1 z+3

0
3 5 4
x+1  y-4 z-5
[ =
and 1 1 >

Solution The direction ratios of the first line are 3, 5, 4 and the direction ratios of the
second line are 1, 1, 2. If 0 is the angle between them, then

16 16 3
506 s5v246 15

31+5.144.2
V3245242 12 412 422

D\E]

Hence, the required angle is cos™’ [? .

cos 0 [

11.5 Shortest Distance between Two Lines

If two lines in space intersect at a point, then the shortest distance between them is
[ero. Also, if two lines in space are parallel, Z
then the shortest distance between them +
will be the perpendicular distance, i.e. the
length of the perpendicular drawn from a g,
point on one line onto the other line. \

D

O
A

Further, in a space, there are lines which
are neither intersecting nor parallel. In fact,
such pair of lines are non coplanar and
are called skew lines. For example, let us
consider aroomof sile 1, 3,2 units along
x, y and z-axes respectively Fig 11.7] Fig 11.7
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The line GE that goes diagonally across the ceiling and the line DB passes through
one corner of the ceiling directly above A and goes diagonally down the wall. These
lines are skew because they are not parallel and also never meet.

By the shortest distance between two lines we mean the join of a point in one line
with one point on the other line so that the length of the segment so obtained is the
smallest.

For skew lines, the line of the shortest distance will be perpendicular to both
the lines.

11.5.1 Distance between two skew lines

We now determine the shortest distance between two skew lines in the following way[]
Let / and /, be two skew lines with equations [Fig. 11.[1]

Food +Ab . a0
and F C_iz +Hl;2 ... 20

Take any point S on /, with position vector 4, and T on /,, with position vector d,.
Then the magnitude of the shortest distance vector T
will be equal to that of the projection of ST along the Q
direction of the line of shortest distance [See 10.6.2L L

If T is the shortest distance vector between

[ and /,, then it being perpendicular to both 51 and

52 , the unit vector ;jalong = would therefore be
l—)-l o Ez Fig 11.8
Y= = e B [
[h x b,
Then 0 Ud nl
where, d is the magnitude of the shortest distance vector. Let 6 be the angle between

ST and . Then

a0

(1] ST [cos O

-ST
But cos 0 [ T ST
dntld, — al ] —
O —d ST [Since ST = a, —a,!l
b, x by[1d, —a,l
0 — (From (31
ST |5, x b,|




THREE DIMENSIONAL GEOMETRY 405

Hence, the required shortest distance is
d 010 OST [dos 60

(51 XEz)-(‘_iz_‘_io

or d=

| by x b,|
Cartesian form
The shortest distance between the lines
X— X - z—z
11 0 L Y-n _ 1
a b G
xX—Xx - z—z
and 12 N 2 0 Y= _ 2
a, b, Gy

a, b, %)

\/(b1cz —b,¢, )2 +(ca, —cay )2 +(a,b, — a2b1)2

11.5.2 Distance between parallel lines

If two lines /, and [ are parallel, then they are coplanar. Let the lines be given by
FOa +Mb .o A0
and POd, +ub 0 20

where, g, is the position vector of a point S on / and

5 [2
a, is the position vector of a point T on /, Fig 11.[]

As |, [ are coplanar, if the foot of the perpendicular
from T on the line /, is [ then the distance between the 9 P > 1,

. 8 —>
lines I1 and 12 O Moo S(ay)
— - Fig 11.9
Let 0 be the angle between the vectors ST and b .
Then
b x ST [l [1h (IST 8in Ol n .. 30

where 7nlis the unit vector perpendicular to the plane of the lines /, and [,

But ST [ a, —q
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Therefore, from 37)we get
Exfdz—él[[ﬂ;[ﬂ“;ﬁ [since [T [IST sin O[]

ic. hx G, —a 1 (5 IT-1  las &0 10

Hence, the distance between the given parallel lines is

Example 11 Find the shortest distance between the lines /, and /, whose vector
equations are

D+ N 2 ke B n
D24 jkd p Bi-5j42k 1 . 200

Ny

and

N

Solution Comparing [1"and (2[with 7 (g, + A 51 and 7 = a, + u l;z respectively,

we get G 0% B=2il ik
d, 12¢ 0j0k and by, 1131 05 112k
Therefore i, —a Uik
and lix}[[21£—ﬁ+lg[x[31£—5ﬁ+2lg[
0 p g
Ol 2 -1 1| =3i-jlrk
3 -5 2

So B xb, O 0+1+40 =50
Hence, the shortest distance between the given lines is given by

b xb, 0. Td,—a [ _ [B=0+00_ 10

550 | o

Example 12 Find the distance between the lines /, and /, given by

PO 2 j—dkw N 2i43 46k
and FO3EH3 feskp 2ik3 fhek!

d [0
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Solution The two lines are parallel [Why[J['We have
G, i%2j -4k, d 03i4k3 75k and b 2143 /4 6k

Therefore, the distance between the lines is given by

0 pf

bx (G, -l 23 6
dn|—————

B0 2 1 -1

N4+ O+ 36
[[—@14}141& V213 213
C

| EXERCISE 11.2 |

1. Show that the three lines with direction cosines

23441203 03 412
13a 133 13 133 13 5 13 13a 13a 13 are mutually perpenaicular.

2. Show that the line through the points 1, (71, 2[J[3, 4, [2[Gs perpendicular to the
line through the points [0, 3, 2Cand 3, 5, 6]

3. Show that the line through the points 4, [ [TJ) 2, 3, 4Tis parallel to the line
through the points (M1, 02, 1), 2, 5T

4. Find the equation of the line which passes through the point 1, 2, 3(Jand is
parallel to the vector 3 /42 jL2 k.

5. Find the equation of the line in vector and in cartesian form that passes through
the point with position vector 2 i j + 4 k and is in the direction /42 j- k.

6. Find the cartesian equation of the line which passes through the point 2, 4, 050

x+3 y—-4 z+[]

and parallel to the line given by s p

x-=5 y+4 z-6
U

8. Find the vector and the cartesian equations of the lines that passes through the
origin and (3, (12, 37J

7. The cartesian equation of a line is . Write its vector form.
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o

Find the vector and the cartesian equations of the line that passes through the
points 3, (12, 0503, 02, 6]
10. Find the angle between the following pairs of lines ]
G0 F=2iL5 4% kA B4 246k and
F=lih6k+pin2 b2k
G0 7 =34k jL2k+ AL jL 2k and
F=2ik j-56krp3E5 f 4kt

11. Find the angle between the following pair of lines ]

x=2 _ y—1 _ z+3 and x+2 _ y—4 _ z=5

i
2 5 -3 -1 O 4
X y z x=5 y=-2 z-3
—:—:—and = =
i 2 2 1 4 1 C

-x [y-14 z-3
2p 2

12. Find the values of p so that the lines !

O-Ix y-5 6-z
3p 1

and

are at right angles.

x=5_y+2 z b

13. Show that the lines 5 0 and 1 =§= are perpendicular to

z

3
each other.

14. Find the shortest distance between the lines

F=0 42 j4 k0 0N ikl and
F=21k jlkhp2ik jh2k
15. Find the shortest distance between the lines
x+1 y+1 z+1 x=3 y-=5 z-[]
0 -6 1 1 -2 1
16. Find the shortest distance between the lines whose vector equations are
F=h2 fH3k DA LR34 2k
and 7 =4i45f46khp 21434kl

17. Find the shortest distance between the lines whose vector equations are
F=0—t0 4 F-20)%3-21¢ k and
F= S+l s 107 2s +10k
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11.6 Plane
A plane is determined uniquely if any one of the following is known [

iJ the normal to the plane and its distance from the origin is given, i.e., equation of
a plane in normal form.

AilJ it passes through a point and is perpendicular to a given direction.
fiii(] it passes through three given non collinear points.
Now we shall find vector and Cartesian equations of the planes.

11.6.1 Equation of a plane in normal form

Consider a plane whose perpendicular distance from the origin is d [d = 0CJFig 11.10.

If ON is the normal from the origin to the plane, and 7is the unit normal vector

along ON . Then ON [0d nJ. Let [Ibe any z
point on the plane. Therefore, N[ is
perpendicularto ON .
Therefore, NC-ON [10 .. A0 P(x,py2)
Let 7 be the position vector of the point [ 7
then NOJO 7 — d #)[as ON+NL=0O"[ [ d N
Therefore, [1[becomes (o) Y
F—dndn 10 x/
o Fig 11.10
or F—dnl-n 00 [d=+00]
or Fen—dn-n 00
ie., Fon=d asn-n=10 0 20

This is the vector form of the equation of the plane.
Cartesian form

Equation 2 gives the vector equation of a plane, where #lis the unit vector normal to
the plane. Let [TX, y, z[be any point on the plane. Then

Of OF=xikyjtz k
Let [, m, n be the direction cosines of 7! Then

n U likm fenk
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Therefore, 2gives

Esz+yﬁ+zlgEﬂtzl—mﬁ+n/@[=d
ie., Ix+my+nz=d .. 30
This is the cartesian equation of the plane in the normal form.

Equation 3Cshowsthatif 7 - (@ i+ b j4 ¢ k[ Od s the vector equation

of a plane, then ax by [cz [1d is the Cartesian equation of the plane, where a, b
and c are the direction ratios of the normal to the plane.

6
Example 13 Find the vector equation of the plane which is at a distance of FD

from the origin and its normal vector from the originis 243 fi 4k .
Solution Let 7 = 2 £ 3 jl+ 4 & Then

i 2053 fl+ak 203 jhdk
’[: — =
D A+ 0+16 V20
Hence, the required equation of the plane is

2 -3 4 6
- Hr— =
(\/2_[ 207 20 J NP
Example 14 Find the direction cosines of the unit vector perpendicular to the plane

Fo61-3 L2kl 00 passing through the origin.

Solution The given equation can be written as

Feol-6i+3 fr2 k1 .. a0

Now 61+ 3 42k 036+ 0+4=10

Therefore, dividing both sides of [1[by ] we get
6 3 2 1
o T AR e
[ O [F+[ J C
which is the equation of the plane in the form 7 -/il=d .

This shows that n'= — E[ A 2[ - % k' is a unit vector perpendicular to the

plane through the origin. Hence, the direction cosines of nlare =6 ,

C

MW

2
L
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Example 15 Find the distance of the plane 2x [0 3y [14z 116 J0 from the origin.

Solution Since the direction ratios of the normal to the plane are 2, [ B, 4[the direction
cosines of it are

2 -3 4 2 -3 4
J2 3044 223t a4 223244’ M o2 Vo
Hence, dividing the equation 2x [13y [14z (06 (J0 i.e., 2x [13y [J4z (16 throughout by

\/2_u, we get

2 -3 4 6
+ + =
NN RN A

This is of the form Ix Tmy [nz Od, where d is the distance of the plane from the

6
origin. So, the distance of the plane from the origin is .

g p g m
Example 16 Find the coordinates of the foot of the perpendicular drawn from the
origin to the plane 2x [J3y 04z (16 0.

Solution Let the coordinates of the foot of the perpendicular [ from the origin to the
planeis (x,y,, z, [0Fig 11.11L]

Z
Then, the direction ratios of the line O[Jare
X,V 2,
P 14
Writing the equation of the plane in the normal (5 )
form, we have |\ V..
2 N 3 v+ 4 e 6 o
207 207 2ot oo VAl
2 -3 4
where, , , are the direction
N200 ~200 200 X
cosines of the OT] Fig 11.11

Since d.c. 5 and direction ratios of a line are proportional, we have

X oo g
2 U3 Ty Uk

NPT ST NG

-3k 4k

2k
ie., O ,y, O 2y =
e N YA RN TR RN T
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6
Substituting these in the equation of the plane, we get & [ FD

2020

If d is the distance from the origin and /, m, n are the direction cosines of
the normal to the plane through the origin, then the foot of the perpendicular is
d, md, ndl]

Hence, the foot of the perpendicular is [;2 ) LS ﬁj

11.6.2 Equation of a plane perpendicular to a 2

given vector and passing through a given point

In the space, there can be many planes that are %
perpendicular to the given vector, but through a given @/ Pixsyoz)
O

pin P( x,,y,, z,[Jonly one such plane exists [see -
Fig 11.12[] .

Let aplane pass through a point A with position

N _ = X Fig 11.12
vector d and perpendicular to the vector N .

Let 7 be the position vector of any point [T, y, z[in the plane. [Fig 11.13[]
Then the point [(lies in the plane if and only if Z

A

AL is perpendicular to N.ie., AL.N[0. But
Al=7—a . Therefore, (F —d)-N=0 O 00 1

This is the vector equation of the plane.

Cartesian form 0

Let the given point Abe [x, y,, z,[J[be [x, y, z[l &

Fig 11.13

and direction ratios of N are A, B and C. Then,

G=x,i+y jrz k) F=xityj+zk and N=Ai+Bj+Ck

Now F AN o0
So [(x=x )i (y=31) P+ (22 )k |- A+ B 4 Ch=0
ie. Ax-x)+B@y-y)+C(z-z)=0

Example 17 Find the vector and cartesian equations of the plane which passes through
the point (3, 2, (4 and perpendicular to the line with direction ratios 2, 3, (1.
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Solution We have the position vector of point (5, 2, [14las G=5/42 j-4k and the
normal vector N perpendicular to the plane as N 12 [ 13 J- k

Therefore, the vector equation of the plane is given by 7 -GN =0

or F—(5 142 fLakil 2 i43 & k=0 . a0
Transforming (1 Cinto Cartesian form, we have

¥ 0504 =204 2+4kH 2 i43 fLk=0
or 2x-5430y-2[+1z+4=0

ie. 2x 03y 0z 020
which is the cartesian equation of the plane.

11.6.3 Equation of a plane passing through three non collinear points

LetR, S and T be three non collinear points on the plane with position vectors @, 5 and
crespectively [Fig 11.14[]

>N

e

The vectors RS and RT are in the given plane. Therefore, the vector RS x RT

X

Fig 11.14

is perpendicular to the plane containing points R, Sand T. Let 7 be the position vector
of any point Tin the plane. Therefore, the equation of the plane passing through R and

perpendicular to the vector RS x RT is
[F—al[RSx RTI 110

or (F—a).[(b-a)x(¢-d)] =0 0 0o
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This is the equation of the plane in vector form passing through three noncollinear
points.

Why was it necessary to say that the three points A

had to be non collinear [If the three points were on the same
line, then there will be many planes that will contain them
(Fig 11.150]

These planes will resemble the pages of a book where the
line containing the points R, S and T are members in the binding
of the book.

Cartesian form Fig 11.15

Let x,,y,, z,l) X,, »,, z,[land [X,, y,, z,[be the coordinates of the points R, S and T
respectively. Let [X, y, z[be the coordinates of any point [on the plane with position
vector 7. Then

RE O3 Ox, (10 G Oy,0f 02 0z,04f
RS U X, Ux L Ly, [ylti 01z, Oz,0f
R_’I‘. [ B-3 ['xl[ﬂ[ 5/3 [yl[} [ Q3 [Zl[]g
Substituting these values in equation [1of the vector form and expressing it in the
form of a determinant, we have
X=X YN I~
X=X V=0 55| =0
X=X V3=V &%
which is the equation of the plane in Cartesian form passing through three non collinear
points (X, y,, z,1, [x,, »,, z,lland [X,, y,, z, [

Example 18 Find the vector equations of the plane passing through the points
R2,5,030)S2, 03, 5Cand T35, 3,030

Solution Let G=2i45j-3k, b=-2i13 jh5k, ¢=5i43 L3k

Then the vector equation of the plane passing through 5z, » and ¢and is
given by
F—a[{[RSxRT! [0  Why[T]
or F—aIb—alxE—all 110

ie. F— 2445 jL3mI4i - Oj+ kx B3iL2 fi=0



THREE DIMENSIONAL GEOMETRY 405

11.6.4 Intercept form of the equation of a plane

In this section, we shall deduce the equation of a plane in terms of the intercepts made
by the plane on the coordinate axes. Let the equation of the plane be

Ax [UBy [1Cz UD 110 [D = 0[] .. A0
Let the plane make intercepts a, b, ¢ on x, y and z axes, respectively Fig 11.16[]

Hence, the plane meets x, y and z-axes at (&, 0, 0[] 4
[0, b, 0010, 0, cCirespectively.

-D R (0,0,0)
Therefore AalIDOor Al —
a
Bb D (10 or B [ - Y
TR 0.6,0)
D P (.0,0)
CclIDOorC Ll —
C .
Substituting these values in the equation [1Cof the Fig 11.16
plane and simplifying, we get
2i2iZ oy .o A0
a b c

which is the required equation of the plane in the intercept form.

Example 19 Find the equation of the plane with intercepts 2, 3 and 4 on the x, y and
z-axis respectively.

Solution Let the equation of the plane be

X, Y. 2
+=+— 11 ..o
a b c

Here all12,b 03, c 4.
Substituting the values of @, b and ¢ in [1[] we get the required equation of the

plane as §+§+§=1 or 6x [14y [13z [112.

A
wh

11.6.5 Plane passing through the intersection
of two given planes

A
N

Let n, and n, be two planes with equations

7-n Ud and 7 -n, [d respectively. The position m, '

vector of any point on the line of intersection must
satisfy both the equations [Fig 11.1T] Fig 11.17
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If 7 is the position vector of a point on the line, then

7-# Ud and 7-n, Ud,
Therefore, for all real values of A, we have
{-+An, 0 L d +Ad,
Since ¢ is arbitrary, it satisfies for any point on the line.
Hence, the equation 7 - [, +Aii, [=d, +Ad, represents a plane m, which is such

thatif any vector 7 satisfies both the equations m, and ,, it also satisfies the equation
7, i.e., any plane passing through the intersection of the planes

7-ny [dand 7-n,=d,
has the equation Fo(ng+ Any)=d + \d, .. a0
Cartesian form

In Cartesian system, let
i, A E4B, jHC k
i, A, ikB, j4+C,k
and 7O szI—y}Zleg

Then [ Cbecomes

XA, [ AA,[0y B, [ AB,[0z [C, [ AC,00d, [ Ad,
or Ax+By+Cz-d)+ AMAx+B,y+C,z-d)=0 .. 20
which is the required Cartesian form of the equation of the plane passing through the
intersection of the given planes for each value of A.

Example 20 Find the vector equation of the plane passing through the intersection of

the planes 7 - @-Plg[=6 and 7 - [21D-3}i+4lé[=—iandthepoint ,1,10

Solution Here, 7, = i+ j+k and i, [ 2/43 %4kl
and d l6and d, 1[5

Hence, using the relation 7 - (7, + A, [=d, +\d, , we get

i A RRAR2E43 j 4k O 6-50

N

or F o+ 200 4+ 30 O+ 40k O 6-54 0 00

where, A is some real number.
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Taking F=xi+y jrzk,we get

X i+ y fr z B4 20 G 430 L 1+ 40K [=6-5)
or O O2A Ty OO O3A0y OO J4A0z 006 T5A
or X OyOzO6 O0OA R2x O3y 04z 05000 . 20
Given that the plane passes through the point [1,1,1]Jit must satisfy [2[Ji.e.

00101 0600ARO3 0405000

e
of 14

Cutting the values of A in [10Jwe get

(EEREIR

10 ~ 23 13 6]

or Fl —i+ = jh—p | 0—
r([ 14P[J 14

or 7206423 jh26k1 060

which is the required vector equation of the plane.

11.7 Coplanarity of Two Lines
Let the given lines be

7 O a +\b, L a0

and 7 U 52+H52 .. 20

The line [1[passes through the point, say A, with position vector g, and is parallel
to l;l . The line [2[‘passes through the point, say B with position vector a, and is parallel
to b, .
Thus, AB [ d,—a,
The given lines are coplanar if and only if AB is perpendicular to 51 xEZ .
ie. AB.[bx by[ [0 or [, d3hxb, 10

Cartesian form
Let (x,,y,, z,land (X, y,, z, [ be the coordinates of the points A and B respectively.
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Leta, b, c, and a,, b,, ¢, be the direction ratios of 5 and b, , respectively. Then

AB= (&, —x, i+ [, -y, [J* (2, -z, [k
b =a i%+b j¥c kand by=a,i+b, e, k
The given lines are coplanar if and only if AB- (51 sz) = 0. In the cartesian form,
it can be expressed as
H=XH T T4
aq, bl q |= 0 ... 4]
a, b, )
Example 21 Show that the lines
- - | -2 z-
x[3:y 1:2 Sandx _Y :25
3 1 5 il 2
Solution Here,x, /13,y U1,z 5, a [J03,b U1,¢ U5

x, D01, y, 02,2z, 05, a, L, b, 02,¢, 15
Now, consider the determinant

are coplanar.

=% =N T34 210
a b q |[=|-3 1 5/=0
a, b, c, -1 25
Therefore, lines are coplanar.
11.8 Angle between Two Planes

Definition 2 The angle between two planes is defined as the angle between their
normals [Fig 11.100alM Observe that if 0 is an angle between the two planes, then so
is 100 00 [Fig 11.10MmM We shall take the acute angle as the angles between
two planes.

angle between the normals
Plane 1 i =[90 — (90 —0)]
o, . :)/-7
S >
/ 90-6 A ‘5,
0 Plane 2 ' 180 -0

the angle between
the planes
(b)
(a)
Fig 11.18
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If 7, and 7, are normals to the planes and 0 be the angle between the planes

F-n Ud and 7.1, =d,.
Then 6 is the angle between the normals to the planes drawn from some common
point.
ny - i,
We have, cos O =

|my | [0, |

The planes are perpendicular to each other if 7, .7, [0 and parallel if

7, 1s parallel to 7, .

Cartesian form Let 0 be the angle between the planes,
A x B,y UCz D, J0and Ax B,y LIC,z D, [J0
The direction ratios of the normal to the planes are A, B,, C, and A, B,, C,
respectively.
A A, +B, B, +C, C,
JAZ+ B2+ CF | AZ+B+C2

Therefore, cos 0 =

1. If the planes are at right angles, then 6 [ [0° and so cos 6 0.
Hence, cos 0 LA A, [IB,B, LIC,C, [I0.

A B
2. If the planes are parallel, then —- = —- = &
A, By, G

Example 22 Find the angle between the two planes 2x [y [12z (15 and 3x D6y (12z 110
using vector method.

Solution The angle between two planes is the angle between their normals. From the
equation of the planes, the normal vectors are

NI 02i4 j-2kand N, =3i-6j-2k

NN || 264 jo2kbiBil6 -2k [iJ

[Ni [N, Ja+1+4 [+36+4 21
4

Hence 0 Lcos ‘(—J

Therefore cos 0 [

21
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Example 23 Find the angle between the two planes 3x [16y [12z [ and 2x 02y 2z [D.
Solution Comparing the given equations of the planes with the equations
A x B,y UC zUD, 0 and A, x B,y LUC,z D, [J0
We get A [13,B, 10006,C [12
A 02,B,02,C 012
3x2 + [F6200+ 2020

cos 6 [
\/(32 w360+ 3283) (22 + 22 +12202)

om0 | s 53
x 243 @3 21
543
Therefore, 0 Ccos! (2—\/1_]

11.9 Distance of a Point from a Plane
Vector form

Consider a point [J with position vector g and a plane m, whose equation is
7-nl0d Fig 11.107]

7 V4
y N
T, )
T,
Q P
P a
P N'
a N’ N >Y
0 YT N 0 1
-t u )
X
(@) X ®)
Fig 11.19

Consider a plane wt, through [Iparallel to the plane = . The unit vector normal to
n,is nl Hence, its equation is [7# — a =0
Le., r-rllla-nl

Thus, the distance ON’ of this plane from the origin is (4 - AlJTherefore, the distance
1) from the plane wt, is [Fig. 11.21 [all]

Le., ON UON'=d Uag-nl
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which is the length of the perpendicular from a point to the given plane.
We may establish the similar results for [Fig 11.10HT]

1. leean eplane 7, is in the form 7N=d ,where N is normal
to the plane, then the perpendicular distance is MD
[N [J

— td
2.  Thelength of the perpendicular from origin O to the plane 7 - N = 4 is K

[Since a 0L

Cartesian form

Let [1X,, ,, z,[be the given point with position vector a and
Ax 1By [ICz D

be the Cartesian equation of the given plane. Then
a xlz[+yl}z+zllg
N [ A i+Bj+Ck

Hence, from Note 1, the perpendicular from [Tto the plane is
(o iy j oz FOOA G B 4 CEI-D |

JRipC |

Axl+Byl+Czl—D|
\/A2+B2+C2 ‘

Example 24 Find the distance of a point [2, 5, 713 Cfrom the plane
Fol6i-3j42k1 04

Solution Here, G =2i{45 j-3%&, N=6i-3 j+2kandd /4.

Therefore, the distance of the point 12, 5, 13 [from the given plane is

12045 j-3k16i-3j+2ki-4  12-15-6-401 13

(6113 jH2 k0 - J36 + O+ 4 C
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11.10 Angle between a Line and a Plane

Definition 3 The angle between a line and aplaneis  Normal—> A
the complement of the angle between the line and Ane

normal to the plane [Fig 11.20L! / 12 £ : /
Vector form If the equation of the line is / 20-0
7 =d+Ab and the equation of the plane is 4 7
7 -7 = d . Then the angle 0 between the line and the Plane
normal to the plane is Fig 11.20
b-ii
cos 0 [ .

and so the angle ¢ between the line and the plane is given by [0 [0, i.e.,
sin [T0 00O cos O

-0
[ sin
Fom |0

ie. sin ¢ [J

b-n
bl
Example 25 Find the angle between the line

x+1 y z-3
2 . 3 6
and the plane 10 x 02y 011 z 3.

Solution Let 0 be the angle between the line and the normal to the plane. Converting the
given equations into vector form, we have

D043 A 2 i3 fh 6k
and 1042 fe11k1 03
Here b O20+3 746k and 7i=10i42 j 114

Ny

N

243 4 6 k1042 f-11 k!
22+ 3246 107+ 22 411

sin ¢ [J

—40 [‘—_D 5L en .l(m
x15| " 21| Doy oretisin o
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EXERCISE 11.3

In each of the following cases, determine the direction cosines of the normal to
the plane and the distance from the origin.

all z 12 MmO x Oy Oz 01
lel) 2x 13y Lz [15 [do 5y 000o
Find the vector equation of a plane which is at a distance of [units from the

origin and normal to the vector 3;4 5 jL 6 k.

Find the Cartesian equation of the following planes]
i k=2 B0 720435 4k=1

e 708 —2t0i4 B—rUj4 2 s +¢ k=15
In the following cases, find the coordinates of the foot of the perpendicular
drawn from the origin.

all 2x [13y [14z (112 [10 B 3y 04z 106 00
lell x Ly Lz 01 [d 5y 0000
Find the vector and cartesian equations of the planes

al]

N

fall that passes through the point 1, 0, J2Jand the normal to the plane is
s

B that passes through the point 11,4, 6Cand the normal vector to the plane is
L2k

Find the equations of the planes that passes through three points.

@i i, 1, 010 6, 4, 050 M4, 02, 30

O 1,1,000, 2,102, 2, 010

Find the intercepts cut off by the plane 2x Oy [z [I5.

Find the equation of the plane with intercept 3 on the y-axis and parallel to TOX
plane.

Find the equation of the plane through the intersection of the planes
3x Oy 02z 04 J0and x Oy Oz 02 110 and the point 2, 2, 11]

Find the vector equation of the plane passing through the intersection of the
planes 7 .[2 /42 j—3k 0=, 7.[2 {45 j+ 3k 0= [ and through the point
2,1,30

Find the equation of the plane through the line of intersection of the
planes x Oy Tz (01 and 2x 03y 4z (15 which is perpendicular to the plane
x Uy [z 0.
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12. Find the angle between the planes whose vector equations are

Fo2i42 j-3k=5and F-3i-3 f45k=3.
13. In the following cases, determine whether the given planes are parallel or
perpendicular, and in case they are neither, find the angles between them.
Al Tk 05y 06z 030 00 and 3x Oy 010z 04 000
B0 2x Oy 03z02 00  and x J2y 05 00
(60 2x 02y 04z 0500 and 3x O3y 06z 01 00
[d0 2x Oy 03z 01 00  and 2x Oy 03z 03 00
el 4x 0y 0zOOO0 and y Oz 04 00

14. In the following cases, find the distance of each of the given points from the
corresponding given plane.

Point Plane
fall [0,0,00 3x U4y 012z 03
O 3, 02, 10 2x Uy 02z 03 00
el 2,3, 050 x 02y 02z 00
[d e, 0,00 2x O3y 06z 02 00

Miscellaneous Examples

Example 26 A line makes angles a, [,y and o with the diagonals of a cube, prove that

4
cos? alllcos? B [1cos? yT1cos? &[] 3

Solution A cube is a rectangular parallelopiped having equal length, breadth and height.
Let OADBFEGC be the cube with each side of length a units. [Fig 11.2100

The four diagonals are OE, AF, BG and CD. Z
The direction cosines of the diagonal OE which

is the line joining two points O and E are UL a)F(O, a, a)
(@,0,4) G
a-0 a-0 a—0 7 E(a,0,0)
\/ 2, 2, 2’ \/ 2, 2, 2’ \/ 2, 2, 2
a“+a +a a“+a +a a“+a +a 5y
O/ "B, a,0)
11 X Aa, 0,0) D(a,a,0)

1
Le., s , 1=
3437 43 Fig 11.21
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1 1 1 1
Similarly, the direction cosines of AF, BG and CD are =, =, ——=[—F,
NEREERENEIRNE

11 d ! L respectivel
=~ b = an = b = b =~ b .
B MR el
Le /, m, n be the direction cosines of the given line which makes angles a, 3, v, 0
with OE, AF, BG, CD, respectively. Then

| |
cosa [E [l OmOn(Tcos B [E[[I[m On]

| |
cosy[ﬁﬂ[m OnlTtos & [Eﬂ[m On0  WhyM

Squaring and adding, we get
cos?a [Icos? B [Icos? y [Icos? &

1
[g O OmOn RO Om OrBF 000 Om On@B 0L Om Ch20

1 4
[g [4H2[m2[n2[[[g fas 2 Om? On? 010

Example 27 Find the equation of the plane that contains the point 1, (71, 2[0and is
perpendicular to each of the planes 2x 13y 02z [J5 and x 02y 3z O]

Solution The equation of the plane containing the given point is

Ax UlI0OBY O100C [z 02000 . ag
Applying the condition of perpendicularly to the plane given in (1 Gwith the planes

2x 03y 02z 05 and x 02y 003z O] we have

2A 03B 02C J0and A 02B 0J3C 00

Solving these equations, we find A [0 15C and B [14C. Hence, the required

equationis

U5Cx 01004 C w D100CEz 02000
ie. Sx 04y Oz O 0
Example 28 Find the distance between the point (6, 5, [Tand the plane determined
by the points A 3, (11, 2B (5, 2, 4Cand C11, (01, 67J
Solution Let A, B, C be the three points in the plane. D is the foot of the perpendicular
drawn from a point [Jto the plane. (D is the required distance to be determined, which

is the projection of Al on AB x AC.
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Hence, D [the dot product of AL with the unit vector along AB x AC.

So AC U3 46 jf+ Ok
Py

and AB x AC 0| 2 3 2| =12i-16/+12k
4 0 4

Onit vector along AR R[3ﬁ4ﬁ+3é

ni1 T alon - ==

vector along % Ner
Hence D 0 Bik6 f+ Dkl 3’;_4—}:%
e
3434
O

1C

Alternatively, find the equation of the plane passing through A, B and C and then
compute the distance of the point [ from the plane.

Example 29 Show that the lines
x—a+d _y-a z-a-d
o-290 o o+90

x—-b+c y-b z-b-c
and O = are coplanar.

B—vy B B+y

Solution

Here x, Uald x, Ubllc
y,Ua y, b
z, Ualld z, Wb lc
a, o 18 a, B Ly
b, U a b, B
¢, Jalld c, B Ly

Now consider the determinant

X=X, Vo=V Z,—Z b-c-—a+d b-a b+c—-a-d
a, b, a | o o—90 o o+0

a, b, ¢ B-vy B B+y
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Adding third column to the first column, we get
b—a b—-a b+c—-a-d
2| a o o +90 o0
p p P+v

Since the first and second columns are identical. Hence, the given two lines are
coplanar.

Example 30 Find the coordinates of the point where the line through the points
A 3,4, 1Tand B3, 1, 6 crosses the XY-plane.

Solution The vector equation of the line through the points A and B is
FU3ER 4 fl k005 30+ 01— 40+ 6- 10k |

ie. FU3IW4 fleklen i3 jusk . 0
Let Obe the point where the line AB crosses the XY-plane. Then the position
vector of the point [is of the form x 7 4+ y j

This point must satisfy the equation 11[J  [Why [T]

ie. Xty j O B2+ [4=-300H (M +5A00k
Equating the like coefficients of i, jand &, we have

xO302A

y 403 A

00105A

Solving the above equations, we get

13 23
x—and y=—
5 5

13 23
Hence, the coordinates of the required point are (? 5 OJ.

Miscellaneous Exercise on Chapter 11

1. Show that the line joining the origin to the point 12, 1, 1[is perpendicular to the
line determined by the points 3, 5, 010)4, 3, 011

2. Ifl,m,n andl,m,n, are the direction cosines of two mutually perpendicular
lines, show that the direction cosines of the line perpendicular to both of these

are my ny —my my, m L —nyly, Lmy—Lmy
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3.

10.

11.

12.

13.

14.

15.

16.

17.

MATHEMATICS

Find the angle between the lines whose direction ratios are a, b, ¢ and
b Ue, ¢ Ua, a Ub.

Find the equation of a line parallel to x-axis and passing through the origin.

If the coordinates of the points A, B, C, D be 1, 2,30J4, 5, [T, 4, 3, J6[and
[2, [] 2[respectively, then find the angle between the lines AB and CD.

-1 y-2 z=3 x-1 y-1 z-6 .
= = and = = are endicular,
-3 2k 2 3k 1 -5 perp
find the value of £.

Find the vector equation of the line passing through 1, 2, 3Cand perpendicular to

the plane 7. (442 jL5 ki 1=0.
Find the equation of the plane passing through (4, b, cCand parallel to the plane

Pl k=2,
Find the shortest distance between lines 7= 6 {42 j4 2 k4 A 12 j4 2 k!

and 7 =—4i- k4+p B2 j-2kL.

Find the coordinates of the point where the line through (3, 1, 6Cand 3, 4,10
crosses the Y +plane.

Find the coordinates of the point where the line through 5, 1, 6Cand 3, 4, 10
crosses the "X-plane.

Find the coordinates of the point where the line through 3, 04, 050and
2, 03, 1crosses the plane 2x Oy Oz 00

Find the equation of the plane passing through the point M1, 3, 2Cand perpendicular
to each of the planes x [12y [13z 5 and 3x 03y Oz 0O.

If the points 1, 1, pfand 13, 0, 10be equidistant from the plane
73144 f-12 k% 13 =0, then find the value of p.

Ifthe lines =

Find the equation of the plane passing through the line of intersection of the
planes 7 - [ j L ki=land 7-2ik43 = k4 =0 and parallel to x-axis.

If O be the origin and the coordinates of [Ibe 1, 2, [13[Jthen find the equation of
the plane passing through Jand perpendicular to O[]

Find the equation of the plane which contains the line of intersection of the planes
FolUd2 j4+3k-4=0,7-2i% - k(+5=0and whichis perpendicular to the
plane 7. 51@.3}2_61@[4_ [1=0.



18.

19.

20.

21.
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Find the distance of the point 1, [J5, J10from the point of intersection of the
line 7 =2i- j42 k%A B3ik4 /42 klandtheplane 7-FL ji4 k=5,

Find the vector equation of the line passing through M, 2, 3Cand parallel to the
planes 7- - j42k=5 and 7- Bik j4k(=6.

Find the vector equation of the line passing through the point 1, 2, [J4Cand
perpendicular to the two lines[]

x—0 y+10 z-10 x—15[y—2[_z—5

= d
3 —l6 s 0 s
[rove that if a plane has the intercepts a, b, ¢ and is at a distance of p units from
. 1 1 1 1
the origin, then — + — + — =—-.
a b c p

Choose the correct answer in Exercises 22 and 23.

22.

23.

Distance between the two planes2x [3y 4z (4 and 4x 6y Oz 12 is

. 2 .
[A 12 units (B[] 4 units [CO Cunits (D] — units

Jar

The planes2x [y [4z 05 and 5x [02.5y 10z [J6 are

[A[] Cerpendicular B[ Carallel
. 5
[CO intersect y-axis (D[ passes through (0, 0, Zj
Summary

Direction cosines of a line are the cosines of the angles made by the line
with the positive directions of the coordinate axes.

If [, m, n are the direction cosines of a line, then > [Im? [1n? (1.
Direction cosines of a line joining two points [[x,y,,z [and [Ilx,, y,, z, [ are

Yo =X Vo=V 2%
b b

N g N

where [1 [0 \/Dcz _xlﬁ + _ylﬁ +(Zz _21)2

Direction ratios of a line are the numbers which are proportional to the
direction cosines of a line.

If [, m, n are the direction cosines and a, b, ¢ are the direction ratios of a line
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then

C

a b
I0DF———ml 77—zl 777
Skew lines are lines in space which are neither parallel nor intersecting.
They lie in different planes.

Angle between skew lines is the angle between two intersecting lines
drawn from any point [preferably through the originparallel to each of the
skew lines.

If /,,m,n and [, m,, n,are the direction cosines of two lines[and OLis the
acute angle between the two linesthen

cosOLIL! (L1, Umm, nn, Ll
Ifa, b, c and a, b,, c, are the direction ratios of two lines and 0 is the
acute angle between the two linesthen

a a, +b b, +¢ ¢,
\/alz+b12+cl2 \/a§+ b + c;

Cector equation of a line that passes through the given point whose position

cosOL]

vectoris @ and parallel to a given vector p iS 7 = G+ A b -
Equation of a line through a point (X , y,, z, Land having direction cosines /, m, 1 is

NN VT 2T

[ m n
The vector equation of a line which passes through two points whose position

vectors are @ and b is F=a+ A b —al.
Cartesian equation of a line that passes through two points [x,, y , z, [and
. I S IS St I

B=a8 NH=h HTEH

X, ¥,, z,[is

If OCis the acute angle between 7 =g, +1b and 7 =d, +Lb,, then

cos0= #bl'bi
, LLb,
X h _YTh _Z74 and N VTV E T
[, m, n, I m, n,

are the equations of two lines, then the acute angle between the two lines is
given by cos O L[ Lim m, [n n,L]
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Shortest distance between two skew lines is the line segment perpendicular
to both the lines.

Shortest distance between 7 =g, + A b and 7 =a, +p b, is

a, b, C

X=X VY= Z—Z .
= O] 18
a, b, ¢

a, b, (%)

\/U)lcz — by, 3 + [&a, —c,a, 3 + [ayh, —a b, [*

Distance between parallel lines 7 = a, + Ab and 7 = d, + 1 b is

b x [, —d,
b O

In the vector form, equation of a plane which is at a distance d from the

origin, and 7Jis the unit vector normal to the plane through the origin is
Fonk=d.

Equation of a plane which is at a distance of d from the origin and the direction
cosines of the normal to the plane as /, m, nis Ix Omy Onz Od.

The equation of a plane through a point whose position vector is a and

perpendicular to the vector N is [ — g (LN =0.
Equation of a plane perpendicular to a given line with direction ratios A, B, C
and passing through a given point (X, y,, z, Lis
A @ Ox,00B 3 Oy,00C 2 Oz, 000
Equation of a plane passing through three non collinear points (X, y,, z, L,
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X,, ¥, z,land [x, y,, z,[is
X=X Y= Z-Z
X=X =N %724 o
X3 =X Vi= )V 23— %
Cector equation of a plane that contains three non collinear points having
position vectors a, band¢éis (F-aO.0b—alx (€ —-a =0

Equation of a plane that cuts the coordinates axes at [a, 0, O] [0, b, 0CJand
[0, 0, cLis

Cector equation of a plane that passes through the intersection of
planes7 -7, =d, and ¥ -, =d, 1is ¥ -, +An,[=d, + hd, , wherelAlis any
nonléro constant.

Cartesian equation of a plane that passes through the intersection of two
given planes A x /B, y L/C, z D, [J0and A x B,y LUC,z D, [10

is A x OB, yOC, z0OD,O0AA, x OB,y 0OC,z0D,000.
Two lines 7 = G, + M;l and 7 = @, + ng are coplanar if
(G, —d, 3 xb,[ 00
In the cartesian form above lines passing through the points A [x , y , [;[and

B &,,y,,2,!
. . X=X W=V %%

_ YUY, zZUzZ, .

T ¢ are coplanar if 4 b < | oo.
2 2 a, b, )

In the vector form, if OLlis the angle between the two planes, 7 -7, =d, and
[n, - n,

T,

The angle ¢lbetween the line 7 = + Ab and the plane 7 -i'=d is

7-n, =d,, then 6[1]cos"
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b-n

(B (TR
¢ The angle Olbetween the planes A x /By [IC .z [ID, [0 and

A x 1B,y [IC, z 1D, [10 is given by

sin ¢ =

A A, +B, B, +C, C,
JA? + B2+ C (A2 + B2 +C

cos O [J

& The distance of a point whose position vector is a fromthe plane 7 -#=d is
ld —a-nl
¢ The distance from a point (X, y,, z,[to the plane Ax [I1By [/Cz [ID [0 is
Ax, +By, +Cz, + D
\/ A% + B* + C?

\/
—_— Q‘Q_



