aftryr Gt i fgerdta wrfietor

(Complex Numbers and Quadratic Equations)

¢ Mathematics is the Queen of Sciences and Arithmetic is the Queen of Mathematics. - GAUSS *%*

5.1 yfuert (Introduction)
foresedt wansti o 91 T 3R < =R H1 Teh S GHIHLON o1 qe Teh =) 1 TgEdd THieRon o1 S1eem
fra B1 B9 2@ © T FHIe0 a2 + 1 = 0 1 1S ariiesh gal el € ik 2+ =08 8 =1 W=
B € SR Yk ordtaeh GEA 1 o Uil Bl @ SEie ordtaeh SEA YUNel! %1 9 YUnell o &9 §
qGH T AEYTRAl © TG R g0 TR0 2= — | 1 T W< FR Goh| Gdd H, G ILIT THHT ax?
+bx+c=0 F A UG F 8, &l D=5 — 4ac <08, S ar&dfers demnai
F1 goelt § Hwa & 2

5.2 wftmst @@t (Complex Numbers)

TH Hew H R /2] Hohad | U e €1 9@ 7 i = -1 9 B 81 3w aed

? T i, Tl 2+ 1 =0 &1 TH & 2l

a+ib % ST H Tk & SEl q AN b ardfas e ©, Th Wimy e
_1 .

TR F T ST F AT, 243, (- 1)+ i3, 4+i(ﬁ)*¢qau’1§qﬁ

&

iy WM z =a + ib & AU, ¢ ARCfaeR AT wEA @ 991 Rez N W.R. Hamilton
Frefid e STt @ 3R b Shieufer W el € 92 Imz g1 et feman s (1805-1865 A.D.)
T R % T, Al 7 =245, 79 Rez =2 3R Imz =5 TS F&AW z =a +ib TN 2z, = c + id TAH
g =g a=c3b=d
SEETOT 1 A dx +i(3x—y) =3 +i (= 6), F&l x 3N y aAr&dfesh AW €, q9 x 3 y 1 Hifsw
T o fan @
dx+i(Bx—-y)=3+i(-6) .. (1)
T SR o adfaeh 9l Shiedieh A ! HHH ofd gU, B W e €,
4x=3,3x-y=-06,

= FT9q 8 FH |/, x=%3ﬁT y=37?

5.3 wftmsr GEnet st sterTuta (Algebra of Complex Numbers)
39 9 H, BH Wiy Fensi o e o1 foaehe s
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5.3.1 g |fmer, &Irel &1 9T (Addition of two complexnumbers)ﬂﬁ(z]:a+ib3ﬁ'{ z,=c+id K
T wimy Fead €1 T 7, + 2, % AW &I FEfafed w9 9 gk e s e
2, +5,=(@+0)+i(b+d), S fF T: TF 9wy Ten 2
TR o T, 2+3)+(—6+i5)=2-6)+i(3+5)=—-4+i8
iy " o 4 Frefatad won s g w1 €
() Wawe fram 3 |imy Temsi &1 Amea T 9y 9 e ¢, a9 wfmy gemnst )
T 7, o U, 7, + 2, TF WA HEA T
(i) =Hm fafma fram f6=1 < wftng gemst ¢, qen ¢, o fag
Z]+Z2=Z2+Z]
(i) \rgerd fram fH=l dF |y gemst ¢, z, a9 2, & fag
(z,+2) +2,=2,+ (2, + 2.
(iv) GRS THF T ST Ay T 0 +i0 (0 o g <091 Sl ©), AcHeh qoHeh 1o
I dftmy e wEan ¢ oo fF 9 afmy 9o 2,0+ 0=z
(v) TN Flaeq & e Uois s W& z = a + ib, o fau g9 |fmyg 9 &1 —a + i(— b)
(— 2o G <M Sl ) Wi Biel &, Siifeh AIeneh Gideld S7efel z %1 S0 heardl 21 gq Hiem
H € T 2+ (2) =0 (ANTCHS qEHH)|
5.3.2 3T Qftasr & &7 AW (Difference of two complex numbers) Tl T aftmy et Z, AR
ZZWWZI—ZZWW@[WF{WWW%:
2, -2, =2, + (~2,) SN (6 +3i)—2-i)=(6+3)+(2+) R 2-i)+(-6-3i)=—4—-4i

5.3.3 qftgsr Q&3 &1 TUTT (Multiplication of two complex numbers) |1 NS Z,=a+ib T z,=
¢ +id FE I TEg T@ ¥ 7@ PEEA ¢ .z, FEfafed 9 9 affa s e
z, 2, = (ac — bd) + i(ad + bc)
IR o AT, (3 +i5) 2 +i6) =(3Xx2-5%X6) +i(3X 6 +5x2) =—24 + 28
aftny genetl & oF w1 Ewa o frefatag o e g
() Hower frem 3 wfmy wemst &1 UMEE, Th 9y el B €, 9 6 gensd ¢, qen
z, % o, NEA z,, z, T WEY FE@n B 8
(i) wra fafma fram =1 < wftng gemst ¢, den ¢, & fo,
7,2,= 2,72,
(iii) wEed frem fF=el 3 afmyg gemst ¢, ¢, a9 2, & fag
(z,2,) z,=7, (2, 2)
(iv) T[UTIcHeh Tedeh oAt T TSl &A1 1+ 0 (1 o SR ST Sl §), TUTTeHeR qedweh 12al
Tehel WIS W@ Fead © food for goish afmy g ; o fow 2.1 = ¢
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(v) TR Ufaed it 3T Uois YRR i s 9@l z=a +ib (a#0, b= 0) & fau, g9 afms

b1
e azj-b2+la2+b2 ( e 2 o GRS S €) W el ®, z 1 Ol Wil

e 8 foad fm z%:l (T[UTTCHe: dcdHeh)
(vi) s Tram fo=l IR @ftmy gemsdi ¢, 2, z, o fau

@ z,(z,+z)=22,+72 2
d) (z,+2)2,=2,2,+2, %
5.3.4 T WANST W& T 9TTE (Division of two complex numbers) Tl g <t e afmy ges z,

- ¥4 ¥4
T 2, % fo, Wl 2,20, Aw - FreAfafan R d i e e =g

¥ V)
3T % fo, W fen 7, =6+3i 3 z,=2-i

&

teorwest) - [y
= (6+3i)(2;ij

= é[12—3+i(6+6)] :%(9+12i)

5.3.5 i &1 @I (Power of i) &9 o © :

P =iti=(-1)i=—i, i4:(i2)2:(—1)2:1
15:(12)212(—1)21':1 16:(12)3:(—1)3:—1 AT,
RS O N AP B
Tl R T SR W W S € o =oxo=—=oh = g=—=-]
,“3:1:L i:i':i i*‘:i:lzl
PP 1 it

l
M &9 9, e quie ko T, i =1, % =g, 2=, M =

5.3.6 T& HUT qIEdlas & & El"fEI\FI' (The square roots of a negative real number)
M@ 2 P=—13R (—ip=pf=—1.39C — 1 o ot ; 3R —; &

REIERER] J=1, 1 ¥ gAR e ohere i B

39 B 3@ Tk & TR i 3T —i T THIHT 24 1= 0 32 2= —1 & T &

T YR, (\/51')2:(\/5)2 P=3(1)=-3
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0 (—\/51')2 = (—\/5)2 P=-3
Eii ~3% wigd /3 i #R —/3i T
B Q@ et 37 1 <UE % faq € w3 1 W@ fRE s @, sl (3 = 30
T A% o TH UAIHE IR §@ §, T8 A—q = Ja =1 = Ja i,
B S € T qft oeieneh ardfaesh §@et a 3R b o U Jax/b=-Jab F€ IR0 qa ot T e, 5|
a>0,b<0TMa<0,b>0.
0 B 2 9K a<0,b<0, T THHT ST HW T
Fe FTT R 2= V-1 V-1 = J(~1)(=1) =1 =1 SifF 38 o o1 fo@enam € f&F 2=-1
AT, JaxJb#Jab AR a AR b A Fo1 IRdfad g@nd F
M AR g 3R b A & A I off YA T, 79 WL T Y Juxb=vab =0

5.3.7 d@mas (Identities) &9 Trefaiad qeame i fag wid
o=l witng Hems ¢, ﬁ?zz%m
(z,+2,)= z}2+z>+ 222,

suuf BH WW B R, (z,+2,)2=(z,+2,) (z,+2,)

(z, + 2,) 2+ (z, + 7)) z, (FeA T=m)

2 2 az—,_l- ﬁ-q-q
=271 +2,70 202, + 25 ( )

= 22+ 2, + 52, + 22 (oA k1 A fafrea fEm)

2t +22,2, + 25
T ifq en frefofed dame! =1 fag #T g o
i) (z-2) =222z 2+2
(i) (z+2) =24 +3z45+3723+2
(i) (z,-2,) =2 —3222, +322% - 23
(V) 2 -z =(2+2) (2 - 2)

arerd ¥ 9gd ¥ TR dcqTR! 1 Sifeh gt arfas gemet & fau g 7, gt aftny gemet w1 g

& fou fag fFan <1 g 2
sareor 2 frafafed il a +ib & €9 H =R HL:
NGy 1.y
(i) (—5’)(§lj i) (=) (2i) (_glj
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SEETOT 3 (5-30)° Sl a+bih 9 H K Hi:

T BH W B, (5-3i) =5 —3x 5 x3i)+3x%x5 3P - (3i)
=125 225i— 135+27i =— 10— 198i

warerr 4 (—B3+4=2)(2V3-i) F a+ ibF w9 H wE F

T BH W © (—\E+\/3)(2\/§—i) =(—\/§+\/§i)(2\/§—i)

= 6+-3i+2J6i—2i% = (—6+\/§)+\/§(1+2\/§)i

54 Wimy W& W WU 37 'HW (The Modulus and the Conjugate of a Complex
Number)
M hT 2 = ¢ + ib TF Ffws G&A B1 7 ¢ KT A, S | 2 | GRT WA S €, k1 FOL STEdfas G

Ja? 1p? B fenf foen S @ evefd Iz 1= f,2 2 R o WA, Sz g Swien S @, Wiy wen
a—ib¥@ T, FAA 7 =a—ib

SR o TAT, [ 347 [=3+17 =410, | 2-5i =422 +(-5) =29,

S 34i=3—i,» 2-5i=2+5i, 3i—5=3i-5

B9 Uferd hed € fop SRORR WA W& 2 = g + ib 1 ONHSE Ffdad™

1 a . -b a—ib z
-1 — - = 2 2+l > 5 = ) , =
a+ib a +b a +b a +b |z
— 2
SR 27=|z|

sy fereel <1 Wiy wemsti ¢, Td 7, % fou Frafafea freest w1 gmaa 9 o= e s w2

|2,%ﬁT%

. e

(@ |Z1 Z2|=|Z1||Z2| (i) Z _|Z2 ,qﬁ:\'|zz|¢0
(i) z27,=2 2, V) ztz,=5%2

) (;—;};—;aﬁ: 2, %0,

JEMEOT 5 2 — 3 1 TUNcH Gfaei™ Hd Sife)
T HA fern z=2-3i

Tz =2+3i 8% | [ =22 +(-3)>=13
AN, 2 — 3/ 1 UM Gfaa

7 243 2 3
= =+ i T 2|
|z} 13 13 13 o

1 =




wftny Hed o fgerda g
TR fean o W v Frefafed @0 9 off @ st g 2

1 243 _ 2430 _243i_2 3.
2-3i (2-3)(2+3i)  2°-@Gi* 13 13 13

7=

3aEI0T 6 fr=fafad &t a + ib & ®9 | FHd B

L 5+2i s
O 7 (i) i

5420 5+\/§ixl+\/§i_ 5+52i+2i -2
OO T TV e - (V2i)

_ 3+632i _ 3(1+24/2i) 1423
1+2 3

yyaet 5.1
YT 1§ 10 % bt AEY TS | Yd® &l a + ib & ®Y H e hifq|

(Si)(—gij

4. 37 +iH+i(7+i7) 5. A1-)-(-1+1i6)

o) o [ Bpe2)

3 3
8. (1-0* G+3ij 10. (—2—%1‘]

T 11 ¥ 13 *I 9wy denel § gds &1 ONHs Jidel™ 1d hifs)|
11. 4- 3i 12, 543 13. —i
14. fr=fafgd =S &1 a +ib o ®9 § =F HifSC:
(3+iV5) (3-i/5)
(V3++2i)-(V3-i2)
5.5 3mmie et 31X a}ﬁ?:[ T%=uuT (Argand Plane and Polar Representation)

.9 .19 .—39
1 +1 3. 1

[S=Y
i

<
.

e

87

St foh &1 weel W € Sd ® TR ardfaes gE@me (x, y) % Yok shidd g o S, B0 X Y aa | < IReiie
o et o Hed H = x— o181 y — 3181 gR W1 W €, Uk Afgdia f6g wred g @1 stefq |y e
X + iy 1 S T T (x,y) & W4 B, o | T Afgdid 65 (v, y) & ®9 § Sfada fregor fepan s denan

21 9% FeA facimd: 9 7
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S WA TSt S 2 + 44, ~2 + 30, 0+ 17, 2 + 07, -5 —2i 31K 124 ! Sifeh sfird i (2, 4), (-2,3), (0,1),
(2,0), (-5,-2) ¥R (1,-2) = &d €, eMepfa 5.1 ¥ figafi A, B, C, D, E @R F gN sficdta oy fapan e 21

D(2,0)

® E (-5,-2) ®F(1,-2)

v
3TTeRfd 5.1
ad, fod v fog 1 % 9wy e gu fAide
fepan T B, Wiy q@ = Al qel sHee 8
3Mfe qa § A\ 9&A1 (x + iy) 1 A& 195 P(x,y) ¥ 7d
fiig 0(0,0) % o= ®1 0 gR W Bl & (SMHf 5.2)1
X318l W Tag, wiwmy et o + 0 9 o G e 2
3R y—e1e1 W o3, Gftms Gemet 0 + ib ®9 & @ € 2
amfe qa W x—37e1 3R y-3fe] HEW: oo el 3R
HeulTeh 3781 Hean &

anfe qet § WY W& 7 = x + iy AR SHHT T 7 =
x—iyaﬁﬁg?:ﬁ P(x, y) ﬁTQ(x,—y)aggmﬁKﬁﬁWW
B st o 9, g (v, —y) dfaen 31et o wel 16 (x, )
1 o1 fdfsia e © (STHfd 5.3) 1

o) P(x,y)
3 xY
+
X € o > X
(0,0)
3TTeRfa 5.2
P(x, y)
X € >X
Q(x,—y)

3TTeRTd 5.3
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5.5.1 W& @AHST T&T & gaﬁ'q %9t (Polar representation of a complex number) ¥ T f5g P

SRR GHY W& z=x + iy 1 (760 @l g1 9 o6 e tews v
OP %1 @l r ¥ 3R @ 98 10 & S OP, x—31&1 &1 A faem o A P(2)
Y S R A

W &M 3 o Parafas Sensti & wigd I (r,0) ¥ sifgda
w9 ¥ fruifa fomean s €1 (r, 0) fog P o eeia fdene @eand © x € 5 0 >X
steRfa 5.4 3fEml
&0 qot fog 1 ya aen x—o1e 1 ¥F e & yrfus @ A )

el x=rcos®, y=rsin @ I FGAT 7= r (cos 0 + i sin ), T Vv
HEN 1 Yol T FEAM €1 Tl p=\[x? +y? =|z| B ¢ F1 AF Fed Y
& 3R 0, Wity TN 1 FIUME o1 AT FHeeldl & 9 HI0sh z o FH 5.4
Frefra g 21

ot dfms @ 220, 020 <21 & 0 1 ohael WH H7d 21 R oft, 21 Y @ o fopelt T,
3T o foIU, 32T o AR W —n< < 1t 39 YR 1 T aUel 8 Ghdl 21 89 0 &1 t&r 7, fad
FF-n< O< T, 7 I YEA JEM Fecldl € 3R arg z 9 Fefyd fFan s 21 anepfa 5.5 @i 5.6 f@m)

TR 5.6 (—T<O<T) P(1,43)
SR 7 Wi S z=1+iV3 & e ' § fef st /5)

Bl HMAT I:rcose,@:rsine
Tl T T A HLeh IR Sed W B W €,

r? (cosz(9+sin2 9)24 3‘"?'-% 57
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ot r=+/4=2 fasst &1 &, r>0)
Zqfee cos@zl, sinezﬁ

2 2
T8 U Bl © e=§

Tfey eTuferd yeta w9 z=2(cos§+isin§j
gftny em ge %1 epfa 5.7 | <witar w2

. 6 L.
SEE0T 8 EiHy gen 1+i\/§aﬁgﬁﬂﬂwﬁ“@‘¢ﬁrﬁﬁaﬁﬁml

. ~16 16 1-i3
gii:q e = X
e 4 & wA 1+i3 ~ 143 1-i3

~16(1-iV3) _—16(1—1‘\/5)

1-(i3)’ 1+3

= —4(1-i3)=—4+i43 (smHfa 5.8)

AT —4=rcosB, 43 =rsin 6

FH SR o Feeh S g T T W B € 16 + 48 = - (cos’0 + sin’0)
feg g9 o B ®, 2 =64, eid r=8

1 2
ggferg, cosG=—5, sin 6 =§ O:n—gz?n

21 2
— 8| cos—+isin—
S R ( : 3j

| worereRt 5.2 |
e 1 9 2 % Wiy Gemsti § Y 1 "diH SR hI0E A IS

1. z=-1-i3 2. z=— /3 +i
U9 3 W 8 d% Afmy Hemel § Udd i ydid ®U H ® AR i
3. 1—i 4. —1+i 5. —1-i

6. -3 7. 3 +i

P(—4,443) X
0
X’ o
Y/
3TTeRfd 5.8
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5.6 fgarda wHieIuT (Quadratic Equations)

=8 Teot & fgurdia Tt & 9N SHEW © SR g S arkdfas Semel o g o 31 feafaat o
B e & el fafaesit > 0 21 or@ eq ffataa e g & ar § foar & 28
m2+bx+c=0ﬁﬂﬁa,b,calﬁﬁa?wg3ﬁ'{a¢0

= ST 6 52— 4ac < 0

T WA ® T &0 afty gemstl o qgeaa § Huns adfas gemnsti o avige e ehd € safan

2 7 .
ST AR o B WY HEmsH & Ugead ¥ § Siifh x=_bim :‘bim’ S s

2a 2a
B 2l

@ fToull T/ W, FBF A AR A & A Sgw @i, fF et weiwn 7 fha g si? 3| wed
¥, frefafad v %1 Seer@ (fomr 3Tufa) & fovan T 2 o Somford &1 got 799’ & &9 § S S
2

“Tsh 9gUE THIHIUI T HH W HH Th gl Bl 2

T Y9I o Thoraey g1 fEfafed Tewgel 9Rom ) w@ed €
“n WG T T SIS WHIHOT W n gel B 21"

3IETEITT 9 X +2=0 F TA FHIC

Tt TR T 242=0

a0 xX*==2

dAq x= V-2 = £2i

FEATETOT 10 2+ x + 1=0 & TA HIT

TA T B—dac=1"—4x1x1=1-4=-3

—11\/3=—1i\/§i%.

2x1 2

SEETOT 11 557 4 x++/5=0 F 7A@ FIfST

Tl T&l, TR T fafasdd 12 —4x5x/5 =1- 20=—19 2l
—1£4/-19  —1£+/19i

AN, 3Hoh B x =

zEfery = 2

T 25

frefafad aieol § ¥ g &l g Hifed;

1. ¥*+3=0 2. 2% +x+1=0 3. X*+3x+9=0
4. —xX*+x-2=0 5. ¥*+3x+5=0 6. ¥*-x+2=0

7. 2x2+x+2=0 8. Bx2=V2x+3J3=0
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9. x2+x+i=0 10. = +1=0

N N

Tafaa saETT

(3—2i)(2+3i) L
SERT 12 T on0s) HgrHt Ad hifSu)

(B3=20)(2+3i)) 6+9i—4i+6 12+5ix4—3i

T 04200 2-i) T 2_irdit2 4430 4_3
_ 48-36i+20i+15_63-16i _ 63 16.
B 16+9 25 25 25
(3=2i)(2+3i) 63 16
. 63,16
(720)(2—i) T 8T, 55t 550 @
saretor 13 fefatad aftry genst o1 Jdis U6 Shivne [ SIS
1+ L1
® I-i i 1+i

. I+i  1+i 1+i 1-1+2i
TATH W ¥, ——= —ox— = L i=04+i
1-i 1-i 1+i 1+1

3, 0=rcos0, 1=rsin®
Tl IR ot Yok S gU W W Bl ®, 2= 1 37U r= 17

cos 6 =0, sin0=1
i, ezg

L+

l_iwmléawmg%ﬁw

1 1—i 1-i 1 i

) 14 d+nd-i 1+1 2 2

1
M i E:rcos@,—

q (i) 1 e 89 I H ©,

ER DI

=rsin©

N | =

-

1 o
r= R COSG:E’ sin O =

a
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1 . 1 . —T
o P eI I 2 2l

a+ib

IETET 14aﬁx+iy=m%aiﬁqges°rﬁmﬁﬁx2+y2=1

=5 5 - (a+ib)(a+ib)  a’-b’+2abi az—b2+ 2ab
FATHNAE, Y4 D= (b a+ib) T a0 T @b db

i

. a-b’ 2ab .
R O

i L . . (aZ_b2)2+ 4a2b2
s-g-” l X +y —(x+ly)(x_l)7)— (a2+b2)2 (a2+b2)2

(a*+b*)*
T @+b)? T
IEEYT0T 15 O ] aidfdes A 9dREy, Sdfh

3+2isin0
1-2isin0

s ardta® el

) 5 3+2isin0  (3+2isin0) (1+ 2isin0)
FT TR, TT0r0in0 = (1— 2isind) (11 2isin0)

3+6isind +2i sin0 — 4sin0
1+4sin%0

3—4sin’0  8i sind
= .2 + .2
1+4sin“0 1+ 4sin“0

fean gen ® for @fms den aradfas 2
8sinf )
gHfeT |+ 4sin%0 =0 3194'T?L sin6=0
3d 0 = nn,ne Z.

ST 16w wen  c=—— % g e e Fi

COS — +1isin —
3 3

, i—1
T BH UMW R, z= 1+£i
2 2

93
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2(1 1) 1— fl 2(i+\/§—1+\/§i) _\/3_1 . \/§+1i
TN N 1+3 S22 2
A eifee \/gz_lzrcose, \/§+1:rsin6
A 3R A e, Sied BT BH Wi el g,
(V-1 2+ B+1) 2((@)2+1j ol
|2 2 | = 7 == =2
37T rzﬁgﬂ'ﬁ
IR SNNCES |
cos@—ﬁ, s1n6—ﬁ§mﬁ%ﬁ'cﬂ%
sgfern 0= T (i 9y
4 6 12
a7, \/E(cosi—zﬂ s1n—] el g &Y 2l

T 5 yT fafaer goaraet

2573
1. {i‘%@] } %1 HH G St
2. fedl @1 wfms Hemstt z, 3 7, & fou, fag wifsw:

Re (z, z,) = Rez, Rez, — Imz, Imz,

1 2 \(3-4i .
3. (1_41.—1“](5”] 1 Hh &9 H Refdd iy

a’+b?

i fig Fif e (F42) =

4. A x—iy=

5. ﬁwﬁf&aﬁ%ﬁawﬁwﬁaﬁﬁﬁm:

A+7 1430
0 (2 ) 1

YT 6 9 9 H T T Y THIRIOT ki €A hifoC:

3
6. 3x2—4x+?=0 7. x2—2x+§=0

8. 27x*—10x+1=0 9. 21x* —28x+10=0
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11.

12.

14.

15.

16.

17.

18.

19.

20.

. gf\s e

¢ T I 9fHs &M z=a +ib (a %0, b= 0) % fau, e wfws e

wftny Hed &R fgerda aie

‘ ‘ itz +1 _
A 7, =2—i,z,=1+1i, P 1 AE Hd Hif)
2 2 2
x+i (x"+1)
?Tﬁ%'a+ib=( 2),fe:ga$rﬁmﬁ5,a2+b2= 3
2% +1 (247 +1)

Az, =2—i,z,=-2+i, 7 &1 41 Fepfer

o) Re[@j (i) Im[i_j
7 4%

1+2i
1-3i

A (x —iy) (3 + 5i), 6 —24i 1 T T A SRtash GEAW x 3R y A€ HifoT

1+i 1-i

=i 1+i 1 Al Ad HifTq|

1 HIGleh 3R HI0TH G TS

A (x + iy)} = u + iv, T T fH %"‘524(762—)’2)

B-a

1—ap| 1 9H 3@ SIS

At o 3R B iy Ay wed € S || =1, @
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