Integral
Chapter Calculus

It is worth noting that the notation facilitates discovery.
This, in most wonderful way, reduces the minds labour.
- Gottfried Wilhelm Leibnitz
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11.1 Introduction

Gottfried Wilhelm Leibnitz (1646-1716) and
Sir Isaac Newton (1643-1727) independently
discovered calculus in the mid-17th century. Leibnitz,
a German philosopher, mathematician, and political ;
adviser, importantly both as a metaphysician and as )
a logician, was a distinguished independent inventor ﬂ
Leibnitz

of the Differential and Integral Calculus. Sir Isaac
Newton had created an expression for the area under a
Newton curve by considering a momentary increase at a point.
In effect, the fundamental theorem of calculus was built
into his calculations. His work and discoveries were not limited to mathematics; he also developed
theories in optics and gravitation.

One cannot imagine a world without differentiation and integration. In this century, we witnessed
remarkable scientific advancement owing to the ingenious application of these two basic components
of Mathematics. Calculus serve as unavoidable tool for finding solutions to the variety of problems
that arise in physics, astronomy, engineering, chemistry, geology, biology, and social sciences.

Calculus deals principally with two geometric problems.

(1) The problem of finding SLOPE of the tangent line to the curve, is studied by the limiting
process known as differentiation and

(i1) Problem of finding the AREA of a region under a curve is studied by another limiting process
called Integration.

In chapters 9 and 10, we have studied the differential calculus. In this chapter let us study some
fundamentals of integration.

Consider some simple situations illustrated below.
Situation 1

The shortest distance between two points 4 and B in a plane is the line segment joining the straight
line 4 and B. Suppose it is required to find the line connecting two points 4 and B that do not lie
on a vertical line such that a moving particle slides down on this line from 4 to B in the shortest
time (minimum time). Most of us believe that the shortest distance path in Fig. 11.1(a) will take the
shortest time.
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The shortest distance The shortest time
path between A and B route between 4 and B
Fig. 11.1 (a) Fig. 11.1 (b)

Certainly this route is not the shortest time route joining the points A and B, because the velocity
of the motion in the straight line (Fig. 11.1(a)) will be comparatively slow; whereas it take a curve
that is steeper near A4 (Fig. 11.1(b)), even though the path becomes longer, a considerable portion of
the distance will be covered at a greater speed. The solution to this problem is solved by Integral
calculus. This is called Brachistochrone problem which initiates the study of calculus of variation
using integral tool.

Situation 2

In elementary geometry we have learnt to evaluate the measure of the following regular shape of
the figures given below by using known formulae.

b h
/
[ b
Perimeter Area Surface Area Volume
2(1+b) (1/2)bh zrl 4/3)7r
Fig. 11.2 (a)

How can the measure of the following figures given by functions be calculated?

~ | @@

s

Length of
the curve Area Surface Area Volume

Fig. 11.2 (b)

Though the problems look so difficult, integral calculus solves it without any difficulties.
Situation 3

At a particular moment, a student needs to stop his speedy bike

to avoid a collision with the barrier ahead at a distance 40 metres

away from him. Immediately he slows (acceleration) down the bike

applying brake at a rate of 8 meter/second’. If the bike is moving
at a speed of 24m/s, when the brakes are applied, will it stop before
collision?

Also look at the following problems that occur naturally in our -
life. Fig. 11.3
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¢ What speed has to be applied to fire a satellite upward so that it never returns to the earth?

¢ What is the radius of the smallest circular disk that can cover every isosceles triangle of given
perimeter P?

¢ What volume of material is removed from a solid sphere of radius 27 if a hole of radius r is
drilled through the centre?

¢ [f a strain of bacteria grows at a rate proportional to the amount present and if the population
doubles in one hour, how much will it increase at the end of two hours?

Integration will answer for all the above problems.

@ Learning Objectives

On completion of this chapter, the students are expected to

e understand the definition of an indefinite integral as a result of reversing the process of
differentiation

o find the indefinite integrals of sums, differences and constant multiples of certain elementary
functions.

¢ use the appropriate techniques to find the indefinite integrals of composite functions.

e apply integration to find the function, when the rate of change of function is given.

11.2 Newton-Leibnitz Integral

Integral calculus is mainly divided into indefinite integrals and definite integrals. In this chapter,
we study indefinite integration, the process of obtaining a function from its derivative.

We are already familiar with inverse operations. (+,—), (x, +), (( )", v ) are some pairs of inverse

operations. Similarly differentiation and integrations (d, .[) are also inverse operations. In this section

we develop the inverse operation of differentiation called ‘antidifferentiation’.

Differentiation
S'(x) f(x)

Integration

Fig. 11.4

Definition 11.1

A function F(x)is called an antiderivative (Newton-Leibnitz integral or primitive) of a
function f(x)on an interval I if
F’(x) = f(x), for every value of x in/
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Illustration 11.1
If F(x)=x"+5 then
F'(x)=2x.
Thus if f(x)is defined by
f(x)=2x, then
we say that f(x)1is the derivative of F(x) and that F(x) is

an antiderivative of f(x)

Fig. 11.5
Consider the following table
F(x) F'(x)= f(x) Antiderivative of f(x)=2x
P(x)=x"+0 P'(x)=2x
O(x) =x"+2 Q(x)=2x ¢ f(x)=2x F(x)=x"+7
Hx)=x"—1 H'(x)=2x

We can see that the derivative of F(x),P(x),Q(x)and H(x)is f(x), but in reverse the
antiderivatives of f(x)=2x is not unique. That is the antiderivatives of f(x)is a family of infinitely
many functions.

Theorem 11.1
If F(x) is a particular antiderivative of a function f(x)on an interval I, then every
antiderivative of f(x)on I is given by

j F(x)dx = F(x)+c
where c is called an arbitrary constant, and all antiderivatives of f(x)on 7 can be obtained
by assigning particular value to c.

The function f{x) is called Integrand.

The variable x in dx is called variable of integration or integrator.

The process of finding the integral is called integration or antidifferentiation (Newton-Leibnitz
integral).

The peculiar integral sign J- originates in an elongated S (like X ) which stands for sum.

Ofteninapplications involving differentiation itis desired to find a particular integral antiderivative
that satisfies certain conditions called initial condition or boundary conditions.

For instance, if an equation involving d_y is given as well as the initial condition that
X

y =y, when x = x,,then after the set of all antiderivatives is found, if x and y are replaced by

x, and y,, a particular value of the arbitrary constant is determined. With this value of ¢ a particular
antiderivative is obtained.

Ilustration 11.2
Suppose we wish to find the particular antiderivative satisfying the equation
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and the initial condition that y =10 when x =2.
From the given equation

dy

—=2x

dx
y='[2xdx
y=x"+c

We substitute y =10 when x =2, in the above equation
10=2"+¢c = c=6

When this value ¢ =6 is substituted we obtain
y=x"+6

which gives the particular antiderivative desired.

11.3 Basic Rules of Integration

Standard results:

Since integration is the reverse process of differentiation, the basic integration formulae given
below can be derived directly from their corresponding derivative formulae from earlier chapter.

Derivatives Antiderivatives

d .
d_(c) =0, where ¢ is a constant dex =c, where c¢ is a constant
X

i(kx) =k, where k is a constant jk dx = kx+c where c is a constant
dx ’

d X" _ Ix"dxz al +c, n#-—1 (Power rule)
dx| n+1 e

i(logx)= L .[l dx =log|x|+c

dx x .

) Jsinxdx:—cosx+c
—(—cosx)=sinx
dx

) Jcosxdx=sinx+c
—(sinx)=cosx
dx

d , Jseczxdx=tanx+c
— (tanx) =sec’x
dx
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dx

— (—cotx) = cosec’x

Jcosec2x dx=—cotx+c

dx

— (secx)=secxtanx

Jsecxtanxdx= secx+c

— (—cosecx) = cosecx cot x

Jcosecx cot x dx = —cosecx + ¢

dx
%(eX):ex Iexdxzex+c
d|_a =/ Jaxdx= @ +c
dx| loga - loga

1 .
%(Sin—lx) lixz _[ — dx=sin"" x+c¢
%(tan_1 x) = 1+1x2 Il+x2 dx=tan"' x+¢

Example 11.1

Integrate the following with respect to x.

1
i) x"° ii) — iii) ~/x iv) —
(1) ()x‘O (iii) @ )\/—
Solution
n+l
(1)  We know that Jx"dx= 1+c n+-1
n+
Putting n =10, we get
0 x]0+] xl]
'[x dx = =—+c
10+1 11
10+1 1
i) |—dr=|x"dx= al +tc=———+c
) I J -10+1 9x’
1 3
2 2 3
(111) I\/—dx J 2dx—1 +c:T+c:—x2+c
— | -
2 2
1 -5t
X
(iv) |—=dx=|x 2dx= =2Jx+c
J ==
2
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Example 11.2
Integrate the following with respect to x.
... cotx sin x
(@) (ii)

(iii) (iv)

cos’ x sin x cos’ x 1—x2

Solution

(i) _[ ! dx:jseczxdx:tanx+c
cos’ x

.. cotx
(i1) J ——dx = j cosec x cot x dx = —cosecx + ¢
sin x
sin x sinx 1
(iii) J dx f dx:jtanxsecxdxzsecx+c
cos’ x COSX COSX

dx=sin" x+c¢

(iv) j —

Example 11.3
Integrate the following with respect to x:
2

el X |
i) — i) —
()x3 ( )x3
Solution
1 x’ 1
1) |— dx =|e'dx=¢e"+c 1) | —dx=|—dx=log|x|+c
() = ds =] (i) [ dx=[—dr=log|
1 _ x 1 : 1 _
(iii) J.?dxzj.x3dx:_3+l+c:—2x2+c (iv) J1+ ~dx=tan" x+c

EXERCISE 111

Integrate the following with respect to x:

| 1
(1) (@) " (i) — (i) /" (iv) ()"
.., tanx ..., COSX
@) () (i) == (iii) 5 (V) ——
(3) (1) 12° (ii) x—z (iii) €*
X
@) (1) (1+x>)™" (i) (1-x7) 2

11.4 Integrals of the Form | /(ax+b)dx

We know that
N U) RN U
%[—(x 151) ]:(x—a)():j(x—a)gdxz—(x lg) +c

di[sin(x +k)]=cos(x+k)= Jcos(x +k)dx=sin(x+k)+c
X
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It is clear that whenever a constant is added or subtracted with the independent variable x, the
fundamental formulae remain the same.

But

d|l

E |:7 (elx+m):l _ elx+m — J.elirmdx — %e(bwm) +c
df1. L

— | —sin(ax+b)] | = cos(ax+b) = Icos(ax +b)dx = —sin(ax+b)+c
dx| a a

Here, if any constant is multiplied with the independent variable x, then the same fundamental
formula can be used after dividing it by the coefficient of x

That is, | if If(x)dx =g(x)+c, then If(ax +b)dx = ! glax+b)+c
a

The above formula can also be derived by using substitution method, which will be studied later.

Example 11.4
Evaluate the following with respect to x:

) j (4x+5)" dx (ii) j J(15=2x) dx (iii) j dx

(3x+ 7)
Solution

(i) j(4x+5)6 dx =

6+1

(4x+5)"  (4x+5)

. - +e
4 6+l 28

_ L\(ls—zx)%“ __(15—2x)%
(i) [y(15-2x)dv=[(15-2x) dx—(_z) G e

—4+1

3x+7
e T
3x+7) 3 4+l 9(3x+7)
Example 11.5
Integrate the following with respect to x:
(1) sin(2x + 4) (ii) sec’(3+4x) (ii1) cosec(ax+b)cot(ax+b)

Solution
(i) Isin(2x + d)dx = (%J (—cos(2x+4))+c= —%cos(Zx +4)+c
(ii) j sec’ (3 +4x) dx = %tan(S +4x)+c
(iii) J.cosec(ax +b)cot(ax +b) dx = (l )(—cosec(ax +b))+c= L cosec(ax+b)+c
a a

Example 11.6
Integrate the following with respect to x:

N 3x N 5-ay . 1
(1) e (i) e (111) (3x 2 (1v) G—4n)
Solution
(1) J.eh dx = : e *+c (i1) J.es_‘“‘ dx =— - +c
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= —log |(3x 2)| +c (iv) J g —14x) dx = —%log |(5 — 4x)| +c

Example 11.7
Integrate the following with respect to x:

0 — (i) ——— (i) ——
1+(2x) 1-(9x)’ 1-25x°
Solution
@ | L =L (20)4c (i) j;dx=lsin*(9x)+c
1+(2x) 2 1-(9x)° 9

sm 5x)+c

(iii) j ! j
J1-25x h—

EXERCISE 11.2

Integrate the following functions with respect to x:

(1) () (x+5)° (i1) ;4 (iii) ~3x+2
(2-3x)
(2) (i) sin 3x (ii) cos(5—11x) (iii) cosec2 (5x-=7)
3) () e’ (i) &7 (iif) m
4) (i) sec’ % (i1) cosec(5x + 3) cot(5x + 3) (iii) 30sec(2—15x)tan(2—15x)
. 1 .. 1 1
(5) @) m (1) m (iii) 14362

11.5 Properties of Integrals

(1) If k is any constant, then ka (x)dx = kf f(x)dx

@) [+ f)dx = [ fi(x)dr+ [ f,(x)dx
Note 11.1

i L
BOL7HU

The above two properties can be combined and extended as
[ £l £ () 2y () -2 K, f, () dx
= k[ fiodetk, [ f,(0dx £k, [ f(x)de -k, [ £, (x)dx.

That is, the integration of the linear combination of a finite number of functions is equal to the
linear combination of their integrals

Example 11.8
Integrate the following with respect to x:

(i) 5x* (i) 5x° _ali 2 (iii) 2cosx —4sin x + Ssec’ x + cosec’x

x x

XI - Mathematics 190



Solution

4+1 5

(1) J5x'dx = 5,[x4dx=5x =52 =¥ +c.
4+1 5
(ii) j5x2—4+7+i = 5[xdx- 4jdx+7j dx+2j—dx
x Wx
241 s
i 2
— 52— —4x+Tlogy+2—+c
2+1 1 |

= §x3—4x+7log|x|+4\/;+c

(iii) J(2cosx—4sinx+ 5sec’ x + cosec’x)dx
= 2Jcosxdx—4[sinxdx+5][sec’ xdx+]cosec’x dx
= 2sinx+4cosx+S5tanx—cotx+c

Example 11.9
Evaluate the following integrals:

(i) 2 _,_¢ +16e*" (ii)

15
(4x-5)°  3x+2 S5x—4

Solution

(i)j 12 —+ 1166 |ax
(4x-5) 3x+2

1 -
= IZdex+6j3x+ dx+16j 453

2L —;2 +6[ log|3x+2|+16 Ll 4c
4\ 2(4x-5) 3 4

4x+3

—8cot(4x+2)cosec(4x+2)

= —#+2log|3x+2|+4e
2(4x—5)’

—8cot(4x+2)cosec(4x+2) )dx

.. 15
. J(m

dx — 8J.cot(4x +2)cosec(4x+2)dx

_ 1
- ISJ\/Sx—4
—15( )(2\/5x 4)— 8( )( cosec(4x+2)+c

= 6+5x—4 +2cosec(4x+2)+c.
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EXERCISE 11.3

Integrate the following with respect to x:

5 24
1) (x+4) +————cosec’(3x—1 2) 4cos(5—2x)+9e” " +
(1) Gedy' + s (Gx-1) (2) Acos(5=2x) 6-4x
8 27 15

X
(3) sec® =+18cos2x+10sec(5x+3)tan(5x+3) (4) + —~
5 \/1—(4x)2 J1—9x?  1+25x°

6 12

5 —
) 1+(3x+2)"  f1-(3—4x)’

6 lcos S ! +€§+3
(6)
3 3 Tx+9

11.6 Simple applications

So far in this section we have been using x as the variable of integration. In the case of applications,
it is often convenient to use a different variable. For instance in the equation of motion the independent
variable is time and the variable of integration is .

In this section we discuss how integration is used to find the position and velocity of an object,
given its acceleration and similar types of problems. Mathematically, this means that, starting with
the derivative of a function, we must find the original function. Many common word which indicate
derivative such as rate, growth, decay, marginal, change, varies, increase, decrease etc.

Example 11.10
If f'(x)=3x"—4x+5 and f(1) =3, then find f(x).

Solution

Given that  f'(x)= di( f(x))=3x>—4x+5
x

Integrating on both sides with respect to x, we get
j Fl(x)dx = j (3x% —4x +5)dx
f(x)=x-2x*+5x+c
To determine the constant of integration c, we have to apply the given information /(1) =3
fMH=3= 3=1)-2(1)*+5()+c= c=-1
Thus f(x)=x"-2x"+5x-1.

Example 11.11
A train started from Madurai Junction towards Coimbatore at 3pm (time # = 0) with velocity
v(t) =20t + 50 kilometre per hour, where 7 is measured in hours. Find the distance covered by

the train at Spm.
Solution

In calculus terminology, velocity v = 2 is rate of change of position with time, where s is

the distance.The velocity of the train is given by
v(t) =20t +50
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Therefore, ? =20¢r+50
t

To find the distance function s one has to integrate the derivative function.
Thatis, s = [(20¢+50)d

s=10¢" +50t +c
The distance covered by the train is zero when time is zero. Let us use this initial condition

s =0 at =0 to determine the value c of the constant of integration.

=s5=10+50t+¢c =c=0

Therefore, s =10t +50¢
The distance covered by the train in 2 hours (Spm-3pm) is given by substituting

t =2 in the above equation, we get
5 =10(2)> +50(2) =140 km.
Example 11.12
The rate of change of weight of person w in kg with respect to their height % in centimetres is
given approximately byfl_;zv =4.364x107 4’ . Find weight as a function of height. Also find the
weight of a person whose height is 150 cm.

Solution
The rate of change of weight with respect to height is

aw_ 4.364x10°h°
dh

w:J.4.364><10’5h2 dh

3
w=4.364x10"° [%]+c

One can obviously understand that the weight of a person is zero when height is zero.

Let us find the value ¢ of the constant of integration by substituting the initial condition w =0,
at 7 =0, in the above equation

3

w=4.364x10" [%]+c =c=0
The required relation between weight and height of a person is
h3
w=4.364x10" (?}

When the height 2 =150cm,

3
w=4.364x10"" (1530 }
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When the height 2 = 150cm, the weight is w = 49kg (approximately)
Therefore, the weight of the person whose height 150cm is 49 kg.
Example 11.13
A tree is growing so that, after t - years its height is increasing at a rate of % cm per year.
Assume that when ¢ = 0, the height is 5 cm. t
(1) Find the height of the tree after 4 years.

(i) After how many years will the height be 149 cm?
Solution
The rate of change of height 4 with respect to time ¢ is the derivative of 4 with respect to 7.

dn _ 18 o)
Therefore, =—— = —==18¢
dt t

So, to get a general expression for the height, integrating the above equation with
respect to ¢.

h= _[ISt;dt = 18(2t%)+c =361 +¢
Given that when 7 = 0, the height 2 = 5 cm.

5=0+c>c=5

h =363t +5.
(1) To find the height of the tree after 4 years.

When ¢ = 4 years,
h=36Vi+5=h=364+5=77
The height of the tree after 4 years is 77 cm

(i1) When 4 = 149cm

h =363t +5=149 =36/t +5

G =14925 4 6
36

Thus after 16 years the height of the tree will be 149 cm.

Example 11.14
At a particular moment, a student needs to stop his speedy
bike to avoid a collision with the barrier ahead at a distance
40 metres away from him. Immediately he slows (retardation) §

the bike under braking at a rate of 8 metre/second’. If the bike
is moving at a speed of 24m/s, when the brakes are applied,
would it stop before collision?

Solution
Let a be the acceleration, v be the velocity of the car, and s be the distance.
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. . . ds . . L
Stated in calculus terminology, velocity, v = o is the rate of change of position with time,
t

. dv . . oy
and acceleration, a = — is rate of change of velocity with time.
t

The acceleration to be negative because if you take the direction of movement to be positive,
then for a bike that is slowing down, its acceleration vector will be oriented in the opposite
direction of its motion (retardation).

Given that the retardation of the car is 8 meter/second’.

Therefore, a = % = —8 meter/second’.

Iadt:I—Sdt:—8t+cl

Therefore, v

v = 8t+c,.
When the brakes are applied,
t =0, and v =24m/s.
So, 24 = —8(0)+c, =, =24
Therefore, v = —8t+24.
That is, é
dt
It is required to find the distance, not the velocity, so need more integration in order.

-8t +24.

s = jvdzzj(—8t+24)dt
s = —4 +24t+c,

To determine ¢, , the stopping distance s is measured from where, and when, the brakes are
applied so thatat t =0, s =0.
s = =4 +24t+c, = 0=~ 4(0)’ +24(0)+c, = ¢, =0
s = —4t +24¢

The stopping distance s could be evaluated if we knew the braking time. The time can be
determined from the speed statement.

The bike stops when v=0, = v=-8/+24 = 0=-8t+24 =1t=3.
When ¢ =3, we get
s = —4r +24t = s =—4(3)’ +24(3)
s = 36 metres
The bike stops at a distance 4 metres to the barrier.

EXERCISE 11.4

(1) If f(x)=4x-5 and f(2) =1, find f(x).
(2) If f(x)=9x" —6x and £ (0)=-3, find f(x).
(3) If f”(x)=12x—6 and f(1)=30, f'(1)=5 find f(x).
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(4) Aball is thrown vertically upward from the ground with an initial velocity of 39.2 m/sec. If
the only force considered is that attributed to the acceleration due to gravity, find

(1) how long will it take for the ball to strike the ground?
(i1) the speed with which will it strike the ground? and
(ii1)) how high the ball will rise?
(5) A wound is healing in such a way that 7 days since Sunday the area of the wound has been

decreasing at a rate of — cm’ per day. If on Monday the area of the wound was 2cm’

(t+2)

(1) What was the area of the wound on Sunday?

(i1) What is the anticipated area of the wound on Thursday if it continues to heal at the same
rate?

11.7 Methods of Integration

Integration is not as easy as differentiation. This is first due to its nature. Finding a derivative of
a given function is facilitated by the fact that the differentiation itself has a constructive character. A
derivative is simply defined as

po S AY) ()
Ax—0 Ax

Suppose we are asked to find the derivative of log x, we know in all details how to proceed in order
to obtain the result.

When we are asked to find the integral of log x, we have no constructive method to find integral or
even how to start.

In the case of differentiation we use the laws of differentiation of several functions in order to find
derivatives of their various combinations, like their sum, product, quotient, composition of functions
etc.

There are very few such rules available in the theory of integration and their application is rather
restricted. But the significance of these methods of integration is very great.

In every case one must learn to select the most appropriate method and use it in the most convenient
form. This skill can only be acquired after long practice.

Already we have seen two important properties of integration. The following are the four important
methods of integrations.

(1) Integration by decomposition into sum or difference.

(2) Integration by substitution.

(3) Integration by parts

BDVY3YH

(4) Integration by successive reduction.

Here we discuss only the first three methods of integration and the other will be studied in higher
classes.
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11.7.1 Decomposition method

Sometimes it is very difficult to integrate the given function directly. But it can be integrated after
decomposing it into a sum or difference of number of functions whose integrals are already known.
x'—x+1 2

) 3 e —1 .
3 , cosSxsin3x, cos x, —, do not have direct formulae
X e

to integrate. But these functions can be decomposed into a sum or difference of functions, whose
individual integrals are known. In most of the cases the given integrand will be any one of the
algebraic, trigonometric or exponential forms, and sometimes combinations of these functions.

For example (1 —x )2 ,

Example 11.15
Integrate the following with respect to x:

2
. X —x+]
@ (1-x) (u)%
Solution
(i) [(1=2") dx = [a-2x" +2")ax
- J-dx—2j.x3dx+-|.x6dx
x4 7
= x——+—+c.
2 7
. Pox+l1 2 1
(i) E xf dx = j(i_s_%jLF)dx

= J.%dx—j%dx+_’.%dx.

—x+1 11
J.de = 10g|X|+;—g+C.

Example 11.16
Integrate the following with respect to x:

(i) cos5xsin3x (i) cos’ x.
Solution
: . 1 :
(1) jcosstm3xdx = 512c0s5x51n3xdx
¢, . .
= 5J(sm8x—sm2x)dx
: 1 2
Icosstm3xdx = — _cosSx+cos il
2 8 2
(ii) Icos3xdx = lJ(?acosx+cos3x)a’x
4

1 . sin 3x
= —| 3sinx+ +c
4 3
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Example 11.17
Integrate the following with respect to x:

2
e’ —1

() — (if) € (e* ~1).

Solution ¢

(i) | e =l

(ii) [e (e ~1)ax =

Example 11.18
1
Evaluate : | ————dlx.
J sin’ xcos® x
Solution
J 1 dr = Jsin2x+coszxdx

o 2

1 1
= J. dx+-[s1n xdx

sin? xcos® x sin? xcos® x
cos® x
= J.sec2 xdx + Jcoseczxdx

tanx—cotx+c.

Example 11.19

sin x

Evaluate : j dx.

1+sinx

Solution

sin sinx | 1-sinx
It = e i
1+sinx I+sinx f I-sinx

. . 2 . ) .
Sinx —S1m- X Sinx—S1mn - x S1n x
_ [dmxosin’x, jsinxosiny, [sm¥ |

2

1—sin® x cos’ x :

COS X

= _[tan xsec xdx — Jtanz xdx

= _[tan xsec xdx — J(secz x—1)dx

secx—tanx+x+c.

Example 11.20
Evaluate : j\/1+cos 2x dx.

Solution

J\/1+0052x dx = J 2¢cos’ x dx:ﬁjcosxdx:ﬁsinx+c
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Example 11.21

2

Evaluate : f
x +x

Solution
.[ (x— 1)

x+x

Example 11.23

l—cosx

Evaluate : J dx.

1+ cosx
Solution

J-l—cosx .

1+cosx

Example 11.24

Evaluate : f\/I +sin2x dx.

Solution

J.\/1+sin 2x dx

Example 11.22
Evaluate : f(tan x +cot x)° dx.
Solution
J(tan x+cotx)’dx

jx +1 2x
x(x* +1)

:J- (x2+1)_ 2x »
x(x*+1)  x(x*+1)
jldx—zj L &

X 1+ x

log|x|—2tan™" x+c.

j[tanz x+2tan x cot x +cot” x]dx
= j [(sec® x—1)+ 2 + (cosecx —1)]dx

= j(secz x +cosec’x)dx

= tanx+(—cotx)+c

tanx—cotx+c.

o 9 3%
2sm2—

dx Jtan —dx
5 5%
2cos’ =

2

¥ t'clnz
I(secz——l}ix= 2 _xtc
2 1
2

X
2tan——x+c.
2

= J\/(cosz x+sin’ x)+(2sin xcos x) dx
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Example 11.25
X +2

x—1

dx.

Evaluate : J

Solution

Example 11.26

Evaluate : (i) Jaxexdx
Solution
@) j a‘edx
(11) J‘exlogZexdx

Example 11.27
Evaluate : _[(x —3)Vx+2 dx.

Solution

I(x—3)\/x+2 dx

XI - Mathematics

(ii) j "2 g

J-\/(cos x+sinx)’dx = _[(cos X +sin x)dx

sin x —Ccosx+c¢

X =143

-1 3
f 1 dx='[[);_1 +E]dx

J- (x—l)(x2+x+1)+ 3 d
x-1

x—1

j(x2+x+l+i X
x—1

3 2
X

X
—+—+x+3log|(x=1)|+c.
T gl(x-1)|

X.

J.(ae)xdx = ﬂ+ c
log(ae)

J-el"gzx e'dx = JZ’C e“dx

(2¢)°

log(2e)

j (2e)"dx =

JG+2-5)x+2 dx
- I(x+2)\/x+2 dx—5.|.\/x+2 dx

— J(x+2)3dx—5j(x+2);dx

5 3

_ (x+2)? _5(x+2)5 e

2 J
2 2
3 El
= %(x+2)2 —?(x+2)2 e
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Example 11.28

. 1 x
Evaluate : I —m+ \/;d
Solution
J.;dx= J‘ {\/ +1- \/;:|
\/x+1+\/; NVx+1 +[ Vx+1-— \/;

dx

[ s
(&5
B S (A P

x+1—x

- J\/ﬁdx—j\/;dx = J'(x+1);dx—‘|.x;dx

El
2

(x+1)

3
x2
?+c

2

3

2
7 ER
§|:(x+1)2 —x2:|+c.

11.7.2 Decomposition by Partial Fractions

One of the important methods to evaluate integration is partial fractions. If the
integrand is in the form of an algebraic fraction and the integral cannot be evaluated by simple
methods, then the fraction need to be expressed in partial fractions before integration takes

place. We will assume that we have a rational function %, (g(x)#0)in which degree of
g(x

p (x) < degree of g (x). If this is not the case, we can always perform long division.

Example 11.29

Evaluate : (1) j23)c—+7dx (i) J-x—j?) X
x"=3x+4+2 (x+2) (x+1)
Solution
(0 J‘ 3x+7 _ J' ,[ i Resolving into
x* =3x+ 2 x—1 partial fractions
= 1310g|x—2|—1010g|x—1|+c
(i) J- X -l— 3 de — _ J‘ e+ J’ 2 dx Resolving into
(x+2)"(x+1) X+ 2 (x+ 2) X+l partial fractions
= —2J dx—J ~dx+2 —dx
x+2 (x+ 2) x+1

—2log|x+2|— [ (x+2)* dv+2log[x+1|+c

—210g|x+2|+L+210g\x+1\+c.
x+2
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EXERCISE 11.5

X .
Spdx? —3x+2 1Y
Sl Jx+—— (2x—5)(36+4x)
: NE
@ cot?x + tan x cos2x—cos2o cos2x
COS X — COS & sin® xcos” x
) 3+4cosx sin’x sin4x
sin® x 14 cosx sin x
Y cos2x sin® 5x 1+ cos4x
cotx—tanx
1+x 1-x
16 1 x+1 1
Jx+3-Jx—4 (x+2)(x+3) (x—D(x+2)’
(19) 3x—9 X
(x=1)(x+2)(x*+1) (x—1)(x-2)

11.7.3 Method of substitution or change of variable

’

u x then au_ u.
X
[ raw'ax = f@du
Thus, | /1g(01g"(x)dx = [ fu)du, where u = g(x)

either x = ¢(u) or u = g(x).

Note 11.2
The substitution for the variable of integration is in trigonometric function, use a rough
diagram to find the re -substitution value for it. Suppose the variable of integration x is substituted

as x =tan @ . After integration suppose the solution is sec &+ cosecé

For example, if x =tan@, then from

the figure : &2
cosec@z[ I+x J, X
X

[\/1+x2J 1
secH =

1

’ 2
Then sec + cosecd =1+ x* +{ lix J
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Example 11.30
Evaluate the following integrals :
sin x

(@) [2xd1+x dx (i) [e ™ xdx (iii) | dx
1+cosx
(v) jx(a —x)8 dx

Solution

@) [2xd1+x"d

Putting 1+x” =u, then 2x dx=du

IZx\/1+x2dx = J\/;du

(i1) '[e_xz xdx
Putting x* =u then 2x dx =du

Therefore, .[ e xdy = J.e‘” dTu
1 1 1 1 _»
= —je‘“du =—(—e“)+c=——e"+c=—=e" +c.
sin x 2 2 2
1+cosx

(111) J

Putting 1+cosx=u, then —sinxdx=du

SIY e = ‘[_—du— log|u|+c=—log|1+cosx|+c.
u

Therefore, I ] =—
+cos x

Putting x =tanu, then dx =sec’ udu

[ P e

-[l+x

'[ L ~dx = tan”' x+c.
1+x

(v) J.x(a —x)8 dx
Putting u =a—x, then du=—dx

Jx(a—x)g dx = Jx(a—x)g dx

—Ia u du)

=I(—a(u)8 +u9) du
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11.7.4 Important Results

(1) j%dp log | f(x)| +¢
@) [ oo = LI
n+l1
Proof
f'(x)
1 Let/= d
(1) et/= | o

Putting f(x)=wu then f'(x)dx=du

du
Thus, /= J—-=log|u|+c

/(%)
Therefore, dx =log| f(x)|+c.
I J(x)
) Let 1= [ /()L ()] dx
Putting f(x)=u then f'(x)dx = du
n+l
Thus, [/ :J.u"du L
n+l1
n+l
Therefore, j FEOLf ()] dx = AC)) S,
n+l1
Example 11.31
Integrate the following with respect to x.
(i) [tan xdx (ii) Jeot xdx (iii) [cosec x dx (iv) Jsecxdx
Solution .
(i) Let 7 =[tanxdy = [ 2 dx
cos X
Putting cosx =u then, —sinx dx=du
Thus, I = J—ldu =—log|u|+c=-log|cosx|+c=log|secx|+c.
u
(i) Let 7 =Jcotxdx =" dx
sin x

Putting sinx=wu then, cosx dx=du

Thus, I:Jldu:log|u|+c:log|sinx|+c.
u
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(i) et 7 sy = DTSR CTTEIGCS)

cosec x—cotx

dx

- _[ cosec’x —cosecx cot x
COsecx — ot x

Putting cosecx—cotx=u, then (cosec’x—cosecx cotx)dx = du

Thus, 1= Jldu =log|u|+c =1log|cosecx —cot x| +c.
u

(iv) Let = [secxdx = j sec x(sec x +tan x) dy = J sec’ x+secxtan x dr
secx+tan x secx +tan x
Putting secx +tanx =u, then (sec’ x+secxtanx)dx = du
Thus, 1= jldu = log|u| +c= 10g|secx+ tan x| +c
u
Therefore, |secxdx = log|secx +tan x| +c.
Thus the following are the important standard results.
(1) [tan x dx = 10g|secx|+c
(2) [cotx dx = log|sinx|+c
3) Jcosecx dx =log |cosec x—cot x| +c
4) [secxdx = log|secx+tanx|+c
Example 11.32
Integrate the following with respect to x.
2x+4 e’ 1
1) | ——dx il dx i) | ———dx
()Jx2+4x+6 ) -[ex—l () J‘xlogx
. 1 2
(iv) J-s?nx+cosxdx v _[ . cos2x e
sin x —cos x (sin x +cos x)
Solution
2x+4
i Let [ = | —dx
® -[ X’ +4x+6

Putting x*+4x+6=u, then (2x+4)dx=du

Thus, I=J.@=log|u|+c=log‘x2 +4x+6‘+c
u

2x+4

Therefore, J.T6
X t+ax+

dx = log|x” +4x+6+c.
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(i)

(iii)

(iv)

Putting e —1=u, then e'dx=du

Thus, = J-%zlog|u|+c=10g|e"—1|+c

Therefore, J xe 1abc = log(e* —1)+c.
e p—

Let/ = [—

dx.
xlog x

Putting log x =u, then 1 dx =du
X

Thus, / =I%:log|u|+c=log|logx|+c

X =
Therefore, Ao log |log x | +c.
sin x +cos x
Let I = J—dx.
Sin x — cos x

Putting sinx—cosx =u, then (cosx+sinx)dx =du

Thus, 1 = j——log|u|+c—log|s1nx cosx|+c
sin x +cos x
Therefore, Imd’c = log|sinx—cosx|+c
cos2x cos 2x
Letf= [ SOS2X ;[ cos2x
(sin x + cos x)° 1+sin 2x

Putting 1+sin2x =u, then 2cos2xdx = du

Thus, I = J.;l—uzélog|u|+c =%log|l+sin2x|+c.
u

EXERCISE 11.6

Integrate the following with respect to x

x et —e” 10x* +10" log 10
(1) (2) E e (4) ————k
«/1+x 1+x e +e 10" +x
sin \/; cotx cosecx sin 2x
Q) — 7N ————— Q@) 77—
Jx log(sin x) log( tan > ) a +bsin” x
2
P
(9) 21X (10) Jx ! (12) afx® e
1= x2 1+\/; xlog xlog(log x)

(13) tan x+/secx
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(15) sin’xcos’ x
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11.7.5 Integration by parts

Integration by parts method is generally used to find the integral when the integrand is a product
of two different types of functions or a single logarithmic function or a single inverse trigonometric
function or a function which is not integrable directly. From the formula for derivative of product of
two functions we obtain this useful method of integration.

If u and v are two differentiable functions then we have
d(uv) = vdu +udv
udv =duv)—vdu

Integrating
Iudv = jd(uv) — Ivdu

Iudv=uv—fvdu

Judv in terms of another integral Jvdu and does not give a final expression for the integral

Judv. It only partially solves the problem of integrating the product u dv. Hence the term ‘Partial

Integration’ has been used in many European countries. The term “Integration by Parts” is used in
many other countries as well as in our own.
The success of this method depends on the proper choice of u
(1) If integrand contains any non integrable functions directly from the formula, like logx,
tan~' x etc., we have to take these non integrable functions as « and other as dv.
(ii) If the integrand contains both the integrable function, and one of these is x”* (where 7 is a
positive integer) then take u = x".
(ii1) For other cases the choice of u is ours.

Example 11.33
Evaluate the following integrals

(i) [xedx (ii) [xcosxdx (iii) [logxdx  (iv) [sin" xdx
Solution
(i) Let /= [xe'dx.

Since x is an algebraic function and e* is an exponential function,

so take wu = x then du = dx

dv=edx=v=e
Applying Integration by parts, we get

Judv = uv—Jvdu
= jxexdx = xe* —Jexdx
That is, Jxexdx = xe' —e" +c.

(i1) Let I= J.xcosxdx

Since x is an algebraic function and cos x is a trigonometric function,
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so take u = x then du = dx

dv = cosxdx = v=sinx
Applying Integration by parts, we get

Judv = uv—jvdu
:>chosxdx = xsinx—jsinxdx
:>chosxdx = xsinx+cosx+c
(ii1) Let /= jlogxdx
Take u = log x then du =ldx

dv=dx=>v=x *
Applying Integration by parts, we get

Judv = uv—J.vdu

1
= jlogxdx = xlogx—Jx;dx

= jlogxdx = xlogx—x+c

(iv) Let = ‘[sin"1 xdx
u = sin"'(x),dv=dx
1
Then du = V=X
1-x*
Jsin_1 xdx = xsin™' x —J X dx
1-x*

J.sin‘1 xdx = xsin"lx+l‘|‘£,wheret=1—x2
27

= xsin"1x+\/;+c

= xsin”' x++1-x" +¢
Example 11.34

Evaluate : j‘[an*1 (1 2x2 )dx
—x

Solution
Let [ = J.tan_1 2x2 dx
1-x
Puttingx = tan@ = dx =S$ec’ 64O
Therefore, I = J.tan‘1 ﬂ sec” 0d @
l—tan” @
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_[tan"1 (tan28)sec’ 4O

1+x
= [20sec’0 do .
= 2 j (0)(sec’> 0 dO) 5
Applying integration by parts 1
1= 2[0tan0—Jtan0d0] tan @ = x
= 2(0tan0—log|sect9|)+c sec =1+ x?

2xtan”' x—2log | V1+x* |+c

_[ tan ™" ( 1 3);2 j dx

11.7.6 Bernoulli’s formula for Integration by Parts
If u and vare functions of x, then the Bernoulli’s rule is
Judv =uv—u'v,+u"v, -
where «’,u”, u”,...are successive derivatives of u and

V,V,V,,V,, -+ are successive integrals of dv

Bernoulli’s formula is advantageously applied when u = x" ( n is a positive integer)
For the following problems we have to apply the integration by parts two or more times to find the
solution. In this case Bernoulli’s formula helps to find the solution easily.

Example 11.35

_ Sx
Integrate the following with respect to x. dv=edx
0 2 5x 3 3 ces 3 —x S5
(i) x*e’ (i) x’ cosx (iii) x’e u=x> =<
Solution 5
Sx
, e
(1) szesxdx. w=2x w= 52
. .y S5x
Applying Bernoulli’s formula W=2 = e5_3
Judvzuv—u'vl +u'v, = o5
u"=0 v,=—
5 s 5 eSx eSx eSx eSx 5
[ ds=(x)| &= |-@0)| S [+ @| S |- O 55 |#0+r0+e
x265x 2xeSx 265x
= — +—+c.
25 125
.o 3

i1) | x cosxdx.

) J dv =cosxdx
Applying Bernoulli’s formula u=x>, v=sinx
judvzuv—u'v, +u'v, = u'=3x,> v, =—cosx

u"=6x, v,=-sinx

Jx3 cosxdx=(x3)(sinx)—(3x2)(—cosx) . ’

u =6, v,=cosx

+(6x)(—sinx)—(6)(cosx)+c

= x° sin x+3x* cos x — 6xsin x —6,cos x +c.
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(iii) [x'edx.

Applying Bernoulli’s formula dv = e~ dx
judvzuv—u'vl+u”v2—--- u=x3, v=—e"
s X . R u'=3x", vy=+e"
Jx e dxz(x )(—e )—(3x )(e ) W= 6%, v,=—¢"
+(6x)(—e_x)—(6)(e_x)+c W"=6, v,=e*

3 = 2 _= = =
=—x'e " =3x"e " —6xe " —6e " +c.

EXERCISE 11.7

Integrate the following with respect to x:

() () 9xe™ (i) xsin3x (iii) 25xe™* (iv)  xsecxtanx

(2) (i) xlogx (i) 27 x*e™ (iii) x2cosx (iv) x’sinx
xsin™ x > 8x 2x

3) G ii) x’e" iii) tan”' iv) sin”

3) @ N (i) (iii) (1_16x2) (iv) (sz)

11.7.8 Integrals of the form (i) [e=sinbxdx (i) Je cosbxdx

The following examples illustrate that there are some integrals whose integration continues

forever. Whenever we integrate function of the form e“ cosbx or e” sinbx, we have to apply the
Integration by Parts rule twice to get the similar integral on both sides to solve.
Result 11.1

(i) [esinbrdr =

ax

e [asinbx—bcosbx]+c
a +

ax

(i1) Ie‘”‘ cosbxdx = ﬁ[a cosbx+bsinbx]+c

Proof : (i)
Let /= Je“x sin bx dx

Take u = sinbx;du =bcosbx dx

dv=e";v= ¢ ,
a
Applying Integration by parts, we get

1= e—sinbx—Je bcosbx dx

a a
e . b .

I = —smbx——je cos bx dx

a a

Take u = cosbx;du =—bsinbx dx,

Again applying integration by parts, we get

]=e—sinbx—2|:e cosbx+Je—bsinbxdx
a al a a
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]:

e b e b
a a a a

ax 2

) b
I = e—smbx——ze‘” cosbx——1

b2
(1 +?]I =
a’ +b?

a a a

ae™ sin bx —be™ cos bx

2
a

e“[asinbx —bcosbx]

2
a

2
sinbx———cosbx——ZJ.e‘”‘ sin bx dx

ax

Therefore, [ =

[asinbx—bcosbx]+c

a’+b’
Therefore, Ie”xsinbxdx = ———lasinbx—bcosbx]+c
a +b
Similarly, je‘”‘cosbxdx = ———lacosbx+bsinbx]+c
a +b
J.e""’sinbxdx =— | ~[asinbx—bcosbx]+c
a +b°
J.e“"'cosbxdx =— “ ~[acosbx+bsinbx]+c
a +b o

Caution

In applying integration by parts to specific integrals, the pair of choice for # and dv once initially
assumed should be maintained for the successive integrals on the right hand side. (See the above two
examples). The pair of choice should not be interchanged.

Examples 11.36

Evaluate the following integrals

(i) je“ cos2xdx  (ii) j e sin3x dx

(i) Je“ cos 2x dx

Using the formula

ax

Je‘”‘ cosbxdx = [acosbx+bsinbx]+c

a’+

b2
For a=3 and b=2, we get

3x
Je“costdx = % (3cos2x+2sin2x)+c
37+2

3x
_ (613 ](3c052x+2sin2x)+c.
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(ii) je*” sin 3x dx

Using the formula

Je""sinbxdx— 2e ~[asinbx—bcosbx]+c
a +b

for a=-5,b=3, we get

—5x
Ie‘” sin3x dx = [(Se)ﬁ](—Ssin3x—3cos3x)+c
—5)" +

J e " sin 3x dx

—5x
—(24 ](5 sin3x+3cos3x)+c.

EXERCISE 11.8

Integrate the following with respect to x

(1) (1) e“ coshx (ii) e**sinx (ii1)) e cos2x
() (i) e sin2x (ii) e sin2x (i) e cosx
Result 11.2
Jelfo+(ldx = e f(x)+c
Proof
Let 1= [e'[f(x)+ f (x)ldx
- jex F(x)dx + j e f'(x)dx

Take u= f(x); du= f'(x)dx,1n the first integral

Thatis, /= ¢"f(x)— [e" ' (x)dx+[e" f"(x)dx+c
Therefore, I=¢e"f(x)+c.

Examples 11.37
Evaluate the following integrals

11 1-x Y
. (L1_11, . *(sin x4 J . J
(1) Je (x x2) 5 (i1) Je (sin x + cos x)dx (1i1) Je (1+x2) 5
Solution
(1) Let /= |e* (l—%)dx
X X

Take f(x) = l, then f'(x) = -1
x x

2
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This is of the form Je"[ f(x)+ f/(x)]dx

1
_[ex (l—%)dx =ée —+c.
X x x
(ii) Let I = jex (sin x + cos x)dx
Take f(x) = sinx, then f’(x) =cosx

This is of the form je’“[ )+ f(x)]dx

Iex (sinx+cosx)dx = e'sinx+c.

o 1—x 3

(111) _[e (1+x2)dx )2

Let/ = Je —dx
(1+x )

(l+x2 —2x)

= Je"—dx

(1+x2 )2

_J 22 > |dx
1+x (1+x2)

Iff(x) = ﬁ, then f’(x)=-

+X

Using Je" (f(x)+f(x))dx=e"f(x)+c

(1 1 2 ]
Ie (1+x )dx_j (1+x7) (1+x2)2 e (1+x2)+c'

EXERCISE 11.9

Integrate the following with respect to x:

(1) e*(tanx+logsecx) (2) ex[);_zl) (3) e"secx(1+tanx)
X
2+sin2x G 1+x+x° log x
4 X 5 etan X 6
) e (1+c0s2x) ©) ( 1+ x° ] ©) (1+logx)’

11.7.9 Integration of Rational Algebraic Functions
In this section we are going to discuss how to integrate the rational algebraic functions whose
numerator and denominator contains some positive integral powers of x with constant coefficients.
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Type I

Integrals of the formJ. zdx = I zdx o J o ) J. x
a tx X —a \/azix2 \/xz—a2
) dx 1 a+x
1 = —1Ilo +c
M '[az—)c2 2a a—x
.. dx 1 xX—
1 = —1Ilo +c
(i sz—az 2a 8 x+a
dx I i (x
111 = —tan | — |+c¢
(i) J‘az+xz a (a)

(iv) | B (X ke
Ja* =x* a
x+Vxt—a’l+c

log

\ -

(vi) J.L = log|x+~x’+a’|+c
VXt +a’
Proof
dx
i Let /= :
(1) ¢ Ja2—x2
__[ dx
(a—x)(a+x)
Resolving int
_ L 1 N 1 I es? ving 1r'10
2ala+x a—x partial fractions
1
= —1|logla+x|—logla—x||+c
o[ logla+2] ~log|a—x]]
1 a+x
= —Ilog +c
2a a-—x
I dx —Llo a+x+c
a’—x’ 2a ga—x
dx
ii Let /= :
(1) ¢ J.xz_az

_ JL
(x—a)(x+a)

1 1 1 J Resolving into
= — - x
2a'| x—a x+a partial fractions
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1
- Z[log|x—a|—log|x+a|]+c

1 xX—a
= —log +c
2a x+a
d 1 -
Therefore Jz—xz = —Ilog e
X" —a 2a x+a o
dx
Let /= :
(ii1) ¢ Ja2+xz

X
Putting x= atan0 =6 =tan"' —
a

dx= asec’ 6

asec’ 0 asec’ @ asec’ @ 1
= |————df=|————df=|———-—dO0=—|db
-[a2 +a’tan’ @ Ja2(1+tan2 0) Jazseczé? aJ.
= l9+c=ltan_1(£)+c
a a a
d
Therefore, I 5 al > = ltan‘1 (f)-m
a +x a a o
dx
iv Let I= |—.
( ) Jl[a2_x2
Putting x = asin@ = @ =sin""' (ﬁ)
a
dx= acos@
|2 f acos@ d¢9:J. acos@ d9=Jacosed9=Jd9
Ja* —a*sin? @ Ja’(1-sin’ 6) acos@

o x
O+c=sin'| = |+¢
a
._l(x)
sin”'| = |+¢
a =
dx

2 2
VX —a

. o x
Putting x = asecd = @ =sec”' | =

Therefore, I

dx
Va® —x?

(v) Let /= J.

a

dx= asecB@tan6d0

7o J- asecOtan @ dH:J. asecOtan @ dezjasecgtanedﬁzjseCQdﬁ
\/a2 sec’@—a’ \/az(secz 6-1) atan @

= log|secO +tanf | +c
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X
= log|—+
a
= log|x+
= log|x+
dx
Therefore, ‘[ﬁ = log|x+

x’—a
+c
a
VX' —a’|-loga+c
VXt —a’

\/xz—az

+¢

)

a

asec’ @

dx
(vi) Let I = | ———
J. [aZ +x2
Putting x = a tan0 = 6 = tan_l(
dx = asec’ 8d6
asec’ @
I~ f

asec’ 0

J

asect d@:J

2
= log£+ —+1
a \a
= loglx+vx* +a’
= log|x++x* +a’
dx N
j— = log|lx++Vx"+a
Ja' +x°

Ja*tan* 0+ a’

do=|

sec@do

log|secO +tan6 |+c

—loga+c

+¢, where ¢, =c—loga

+¢

+¢, where ¢, =c—loga

d
Ja’(tan® 6+1)

X —a

0

Remark: Remember the following useful substitution of the given

integral as a functions of

a’ —x*,a* +x* and x> —a’.
Given Substitution
a’ —x* X =a sind
a’+x* X = a tan0
x’-a X =a sech
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Examples 11.38
Evaluate the following integrals

. 1
O [ra®

Solution

. _ 1
(1) Let /= I(x 2 +1dx—j(x_2)2+12dx

Putting x —2=¢ = dx=dt

Thus, I = j dt—tan 'O +c=tan"'(x—=2)+c

2
X
11 = d
(i1) Let / -[xz "

+5 5 5 5
s e

x +(\B)2
— x—5—tan"'| == |+c
V5 V5
I=x- \ftanl(%) c
1 1
Let [ = dx = d.
(111) et fm X Jm X

Putting 2x = t = 2dx=dt = dx= %dt

Thus, 7 = lj

! dt
NI+
I= %log‘t+\/l‘2+1‘+c=%10g‘2x+«/(2x)2+1‘+c
I = %log‘2x+\/4x2+l‘+c

(iv) Let I =

el e L
V4x? =25 J2x)* =25
Putting 2x = t=>2dx=dt = dx= %dt
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Thus, [ = !

1
i
%log‘t+\/t2 -5’ |+c

I = %log‘2x+\/4x2—25‘+c
Type 11
dx
Integrals of the form | ——— and | ——
: Iax +bx+c J.\/ax2+bx+c

First we express ax”+bx+c as sum or difference of two square terms that is, any one of the
p q y

forms to Type 1. The following rule is used
difference of two square terms.

(1) Make the coefficient of x° as unity.

to express the expression ax’+bx+c as a sum or

(2) Completing the square by adding and subtracting the square of half of the coefficient of x.

Thatis, ax’+bx+c =a

Examples 11.39
Evaluate the following integrals

-}

dx
@ '[ —2x+5
Solution
. 1
1 ——dx
@ j x*=2x+5
J.z;dx =
x —2x+5
(i1)
XI - Mathematics

—

, b
P +—x+
a

<

a

4qc —b*
44°

(ii) J;dx
2 +12x+11

Sk

m

1 F
L J\/12+4x—x2 )

ZJ 2 1 2 dx
X =2()x+(1) +4

(x—1)"+2

tan ™" _1 +c

1

2

1 1
—_— = | ——d
I\/x2+l2x+11 ) ‘[«/(x+6)2—25 :

J';dx
J(x+6) =5
log | x+6++/(x+6)" =5 | +c
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= log|x+6+x>+12x+11|+c

Therefore, j

L 5
Xt +12x+11

dx

1 1
I U
) J.\/12+4x—x2 ) J\/IZ—(xz — 4y)

— 1 I
_J\/l2—{(x—2)2—4} ¢

1
= [——d
f /42_(x_2)2 .

=sin™’ (_(x —2) )+ c
4

EXERCISE 11.10

Find the integrals of the following :

o - 1
(1) (1)4—)62 (i) 25— 4> (111 9x* —4

. - 1 1
A W vy O a2

1 1 1
3 (i .
0 J2+x) -1 ) VX’ —4x+5 (i VO +8x—x’

Type 111

Integrals of the form JL—wdx and J Pt dx

2
Nax? +bx+c

ax”+bx+c
To evaluate the above integrals, first we write

px+gq Ai(ax2+bx+c)+B
dx

px+q = AQQax+b)+ B
Calculate the values of 4 and B, by equating the coefficients of like powers of x on both sides
(1) The given first integral can be written as

J- 2px+q dr — IA(2§lx+b)+de
ax” +bx+c ax”+bx+c
BT B
ax” +bx+c ax” +bx+c
(The first integral is of the form If (%) dx)
S (x)
- Alog|ax2+bx+c|+BJ.ﬁdx
ax” +bx+c

The second term on the right hand side can be evaluated using the previous types.

219 Integral Calculus



(i1) The given second integral can be written as

'[ px+gq dr — J'A(2ax+b)+Bd
Nax® +bx+c Nax® +bx+c¢

2ax+b

— A"
'[\/ax2 +bx+c

(The first integral is of the form J L (X)Lf(x)]" dx)

dx+Bf

N S
Vax’ +bx+c¢

= A(Z ax2+bx+c)+Bj

N S
Nax? +bx+c

The second term on the right hand side can be evaluated using the previous types.

Examples 11.40
Evaluate the following integrals

3x+5 .. x+1 2x+3 5x 7
1) | ———dx
Solutlon
3x+5
1 Let /= | ———dx
() J‘x +4x+7

3x+5=4 —(x2 +4x+7)+B
dx

3x+5= AQ2x+4)+B
Comparing the coefficients of like terms, we get

24=3=4= %;4A+B=5:>B=—l
g(2x+4)—1
= [,
X +4x+7
- _J' 2x+4 _J‘z—dx
x> +4x+7 x +4x+7
— zlog|x2+4x+7|—j ! >dx
2 (x+2)2+(\/§)
3 1 x+2
= =log|x’ +4x+7|——=tan"' | —= |+¢
R )
x+1
ii Let /= | ———dx
(@) jx2—3x+l

x+1= Ai(x2—3x+l)+B
dx
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x+1= A2x-3)+B
Comparing the coefficients of like terms, we get

24=1= A=%;—3A+B=1:>B=%

l(2x—3)+é
f= %dx
x =3x+1
2x-3
I= — —|————dx
Ix —3x+1 2Jx2—3x+1
= llog|x2—3x+1|+§J. 21 > dx
2 2 5 J5
x_i — _
2 2
3 ﬁ‘
1 5 1 7 9
= —log|x* —=3x+1|+= lo +c
- log| |+ NAS IS
2| M2 x—4=
2 2 2
= llog|x2—3x+l|+£l ogl———~
2 2 7|2x- 3+I
2x+3
(ii1) Let /= | ————=dx
j\/x2+x+1
2x+3 = Ai(x2+x+1)+B
dx
2x+3=A2x+1)+B
Comparing the coefficients of like terms, we get
24=2=A4=1;, A+B=3 = B=2
I I(2x+l)+2
VX +x+1
2x+1 1
I= | ———dx+2|——dx
'[\/x2+x+1 J‘\/xz+x+1
2 1
= 2x +x+1+2j 2dx
2
et || ﬁ
2 2
221
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2 2|
= 2Jx* +x+1+2log s |2l ] + ﬁ +c
2 2 2

Therefore, = 2v/x*+x+1+2log x+%+\/x2+x+l +c
. Sx-=17
(iv) J—'73x—x2—2dx

S5x=7 = Ai(3x—x2 -2)+B
dx
5x —7= AB3-2x)+B
Comparing the coefficients of like terms, we get

24 = 5:>A=—§;3A+B=—7:>B=l

_—5(3—2x)+l

1= [-2 2 i
j V3x—x*+2

5 3-2x
I= _EJ

1 1
——dx+— | —=dx
V3x=x*+2 2'[\/3x—x2+2

_ (—2]2x/3x—x2+2 +lj !
2 2 2

3
x_i
—5\/3x—xz+2+lsin’1 2 |ye
J17
2
2 1 - -1 2x_3
Thus, 7= —5\3x—x*+2 +—sin +c
2 J17
EXERCISE 11.11
Integrate the following with respect to x :
2x-3 S5x—2 3x+1
1 1) ——mmm n ————~ 11
ORRY ¥ +4x—12 (it) 24+ 2x+x° (i) 2x° —2x+3
) 2x+1 .. x+2 2x+3
@ () —— (i)
VI9+4x—x x -1
XI - Mathematics

(i) ——
Vxt+4x+1
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Type IV

Integrals of the form I\/az +x° dx,J.\/x2 —a’dx
Result 11.3

2
(1) J.\/a2 —x’dx =§\/a2 —x’ +a?sin‘l (£J+c

a
2
(2) J\/x2—a2d =§\/x2—a2 —%log x+x*—a’|+c

2
3) J\/xz +aza’x:§\/xz+a2 +a?10g‘x+\/x2+a2 +c

Proof :

(D) Let I= J.\/az—xzdx

Take u= va’—x then du :_—2xdx

2 2
2\Na  —x

dv=dx=v=x
Applying Integration by parts, we get

Judv = uv— Ivdu

2
—X
= I= X\/az—xz—J‘ﬁdx
2 2 2
[ a —xX —a
= X az—xz—Jﬁdx

2 2 2
= xva' -x* - a4+ 5 ) dx
J.[\/az_xz \/az_xz
2
= x\/a2—x2 —J\/az—x2dx+Ja—dx

= xvJa’ —x? —I+a2J;dx
2 2

a —X
o x
21= x\a® —x* +a’sin 1(—)
a

2
Therefore, = %V a’—x" + a?sin‘1 (i )+ c
a

Similarly we can prove other two results.

Note 11.3
The above problems can also be solved by substituting x = asin0

Examples 11.41
Evaluate the following :

(i) [Va-¥dr (i) [V255° —9dx (i) [Vx’ +x+1dx  (iv) [Jx=3)5=x)dx
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Solution

(i) Let I = ~4—x%dx
= J\/22—x2dx

2
= 1\/22_)(2 +2—sin_1 e
2 2 2
Therefore, I = % 4—x* +2sin™ (§]+c
(ii) Let /= [V25x* ~9dx
= [J(x)’ -3dx
1] 5x — 5 o2 a2
=95 (5x)" -3 —?log‘5x+ (5x)"=3"||+c
Therefore, /= — 57)(\/25)62—9—%log‘5x+\/25x2—9‘]+c

(iii) Let 7= [x*+x+1dx

N | —

| (7] 2
- J(H%j:[g A2 x+;+J(x+;j2+(§j »

herefore, /= 2x4+1\/x2+x+1+%log x+%+\/x2+x+1 +c
@iv) Let I= [Jx=3)5-x) dx
= f\/Sx—xz—IS dx

= JJF—{x—4fdx
x—4 5 - 1. (x-4
== JIE=(x—4) +5s1n (T)+c

Therefore, = x;4 8x—x2—15+%sin_l(x—4)+c
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EXERCISE 11.12

Integrate the following functions with respect to x :

() () Vx+2x+10 (i) Ja-2x-3 (i) J(6-x)(x—4)

2) (i) J9-(2x+5) (i) 81+(Qx+1)’  (iii) /(x+1)>—4

EXERCISE 11.13

Choose the correct or the most suitable answer from given four alternatives.

(1) If If(x)dx = g(x)+c, then ,[f(x)g'(x)dx

(1) J(f(x))’dx ) [ f(gx)dx (3) ] f'(x)g(x)dx @) I(g(x))*dx
(2) If Ji—;dx =k (3*)+c¢, then the value of k is
1 1
(1) log 3 (2) —log3 3) - oa3 4) Tog3

(3) If J‘f'(x)ex2 dx=(x—1)e" +c, then f{x) is

2 3

2 3
(1) 2x3—x?+x+c (2)%+3x2+4x+c (B) X +4x’ +6xtc (4) o —x*+x+c

2

. . . -4
(4) The gradient (slope) of a curve at any point (x, y) is al ~— . If the curve passes through the
point (2, 7), then the equation of the curve is *

(1) y=x+i+3 2) y:x+i+4 (3) y=x"+3x+4 @) y=x"-3x+6
X X

5 Jw dx is

cos” (xe")

(1) cot(xe*)+c (2) sec(xe*)+c

(3) tan(xe*)+c (4) cos(xe*)+c
/tan x .

(1) Vtanx +c¢ (2) 2dtanx+c  (3) %\/tanx +c 4) %\/tanx +c
(7) [sin® xdx is
(1) ?cosx—mgx (2) icosx+COS3x+c
(3) Scosx+225% (4) Ssiny -S4
4 4 1
eélogx _eSIng )
(8) Je4logx _e3logx dx 18
3
(1) x+c Q) Ztec 3) %+c 4) Lz+c
3 X X
225
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sec x
® f Jcos 2x

(1) tan"'(sinx)+c

(10) [tan™ [fcos2x 4 is
1+cos2x

(1) x* +c¢ (2) 2x* +c¢
(11) j23”5dx is
3x+5 23X+5
1y . Q) —2
log 2 2log(3x+5)
sin® x —cos® x .
12 dx 1is
(12) J1 2sin’ xcos” x

(1) %sin2x+c

e"(x’tan”' x+tan" x+1)

5 dx 1s
x +1

(13) |

(1) e tan”' (x+1)+c (2) tan"'(e")+c

x? +cos X ) )
cosec xdx 1s

14 [=———
(1) cotx+sin™' x+c

(3) —tanx+cot ' x+c
(15) fxz cosx dx is

(1) x*sinx+2xcosx—2sinx+c

(3) —x’sinx+2xcosx+2sinx+c

l-x
16 f—d '
( )J I+x e
(1) V1-x* +sin” x+c

(3) log|x+V1-x |—/1-x" +¢

(1) log|e*|—-log|e" —1|+c
(3) log|e® —1|-log|e" | +c

XI - Mathematics

(2) 2sin”'(tan x) +c¢

1.
(2) —Es1n2x+c 3) %cost+c

(3) tan'(cosx)+c (4) sin”'(tanx) +c¢

X2 X2
3) —+c 4) —+c
3) 5 “) 5
23x+5 23x+5
+ e +c
©®) 103 ) Jlog2

4) —%cos 2x+c

3) ¢ (tan”' x)’ N

(4) e'tan”' x+c¢

(2) —cotx+tan"' x+c

(4) —cotx—tan' x+c

(2) x*sinx—2xcosx—2sinx+c

(4) —x’sinx—2xcosx+2sinx+c

(2) sin” x—+/1-x" +c
(4) V1-x* +log| x+V1—x* |+c

(2) log|e" |+log|e” —1|+c
(4) log|e” +1|—log|e" |+c
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(18) J.e"” cosx dx is

e—4x
17
e—4x

17
sec’ x
—d

(1)

[4cosx—sinx]+c

)

[4cosx+sinx]+c

(19) |

tan® x—1

(1) 2log l—tanx

1+tanx

tan x +1

+c

1
—lo
©) 2 g tan x —1

(20) j ¢ sin 5x dx is

7x

e .
1 —7sm5x—5cosSx]+c
(1) -4 [ ]
e—7x
3) ” [7sin5x—5cos5x]+c

Q1) [x’erdx is

(1) x*e* —4xe? —8e? +¢

X X

(3) 2x%e? —8xe? +16e? +¢
x+2
(22)
J.\/xz—l
(1) Vx* =1-2log| x+v/x* =1 |+c
(3) 2log|x+~/x*—1|-sin” x+c

1
(23) jm

(1) log| x+/x> =5 | +¢

(3) log|logx+/(logx)* =5 |+
(24) [sinxdx is

(1) 2(—\/;005 x+sin«/;)+c

3) 2(—\/;sin x—cos\/;)+c
(25) fe&dxis

(1) 2Jx(1-e™)+c

(3) 2V (1-+/x)+c

dx 1S

dx is

e—4x

17
e—4x
[
17

2)

[-4cosx+sinx]+c

—4cosx—sinx]+c

4)

) log 1+ tanx +c

1-tanx

tan x —1

+c

1
4) —lo
) 2 & tan x +1

e7x

74

Tx

2)

[7sin5x+5cos5x]+c¢

.
¥ 74

[-7sin5x+5cos5x]+c¢

X X

(2) 2x%e? —8xe? —16e2 +c

(2) sin”' x—2log|x++x*—1|+c
(4) V¥’ —1+2log|x++vx* =1 |+c

) log |logx++/logx—5|+c
(4) log| log x—+/(logx)* =5 | +¢

(2) 2(—&cosﬁ—sinx/;)+c
(4) 2(—\/;sin x+cosJ§)+c

2) 2Jx(e" 1) +c
4) 2" (x =D+c
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SUMMARY

Derivatives

Antiderivatives

d .
5(6) =0, where c is a constant

Jde =c, where ¢ is a constant

di(kx) =k, where k is a constant
X

_[ k dx =kx+c where ¢ is a constant

d xn+1 .,
— = x
dx| n+1

n+l

n#-—1

Jx”dx =L . c, (Power rule)

n+l1

i10 = l
dx < X

fl dx = log|x|+c
X

—(—cosx)=sinx

Jsinxdx=—cosx+c

dx

i(sinx)=cosx Jcosxdx=sinx+c

dx

i(tanx)zseczx jseczxdx:tanx+c

dx

d 2 2 _

—(—cot x) = cosec’x Icosec xdx=—cotx+c
dx

di(secx)zsecxtanx Isecxtanxdx:secx+c
X

di(—cosec X) = cosec x cot x jcosec xcotxdx =—cosecx+c
X

d X X

—(ex)zex Je dx=e"+c

dx

d( a . a’

— =a Iaxdx: +c

dx| loga loga

. 1 1 .
—(sm 1x): J dx=sin"'x+c¢
X 1-x° 1-x°
_ 1 _
—(tanlx)— > J 2a’x=tan1x+c
X 1+x 1+x
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@ [Uh@ £ L)) dx = [ fi()dxE [ f,(0)dx

(1) If £ 1s any constant, then '[ kf (x)dx = kj f(x)dx

If [ f(x) de= g(x)+e, thenjf(ax+b)dx=l g(ax+b)+c
a

(1)

['tan x dx = log|secx|+¢

2)

Jcot x dx = log|sinx|+c

)

_[cosecx dx —log |cosec x—cot x| +c

4)

secx dx = log|secx+tanx|+c

Bernoulli’s formula for integration by Parts:
If u and v are functions of x, then the Bernoulli’s rule is
Judv =uv—u'v, +u'v, +...
’ 4 »m . . .
where u’, u’, u",...are successive derivatives of # and
V, Vi, V,, V,,..., are successive integrals of dv

ax

z—bz[a sinbx —bcosbx]+c

Je‘”‘ sin bxdx =
a +

ax

Je”xcosbxdx = ———[acosbx+bsinbx]+c
a +b

dx 1 a+x J.L sinl(xj+c
—1lo +e [2_ 2 a
Iaz_xz 2a g(a_xj a —x a
J 2 Llog(x_aj+c I 2dx zzltan_l(f}rc
x>—a®> 2a x+a a+x a a

d

+c

dx
_log‘x—i-\/xz—a2 IW

zlog‘x+\/x2 +a°

@

2
JVaz —xza’x:gxla2 —x* +a?sin_1 (£j+c
a

2
I\/xz —azdx=%\/x2 = —a?log‘x+\/x2 =

+c

2
J.\/x2 +a2dx=§\/x2 +a’ +%log‘x+\/x2 +a°

@
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ICT CORNER 11(a)
Integral Calculus

Expected Outcome IR (BN /

Step 1
Open the Browser type the URL Link given below (or) Scan the QR Code.
GeoGebra Workbook called “XI standard Integration” will appear. In that
there are several worksheets related to your lesson.

Step 2

Select the work sheet “Simple Integration”. You can enter any function in
the f(x)box. Graph of f(x) appear on left side and the Integrated function will
appear on right side. (Note: for x° enter **5) Move the slider “integration
constant” to change the constant value in integration.

- : | i3 v :
pramEmEl | e e
| f |
5 i

Stepl Step2

Browse in the link:
XI standard Integration: https://ggbm.at/c63hdegc
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ICT CORNER 11(b)

Integral Calculus

Expected Outcome

Step 1
Open the Browser type the URL Link given below (or) Scan the QR Code.
GeoGebra Workbook called “XI standard Integration” will appear. In that
there are several worksheets related to your lesson.

Step 2
Select the work sheet “Algebraic type-17. The graph of the function given on
left side and the Integration of the function appear on right side. Click on both
to see the graph. You can move the slider “a” to change the value. Algebraic
types are grouped as 4 types open other three Algebraic types and observe.

hlgererwy fe—ta e 8

— = oo b bl fmehac i et

oo [ - cesraa. L
Stepl Step2

Browse in the link:
XI standard Integration: https://ggbm.at/c63hdegc
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