Matrices and
Chapter 7 Determinants

“Mathematics is the music of reason”
- Sylvester

7.1 Introduction

The beginnings of matrices and determinants go back to the second century BC although traces
can be seen back to the fourth century BC. However, it was not until near the end of the seventeenth
century that the ideas reappeared and development really got underway. It is not surprising that
the beginnings of matrices and determinants should arise through the study of systems of linear
equations. The Babylonians studied problems which lead to simultaneous linear equations and some
of these are preserved in clay tablets which survive till now.

The evolution of the theory of ‘matrices’ is the result of
attempts to obtain compact and simple methods for solving
systems of linear equations. It also began with the study of
transformations of geometric objects. In 1850, it was James |
Joseph Sylvester an English Mathematician and lawyer,
coined the word ‘Matrix’ (originally from Latin: Ma ter
means  Mother — Collin’s Dictionary). Matrices are now & |
one of the most powerful tools in mathematics. ]

Generally, a matrix is nothing but a rectangular array *
of objects. These matrices can be visualised in day-to-day
applications where we use matrices to represent a military parade or a school assembly or vegetation.

The term ‘determlnant’ was first coined by Carl F Gauss in Disquisitiones arithmeticae
(1801) while studying quadratic forms. But the
concept is not the same as that of modern day
determinant. In the same work Gauss laid out the

¢ It was Cauchy (in 1812)
i who used determinant in its
modern sense and studied it in

detail. He reproved the earlier results and gave new results of his own on minors
and adjoints. It was Arthur Cayley whose major contribution was in developing
the algebra of matrices and also published the theory of determinants in 1841.
In that paper he used two vertical lines on either side of the array to denote the

. . . . Sylvester
determinant, a notation which has now become standard. In 1858, he published (1814 - 1897)

1 Matrices and Determinants



Memoir on the theory of matrices which was remarkable for containing the first abstract definition
of a matrix. He showed that the coefficient arrays studied earlier for quadratic forms and for linear
transformations were special cases of his general concept. They simplify our work to a great extent
when compared with other straight forward methods which would involve tedious computation.
The mathematicians James Joseph Sylvester (1814 — 1897), William Rowan Hamilton (1805 —
1865), and Arthur Cayley (1821 — 1895) played important roles in the development of matrix theory.
English mathematician Cullis was the first to use modern bracket notation for matrices in 1913.
The knowledge of matrices is absolutely necessary not only within the branches of mathematics but
also in other areas of science, genetics, economics, sociology, modern psychology and industrial
management.

Matrices are also useful for representing coefficients in systems of linear equations. Matrix
notations and operations are used in electronic spreadsheet programs on computers, which in turn are
used in different areas of business like budgeting, sales projection, cost estimation, and in science, for
analyzing the results of an experiment etc.

Interestingly, many geometric operations such as magnification, rotation and reflection through
a plane can also be represented mathematically by matrices. Economists use matrices for social
accounting, input-output tables and in the study of inter-industry economics. Matrices are also
used in communication theory and network analysis in electrical engineering. They are also used in

Cryptography.
In this chapter, we now first discuss matrices and their various properties. Then we continue to

study determinants, basic properties, minors and their cofactors. Here we now restrict the discussion
up to determinants of order 3 only.

@ Learning Objectives

On completion of this chapter, the students are expected to

¢ visualise difficult problems in a simple manner in terms of matrices.

¢ understand different types of matrices and algebra of matrices.

e compute determinant values through expansion and using properties of determinants.

e apply the concepts of matrices and determinants to find the area of a triangle and collinearity
of three points.

7.2 Matrices

A matrix is a rectangular array or arrangement of entries or elements displayed in rows and
columns put within a square bracket [ ].

In general, the entries of a matrix may be real or complex numbers or functions of one variable
(such as polynomials, trigonometric functions or a combination of them) or more variables or any
other object. Usually, matrices are denoted by capital letters 4, B, C, ... etc. In this chapter the entries
of matrices are restricted to either real numbers or real valued functions on real variables.

General form of a matrix
If a matrix A4 has m rows and »n columns, then it is written as

A=[a;] I1<ism,I<j<n

mxn
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That is,

n columns
Column 1 Column 2 Column;  Column n
! ' \
a4y a; a,, |« Row 1
ay Ay a,; a,, |« Row 2
: : : M TOWS
A = [aij ]mxn = .
a, ap a4, | < Rowi
| Am Gy 0 Ay 4, |<— Rowm
Note that m and n are positive integers.
The following are some examples of matrices :
* 7 -9 12 0 — s T
2 0 -1 o
x 2 4 1N
A=|1 4 5|, B=|sin— 2 Xx 4 |,and C= 2 .
9 -8 6 i e -3 4
cos 1 3 -6 N

In a matrix, the horizontal lines of elements are known as rows and the vertical lines of elements
are known as columns. Thus 4 has 3 rows and 3 columns, B has 3 rows and 4 columns, and C has 4
rows and 3 columns.

Definition 7.1
If a matrix 4 has m rows and n columns then the order or size of the matrix 4 is defined to be
m x n (read as m by n).

The objects 4, a,,, ..., a,, are called elements or entries of the matrix 4 =[q,],,, - The element

mxn *

a; is common to /" row and /" column and is called (7, /)" element of 4. Observe that the i*" row and

alj

azj

J™ column of 4 are 1xn and mx1 matrices respectively and are given by [a, a,, ... a,] and

a . .

mj
We shall now visualize the representation and construction of matrices for simplifying day-to-day

problems.

Ilustration 7.1

Consider the marks scored by a student in different subjects and in different terminal examinations.
They are exhibited in a tabular form as given below :

Tamil English Mathematics Science Social Science
Exam 1 48 71 80 62 55
Exam 2 70 68 91 73 60
Exam 3 77 84 95 82 62

This tabulation represents the above information in the form of matrix. What does the entry in the
third row and second column represent?
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The above information may be represented in the form of a 3 x 5 matrix 4 as

48 71 80 62 55
A=70 68 91 73 60].
77 84 95 82 62

The entry 84 common to the third row and the second column in the matrix represents the mark
scored by the student in English Exam 3.

Example 7.1
Suppose that a matrix has 12 elements. What are the possible orders it can have? What if it has
7 elements?
Solution
The number of elements is the product of number of rows and number of columns. Therefore,
we will find all ordered pairs of natural numbers whose product is 12. Thus, all the possible
orders of the matrix are 1x12, 12x1, 2x6, 6x2, 3x4 and 4x3.
Since 7 is prime, the only possible orders of the matrix are 1 x 7and 7 x 1.

Example 7.2
Construct a 2 x 3 matrix whose (i, /)™ element is given by

ay:g|2i—3j| (1<i<2, 1< <3).

Solution

In general, a 2 x 3 matrix is given by 4 =

1

a, 4, 4 :|
) Gy Ay
V3

|2-3|= R and other entries of the matrix

STk

By definition of a, , we easily have q,, =

NN

2 2
B o5

2 2

A may be computed similarly. Thus, the required matrix 4 is

7.2.1 Types of Matrices

Row, Column, Zero matrices

Definition 7.2
A matrix having only one row is called a row matrix.

Forinstance, 4=[4],,=[1 0 — 1.1 \/E] is a row matrix. More generally, 4 =[q, ], =[a,,],,

y
1s a row matrix of order 1xn.

Definition 7.3
A matrix having only one column is called a column matrix.
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x+1

. X . . . .
For instance, [4],, = 3 is a column matrix whose entries are real valued functions of real
x

4

variable x. More generally, 4=[q,],,, =[a,],, 1s a column matrix of order mXx1.

mx1

Definition 7.4

A matrix 4=[a,],,, is said to be a zero matrix or null matrix or void matrix denoted by O if

mxn

a; =0 forall valuesof I<i<mand 1< j<n.

0 0 O
0 0 0O
Forinstance, [0], |0 O 0] and [ 0 0] are zero matrices of order 1x1, 3x3 and 2x4
0 0 O

respectively.
A matrix A4 is said to be a non-zero matrix if at least one of the entries of 4 is non-zero.

Square, Diagonal, Unit, Triangular matrices

Definition 7.5
A matrix in which number of rows is equal to the number of columns, is called a square
matrix. That is, a matrix of order n x n is often referred to as a square matrix of order n.

a b c

Forinstance, A=|d ¢ f | is asquare matrix of order 3.

g h 1
(Definition 7.6 A
In a square matrix 4 =[q,],,, oforder n, the elements 4,,,4,,,4,;,...,a,, are called the principal
\_diagonal or simply the diagonal or main diagonal or leading diagonal elements. )
(Definition 7.7 )
\_ A square matrix A=[a,],,, is called a diagonal matrix if a, =0 wheneveri# j. )

Thus, in a diagonal matrix all the entries except the entries along the main diagonal are zero. For
instance,

faq, 0 0 0 |
25 0 0 a, 0 0
r 0
A= 0 BB 0 ,B:{O },c:[@,andpz 0 0 a, - 0
0 05 ’ ST SN
O ann_

are diagonal matrices of order 3, 2, 1, and » respectively.
Is a square zero matrix, a diagonal matrix?
Definition 7.8

A diagonal matrix whose entries along the principal diagonal are equal is called a
Scalar matrix.
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if i=j
That is, a square matrix 4 =[a,],, is said to be a scalar matrix if a, = ¢ . =/
v oot i# g
where c is a fixed number. For instance,

N c 0 - O|R

-5 0 0 ¢ - O|R

A=l 0 2 O,B:[O }C:Pﬁ}wdD:, R

0 0 2 0 0 - ¢|R

n

are scalar matrices of order 3, 2, 1, and » respectively.
Observe that any square zero matrix can be considered as a scalar matrix with scalar 0.

Definition 7.9
A square matrix in which all the diagonal entries are 1 and the rest are all zero is called a

lifi=j
unit matrix. Thus, a square matrix 4=[a,] 0if i J‘ .
‘ I i1#j

nxn

is said to be a unit matrix if a; = {

We represent the unit matrix of order n as /,. For instance,

Lo o 1 0 - 0]R

1 0 0 1 - 0fR,
L=0LL=| L I=[0 1 OLand = . .
- P

00 - I|R

n

are unit matrices of order 1, 2, 3 and n respectively.
Note 7.1
Unit matrix is an example of a scalar matrix.

There are two kinds of triangular matrices namely upper triangular and lower triangular matrices.

Definition 7.10
A square matrix is said to be an upper triangular matrix if all the elements below the main
diagonal are zero.

Thus, the square matrix 4=[a,]
For instance,

is said to be an upper triangular matrix if ¢, =0 forall i > j.

nxn

4 3 0 dy Gy 4y,
-5 2 0 a, - a,,
0 7 8, I o 1/®™¢. . - .| arcallupper triangular matrices.
0 0 2 oo S
0 0 0 a,
Definition 7.11

A square matrix is said to be a lower triangular matrix if all the elements above the main
diagonal are zero.

More precisely, a square matrix 4=[a,] is said to be a lower triangular matrix if

nxn

a, =0 forall i < j. For instance,
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a, 0 - 0

2 00 2 0 0
-2 0 a, a, 0 0 )
4 1 0, |4 1 0], 9 3| and | - . | are all lower triangular
0 0 O 8 -5 7 ’ ' o
anl an2 ann
matrices.

Definition 7.12
A square matrix which is either upper triangular or lower triangular is called a triangular
matrix.

Observe that a square matrix that is both upper and lower triangular simultaneously will turn out
to be a diagonal matrix.

7.2.2 Equality of Matrices

Definition 7.13

Two matrices 4=[a;]and B =[b,] are equal (written as A = B) if and only if
(i) both A and B are of the same order
(ii) the corresponding entries of A and B are equal. That is, a;, =5, foralliand j.

For instance, if

25 -1
Xy 3
|: :|= 1 3 |,then we musthave x=2.5,y =—1,u = ==,
5

1
— and v
V2

V2

u v

Definition 7.14

Two matrices A and B are called unequal if either of condition (i) or (ii) of Definition 7.13 does
not hold.

4 3 &8 =5
For instance, |:O :| % |: 4:| as the corresponding entries are not equal. Also

8 0
3 5 -8
0 8 :| # |3 4 ]as the orders are not the same.
- 6 7
Example 7.3

. | 3x+4y 6 x—=2y 2 6 4
Find x, y, a, and b if = :

a+b 2a-b -3 5 -5 -3
Solution

As the orders of the two matrices are same, they are equal if and only if the corresponding
entries are equal. Thus, by comparing the corresponding elements, we get

3x+4y=2, x-2y=4, a+b=5, and 2a-b=-5.

Solving these equations, we get x=2, y=-1,a=0, and b=5.
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7.2.3 Algebraic Operations on Matrices
Basic operations on matrices are

(1) multiplication of a matrix by a scalar,
(2) addition/subtraction of two matrices, and
(3) multiplication of two matrices.

There is no concept of dividing a matrix by another matrix and thus, the operation — , where 4
and B are matrices, is not defined. B

(1) Multiplication of a matrix by a scalar

Fora given matrix 4=[a,]
for all i and ;.

] ] a b c ka kb ke
For instance, if 4= , then kA=
d e f kd ke kf

and a scalar k, we define a new matrix k4 =[b,],,,, where b, = ka,

mxn

In particular if £ =-1, we obtain —4=[-a,] This — 4 is called negative of the matrix 4.

Don’t say — 4 as a negative matrix.

mxn *

(2) Addition and Subtraction of two matrices

If A and B are two matrices of the same order, then their sum denoted by 4 + B, is again a matrix
of same order, obtained by adding the corresponding entries of 4 and B.

More precisely, if 4=[a,] are two matrices, then the sum 4 + B of 4 and B is

a matrix given by

and B =[b, ]

mxn mxn

A+B= [cl,j] where ¢, =a; +bij for all 7 and ;.

mxn

Similarly subtraction 4 — B is defined as 4—B = A+ (-1)B.
Thatis, A-B=[d,]
all).

Note 7.2
(1) If 4 and B are not of the same order, then 4 + B and 4 — B are not defined.

where d; =a, —b, V iandj. (The symbol Vv denotes for every or for

mxn >

(i) The addition and subtraction can be extended to any finite number of matrices.

Example 7.4
Compute 4 + Band 4 — B if

A:[4 N

-1 0 05

V3 5073
:| and B = 1 1
1 -~ =
3 4

Solution

By the definitions of addition and subtraction of matrices, we have

443 25 143 4-3 0 -03

A+ B = and A—B=
0 3 L, 11
3 4 3 4
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Example 7.5
Find the sum 4 + B+ C if 4, B, C are given by

in’ 2 0 -1
4 smzﬁ 1 . B= 0056: 0 and C = '
cot"@ 0 —cosec’ @ 1 -1 0
Solution
By the definition of sum of matrices, we have

o 7 2 _ l 0
A+B+C:[Sm @+cos"0+0 140 1:|:|: ] .

cot’ @—cosec’d—1 0+1+0 -2 1

Example 7.6
Determine 3B +4C — D if B, C, and D are given by

2 3 0 -1 2 3 0 4 -1
B= , C= , D= :
[1 i 5] [—1 0 2] [5 6 —5]

Solution
6 9 0 -4 -8 12 0 -4 1 2 -3 13
3B+4C-D = + + = .
[3 -3 15:| [—4 0 8 ] |:—5 -6 5:| [—6 -9 28]

Example 7.7
Simplify :

secd tan@ tan@ secd
secd —tan @ .
[tan& sec 6’] |:sec49 tan 49:|

Solution
If we denote the given expression by A4, then using the scalar multiplication rule, we get

A=|: sec’ @ sec9tan9]_|: tan” 6 tané?sec@:| :[1 0:|

sec@tan @ sec’ @ sec@tan @ tan’ @ 0 1

(3) Multiplication of matrices

(Definition 7.15
A matrix A is said to be conformable for multiplication with a matrix B if the number of
columns of A is equal to the number of rows of B.

are given two matrices, then the product of matrices 4 and

mxn

Thatis, if 4=[qa,],,, and B=[b,],.,
B is denoted by AB and its order is m x p.
The order of AB is mx p = (number of rows of 4)x (number of columns of B).

must be same

Al |

mxn nxp

| |

product is of order mx p
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If A=[a, a, ... a)],, and B= :2 ,then 4B is a matrix of order 1 x 1, that gives a single

n _nxl

1

L b n
element which is defined by 4B=[a, a, .. a,]| ’|=[ab +ab,+..+ab,]= {Z akbk}.
k=1

For instance,
-2
[1 23] 3 [=[1(-2)+2(3)+3(5)]=[-2+6+15]=][19].
5
In general,
ay 4, 4, b, b, - blp
ifd=[a,),.,=| .© = . |andB=[b],,=| . o . | then
am 1 am 2 amn bn 1 bn 2 bnp
ay  dyp o 4y, _b” by, 1y
a=| T B ey
aml am2 U amn bnl bnz e bnp
¢y O C]p_
¢, a
and the product 4B =[c;],,, = :21 fz . fp )
le sz Cmp_
b,
sz _ . . 1
where C,»j:[an 2 | —Zal.kb,g., since ¢, 1s an element.
‘ k=1
nj
Example 7.8
0 ¢ b
If A=|c¢ 0 a|, compute 4°
b a 0
Solution
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0
where ¢, =[0 ¢ b]|c|=0-0+c-c+b-b=c’+b* and other elements ¢, may be computed similarly.
b

Finally, we easily obtain that

0O+c’+b> 04+0+ab O+ac+0 b’ +c? ab ac
A*=|040+ab c*+0+a*> bc+0+0 | = ab ct+a’ bc
O+ac+0 bc+0+0 b*+a*+0 ac bc a’ +b?
Example 7.9
1 1 2 |[x
Solve forxif [x 2 —-1]|-1 -4 1 [|2]|=0.
-1 -1 2|1
Solution
1 1 2 |[x]
[x 2 -1]|-1 -4 1 |[2] =0
-1 -1 =2][1]
o
That is, [x-2+1 x-8+1 2x+2+2](2]| = O
_la
o
[x-1 x-7 2x+4]({2| = O
x(x-D)+2(x-7)+12x+4) =0
X +3x-10 = 0 = x=-5,2.
Note 7.3

We have the following important observations:

(1) If4={[a,],, and B=[b,]

(2) The fundamental properties of real numbers namely,

and m # p, then the product AB is defined but not BA.

mxn nxp?

ab=ba Va,be R
ab=ac=>b=cVab,ceR, a#0
ab=0=a=0orb=0V abeR.
Can we discuss these in matrices also?

(1) Evenif AB and BA are defined, then AB = BA is not necessarily true.

For instance, we consider

1 1 2 -1
A= and B =
o] masl 7]
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and observe that AB # BA, since

5 0 0o 2
AB = and B4 =
[4 —2:| [5 3:|

In this case we say that 4 and B do not commute (with respect to multiplication)

Observe that 4B = BA is also possible. For instance,

. 2 2 1 2 -2 0
if 4= and B = then, AB=BA =
-2 1 2 2 0 -2

In this case we say that 4 and B commute with respect to multiplication.

(i)  Cancellation property does not hold for matrix multiplication. That is, 4 # O, B, and C

are three square matrices of same order nxn with n >1, then AB = AC does not imply
B =C and BA = CA does not imply B = C.

As a simple demonstration of these facts, we observe that for instance,
1 olfo o] [1 o][o o] [0 0
1 o[1 1 1 0|2 3] |0 0

but 007&"00‘
Y 11T 2 3]

(ii1) Itis possible that 4B = O with 4 # O and B # O; Equivalently, AB = O is not necessarily
imply either 4 = O or B = O. The following relation demonstrates this fact :

1 00 O] [0 O
I Off1 1 0 0
(3) Ingeneral, for any two matrices 4 and B which are conformable for addition and multiplication,
for the below operations, we have

e (A+ B)’ need not be equal to A*> +24B + B*
e A’ — B? need not be equal to (4 + B)(4A—- B).

Example 7.10

1 -1 2 1 3
IfA=|-2 1 3| and B=|-1 1 | find AB and B4 if they exist.
0 -3 4 1 2

Solution
The order of 4 is 3 x 3 and the order of B is 3 x 2. Therefore the order of 4B is 3 x 2.
A and B are conformable for the product 4B. Call C = 4B. Then,

c,, = (first row of 4) (first column of B)
1

= ¢,=[1 -1 2]|-1|=1+1+2=4, since ¢, is an element.
1
Similarly ¢, =0,¢,, =0,c,, =13,¢;, =7,¢;, =5.
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4 0
Therefore, AB=C=[c,]=|0 13
7 5

The product BA does not exist, because the number of columns in B is not equal to the
number of rows in 4.

Example 7.11
A fruit shop keeper prepares 3 different varieties of gift packages. Pack-I contains 6 apples,
3 oranges and 3 pomegranates. Pack-II contains 5 apples, 4 oranges and 4 pomegranates and
Pack —III contains 6 apples, 6 oranges and 6 pomegranates. The cost of an apple, an orange and a
pomegranate respectively are ¥ 30,3 15 and I 45. What is the cost of preparing each package of
fruits?
Solution P-I P-II P-III

6 5 6| Apples
Cost matrix 4 =[30 15 45], Fruit matrix B =|3 4 6| Oranges

3 4 6 [ Pomegranates

Cost of packages are obtained by computing AB. That is, by multiplying cost of each item in 4
(cost matrix 4) with number of items in B (Fruit matrix B).

6 5 6 360
AB=[30 15 45] (3 4 6| =|390
3 4 6 540

Pack-I cost X 360, Pack-II cost ¥ 390, Pack-III costs I 540.

7.2.4 Properties of Matrix Addition, Scalar Multiplication and
Product of Matrices
Let A, B, and C be three matrices of same order which are conformable for addition and a, b be
two scalars. Then we have the following:

(1) 4+ B yields a matrix of the same order

2) A+B=B+A4 (Matrix addition is commutative)
3) A+B)+C=4+B+C) (Matrix addition is associative)
4) A+O0=0+4=4 (O is additive identity)

5) A+(-A=0=(-A4)+4 (— A is the additive inverse of 4)

(6) (a+b)A=ad+ bA and a(4+ B)=aA + aB

(7) a(bA)=(ab)4, 14=Aand 04 = 0.
Properties of matrix multiplication

Using the algebraic properties of matrices we have,

e If A, B, and C are three matrices of orders m x n, n x p and p x g respectively, then A(BC)
and (4B)C are matrices of same order m x g and

A(BC) = (AB)C (Matrix multiplication is associative).
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e If A, B, and C are three matrices of orders m x n, n x p, and n x p respectively, then A(B + C)
and AB + AC are matrices of the same order m x p and

A(B + C)=AB + AC. (Matrix multiplication is left distributive over addition)

e IfA, B, and C are three matrices of orders m x n, m x n, and n x p respectively, then (4 + B)C
and AC + BC are matrices of the same order m x p and

(4 + B)C = AC + BC. (Matrix multiplication is right distributive over addition).

e If A, B are two matrices of orders m x n and n x p respectively and o is scalar, then
o(AB)= A(aB) =(xA)B is a matrix of order m x p.

e If /is the unit matrix, then 47 = I4 = A (I is called multiplicative identity).

7.2.5 Operation of Transpose of a Matrix and its Properties

(Definition 7.16 A
The transpose of a matrix is obtained by interchanging rows and columns of A and is denoted
by A”.

More precisely, if 4=[a,],,,, then A" =[b;],.n» Where b, =a, so that the (i, )™ entry of

L A" isa,. )
For instance,
I -8
A:|: IoV2 4 ] implies 4" = V20
-8 0 0.2 4 02

We state a few basic results on transpose whose proofs are straight forward.

For any two matrices 4 and B of suitable orders, we have
(i) 4" =4 (ii) (k4A)" = kA" (where k is any scalar)
(iii) (4+B)' =4"+B" (iv) (4B)" = B" A" (reversal law on transpose)
Example 7.12

If A=

S O B

6
1
3

verify (i) (4B)" = B A" (i) (A+B)" = A" +B" (iii) (A—B) = A" —B" (iv) 34)" =34"

Solution
(4 6 210 1 -1 16 2 22
(i) AB=10 1 5||3 -1 4|=|-2 9 9
0 3 2][-1 2 1 7 1 14
(16 -2 7
UBr=12 9 1 (1)
(22 9 14
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0 3 -1 4 0 0
B'=|1 -1 2|, 4"=|6 1 3
-1 4 1 2 5 2
[0 3 -1][4 0 0 16
B'A" =1 -1 21||l6 1 3|=|2
-1 4 112 5 2] [22
From (1) and (2), (4B)" =B"A".
(4 6 2 0 1 -1 4
(ii) A+B=10 5+ 3 -1 4 |=|3
0 3 2] |-1 2 1 -1
(4 3 -1
A+B)'=|7 0 5
1 9
(4 0 0 0 3 -1 4
A"+ B" = 1 3|1+4({1 -1 2|=|7
2 5 2] |-1 4 1 1
From (3) and (4), (A+B) =4"+B".
(4 6 2 0 1 -1 4
(iii) A-B=10 5[-13 -1 4|=[-3
0 3 2] [-1 2 1 1
(4 -3 1
A4-B)' =|5 2 1
3 1 1
(4 0 0 0 3 -1 4
AT — BT = 1 3|-|1 -1 2|=]|5
2 5 2] |-1 4 1 3
From (5) and (6) (A-B)' =4"-B".
12 18 6
(iv) 34=|0 3 15
0 9 6
12 0 0 4 0 0
BA) =18 3 9|=3|6 1 3|=3(4").

6 15 6

2 5 2

15

o O W

N

— N W

W W

—_ = W

Q)

.3

o (4)

. (5

.. (6)
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7.2.6 Symmetric and Skew-symmetric Matrices

Definition 7.17

A square matrix 4 is said to be symmetric if 4" = A.

That is, 4=[4;]. is a symmetric matrix, then a; =a, for all i and ;.

3 -6 9
For instance, 4=[—6 8 5| isasymmetric matrix since 4" = 4.

9 5 2

T
Observe that transpose of A” is the matrix A itself. That is (AT ) =A.
Definition 7.18

A square matrix A is said to be skew-symmetric if 4" =—4.
If 4=[a,;],,, is a skew-symmetric matrix, then a, =—a, forall i and .

Now, if we put i =, then 2a, =0 or a, =0 for all i. This means that all the diagonal elements of
a skew-symmetric matrix are zero.

0 2 3
For instance, A=|-2 0 4| is a skew-symmetric matrix since 4" =—4 .
-3 -4 0

It is interesting to note that any square matrix can be written as the sum of symmetric and
skew-symmetric matrices.
Theorem 7.1

For any square matrix 4 with real number entries, 4+ 4" is a symmetric matrix and A—A4" is a
skew-symmetric matrix.
Proof

LetB=A4+A".

B = (A+A"Y = A"+A") =4"+4=4+4" =B.
This implies 4+ A" is a symmetric matrix.
Next, we let C=A4— A" . Then we see that
C'=(A+(A") =4"+(=A") =4"—(A"Y =4"-4=—(4-4")=-C
This implies 4— A" is a skew-symmetric matrix.
Theorem 7.2 (=]

Any square matrix can be expressed as the sum of a symmetric matrix and a skew-symmetric
matrix.
Proof

Let 4 be a square matrix. Then, we can write
A —l(A+AT)+l(A—AT)
2 2 '
From Theorem 7.1, it follows that (4+A") and (4—A") are symmetric and skew-symmetric
matrices respectively. Since (k4)" = kA", it follows that %(A+AT) and %(A—AT ) are symmetric
and skew-symmetric matrices, respectively. Now, the desired result follows. =
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Note 7.4
A matrix which is both symmetric and skew-symmetric is a zero matrix.

Example 7.13

1
Express the matrix A=|—-6 8§ 3| as the sum of a symmetric and a skew-symmetric matrices.
-4 6
Solution
1 3 5 1 -6 -4
A=|-6 8 3|= 4A'=|3 8 6
-4 6 5 5 3 5
5 .
Let P:l(A+AT) -1 -3 16 9
2 2
|1 9 10]
T .
Now P' =L |3 16 o>
2 |1 9 10]

1 . . .
Thus, P = 5(A+ A") is a symmetric matrix.

Let O = %(A—AT)

| (0 9 9]
= =908 —3
2
-9 3 0]
| [0 -9 9]
Then QT=59 0 3|=-0
_9 _3 4
Thus Q= %(A — A") is a skew-symmetric matrix.

2 -3 1 0 9 9
A=P+Q=% 3 16 9 +% -9 0 -3
1 9 10 9 3 0

Thus 4 is expressed as the sum of symmetric and skew-symmetric matrices.

EXERCISE 7.1

(1) Construct an m x n matrix 4=[a,], where a; is given by

_(-2))

i q withm=2,n=3 (ii) a, = [3i=4/j]

withm=3,n=4
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(2) Find the values of p, ¢, 7, and s if

p’-1 0 =31-¢° !

0

7 r+l 9=7E9
2
8

-2 8 s—1

-2 /4

. | 2x+y 4x 7 Ty-13
(3) Determine the value of x + y if = .

Sx=T7 4x y x+6

(4) Determine the matrices 4 and B if they satisfy

6 -6 0 3 2 8
2A— B+ =0and A-2B=
-4 2 1 -2 1 -7

1
5)If 4= [O cll], then compute A*.

cosa —sina
(6) Consider the matrix A4, =|: ]

sinad  cos«

(1)  Showthat 4, A3 =4, ;-

(i)  Find all possible real values of o satisfying the condition A, + 4. =1.

(4 2
(MH1If A= . :| and such that (4—-21)(A4—-31)=0, find the value of x.
- X
(1 0
) IfA4=|0 1 0 [,show that A*is a unit matrix.
la b -1
(1 0 2
(9)If A=|0 2 1|and A’ —64>+7A+kl =0, find the value of k.
2 0 3

(10) Give y(_)ur own examples of matrices satisfying the following conditions in each case:
(1) A and B such that AB # BA.
(i1)) A and B such that AB=0=BA, A# O and B#O.
(ii1) A and B such that 4B = O and BA # O.
cosx —sinx 0
(11) Show that f(x)f(v)= f(x+y), where f(x)=|[sinx cosx O
0 0 1

(12) If 4 is a square matrix such that 4> = 4, find the value of 74 — (1 + 4)*.
(13) Verify the property A(B + C) = AB + AC, when the matrices 4, B, and C are given by

301 4 7
2 0 -3
A= B=|-1 0|,andC=|2 1
1 4 5
4 2 1 -1
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. . . . . . 1 23 -7 -8 -9
(14) Find the matrix 4 which satisfies the matrix relation 4 4 = )

5 6 2 4 6
4 5
2 -1 1
(15)If A" =[-1 0 andB=|:7 s 2], verify the following
2 3

(i) (A+B) =A"+B"=B"+4" (ii) (4-B) =4"-B" (ii) (B")" =B.

(16) If 4 is a 3 x 4 matrix and B is a matrix such that both 4" B and BA" are defined, what is the
order of the matrix B?

(17) Express the following matrices as the sum of a symmetric matrix and a skew-symmetric matrix:

3 3 -1
W |7 Zand |2 2 1
i and (i) [-2 -
3 -5
-4 -5 2
2 -1 -1 -8 -10
(18) Find the matrix 4 suchthat | 1 0 [4"=[1 2 -5
-3 4 9 22 15
1 2 2
(19)If A=|2 1 -2/ isa matrix such that 44" =91 , find the values of x and y.
x 2 vy
0o 1 =2
(20) (i) For what value of x, the matrix A=|-1 0 x’ | is skew-symmetric.
2 -3 0
0 p 3
(i) If |2 ¢° -1/ is skew-symmetric, find the values of p, ¢, and .
r 1 0

(21) Construct the matrix A4=[a,l,,, where a,=i—j. State whether 4 is symmetric or
skew-symmetric.

(22) Let A and B be two symmetric matrices. Prove that AB = BA if and only if 4B is a symmetric
matrix.

(23) If 4 and B are symmetric matrices of same order, prove that
(i) AB + BA is a symmetric matrix.
(1)) 4B — BA is a skew-symmetric matrix.
(24) A shopkeeper in a Nuts and Spices shop makes gift packs of cashew nuts, raisins and almonds.
Pack I contains 100 gm of cashew nuts, 100 gm of raisins and 50 gm of almonds.
Pack-II contains 200 gm of cashew nuts, 100 gm of raisins and 100 gm of almonds.
Pack-III contains 250 gm of cashew nuts, 250 gm of raisins and 150 gm of almonds.

The cost of 50 gm of cashew nuts is X 50, 50 gm of raisins is X10, and 50 gm of almonds is
% 60. What is the cost of each gift pack?
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7.3 Determinants

To every square matrix 4 = [a,] of order n, we can associate a number called determinant of the
matrix A4. ‘

ay 4y o4, a, 4y -4,

a e a a a e a

21 22 2 . . . 21 2 2
If4= " |, then determinant of A is written as |4| =| : : "
anl anZ T ann anl anZ T ann

Note 7.5
(i) Determinants can be defined only for square matrices.

(i1) For a square matrix 4, |4] is read as determinant of A.

(ii1) Matrix is only a representation whereas determinant is a value of a matrix.

7.3.1 Determinants of Matrices of different order
Determinant of a matrix of order 1

Let A = [a] be the matrix of order 1, then the determinant of 4 is defined as ‘a’.

Determinant of a matrix of order 2

a, a
LetA4= |: ! 12:| be a matrix of order 2. Then the determinant of 4 is defined as

ay Ay
a, a
|4 = 11’ Yl=a, ay-ay ay
ay, “dy
Example 7.14
Evalugte: (0| 2> 2 iy | <0 e
valuate : (i) 1 9 (i) —sin@ cos@ |
Solution

i 24—22 1 x4)=4+4=28
(l)‘—l 2‘—( x2)— (— 1x4)=4+4=8,

. cos@ siné
(i1)

—sinf@ cosé@

‘ = (cos@cos @) —(—sin@sin @) =cos’ +sin” H=1.

Determinant of a Matrix of order 3

We consider the determinant of a 3 x 3 matrix with entries as real numbers or real valued
functions defined on R and study its properties and discuss various methods of evaluation of certain
determinants.

Definition 7.19 A

Let A=[a,],,, be a given square matrix of order 3. The minor of an arbitrary element a; is the

determinant obtained by deleting the i row and j* column in which the element @, stands. The

minor of a; is usually denoted by M. )
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Definition 7.20

The cofactor is a signed minor. The cofactor of a; is usually denoted by 4, and is defined as
A, =DM, .

For instance, consider the 3 x 3 matrix defined by 4=|a,, a,, a,
a3 4y Ay

Then the minors and cofactors of the elements a,,,a,,,a,; are given as follows :

. . . Ay Gy
(1) Minorof a, isM,;, = Ay Ay — Ay
ay Ay
a, a
. _ 1+1 _ %22 23
Cofactorof a,, is4,, =(-1)"M, = AyyQyy — Ayylyy
a3 A
. . . Ay Ay
(1) Minorof a,, isM,, = =a,,a,; — 5,0y,
a3 Qs
a, a
. _ 1+2 |21 23| _
Cofactor a,, is 4, =(-1 =—(a,,a,; — a;5,a,;)
31 33
. . ay a4y
(1) Minorof a,, isM,, = =0a,,a;, — 05,45,
a3 dy
a, a
. _ 143 % 2| _ _
Cofactorof a, 1s4, =(-1)"M,= o |7 B s
31 32

Result 7.1 (Laplace Expansion)

For a given matrix 4=[a,],;, the sum of the product of elements of the first row with their
corresponding cofactors is the determinant of 4.

Thatis, | A|=a,, 4, +a,4,+a,A4,.

This can also be written using minors. Thatis, | 4 |=a,M,, —a,,M,, +a, ;M ;.

The determinant can be computed by expanding along any row or column and it is important to
note that the value in all cases remains the same. For example,

expansion along R is |A4| =a,4,+a,4,+a;A4,;.
along R,1s [A| =a, A4, +ayAd, +a,4,,.

along C/is | 4| =a,4,+a, A4, +a,4,,.

Example 7.15
1 3 =2
Compute all minors, cofactors of 4 and hence compute |4]|if A=| 4 -5 6 |.Alsocheck
-3 5 2

that | 4 | remains unaltered by expanding along any row or any column.
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Solution

-5 6
Minors : M”=‘5 2‘=—10—30:—40

4 6

M, = - =8+18=26
4 -5

M, = o =20-15=5
3 =2

M, = = 5 =6+10=16
1 -2

M, = I =2-6=—4
1 3

M, = - =5+9=14
3 2

M, = 5 =18-10=8
1 _

M, = 0 g =6+8=14
1 3

M, = =-5-12=-17
4 -5

Cofactors :
A, = (—1)1”(—40):—40

A4, = (-)"*(+26)=-26

4,= DT E)=5

4, = (-D™'(16)=-16

A,= ()" (-4)=-4

A= (-1’7 (14)=-14

A4, = (-1)"'(8)=8

A, = (- (14)=-14

A, = ()P (-17)=-17
Expanding along R, yields

4| = a,,A4,, +a,A,+a;4, .

|[A| = 1(—40) +(3)(—26) + (-2)(5) =-128 . ..(3)
Expanding along C, yields

4| = a4, +a, 4, +a,4;, .
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= 1(-40)+4(-16)+—-3(8) =—128 .. (4
From (3) and (4), we have
|A| obtained by expanding along R, is equal to expanding along C, .

Evaluation of determinant of order 3 by using Sarrus Rule (named after the French Mathematician

Pierre Frédéic Sarrus)

Let A:[aii]3x3 T |Gy dy Ay

a3 4y Ay

Write the entries of Matrix 4 as follows :

A Y a3 s% 5% ‘. gt
e Na N N0, BIF35H
21 Gy oy Gy Ay

4y Gy Gy 4y 4y
Then | 4 | is computed as follows :

4| = [a11a22a33 tajaya, + a13a21a32]_[a33a21a12 +aynasa, t a31a22a13]

Example 7.16

0 sin@  coso
Find 4] if 4=]|sina 0 sin
cosae —sinff 0
Solution
0 sin  cosx
sino 0 sin # |=0M,, —sinaM,, +cosaM,
cose —sinff 0
= 0—sina(0—cosasin )+ cos(—sinasin f—0)=0.

Example 7.17

3 4 1
Compute |4| using Sarrus rule if 4=|0 -1 2
5 =2 6
Solution
304,13 4
N
0 ; 1\<2\§0\1
5 2% 5 =2
4] = [3(=D(6)+4(2)(5) +1(0)(=2)] —[5(=D(D)+(=2)(2)3+6(0)(4)]
= [-184+40+0]-[-5-12+0] =22+17 =309.
Note 7.6

For easier calculations, we expand the determinant along a row or column which contains

maximum number of zeros.
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Determinant of square matrix of order n, n >4
The concept of determinant can be extended to the case of square matrix of order n,n >4. Let

A=[a;],,.n24.

nxn?

If we delete the /" row and j* column from the matrix of 4=[a,],,,, , We obtain a determinant of

nxm 2

order (n—1), which is called the minor of the element a. We denote this minor by M, The cofactor
of the element a, is defined as 4, = =DM,

Result 7.2
For a given square matrix 4=[a,],,, of order n, the sum of the products of elements of the first
row with their corresponding cofactors is the determinant of 4. That is,

n
| Al=a, A, +a,A,+...+a,4, = Zal ;4 which, by the definition of cofactors and minors, is
j=1
same as

| A= 2(_1)1+j alel_j >
j=1
where Au denotes the cofactor of a J and M y denotes the minor of a, j=12,..,n ]

Note 7.7

() If 4=[a,]
(i1) It can be computed by using any row or column.

then determinant of 4 can also be denoted as det(4) or det 4 or A.

nxn

7.3.2 Properties of Determinants

We can use one or more of the following properties of the determinants to simplify the evaluation
of determinants.
Property 1

The determinant of a matrix remains unaltered if its rows are changed into columns and columns
into rows. Thatis, | 4|=|4"|.

Since the row-wise expansion is same as the column-wise expansion, the result holds good.

Property 2
If any two rows / columns of a determinant are interchanged, then the determinant changes in
sign but its absolute value remains unaltered.

Verification
a b ¢

Let 4| = a, b2 c,
= a,(b,c; —byc,)—b(a,c, —a,c,) + ¢ (aby, —asb,)

Let|4|=]a; b, ¢ | (since R, <> R;)

= a,(byc, —b,c;) — b (a;¢, — a,c;) + ¢ (ab, —a,by)
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= —a,(b,c; —byc,) + b (a,c; —ase,) — ¢ (a,b; —azh,)

= —{a,(b,c; —bic,) = b (a,c; —ayc,) +c (a,b, —asbh,)]
=14
Therefore, | A4,|= — | A|. Thus the property is verified. =

Property 3
If there are n interchanges of rows (columns) of a matrix 4 then the determinant of the resulting
matrix is (— 1)" | 4 |.

Property 4
If two rows (columns) of a matrix are identical, then its determinant is zero.
Verification
a] b] C]
Let|d|=|a, b, ¢, |, with2" and 3" rows are identical.
a2 b2 CZ
a b ¢
Interchanging second and third rows, we get —| 4| =|a, b, c, | =|4].
a, b, ¢
=2/|4|=0 = 4| =0. o
Property 5

If a row (column) of a matrix 4 is a scalar multiple of another row (or column) of 4, then its
determinant is zero.
Note 7.8

(1) If all entries of a row or a column are zero, then the determinant is zero.

(i1) The determinant of a triangular matrix is obtained by the product of the principal diagonal
elements.
Property 6
If each element in a row (or column) of a matrix is multiplied by a scalar &, then the determinant
is multiplied by the same scalar £.

Verification
a b ¢
Let|d|=1]a, b, ¢
a, b, ¢
= a,(b,c; —byc,)—b,(a,c, —a,c,) + ¢ (a,b; —ab,)
ka, kb, ke,
Let [4|=| a, b, ¢

a, b, ¢
= ka,(b,c, —b,c,)— kb (a,c,—ayc,) + ke, (a,b; —ab,) =kl 4|
= kla,(b,c, —b;c,)—b,(a,c, —a,c,) +c,(a,b, —ab,)] =kl A |
=|A,|=kA| -

25 Matrices and Determinants



Note 7.9
If A4 is a square matrix of order », then
(i) |4B|=]4][[B]
(1)) IfAB=0Otheneither |A|=0or|B|=0.
(i) [4" |=(4])"
Property 7

If each element of a row (or column) of a determinant is expressed as sum of two or more terms
then the whole determinant is expressed as sum of two or more determinants.

a+m, b ¢ a b ¢ m, b ¢
Thatis, | a,+m, b, ¢, |=|a, b, ¢, |+|m, b, ¢
a,+my; by ¢ a, b ¢ m, by ¢

Verification
By taking first column expansion it can be verified easily.

LHS = (a, +m,)(b,c, —byc,) —(a, + m,y)(bc; —byc, ) +(ay + my)(bic, —byc,)
= a,(b,c; —byc,) —a, (b — b)) + a; (e, —byc) + my(b,c; — bye,) —m, (bic; — bycy)

+my(b,c, —b,c,)

=|la, b, ¢, |+|m, b, ¢, |=RHS.
a, by ¢ my by ¢ m
Property 8

If, to each element of any row (column) of a determinant the equi-multiples of the corresponding
entries of one or more rows (columns) are added or subtracted, then the value of the determinant

remains unchanged.

Verification
a b ¢
Let |4|=|a, b, c,
a; by ¢
a,+ pa, +qa, b+ pb,+qb; ¢ + pc,+qc;
and [4,|= a, b, c,
a, b, &
a b ¢ pa, pb, pc, qa, qb, c )
using
=|la, b, ¢,|*+| a, b, ¢ |+|a b c
Property 7
a, by ¢ a, b, G a, by ¢
a, b, ¢ a; by ¢
|A1|=|A|+p a, b, ¢,|*tq|la b, ¢
a, by ¢ a; by ¢
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|4, |=14]+p0)+q0)=|4][ (using Property 4)
Therefore [A4,[=|4|

This property is independent of any fixed row or column. m

Example 7.18

(@ +a™)Y (@ —-a*) 1
If a, b, ¢ and x are positive real numbers, then show that | (6" +567")* (b =b7")* 1| is zero.
(CX + C—X)Z (Cx _ C—X)Z 1
Solution
4 (a"-a*) 1
Applying C, > C,—C,, weget |4 (b*=b")* 1|=0, since C, and C, are proportional.
4 (c"-c) 1
Example 7.19
Without expanding the determinants, show that | B |=2| 4 |.
b+c c+a a+b a b c
Where B= |c+a a+b b+c| andAd=|b ¢ a
a+b b+c c+a c a b
Solution
2(a+b+c) 2(a+b+c) 2(a+b+c)
We have |B| = cta a+b b+c |(R >R +R,+R))
a+b b+c c+a
a+b+c a+b+c a+b+c
=2 c+a a+b b+c
a+b b+c c+a
a+b+c a+b+c a+b+c
=2 -b —C —a (R, >R,—R and R, > R, —R))
—C —a —b
a b ¢
=2|-b - —-a|(R,—>R+R,+R,)
—-c —-a -b
a b c
=2(-1)°|b ¢ a
c a b

=2\ 4]
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Example 7.20

2014 2017 O
Evaluate | 2020 2023 1

2023 2026 O
Solution

2014 2017 O 2014 2017-2014 O 2014 3 0 2014 1 O
2020 2023 1(=]2020 2023-2020 1|=1]2020 3 1|=3|2020 1 1
2023 2026 O 2023 2026-2023 0 2023 3 0 2023 1 O

=—3(2014 -2023)=-3(-9)=27.
Example 7.21
x—1 X x—2
Find the value of xif | 0 x-2 x-3|=0,
0 0 x-3
Solution

Since all the entries below the principal diagonal are zero, the value of the determinant is
(x—1)(x—2) (x—3)=0which givesx =1, 2, 3.

Example 7.22
1 1 1
Provethat | x y z|=x-y)(-2)(z—x).
x2 y2 ZZ
Solution

Applying C, —» C,-C,,C;, = C, - C,, we get

1 0 0 1 0 0
LHS= (x y—x z=x | =(—x)(z—x)| x 1 1
x’ yz—x2 z’ —x x’ y+x z+x

= (-0)z-0)[+x)-(y+x)] .
= -x)(z-x)(z-y) .
= (x—y)(y—2z)(z—x) =RHS.

EXERCISE 7.2

s a b +c’
(1) Without expanding the determinant, prove that | s b> c¢*+a’ | =0.
2 2 2
s ¢ a+b
b+c bc bc’
(2) Show that | c+a ca c’a® | =0.

a+b ab a’b’
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a’ bc ac+c?
(3) Prove that | a>+ab b’ ac = 4a’b’c* .
ab b* +bc c*

I+a 1 1 o
(4) Prove that| 1 1+b 1 :abc(1+—+—+—J )
a b c
1 1 1+c
sec’d tan’@ 1
(5) Prove that | tan’ @ sec’d —1|=0.
38 36 2
x+2a y+2b z+2c
(6) Show that X % z =0.

a b c
(7) Write the general form of a 3 x 3 skew-symmetric matrix and prove that its determinant is 0.
a b ao.+b

(8) If b c bo+c |=0,
ao+b bo+c 0

prove that a, b, ¢ are in G.P. or o is a root of ax?> + 2bx + ¢ = 0.

1 a a —bc
(9) Prove that |1 b b —cal|=0 .

1 ¢ *—ab

a b c
(10) If @, b, c are p™, g™ and 7" terms of an A.P, find the valueof | p ¢ r
1 1 1
a’ +x* ab ac
(11) Show that | ab  b*+x*  bc | is divisible by x*.
ac be 4+ x?

loga p 1
(12) If a, b, c are all positive, and are p*, g™ and 7" terms of a G.P., show that | logh ¢ 1|=0.
loge r 1

1 log .y log z
(13) Find the value of |log x 1 log, z| if x,y,z#1.

log. x log.y 1
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e 30 4

14
(14) If4 = | 2 1 ,provethatZdet(Ak):l(l—i).
0

2
(15) Without expanding, evaluate the following determinants :
2 3 4 xX+y y+z z+x
> 6 8 (i) | =z x oy
6x 9x 12x 1 1 1

(16) If A is a square matrix and | 4 | = 2, find the value of | 44" |.
(17) If 4 and B are square matrices of order 3 such that | 4 | =—1 and |B| = 3, find the value of |34B].

0 24 1
(18) If A = — 2, determine the value of |4 0 34°+1
-1 64-1 0
1 4 20
(19) Determine the roots of the equation |1 -2 5 |=0.
1 2x 5x°

4 3 2 1
(20) Verity that det(4B) = (det 4) (det B) for A=|1 0 7 |andB=|(-2 4 0].
2 3 -5 9 7
8
1
3

5 3
(21) Using cofactors of elements of second row, evaluate | 4 |, where A=[2 0
1 2

7.3.3 Application of Factor Theorem to Determinants.

Theorem 7.3 (Factor Theorem)

If each element of a matrix 4 is a polynomial in x and if | 4 | vanishes for x = q, then (x — a) is a
factor of | 4 |.

Note 7.10

(1) This theorem is very much useful when we have to obtain the value of the determinant in
‘factors’ form.

(i1) If we substitute b for a in the determinant | 4 |, any two of its rows or columns become
identical, then | 4 | = 0, and hence by factor theorem (a — b) is a factor of | 4 |.

(ii1)) If » rows (columns) are identical in a determinant of order n (n > r), when we put x = a,
then (x —a) ~'is a factor of | 4 |.

(iv) A square matrix (or its determinant) is said to be in cyclic symmetric form if each row is
obtained from the first row by changing the variables cyclically.

(v) Ifthe determinant is in cyclic symmetric form and if m is the difference between the degree
of the product of the factors (obtained by substitution) and the degree of the product of the
leading diagonal elements and if

(1) m is zero, then the required factor is a constant £
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(2) m s 1, then the required factor is k(a + b + ¢) and
(3) m is 2, then the required factor is k(a*> + b* + ¢*) + [ (ab + bc + ca).

Example 7.23

x+1 3 5

Using Factor Theorem, prove that | 2 x+2 5 [=(x—-1D’(x+9).
2 3 x+4

Solution
x+1 3 5
Let|A4|= 2 x+2 5
2 3 x+4

2 35
Putting x=1, weget |4|=|2 3 5|=0
2 35

Since all the three rows are identical, (x — 1)* is a factor of |A|
-8 3 5 0 3 5

Puttingx=-9in| 4 |weget|4|=|2 -7 5|=|0 =7 5]=0
2 3 5 0 3 -5

Therefore (x+9) is a factor of |4] [since C, = C,+C, +C,].
The product (x — 1)? (x +9) is a factor of | 4 |. Now the determinant is a cubic polynomial in x.
Therefore the remaining factor must be a constant ‘k’.

x+1 3 5

Therefore | 2 x+2 5 |=k(x=1)°(x+9).
2 3 x+4

Equating x* term on both sides, we get k= 1. Thus |4 |=(x—1)* (x + 9).

Example 7.24
1 X X
Prove that |1 3* 3’ |=(x-y) (y—2) (z—x) (xy+yz+zx).
1 ¢ 2
Solution
1 x> x
Let 4] = |1 vy
1 22 22
Ly
Putting x =y gives |A|=|1 ¥ »'|=0 (sinceR =R,).
1 2 2

Therefore (x — y) is a factor.

31 Matrices and Determinants



The given determinant is in cyclic symmetric form in x, y and z. Therefore (y — z) and

(z — x) are also factors.

The degree of the product of the factors (x—y)(y—z)(z—x) is 3 and the degree of the

product of the leading diagonal elements 1x y* Xz’ is 5.

Therefore the other factor is k(x* +y* +z%)+ (xy + yz + zx) .

1 x¥* X
Thus 1 v V| =[x+ Y +2°)+L(xy+ yz+ z0)[x (x = )y —2)(z—X) .
1 2 72
Puttingx =0, y=1and z =2, we get
1 00
1 1 1|= [k(0+1+4)+€(0+2+0)](—1)(1—2)(2—0)
1 4 8
= B —=4) =[(5k+20)](-D(=D(2)

4 =10k+40=5k+20=2.
Putting x=0,y=-1and z=1, We get

0

=1 = [&@2)+£=DIMD(=2)D)
1

_._._.
=

= [Qk-0)(-2)] =2
2k—0 =—1.
Solving (1) and (2), we get k=0, /=1.

2 3

2 P = (= )y =2z =x)(xy + yz + zx).

2 3

1
Therefore |1
1

N X
N ®

Example 7.25
(g+r) P’ p’
Provethat|4|= | ¢*  (r+p) ¢ |=2pgr (p+q+r).
r’ o (ptq)
Solution :
(g+r)) 0 0
Taking p=0, we get | A | = q’ r* g’ |=0.
V2 1”2 q2
Therefore, (p — 0) is a factor. That is, p is a factor.
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Since | 4 | is in cyclic symmetric form in p, g, » and hence ¢ and r also factors.

ppr
|A|=1q> ¢ ¢*|=0since 3 columns are identical.
2 2 2
r r r

Therefore, (p + g + r)* is a factor of | 4 | .
The degree of the obtained factor pgr (p + g + r)* is 5. The degree of | 4 | is 6.

Therefore, required factoris k (p + g +r).

(g+r)}  p° P’
¢ (r+p)’ 7 = k(p+q+r) (p+q+r)’ X pgr
r r (p+9q)°

Taking p=1, g=1, c=1, we get
4 1 1
1 4 1 |=k@+1+1° @) Q) Q).
1 1 4

416 — 1) — 14 — 1)+ 1(1 — 4) =27k
60 —3 —3=27k = k=2.

| A= 2pgr (p+q+r).

Example 7.26

1 1 1

In a triangle ABC, if 1+sin 4 1+sin B l1+sinC =0,

sin A(1+sin A) sin B(1+sinB) sinC(1+sinC)
prove that AABC is an isosceles triangle.

Solution :
By putting sin 4 =sin B, we get
1 1 1
1+sin 4 I+sin A4 l1+sinC
sin A(1+sin 4) sin A(1+sin 4) sinC(1+sinC)

0

That is, by putting sin 4 = sin B we see that, the given equation is satisfied.
Similarly by putting sin B = sin C and sin C = sin 4, the given equation is satisfied.
Thus, we have A=BorB=Cor C=A.

In all cases atleast two angles are equal. Thus the triangle is isosceles.
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EXERCISE 7.3

Solve the following problems by using Factor Theorem :

X a a
(1) Showthat|a x al|=(x—a) (x+2a) .

a a x

b+c a-c a-b
(2) Showthat |b—c c+a b—a |=8abc.

c—b c—a a+b

x+a b c
3) Solve | a x+b ¢ |=0.
a b x+c

b+c a a
(4) Showthat |c+a b b’ |=(a+b+c)(a—=b) (b—c) (c—a).

2

at+b ¢ ¢

4-—x
(5) Solve | 4+x

4+x 4+x
4—x 4+x|=0.

4+x

1
(6) Show that | x

2
X

4+x 4-x

1
y

2

y

1
z|=(x=)(=-2)(z-x).

2
z

7.3.4 Product of Determinants

While multiplying two matrices “row-by-column” rule alone can be followed. The process of
interchanging the rows and columns will not affect the value of the determinant (by Property 1).
Therefore we can also adopt the following procedures for multiplication of two determinants.

(1) Row by column multiplication rule
(i1) Row by row multiplication rule
(ii1) Column by column multiplication rule
(iv) Column by row multiplication rule
Note 7.11
(1) If A and B are square matrices of the same order n, then | AB |=| A4 | | B | holds.
(i1) In matrices, although 4B # BA in general, we do have | 4B | = | B4 | always.

Example 7.27

—sin @ cos@ siné
) and B = ) .
| sinf  cos® —sinf@ cosé@

cos@ siné
—sin@ cos@|

34

. : [cos @
Verify that | AB |=| 4| | B|if A=

Solution

—siné |

AB

cosé@
sinf  cosé@ |
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B cos’ @ +sin” @ cos @sin @ —sin fcos O
| sin @ cos & —cos Fsin O cos’ @ +sin’ @

O L= (1)
= j— =1.
0 1

|A] = cos® @+sin’ O=1.
|B| = cos’ @+sin” 6 =1.

|A| |B|=1. - (2)
From (1) and (2), |AB|=|4]| | B .

Example 7.28
0 ¢ b[P |p+c? ab ac
Showthat |¢ 0 al| =| ab c*+a’ bc
b a 0 ab bc a’ +b*
Solution
0 ¢ bl 0 ¢ b 0 c
LHS=|¢c 0 a| =|c 0 al| X |c a
b a 0 b a 0 b a 0
0+c*+b> 04+0+ab O+ac+0
=|0+0+ab c+0+a*> bc+0+0
O+ac+0 bc+0+0 b*+a*+0
¢ +b* ab ac
= ab cF+a’ bc = RHS.
ac bc b> +a*
Example 7.29
2bc —a? ¢’ b* a b cf
Show that c’ 2ca-b* a’ =b ¢ a
b? a’ 2ab—c? c a b
Solution
a b ¢ ’ a b ¢ a b ¢
RHS=|b ¢ a| =|b ¢ al|X|b ¢ a].
c a b c a b c a b
a b c a b c
=|b ¢ a|x(-1)|c a b|[Inthe2™ determinant R, <> R, ]
c a b b ¢ a
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a b ¢ -a -b -—c
=|b ¢ alXlc a b
c

a b b ¢ a
Taking row by column method, we get
—a’+bc+ch —ab+ab+c* —ac+b* +ac

= |—ab+c*+ab —-b*+ac+ac —bc+bc+a’
—ac+ac+b* —bc+a*+bc —c* +ab+ab

2bc—a’ c’ b’
= c? 2ca—b’ a’ = RHS.
b’ a’ 2ab-c’
Example 7.30
1 x x| |1-2x* =x* —x°
Provethat |x 1 x| =| —x’ -1 X2 —2x
x x 1 —x*  x*=2x -1
Solution
1 x x[ I x x I x x
LHS= |x 1 x| =|x 1 x|x|x 1 x
x x 1 x x 1 x 1
I x x I x x
=|x 1 x| xE)E)—x -1 —x
x x 1 -x —x -1
I x x I x x
=lx 1 x| x|-=x -1 —x
x x 1 -x —x -1

2 2 2 2
l-x"—x" x—x—x X—x"—x
_ 2 2 2 2
= | x—x—x" x -1-x x —x—x

2 2 2 2
X—x"—x x —-x—-x x —x —1

1-2x>  —-x° —x
= -1 x*=2x |.
—x*  x*-2x -1
= R.H.S.

7.3.5 Relation between a Determinant and its Cofactor Determinant

a b ¢
Let |[Al=|a, b, c,|.
a, by ¢

XI - Mathematics 36



Let4, B, C, .... be the cofactors of a, b, ¢, ...in |4 |.

Al Bl Cl
Hence, the cofactor determinant is |4, B, C,
| A= a,4, +b,B, +¢,C, 4, By G

Similarly, | 4|=a,4, +b,B, +¢,C, and | 4 |=a,4, +b,B; +¢,C,

Note that the sum of the product of elements of any row (or column) with their corresponding
cofactors is the value of the determinant.
b ¢

Now a4, +bB,+cC, = —q,
by ¢

= —a,(bcs = bye)) + b (ay¢; — aye;) — ¢ (aby — ashy)
= abc, +ab,c, +abc, —abc, —ab,c, +abc, =0
Similarly we get
a, A, +bB,+cC, =0 ; a,4+b,B +c,C, =0 ;
a,A,+b,B,+c,C; =0 ; a,4, +b,B, +¢c,C,=0 and a,4, +b,B, +c,C, =0.

Note 7.12
If elements of a row (or column) are multiplied with corresponding cofactors of any other row

(or column) then their sum is zero.

Example 7.31
If 4;,,B.,C, are the cofactors of a,,b,,c,, respectively, i=1to 3 in
a b ¢ A4 B C
Al =|a, b, c,|, showthat|d, B, C,|=[A].
a, by 4, By G
Solution

a b ¢l |4 B C
Consider the product |a, b, c¢,| (4, B, C,

a, by ¢l |4, By G
a4, +bB +cC,  aA +bB,+cC, aAd +bB,+cC
= |a,4, +b,B, +c,C, a,A,+b,B,+c,C, a,A4,+b,B,+c,C,
a;A +b,B +c,C, a,A, +b,B, +c,C, a,A, +b,B; +c,C,

|4l 0 0
=0 [4] 0|=4f
0 0 |4
Al Bl Cl
Thatis, |4] x |4, B, C,|=|A[.
A3 B3 C3
Al Bl Cl
= |4, B, G| =|4.
A3 B3 C3
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7.3.6 Area of a Triangle

We know that the area of a triangle whose vertices are (x,,,),(x,,»,) and (x;,y,) is equal to
the absolute value of

1
E(X1y2 — XV F XY XY, XY =X Ys).

This expression can be written in the form of a determinant as the absolute value of

1 xo oyl

5 X, ¥ |1

Xy 1
Example 7.32

If the area of the triangle with vertices (- 3, 0), (3, 0) and (0, k) is 9 square units, find the
values of k .

Solution
n »n 1
Area of the triangle = absolute value of > x, y, 1f.
X3 Vs
. -3 0 1 |
9=|—(3 0 1||=|—(k)(-3-3
5 ‘2( X )‘
0 k 1
= 9 = 3| k| and hence, k== 3.

Note 7.13

The area of the triangle formed by three points is zero if and only if the three points are collinear.
Also, we remind the reader that the determinant could be negative whereas area is always non-
negative.

Example 7.33
Find the area of the triangle whose vertices are (— 2, — 3), (3, 2), and (- 1, — 8).

Solution

l'xl o1
Area of the triangle = > x, y, 1
Xy 1
-2 31
1 3 2 1 =‘l(—20+12—22)‘=|—15|=15
-1 8 1 2

and therefore required area is 15 sq.units.

Example 7.34
Show that the points (a, b + ¢), (b, ¢ + a), and (c, a + b) are collinear.
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Solution

a b+c 1
To prove the given points are collinear, it suffices to prove |4 |=|b c+a 1|=0.
c a+b 1
Applying C,— C, +C,, we deduce that
at+b+c b+c 1 1 b+c 1
|A|=|a+b+c c+a 1l|=(a+b+c)|l c+a 1|=(a+b+c)x0=0
a+b+c a+b 1 1 a+b 1

which shows that the given points are collinear.

7.2.11 Singular and non-singular Matrices

Definition 7.21
A square matrix A is said to be singular if | A | = 0. A square matrix A is said to be
non-singular if | A | # 0.

3 81
For instance, the matrix A=|—4 1 1] is a singular matrix, since
-4 1 1

| A=3(1-1)—8(—4+4)+1(—4+4) =0.

2 6 1
If B=[-3 0 5| then|B|=2(0-20)—(-3)(—42—4)+530-0)=—28#0.
5 4 -7

Thus B is a non-singular matrix.

Note 7.14
If A and B are non-singular matrices of the same order then 4B and BA are also non-singular
matrices because | AB |=|A| |B|=]|BA|.

EXERCISE 7.4
(1) Find the area of the triangle whose vertices are (0, 0), (1, 2) and (4, 3).

(2) If(k 2),(2,4)and (3, 2) are vertices of the triangle of area 4 square units then determine the
value of k.

(3) Identify the singular and non-singular matrices:

1 2 3 2 -3 5 0 a-b k
|4 5 6 |6 0 4| (i)|b-a 0 5
7 8 9 15 -7 k-5
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(4) Determine the values of @ and b so that the following matrices are singular:

S b-1 2 3
(i)A=|:_2 a] ) B=| 3 1 2
1 2 4

0 cos@ sinf [

(5) If cos280 =0, determine |[cos@ sind 0
sin @ 0 cosé

log, 64 log,3 log,3 log,3
X

(6) Find the value of the product ;

log,8 log,9 log,4 log,4

(=] et
EXERCISE 7.5 BOXUSS

Choose the correct or the most suitable answer from the given four alternatives.

(1) 1F @, =~ (Gi-2)) and A=[a, ], i

S 2 1t 2 2 11
(1) | @2 2 A1 1 @ 2 2
—-—— 1 2 1 7 9 1 2
> 2 2
. . I 2 3 8
(2) What must be the matrix X, if 2.X + = ?
3 4 7 2
) 1 3 ) 1 -3 3) 2 6 @ [2 -6
2 -1 2 -1 4 -2 (4 -2
1 0 0]
(3) Which one of the following is not true about the matrix [0 0 0] ?
0 0 5]
(1) a scalar matrix (2) a diagonal matrix
(3) an upper triangular matrix (4) a lower triangular matrix

(4) If A and B are two matrices such that 4 + B and AB are both defined, then
(1) A and B are two matrices not necessarily of same order
(2) A and B are square matrices of same order
(3) Number of columns of 4 is equal to the number of rows of B

4) A=B.
1
(5) If4= |: A /1:| , then for what value of 4, 4> =0?
(Ho (2) 1 3)-1 41
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1 1
(6) If A= |:2 1:|, B= |:Z 1] and (4+ B)* = A* + B*, then the values of @ and b are

(1) a=4,b=1  (2)a=1lb=4 (3) a=0,b=4 (4) a=2,b=4

1 2 2
(7) If A=[2 1 =2 is a matrix satisfying the equation 44" =9I, where [ is 3 x 3 identity
a 2 b
matrix, then the ordered pair (a, b) is equal to
12, -1 2) =21 3) @2, 1) @E=2-1

(8) If 4 is a square matrix, then which of the following is not symmetric?

(1) 4+ 4" (2) 44" (3) 44 (4) A-A"
(9) If 4 and B are symmetric matrices of order n, where (4 # B), then

(1) A+ B is skew-symmetric (2) A+ Bis symmetric

(3) A+ Bis adiagonal matrix (4) A+ Bis azero matrix

(10) If A= [a x] and if xy =1, then det (4 A7) is equal to
y a

(1) (a-1y’ (2) (a*+1)° (3) @’ -1 4) (a* -1

x—=2 T+x

2+ 2x+3
X ex

(11) The value of x, for which the matrix 4 = |:e
e

:| is singular is

(D9 (2)8 (3)7 (4)6

(12) If the points (x,-2), (5,2), (8,8) are collinear, then x is equal to

1

(-3 () 3 3)1 43

2a x y b
13 2 x, y, =%¢0, then the area of the triangle whose vertices are

2c x;

IR NESANEA R

a’al\b b [ \|lc ¢
1 1 1 1

1) — 2) —ab 3) = 4) —ab

()4 ()4ac ()8 ()Sac

o

14) If the square of the matrix p is the unit matrix of order 2, then «,f and y should

/4
satisfy the relation. y

() 1+’ +By=0 ) 1-a’-By=0
B)1-o’ +By=0 4) 1+a° - By=0
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a b ¢ ka kb ke
(15) IfA=|x y z|, then |kx ky kz|is
p q r kp kg kr
(H A (2) kA (3) 3kA 4) KA

(16) Aroot of the equation | =6 3—x 3 |=0 is

(Ho )3 30 4 -6
0 a -b
(17) The value of the determinant of A=|—-a 0 ¢ |is
b — 0
(1) — 2abc (2) abc 3)0 4) a’+b* +c

(18) If x,, x,,x; as well as y,, y,, y; are in geometric progression with the same common ratio,
then the points (x,, y,), (x,,¥,), (X;,»;) are
(1) vertices of an equilateral triangle
(2) wvertices of a right angled triangle
(3) vertices of a right angled isosceles triangle

(4) collinear

(19) If LJ denotes the greatest integer less than or equal to the real number under consideration and

e+t ] L]

-1<x<0, 0<y<1, 1£z<2,thenthe value of the determinant LxJ LyJ +1 LZJ is

EIEN AN ey

()| z] 2) | »v] 3) | x| 4) | x|+1
a 2b 2c
(20) If a#b, b, c satisfy|3 b ¢ |=0, then abc =
4 a b
(1) a+b+c 2)0 (3) b’ (4) ab+bc
-1 2 4 -2 4 2
@ IfA4=3 1 O0|andB=| 6 2 0|, then B is given by
-2 4 2 -2 4 8
(1) B=44 (2) B=-44 (3) B=-4 (4) B=64
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(22) If 4 is skew-symmetric of order n and C is a column matrix of order n x 1, then C" AC is
(1) an identity matrix of order n (2) an identity matrix of order 1

(3) azero matrix of order 1 (4) an identity matrix of order 2

1 3 1 1
(23) The matrix 4 satisfying the equation |:0 J A= {0 1:| is

NEEE o [T NI N
A AT A AT

3 2
(24) 1t A+[=[4 | },then (A+1)(A-1) is equal to

I ] DI @|>
8 -9 -8 9 8 9 -8 -9
(25) Let A and B be two symmetric matrices of same order. Then which one of the following

statement 1s not true?

(1) A4+ B is a symmetric matrix (2) AB is a symmetric matrix

(3) AB=(BA) (4) A"B=AB"

SUMMARY

In this chapter we have acquired the knowledge of

e A matrix is a rectangular array of real numbers or real functions on R or complex
numbers.

e A matrix having m rows and n columns, then the order of the matrix is m x n.

mxn

e Amatrix 4=[a;],., issaidtobea
square matrix if m =n
row matrix if m = 1
column matrix if n =1
zero matrix if a;= OViandj
diagonal matrix if m = n and a,= OVi=j
scalar matrix if m = n and a,= 0Vi= jand a,= A for all i
unit matrix or identity matrix if m = n and a,= 0 for all 1 # j and a,=1Vi
upper triangular matrix if m=nanda, =0V i>;

lower triangular matrix if m=nand a, =0 V i <}.

e Matrices 4=[aq;],,, and B=[),],,,, are said to be equal if a; =b; v iandj
o If 4=[q,],,, and B=[b;],,,, then A+ B=[c,],,,, where ¢, =a; +b;
e If A=[a,],,, and A is a scalar, then A4 =[Aaq,],.,
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-A=(-14
A+B=B+A4
A-B=A4+(-1)B
(A+B)+C=A4+ (B+ () where 4, B and C have the same order.
A(BC) = (AB)C (ii) A(B+C)=AB+AC (iii) (4+B)C = AC+BC
The transpose of 4, denoted by A4’ is obtained by interchanging rows and columns of A.
(i) AN =4, (i) (kA) =kA", (iii)(A+B) =4" +B", (iv)(4B)' =B" A"
e A square matrix 4 is called
(1) symmetricif A"=4 and (i1) skew-symmetric if 47 = — 4
e Any square matrix can be expressed as sum of a symmetric and skew-symmetric matrices.
e The diagonal entries of a skew-symmetric must be zero.
e For any square matrix 4 with real entries, 4 + A" is symmetric and 4 — A4 is skew-

symmetric and further 4 = %(A +A")+ %(A —AD).
e Determinant is defined only for square matrices.
o |A"|H4].
e | AB|=|A| | B| where 4 and B are square matrices of same order.

o [If A=[a;],.,, then [kA|=k" | A|, where k is a scalar.
e A determinant of a square matrix 4 is the sum of products of elements of any row (or

column) with its corresponding cofactors; for instance, | 4 |= a,,4,, + a,,4,, + a3 4,; .
e Ifthe elements of a row or column is multiplied by the cofactors of another row or

column, then their sum is zero; for example, a,,4,; +a,,4,; + a,;;4;; =0.

e The determinant value remains unchanged if all its rows are interchanged by its columns.

e [f all the elements of a row or a column are zero, then the determinant is zero.

e [fany two rows or columns are interchanged, then the determinant changes its sign.

e Ifany two rows or columns are identical or proportional, then the determinant is zero.

e [f each element of a row or a column is multiplied by constant k, then determinant gets
multiplied by «.

e If each element in any row (column) is the sum of » terms, then the determinant can be
expressed as the sum of 7 determinants.

e A determinant remains unaltered under a row (R) operation of the form

R +aR,;+ BR.(j,k #1i) oraColumn (C) operation of the form C, +aC, + BC,(j,k #1i)

where o, § are scalars.

e Factor theorem : If each element of |4| is a polynomial in x and if |4| vanishes for
x=a, then x — a is a factor of |4]|.

e Area of the triangle with vertices (x, ), (x,, »,) and (x,, ,) is given by the absolute value

1 x oy 1
of > x, »y, 1.
oy 1

If the area is zero, then the three points are collinear.

e A square matrix 4 is said to be singular if |4| = 0 and non-singular if |4| # 0.
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