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Mathematics starts as the study of
measurements and the relations between
measurements. The conceptual level of

mathematics develops when measurements are

’?-) Ny seen as pure numbers and physical objects as

Q’ P geometrical entities. Number relation evolves
'Y \ Y into algebraic equations. To interpret new Q_/ %
L q situations mathematically, new numbets and )L, C}
. . P
/] % novel techniques are needed. Cause and effect $ a -~

relations between facts develop into logical
connections of ideas. Thus Mathematics grows.

Welcome to the next step!

With love and regards

Dr. P. A. Fathima
Director, SCERT
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Algebra of Measures

The sides of a rectangle are 2 and 3 centimetres and they are extended by

1 centimetre to make a new rectangle:

cm

cm
cm

3 cm 3 cm 1 cm

What is the perimeter of the new rectangle?
Its sides are 3 and 4 centimetres and so perimeter is 14 centimetres.
We can do this in a different way:

The perimeter of the original rectangle is 10 centimetres. All four sides are
increased by 1 centimetre; so the total increase is 4 centimetres. The new
perimeter is 10 +4 = 14 centimetres.

What if each side is extended by 2 centimetres? Using the second line of
thought, each side is increased by 2 centimetres, total increase is 8 centimetres
and so the new perimeter is 10 + 8 = 18 centimetres.

This computation is quicker, isn’t it? If each side is extended by

1 . . .
2 5 centimetres, the perimeter of the new rectangle is.

(4 X2 % ) + 10 =20 centimetres

Thus we can see that, the perimeter of the new rectangle is 10 added to

4 times the extension of sides.
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Let’s put this in algebra, if the extension of each side is taken as x centimetres
and the perimeter of the new rectangle as p, then

p=4x+10

Now we can quickly find the new perimeter on extending by different lengths:

If extension is 3centimetres, perimeter is 22 centimetres.

| . . . .
Ifextension is 3 5 centimetres, perimeter is 24 centimetres.

. 3 . . . .
If extension is 3 1 centimetres, perimeter is 25 centimetres.

We can shorten this using algebra:
Ifx = 3, then p=22

Ifx =33, then p=24
Ifx =3 %, then p =25
There is an algebraic way to shorten it further.
p(3)=22
pp3)-2
3
In general, we write:
px)=4x+10
Let’s look at this shorthand in a little more detail. First, we write our finding in

ordinary language:

If each side of arectangle of sides 2 and 3 centimetres is extended by
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the same length to make a larger rectangle, then the perimeter of this
new rectangle is four times the extension added to ten. For example, if
each side is extended by one and a half centimetres, the perimeter is
sixteen centimetres.

We can shorten this using algebra:

If each side of a rectangle of sides 2 and 3 centimetres is extended by
x centimetres to make a larger rectangle, and the perimeter of the new
rectangle is p centimetres, then p =4x + 10.

For example, if x =1 % ,then p=16.
>
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Polynomials

To emphasise the fact that p changes according to x in this, we write p (x)
instead of just p. So we can rewrite our second statement like this:

If each side of a rectangle of sides 2 and 3 centimetres is extended by
x centimetres, then the perimeter of the new rectangle is given by

p(x) = 4x + 10. For example, p (1% J =16.

Now let’s see how the area changes in this. Instead of noting how the area
changes for different extensions and then generalising, let’s straightaway start
by taking the extension of each side as x centimetres.

E é 3x sqcm ¥* sqem
= =
g é 6 sqcm 2x sqem
N ~
3 cm X cm 3 cm X cm

From the pictures, the new area is

6+ 2x+3x+x*=6+5x+ x
(Recall the lessons, Identities of Class 8).

As in the case of perimeters, we write a (x) to denote the area on extending
each side by x centimetres. Then

ax)=x*+5x+6
From this, we find

a)=1+5+6=12
1Y 1 1 _ <3
0(15]—224‘754‘6—154

a2)=4+10+6=20
These can be written in usual language like this:

<
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If each side is extended by 1 centimetre, the area is 12 square

centimetres.

S 1 . .
If each side is extended by 15 centimetres, the area is 15% square

centimetres.

If each side is extended by 2 centimetres, the area is 20 square
centimetres.

As another example, let’s see how the volume of a rectangular block of sides
1,2, 3 centimetres change when each side is extended by the same length to
make a larger block. Taking the extension as x centimetres, the volume of the
larger block is (x + 1) (x + 2) (x + 3) cubic centimetres. To expand this, we

first write as before,

x+2) x+3)=x*+5x+6

Now this is to be multiplied by x + 1. For this, we have to multiply each of the
three numbers of the first sum by each of the two numbers in the second sum
and add:

@+ D E+5x+6)=x+t52+tb6x+tx>+5x+6=x*+6x>+ 1lx+ 6
Thus we can write what we have found as follows:

If each side of a rectangular block of sides 1, 2, 3 centimetres is
increased by x centimetres and if the volume of the larger block is

written as v (x) cubic centimetres, then v (x) = x> + 6x> + 11x + 6.

Let’s look at a different situation : We have seen that if an object is thrown
straight up with a speed of 49 metres/second, then its speed decreases at the
rate of 9.8 metres/second, and that the speed becomes 0 at 5 seconds and
thereafter it falls down with the speed increasing at the rate of 9.8 metres/
second. (The section Negative speed of the lesson, Negative Numbers in
Class 8). We also know the equation giving the relation between time and

speed. If we write the speed at x second as s(x) metres/second, then

s (x)=49 — 9.8x

<o
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We can compute the speed at different times using this:

time x 0f 1 2 3 41 5| 6 7 8 9 10

speed s (x) | 49]392|294 | 196 | 98| 0| 98| —-19.6| 294 | -39.2| —49

Can you explain mathematically why in the second row, the negatives of the
same numbers occur on either sides of 0? What is the physical explanation?

7 (1) Inrectangles with one side 1 centimetre shorter than the other, take the
length of the shorter side as x centimetres.

1) Taking their perimeters as p (x) centimetres, write the relation
between p (x) and x as an equation.

i)  Taking their areas as a (x) square centimetres, write the relation

l between a (x) and x as an equation.
i)  Calculate p (1), p (2), p (3), p (4), p (5). Do you see any
pattern?
iv)  Calculate a (1), a (2), a (3), a (4), a (5). Do you see any
pattern? =

(2) From the four corners of a rectangle, small squares are cut off and the
sides are folded up to make a box, as shown below:

5 cm
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1) Taking a side of the square as x centimetres, write the dimensions
of the box in terms of x.

i)  Taking the volume of the box as v (x) cubic centimetres, write
the relation between v (x) and x as an equation.

i)  Calculate v (%j v(l),v (1%]

<
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(3) Consider all rectangles that can be made with a 1 metre long rope.

0

Take one of its sides as x centimetres and the area enclosed as a (x)
square centimetres.

0) Write the relation between a (x) and x as an equation.

i)  Why are the numbers a (10) and a (40) equal?

i)  To get the same number as a (x), for two different numbers as
x, what must be the relation between the numbers?

Special expressions

We have seen many examples of the relation between different quantities
written as algebraic equations. These can also be seen as operations on pure
numbers. For example, in our first rectangle problem, the relation between
the extension of sides and the new perimeter was

px)=4x+ 10

More than a method of calculating perimeter of rectangles, this can be seen as
the operation of multiplying numbers by 4 and adding 10. Similarly, we can -—
examine some of the relations found earlier:

e alx)=x*+5x+6
o VX)=xX+6x*+11lx+6

o S(x)=49-9.8x

~

Let’s sce how we can show in GeoGebra | L00king at them as just operations on numbers, we note

the box made by cutting squares off the | Somecommon features. Inall these, the only mathematical

corners of a rectangle. Make a slider a | operations involved are multiplying different powers of

L L L L o IIIIIIIII IIIIIIIII IIIIIIIII IIIIIIIII IIII|IIII lllllllll IIIIIIIII IIIIIIIII IIIIIIIII Illllllll IIIIIIIII

with Min = 0 and Max = 2.5. Draw a | the number x by various numbers and adding or

rectangle of sides 7-2a and 5-2a, Next | gubtracting them. An algebraic expression involving only

open the 3D Graphics window (View | \oh gperations is called a polynomial,

— 3D Graphics), we can see our
rectangle in it. Choose Extrude to Prisom | 1here are instances where we do operations other than

or Cylinder and click on the rectangle. | these on numbers. For example, let’s consider the

Give the height of the box as a . The | diagonals of rectangles of one side 1 centimetre longer
volume can be marked using Volume. | than the other.

Move the slider to change a and see

oy b I g fis wolnme dhmmes. Taking the shorter side as x centimetres, the diagonal is

\ J

<o
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Polynomials

JX +(x+1)? = 2x* +2x+1 centimetres.

Since this involves the operation of extracting square roots, it is nota polynomial,
according to our definition.

See this figure:

A rectangle is attached to the hypotenuse
of anisosceles right triangle. What is the
area of this figure?

The area of the triangle is easily seen as 8 square centimetres. Since the longer
side of the rectangle is the hypotenuse of the triangle, itis 4 /2 centimetres.
So, the area of the rectangle is 4 /2 square centimetres.

Total areais 8 +4 /2 square centimeters.

What if the length of the perpendicular sides of the triangle is some other
number? Taking this length as x centimetres, the area of the shape in square
centimetres is

1
PRARENEE
This has the square root of 2 in it. But the operations on the changing number

x involve only squaring and multiplication by the fixed numbers % and /2 .

So this is also a polynomial.

Let’s take another example. If the length of one side of a rectangle of
area 25 square centimetres is taken as x centimetres, then its perimeter in

T A R IIIIII!II llllll!ll lllllllll lllllllll lllllllll lllllllll lllllllll Illl[llll mugnn Illllllll IIIIIIIII

centimetres is

2x + 2
X
This involves the operation of taking reciprocals of the changing number and
so is not a polynomial.

In a polynomial, we take powers of the changing numbers. The largest power
used is called the degree of the polynomial. So in the list of polynomials given
above, the first is of degree 2, the second is of degree 3 and the third is of

degree 1.

<
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Instead of saying polynomial of degree 1, polynomial of degree 2, and so on,

0

we can say first degree polynomial, second degree polynomial and so on.
Based on the degree , we can write the general form of all polynomials.
Firstdegree polynomial : ax+ b
Second degree polynomial : ax*+ bx + ¢
Third degree polynomial : ax® + bx> + cx +d

Here the letters a, b, ¢ and d denote fixed numbers. That is, in a specific
polynomial we take different numbers as x, but a, b, ¢, d are fixed as specific
numbers. They can be any sort of numbers; natural numbers, fractions, numbers
which are not fractions or negative numbers. They are called coefficients in a

polynomial.

(1)  Write each of the relations below in algebra and see if it gives a

polynomial. Give reasons for your conclusion also.

1) An 1 metre wide path goes around a square ground. The relation
between the length of a side of the ground and the area of the -
path.

i)  Aliquid contains 7 litres of water and 8 litres of acid. More acid
is added to it. The relation between the amount of acid added
and the change in the percentage of acid in the liquid.

i)  Two poles of heights 3 metres and 4 metres are erected upright
on the ground, 5 metres apart. A rope is to be stretched from the
top of one pole to some point on the ground and from there to
the top of the other pole:

L L L L o IIIIIIIII IIIIIIIII IIIIIIIII IIIIIIIII IIII|IIII lllllllll IIIIIIIII IIIIIIIII IIIIIIIII Illllllll IIIIIIIII

3 m
4 m

5 m

The relation between the distance of the point on the ground
from the foot of a pole and the total length of the rope.

<o
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Write each of the operations below as an algebraic expression, find out
which are polynomials and explain why.

)] Sum of a number and its reciprocal.
i)  Sum ofanumber and its square root.

i)  Product of the sum and difference of a number and its square
root.

Find polynomials p(x) satisfying each set of conditions below.

0) First degree polynomial with p(1)=1 and p(2) = 3.

i)  Firstdegree polynomial with p(1)=-1and p(-2)=3.

i)  Second degree polynomial with p(0) = 0, p(1) = 2 and
p(2)=6.

iv)  Three different second degree polynomials with p (0) =0 and
p(1)=2.

Polynomial operation

Imagine a long line with a point O marked on it; and another point P,
2 metres to the left of O. Think of an object starting at P and moving leftward

along the line at a steady speed of 1 metre/second. At one second, how far it

will be to the left of O? 2 % seconds?

Let’s write this in algebra. If it is /(x) metres to the left of O at x seconds, then
I(x) = x +2

Now imagine another object starting at a point Q which is 1 metre to the right
of O and moving rightward along the line at 2 metres/second. Its distance
from O can also be written as a polynomial 7 (x).

rx)=2x+1

e I(x) metre: (X)) MELrE e >

P 16) Q

What would be the distance between these objects at 5 seconds?

The object on the left of O is / (5) metres away from it and that on the right of
O1is r(5) metres away.

<
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So the distance between them is / (5) + 7 (5) metres.
[(5) =5+2=7

r(5)

[(5)+r(5)

x5 +1=11

7+11=18

Thus at 5 seconds the distance between the objects is 18 metres. What is this
distance at 10 seconds?

Instead of calculating every time / (x) and 7 (x) separately and adding, how
about writing the distances between the objects also as algebraic expression?

Writing the distance between the objects at time x seconds as d (x) metres,
dx)=(x+2)+2x+1) =3x+3=3x+1)

So now to calculate the distance between the objects at 10 seconds, we
need only add 1 to 10 and triple it:

d(10)=3x11=33
In terms of numbers alone, we have for any number x,
dx)=1(x)+r(x)
We say that the polynomial d(x) is the sum of the polynomials /(x) and (x).

SR L6011 1<) 5 (TR ——

P RnPP RS (6 1 (s (PR —

I

ng

Q

We can add any two polynomials like this. For example, if we take
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px) = x¥*—-2x+3
qlx) = 2x*+5x -1

Then we have

@=2x+3)+@2x* +5x-1)

p(x) + q(x)

@+ 2x)+(5x-2x)+(3-1)

3x2+ 3x + 2

<o




Polynomials

And we can subtract too: ( Power pattern h

0

_ = (2= 2r+3) = (2 + 5x— 1 We have seen that (x + 1)> =x? + 2x
P() = 4() (x x+3) = (x *=1) + 1 in class 8. To find (x + 1)*, we
=(-2x+3) -2 -5x+1 multiply x* + 2x+ 1 by (x+ 1).
@+ 1P =(x"+2x+1)(x+ 1)
Il T2 @) E el =x+3x*+3x+ 1
= 2= Tx+4 Multiplying this by x + 1 again, we
get (x + 1)* (Try it!)
And multiply also: Write down in order, the coefficients

in the expansion of x + 1, (x + 1)%

p(x) g(x) = (¥*=2x+3) (2¢° +5x-1) (x+ 1)’... and so on.

= (2x* +5¢° —x*) — (4 + 10x* — 2x)
+ (6x* + 15x — 3)

—
AW N —

1

31

6 4 1

= (2x* + (5x* —4x°) + (6x* — 10x* — x?)
+(15x +2x) -3 Do you see any pattern? Can you find

(x + 1)° without actually expanding

=2 +x=-5x*+17x -3 i
\ J
Can the product of any two polynomials just a number? =

(1) Taking p(x) = 2x> +3x +5, g(x)= x¥*+4x+ 1 and s (x) =
p(x) + g(x), calculate p (10), ¢ (10), s (10), p (10) + g (10).

(2) What polynomial added to x> +4x — 5 gives 2x>— 3x + 1?

(3) What polynomial subtracted from x*>+4x — 5 gives 2x> —3x +1?

L L L L o lllllllll lIIlIlIlI IIIIIIIII IIIIIIIII IIIIIII[I lllllllll III1IIIII IIIIIIIII IIIIIIIII ]llllllll lIIIIII'II

(4) Find polynomials p (x) and g(x) such that p(x) + g(x) = x*—4x+ 1
and p (x) —q (x) =x* + 5x - 2.

(5) Taking p(x) =3x>—2x + 4, write the following as polynomials:
) G+t Dp@+x-1)px)

)t Dp@-@-1)pw)
i) S+ D)p@-50-1)pw

<
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Project

What is the relation between the coefficients of the polynomial
obtained by multiplying a polynomial by x — 1? What about the
product by x +1? And x* - 1?

Looking back

d On With )
Learning outcomes my teacher's Must
l own help improve

o Writing unchanging relations between
changing quantities as algebraic expressions
and recognising the polynomials among them.

» Seeing polynomials as operations on pure =
numbers and recognising their specialities.

» Recognising situations requiring addition and
subtraction of polynomials and doing such

operations.
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Circle and Polygons

It is easy to calculate the perimeter of a polygon; just add the lengths of sides:

Ay
>
e
)

Perimeter 4 + 1 +25+35+2=13
centimetres

2(;m

&

4 cm N
For aregular polygon; it's still easier:

Perimeter 6 X 2 =12 centimetres

2 cm

What about a circle?

We can place a string around and measure its length. But the real interest of
mathematics is calculation instead of actual measurement.

See these pictures:

N

As the number of sides increases, the regular polygon inside a circle gets

closer to the circle, right?
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File Edit View Options Tools Window Help!  Sign in...

] l -.' 'r:f; rjr;J _I}',I, [\
This picture shows a regular polygon | "t
of 20 sides drawn inside a circle, using
GeoGebra. We can hardly distinguish
the polygon from the circle.

~

We can draw regular polygons in a circle

easily in GeoGebra. Make an integer

slider n with Min =3, Max=100. Draw a

) ) ) This shows a part of the above picture zoomed in :
circle and mark a point on it. Use Angle

of Given Size to make an angle of (2’

at the centre. We get another point on . .
L[ E R 52 (el |5
the cirlce. Choose Regular Polygon and input: Zoominio, -2, 2, 0] @
=52 ~[nv] [ ]

click on the two points on the circle and

give the number of sides as n. We get a

polygon of n sides. Choose Distance or

Length and click inside the polygon to get

its perimeter. Do this in a circle of
1

radius2. What happens when n is

increased?
_ Y,

Thus however much we increase the number of sides, a polygon never be-
comes a circle; it gets closer and closer. Anyway, the perimeters of regular
polygons inside the circle with increasing number of sides get closer and closer
to the perimeter of the circle. From very early times, mathematicians used this
method to measure the perimeter of a circle.

i
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Now we can use a computer to do the calculation, if we give correct math-
ematical instructions for doing them. See how GeoGebra is used to compute
the perimeters of regular polygons of sides 5, 10, 20, 30 drawn inside a circle
of diameter 1:

Perimater= 3.14

We can see that these numbers get closer and closer to the perimeter of a
circle of diameter 1 (centimetre, metre or any other unit). Then some ques-
tions arise: —
. To which number does the numbers 2.94, 3.09,3.13, 3.14, . ..
get closer and closer?

. Once we get this number, how do we calculate the perimeters of
circles of diameter other than 1?

Let's answer the second question first.

But let's do some problems before that.

(1)  Prove that the circumcentre of an equilateral triangle is the same as its
centroid.

L L Y R RN IIIIIllII IIIIIIIII llllIIlII IIIIIIIII IIII’[I[I IIII|I|II IIIIIIIII Illllllll l[IIIIIII lllllllll IIIIIIIII

i)  Calculate the length of a side of an equilateral triangle with verti-
ces on a circle of diameter 1 centimetre.

i)  Calculate the perimeter of such a triangle.

(2) Calculate the perimeter of a square with vertices on a circle of diameter
1 centimetre.

(3) Calculate the perimeter of a regular hexagon with vertices on a circle of
diameter 1 centimetre.
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(" N\ Diameter and perimeter
Polygons

We can see comparisons of the See this picture:

perimeters of squares and hexagons with
the perimeters of a circle from very early
times. For example, a clay tablet of
Babylon, estimated to be made around
1600 BC, says that the perimeter of a N ~

regular hexagon with vertices on a circle
is 7 + 36 that is = of the perimeter of
60 ' 60° 25 P

the circle. And it i d estimate. Th . . . .
© CHEie. ARG IS @ 800G ESHIMALe: TC 16 circles with the same centre and two equilateral tri-

angles with vertices on each circle. How are the sides of the
polygons with a circle, the number of sides triangles related?

idea that instead of comparing individual

can be progressively increased 10| 1 g ioin the vertices of the triangles to the centre of the

approximate a circle, originated in Greece. | circles:

It was first proposed by Antiphon in the

fifth century BC, made more precise by -
Eudoxus in the fourth century. A

mathematical method based on this to

compute the perimeter and area of a circle

was developed in the second century by w

Archimedes, one of the greatest scientist

of all time.
\_ J
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These lines divide each triangle into three small triangles.
Let's look at the two triangles at the bottom.

These triangles are similar (Reason?). The ratio of the left sides (or the right

sides is the ratio of the radii of the circles. So, the bottom sides are also in this

ratio.

This is true for the other two pairs of small triangles also. So, the sides

ofthe two equilateral triangles inside the circles and hence their perimeters
>
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are in the same ratio of the radii, and the ratio of diameters is the same as the
ratio of the radii.

Instead of triangles if we take any polygon, we can divide it into triangles like
we did to see that the ratio of their perimeters is the same as the ratio of the
diameters.

Now suppose we draw such regular polygons inside a circle and inside an-
other circle of double diameter:

o O |
D000

The perimeters of the polygons within each circle gets closer (I GeoGebra, make a slider a and two
and closer to the perimeter of that circle. Since the diameter | integer sliders m and n. Draw two
of the large circle is double that of the small circle, the perim- | circles with radii a and ma. Draw
eters of the polygons within the large circle are double the | regular polygons with sides n in these
perimeters of the polygon in the small circle. Let's look at | circles and mark their perimeter. When
these in terms of numbers. Let's take the perimeter of the | ™ = 2 (radius of the larger circle twice
triangle inside the small circle as p,, the perimeter of the square i ra_dlus il e eisle); that itae
as p,, that of the pentagon as p, and so on, and the perimeter ?ﬁ:: Oentht;e::;zr;r t(l)lfes f:i erl n\:;;c;: S;
of the small circle as c¢. Then the numbers. p,, p,, p,, ... get m=3‘§ Do these relation.s holds,
nearer and nearer to c. Also, the perimeters of the polygons

L. . whatever be the radius of the first
inside the large circle are 2p ,2p,,2p., ... | circle? Change a and see. )
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Since p,, p,, ps, . .. get nearer and nearer to ¢, the numbers 2p ,2p,, 2p.,

... getnearer and nearer to 2c; that is, twice the perimeter of the small circle.

Thus, geometrically we see that the perimeters of the large polygons get closer
and closer to the perimeter of the large circle; thinking in terms of numbers,
we find that they get nearer and nearer twice the perimeter of the small circle.
So, the perimeter of the large circle must be twice the perimeter of the small

circle.

If the diameter of the second circle is scaled by some other factor instead of
2, then by the same reasoning we can see that the perimeters are scaled by

the same factor.

The perimeters of circles are scaled by the same factor as their

diameters.
We can also put it this way:

The perimeters of circles are in the same ratio as their diam-

eters.

So, if we find the perimeter of a circle of diameter 1, then we can calculate the
perimeter of any circle, by multiplying the diameter by this number.

Thus we have the answer to the second question asked in the first section.

(1) The perimeter of a regular hexagon with vertices on a circle is 24
centimetres.

1)  Whatis the perimeter of a square with vertices on this circle?

i)  What is the perimeter of a square with vertices on a circle of
double the diameter?

i)  Whatis the perimeter of an equilateral triangle with vertices on a
circle of halfthe diameter of the first circle?

(2) A wirewas bentinto a circle of diameter 4 centimetres. What would be
the diameter of a circle made by bending a wire of half the length?

(3) The perimeter of a circle of diameter 2 metres was measured and found
to be about 6.28 metres. How do we compute the perimeter of a circle
of diameter 3 metres, without measuring?

i
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A new number

Let's now take up the first question of what the perimeter of a circle of diam-
eter 1 actually is.

As we saw in the first section, if we can compute the perimeters of regular
polygons with vertices on such a circle using GeoGebra, we get the decimal
forms of numbers approximately equal to the perimeter of the circle. Usually,
GeoGebra calculates numbers upto two decimal places, but we can increase
itto fifteen places. (Options 2 Rounding). Here is what we get up to four

decimal places.
Sides Perimeter Sides Perimeter
3 2.5981 15 3.1187
4 2.8284 20 3.1287
5 2.9389 25 3.1333
6 3.0000 30 3.1359
7 3.0372 35 3.1374
8 3.0615 40 3.1384 ==
9 3.0782 45 3.1390
10 3.0902 50 3.1395

Thus we see that the perimeter of a circle of diameter 1 is a number approxi-
mately equal to 3.14.

We cannot express the perimeter of a circle of diameter 1 as a fraction, as in
the case of the diagonal of a square of'side 1.

But it is not easy to prove, as in the case of the diagonal of a square. It was
proved only in the 18™ century.
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There is a basic difference between this number and numbers like /2 or

2+ /3 . It cannot be computed using roots of rational numbers. A special
symbol is used in mathematics to denote it : 7

" n

It is the Greek letter read as "pi

Thus the perimeter of a circle of diameter 1 is 7 centimetres, the perimeter of
acircle of diameter 2 centimetres is 27 centimetres, the perimeter of a circle

. 1 ) .3 )
of diameter 1 5 centimetres is ST centimetres and so on.

i
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The perimeter of a circle is 7 times its diameter.

Since we usually draw circles of specified radius, this is often stated in terms

of the radius.

The perimeter of a circle is 27 times its radius.

Story of the name

Once it was discovered that the
perimeter of circles are scaled by the
same factor as their diameters, it was
realised that the perimeter of all circles
are the same multiple of their diameters.
The next quest was to find this multiplier.
In olden times, fractions approximating
this number were used. In different times
and in different places, these
approximations were made better and
better. Though it was proved only much
later that this number
cannot be expressed as
a fraction, it must have
been recognised quite
early.
This
named 7t by the (not very famous) English
mathematician, William
Jones in 1707.
R | It became popular and

: finally fixed only after

'ﬁ“bg the ygreat g
; matician Leonhard
Euler, born in Switzerland started using it
in his writings.

number was

mathe-

4 )

\ J

Since 7 is not a fraction, we can only compute fractions
approximately equal to 7. In the third century BC,
Archimedes of Greece used a polygon of 96 sides to
show that the perimeter of a circle is larger than 3% ofthe
diameter and less than 3% of the diameter. In modern terms,

this means, up to four decimal places,

3.1408 <m < 3.1428

(The number 3% = % determined by Archimedes was

used for a long time to compute the perimeter of a circle.)

In the fourteenth century AD, Madhavan of Kerala found a
purely numerical technique to compute 7 to any degree of

accuracy, without geometry.
Using this, we can compute, for example,

T =3.1415926535. ..

Often in practical problems, we need to compute 7 only
upto four decimal places. For example, the perimeter of a

circle of radius 5 metres is

T X2 X5 =31.416 metres.

In problems hereafter, you need only write the perimeter as

amultiple of 7.
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Circle Measures

In the pictures below, a regular hexagon, square and a rectangle are

drawn with their vertices on a circle. Calculate the perimeter of each

circle.
; e e

2cm.

An isosceles triangle with its vertices on a
circle is shown in this picture.

What is the perimeter of the circle?

i
=2,

4 cm.

4cm.

In all the pictures below, the centres of the circles are on the same line.

In the first two pictures, the small circles are of the same diameter.

Prove that in all pictures, the perimeters of the large circle is the sum of

the perimeters of the small circles.

In this picture, the circles have the same centre
and the line drawn is a diameter of the large
circle. How much more is the perimeter of the
large circle than the perimeter of the small
circle?

/\l )

\_/
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Area

Just as the perimeter of regular polygons with vertices on the circle get closer
and closer to the perimeter of the circle as the number of sides is increased,
the area of these polygons gets closer and closer to the area of the circle.

 AD00

To compute the area of a circle, we must note how the areas of these poly-
gons increase. Joining the vertices of a polygon to the centre of the circle, we
can divide the polygon into equal triangles. The area of the polygon is the sum
of'the areas of these triangles.

-
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=
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In this picture, taking the length of a side of
the regular pentagon as s and the length of
the perpendicular from the centre of the
circle to a side as 4, we get the area of a

. 1
triangle as 5 sh

The pentagon is made up of five such triangles. So, its area is

1 1
5><5sh—5><5s><h

<l
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as p, the area of the pentagon is % ph

We can easily see that whatever regular polygon we take instead
of the regular pentagon, its area is half the product of its perimeter
and the length of the perpendicular from the centre. As we change
the polygon in the circle, both the perimeter and the length of the

perpendicular change.

If we write the perimeters of the polygons in the circle in order,
starting from the equilateral triangle, as p, p,, p,,. .. and the
lengths of the perpendiculars from the centre to a side as

h,h

1?2

h., . . ., then the areas would be % ph,, % p,h,, % psh

EERED

Inthis p,, p,, p,, ...getcloser and closer to the perimeter of the
circle; i, h,, h,, . ..get closer and closer to the radius of the
circle. So, their products get closer and closer to the product of

the perimeter and radius of the circle. And half these products?

To summarise, we see geometrically that the areas of the regular
polygons get closer and closer to the area of the circle. Analyzing
this in terms of numbers, we find that these areas get closer and
closer to half the product of perimeter and radius of the circle.

What can we say about the area of the circle from this?

i
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Since s is the length of a side of the pentagon, 5s is its perimeter. Writing this

s - N
n in Kerala

In the fourteenth century AD,
Madhavan  (Samgamagrama
Madhavan) a mathematician and
astronomer who lived in Kerala,
found a purely numerical method to
compute fractions approximating 7,
which was a turning point in the
history of mathematics. He found
that the numbers

1 1 1 1 1 1
hil==l==%= l==f===

3 3 5 35 7
got by adding and subtracting
reciprocals of odd numbers
approximate %.
In modern notation, we write this
as,

1 1 1

—m=1-=+=- -
4 3 5

+ -

N | -

(This was later rediscovered in the
seventeenth century by Gregory of
Scotland and Leibniz of Germany
in their own ways).

The numbers got by this approaches
7 very slowly.

To get Archimedes approximation,
we have to add and subtract about
4000 numbers. But Madhavan
himself gave a new method,

1 1 1 1
B l_g 5x3  Tx3
and used it to compute

+ e

= 3.14159265359
. J
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The area of a circle is half the product of its perimeter and

radius.
If we write r for the radius of a circle, then its perimeter is 27tr.

So, the area of the circle is
1
5 X 2nr X r =1

The area of a circle is = times the square of the radius.

For example, the area of a circle of radius 5 centimetres is 257 square
centimetres.

Now see the picture:

What is the area of the ring?

It can be seen as a small circle cut off from larger one:

So, the area of the ring is
6.251 — 41t = 2.257 square centimetres.

<l
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Now suppose we draw a right triangle and a circle as shown 2
below: Maths, Computer and «

In the twentieth century, the Indian

mathematician Srinivasa Ramanjuan
discovered many
methods like that of
Madhavan to 3

: £ compute fractions
approximating 7. ‘
Using some of these : »:._
in computers, T was |__* ¢ 8
computed up to a billion decimal
places in 1989. Now it is computed

What is the relation between the area of the ring and the area | up to more than 10" places.
. . \. J
‘ of this new circle?

In the pictures below, find the difference between the areas of the circle
and the polygon, up to two decimal places:

(2) The pictures below show circles through the vertices of a square and a
rectangle:
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Calculate the areas of the circles.

i
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(3) Drawasquare and draw circles centered on the corners, of radius half
the side of the square. Draw another square formed by four of the first
square and a circle just fitting into it:

0

5
_/

Prove that the area of the large circle is equal to the sum of the areas of

the four small circles.

(4) Inthe two pictures below, the squares are of the same size.

Prove that the green regions are ot the same area.

(5) Parts of circles are drawn inside a square as shown in the picture
below.

Prove that the area of the blue region is half the area of the square.

i
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Length and angle

Imagine a point starting at some point on a circle and moving along the circle.
The distances travelled by the point at some positions are shown below, as

fractions of the circle:

Since this journey is a rotation about the centre of the circle, we can also say
how much the point has turned about the centre, instead of stating how much
distance it has travelled along the circle.

Remember how we made an angle of 45° at the centre of a circle to get %
of'the circle, and angle of 90° to get % of'the circle? (The lesson, Angles in
Class 6).
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Thus the journey can be described in terms of lengths or in terms of angles.
Then a question arises. When the point has moved through half'the circle and
then % of the circle, the total distance covered is E+§ =§ of the circle.
How do we state this as a rotation?
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1 1
5 of the circle is 180°and 3 of'the circle is 45*. So the point has turned 180°

0

and 45°more. We can say that it has turned 180°+45° =225°:

Thus at every point of the journey along the circle till the return to the starting
point, the distance travelled can be stated either as a fraction of the circle or
as an angle between 0°and 360°.

Suppose we also take the radius of the circle as 1 metre in this?

The perimeter of the circle is 27t metres. So the distances can be stated in

metres, instead of fractions of the circle:
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In other words, at every stage of the journey, we can state either the distance

travelled in metres or the amount turned in degrees.

Ifit has turned 60° about the centre, how many metres has it travelled along

the circle?
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) . ) ) 1
First let's see what fraction of the circle it has travelled. 1° means 360 of'the

) . 1 1 . .
circle. So 60°means it has turned 60 X %0 — & of the circle. Since the

. . .1
perimeter is 27 metres, this is 3 Tometres.

In general, whatever fraction of 360°it has turned about the centre, the same

fraction of 27 it has travelled along the circle.

What if we take a circle of radius 1 % metres? The perimeter would be 31
metres. So to compute the distances corresponding to rotations, we must
take fractions of 37 metres. Thus though the fraction of the circle travelled
corresponding to a rotation does not change, the length in metres changes .
For example, in rotating 45°, the point still travels % of this circle. But since

o . .3
the circle is larger, the actual distance travelled is 7w metres.
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In general, we can say this:

0

For a point moving along a circle of radius » metres, the distance
travelled along the circle for a rotation of x° about the centre is

X
X — .
2mr 360 metres

Now let's see how we can state this in purely mathematical terms. Any part of
a circle between two points on it, is called an arc. The angle between the two
radii joining the ends of an arc to the centre of the circle is called the central

angle of the arc.

So as we have seen earlier, the central angle of an arc of length % ofacircle
is 45°, that of an arc of length % ofacircle is 180°, that of an arc of length %

ofacircle 1s 225°and so on.
Lcircle

Now we can translate our physical principle of motion along a circle into a
purely mathematical property of circles:

In a circle of radius r, the length of an arc of central angle x° is

X
21r X 2360

In other words,
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The length of an arc of a circle is that fraction of the perimeter

as the fraction of 360° that its central angle is.

For example, in a circle of radius 3 centimetres, what is the length of an arc of
central angle 60°?

We can do this in our mind. The perimeter of the circle is 6m centimetres.

Since 60° is % of 360°, the length of the arc is % of the perimeter. So its

length is 7 centimetres.

i
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What about the length of an arc of central angle 50°, in a circle of radius 2.5
centimetres?

. . . . .50
The perimeter of the circle is St centimetres and the length of the arc is 360

of'this; which means

50 25

51 X 30 ~ 367 2.2 centimetres.

Let's do another problem : From an iron ring of radius 9 centimetres, a piece
of central angle 30°is cut off. This is then bent into a small circle. What is the
radius of this circle?

The length of an arc of central angle 30° is % = % of'the perimeter of the

. . . 1 3 .
circle; so that the length of the piece cut off is 187 x 13 = 5 T centimetres.

.. . . . .. 3 3
This is the perimeter of the small circle. So its radius is SME2m=

centimetres.

This can be calculated a little more easily. The perimeter of the small circle is
é the perimeter of the large circle. Since perimeter and radius are scaled by

. 1 .
the same factor, the radius of the small circle is - the radius of the large

. . 13 .
circle; thatis 9 x 13 = 4 centimetres.

7 (1) Inacircle, the length of an arc of central angle 40°is 3 centimetres.
What is the perimeter of the circle? What is its radius?
(2) Inacircle, the length of an arc of central angle 25°is 4 centimetres.
i)  Inthe same circle, what is the length of an arc of central angle
75°7

i)  Inacircle of radius one and a half times the radius of this circle,
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what is the length of an arc of central angle 75°?
(3) Fromabangle of radius 3 centimetres, a piece is to be cut out to make
aring of radius % centimetres.
i)  Whatshould be the central angle of the piece to be cut out?

i)  The remaining part of the bangle was bent to make a smaller

bangle. What is its radius?

i
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0

(4) The picture shows the parts of a circle centred
at each vertex of an equilateral triangle and

passing through the other two vertices. What | . .
is the perimeter of this figure? ' /

(5) Parts of circles are drawn, centred at each vertex of a regular octagon
and a figure is cut out as show below:

2 cm

Calculate the perimeter of the figure.

Angle and area

An arc is a part of the perimeter of a circle. An

arc and the radii through its ends enclose a part

of'the area of the circle.
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Such a piece of a circle is called a sector. The
central angle of'its arc is called the central angle

of'the sector.

Just as the length of an arc changes according to its central angle, so does the

area of the sector. And the scale factor is the same in both. For example, an
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1 . .
arc of central angle 60° is g the perimeter of the circle, a sector of central

angle 60°is % the area of the circle.

Similarly an arc of central angle 1°is — 0 of the perimeter of the circle and a

360

sector of central angle 1°is % of'the area of the circle.

So, we can state the relation between the central angle of a sector and its area
in much the same way as the relation between the central angle of an arc and
its length:

The area of a sector is that fraction of the area of the circle as

the fraction of 360° that its central angle is.

Using algebra, we can put it like this

In a circle of radius 7, the area of a sector of central angle x°is

ﬁrZXﬁ

For example, in a circle of radius 3 centimetres, the area of a sector of central

angle 40°is %0 =5 of'the area of the circle; and the area of the circle is 91
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square centimetres. So the area of the sector is 7 square centimetres.

Now look at this picture.

What is the area of the coloured part? V
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We can see this as a triangle removed from a sector:

0

The area of the sector is % the area of the circle.

That is, 47 X % = %n square centimetres.

The triangle is equilateral (why?). Its area is g X 4= /3 square centimetres.
So, the area of the coloured part of the circle in the first picture is
Zn- J3 square centimetre.

3

(1)  Whatis the area of a sector of central angle 120°in a circle of radius 3
7 centimetres? What is the area of a sector of the same central angle in a ==

circle of radius 6 centimetres?

(2) Calculate the area of the green
coloured part of this picture.

(3) Centred at each corner of a regular hexagon, a part of a circle is drawn
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and a figure is cut out as shown below:

2cm.

What is the area of this figure?

i




3

1

Circle Measures

“4)

The picture below shows two circles, each passing through the centre
of the other:

Calculate the area of the region common to both.

(5) The figure shows three circles drawn with their centres on each vertex
ofan equilateral triangle and passing through the other two vertices;
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Find the area of the region common to all three.
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Learning outcomes

On

own

With
teacher's
help

Must
improve

Recognising the fact that the ratio of the
perimeters of two regular polygons of the same
number of sides, each with vertices on a circle,

1s the ratio of the diameters of the circles.

Explaining the relation between the perimeters
of regular polygons of increasing number of
sides, each drawn with vertices on a circle, and
the perimeter of the circle; and thus justifying
the fact that the perimeters of circles are scaled

by the same factor as the diameter.
Explaining the number 7.

Calculating the area of circle using regular
polygons of increasing number of sides with

vertices on the circle.

Explaining the relation between the radius,

perimeter and area of a circle.

Explaining the relation between the length of an
arc, area of a sector and the central angle.
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Two kinds of numbers

How do we express the length of lines as numbers? We take some fixed
length as 1 and then take double that length as 2, half'that length as % ,one

and a halftimes that length as 1 % and so on.

1 1 1
[N D e < g o< o> Grrrnrerennans 15 e
—e ”r—r0
< 1 e < J R e 1 e < 1 e < 1 >< % >

The fixed length we take as 1 is called the unif of length. Once we have fixed
a unit, then many other lengths can be expressed as natural numbers or
fractions, as we have just seen.

But there are some lengths which we cannot express as natural numbers or
fractions of a chosen unit. For example, the diagonal of a square with this unit
as the length of a side or the perimeter of a circle with this unit as diameter:

When we express the relations between measures and relations between
operations on pure numbers as algebraic equations, we sometimes use negative
numbers for convenience (The section Uses, of the lesson Negative
Numbers, in Class 8). Thus we need numbers like —/2 and —m also along

with /2 and m.
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m The natural numbers, fractions and their negatives with zero as well are

collectively called rational numbers. Numbers which cannot be expressed

as fractions are called irrational numbers.

We can write natural numbers also as fractions. For example, we can write 5

. . 5 10
1n various ways such as 1 or P

Negative natural numbers can also be written like this, by taking numerator or
denominator as negative. Zero, we can write as % . So, all rational numbers
have acommon form % where x and y are natural numbers or their negatives,
with x possibly zero also. But among irrational numbers, there are numbers
like /2 and /3 and also numbers like T which cannot be expressed by any

operations on rational numbers; they are not bound to any common form.

There are other differences also. The sum, difference, product and quotient

of any two rational numbers is again a rational number. (Can you prove it?)

But the sum of two irrational numbers may be a rational number or an irrational

number. For example, it is not difficult to show that /3 +./2 isirrational. For

that, take a= /3 + 2
We then get,
1 1
B B2

(The section Division, of the lesson New Numbers).
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Thus we get

1
a+—=2\/§

a

which gives
1 1

. . .1 1 . )
Now if a is a rational number, so is E(CHZJ; but /3 is not a rational

number. So ais not a rational number. Thatis /3 +./2 is an irrational number.

<>
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their sum is 2, which is a rational number.

Real Numbers

Similarly we can see that 1+ /2 and 1 — /2 are irrational numbers; but

We can easily see that the sum of a rational number and an irrational number

is an irrational number. Let a be an irrational number and b be a rational

number. Taking their sum as ¢, we have a + b =c and so

c—b=a

Here b is a rational number. So if ¢ also is a rational number, then ¢ — b would

be a rational number; but the difference is a, which is not rational. So ¢ isnot

arational number, which means it is an irrational number.

7 (M

rational number.

number is an irrational number.

Using the common form of rational numbers, prove that the sum,

difference, product and quotient of any two rational numbers is again a

(2) Prove that the product of any irrational number and non-zero rational

(3) Giveanexample of two different irrational numbers whose product is a

rational number.

Points and numbers

The rational and irrational numbers together are called real numbers.

We can visualise real numbers geometrically. For this,
imagine a line with a point marked at its left end and another
point to its right. Taking the distance from the first point to
the second as | (the unit of length), we can write the distances

to all other points on the right as numbers:

[N
=

To mark the distances to all points, we need irrational

numbers also.

f )
Irrational lengths

Not only lengths, but areas and volumes

also may be irrational numbers. The area

of a rectangle of sides /3 and.2 is

3 X 2 =46,isn’tit?

J6 may arise as a length
also. See this picture,

what is the length "2
of the third
side? It is
convenient to see all irrational numbers
as lengths.

wd ¢'C

\ J
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0

1 2 37 4 5

We can extend this line to the left also. How do we mark the distance to this

side as numbers?

For that we use the negatives of the numbers to the right.

-5 —4 -3 -2 _3-1

i 0 L 1 23 4 5
N )

Thus, all points on this line can be marked using real numbers. On the other

hand, all real numbers can be seen as the points on this line.

Number density
How many numbers are there between
0 and 1? No natural numbers; but there

are innumerable other numbers such

. 1 3
as the rational numbers % 30 7 and

so on, and irrational numbers such as
1 1 3 .

NN and so on. We can see this

geometrically also. Draw a line and

mark its ends as 0 and 1.

0 1
Now if we take any point on this line,
its distance from 0 can be marked by
that number.
1
< 57
0

1

1
3
Thus every point on the line gives a

number. How many points are there on
the line? )

4 )

Such a line 1s called number line or real line.

In the number line, as we move right from 0, the number

gets larger and larger. And as we move to the left?
Which is larger, —1 or —2?

—11is 1 less than 0; what about —2? 2 less than 0, that is,
1 less than -1, so, =2 is less than —1. In symbols,
-2 < —I.

Thus we see larger numbers on moving rightward along

the number line and smaller numbers on moving leftward.

This is true even when we start from any point other
than 0. So for any two real numbers, the position of the
larger number on the number line is to the right of the smaller

number.
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Thus the numerical relation of small and large is transformed to the geometrical

relation of left and right on the number line.

Now let’s see how the geometric notion of the distance between two points
on the number line can be expressed in terms of the numbers denoting these

points.

The very scheme of denoting points by numbers is based on distance, right?
For example, the point labelled as 2 is at a distance 2 to the right of the point
labelled as 0.

—5 —4 -3 -2 -1 0 1 2 3 4 5

And the point at the same distance to the left of the point marked 0 is
labelled as 2.

Similarly, the distance of the point marked 2 % from the point 0, and the distance

of the point marked -2 % from the point 0 are both 2 é .

2

o=

-5 —4 -3 _gl1-2 —1 0 1 2 5

3 4 5
3

Now let’s see in general the distance between two points. For example, what

. . . 1 1
is the distance between the points 2 5 and 5 17

7

-5 —4 -3 -2 —1 0 1 2 2 3 4 55

N

The distance between them is the difference of the distances from 0 to each,

UL O L Y AT L lllllllll lllllllll l"llllll lllllllll lllllllll lllllllll lllllllll lllllllll i lllllllll IIIIIIIII

C
sn’tit?
1
23
—5 —4 -3 —2 —1 0 1 2 2% 3 4 5
1
1 SZ
23
-5 —4 -3 —2 —1 0 1 2 1 3 4 55l
22 54
1
1 SZ 1 1
21 54 — 25 v
—5 —4 -3 —2 —1 0 1 2 1 3 4 551
22 54




)

7T\
Mathematics IX
m Thus the distance between the points 2% and 5 i is

1 1
51-—25

) 1 1
What about the distance between — 2 5 and—35 7 ?

Again, we can get it by finding the distances from 0 to these points and
subtracting the smaller distance from the larger:

-3 21 -2

Since they are on different sides of 0, to find the distance between them. We
have to add the distances from 0:

) 1 1.
Thus the distance between — 2 5 and 5 7 1s

—
-
=3
=3
=
-
=3
-
-
-
—
-
=3
-
=
=3
=
-
=3
=3
-
—
-
3
=
-
-
—
=
=3
=3
-
=
—_—
=
=
=
=
—
=
=3
-
=
-
—
=
=
=
=
=
-
—
-
=
=3
=
=3
-
=3
=
=
-
=
=
-
—
=
-
=

1 1 3
25 +51—7Z

) 1 1.
And the distance between 2 5 and -5 718 also the same.
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Let’s write all the distances we have calculated:

Real Numbers

Points Distance
25, 55 5;-25 =25
22, -5 5;-25 =23
23, 54 5;+25 =73
22, -5 5;+25 =73

In this, the distance between the first pair is found by subtracting from the

larger number 5 i , the smaller number 2 % .

What about the second pair? The larger number is —2% ; subtracting the smaller
number —5 i from it gives,

1 1 1 1 1
—25 —( 52) = —25 +52 —52 —25 =2-

And this is what we get as the distance, right? So in this pair also, the distance
is the difference of the smaller number from the larger number. What about

the third pair? 5 % is the larger number and —2% is the smaller. Subtracting

the smaller from the larger gives

1 1) _ g1 1_ 53 ( .
5t —[—25j—54+ 25=172 Some history

\

So for this pair also, distance is the difference of the smaller
number from the larger. Let’s look at the last pair also. The | patural numbers and their ratios was

larger number is 2 % and the smaller number, -5 % .
1 1 1 1
25—[52J—25+51—7

So whether both points are on the right side or both on the
left of zero or one on the right and the other on the left, the

The Pythagorean belief that all
measures could be expressed through

proved wrong by Hippasus, as we have
mentioned earlier. But there is no
concept of irrational numbers in
ancient Greek mathematics. So all
number principles are stated in
geometric language in Greek texts of

that period.
. J
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distance between them is the difference of the smaller of the numbers denoting
them from the larger.

0

Is this true even when one of the numbers is zero? For example, the distance
between 0 and 2 is 2. Now for 0 and —2 also, the distance is 2 itself; that is
0-(-2)=2.

The distance between any two points on the number line is the
smaller of the numbers denoting them subtracted from the larger.

Using this, we can find the mid point of two points on the number line. Let’s
write the smaller of the numbers denoting the points as x and the larger as y.
So, x is on left of y and the distance between them is y —x .

T Y
The point y is at a distance y — x from x; the mid point is half this distance
away from x:

So, the mid point is

1 1 1 1
xto(-x)=oxtoy=s(x+y)
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The midpoint of two points on the number line is that point denoted

by half the sum of the numbers denoting these points.

For example, the midpoint of —2% and 4% is
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Find the distance between the two points on the number line, denoted
by each pair of numbers given below:

1 2 . 1 1

23 ) -3 73

M) 3. 4 vV ~v2. 3

Find the mid point of each pair of points in the first problem.

Do1,-5 i

(3) The part of the number line between the points denoted by the numbers

% and % is divided into four equal parts. Find the numbers denoting the

ends of each such part.

Algebra

The distance between the points 3 and 0 in the number line is 3 itself. The
distance between —2 and 0 is 2.

In general, the distance between a positive number and zero is the number
itself. The distance between a negative number and zero is the number with
the negative sign discarded.

How do we say this in algebra?
If x is a positive number, the distance between x and 0 is x itself. What ifx is

anegative number?

(We have seen in the lesson Negative Numbers, in Class 8, that when we
denote numbers by letters, we don’t distinguish between positive and negative
numbers and write both in the same way as x or y).

So, we have to describe the operation of discarding the negative sign in a
different way. Do you remember seeing in Class 8§ that the negative of the
negative of a number is the number itself?
For example,

-(-2)=2
Thus the removal of the negative sign of a number is the same as taking
the negative of the number. So, if x is a negative number, to get the

positive number discarding its negative sign, we should take —x. For example,
ifx=-3 then

x=-(-3)=3
-

Real Numbers
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Now we can say that the distance between a negative number x and zero on
the number line is —x.

0

This operation of taking x itself if x > 0 (that is, if x is positive) and
—x if x <0 is shortened as | x |. It is called the absolute value of x.

For example,
15]=5 |=5|=5
2.2 ]-2-2
3 3 3] 3
|mt|=m |-m|=m

The absolute value of 0 is taken as O itself. All this can be combined

like this:
x, if x>0
|x|=1{-x, if x<O
0, if x=0
What we have said so far can be summarised like this: —

On the number line, the distance between the point denoted by 0
and point denoted by another number is the absolute value of
that number.

We put it in algebra like this:

The distance between the points denoted by 0 and x on the number
lineis|x]|.

Now let’s see how we can write the distance between any two points

L L R R IIIIII!II lllllllll lllllllll lllllllll lllllllll Illllllll IIIIIIIII Illl[llll LLLL L Illllllll IIIIIIIII

x and y on the number line. We have seen that the distance is the smaller
number subtracted from the larger. So, the distance depends on the larger
among x and y.

If x >y, then the distance is x —y
If x <y, then the distance is y —x

Instead of saying x is larger than y, we can say that x —y is positive; or we
cansay x —y>0. Similarly instead of saying x is smaller than y, we can say
that x —y is negative or x —y <0.
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Ifx — y >0, then the distance is x —y
If x — y <0, then the distance is y —x
Now can you recall any relation between the numbers x —y and y —x?

We have seen in Class 8 that the number got by subtracting one number from
another and the number got by subtracting in reverse are negatives of each
other (The section Uses, of the lesson Negative Numbers)

That is, for any two numbers x and y,
yox =~ (x-)
So we can rewrite our distance computation again:
If x — y >0, then the distance is x —y
If x —y <0, then the distance is —(x —)

Look at this again. We take x — y itself, if it is positive and if x —y is
negative, we take its negative, right? But it is just the absolute value of the
number x —.

So, what we have seen in two pieces about the distances can now be combined
together:

The distance between the points denoted by the numbers x and
yon the number line is [x —y|.

We can put it in ordinary language like this:
The distance between two points on the number line is the

absolute value of the difference of the numbers denoting these
points.

For example, the distance between the points 2 and 5 on the number line is,
[2-5]=|-3]=3
What about the distance between 2 and —5?
|12=(=5)[=[2+5|=]7]|=7
Now let’s look at some problems.

What are the numbers x for which | x —1|=3?

-
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This can be done in several ways. Looking at it geometrically, | x — 1| is

the distance between the numbers x and 1 on the number line; and it is

to be 3.

e N
Square root and absolute value

The number | x | is positive, whether x
is positive or negative. Similarly, x? is
positive, whether x is positive or
negative.

Every positive number has two square
roots, one positive and one negative. It
is the positive square root that we
denote by the symbol /.

So, what is \/> ?
For example, x = 4 then x* = 16 and

=6 =4=x
What if x = —4? Then x> =16

JF =6 =4=x
In general, for any number x,
Ve =| x|

Thus (\/} )z = x for all numbers, but
Jx* may not be x itself.

\_ J

The number on the right of 1, at a distance 3 from it is
1 + 3 =4, and the number on the left of 1, at a distance 3

fromitis1 —=3=-2.Sox=4orx=-2.

Now let’s think about this algebraically. If x > 1, then
|[x—1|=x-1;andif x—1=3 thenx =4.

Whatifx <1? Then|x—1|=1—-xandif 1 —x=3, then
x=1-3=-2
Let’s change the question slightly and ask:
What are the numbers x for which | x+ 1 |=3.

To do this geometrically, | x + 1 | must be seen as a distance.
And distance is expressed as the absolute value of a
difference. So we must first write the sum x + 1 as a

difference;

x+1=x-(-1)

So, | x + 1| can be seen as the distance between x and —1 on the number

line. Then as in the first problem, we can find the number on the right of -1,

ata distance 3 as —1 + 3 =2 and the number on the left of —1, at a distance

3as—-1-3=-4.

Do this problem also using algebra.

One more problem:

Prove that | x |>=x? for any number x.

If x is a positive number, then | x | =x and so

xp=x

<>
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What if x is negative? Then | x| = —x. and so

[xP=(=x)=(=x)X (=x)=xXx=x7

Finally if x=0, then | x |=0 and

|x]?=0*=0
Again, since x =0, we have
x*=0>=0
Thus in this case,
|x P=0=x
(1) Find those x satisfying each of the equations below:

@)
®)
“4)
®)
(6)
™)
®)

! ? By taking x as various numbers in | x—2 | + | x — 8 |, what numbers

) Jx-1[=]x-3]

M |x=3[=|x-4]

i) |x+2|=[x-3]

V) |x|=[x+1]

Prove thatif 1 < x<4and 1 <y<4,then [x—y|<3
Prove thatifx< 3 and y>7,then |x—y|>4

Find two numbers x, y such that | x+y | = |x | + ||

Are there numbers x, y such that |x+y|< |x|+]|y]|?
Are there numbers x, y such that [ x+y | > |x | +|y|?
What are the numbers x, for which |[x -2 | + [ x—8|=6?

What are the numbers x, for which |[x =2 | + |x -8 |=10?

do we get?

Real Numbers
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Learning outcomes

On

own

With
teacher's
help

Must
improve

Explaining that all numbers needed to denote
lengths can be visualised as points on a line.

Explaining how the geometrical notion of
distance between two points can be translated
to the numerical concept of absolute value.

Interpreting certain equations involving
absolute values geometrically and numerically
and solving such equations.
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Different bases

We have learnt about rectangular blocks and their
volumes in Class 6.

Its outer surface is made up of many rectangles: two identical rectangles at the
top and bottom, two on the left and right and a third pair at the front and
back, making six rectangles in all.

Look at these pictures:

v U

They show solids, also called three dimensional objects.

And they share some common features.
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Solids in GeoGebra

We can draw solids in GeoGebra. We

must make some preparations first:

e Open the Algebra, Graphic and 3D

Graphic windows.

o Right click on the 3D Graphic window
and in preferences, deselect Show Axes,
Use Clipping, Show Clipping.

e Choose Options — Labelling - No New

Objects to avoid labelling of objects.

Draw a polygon such as a triangle or
rectangle in the Graphics window
(using Grid, ifneeded). This will be seen
in the 3D Graphics window also.
Choose Extrude to Prism or Cylinder
from 3D Graphics and click on the
polygon. In the window opening up, give
the height of the prism. We get a prism,
which can be rotated. The shape of the
prism changes according to the polygon
drawn in Graphics. A slider may be used
to control the height of the prism.

Volume

Remember how we calculated the
volumes of rectangular prisms (blocks)
in Class 6? For example, look at this

rectangular prism.

The surface of the first is made up of two identical
triangles and three rectangles. The second has
quadrilaterals instead of triangles and the third,

hexagons.

In general, the surface of any of them is made up of
two identical polygons and rectangles of the same
heights, with the polygons as opposite sides. Such

solids are collectively called prisms.

The polygons and rectangles in a prism are called
its faces. The polygons on the top and bottam are
called bases and the rectangles are called /ateral
faces. Depending on the shape of the bases, prisms
can be classified as triangular prisms, quadrangular

prisms and so on.

The three pictures above are of a triangular prism, a
quadrangular prism and a hexagonal prism. What
we have called a rectangular block may now be

called (a little more formally) a rectangular prism.

Try to make hollow prisms, by cutting out polygons

and rectangles from cardboard.

2 cm
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We can split this into cubes of side one centimetre, as shown below:

Q
L e '

There are 5 X 3 x 2 = 30 small cubes in it and so its volume is 30 cubic

centimetres.

We can show that the volume of a prism is the product of these lengths, even
if they are fractions, as we did for areas in Class 6 (the section Fractional
areas, of the lesson Part of Parts). Also, we can show that this is true even
if the lengths are irrational numbers, as we explained for areas of rectangles in
the section Multiplication, of the lesson New Numbers.

We can describe the volume of a rectangular prism in another way. In the
picture above, the base of the prism is a rectangle of sides 5 and 3 centimetres,
so that its area is 5 X 3 square centimetres. The volume is the product of this
area and the height 2 centimetres of the prism.

Since all faces of a rectangular prism are rectangles, any face can be taken as
the base.

5 cm

Solids
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And whichever way we take, the volume is the product of the base area and
height, isn’t it?

Let’s see whether the volume of any prism can be computed like this. First we

0

take a right triangular prism:

Joining with an identical prism turns it
into a rectangular prism.

Ifthe area of the right triangle is taken as a, the base area of the rectangular
prism is 2a. Its height is the same as that of the original triangular prism.
Taking it as /4, the volume of the rectangular prism is 2a/. This is the volume
of two identical triangular prisms put together. So the volume of the triangular
prism is ah. That is, the product of base area and height.
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Now, what if the base is a non-right triangle? We can split it into two right

triangles by drawing a perpendicular from a vertex.
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Solids

So, the prism itself can be vertically split through this perpendicular and a
parallel line in the upper triangle to make two right triangular prisms:

The sum of the volumes of these two prisms is the volume of the original
prism. Taking the base area before division as a and the base area of the two
prisms got by splitting as b and ¢, we have a= b+ c. All these prisms have
the same height. Taking it as /2, the sum of the volumes of the right triangular
prisms is bh+ch=(b+ c)h = ah. And this sum is the volume of the original
prism, right?

Thus we see that the volume of any triangular prism is the product of the base
area and height. =

We can divide any polygon into triangles, by joining one vertex to all other

vertices; and the area of the polygon is the sum of the areas of these triangles:

So, any prism can be split into triangular prisms:
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Let’s write the base area of a prism as a and its height as 4. If the base is split
into » triangles as above, the prism can be split into » triangular prisms. Taking

0

their base areas as b, b,, ..., b , their volumes are b h, b h, ..., b h. So the

volume of the original prism is
bh+bh+ .. +bh=(b+b+ .. +b)h=ah
Thus we have the following:

The volume of any prism is the product of its base area and
height.

For example, if the base of a prism is an equilateral triangle of side
4 centimetres and its height is 10 centimetres, then its volume is

? x 16 x 10 =403 cubic centimetres.

Here’s another problem: the picture below is that of a water trough:

< 0.4 m->

dimseivianivass | 4 N i

The front and back faces are identical isosceles trapeziums. How many litres
of water can it hold?
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The area of a trapezium is

% X (2 +1.4) x 0.4 = 0.68 square metres

The volume of the trough is
0.68 x0.7=0.476 cubic metres
One cubic metre is thousand litres. So the trough can hold 476 litres.

(Moral: A prism need not always be placed with the base at the bottom)

-
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Solids

The base of a prism is an equilateral triangle of perimeter 15 centimetres
and its height is 5 centimetres. Calculate its volume.

A hexagonal hole of each side 2 metres is dug in the school ground to
collect rain water. It is 3 metres deep. It now has water one metre

deep. How much litres of water is in it?

A hollow prism of base a square of side 16 centimetres contains water

10 centimetres high. If'a solid cube of side 8 centimetres is immersed in

it, by how much would the water level rise?

Area

A hollow tube is to be made of cardboard with s

dimensions as shown in this picture. We can see how a hollow prism would

look on cutting and spreading out, using
GeoGebra. Draw a prism as explained -
in Solids in GeoGebra. Select Net from
3D Graphics and click on the prism. We
get the shape got by cutting the prism
and spreading out flat. We also get a
slider in Graphics. We can see the prism
being formed by moving the slider. In
the Algebra view, if we deselect the
Prism, then it would be hidden. To hide
all vertices, click Points in the Algebra

view to select all points and then right
click to deselect Show Object.
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We can make it by pasting three separate rectangles.

Or by folding and pasting a single rectangle like this:

How much paper is needed for this?

8 cm

The area of the square is,

(4+5+6)x8=15x8=120 square centimetres

4 cm 5 cm 6 cm




B

7T\

Mathematics IX

This is the sum of the areas of all lateral faces of the triangular prism. In
general, the sum of the areas of all the lateral faces of a prism is called its

0

lateral surface area.

To get the lateral surface area of the triangular prism in our problem, we
multiplied 15 by 8. In this, 4 + 5 + 6 = 15 is the perimeter of the triangular
base and 8 is the height. A little further thought convinces that the lateral surface
area of any triangular prism can be computed like this.

What if the base is a quadrilateral?

et
ad b

v

The lateral surface area of this quadrangular prism is (a + b+ ¢ +d) h; that is,
the product of the perimeter of the base quadrilateral and the height. We can
calculate the lateral surface area of any prism like this:

The lateral surface area of any prism is the product of the base

perimeter and height.

For a closed prism, the total surface area can be calculated by adding the
base areas to the lateral surface area.

Look at this problem:
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The lateral surface area of a wooden prism of base an equilateral
triangle is 48 square centimetres, and its height is 4 centimetres.
Six of these are put together to make a hexagonal prism:




To cover it completely with coloured paper, how much paper do we

need?

We want the total surface area of the hexagonal prism. For that, we must add

the lateral surface area and the base areas.

To calculate the lateral surface area, we need the perimeter of the hexagon;

and for that we have to calculate the sides of a triangle.

For any prism, the lateral surface area divided by the height gives the base
perimeter. So the base perimeter of the base of a triangular prism in the problem

is 48 =4 =12 centimetres.
Since the base is an equilateral triangle, the base perimeter is three times the

length of a side. So, the length of a side is 12 + 3 =4 centimetres.

4 cm
4 o 4 cm

4Cm A o

4 cm

The perimeter of a regular hexagon of side 4 centimetres is 6 X 4 = 24
centimetres. Since the height is also 4 centimetres, the lateral surface area is

24 x 4 =96 square centimetres.

Next, we must add the areas of both bases. The area of one triangular base is
3

- % 4*>=4.[3 square centimetres.

The area of the hexagon formed by six of these is 6 X 4+3=244/3 square

centimetres.
So, the total surface area of the hexagonal prism is
96 + (2 X 24@) =96+483 =48 (2 + \/3) square centimetres.

If we take 1.73 as an approximation for /3, we can see this to be a little more

than 179 square centimetres. Anyway, 180 square centimetres of paper

would be enough.

Solids
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The base of a prism is an equilateral triangle of perimeter 12 centimetres
and its height is 5 centimetres. What is its total surface area?

Two identical prisms with right triangles as base are joined to form a
rectangular prism as shown below:

15 cm

o
Sem \2

What is its total surface area?

(3) A water trough in the shape of a prism has trapezoidal faces. The di-

mensions of a base are shown in this picture:

75 cm
x

w10 cm e

50 cm

The length of the trough is 80 centimetres. It is to be painted inside
and outside. How much would be the cost at 100 rupees per square
metre?

Cylinder
Prisms are solids with equal polygons at two ends and rectangles all around.

There are solids with circles at both ends and a smoothly curving surface all
around. You have seen several instances of such figures, solid and hollow,
haven’t you?




Such a figure is called a cylinder. Is the volume of a cylinder also, the product
ofbase area and height?

We calculated the area of a circle by increasing the number of sides of the
regular polygons drawn inside the circle, remember?

A00

So if we increase the number of sides of the bases of prisms, they get closer
and closer to a cylinder:

Taking the base areas of such prisms as p,, p,, p,..... and the base area of the
cylinder as ¢, we see that the numbers p , p,, p,.... get closer and closer to the
number c. All the prisms have the same height. Taking it as /4, the volumes of
the prisms are p &, p,h, p.h, ... and these numbers get closer and closer to
ch. From the picture, we see that the volumes of the prisms get closer and
closer to the volume of the cylinder. Thus we see that the volume of the cylinder
is ch.

The volume of a cylinder is the product of its base area and
height.

The area of a circle is the product of the square of its radius and 7. So, if the
base radius of a cylinder is 3 centimetres and its height if 5 centimetres, then
its volume is 7t X 3* X 5 =457 cubic centimetres.
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Another problem:

The base of a rectangular block of wood is a square of side 10
centimetres and its height is 20 centimetres. What is the volume
of the largest cylinder that can be carved out of this?

The base of the cylinder is the largest circle that can be drawn within the

square base and its height in the same as that of the square prism:

That is, the diameter of the circle must be equal to a side of the square.

So, the base radius of the cylinder is 5 centimetres and hence its area is
257 square centimetres. Since the height is 20 centimetres, its volume is
257 x 20 = 5007 square centimetres.

7 (1) The base radius of an iron cylinder is 15 centimetres and its height is
’ 32 centimetres. It is melted and recast into a cylinder of base radius
20 centimetres. What is the height of this cylinder?

The base radii of two cylinders of the same height are in the ratio 3 : 4.

What is the ratio of their volumes?

O T O T T T IIIIIIIII Illllllll llllIIIII lIIIIIIII IIIIIIIII Illllllll IIIIIIIII Illl[llll LI IIII|IIII IIIIIIIII



Solids

The base radii of two cylinders are in the ratio 2 : 3 and their heights are
intheratio 5 : 4.

0) What is the ratio of their volumes?

i)  The volume of'the first cylinder is 720 cubic centimetres. What
is the volume of the second?

Curved Surface

We can make a cylindrical tube by rolling a rectangular sheet of paper or
metal. On the other hand, if a hollow cylinder with both ends open is cut and

spread flat, we get a rectangle:

. .

The area of this rectangle is the curved surface area of the cylinder.

One side of this rectangle is the height of the cylinder: The other side is the
base circle stretched straight; that is, its length is the perimeter of the circle.

The curved surface area of the cylinder is the product of these lengths.

The curved surface area of a cylinder is the product of the

base perimeter and height.

The perimeter of a circle is 7w times its diameter. So if the base radius of a
cylinder is 3 centimetres and its height is 5 centimetres, then its curved surface
area is T X 6 X 5 = 307 square centimetres.

If'this is a closed cylinder, then to get the total surface area, we must add the
areas of the circles at the ends also.

That is, 307 + (2 X 32 X ) = 4871 square centimetres.
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The inner diameter of'a well is 2.5 metres and it is 8 metres deep. What
would be the cost of cementing its inside at 350 rupees per square
metre?

The diameter of a road roller is 80 centimetres and it is 1.20 metres

What is the area of levelled surface, when it rolls once?

(3) The base area and the curved surface area of a cyclinder are equal.
What is the ratio of the base radius and height?

( On With A
Learning outcomes my teacher's Must
own help improve
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o Describing the methods to compute the
volumes of prisms.

o Explaining the methods to calculate the
surface area of prisms.

o Explaining the methods to calculate the
volume and surface area of cylinders.

o Solving practical problems involving prisms

and cylinders.




2cm

See these rectangles:

4 cm

1cm

3cm 1.5cm 6 cm

The widths and heights are different, but isn’t there a connection? The width
of the second rectangle is half that of the first; and the width of the third is
twice that of the first. And the same goes for height also, right?

That is, the width and height are scaled by the same factor.

Now look at this rectangle:

3.5¢cm

4.5cm
Can we include it in the group?

Its width is one and a half times that of the first and the height is one and three
quarters times. Since the width and height are not scaled by the same factor,
this rectangle does not belong to the first group.
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We came to this conclusion by comparing this rectangle with the first one in
our group. We can see it in another way also. In all the rectangles of the
group, the width is one and a half times the height, right? But it is not so in the
new rectangle. In other words, the ratio of width to height in all three rectangles
of'the first group is 3 : 2, In the fourth rectangle, itis 9 : 7. And these ratios are

not equal.

Equality of ratios is called proportion. Thus we can say that in the first three

rectangles, widths and heights are proportional.

Rectangles of proportional width and height are often needed in various
contexts. For example, we have seen that though television sets are made in
different sizes, the width to height ratio is 16 : 9 in all; also that flags of different
countries have definite width to height ratio (The lesson, Ratio in Class 7)

Let’s look at another such instance. We usually use A4 paper for writing and
printing. There are other paper sizes such that A0, A1, A2... What do these
symbols stand for?

Al is half'the size of AO, half'the size of A1 is A2 and so on:

Al Al

A0

Al A2 A2

There is another thing: The lengths of the sides of these rectangles are
proportional.

Let’s see how it is done. For that, we take any one size from these, say A1.
Let’s take the length of the longer side as x and the length of the shorter side
asy.

b
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100°

0| =

N | =

y y

For the rectangle cut in half, the length of the longer side is y and the length of
the shorter side is % . Since the length of the sides are to be proportional, we
must get the same number on dividing x by y and y by % . Division by %
means multiplication by % .So,

X 2 2y
yro =YX =

X
Thus the equation for the proportionality of the sides is
2

y X

From this we get, x> =2)” and this gives x= 2 y.

Thus in all paper sizes A0, A1, A2, ... the length of the longer side is /2 times
the length of the shorter side.

We can talk about proportionality of more than two quantities also. See these
triangles.

307

Proportion

Since the angles are the same, the sides are scaled by the same factor. That is,
taking anyone triangle among these, the lengths of'its sides are multiplied by
the same number to get the lengths of the sides of any other. (The lesson
Similarity of Triangles). In other words, the ratio of the lengths of the sides

is the same for all these triangles.

-
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In our new terminology, the sides of these triangles are proportional. Such
proportional relations occur in other sciences also. The law of definite
proportion in chemistry states that a chemical compound always contains the
same proportion of elements by mass. For example, the mass of oxygen and
hydrogen in any sample of water is approximately in the ratio 8 : 1.
More precisely, 100 grams of water contains about 88.8 grams of oxygen
and 11.2 grams of hydrogen. (What about one kilogram of water?)

(1) A person invests 10000 rupees and 15000 rupees in two different
schemes. After one year, he got 900 rupees as interest for the first
amount and 1200 rupees as interest for the second amount.

0) Are the interests proportional to the investments?

i)  Whatis the ratio of the interest to the amount invested in the first
scheme? What about the second?

i)  Whatis the annual rate of interest in the first scheme? And in the
second?

(2) Thearea of AO paper is one square metre. Calculate the lengths of the
sides of A4 paper correct to a millimetre, using a calculator.

(3) Incalcium carbonate, the masses of calcium, carbon and oxygen are in
the ratio 10 : 3 : 12. When 150 grams of a compound was analysed, it
was found to contain 60 grams of calcium, 20 grams of carbon and 70
grams of oxygen. s it calcium carbonate?

Constancy of proportion

Ifall sides of a square are doubled to make a larger square, what happens to
the perimeter?

If the lengths of the sides were originally 1 centimetre, it would become
2 centimetres. And the perimeter, originally 4 centimetres would become
8 centimetres. Thus the perimeter also is doubled.

Is it true for all squares?

To check whether a relation between numbers hold in general, a good method
is to use algebra. If we take the lengths of the sides of the original rectangle
as x centimetres, the perimeter is 4x centimetres upon doubling, it becomes
4 x 2x = 8x centimetres. That is, the perimeter is also doubled.

b
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What if the sides are halved ? Or increased to one and a half times the original
length?
In general, the side and perimeter of a square are scaled by the same factor.

In other words, however much we alter a square, the ratio of side to perimeter
does not change.

We can also say that the perimeter of a square varies in proportion to the
length of a side. So, the relation between the length of a side and perimeter
can be stated in various forms:

o In any square, the perimeter is 4 times the length of a side.

. In any square, the ratio of the length of a side to the perimeter is
1:4
. The length of a side and perimeter of a square are scaled by the

same factor.

. The perimeter of a square varies proportionally as the length of a
side.

g We have seen in the lesson, Similarity
of Triangles, how similar figures can be
drawn in GeoGebra, using Dilate from
Point. Draw a regular polygon and a

We have seen in the lesson, New Numbers, that the
length of a diagonal of a square is /2 times the length of
aside. In what all ways can we state this, as stated above?

Now let’s take areas of squares instead of perimeters. similar polygon. Mark their lengths of

The area of a square of side 1 centimetre is 1 square sides, perimeters and areas. Move the
slider to see which of the following

centimetres; if the sides are doubled, the area would be . .
pairs are proportional:

4 square centimetres. So, the length of side and the area

are not scaled by the same factor; that is, they are not ) LSl G S Ci el

i) Length of a side and area

iii) Perimeter and area
. J

L) LR L L IIIIIIHI lIIlIlIlI IIIIIIIII lllIIIIII IIIIIII[I lllllllll IIIIIIIII Illllllll IIIIIIIII ]lIIllIII llllIlI!l

proportional.

Let’s take an example from physics. An object moving at a steady speed of
10 metres/second travels 10 meters in 1 second, 20 metres in 2 seconds and

.1
5 metres in 5 second.

In general, in x seconds, it travels 10x metres. Thus the distance travelled
varies as 10 times the time. In other words, the ratio of time to distance is
always 1 : 10. That is, distance is proportional to time.

-
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Now suppose the speed is always changing. For example, the speed of an
m object falling from a height changes every instant. In x seconds, it travels
4.9x* metres. Thus it travels 4.9 metres in one second and 19.6 metres in two
seconds. So in this motion, the change in time and distance are not by the

same factor. Then the ratio changes every instant; they are not proportional.

In this example, if we take the speed at x second as y metres/second, then the

time-speed equation is y = 9.8 x. Is the speed proportional to time?

Let’s look at these examples together;

Quantities
Context Equation | Proportional
X Y

Side Perimeter y=4x Yes
Square Side Diagonal | y= /2x Yes

Side Area y=x No
Motion =

i y=10x

Sty Time Distance Yes
Motion Time Distance | y=4.9 x? No
Varying speed Time Speed y=29.8x Yes

What do we see in all these? When one quantity changes,

~ allrelated quantities change. If dependent quantity changes
In GeoGebra, make an angle slider a.
Draw a line AB and another line AB’
making angle oo with AB. Mark a point
C on this line and draw the
perpendicular from C to AB. Mark the
point of intersection of this
perpendicular with AB as D. Now hide
the perpendicular and mark the lengths
of CA and CD. Change the position of
C on AB’ . Do the lengths of CA and
CD change proportionally? Compute
the constant of proportionality for o Yoy
equal to 80°,45°, 60° x

as a fixed multiple of the independent quantity, then the
ratio of these quantities does not change; the change is
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proportional.

Let’s put this in algebra. Let’s take the independent quantity

as x and the dependent quantity as y. If y is always x

multiplied by a fixed number k& (which does not change

with x), then we can write the relation between them as
y=hkx

We can also write it as




A__

¥

We see that the ratio of x to y remains unchanged as 1 : k.
That is, y changes proportionally to x.

The fixed number occurring in the equation of proportional change is called

the constant of proportionality.

For example, in the case of an object falling towards the earth, the fixed
number in time-speed equation is 9.8. It is the constant of proportionality in
the time-speed relation. It is interpreted in physics as the acceleration due to
gravity of the earth.

Again, for objects made of the same material, the mass is proportional to the
volume. The constant of proportionality in this case is called density of the
material. For example, the density of iron is 7.87 and that of copper is 8.96.
Thus the mass of an object made of iron is 7.87 times the volume and the
mass of an object made of copper is 8.96 times the volume.

(1) For each pair of quantities given below, check whether the first is
proportional to the second. For proportional quantities, calculate the

constant of proportionality.

1) Perimeter and radius of circles

i)  Areaandradius of circles.

i)  The distance travelled and the number of rotations of a circular
ring moving along a line.

iv)  Theinterest got in an year and the amount deposited in a scheme
in which interest is compounded annually.

v)  The volume of water poured into a hollow prism and the height
of the water level.

(2)  Duringrainfall, the volume of water falling in each square metre may be
considered equal.
1)  Prove that the volume of water falling in a region is proportional
to the area of the region.

i)  Explain why the heights of rainwater collected in different sized

hollow prisms kept near one another are equal.

-
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(3) When a weight is suspended by a spring, the extension is proportional

0

to the weight. Explain how this can be used to mark weights on a spring

£

(4) Inthe angle shown below, for different points on the slanted line, as the

balance.

distance from the vertex of the angle changes, the height from the

horizontal line also changes.

1) Prove that height is proportional to the distance.

i)  Calculate the constant of proportionality for 30°, 35° and 60°
angles.
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Different proportions

We have seen the relation between the number of sides of a polygon and the

sum of its interior angles, in Class 8. Is this change proportional?

The sum of the angles of a triangle is 180° and the sum of the angles of a
hexagon is 720°. Thus when the number of sides is doubled, the sum of the

interior angles become greater than the double. So this relation is not

proportional.

b
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We know that the sum of the interior angles is got by multiplying two less than

the number of sides by 180°. That is, if we write the number of sides as » and

the sum of interior angles as s, then.
s =180 (n—2)
Let’s write n—2 as m.
Then the equation becomes,
s=180m

So the quantity s is proportional to the quantity »2. In ordinary
language, the sum of interior angles is proportional to two
less than the number of sides.

There are several such instances, where a quantity is not
proportional to another quantity, but is proportional to the
second quantity changed a little bit. For example, the area of
a circle is the product of the square of the radius by the fixed
number 7 and so the area is not proportional to the radius,
but area is proportional to the square of the radius.

Similarly, the distance travelled by a falling body is not
proportional to time; but proportional to the square of the

& N

Let’s look at another problem:
For any regular polygon, we can
draw a circle through all vertices.
What can we say about the angle
made by two adjacent vertices
at the centre of the circle?

~_

If this central angle for a polygon of x sides is taken as )°,
then,

360

1
y="" y=360><;

Thus in this case, y is in proportional to the reciprocal of x.

-
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Proportionality problem
The picture shows several chords of
a semi circle.

/ AN
/ AN

\
[ \
|

As the distance from the top
increases, so does the length of the
chord. Is the change proportional?
Let’s look at an example.

1 cm

5 cm
In the picture above, the length of the
chord can be computed as 6
centimetres (Try it!).
Now look at this picture:

/.Zcm

5 cm

Now the length of the chord is 8
centimetres.

When the distance from the top is
doubled, the length of the chord is not
doubled. So this change is not

._proportional.
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(" Height and width )
See this picture: /\

Several lines are drawn parallel to the
base of a triangle. As the distance
from the top vertex increases, so does
the length of the line. Is this
proportional?

0
v
o\

D g C

Since AAPR and AABD are similar,

u X

P h

Since AAQOR and AACD are similar

Yy _x
q  h
From these , we get
2 _ P roo_ 4
x  h’ x h
So
Y _ Zwv pry @
x X ~  h T h

For different lines, x and y change, but
not a or h. That is, the ratio of y to x

does not change.
. J

7T\

N

Such changes in which a quantity is proportional to the
reciprocal of another quantity is seen often in physics. Such
a change is called inverse proportion. That is, if the equation
of the change in a quantity y depending on a quantity x, is of
the formy = % , Where k is a fixed number, we say that y is

inversely proportional to x.

To contrast with this, a change given by the equation y = kx

is also called direct proportion.
Here’s another example of inverse proportion.

Imagine an object travelling from one point to a point 100
metres away at a steady speed along a straight line. If the
speed is 10 metres/second, the time to reach the second
point is 10 seconds. Ifthe speed is increased to 25 metres/

second, then the time needed is only 4 seconds.

In general, if we write the speed as x metres/second and the
time taken to reach the destination as y seconds, then

_ 10
X

So, y is inversely proportional to x.

Many of the laws of physics are stated in terms of
proportions. One of the most important of such laws is
Newton’s Law of Universal Gravitation.

Any two bodies in the Universe attract each other with

a force that is directly proportional to the product of

their masses and inversely proportional to the square

of'the distance between them.

Taking the masses of two objects as m, and m,, and the distance between

them as 7, the algebraic form of this law can be written like this;

_ ym,
F= Gr_2

b
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0) Prove that for equilateral triangles, area is proportional to the
square of the length of a side. What is the constant of
proportionality?

i)  For squares, is area proportional to square of the length of a
side? If so, what is the constant of proportionality?

In rectangles of area one square metre, as the length of one side changes,
so does the length of the other side. Write the relation between the
lengths as an algebraic equation. How do we say this in the language of
proportions?

In triangles of the same area, how do we say the relation between the
length of the longest side and the length of the perpendicular from the
opposite vertex? What if we take the length of the shortest side instead?

In regular polygons, what is the relation between the number of sides
and the degree measure of an internal angle? Can it be stated in terms
of proportion?

A fixed volume of water is to flow into a rectangular water tank. The
rate of flow can be changed by using different pipes. Write the relations
between the following quantities as

. . . ("
an algebraic equation and in terms Newton

~

of proportions.

0) The rate of water flow and the
height of the water level.

i)  Therate of water flow and the
time taken to fill the tank.

\mathematics called calculus.

It was Galileo in the sixteenth century who
first presented the idea that the laws of
nature are to be studied using mathematics.
The greatest example of this is the book,
Philosophia Naturalis Principia Mathe-
matica. (The mathe-
matical principles of
natural  philosophy)
published by Newton in
the seventeenth century.
He  presented the

mathematical laws of motion and the law
of universal gravitation in this. For this, he
invented a new mathematical technique,
which later developed into the branch of

J
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Learning outcomes

On

own

With
teacher's
help

Must
improve

o Recognising proportional changes among
various related changes.

o Explaining the importance of the constant of
proportionality in various contexts.

o Finding examples of proportional changes in
other sciences.

o Distinguishing between direct and inverse

proportions.
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Average

Remember studying averages in Class 67 Let’s do a problem on average.
The daily earnings of five friends who work in a factory are these:

350 rupees, 400 rupees, 350 rupees, 450 rupees, 450 rupees
What is the average daily earning of'a worker in this group?

The total daily earning of all five is to be divided by five. Here if we note that
the numbers 350 and 450 occur twice, the summing up can be speeded up a
little:

(2 x350) + (2 x450) + 400 =2000
And the average is 400 rupees.

Instead of mentioning the daily earning of each separately if only the average
daily earning is given as 400 rupees, we would still get a rough idea of the

economic condition of these five people.
Now look at this problem:

The table below shows the number of people earning different

daily wages in a factory.
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m Daily wages (Rs) Number of workers
300 2
350 4
400 6
450 4
500 4

What is the average daily wages in this factory?

There are 20 workers altogether. We have to first find the total daily wages.

As before, repeated additions can be written as multiplication.

Daily wages Number of workers Total wages
(Rs) (Rs)
300 2 600
350 4 1400
400 6 2400
450 4 1800
500 4 2000
Total 20 8200

And then, we can compute the average as 8200 +20 =410 rupees.

Note that the daily wages of each is between 300 and 500 rupees, and so is

the average. Is it true always?

For example, consider any 8 numbers between 100 and 200. Since all numbers
are greater than or equal to 100, the total must be grater than or equal to 800.
The average got by dividing the total by 8 must also be greater than or equal
to 100.
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In the same way, we can see the average is less than or equal to 200.

For any other number instead of 100, 200 and 8, we can reason like this. In

general, we can say this.
The average of any set of numbers between two fixed numbers is
also between these two numbers.

P4 (1) The weight of 6 players in a volley ball team are all different and the
- average weight is 60 kilograms.

0) Prove that the team has at least one player weighing more than

60 kilograms.

i)  Prove that the team has at least one player weighing less than
60 kilograms.

(2) Find two sets of 6 numbers with average 60, satisfying each of the
conditions below:

0) 4 of the numbers are less than 60 and 2 of them greater than 60.

i) 4 ofthenumbersare greater than 60 and 2 of them less than 60.

(3) Thetable shows the children in a class, sorted according to the marks

they got for a math test.
Marks Children
2 1
3 2
4 5
5 4
6 6
7 11
8 10
9 4
10 2

Calculate the average marks of the class.
>

Statistics
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(4) The table below shows the days in a month sorted according to the

0

amount of rainfall in a locality.

Rainfall (mm) Days
54 3
56 5
58 6
55 3
50 2
47 4
44 5
41 2

What is the average rainfall per day during this month?

(5) The details of rubber sheets a farmer got during a month are given
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below.
Rubber (Kg) Days
9 3
10 4
11 3
12 3
13 5
14 6
16 6
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0) How many kilograms of rubber did he get a day on average in
this month?

ii.  The price of rubber is 120 rupees per kilogram. What is his

average income per day this month from selling rubber?

Frequency tables

We have seen in Class 8, how data is tabulated in classes and frequencies,

when the amount of data is large. Let’s look at such a problem.

The table shows the labourers in a factory sorted according to their daily

wages:
Daily Wages (Rs) Number of workers
250 - 300 8
300 - 350 4
350 - 400 16
400 - 450 7
450 - 500 5

What is the average daily wages in this factory?

How do we calculate the total daily wages paid? From the first row of the
table, we see that 8 workers are paid between 250 and 300 rupees, but we

do not know how much exactly each is paid. So with only this information,

we cannot compute their total daily wages.
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In such cases, we have to make some assumptions about the missing
information. Though we do not know the individual incomes of the 8 workers
in the first row of the table, we know that all of them are between 250
rupees and 300 rupees; so the average wages of these 8 workers must also
be between 250 rupees and 300 rupees. Moreover, this average is usually

somewhere around the middle of 250 and 300 rupees.

So, to compute the average from such tables, we make the assumption that

the average of each class is exactly the mid-value of that class.

Under this assumption, we can expand the table in this problem as shown

below:
Daily wages Number of Mid value | Total wages

(Rs.) workers of class

250 - 300 8 275 2200

300 - 350 4 325 1300

350 - 400 16 375 6000

400 - 450 7 425 2975

450 - 500 5 475 2375
Total 40 14850

Now we can calculate the average.

Very often we have to deal with large sets of data, such as the heights and
weights of all school children in Kerala, the monthly incomes of all people in

Kerala and so on. And we need to compute a few numbers which give
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some estimates of their general nature. There are several methods to do this.
Dividing the total by the number is only one of these methods. Some numbers
calculated thus are generally called averages or measures of central tendency
in statistics. The number got on dividing the sum by the number, which we

usually call average is technically called arithmetic mean or simply, mean.

For example, the mean daily wages in the problem we have been discussing

now is 371.25 rupees.

(1) Finddifferent sets of 6 different numbers between 10 and 30 with each

l number given below as mean:

i) 20 ii) 15 iii) 25

(2) The table below shows the children in a class, sorted according to their

L L R L IIIIIIHI lIIlIlIlI IIIIIIIII IIIIIIIII IIIIIII[I lllllllll III1IIIII Illllllll IIIIIIIII ]llllllll lIIIIII'II

heights. I
Height (cm) Number of children
148 - 152 8
152 - 156 10
156 - 160 15
160 - 164 10
164 - 168 7

What is the mean height of a child in this class?
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(3) Theteachers in auniversity are sorted according to their ages, as shown

0

below.

What is the mean age of a teacher in this university?

(4) Thetablebelow shows children in a class sorted according to their weights.

Weight (kg) |21-23 |23-25|25-27|27-29|29-31|31-33

Age Number of Persons g_
25-30 6 é_
30-35 14 g__
35-40 16 é_
40 - 45 22 g_
45 -50 5 g
50-55 4 [ g_
55-60 3 E_

Number of 4 7 6 3 1
children

The mean weight is calculated as 26 kilograms. How many children

have weights between 23 and 25 kilograms?
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