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Evaluate the following limits in Exercises 1 to 22.
1: limx+3

Solution: Iirr;x+3 =3+3=6

2. . ( 22)
Iim| x——
X 7

Solution: Iim(x—gj

X—>r

%)

. 2
3. limmnr
* rol

Solution: limzr’ =z(1®)=x
r-l

4x+3
m

=4 x=2

Solution:  imX+3_44)+3_16+3_19
ol x—2  4-2 2 2

T
5, lim ———
x— -1 x—1

10, 5 _N\10 , [ 1\5 _
Solution: Iimx +X +1=( D™+ (-1 +1=1 1+1=_1
x>1  x-1 -1-1 -2 2

5
6. lim M

x—0 X

Solution:
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Putx+1=ysothaty — 1as x —0.
5 5
(x+1) 1:"m(y) 1
X

Accordingly, Iirrg

x—1 y_]_
_51°* {IimX —a :na”‘lJ
X—a X_a
=5
5_

.'. |imw’:5

x—0 X

. 3x*—x-10
7. 11m2—

x—2 X —4

Solution:

3% —x—10_Iirn (x—2)(3x+5)

lim > =
x>2 X —4 -2 (x=2)(x+2)
. 3x+5
= |lim
x>2 X 42
_ 3(2)+5
2+2
_u
4
. xt-81
8. lim

=3 2x? —5x-3

Solution:

4 _ 2
lim )2( 81 :"m(x 3)(x+3)(x“+9)
x>8 2x°—5x—-3 8  (x=3)(2x+1)

- (Xx+3)(x* +9)
-8 (2x+1)

_ (3+3)(3*+9)
T 203)+1
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6x18

oo

108
7

ax+b

9. lim
=0 cx+1

Solution:

rnax+b ~a0)+b
-0 cx+1  c¢(0)+1

1
3 _
10, lim =
L
76 -1

1

-1

-1 =

: .73
Solution:  lim—
76

-1
At z = 1, the value of the given function takes the form 9

1
Put z6 =xsothatz —1asx —1.

1

) S SR ]
Accordingly, lim——— =lim
il x—1 X—l
z% —
X2 -1
= lim
x>l x=1
.o x"—a" ~
=2.1%1 Lllm =na" 1J
X—a X_a
=2
1
AR
lim————=2
z—>1 =
26 -1
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2
11. limm,a+b+c¢0

=lex” +bx+a

2 2
Solution:  lim ax2 +bx+c:a(1)2 +b@) +c
x-1eox” +bx+a c()” +b()+a

_a+b+c
a+b+c

=1 [a+b+c Q]

1

bt
12, fjm X2
=2 x+2

Solution:

At x = -2, the value of the given function takes the form

1 1 (2+XJ
¥ 2 2x
X_2_ |im

I
§
|

Solution:

At x =0, the value of the given function takes the form

sinax ,. Sinax ax
=lim X —
bx x>0 ax  hx

Now, lim
x—0
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. (sinax) a
lim X —
x—0 ax b

EIim(smaxj [x>0=ax—0]
b ax—0 ax

2 { |im(3iﬂJJ
b x>0( y

sinax

14. lim ,a,b#0

x—0 sinbx

Solution:

At x =0, the value of the given function takes the form

sin ax
sinax ( Jxax
. . X
Now, lim= =l _a
x-0 sinbx  x-0 ( sinbx
x bx
ax

X—=>0=ax—>0
andx —>0=bx—>0

15. Iim sin(m — x)
won m(m—x)

Solution:

Itisseenthatx > n= (- Xx) —» 0
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) Iimsin(zz—x) 1. sin(z—X)
T xor 72'(72'—X) 77 (7=X)=0 (71-_ X)
=14 {Iim—smyzlJ
T y—0 y
-1
T
. COSX
16. lim
=0 T—Xx
Solution:  [im&%8X _€0s0 _1
>0r—-X -0 7x
. cos2x—1
17. lim———

x—=0 cosx—1
Solution:

At x = 0, the value of the given function takes the form

—_— —_— 1 2 N
Now, IirrgM:IingLnil [cosx=1—23in25J
X COSX—]. X 1—28in2§—1 2
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. sin?x
lim 5
X—0 X

=4 - 7 [x—>0:>g—>OJ

. ax+xcosx
18. lim ———

x—0 sin x

Solution:

At x = 0, the value of the given function takes the form

. ax+Xxcosx 1. Xx(a+cosx)
Now, lIim———==—lim——=
x>0 psinx bx>0  sinx

x—0

1.. X ]
= —I|m( . Jxllm(a+cosx)
b x=0{ sin x

1 1 ]
= =| ———— |xlim(a+cosx)
bl ,. (smxj x>0
lim| ——
x—0 X
= Ex(a+coso) [IimwﬂJ
b y=0 X
- atl
b

19, lim xsecx
* x>0
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) } . X 0 0
Solution: limxsecx=lim——=——=—=0
x—0 x>0 cosX cosO 1
20, Tim — 2 b atb 20
=0 qx + sinbx
Solution:
) ax+bx
Now, lim —————a,b,a+b#0
x>0 aqx +sinbx
(SmaXJax+bx
= lim &/
x—0 sin bx
ax + bx
( bx J
(Iimsmaxjxlim(ax)+Iim(bx)
x—0 ax x—0 x—0
= - [Asx -0 =ax —»0and bx —0]
. ) . sinbx
Ilmax+I|mbx(I|m )
x—0 x—0 x—0 X
_ lim(ax) +limbx i SINX _y
limax + limbx y=0 X
Xx—0 Xx—0
_ leLrJ(ax+bx)
lim (ax +bx)
= lim(1)

x—0

=1

lim (cosec x—cotx
21' x—0 ( )

Solution: At x =0, the value of the given function takes the form  co—oo
Now,

. 1  cosx
=lim| —-——
x>0  SINX  SINX

. (1—cost
= |lim -
x>0\ sin X
Ll—cos XJ
. X
= lim————~¢

x>0 (sin X
X
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. 1-cosx
lim
- x—=0 X
. sinx
lim——
x=>0 X
=2 [Iiml_COSX=O and Iim—SmleJ
1 y—0 X y=0 X
=0
. tan2x
li
22, % T
im tan 2x
Solution: T T
2 X_E

At x = % the value of the given function takes the form

Now, putSothatx%:ysothatx - %,y -0

T
. tan2x . tan2(y+2J
Slim =lim
T y—0 y

x—Z
2 X——

2
Iimtan(7z+ y)
y—0 y
_ Iirntan 2y

y—0 y
— lim sin2y
y=0 yCoS2y

_ . [sin2y 2
= lim X
y-0 2y cos2y

= [ 1imSN2Y |, im( x—2 [y —>0=2y 0]
y-0 2y y-0{  CoS2y
= 1x—2 [Iim—smx=lJ

x->0 X

| tan(7+2y)=tan2y |

; ; 2x+3, x<0
23. Find Xlg(l)f(x) and Xlg}f(x), where f(¥)= 3(x+1), x>0
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Solution: The given function is

2X+3, Xx<0
f(x) =
3(x+1), x>0

lim () = lim [2x+ 3] = 2(0) +3 =3
lim f0) = lim3(x+1) =300+ 1) =3
L lim 00 = lim 09 = lim () =3
lim £ = lim (x+1)=3(1+1)=6

= lim 16 = lim 09 = lim 09 =6

x2—1, x<1

24. Find im /() where / (X)={ ,
= —x" =1, x>1

Solution:

The given function is

2_ <
f(x) = X =1, x<1

—X-1, x>1
- h =i 2_11=12-1=1-1=
lLrP f(x)—lxlm[x 1] 1°-1=1-1=0

It is observed that lim f(x) lim f(x).
x—1" x—1"

Hence, Iin] f(x) does not exist.

[ x|
) —, x#0
25. Evaluate }g%f(x), where f(x)=1 x
0, x=0
Solution: The given function is
m Xx#0
fX) =4 x’
0, x=0
. X
lim f(x)=lim {U}
x—0" x—>0| X
= Iirrg(_xj [When x is negative, |X| = -x]
X— X
= lim(-2)
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=-1
lim f(x)=lim LmJ
x—0" x—=0"| X
= Img(éj [When x is positive,  =X]

It is observed that lim f(x) = lim f(x).
x—0" x—>0"

Hence, Iirr01 f (x) does not exist.
X—>

X

) ) —, X#0
26: Find Img f(x)=1X
0, x=0
Solution: The given function is
lim f (x) = |imFJ
x—0" x—0" |X|
. X
= Ilmt—J [Whenx<0, =-X]
x=>0\ —X
=-1
lim f (x) = lim FJ
— x—0* X|
. (X
= Ilmt—J [When x>0, =x]
x=>0\ X
= lim(3)
It is observed that lim f(x) = lim f(x).
x—0" x—0*
Hence, Iirrol f (x) does not exist.
27: Find Iirr51 f(x), where f(x) = - 5
Solution: The given function is f(x) = -5
lim f(x)= lim(x/-5)
X—5" X—5"
= Iirr51(x—5) [When x>0, =Xx]
=5-5
=0
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lim f (x) = lim(/x|—5)
x—5" x—5"
= Iin;(x—S) [Whenx >0, =x]

=55
=0
lim f () = lim f (x) =0

Hence, Iirr51 f(x) =0

a+Dbx, x<0 lim f (x)

28: Suppose f(x) =< 4, x=1 andif ' =f(1) what are possible
b-ax, x>1

values of a and b?

Solution: The given function is

f(x) = a+bx, x<0
4, x=1
b—ax, x>1

lim f(x) = Iirr11(a+bx) =a+b
x—1" X!
IirI] f(x)= Iin;(b—ax) =b-a

f(1)=4
It is given that Iirrll f(x) =1(1).
Iirp f(x)= Iirp f(x)=|inl1 f(x) =f(1)

= at+tb=4andb-a=14
On solving these two equations, we obtaina =0 and b = 4.
Thus, the respective possible values of a and b are 0 and 4.

29: Let ay, a, ..., an be fixed real numbers and define a function

f(x) = (X —a1) (X — a2).....(x — an)
What is lim f(x)? Forsomea ai, a, ..., an. Compute lim f(x).
X—a X—>a

Solution: The given function is f(x) = (x —a1) (X — @2).....(x — an)
M f(x)= m [(x—a1) (X—a2).....(x — an)]

=(a1—a) (a1 —az)..... (ar—an) =0

Simf(x) =0

X—>3

Now, lerral f(x)= lerr; [(Xx—a1) (X —a2).....x — an)]
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=(a—a) (@a—az).....(a—an)
leig f(x)=(a—a) (a—az)..... (a—an)

|x|+1, x<0
30: If f(x) = <0, x=0
|x|-1, x>1

For what value (s) of does lim f (x) exists?

Solution: The given function is

|X|+1, x<0
If f(x) = 40, x=0.

|x|-1, x>1
Whena =0,

lim f (x) = lim(x|+1)
x—0" x—0"
=lim(-x+1) [Ifx<0, =-x]

=0+1
=1

lim f(x) = lim(x|+1)
x—0" x—0"

= lim(x-1) [Ifx>0, =-x]

x>0
=0-1

=1

Here, it is observed that Iir(r)] f(Xx)# Iirgl f(x).
IX|Lr01 f (x) does not exis;.ﬁ -

When a <0,
lim f(x) = lim(|x|+1)

= lim(—x+1) [x<a<0=> =-X]

=-a+1l
lim f(x) = lim(x|+12)

= lim(—x+1) [a<x<0=> =-]

=-a+1l
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- im f(x) = lim f(x)=-a+1

X—a~

Thus, limit of f(x) exists at x = a, where a < 0.
Whena >0

lim f (x) = lim(]x|+1)

= lim(-x~1) [D<x<a= =X
=a-1

lim f(x) = lim(x/-1)

= lim(-x—1) [D<x<a= =x
=a-1

s Aim £(x) = lim f(x)=a-1

Thus, limit of f(x) exists at x = a, where a > 0.
Thus, lim f(x)exists foralla 0.

f(x)—

2 =, evaluate f(x).
X° =1

31: If the function f(x) satisfies, Iing

Solution:  lim f(z()_ZZﬂ'
x>l X _1

IXiLrll(f(x)—Z)
Iim(x2 —1)

Xx—1

=7

=lim(f(x)~2)=xlim(x*-1)
=lim(f(x)-2)=7(1"-1)
=lim(f(x)-2)=0

= lim  (x)~lim2=0

=lim f ()-2=0

~lim £ () =2
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mx® +n, x<0
32: If f(x) =4 nNXx+m, 0<x<l
nx® +m, X>1

For what integers m and n does Iirrg f(x) andlirrll f(x) exists?

mx® +n, Xx<0
Solution:  f(x) = {nx+m, 0<x<1..
nx® +m, x>1

lim f (x) = Ixiirg(mx2 +n)

= m(0)>+n

=n

lim £ (x) =lim(nx-+m)

= n(0)+m

=m

Thus, XILT f (x)exists if m=n.

lim f (x) =lim(nx+m)

Xl X1
=n(1)+m

=m+n

!Lrp f(x)= Ixim(nx3 +m)
=n(1)3*+m

=m+n

= lim £ () = lim £(0 = lim f ().

Thus, Iirrll f (x) exists for any internal value of m and n.
X—!
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