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L

. 25 3
Evaluate: {i”ﬂr(%) }
[

Solution:

[a-if

= (1) [L+iT
=—[13+i3+3-1-i(1+i)]
=—[1+i3+3i+3i2]
=—[1-i+3i-3]
=—[-2+2i]

=2-2

2:
For any two complex numbers z, and z,, prove that

Re (zz,)=Rez Rez,-ImzImz,

Solution:
Let z, =x +iy, and z, =X, +iy,

o3z, = (X iy, ) (%, +iy,)
= X1(X2 +iy2)+iyl(x2 +iy2)
= XX, X Y, +iy;X, + i2Y1Y2
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= XX, +iX Y, +iY;X, — Y, Y, [iz = —1]
= (X% = ¥1¥2) +i (XY, + YiX,)

= Re(lez) =X%— WY,

= Re(zz,)=Rez,Rez,—ImzImz,

Hence, proved.

3:

Reduce 1 —— 2_ 3_Af' to the standard form
1-41 1+1 )\ 5+1

Solution:

_4i [(@+i)-2(1-4i) | 3-4i

(1—14i 11)@:2 j{( (1—)4i)((1+i) )}{35: }
:{1{:14?3;2}[35:?}:{ 51—+3?I}[35+?}
—3+4i+27i-361° | 33+3li _ 33+3li
:{ 25+ 5i —15i —3i° }:28—10i " 2(14-5i)

_(33+3%) (14+5i)

 2(14-5i) " (14+5i)

(14+5i)]
_ 462+165i +434i +155i*> 307 +599i
2[(14) (5.)} 2(196 25i°)

~307+5991 307+599 307 599|
2(221) 442 442 442

This is the required standard form.

[On  multiplying numerator and denominator by

—ib 2 a’+b?

If x— rove that x ——

c—id P +y) c®+d?

Solution:
X—iy = —ib
c—id
d [On multiplying numerator and denominator by (C+id)]
c—id c+id
\/(ac+bd )+i(ad —bc)
¢’ +d?
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(ac+bd)+i(ad —bc)

. _- 2:
- (x—iy) e
:>x2—y2—2ixy:(ac+bd2+l(?d_bc)
c”+d
On comparing real and imaginary parts, we obtain
» ., ac+hd ad —bc

—Y = - 2Xy=——— ... 1

X a2 VT @)

(x2 +y° )2 =(x2 —y? )2 +4x%y?
=(ac+bd jl(ad—bc) [Using (1)]

¢ +d? ¢ +d?
_a’c® +b*d* +2achd +a*d* +b?c? — 2adbc
((:2+d2)2

_a’c®+b’d* +a’d’® +b’c’
(c2+d2)2

a2(02+d2)+b2(cz+d2)

) (c?+a?

(cz+d2)(a2+b2)

(@)

_asb

¢ +d?

Hence, proved.

5!

Convert the following in the polar form:
L 1+7i . 1+3i

(i) R (i) —

(2_|) 1-2i

Solution:

(i) Here, z = 1+7

(2-i)
1+ 1+ 1470
C(2-i) A+iT-4i 4-1-4i

1470 3+4i 3+4i+21i+28i°

T3.4i 3+4i | 3+ 4
 3+4i+21i-28 -25+25i
- 3+ 25
=—1+i
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Let rcosd=-1and
On squaring and adding, we obtain r? (cos2 6+sin’ 49) =1

= r? (cos2 0 +sin? 9) =2

—=r’=2 [00329+sin26?=1]
—r=y2 [Conventionally, r>0]
x/zcosez—l and \/§sin¢9=1
-1 . 1
=Cc0sfd=— and sinfd=—
2 2
Hzn—%:%” [As lies in Il quadrant]

s.Zz=rcos@+irsiné
:\/icos?’%qti\/isin%ﬂ:\/E(cossfﬂsin%ﬂJ

This is the required polar form.

(ii) Here, z=ﬂ
1-2

1-2i 1+2i
_1+2i+3i-6
C 144

_ -5+5i _14i

Let rcoséd=-1and rsing

=1 on squaring and adding, we obtain r? (cos2 6 +sin® 6?)
=1+1

= 1?(cos® @+sin’ ) =2

—r2=2 [cosze+sin20:1}
=r=+2
- J2cos@=-1 and /2sin@=1
-1 . 1
=Cc0s@=—= and sin@=—
2 2
" 9272'—%:37” [As lies in Il quadrant]

s.Zz=rcos@+irsiné
:\/Ecos?’fﬂﬁsin%ﬂ:\/E(cos%ﬁﬂsin%ﬂj

This is the required polar form.

Solve each of the equation in Exercises 6 to 9.
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6 3x2—4x+2—;:0

Solution:
20

The given quadrat'@équab'(om—l?? =0

This equation can also be written as 9x* —12x+20=0

On comparing this equation with ax® +bx-+c =0, we obtain a=9,b=-12 and ¢=20
Therefore, the discriminant of the given equation is

D =b?—4ac=(-12)" ~4x9x 20 =144~ 720 = -576

Therefore, the required solutions are

b+D —(12)£V-576 12+./576i [ﬂ—i]

2a 2x9 18
:12i24i :6(214i) _ 2+4i :Ziﬂi

18 18 3 3 3
7:

x2—2x+§:0

2

Solution:

) 3
The given quadraﬁcéaﬁfafignzlg

This equation can also be written as 2x* —4x+3=0

On comparing this equation with ax* +bx+c =0, we obtain a=2,b=—4 and c=3
Therefore, the discriminant of the given equation is

D=b?-4ac=(—4)" ~4x2x3=16-24=-8

Therefore, the required solutions are

bD _—(-4)=VB _4+22i (V-i]

2a 2x2 4
_zea 2
2 2

8. 27x*-10x+1=0

Solution:
27x* —10x+1=0
The given quadratic equation is
On comparing this equation with ax* +bx+c =0, we obtain a=27,b=-10 and c=1
Therefore, the discriminant of the given equation is
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D =b? —4ac =(-10)° —4x27x1=100-108 = -8
Therefore, the required solutions are

_biﬁ:—(—lo)i\/—_8:10i2\5i [ﬂ:i}
2a 2x27 54
5+\/_| 5 \/_
27 27 27
9:

21x* —28x+10=0
Solution:

The given quadratic equation is 21x* —28x+10=0

On comparing this equation with ax® +bx-+c =0, we obtain a=21,b=-28 and c=10
Therefore, the discriminant of the given equation is

D =b? —4ac =(-28)° —4x21x10 = 784840 = -56

Therefore, the required solutions are

—b+D  —(-28):V-56 28+.56i [VFi=i]
2a  2x21 42
_28+2\14i_28 214 g+£

42 42 a2
10:
If 2, =21, z, =1+i, find R, +>
2y — T N
Solution:
z,=2-1, 2, =1+i
vz 41 (2—i)+(1+i)+1|
’ zl—zz+1‘_ (2—i)—(l+i)+l‘
4|4 |
l2-2i|2(1-))
]2 1+||_ (1+i)|
|1 1+||_( 2)‘
2(1+i) .
T 141 (=]
C2(1+i)
2
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I [ )
z+2,+1
z,-2,+1

Thus, the value of is

11:

+i)2

X (x? +1)2
, prove that a? +b? =~—/—
X2 +1

(2x2 +1)2

If a+ib=

N

Solution:
a+ib="—+
X iR+ 2xi
23+l
_ X2 -1+i2x
23+l
X1 ( 2X j
= +i
2x°+1  \2x*+1
On comparing real and imaginary parts, we obtain

x* -1 02X
2x% +1 2x° +1

2 2 2
catabt | X1 +[ 2 j
a 2x2 +1 2x2 +1
_ X* +1—2%% +4x?
(2x+1)°
:x4+1+2x2
(2x2+1)2
(x2+1)2
(2x2+1)2

(x2 +1)2
(2x2 +1)2
Hence, proved.

sad+b’=

12:

Let 2, =2—i, z,=—2+i. Find (i) Re[%} (ii) |m(i_J

1
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Solution:
2,=2-1,2,=-2+I
() 2z, =(2-i)(-2+i)=—4+2i+2i —i* =—4+4i—(-1)=-3+4i

7, =2+i
.4z,  —3+4i
oz, 2+

On multiplying numerator and denominator by (2—i), we obtain
2z, (-3+4i)(2-i) —6+3i+8i—-4i° -6+11i—-4(-1)

7z, (2+i)(2-i)  2°+7° 22 +1?
—2+11i -2 11,
= =—+—I
5 5 5

On comparing real parts, we obtain

Reﬁ:__z
z ) 5
iy L 11 1

27, (2-0)(2+i) (2F+@) 5
On comparing imaginary parts, we obtain

Im [i_} =0
lel

13:

: 1+2i
Find the modulus and argument of the complex number T3
Solution:

Let z= ﬂ , then
1-3i
S 1420 1430 143i+2i +6i°  1+5i+6(-1)
1-3i 1+3i 12 43 1+9
_ 5451 5 5 -1 1.

=—+—=—+=i
100 10 10 2 2

Let z=rcos@+irsind

ie., rcosé?z_?l and rsin6’=1

On squaring and adding, we obtain

2 2
r? (cos2 0 +sin’ 9) - (llj +(1)
2 2

=ri=

Al
N~

1
—_
4
=r= iz [Conventionally, r > 0]
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icosé?:_—landisiné’:E
2 2 2 2
-1 . 1
= Cc0sfd=—=andsind=—
J2 J2
" Hzﬁ—%z%ﬂ [As lies in the Il quadrant]
Therefore, the modulus and argument of the given complex number are % and 37”

respectively.

14:
Find the real numbers x and y if (x—iy)(3+5i)is the conjugate of —6—24i.

Solution:
Let z=(x—iy)(3+5i)
z =3x+5xi —3yi —5yi* =3x+5xi —3yi +5y =(3x+5y) +i(5x—3y)
<. 2=(3x+5y)—i(5x-3y)
It is given that, z=—6—24i
- (3x+5y)—i(bx—3y)=—6-24i
Equating real and imaginary parts, we obtain
3X+5y=—6 ....... (i)
5X—3y=24 ... (i)
Multiplying equation (i) by 3 and equation (ii) by 5 and then adding them, we obtain
9x+15y =-18
25x—15y =120
34x =102
34
Putting the value of x in equation (i), we obtain
3(3)+5y =—6
—=by=-6-9=-15
=>y=-3
Thus, the values of x and y are 3 and —3 respectively.

3

15:

Find the modulus of ﬂ_ﬂ
1-1 1+1

Solution:

https://byjus.com
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Lei 1-i (1+i) —(1-i)
1-i 1+i (1-i)(2+i)
_ 14742 -1-i% + 2i

12 +1°
_A g
2
1+i 1-i )
L 2T = 2 =2
e V2

16:

If (x+iy)’ =u+iv, then show that: %+§:4(x2 -y?)
Solution:
(x+iy)3 =U+iv
:>x3+(iy)3+3-x~iy(x+iy)=u+iv
= X3 +i%y? +3x%yi +3xy%i* =u+iv
=X —iy* +3x°yi —3xy’ =u+iv
:>(x3—3xy2)+i(3x2y—y3)=u+iv
On equating real and imaginary parts, we obtain
u=x>-3xy, v=3x’y—-y’

LU v X3yt 3Cy-y’
Xy X y
_ X(X2_3y2)+ y(3x* —y?)
X y
= x> —3y* +3x° —y?
=4x% —4y?
=4(x2—y2)
.'.%+§:4(x2—y2)

Hence, proved.

17:

If & and S are different complex numbers with || =1, then find

-«
1

Solution:
Let a=a+ib and B=x+iy
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It is given that, || =1

Sty =1

ﬂ—_a|: (x+iy)—(a+ib)|
1-a | 1—(a—ib)(x+iy)‘

_|_(xza)+i(y-b) ‘

1-(ax+aiy —ibx+by)

(x—a)+i(y—b) |
(1—ax—by)+i(bx—ay)‘

| (x-a)+i(y-b) |
(1—ax—by)+i(bx—ay)‘
J(x=a) +(y-bYy
\/(1—ax—by)2+(bx—ay)2
B \/x2+a2—2ax+y2+b2—2by
\/1+ a’x? +b?y® — 2ax + 2abxy — 2by +b’x* +a’y* — 2abxy

B \/(x2+y2)+a2+b2—2ax—2by
B \/1+a2(x2+y2)+b2(y2+x2)—2ax—2by

[ Using (1) ]

_ JLl+a?+b? —2ax—2by
J1+a® +b? —2ax—2by

| B-a
-ap

=]

18:
Find the number of non-zero integral solutions of the equation |1—i|X =2

Solution:
-] =2"

X

:>( 12 +(—1)2) =2

https://byjus.com
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=2x—x=0

=x=0

Thus, 0 is the only integral solution of the given equation. Therefore, the number of nonzero
integral solutions of the given equation is 0.

19:
If (a+ib)(c+id)(e+if )(g+ih)=A+iB,, then show that:

(a2 +b2)(02+d2)<ez + fz)(g2 +h2):A2 +B2.

Solution:

(a+ib)(c+id)(e+if )(g+ih)=A+iB

~.|(a+ib)(c+id)(e+if )(g+ih) =|A+iB|
(a+ib)|x|(c+id)|x|(e+if )x|(g+ih) =|A+iB|  -+[|z2,|=|z||z|]
— a2 +b? x+/c? +d? x\/e2+ f2 ><\/’gz+h2 = A +B?

On squaring both sides, we obtain

(a®+b”)(c*+d?)(e* + 7)(g” +h?)= A*+B. Hence proved.

20:

If (Fj =1 then find the least positive integral value of m.
—i

Solution:

(2

(1+i 1+ijm
= ——X—— =dl
1-1 1+1

_[asiy )
1?+12 |
2,52 5 \M
1° +1 +2|J 1

2

1-1+ 2|j _1
2

:a) =1
2

=i"=1

https://byjus.com
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.. m=4k, where k is some integer.
Therefore, the least positive integer is 1.
Thus, the least positive integral value of m is 4(: 4><1).
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