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1:

Show that the line joining the origin to the point (2, 1 1) is perpendicular to the
line determined by the points (3, 5,—1), (4,3,—1).

Solution:

Let OA be the line joining the origin, O (0, 0, 0), and the points, A(2, 1, 1) .

Also, let BC be the line joining the points, B (3, 5,—1)and C (4,3,-1).

The direction ratios of OA are 2, 1, and 1 and of BC are

(4-3)=1,(3-5) = —2,and (—1+1)=0

OA is perpendicular to BC, if a,a, +bb, +c,c, =0

saa, +bb, +cc, =2x1+1(2)+1x0=2-2=0

Thus, OA is perpendicular to BC.

2:

If [,,m,,n, and l,,m,,n, are the direction cosines of two mutually perpendicular lines. Show
that the direction cosines of the perpendicular to both of these are

mn, —nmyn,,ml, —nl,, Lm, —1,m,.

Solution:

It is given that /,m,,n andl,,m,,n, are the direction cosines of two mutually perpendicular
lines. Therefore,

LL,+mm,+nn, =0 (1)
(2)

(3)

Let 1, m, n be the direction cosines of the line which is perpendicular to the line with direction
cosines /,,my,n, and 1,,m,,n,.

IF+m’ +n’ =1 .

L+mi+n; =1

S AL+ mm 4+ nn, =0
I, +mm,+nn, =0

/ m n

mn, —m,n, nly—ml, Lm,—1l,m,

I? m* n’

= 2 2 2

(mlnz _mznl) (nllz _nzll) (llmZ _lzml)

2, 2 2
_ : I“+m +n2 : (4
(mln2 —mznl) +(n112 —nzll) +(llm2 —lzml)

1, m, n are the direction cosines of the line.
P +mt+nt =1 ....(9)
It is known that,
(112 +m’ +n )(122 +m + 1 ) —(lll2 +mm, +n1n2)

= (mlnz —nm,n )2 + (nll2 —n,l, )2 +(11m2 —L,m, )2
From (1, (2), and (3), we obtain
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= 1.1-0=(mn, —mn, ) +(nl, —nh, ) +(hm, —Lm)’

2 2 2
s (mny —myn) +(nl, =yl ) +(Lmy, —1my ) =1 ...(6)
Substituting the values from equation (5) and (6) in equation (4), we obtain

2
I’ m* n

2 2 2
(mlnz _mznl) (n112 _nZZl) (llmz _lzml)
= l=mn, —myn,, m=mnl, —nlj,n=lLm, —l,m,
Thus, the direction cosines of the required line are mn, —m,n,, nl, —n,l, , [m, —1,m,.

3:
Find the angle between the lines whose direction ratiosa a, b, candb—c, c—a, a—b.

Solution:
The angle Q between the lines with direction cosines a,bcandb—c,c—a,a5b
given by,
alb—c)+b(c—a)+c(a-b ‘
s | ab=c)rb(e=a)re(a-b)

\/a2 +b° +c +\/(b—C)2 +(c—a)2 +(a—b)2 ‘
=cosQ=0

=Q=cos " 0

= 0=90°

Thus, the angle between the lines is 90°

4:
Find the equation of a line parallel to x-axis and passing through the origin.

Solution:
The line parallel to x-axis and passing through the origin is x-axis itself.
Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where a € R

Direction ratios of OA are (a — O) =a, 0, 0
The equation of OA is given by,
x=0 y-0_ z-0
a 0 0
r_J

z
1 0 O

X VvV Z
Thus, the equation of line parallel to x -axis and passing origin is 1 = 0 = 0
S:
If the coordinates of the points A, B, C, D be
(1, 2, 3), (4, 5, 7), (—4,3,—6) and (2, 9,2) respectively, then find the angle between

the lines AB and CD.
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Solution:
The coordinates of A, B, C, and D are (1, 2, 3), (4, 5, 7), (—4, 3,—6) and (2, 9, 2)
respectively.
The direction ratios of AB are (4 — 1) =3, (5 — 2) =3, and (7 — 3) =4
The direction ratios of CD are (2 — (—4) =6, (9 — 3) =6, and (2 — (—6)) =8
It can be seen that, 4 _ ﬁ =4 _ l
a, b, ¢, 2
Therefore, AB is parallel to CD.
Thus, the angle between AB and CD is either 0° or 180°.

6:
If the line X1 4 —2 _Z -3 and © 1: y-1 =2 are perpendicular, find the value of k.
-3 2k 2 3k 1 =5
Solution:
The direction of ratios of the line, X1 = y—2 _Z -3 and ﬂ: b = z—0 , are
-3 2k 2 3k 1 =5

—3,2k,2 and 3k,1,—5respectively.
It is known that two lines with direction ratios, a,,b,¢, and a,,b,,c,, are perpendicular, if
aa, +bb, +cc,=0
S=303k)+2kx1+ 2(—5) =0
= -9%k+2k-10=0
= 7k=-10
=>k= -10
7

Therefore, for k = —g , the given lines are perpendicular to each other.

7.
Find the vector equation of the plane passing through (1, 2, 3) and perpendicular to the plane
r.(i +2j-5k) +9 =0

Solution:
The position vector of the point (1, 2, 3) is F = (i +2] +3K)
The direction ratios of the normal to the plane, F.(i +2]—5k)+9=0, are 1, 2, and -5

and the normal vector is N =i +2j—5k
The equation of a line passing through a point and perpendicular to the given plane is given by,
I=Fr+AN,A1eR

:>|"=(f+2j+312)+/1(f+2j—5|2)
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8:
Find the equation of the plane passing through(aa b, C) and parallel to the plane
i+ j+k)=2

Solution:

Any plane parallel to the plane, 7 (G+]+ lg) =2, is of the form
Fi+j+k)=2 (D

The plane passes through the point (a, b, c¢). Therefore, the positive vector 7 of this point is
F=ai+bj+ ck

Therefore, equation (1) becomes

(af+bj‘+cl€).(z°+]‘+l€) =1

=a+b+c=41

Substituting A =a+b+c in equation (1), we obtain
F(+j+k)=a+b+c (2

This is the vector equation of the required plane.

Substituting 7 = xi + )/ +zk in equation (2), we obtain

(xf +yj +zk).(f + +l€) =a +b +c

=x +y +z =a+b+c

9:
Find the shortest distance between lines =61 +2 ]+ 2k + ﬂ,(f 2]+ ZIZ) and
?=—4f—l€+ﬂ(3f—2j—2|2).

Solution:
The given lines are
r =61 +2] +2kA( A+ =2 +21€) (D)
r— =4 —k ( w3 2] —2/€). (2
It is known that the shortest distance between two lines, F =&, + Ab, and 7 =, + Ab, , is given
by
(6 xb,).(a, —a)

d = .(3)
6 )| ‘

Comparing, ¥ =4, + b, and 7 = a, + Ab, to equation (1) and (2), we obtain
d =6i +2]+2k

b =i-2j+2k

d, =—4i —k
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b, =3 —2] -2k

=d, ~d, =41 k)~ (6] +2]+2k) =-10/ 2] -3k
k
2|=(4+4)i —(-2-6)j+(-2+6)k =8 +8] +4k

o N

[
= 51 xEZ =l -
3-2 -2
(6,x8,).(d,~d,)= (85+8j+41€).(—10§—2j—3/€) =-80-16-12=-108
Substituting all the values in equation (1), we obtain
—-108
12
Therefore, the shortest distance between the two given lines is 9 units.

d= =9

10:
Find the coordinates of the point where the line through (5, L, 6) and (3, 4, 1)

crosses the YZ-plane.

Solution:
It is known that the equation of the line passing through the points (x,,;,z,) and (x,,,,2,)
18

X—x% _V=nh _z27%4

X705 =N L4
The line passing through the point, (5, 1 6) and (3, 4, ﬂ;)given by,

x=5 y-1 z-6
3-5 4-1 1-6

x-5 y-1 z-6

= ) = : = - :k(say)
=>x=5-2k,y=3k+1,z=6-5k
Any point on the line is of the form (5 -2k, 3k+1, 6 — 5k).

The equation of YZ-plane is X =0.
Since the line passes through YZ-plane,

5-2k=0
:>sz
2
:3k+1:3><§+1:H
2 2
5 -13
6-5k=6-5=2=""2-
2 2
Therefore, the required point is (0,1?7,_713).
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11:
Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1)

crosses the ZX-plane.

Solution:
It is known that the equation of the line passing through the points,

. X—X y—y, z-z
L L |

(%,0152,) and (X,,1,,2,), is = =
Xo=X V=W Z7F

The line passing through the points, (5, 1, 6) and (3, 4,is]éiven by,

x=5 y-1 z-6
3-5 4-1 1-6

x=5 y-1 z-6
= S T3 T —k(say)

=>x=5-2k,y=3k+1,z=6-5k
Any point on the line is of the form (5 -2k, 3k+1, 6 — Sk).
Since the line passes through ZX-plane,

3k+1=0

:>k:—l

3
:>5—2k:5—2(—lj:1—7
3 3

6-5k=6-5=( -3 |-
3 2

Therefore, the required point is (1?7 ,0, %j

12:
Find the coordinates of the point where the line through (3, —4, _5) and (2, _3,1)
crosses the plane(2x +y +z=7).

Solution:

It is known that the equation of the line through the point, (x1 V) ,Zl) and (Xz, Vys2y ) , 18
X=X _V=nh _ 274

X775 =W L%

Since the line passes through the points, (3, —4, —5) and (2, -3, h} equation is given by,
x=3 y+4 z+5

2-3 3+4 145
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N x_—13 _ yT4 _ z+5 :k(say)
=>x=3-k,y=k—4,z=6k—-5
Therefore, any point on the line is of the form(3 -k, k—4, 6k—5 ) .

This point lies on the plane, 2X +y+2z=7

5L 2(3-k)+(k—4)+(6k—-5)=7

=5k -3=7

=k=2

Hence, the coordinates of the required point are (3 —2,2—-4,62-5 )i.e., (1 -2, 7) :

13:
Find the equation of the plane passing through the points(—l, 3, 2) and
perpendicular to each of the planes X +2y+3z=5 and 3x + 3y +z=0.

Solution:

The equation of the plane passing through the point (—1, 3, ﬁ)
a(x+1)+b (y-3)+ ¢ (z-2)=0 ..(1)

Where a, b, ¢ are direction ratios of normal to the plane.

It is known that two planes, ax+by+cz+d, =0and a,x+b,y+c,z+d,=0 are
perpendicular, if aa, +bb, +c,c,=0

Plane (1) is perpendicular to the plane, X +2y +3z=35

soal +b2 +c¢3 =0

= a+2b+3c=0 Q)

Also, plane (1) is perpendicular to the plane, 3Xx +3y+z=0
Soa3+b3+cl1=0

=3a+3b+c=0 ...(3)

From equation (2) and (3), we obtain
a b B c
2x1-3x3 3x3—1Ixl 1x3-2x3
a b ¢
:>_—7—§—_—3—k(say)
=a=-7k, b=8k,c=-3k
Substituting the values of a, b, and c in equation (1), we obtain
—7k(x + 1) + 8k(y — 3) — 3k(z — 2) =0
=(-7x—7)+(8y—24)-3z+6=0
= -7x+8y—-3z-25=0

=7x—-8y+32+25=0
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This is the required equation of the plane.

14:
If the points(l, 1, p) and (—3, 0, 1) be equidistant from the plane

r :(3f+4f—12/€)+13 =0, then find the value of p.

Solution:

The position vector through the point (1, 1, p) is @ =i+ ]+ pk
Similarly, the positive vector through the point (—3, 0, 1) is @, =—4i +k
The equation of the given plane is 7 = (3f + 4} - 12/€) +13=0

It is known that the perpendicular distance between a point whose vector is @ and the plane,
|a.N-d|
%1
Here, N=3i{ +4j—12k and d=-13
Therefore, the distance between the point (1, 1, p) and the given plane is

7.N=d,is givenby, D=

(i+j+ pléj.(3i+4j—121€)+13

D, = AR
‘3i+4j—12k‘
- 3+4-12p+13]
J3 +4 4 (-12)
20-12p|
D, =L 1
=D T (1)

Similarly, the distance between the point (—3, 0, l)and the given plane is

‘(—31’ +k).(3 +4 —121€)+13‘

D, = AL
‘3i+4j—12k‘
|-9-12+13]
=D, =
J3 4+ (-12)
8
D, =— 2
=D,=3 (2)

It is given that the distance between the required plane and the points,

(1, 1, p) and (—3, 0, l)is equal.

~.D,=D,
- 20-12p] _ 8
13 13
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=20-12p=8or —(20—12p):8
=12p=12 or 12p =28

7
:>p=10rp:§

15:
Find the equation of the plane passing through the line of intersection of the planes

F.(f +}+l€) =1and F.(2f+3f —/€)+4 =0 and parallel to x-axis.

Solution:
The given planes are

F.(f +j‘+l€) =1

:>7.(f+}'+1€)—1:0

7.(22+3j‘—/€)+4=0

The equation of any plane passing through the line of intersection of these planes is
[7.(5+}+l€)—1}+/1[(2f+3}—I€)+4} =0
FL(2A+1)i+(34+1) ] +(1-A)k |+(42+1)0  ..(1)

Its direction ratios are (24+1), (34+1), and (1-1).

The required plane is parallel to x-axis. Therefore, its normal is perpendicular to x-axis.
The direction ratios of x-axis are 1, 0, and 0.
2 1(22+1)+0(34+1)+0(1-2)=0
=24+1=0
1

>A=——
2

Substituting A = —% in equation (1), we obtain

1~ 3=~
Fl—=j+2k |+(=3)=0
:r{ A }+( )

:>f(j—3/€)+6=0
Therefore, its Cartesian equationis y —3z+6=0

This equation of the required plane.

16:
If O be the origin and the coordinates of P be (1, 2,—3), then find the equation of the
plane passing through P and perpendicular to OP.
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Solution:

The coordinates of points, O and P, are (0, 0, 0) and (1, 2, —3)respectively.
Therefore, the direction ratios of OP are (1 — 0) =1, (2 — 0) =2, and (—3 — 0) =-3
It is known that the equation of the plane passing through the point (x] Vs 2 ) is
a(x—x,)+b(y—y,)+c(z—z)=0Where, a, b, and c are the direction ratios of normal.
Here, the direction ratios of normal are 1, 2, and -3 and the point P is (1, 2,—.3)
Thus, the equation of the required plane is

1(x—1)+2(y—2)—3(z+3):0

=>x+2y—-3z-14=0

17:
Find the equation of the plane which contains the line of intersection of the planes

F.(f + 2}' + 3l€) —-4=0, 7.(2f + j —Ig) +5=0 and which is pependicular to the plane

7.(55+3}—61€)+8=0.

Solution:

The equation of the given planes are
7.(2+2j+3l€)—4=0 (D)
7.(2f+j—/€)+5=0 (2)

The equation of the plane passing through the line intersection of the plane given in equation
(1) and equation (2) is

[7.(?+2}‘+3l€)—4}+/1[?.(21°+]’—/€)+5}:O

Pl (2A+1)i+(A+2)+(3-A)k |+(52-4)=0  .03)

The plane in equation (3) is perpendicular to the plane, F.(Sf +3f —6l€) +8=0
55(24+1)+3(2+2)-6(3-4)=0

=194-7=0

:>/1=l
19

Substituting A :% in equation (3), we obtain

{3& 45A.+5_0]€}—41_0

1197197 19" 19 T
= 7.(337 +45] + 50k )-41=0 .(4)
This is the vector equation of the required plane.

The Cartesian equation of this plane can be obtained by substituting 7 =xi + yj’+zl€ in
equation (3).
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(xi+y}+z/€).(33i+45}'+50/€)—41 -0
= 33x+45y+50z—41=0

18:
Find the distance of the point (—1, —5,—10) from the point of intersection of the line

~ A

f:2§—j+2/€+/1(3f+4j+21€) and the plane 7.(1 —J+1€)=5

Solution:

The equation of the given line 1s
f:2£—j+2/€+,1(3f+4j+21€) (D)
The equation of the given plane is

7.(f—j’+1€)=5 (2

Substituting the value of # from equation (1) in equation (2), we obtain
[2?—]'+2/€+1(3i+4}+2l€)}.(i—j+1€)=5
=[(34+2)i +(44-1) ] +(24+2)k |.({ = j+ k) =5

= (32+2)-(42-1)+(24+2)=5

=>1=0

Substituting this value in equation (1), we obtain the equation of the line as 7 =2/ — j + 2k
This means that the position vector of the point of intersection of the line and plane is
F=20—j+2k

This shows that the point of intersection of the given line and plane is given by the coordinates,
(2,-1, 2). The pointis (—1,-5,—10)

The distance d between the points (2, —1, 2) and (—l, —5,—10,)is

d=\(~1-2) +(-=5+1) +(-10-2) =O+16+144 =169 =13

19:
Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes

77( =i - +2k= )and 17.(31T + = )6

Solution:

b

Let the required line be parallel to vector  given by,

b=hi+b,j+bk
The position vector of the point (1, 2, 3) is a=i+2j+3k
The equation of line passing through (1, 2, 3) and parallel to b is given by,

F=d+Ab
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= F.(f+2]‘+3l€)+ﬂ(blf+b2]‘+b3l€) (D)
The equation of the given planes are

F(i -+ 2k) =5 (2)
7.(3z°+j'+/€)=6 ..(3)

The line in equation (1) and plane in equation (2) are parallel. Therefore, the normal to the
plane of equation (2) and the given line are perpendicular.

- (z —j+2/€).z(blf +b2j'+b31€)=o

= A(b,—b, +2b,)=0

— b —b,+2b, =0 (4
Similarly, (37 +j+) . 4 (b +,] +b)=0
= A(3b,+b, +b,) =0

=3b +b,+b,=0 ...(5)
From equation (4) and (5), we obtain

b __ b b
(=1)x1-1x2  2x3-1x1 1x1-3(~1)
b _b, _b

3 5 4

Therefore, the direction ratios of b are —3, 5, and 4.
S b=bi+b,]+bk=-3+5]+4k

Substituting the value of b in equation (1), we obtain
f:(f+2j+3/€) +A (—3f+5j+4/€)

This is the equation of the required line.

20:
Find the vector equation of the line passing through the p(ﬁht 2,—4) and perpendicular to

x—8 :y+19 :z—IO and x—15 :y—29 _ z=5
-16 7 3 8 -5

the two lines:

Solution:
Let the required line be parallel to the vector b given by, b = blf +b2j +bk

The position vector of the point (1, 2,—4)is a=i+2j-4k

The equation of the line passing through (1, 2,—4)and parallel to vector b is
F=d+Ab

=7 (7+2]-4k)+ A(bi +b,] +bik) (1)

The equation of the lines are
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x=8 y+19 z-10

3 6 5 ..(2)
x—15:y—29:z—5 .0
3 8 -5
Line (1) and (2) are perpendicular to each other.
~.3b,—16b, +7b, =0 ..(4)
Also, line (1) and line (3) are perpendicular to each other.
~.3b,+8b, —=5b, =0 ..(5)
From equation (4) and (5), we obtain
b ___ b _ by
(-16)(=5)-8x7 7x3-3(-5) 3x8-3(-16)
b b _b
24 36 72
b _b, _b
2 3 6

Direction ratios of b are 2,3, and 6.
~b =27 +3]+6k
Substituting .. b=2i+ 3}' +6k in equation (1), we obtain
:>f=(f+2j—4£)+z(2f+3j+6é)

This is the equation of the required line.

21:
Prove that if a plane has the intercepts a, b, ¢ and is at a distance of p units from the origin, then
I 1 1 1

) =

+
a b p
Solution:
The equation of the plane having intercepts a, b, ¢ with X, y, z axes respectively is given by,
2 io hectall)
a b c
The distance (p) of the plane from the origin is given by,
0 0 O

—+—+—-1
a b ¢

glarers
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1 I 1 1

—_— =t — 4+ —
p2 a2 b2 CZ
Choose the correct answer in Exercise 22 and 23.

22:
Distance between the two planes: 2X +3y +4z=4 and 4x + 6y +8z=12 is

(A) 2 units (B) 4 units  (C) 8units (D) % units
Solution:

The equation of the planes are

2x +3y+4z=4 (1)

4x +6y+8z=12

=2x+3y+4z=6 (2

It can be seen that the given planes are parallel.
It is known that the distance between two parallel planes,

ax + by +cz=d, and ax + by + cz=d,is given by,

D= dz — d1

Na* +b* +¢?
—~D- 6-4 ‘

V@) +(3) +(4)
2

D=——_

J29
Thus, the distance between the lines is i units.

J29

Hence, the correct answer is D.

23:
The planes:2X —y+4z =5 and 5x — 2.5y +10z=6 are

(A)Perpendicular  (B) Parallel (C) intersect y-axis (D) passes through (0, O,%j

Solution:

The equation of the planes are
2x—y+4z=5 ~..(1)
5x—2.5y+10z=6 ..(2)
It can be seen that,

a 2

a 5

b -1 2

b, 25 5
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a4

c, 10

W | N

h a_2 b, ¢
Therefore, the given planes are parallel.
Hence, the correct answer is B.

https/fbwjus.com



https://byjus.com/?utm_source=pdf+click
https://byjus.com/?utm_source=pdf+click

	Blank Page
	Untitled
	Blank Page

	Button1: 
	Button2: 


