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Exercise 9.4 Page: 395

For each of the differential equations in Exercises 1 to 10, find the general solution:
1:

dy 1l-cosx

dx 1+cosx

Solution:
The given differential equation is:
dy 1-cosx
dx 1+ cosx
2sin’
L = tan’ =
dx 7 cos? 2

:ﬂ:[seczi—l)
dx 2

Separating the variables, we get:
X
dy =| sec> = —1 |dx
2
Now, integrating both sides of this equation, we get:

Idy = I(secz % — ljdx = jsecz %dx — Idx

:>y:2tan§—x+C

This is the required general solution of the given differential equation.
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2:

d—y:\/4—y2 (-2<y<2)
X

Solution:

The given differential equation is:

= = /4—y2

Separating the variables, we get:

dy =dx

Jé4-y

Now, integrating both sides of this equation, we get:

j Idx

:>sin’1%:X+c

=

Dgzsin(x + C)
=y =2sin(x +C)

This is the required general solution of the given differential equation.

3:
dy
" +y=1(y=#1)

Solution:
The given differential equation is:

i}; =+y= 1(y¢1)

= dy + ydx =dx
=dy= (1 — y)dx
Separating the variables, we get
d
= —dx
I-y

Now, integrating both sides, we get:
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= log(1-y)=x+logC
= —logC —log(1-y)=x
=logC(1-y)=—x

= C(l— y)=e‘X

1
:>y=l—Ee

=y=1+Ae™” (WhereA = —é)

This is the required general solution of the given differential equation.

4:
sec’ ctan ydx +sec’ ytanxdy=0

Solution:
The given differential equation is:
sec’ ctan ydx +sec’ ytanxdy=0

sec’ ctan ydx + sec’ ytanxdy=0

tanxtan y
2 2
sec” X sec
dx + Y dy=0
tan x tany
2 2
sec” X sec
dx =— Y dy
tan x tany
Integrating both sides of this equation, we get:
2 2
sec” X sec
[ dx =~ Y dy ()
tan X tany

Lettanx =t
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t

So— (tan X) =—

dx dx
— sec’ xdx =dt

2

sec de =Ildt
tan X t
=logt
=log (tanx )

5602 X

Similarly, [=——dy =log (tan y)

tanx

Substituting these values in equation (1), we get:
log(tan x) = — log(tan y) + log C

C
log (t =1
= log (tan x) Og(tanyj

= tanXx =
tan y

= tanxtany =C
This is the required general solution of the given differential equation.

5:
(e" + e_")dy —(e" — e_")dx =0

Solution:
The given differential equation is:

(e" +e_")dy—(ex —e_")dX:O
:>(e" + e*")dyz(eX —e"‘)dx

T
—dy=| - |dx

X —X
_e +¢

Integrating both sides of this equation, we get:

Idyzj % dx +C

e* +e "

Let(ex+e—x)=t.
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Differentiating both sides with respect to x, we get:

d o, oo dt
d—X(e +e )_dX
«  x_ dt
=e - =—

dx

= (e" —-e )dx =dt
Substituting this value in equation (1), we get:
|
=|-+C
y=]
= y=log(t)+C
= yzlog(ex +e_")+C

This is the required general solution of the given differential equation.

6:
g§:@+xﬁ@+yq
Solution:

The given differential equation is:

g§:@+xﬁ@+yq

d

= y2 :(1+X2)dX
l+y

Integrating both sides of this equation, we get:

I dy :I(1+ Xz)dX

1+y2

= tan"' y:Idx +Ix2dx
3
:>tan1y=x+x?+c

This is the required general solution of the given differential equation.

7:
ylog ydx —xdy =0

Solution:
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The given differential equation is:
ylog ydx —xdy =0
= ylog ydx = xdy

dy _dx
ylogy x
Integrating both sides, we get:
d dx
= | Y &0
ylogy X
Letlogy=t
: i(10 )= de
U dx &Y dy
_1_a
y dy
1
= —dy=dt
y
Substituting this value in equation (1), we get:
dt_pdx
t X

— logt=1logx + logc
= log(log y) =logCx
= logy =Cx

- y — ecx
This is the required general solution of the given differential equation.

8:
d
< a _ _ys
dx
Solution:
The given differential equation is:
d
S _y’
dx
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dy dx
= 575
y X
:>d—)5(+d—}5’:0
XYy

Integrating both sides, we get:

dx dy .
J. — | 5= k (Where k is any constant)
X y

= J.X_SdX + Iy_sdy =k

=>x'+y"'=C (c=-4k)

This is the required general solution of the given differential equation.

9:

d .
& =sin'x
dx

Solution:

The given differential equation is:

9y _ sin”' x
dx
= dy =sin"' xdx

Integrating both sides, we get:
Idy = Jsin_lxdx

=>y= J‘(sin_1 x.l)dx

= y=sin” x[(1)dx - [ Kdi(sin—1 x)| (l)dxﬂdx

X

:y:sin_lxx—j ! x (dx
1-x7

:>y:sin_1x+j_4xzdx ...... (1)

Ji-x*
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Let 1 —x* =t
= Lox)=d
dx dx

:>—2X:i

dx

1

= xdx = ——dt
2

Substituting this value in equation (1), we get:

y=xsin"' X + J‘Ldt

24t

. |
=y =XSsIn 1X+EJ('[)

Lot
2

1

. 1 t2
=y=xsin" x+—.—+C
2 1

:>y:xsin_1x+\/f+C

=y=xsin"'x+v1-x* +C

This is the required general solution of the given differential equation.

10:
e* tan ydx + (1 —e* )sec2 ydy =0

Solution:
The given differential equation is:

e” tan ydx + (1 —¢" )sec2 ydy =0
(1 —e* )sec2 ydy = —€" tan ydx

Separating the variables, we get:

2 X
S€C —€
Y dy=——dx
tany I-e
Integrating both sides, we get:

jsecz ydyzjl__e; x )

tany
Lettany=u
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= i(tan y): d_u
dy dy

5 du
=sec'y=—

dy
= sec’ ydy =du
sec du
— =logu =log(tan

Itany Iu 8 g( y)
Now, 1—¢e* =t
2Ly
dx dx
d_u
dx
:>—e"dx=dt

:>J‘1 = dx = j——logt—log(l e)

= —e" =

Substituting the values of I dy and J-

dX in equation (1), we get
tany

= log(tany) :log(l — )+ logC
lo g[C(l—ex)]
= tany:C(l—eX)

This is the required general solution of the given differential equation.

= log(tany)

11:
dy

=2x* +x;y=1
dx Y

(X3+X2+X+1)

Solution:
The given differential equation is:

(x3 +xz+x+l)d—y:2x2 +x;y=1
dx
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dy 2x* +x
= =75 2
dx (x + X +x+1)
2
s dy= 2x° +X dx

(X + 1)()(2 + 1)
Integrating both sides, we get:

2x% +x
dy = d ...(1
J. Y J.(X+1)(X2+1) * M
2x% + X A Bx +C
Let . (2)

(X+1)(X2+1):X+1+ x* +1
N 2x° +x :AX2+A+(BX+C)(X+1)
(X+1)(X2 +1) (x+1)(x2 +1)
=2x" +x=Ax"+A+bx’ +Bx+Cx +C
=2x> +x=(A+B)x’ +(B+C)x+(A+C)

Comparing the coefficients of x”and X, we get:

A+B=2

B+C=1

A+C=0

Solving these equations, we get:
1 3 —l

A=—b=— andC=—
2 2 2

Substituting the values of A, B and C in equation (2), we get:
2x*+x 1 1 1(3x-1)

(+)(x+1) 2(x+1) 2(x+1)

Therefore, equation (1) becomes:
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1, 1 3x —1
dy=—|——dx +
Jay 23x+1 Ix2+1

dx

1 3 X 1 X
yv=tlog(x £1)+ 2 [ dx - L dx
y=glog(x+1)+ 2] 2Ix2+1

1 3¢ 2x 1
f— =—10 X+1— —dx——tan_1X+C
Y 2 g( )4jx2+1 2

1 3 |
= yzilog(x+1)zlog<x2 +1) —Etan 'x+C

1 |
:>y:Z[2log(X+1)+3log(x2 +1)]—Etan 'x+C

:y:%[(xz +1)(X2 +1)]—%tan_lx+C ....(3)
Now,y=1whenx=0

=1 :%log(l) —%tan1 0+C

:>12le—le+€
4 2

=C=1
Substituting C = 1 in equation (3), we get:

y:i[log(x2 + 1)2 (X2 + 1)3} — %tan_l x+1

12:
dy
x(x*-1)—==1y=0 whenx =2
(x*—1) =Ly

Solution:

d
X(X2 - l)d_z =1

dx
x(x2 - 1)

1

=dy=

TR

Integrating both sides, we get:
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J.dy J X+1) - ()

1 _A, B _C
o)) x o xo1 xer
. I A(x —1)(x + 1)+ Bx(x+1)+ Cx (x ~ 1)

X(X—l)(x+1) (x—l)(x+1)
(A+B+C)x* +(B-C)x-A

x(x — 1)(x + 1)
iomplaring the coefficients of Xz, x and constant, we get:

B-C=0
A+B+C=0

1

Solving these equations, we get B = 5 and C = —

Substituting the values of A, B, and C in equation (2), we get:

1 :—_1+ 1 N 1
X(X—l)(x+1) X X(X—l) 2(X+1)

Therefore, equation (1) becomes:

Idy——j dx + — J-—dx — ﬁdx

= y=—logx + %log(x -1)+ %bg(x +1)+logk

Neow.

y=0when =2

O=—log2+ : Iug{’+|]—r Ing["— )+ log C

log3
O=-logld+——+logC
log | =log "._. i
3
—C=1
2
i
{ — ;.'—
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1
v=—loex+—1lo +I+ Iu 1)+ log —
¥ gx+-log(x ) g(x~1) J_%

[ 2 |{r+1}|[r—]}‘

Iﬂg,
| 1.'3.1' .
1 2 -1
V= Iug ]
1 4 _1'1 = 1}
= — | St
. 2 & Ax l
13:
dy
cos| == |=a(aeR);l whenx =0
dx
Solution:
cos(gj =a
dx
Y osa
dx

= dy =cos ' adx
Integrating both sides, we get:

Idy =cos”' aj dxdx

=y=cos ax+C
=y=xcos a+C (D
Now, y =1 whenx =0
—1=0.cos'a+C

=C=1
Substituting C = 1 in equation (1), we get
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y=xcos ' a+1

=<2 ——cos'a

X

-1

— COS( Y j =a
X

14:

ﬂ =ytanXx,y=1 whenx=0

dx

Solution:

dy

— =vytanx

dx Y

= ﬂ = tan xdx

dx

integrating both sides, we get:
J.ﬂ = —j tan xdx

y
= logy =log(secx )+ logC
= log y =log(Csecx)
= y=Csecx (1)

Nowy=1whenx=0
=1=Cxsec0

=1=Cxl
=C=1

Substituting C = 1 in equation (1), we get
y =sec X

15:
Find the equation of a curve passing through the point (0, 0) and whose differential equation is

y'=e"sinx

Solution:
The differential equation of the curve is:

y'=e"sinx
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d .
= & e sinx
dx
= dy =e"sinx
Intergrating both sides, we get:

jdy:IeX sin xdx e (1)
Let [ = Ie" sin xdx

= [ =sin XIeXdX — J‘[i(sinx).]exdx}dx

dx

— [ =sinx.e* — jcos x.e*dx

= [=sinx.e" — [cos X.I(di(cosx).jexdxjdx}
X

— [ =sinx.e” — [cos xe" — J‘(—sinx)e"dx}
= I=e"sinx —e*cosx —1
= 2] =¢" (sinx — cosx)
e (sinx — COS x)
2
Substituting this value in equation (1), we get
e (sinx — cosx)

= C o
y ) + ()

Now, the curve passes through point (0, 0)
e’ (sin0—cos0)

==

+C

1(0-1)
2
1

=>C=—
2

=0=

+C

1
Substituting C = E in equation (2), we get:
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e” (sinx —COS x) 1
+_
2 2
= 2y =¢"(sinx —cosx)+1

y:

=2y —1=¢"(sinx — cosx)

Hence, the required equation of the curve is 2y —1=¢" (SinX —COS X)

16:
. . . dy : :
For the differential equation Xy = d_ = (X + 2)(y + 2) find the solution curve passing
X
through the
point (1, —1).
Solution:

The differential equation of the given curve is:

d
Xy:d—z:(x+2)(y+2)

:(L)dy:()H_szx
y+2 X

Integrating both sides, we get:

j[l—yizjdy:j(uijdx

:>J‘dy—2j.ﬁdy='|.dx+2j.idx

:>y—210g(y+2)=x+2logX+C
= y-x-C=log x2+log(y+2)2

:y—x—C:log[xz(y+2)2J (D)
Now, the curve passes through point (1, -1)
= -1-1-C=log| (1)’ (-1+2) |

= -2-C=logl=0

=C=-2
Substituting C = -2 in equation (1), we get:
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y—x+2=10g[x2(y+2)2}

This is the required solution of the given curve.

17:

Find the equation of a curve passing through the point (0, —2) given that at any point (x, y) on the
curve, the product of the slope of its tangent and y-coordinate of the point is equal to the x-
coordinate of the point.

Solution:
Let x and y be the x-coordinate and y-coordinate of the curve respectively.
d
We know that the slope of a tangent to the curve in the coordinate axis is given by the d_y
X

According to the given information, we get:

d
Y_y =X
dx
= ydy = xdx
Integrating both sides, we get:
Iydy = dex
2 2
X
SN AR e
2 2
=y —x>=2C o (D)
Now, the curve passes through point (0, —2).
2 (=2 - 02=2C
=>2C=4

Substituting 2C = 4 in equation (1), we get: y* — x> = 4
This is the required equation of the curve.

18:

At any point (x, y) of a curve, the slope of the tangent is twice the slope of the line segment
joining the point of contact to the point (—4, —3). Find the equation of the curve given that it
passes through (-2, 1).

Solution:
It is given that (x, y) is the point of contact of the curve and its tangent.
+3
The slope (m1) of the line segment joining (X, y) and (—4, —3) is 4 1
X+

d
We know that the slope of the tangent to the curve is given by the relation, d_y
X
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dy
=~ Slope (m2) of tangent =
dx

According to the given information: 19:

me = 2mj
2
:>d_y: (y+3)
dx X+ 4
dy 2dx

— =

y+3 x+4
Integrating both sides, we get:
J dy :2"‘ dx

y+3 x+4
= log(y +3)=2log(x +4)+logC
:>10g(y+3)logC(x+4)2
=y+3=C(x+4) e (1

This is the general equation of the curve.

It is given that it passes through point (-2, 1).
=1+3=C(-2+4)

= 4=4C

=C=1

Substituting C = 1 in equation (1), we get:
y+3=(x+4)

This is the required equation of the curve.

19:
The volume of spherical balloon being inflated changes at a constant rate. If initially its radius is
3 units and after 3 seconds it is 6 units. Find the radius of balloon after t seconds.

Solution:
Let the rate of change of the volume of the balloon be k (where k is a constant).

:Q:k
dx

= %(ﬂ zr’ j =k [Volume of sphere = %7[1’3 }

3
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- i7z.3r2.g =k
3 dt

= 4zr’dr =kdt

Integrating both sides, we get:
3

:>47r%:kt+C

= 4zr’ =3(kt+C) e (D)
Now, att=0,r=3

=47 x33=3(kx0+C)

= 1087 =3C

= C=36rx
Att=3,r=6:

=47 x6° =3(k><3+C)
= 864r =3(3k+367z)

= 3k =-2887 3671 =252x

=k =84r
Substituting the values of k and C in equation (1), we get:

4rr’ = 3[847rt + 367[]
— 41’ = 472'(63t + 27)
=1 =63t+27

1
=r= (63t + 27)5

1
Thus, the radius of the balloon after t seconds is (63t + 27)5

20:
In a bank, principal increases continuously at the rate of 1% per year. Find the value of r if Rs
100 doubles itself in 10 years (loge 2 = 0.6931).

Solution:
Let p, t, and r represent the principal, time, and rate of interest respectively.
It is given that the principal increases continuously at the rate of % per year.
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p 100

Integrating both sides, we get:

J.@:L dt
p 100
It
=logp=—+k
P =100
:p:eﬁﬂ( (D)

It is given that when t =0, p =100
=100=¢" ....(2)

Now, if t =10, then p =2 % 100 =200
Therefore, equation (1) becomes:

ik
200 =¢!0
200 =el ¢
—200=¢"".100 From (2)

=elt=2

r
= —=1log.2
10 8

— L -0.6931
10

=1=6.931
Hence, the value of ris 6.93%

21:
In a bank, principal increases continuously at the rate of 5% per year. An amount of Rs 1000 is

deposited with this bank, how much will it worth after 10 years (e°-5 = 1.648) .

Solution:
Let p and t be the principal and time respectively.
It is given that the principal increases continuously at the rate of 5% per year.
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45

dt\ 100 P
_d_r

dt 20
_dp_dt

p 20
Integrating both sides, we get:
I @ = L dt

p 20

t
:>logp=2—0+c

1
—+c

= p=c? (D)
Now, when t =0, p =100
= 1000 =¢° ...(2)

At t= 10, equation (1) becomes:
1

p _ e%JrC

=p=e"’ xe°

= P=1.648x1000

= P =1648
Hence, after 10 years the amount will worth Rs. 1648.

22:

In a culture, the bacteria count is 1,00,000. The number is increased by 10% in 2 hours. In how
many hours will the count reach 2,00,000, if the rate of growth of bacteria is proportional to the
number present?

Solution:

Let y be the number of bacteria at any instant t.

It is given that the rate of growth of the bacteria is proportional to the number present.
dy

S, —0o0
a7

d
= d_?[’ =Ky (Where k is a constant)
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:g:kdt

y
Integrating both sides, we get:

[
y
=logy=kt+C ....(1)

Let yo be the number of bacteria at t = 0.

= logyo=C

Substituting the value of C in equation (1), we get:
= log y=kt +log y,

= logy —logy, =kt

= log(l] =kt
Yo

= kt= log[lj .2
Yo

Also, it is given that the number of bacteria increases by 10% in 2 hours.

S y=—
y 1003’0
11
Y- 3
y, 10

Substituting this value in equation (2), we get:

11
k2=Ilog| —
g(loj

=k =llog E)
2 10

Therefore, equation (2) becomes:

..(4)

Now, let the time when the number of bacteria increases from 100000 to 200000 be ti =y =y,

att=+ti
From equation (4), we get
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2log A
¢ = Yo )  2log2

. lo (Hj lo (Hj
10 & 10

2log?2

Hence, ————— in hours the number of bacteria increases from 100000 to 200000.

lo (llj
& 10

23:

The general solution of the differential equation d—z =e"Vis
Ae*+e’ =C

B.e*+e’=C

Ce +e'=C

De ™ +e” =C

Solution:

j—z =" =¢e*e’

= % =e"dx

=e 'dy=e"dx

Intergrating both sides, we get:
Ie‘ydy = J-exdx

= -’ =¢"+k

=e +e ' =-k
=e" +e’=c  (c=-k)
Hence, the correct answer is A.
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