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Miscellaneous Exercise Page No: 191

Differentiate with respect to x the functions in Exercises 1to 11.
32 —9x+5)
g, 3795

: : =(3x—0x+5)
Solution: Conslder:L [~ * * ,]
D 935 —9x+5) L (37 —9x+5)
d."i- N ‘ a’_-r‘- K

) =) L)

@ _g (32 ~9x+5) [3(2x)~9(1) + 0]

ax

D 27(3% —0x+5) [2x-3]
dx : .

2 sin® x+cos x

Solution: Consider + = St ¥ +cos x

ory = (Sin 1] +[cn5 J:]
@ 3(sin x]: i sin x+6 I:mﬁ:c]j icnsx
dx dx ax

-~ =3sin” xcosx—Hcos” xsin x
dx

. . .
3sinxcosx(sinx—2cos x|

=P
ool X

] = 5 .
Solution: Consider * (‘J‘J

Taking log both the sides, we get

Scoalr

log y =log(5x)
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log vy =3cos2xlog (51’)

Derivate above function:

d d
Zlog v=3""cos 2xlog(5x
0g 1 ai‘rtms X Dg[ 1)}

fris
1 &y i i . . d
—— =3 cos2x—Ilog Li.‘c:l +log [\5_1:] —cos2x
¥ ax ax ax
1 &y 1 & . , d
——=3 cos2x——3Sx+log Li_t:l [— sin 2.1’3] —2x
v dx Sxdx dx
1 dv I 1 , .
——=3|cos2x— 5—2sin Ixlog LSx]
¥V odx Sx
ay cos 2x , \
— =3y —2sin 2xlog [5.\’)
ax x

Sooedx r cos 2x

—2sin 2xlog (5_tjj|
* (using value of y)

4 sin”™ |1~J’T|D =x=1

Solution: Consider *

1'=5.in'1|: xJJ_r :|

1l

sin’ | xt
ory=
Apply derivation:
v 1 d :
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3 x
_ 2¥1-x
X
COs 1—
2 g R 2
5 wWix+7T
¥
cos 1=
2
y= 3
Solution: Consider X+
Apply derivation:
- ﬂl- 1 x 1 x ﬂ'- —
i 2x+7 —cos Y2 cos l_f Yt T
Y _ ax 2 2 dx

o (227

\ / [Using Quotient Rule]

BT @+ 7)F L (27)
@ _
ax
1 X
2 1 1 [anl ;
—f2x+7 . 2
@_ 4—x 2 2 Ix+7
dc I:lr+"]
-1
2x+7 9% 3
_ n 2
Ni—x? Nf2x+
_ (2x+7)
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2x+T+Aj4— + cos™!

de | Jamd 2T (204 7)

b2 | o=

w

- 2 -1
2x+T7+~/4—x" cos

4—x" (2x+7)

b | =

[ Rt

Dexa—
Ml+sin x—+fl—sinx |

_1[\.'f1+sin I+J1—Siﬂ.‘l.’:| T
cot 0w xw
6

1l fl+sin x+af1-sinx | 7
v=cot ] -:;_‘l.f-\::?

?‘h\.'r1+sin x—+1—sinx 2

Solution: Consider

Reduce the functions into simplest form,

, 1 X L3 X X x
~l+sinx =,lcos” —+sin” —+ 2sin —cos
2 2 2 2

-

, 1 X L7 X X x
l—sinx=,lcos" —+sin” ——2sin—cos—
D 2 3 3

And > - -
[ N k "
| oS —si cos ——sin —

= - S= 2 2

Now, we are available with the equation below:

cos—+sin —+ cos — —sin — |
1 5 5 5 5
v=ucot = = = =

Cos—+sin ——cos—+sin — |
- 5 5 5 2 )
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e\
2::1::5i |
-1 3
cot = |
2sin > |
—_ W 2 __-"
1 X
Vv=cot | cot—
v L 2}'
-
=2
Apply derivation:
dv 1 1
& 207
7 (lng J:)kgr el
ey
Solution: Consider y=(logx) ™ .x>1 "y (i)

Taking log both sides:
log v =log [:lag _T]kgx _ logxlog [lug J:]

Apply derivation:
i(lug V)= —IIDE xlog(lo x]]
de dx S

lﬂ =log Iilng (log x)+log(log x) i_lng x

¥V ax ax ax
—— =log x ! i[lcg‘u]ﬂug[lcg 1]1
v dx log x dx x

1 log(logx)

—+
= x X
dv (1+1log I:lng_‘cjx\!
—=y —
ax i x
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wer | 1+log(log x) )
(logx) —Dg[ ogx) |

X

cos (c;r cos x+ bsin x|

8. for some constants a and b.
. . v=cos|acosx+ bsin x

Solution: Consider - L ) for some constants a and b.
Apply derivation:

av . . d .

— =—sin I:a cosx+ bsin 1)— I:a cosx+b 5111_":)

ax ax

— =—sin I:a cosx+b 5111_'(][:—:: sin x+bcos .T:l

ax

E = —I:—c;r sin x+bcos J:] sifl I:a cosx+bsin .T:l
ax

ﬁ =(—asinx—bcos x)sin(acosx+bsin x|
ax

. HNX-COEX 40 3T
[:51I1_'l|.’— CDSIJ X —
0. 4 4
Solution: Consideiil o T < .. (i)

Apply log both sides: |
log ¥ =log(sin x—cos x| sinx-cosx

_ (sin x—cosx|log (sin X—COs x)

Apply derivation:

d . d .. . d ..

—log v =(sin x—cosx |]—(sin x—cosx | +log|sin x—cosx) —(sin x—cos x|

ax L ax ' T ax '

1 dv 1 d

——fz[sin_ﬁ:— cnﬁ_ﬁ.’].—ffsin _ﬁ:—cus_ﬁ.’]+lag[5in_‘v— cns.‘n:].(ccs.‘n.%sinx]
V ax I:51n J:—cus_t] ax

1 eh

_;I: x+sin x|+ x+sinx)l inx— x
T (cosx+sin x) +(cos x+sin x| log(sin x—cos x|
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1 av
29 _(cosx+sin x)[1+log (sin x—cos x
T (cosx+sin 1][ og (sin x—cos 1]]

av
=1 x+ i 3 1+1 ; r— e
d\: ¥ [CDS s o i | '{':II: og I:Siﬂ X—C0s5 ‘k.:]:l

i = I:5in .T—CDSI:I o

= x+sinx)| 1+1 inx—cosx
d‘c I:CDS".. 5111'{':][ Dgl:Slﬂ'I.. CDS"..:I:I

10. ¥ TX¥ T4 T4 f5r some fixed a> 0 and x>0.

Solution: Consider ¥ =% T Ta +a

Apply derivation:

dy d ., d , d ., d ,
—r=flph+flﬁ+fﬂﬁ+f£}'u
ax  ax ax ax ax

d . .
— x +ar +a"loga+0
- dx (i)

First term from equation (i) :

d [, .
— | x 4
ax  °  Consider ¥ =x

logu =logx® _ xlogx

d d
__]_Dg ii :f[:_'lf].f_'lg .T:l
ax ax
ldu d d
——=x—logx+log x— x
i dx ax ax
1 du 1
_le’—ﬁ-lﬂg xl
u ax x
— l+logx
This implies,
du
— =u(l+log x)
ax
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Substitute value of u back:

i_ x* =x*(1+logx)

die .. (ii)

Using equation (ii) in (i), we have

Ezf (1+log J:]af‘"l+c;rxlaga

dx

11. ° “H(x-3) for x>3.

Solution: Consider Y=%  *(¥73) (51 453,
put =" gng ¥=(*73)

dv du dv

—=—+—

ax  ax ax ... (i)

Now #=x""

logu=log T — [1 _3:]105 -

lou_

i dx

[?.T: -3 l+1t:ug x(2x—

= X

ldu -3
——= +2xlogx
i ax x

du (¥ —3
— =i
ax X

= ) ﬂl— ﬂr i ¥ b
=[x -3 —logx+logx—|(x =3
(x—3) log x+log x— (" -3)

0)
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d 4
3____;.
Ja"rx

lfzrzilug[r—ﬂﬂug[r—
vV ax ax

x i[x’—3]+lng[r—3]’!r
= x—3dx o -
ldv
—f=—+l‘clug(x—3)

vdx x=3
ﬁ=v|: * +2_1:10g[_1:—3]—‘
ax x— ]

dv 28
—=[x-3 +2xlog|x—
dx (x=3) |:_1:— wlog (x

3)}

Using equation (ii) and (iii) in eq. (i), we have

& psfx -3 )

— =X

ax x 3
&:‘:L'

12. Find dx jf + =12(1=cos?)

. . . 1
Solution: Given expressions are *

m.
ot

E=1[3I£_I:1—|:|:|52.‘]

and dt ar

dv dyldt  12sint
de  deldt 10(1l-cos?)

2xlog x |+ I:x—?rjf |:i3 +2xlog I:J:—3j:|
x—

x=10{f—sint)|.—
and ( )

=12[1—CDSI) and x

Y 128 (1—cosz) =12(0+sinz) =12sin ¢
ar ’
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.,k i
2sin —cos—
3 3

Lh | o

2sin”

| S It

COs

| =+

Lh | o

sin

I
—cot —
5 3

(R

ai.L.

13. Find E if }'=5in'1 xt+sin Tt fl-xt —l=x<l

PR SNPI B S
Solution: Given expression is ¥ =it x¥sin” N1-x

Apply derivation:

& 1 1 ' .
a + Lh-2

dx \f1-x \/1—|*.{I—T|: feis

v 1 1 1
—= + =
e :

ey

= (i

f

v 1 1 1
et [ 2x
ax  fl-x  1-1+ }Jl—xf( )

1 1 - )

] + 2] 3 b

— \u'(l—x‘ «,/rlju;\fl—x‘
Which implies:
dy 1 X

= \'Irl_-"f: _ﬂfl_-"t': =0

Therefore, dy/dx =0

—198,
(1-22)7 21— »2)
e &
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T I+y + 1+ x=0, for —lex<l
av -1

(1+x)"

d
Prove that .

a1+ Vv + 114+ x=0

Solution: Given expression is -

1+ v =—1afl+x
Squaring both sides:

X |:1+_:L'J = _:L': [1+J:]
X+ .1’2_}' = _:L': +_}':.T
X —_:L': = —.'l.’:_:L' +_:L':_T

(x-3)(x+3) == (x-3)

x+y=—xy
— J.'I:l+x] =—x
e
y=—
= 1+
Apply derivation:
d d
& I:1+J:]E .T—.TEIZI-F x]
dx (1+x)’
_1:1+ 1’].1—1’.1
(1+x)°
1
_ (1+x)

Hence Proved.
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If (x—a) +(y=b) =c". for some ¢>0, prove that

dv

dx
is a constant independent of aand b.
Solution: Given expression is (x—a) +(y=b)=c"
Apply derivation:

2(x—a)+2(1-8)Z =0
ax

[Using equation (2)]
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dy d'y

Put values of @¢ and @x inthe given, we get

ac
[1+(I_aji]
y=b)’
- (v-py
R N A
= (y=5) - = o (Constant value)

Which is a constant and is independent of a and b.

av cos” I:a+}']

with €259 =ZL 5r6ye that dx sina

cosy =xcos(a+y)

Ccosy = 1’cu&[a+ J.']

16. If

Solution: Given expression is

cos v
x=—"
cos(a+y)

Apply derivative w.r.t. y

dx d " cos i
d& dv| cos [a+}'jJ

. d d .
cos(a+y)—cosy—cosy—cos(a+y]
Ly Y .

0
E_ cos® (a+y)
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dy COS [a+ J.'] [—sin ;L':l —cos Vv [—Siﬂ (a+}']}
E_ cos’ I:a+ _:L':I

—cos(a+y)sin y+sin(a+y)cosy

CDS:[:H-F;L':I

snlaryy

dx sin |:cI+ v—
E cos” I:cz+ v

po——

=>

5in a

_ cos’ (a+y)

dy cos’ [:a+;|.']

=> dx sina [Take reciprocal]

5
s

d
find &x

e

(=]

17 1f _T:c;r[:cnsr+rsinr_] and }'=H[:5inI—IEDEIJ=

. . . x=alcosr+rsint v=alsint—rcost
Solution: Given expressions are ( ) and ¥ =41 )

x=alcost+tsint)

Differentiating both sides w.r.t. t

dx ro 0
— =g, —sinf+—rsnft
ar \ dar
-fi"f I.-" I ﬂ'- I I a‘ -L_‘:
— =g —smnmif+r—snr+sinf—;i
dt dt dt )
dx . .
=a[—51ﬂr+rcnsr+smr]
dt
— =gatcost
= af
And:
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v=alsint—tcost)

Differentiating both sides w.r.t. t

a_ | a \

— =g COosf——1fcost

dt dt ),

dv | [ d d ]
— =g cosf— f—cosf+cost—1
i gt dr })

ay / . )
ar—"=a|_cn5r—[:—r51n I+|:Dsrj |
: J

ay :
— =garsint
ar

v dvldr arsinr  sint
== = = =tant

Now &x dx/'dt atcost cost

da . d
—=—tant secTr—1

Again dx dx = dx

), 4t 1
sec” r— sec” f
= ax = qrcost

iy

, sect sec’t
sec f—=

= at ar

18. If fLIJ:M: show that f[ﬂ exists for all real x and find it.

x, if x=0
| [—1] if  x<0

i

fix)=

Solution: Given expression is

Step 1: when x <0
f(x) = -x"3
Differentiate w.r.t. to x,
f'(x) = -3x"2

Differentiate w.r.t. to X,

https://byjus.com
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f’(X) = -6x, exist for all values of x < 0.
Step 2: Whenx=0
f(x) = x"3
Differentiate w.r.t. to x,
f’(x) = 3x"2
Differentiate w.r.t. to x,
f’(X) = 6x, exist for all values of x > 0.
Step 3: Whenx =0

hm f(O)_f(O‘l'h) — llm f(0+h)_f(0) — fl(c)
h—0~ h h—0* h

J’h{ if x20
Fix)= |3 i x<0

Now, Check differentiability at x = 0

L.HD.atx=0

lim f 1(0)=f1(0+h)
h—0~ h

L (—a(_m2
lim 3(0)-(=3(-h)*)
h—0~ h

I
§
|

And RH.D.atx=0

L FO) =)
m
h—07t h

= lim fr(h)=£1(0)
h—o0t h
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lim 3(h)%-3(0)?
h-0t h

lim 3h =0 (at h = 0)
h-0t

Again L.H.D. at *=0 =R.H.D. atx = 0.
This implies, f’(x) exists and differentiable at all real values of x.

d 1

— x| =m

19. Using mathematical induction, prove that «x = for all positive integers n.
Solution: Consider p(n) be the given statement.

p(n)=Z(x )=
Codx
Step 1: Resultistrueatn=1

. g - .
o Ll] ZE [.Tl] =[\1'] -Tl ! _ [:1] ¥ =1
< (x)=1
which is true as @x

| m)

Step 2: Suppose P s true.
d ' Ny
p[im]=f[_r‘]=mx“l
ax: T . (2)

Step 3: Prove that result is true for n = m+1.

p[:m+1] :i['x*"l ']:[:m+l]x""1'1
' ax ’ '

=

el " d o
— "= — (x|
ax ax ‘

F - w &
X.—X +x —X
ax ax

™ 45" (1)
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Therefore, 7% T =% (m+1]

(m+1)x" =(m+1)x"

(m+1)x mel)-1

Therefore, plm+l) is true if pim, is true but p(l) is true.

Thus, by Principal of Induction p(n) is true for all n € N.

sin(A+B)=sinAcosB + cosAsinB

20. Using the fact that and the differentiation, obtain

the sum formula for cosines.

Solution: Given expression is sin{A+B)=sin A cosQg coS@gin B

Consider A and B as function of t and differentiating both sides w.r.t. x,

. TdA 4B . 4B { dA0 B . dA
cu5[\.&+Bj —+— =sin .ﬂ;[—sinBj—_+cusB; cosA— |+cosAcosB—+sinB(—sin .L"Lj—_
Ldt dt) dt dt | dt dt

. dA 4B TdA 4B

cos|A+B) —+— '=[\CDS.L"LCGEB—SiIlP"LSiIlB‘] —_—

— ' Node  dt) Ndt dt)

— cos(A+B)=(cosAcosB-sinAsinB)
21. Does there exist a function which is continuous everywhere but not differentiable at
exactly two points?

Solution: Consider us consider the function Fx)= |l1+|r_l|
f is continuous everywhere but it is not differentiable at x = 0 and x = 1.

flx) glx)  hlx)

v=| 1 m M
a b c
22. If prove that
(=) g'(x) #i(x)
ay
—=| I m n
o a b e
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Solution: Given expression is

F) gl Ax)

v=| I m ol
a b £
Apply derivative:
d d ) -
E_f("u] Eg(-"nj EK("L] f[_‘c) g[: 1) !’(AJ f[_‘l:) g[:x:] _r‘r[x)
h
—= [ " n +| 0 0 0 |+v=| 1 "
P
§ a b c a b c 0 0 0
1 1 1
f(x) g(x) hix)
i H
_| a b £
e 1< <] [l—x]d—l—xm —a'y=0
23.1f ¥ =F -T1=%=% show that " dx dx
Solution: Given expressionis ¥ =¢
d.}' Aot d =
— =g .—acos X
dx ax
acosT X ( -1
e ﬂ ] »
_ LAfl—x )
—av
— afl—x
This implies,
"‘d}"‘;: _ay
e ) 1-x7
(1-) & | =gy
’ N dx )
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Differentiating both sides with respect to x, we have

@ dy (@Y

) . I
[1-x" |2 — —+ — | (2x)=2a’y—
: Yode de | dx) dx

f 'R ﬂill' ay q

(1-x" | —=—-2x—=a'y

' S dx

; 1y 81 dv

(1-x" | ——-2x——ay=0

: Cdx” dx

Hence Proved.
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