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Miscellaneous Examples Page No: 371

1. Find the area under the given curves and given lines:
()¥=>-*=1Lx=2 and x-axis.

foy 1 — et - .

(ii)¥=*-*=Lx=3 gnd x-axis.

Solution:
(i)Equation of the curve is
y=x2 ........ (1)
JhY y:x*or
x’=y
e ~ "5
x=1|x=2
VY.

Required area bounded by curve (1), vertical line x=1, x=2 and x-axis

8 1 7
3 3 3 sq.units

(it) Equation of the curve
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It is clear that curve (1) passes through the origin because x=0 from (1) y=0.
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A

L .43
Table of values for curve * =-*

/(5,625)

X

1

2

3

y

1

16

81

256

625

i P= 9 H — r — = " — .
Required shaded area between the curve ¥ =* | vertical lines * Lx=3 and ¥~ axis

|F ¥ dx

i- x dx

= 624.8 sq. units

2. Find the area between the curves y=x and y=x?

Solution: Equation of one curve (straight line) is y=x
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AY
A1, 1)
B
X < 0 M >X
VY’
Equation of second curve (parabola) is * = ..... (ii)

Solving equation (i) and (i), we get =9 or =1 gng ¥ =0 or ¥ =1

Points of intersection of line (i) and parabola (ii) are O (0, 0) and A (1, 1).

Now Area of triangle OAM

= Area bounded by line (i) and x-axis

[Fﬂ‘ !r&
ooanl
| x|
2
1 1
I _0== _
=2 2 sQ. units

Also Area OBAM = Area bounded by parabola (ii) and x-axis

i._.._. v i."..': ax
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_|:|—1

1
=3 3 sq. units

Required area OBA between line (i) and parabola (i)

= Area of triangle OAM — Area of OBAM

1 3-2
3= 6

b2 | =
O | =

Sg. units

3. Find the area of the region lying in
by ¥ =+ x=0.0=1 gnd y=4,

Solution: Equation of the curve is * =4

Y
A y = 4x2

\ x=0 I -

x!< Fx
0 |(0,0)

the first

guadrant

and bounded

Here required shaded area of the region lying in first quadrant bounded by parabola (i), *= 0

and the horizontal lines *=! and ¥ =% is
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v
20 3
2
122 2
241
- 23
I ENIES)
CE
=3 = 3 sq. units
'L':|‘|l"+3| ‘I‘ |x+3|fi1'.'
4. Sketch the graph of = T and evaluate -
. : . 4 J.'=|_T+3| .
Solution: Equation of the given curveis = " 1 ... (i)

forx=-3

y=-(x+3)forx<-3

(-21' 1 )

XJ‘( I
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y=|e+3] 0 for all real x.

Graph of curve is only above the x-axis i.e., in first and second quadrant only.

V= |J:+3|

— x+3

X y
3 0
2 1
1 2
0 3

Table of values for ¥ =**3 for x=—3
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X y
-3 0
-4 1
-5 2
-6 3
i|1’+3| ax
Now, -
_|: |_T+3| fek's | |J:+ 3| fek's
— + =3
_|:—[:J:+3) fris [[I+3j dx
- + =3
I£+3I: +I£+3.ﬁ::
P2 f P2 |
— b, - __.-_:- W . _,-I__:
= ™
{E—Q—[IS—IS)}+{D—] 2—9 :|
= 2 '\_2 r

2 194040-249
2 ¥

18- 28 18- 9-9 _
= 4 SQ. units

5. Find the area bounded by the curve y = sin x between x=0 and

https://byjus.com
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Solution: Equation of the curveisy =sinx .......... (i)
y=sinx20 {5 0=x=7 . a5 graphisin | and Il quadrant.

And ¥ =sinx=0 for T=x 227 . g5 graphisin Il and IV quadrant.

Y 5
h my |
A(x_ 2/ 5

< B(x=m) D(x=2m)_
; >

2 _g
ax
= cosx=10
T3
r=—_ —
=" 272

q - TV
Table of values for curve y= sin x between x =0 and *= =T

X y

0 0

T 1

2

A 0

3T -1
2

21 0
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Now Required shaded area = Area OAB + Area BCD

| v dx + | v ax

| sinx dx + | sin x dx
—(cosx), + (cosx)
=l{-1-1 +-(1+1)

=2+ 2 =4sqg. units

6. Find the area enclosed by the parabola ¥ =4ax gnd the line y=mx.

Solution: Equation of parabola is ¥ =*& ... 0]
AY A
S
D ( 4a 4da )
iy + -
m? m
o 0 k.
< >
4 M X
y=mx
2 =4ax
\ y

The area enclosed between the parabola and line is the shaded area OADO.
Form figure: And the points of intersection of curve and line are
(4a 4a)

0(0,0)and AL ™),
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Now Area ODAM = Area of parabola and x-axis

43
e i
-

l 2ax? dx

Again Area of AOAM = Area between line and x-axis

22
e E
| rocdx C ot
! ol X
2
= = e 40
.'I-l A
Z 5] -0
— 2 i __,.' J
m 16a° 8a
- Sl
=1 = (ii)
Requires shaded area = Area ODAM — Area of 20AM
324" 8a
= m
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129
a 132 g
—m\ 3 /
8a°
= 3*??3

7. Find the area enclosed by the parabola #¥ =3 and the line =¥ =3**12.

Solution:
Equation of the parabola is
dv=37 L (i)
4
==V
or 3
AY 2y =3x+12
B
i X=4
it
N
|
VY,
Equation of the line is 2¥ =3**12 (ii)

From graph, points of intersection are B (4, 12) and C(-2, 3).

13
| —x+6 | dx
A\ 2 )

Now, Area ABCD =

4
|:E Xt + 61’:|
= 4 -1

=45 sq. units
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x| dx

| Wl

|
Again, Area CDO + Area OAB = -~

1 .
—[64—(-8
= 4[ [‘ ']] = 18 sq. units

Therefore,
Required area = Area ABCD — (Area CDO + Area OAB)

=45 - 18 = 27 s(@. units

.'lf: 'L':

PR |
8. Find the area of the smaller region bounded by the ellipse ¢ 4 and the
line 3 2

Solution: Equation of the ellipse is

vt
4+ =1
S 4 . (i)
YJ\
B(0,2)
D
5
. A3,00 .
X A(:3,0) 3 0 3 »x
2
B'(0,-2)
d

Here points of intersection of ellipse (i) with x-axis are

A (3, 0) and A’(-3, 0) and intersection of ellipse (i) with y- axis are B (0, 2) and B’(0, -2).
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x ¥
Also, the points of intersections of ellipse (i) and line 3 2
Therefore,

Area OADB = Area between ellipse (i) (arc AB of it) and x-axis

iéwjg— X dx
':.1‘

il

)
:ﬁq‘g—g +Eﬁin'11— D+Eﬁin'll:l }
3| 2 2 2 J

31
3 —_'li.': 3T el =1
¥

L | b2
ba | =

o | - ] \ -

sq. units ....(iii)

Now Required shaded area = Area OADB — Area OAB

) ’ .
= S0 Sqg. units

https://byjus.com
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x iy
T
line a b

P A(3,0)

xx P
A'(-3,0) ! /\
2

B'(0,-2)

Area between arc AB of the ellipse and x-axis

EJ e
s d

® o

a
E i'\fj —x +—51n —
_all al.
b_U+ 1 [D+Dj—‘
— —S5in
= al - .

b
a

a

Also Area between chord AB and x-axis

https://byjus.com
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o

[—la—xb dx
=54

b|: J::i|:

—_— cl'k"—_
_a 2|

b, a

p— a —_———
_ai 2

ba 1

— —=—ab
= & 2 2

Now, Required area = (Area between arc AB of the ellipse and x-axis) — (Area between chord
AB and x-axis)

= 4 24 " sQ. units

10. Find the area of the region enclosed by the parabola x?2=y, the liney = x+2 and x- axis.

Here the two points of intersections of parabola (i) and line (ii) are A(-1, 1) and B (2, 4).

Area ALODBM = Area bounded by parabola (i) and x-axis

= 'f_T': ‘\:‘
:':.'1:‘ dx . ? :

—_ —_
pu - = - =

g 1
—+=
=3 3=

| D

= 3 sQ. units
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X
A Yo
[(x+2) & |5 7=
= = = -1
244 127
_ 2 )
15
= 1 sg. units

SQ. units

11. Using the method of integration, find the area enclosed by the curve |J‘1+|}'|:1'

[Hint: The required region is bounded by linesx+y=1,x—-y=1,-x+y=1land-x-y =
1].

Solution: Equation of the curve is

pd+[vl=1

(i)
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YA

X+y=1 X+y=1

F N

X C(-1,0)

X+y=-1

The area bounded by the curve (i) is represented by the shaded region ABCD.

The curve intersects the axes at points A (1, 0), B (0, 1), C(-1, 0) and D(0, -1)

As, given curve is symmetrical about x-axis and y-axis.

Area bounded by the curve = Area of square ABCD = 4 x 2 OAB

4[(1-x) dx

- ".'1
_-Il.-‘ 1
2]

4 =

4>¢l
= 2 =2sg.units

12. Find the area bounded by the curves

Solution: The area bounded by the curves '
shaded region.

{(x,y):y2x andy=|x}

'-__ .E_.-: d':_" .
[xy):y2x" and} |1|} is represented by the
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JKY

B(-1,1) B(1,1)

y=-%%X<0 y=x%xz0

Since, area is symmetrical about y-axis.

Therefore, Required area = Area between parabola and x-axis between limits x=0 and x=1

L L

|vdx |x dx

& ?-‘11

(2] 1

V33 .

=707 (i)

And Area of ray y=x and x-axis,
1 1 (2Y 1
lyvdx |xd&x | 5| =3

=7 =0 _\2), 2

Required shaded area in first quadrant

= (Area between ray Y=%jor x20 ang x-axis) — (Area between parabola *+ = " and x-axis in
first quadrant)

= Area given by equation (ii) — Area given by equation (i)

O | =

1
3

ba | =

SQ. units

13.Using the method of integration, find the area of the triangle whose vertices are A (2,
0), B (4, 5) and C (6, 3).
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Solution: Vertices of the given triangle are A (2, 0), B (4, 5) and C (6, 3).

AY
B(4, 5)
x¢ o
\
5 _
. . o v—0== 0(3:—2]
Equation of side AB is 4-12 '
-
I o ot )
Equation of side BC is 6—4
— v=9-x
O 4 (x—2)
Equation of side AC is 6-—2 '
3.
= ({x-2
= g 4“ )

Now, Required shaded area = Area 2ALB + Area of trapezium BLMC — Area AAMC

|F
-

_ § : +3 .
x=2) ex +J19-.‘a‘l dx - _|3l1"1-' ax

b | L
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-

_(36_8)|_E[18_12_(2_4)}J

(8-8) (2—4)}‘ -

L.JI LA

B

5, 3.
— 2 — — 2
2L[:|+._]+|3|5 36 +8| JrU5+._]

5+ 8—-6=7sq. units

14. Using the method of integration, find the area of the region bounded by the
2x+y=4 3x—2y=6 3v+5=0.

lines: and *~
Solution:
. . . Ty ) — &
Lets say, equation of one I|ne jg 2XTy=4,
)
equation of second line " is ¥~ 2¥ =6
—3p+5=0.

And equation of third line % is *

Draw all the lines on the coordinate plane, we get

Li:2x+y=4

Here, vertices of triangle ABC are A (2, 0), B (4, 3) and C (1, 2).

Now, Required area of triangle = Area of trapezium CLMB — Area AACM - Area AABL

https://byjus.com
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|; x+5) dx - [(4-2x) dx —i%lx-lbrﬁ
1 1 g

_[S+2D—jf%+5::}—{[8—4)—[4—1)}—%|(8—8j—(2—4)|

11

~
F .l
&

1/
31285 -(4- 3)——><’7'

45
—xi—l—B
2

1
Il | =

1

L

-1-3=

I
m|
b | -

sg. units

f(x1):3" <4xand 4x* + 437 <9
15.Find the area of the region &) ki ¥ = }

Solution: Equation of parabola is *~ =3* ...... (i)
And equation of circle is #* T#¥" =2 (ii)
1
AY ( ? -V2)
y2=4x
4x2 +4y? =9
X < 0 C ‘;X
3
D (jr 0)
l 7)
Yy 2

From figures, points of intersection of parabola (i) and circle (ii) are

https://byjus.com
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Required shaded area OADBO (Area of the circle which is interior to the parabola)
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/ and B~

integrals

-
I
i

1 3
5 _‘EJ

=2 x Area OADO = 2 [Area OAC + Area CAD]

[ B

< s(. units
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16. Choose the correct answer:
Area bounded by the curve y=x° the x-axis and the ordinate x=-2 and x=1 is:
(A)-9 (B)-15/4  (C)15/4 (D) 17/4

Solution:
Option (D) is correct.

Explanation:

Equation of the curve isy = x3

JKY
A1, 1)
. N A
X 0 M X
(_11 _1)
B(-2,-8)
‘VY,

Now, Area OBN (y = x3 for 2= *=0) and Area OAM (y = 3 for 0 =x =)
Therefore, Required area = Area OBN + Area OAM

; 1
*:«:5 dx + I:-:': dy

17
= 4 sg. units
17. Choose the correct answer:
The area bounded by the curve y = x|x|, X- axis and the ordinates x =-1 and x = 1 is given

by:
(A)O (B) 1/3 (C) 2/3 (D) 4/3

https://byjus.com
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Solution:
Option (C) is correct.

Explanation:

Equation of the curve is

JKY A
=y / |x=1
P, L.
Xr“ O Y £ M "X
x=-1 "
B(-2-8) Yy
y=xpl=x(x)=x"j x20 (1)
And }'=l’|1’|=1’L_-"J A =, (2)

Required area = Area ONBO + Area OAMO

| -x dx + b x* dx

= 2/3 sg. units

18. Choose the correct answer:

The area of the circle * *¥ =16

2(47-45) 2{az++B)
(B) 3

exterior to the parabola ¥ =6x

(A) 3
37—+ 2 (87+5)
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Solution:

Option (C) is correct.

Explanation:

Equation of the circle is * *+* =16 (1)
Thus, radius of circle is 4
This circle is symmetrical about x-axis and y- axis.

:F-"=2,\II'§

Here two points of intersection are Bl--'

' (2,223
) ang gl 2

Required area = Area of circle — Area of circle interior to the parabola
=Tir? - Area OBAB’O

=161 - 2 x Area OBACO

161 - 2[Area OBCO + Area BACB]

mz—zi V6% dx + [{I6-% &
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(2 ; ) . . _11
1672 EJEI_E\EHSsm 1-V12-8sin™ -
1672 > +8 % 258~
= &3 2 _
167-2| ——23+87 -1
- A3 2 6/
[ 9
1672 L+8—T}
- 3
4
167 1—= |——
- L 3B
2(s7-4A) _
= 3° ' sQ. units

19. Choose the correct answer:

The area bounded by the y-axis, y = cos x and y=sin x when

w2 gy a1 (g2l (D)2

Solution:
Option (B) is correct.

Explanation:

Graph of both the functions are intersect at the point

)

2

-

;3
sl 3
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AY
= (0S5 X =sinx
0, 1) AR . D(% 1)
n
— X =T
——
[
Xr 0 M (& 0) X
v
YI’

Required Shaded Area = Area OABC — Area OBC

= Area OABC — (Area OBM + Area BCM)

| cosx dx - |sin:c:fx+ |cosx¢i'-.'-
! SiﬂE—Eiﬂ o° - —cosivcosl}“ + 5iﬂ.£—5iﬂE |
{ : I | ) _1. |
1 1
+=-1-1+—— \
2-1 .
- 2 J2 - l-‘r ) sg. units
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