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Conditional Identities Involving the Angles Of a Triangle

EXERCISE 16 PAGE: 595

Q.1.If A+ B + C =, prove that

sin 2A + sin 2B - sin 2C =4cos Acos B sinC
Solution: =sin 2A + sin 2B —sin 2C
=2sin(B+C)cosA+2sin(A+C)cosB-2sin(A+B)cosC
Using formula, sin (A + B) = sin A cos B + cos A sin B

= sin 2A + sin 2B - sin 2C

Using formula

sin2A = 2sinAcosA

= 2sinAcosA + 2sinBcosB - 2sinCcosC
SinceA+B+C=m

—+B+C=180—A

And sin(Tm — A) = sinA

= 2sin(B + C)cos A + 2sin(A + C)cosB - 2sin(A + B)cosC

=2 (sinB cos C + cos B sin C ) cos A + 2(sinAcosC + cosAsinC)cosB - 2(sinAcosB +
cosAsinB )cosC

= 2cosAsinBcosC + 2cosAcosBsinC + 2sinAcosBcosC + 2cosAcosBsinC—
2sinAcosBcosC — 2cosAsinBcosC

= 2cosAcosBsinC + 2cosAcosBsinC
= 4cosAcosBsinC

=R.H.S

Q. 2. If A+ B + C =T, prove that

cos2A-cos2B-cos2C=-1+4cos AsinBsinC
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Solution: = cos2A — (cos2B + cos2C)

Using formula

cosA + cosB = 2cos (A;B) cﬂs{tﬂ)

= cos2A- {2::05 {EB:EG) cos (EB‘;EG)}

= cos2A - {2cos (B+C) cos (B-C)}

SinceA+B+C=m
—-B+C=180—A

= cos2A — {2cos (11— A) cos (B-C)}
And cos(1m — A) = -cosA

= cos2A — {-2cosAcos (B-C)}

= cos2A + 2cosAcos (B-C)

Using cos2A = 2cos?A -1

= 2cos?A — 1 + 2cosAcos (B-C)

= 2cosA {cosA + cos (B-C)} — 1

Using ,cosA + cosB = 2cos (?) ms{ﬁ‘;—B)

= 2cosA {Ems (MS_C) cos (ME_B)} -1

= 2cosA {Ems (n—c—c) cos (H_E_B)} -1

2 T2

As, I:USG— A) = sinA

= ZEGSA{EEUSE— %) cos(%— 22_13)}_ 1

= 2cosA {2sinCsinB} — 1
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= 4cosAsinBsinC — 1

=R.H.S

Q.3.If A+ B+ C =, prove that

cos 2A—-cos 2B +cos 2C=1-4sin AcosBsinC
Solution: = cos2A — cos2B + cos2C

Using,

. {A+BY . [B-A
cosA - cosB = 25111(7) sm(T)

= C0S2A- {25111(23:33) sin (EB‘;EE)}

= cos2A - {2sin(B+C)sin(B-C)}

sinceA+B+C=m
—-B+C=180—A

And sin(1T — A) = sinA

= cos2A — {2sin(1m — A)sin(B-C)}
= cos2A — {2sinAsin(B-C)}

= cos2A - 2sinAsin(B-C)

Using, cos2A = 1 — 2sin?A

= -2sin?A + 1 — 2sinAsin(B-C)

= -2sinA{sinA + sin(B-C)} + 1
sinA + sinB = 25111(?) COos (?)
= —2sinA {25111 (mg—c) cos (ME_B)} +1

— —2sinA {Esin(ﬂ_ﬂ_c) cos (H_B_B)} +1

2 2
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= —2sinA {Esine — %:) Cos (12 — EE—B)} +1

As, sin(E - A) = COsSA
2

= -2sinA{2cosCsinB} + 1

= -4sinAcosBsinC + 1

=R.H.S

Q.4.If A+ B+ C =, prove that

) ) ) A B C
smA +smB+smnC = 4c05?cos?cc}s?

Solution: =sinA + sinB + sinC

Using,

sinA + sinB = 25111(?) EDS(E)

= sinA + {Esin(?) EGS(B‘—;E)}
SinceA+B+C=mr
- B+C=180—-A

And,
sin G— A) = C0SA
B-C

= sinA + {2sin (?) COS (T)}

: A B-C
= sinA + {2cos (5) cos (T)]
Using, sin2A = 2sinAcosA

= Esin%ms% + {2cos (A) cos (E)}

2 2
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A, A B-C
= 2::055{51115+ EDS(T)}
—-+B+C=180—A
And,
sin (E_ A) = C0SA
A B+ B-C
= EEDSE{EDS(T + EDS(T)]
A B
= 2c0s 5{2 cos (;) cns{g)}

= 4co0s %EGS (;B) cﬂs{g)
=R.H.S

Q.5.If A+ B + C =T, prove that

cosA +cosB+cosC :1—4si11%si11§siﬂg

Solution: = cosA + cosB + cosC

Using,

cosA + cosB = 2cos (A;B) cos{tﬂ)

= COSA + {Ems (?) Ccos (B—;G)}

sinceA+B+C=1
—-B+C=180—A

And,

Cos E — ﬁ) = sinA
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= cosA + {2cos (?) EOS(?)}

. [A B—C
= cosA + {2sin (5) cos (T)]
Using , cos2A = 1 — 2sin?A

=1- Esing% + {2sin G) cos (?)}

A A -
= 25111—{—5111——!— Ccos (E)}—I— 1
2 2 2

= Esin%{ms (%) + cns(?)}—k 1
= 25111%{2 COS (?) Cos (_?E)} +1

A B C
= 45111?:05(;) COS (E) +1
=R.H.S
Q. 6.If A+ B + C =T, prove that
sin 2A +sm2B+smm2C . A . B. C
_ : : = 851 — sin — sin —
smA +smB+smC 2 2 2

Solution: =sin2A + sin2B +

sin2C Using,

. . . {A+B A-B
sinA + sinB = 25111(7) COS (T)
Sin2A = 2sinAcosA
= 2sinAcosA + 2sin(B+C)cos(B - C)
sinceA+B+C=1

—-B+C=180—-A
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= 2sinAcosA + 2sin(1r - A)cos(B - C)
= 2sinAcosA + 2sinAcos(B - C)
= 2sinA{cosA + cos (B-C)}

(butcosA=cos{180-(B+C)}=-cos(B+C)

. A+B. . _—A+B
And now using cosA - cosB = 2sin( . )sin( 5 )

= 2sinA{2sinBsinC}
= 4sinAsinBsinC

. A A . B B. C C
= 32sin—cos—sin—cos—sin—-cos—

2 2 2 2 2 2

Now,
= sinA + sinB + sinC
Using,

. . . {A+B
sinA + sinB = 25111(L

= sinA + {Esin(?) Cos (;EG)}

= sinA + {2sin (?) Cos (?)}

= sinA + {2cos G) cos (?)]

A A A B-C
= 2sin—cos— + {2cos (—) cos (—)}
2 2 2 2
A . A B-C
= 2cos—{sin—+ EDS(—)}
2 2 2

A B B—C
= 2::1:}55{121:15{%r + EDS(T)}

= 2cos %{2 coS (;B) EGS{;)}
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= 4cos— EDS( )ms{c)

Therefore,

. A A, B E, C C
3 25IN—Cco5—sIN—Co5—SIN—Co05—
z z z - z

= BsinésinEsinE
2 27 2
=R.H.S
Q.7.If A+ B+ C =T, prove that
sin(B+C-A)+sin(C+A-B)-sin(A+B-C)=4cos AcosBsinC
Solution: =sin(B+C—-A)+sin(C+A-B)-sin(A+B-C)
Using,
sinA + sinB = 25111(?) COSs (?)
= 2sinC cos(B-A) — sin(A+B-C)
SinceA+B+C=m
—-B+A=180—-C
= 2sinCcos(B-A) — sin(mr— C - C)
= 2sinCcos(B-A) — sin2C
Since , sin2A = 2sinAcosA,
= 2sinCcos(B-A) — 2sinCcosC
= 2sinC{cos(B-A) — cosC}

Using ,

. [(A+B B-A
cosA - cosB = 25111( . )5111( . )
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25inC{2sin {B_jm)sin{c_gm)}

= 2sinC{2sin (“_S_A)sin(n_g_B)}

= 4cosAcosBsinC
=R.H.S

Q.8.If A+ B + C =, prove that
cos A cos B cosC

ﬁ
smBsinC smCsmA smAsmB

Solution:

cosA cosB cosC
sinBsinC sinCsind sinAsinB

Taking L.C.M

cosAsinA + cosBsinB+cosCsinC
sinBsinCsind

Multiplying and divide the above equation by 2, we get

2cosAsinA + ZecosBsinB+2cosCsinC
2sinBsinCsinA

Since , sin2A = 2sinAcosA

5in2A + sin2B+sin2C
2sinBsinCsinA

Now,

= sin2A + sin2B + sin2C

= 2sinAcosA + 2sin(B+C)cos(B - C)
sinceA+B+C=T
—-B+A=180—-C

= 2sinAcosA + 2sin(1T - A)cos(B - C)
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= 2sinAcosA + 2sinAcos(B - C)
= 2sinA{cosA + cos (B-C)}

(butcosA=cos{180-(B+C)}=-cos(B+C)

. A+B. . _—A+B
And now using cosA - cosB = 2sin( . )sin( 5 )

= 2sinA{2sinBsinC}
= 4sinAsinBsinC

Putting the above value in the equation, we get

4ginAsinBsinC
2sinBsinCsind

=2

=R.H.S

Q.9.If A+ B + C =T, prove that

cos? A+ cos?B +cos?C=1-2cos Acos BcosC

Solution: = cos? A + cos? B + cos? C

Using formula,

1+cosZA

= cos’A

1+cos2A 1+cos2E 1+cos2C
2 2 2

1+cos2A+ 1+ cos2B+ 1+ cos2C
2

3+ cos2A + cos2B + cos2C
2

Using,
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2B+Z2C 2B—-2C
3 +cos2A+ Ecus( )cus[

..

2

3 + cosZA + 2cos(B+C)cos(B-C)
2

Using, since A+B+C =1t
- B+C=180—-A

And, cos(TmT— A ) = -CosA

3 + cos2A + Zeos(m—A)cos(B-C)
2

3 + cos2A — Zeos(A)cos(B-C)
2

Using cos2A = 2cos?A -1

3 + 2cos"A -1 — 2cos(A)cos(B-C)
2

2 + 2cos A — 2cos(A)cos(B-C)
2

=1 + cos?A — cosAcos(B-C)
=1 + cosA{cosA - cos(B-C)}

Using,

. {A+BY . /B-A
c0SA - cosB = 25111(7) sm(T)

5 ()

=1+ cosﬂ(zsin(m}a

Since , A+B+C=11
B . {m—-C-CY . [B—(n-B)
=1+ cosA( 25111( . )5111( . ))

=1+ casA( 2-:05(35111@ — g))
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=1 — 2cosAcosCcosC

=R.H.S

Q.10.If A+ B + C =, prove that

sin? A—sin?B +sin? C=2sin Acos BsinC
Solution: =sin? A—sin?B +sin?C

Using formula,

1—cos2A .
T — sin?A

1-cos2A 1 —cos2B 1 —cos2C

2 2 2

1-cos52A — 1+ cos2B+ 1— cos2C
2

1-cos2A + cos2B — cos2C
2

Using ,

. {A+BY . [/B-A
C0SA — cosB = 25111(7) 5111(7)

1- cuszﬂw{zsin(zBzzc)sin(zc,_zZBJ}

2

1-cos2A+2sin(B+C)sin(C-E)
2

sinceA+B+C=1
—-B+C=180—A

And sin(Tm — A) = sinA

1—cos2A+2sin(m—A)sin(C-B)
2

1- cos2A+2sin Asin{C-B)
2
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Using , cos2A = 1 — 2sin?A

1-1 + 2sin® A + 2sinAsin(C-B)
2

2sinAfsinA +sin(C-B)}
2

2sinAfsinA +sin(C-B)}
2

. . . (A+B A-B
sinA + sinB = 25111(%) EGS(T)

2sinA{2sin( 2 Jeos>—— )}

2

1- 2sinA(2sin(T—— Jeos("——)}
2

. . B
2sinAf2 sm(E — z—)cus{,E —
z 2 z

2

zC
2

)}

As, sin(g — ﬂ) = CosA

2s5inA{2cosBsinC}
2

= 2sinAcosBsinC
=R.H.S

Q.11. If A+ B + C =, prove that

. ,A . ,B . ,C . A _B.C
ST — + s —+sin” — =1-—2s1m —sin —sin —
2 2 2 2 2 2

" " " " " "

Solution:
oA . 5B . »C
= gin?=+ sin®—=+ sin®-
2 2 2
Using formula ,

1—cos2A .
— " = sin®A
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1-cosA 1 —cosB 1 —cosC
2 2 2

1- cosA+ 1— cosB+ 1— cosC
2

32— cosA— cosB — cosC
2

Using,

3—cosA-{ Ecus(?)cus(%)}

2

B+C BE-C
3— cosA- ECGS[T]::GS{T]

2

Using,since A+B+C =T
—-B+C=180—-A
And, cos(Tm— A ) = -cosA

B—-C
3—cosA- Ecus[g—%']cus{T]

2

. BE-C
3—cosA - Esm(%‘]cus[T]
2

Using , cos2A = 1 — 2sin?A

T, . A BE-C
3-1+ Esmzz— EsmEcusT]

2

AL A BE—-C
2— 2sin—{sin— — cus(—)}
2 2 2

2
SinceA+B+C=T1

And Using ,
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. (A+BY . /B-A
cosA— cosB = 25111(7) sm(T)

B+C, E—-C E+C _BE—-C
—+—) B &5

— o einr e 2 2 o 2 z
2 Esmz{zsm( z sinf; = 1}

2

a 2B 2c
2 - Esin—{zsin(—z—)sin(—z—)}
z z z

2

Using, since A+B+C =T

2— 2si n%{? si n(%) sin{% )}
2

= 1- EsinﬁsinESmE

27 272
=R.H.S
Q.12.If A+ B + C =, prove that
tan 2A + tan 2B + tan 2C = tan 2A tan 2B tan 2C
Solution: =tan 2A +tan 2B + tan 2C
SinceA+B+C=m
A+B=m-C
2A+2B=2m-2C
Tan (2A+2B) = tan (2 - 2C)
Sincetan (2m-C)=-tanC
Tan (2A + 2B) = -tan 2C

Now using formula,

tanA+tanB
tan(f—'k T B) "~ 1—tanAtanB
tan 2ZA+tan?B
= —tan2C

1-tan2Atan2B
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Tan 2A + tan 2B = -tan 2C + tan 2C tan 2B tan 2A
Tan 2A + tan 2B + tan 2C = tan 2A tan 2B tan 2C

=R.H.S
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