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Solution Of Triangles

Q. 1. In any AABC, prove that
a(b cos C —c cos B) = (b%2—c?)
Solution: Left hand side,

a(b cos C—c cos B)

=abcosC—accosB

a®+b® ¢ Eaz-t-cz—bz

a®+bi-c* a® +cf—h?
[As, cosC = & cosB = ]

2ab 2ac Zab Zac

= ah

aZ+b:2—c2 a?+c2-1p?

= Right hand side. [Proved]

Q. 2. In any AABC, prove that
ac cos B — bc cos A = (a2 - b?)

Solution: Left hand side,
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accos B-bccos A

a®+ei—b* b*+c%—a® a® 4c*—b* b? +c*—a®
= ac —bc [As, cosB="—& cosA=—1]
2ac 2bc 2ac Z2bc

atepto=ht heopd. oad

= Right hand side. [Proved]

Q. 3. In any AABC, prove that

cosA cosB cosC (a%+b?+c?)

+ -+

a b C 2abc

Solution:
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2 = ]
Need to prove: cosA " cosB | cosC _ (a®+b%+c%)
- b c Zabe

Left hand side

cosA cosB cosC
+ +
a b C

b2+c2—az+c2+az—h2+az+bz—-:2
2abc 2abc 2abc

a%4 hE-pc?
2abc

= Right hand side. [Proved]

Q. 4. In any AABC, prove that

c—bcosA _cosB

b-ccosA cosC

Solution:
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c—bcusﬂ.__cnsB

MNeed to prove:

—ccosA cosC

Left hand side

c—brcosA
" b—ccosA
b? + ¢z —a?
. —b 2bc
b— B+ 62 —a2
2bc

Per—h%—pt-4at
2

702 —b? — 2 + a2
2b

¢= 4 a% —h?
2

h2 442 — 2
2b

c24aZ-p?

= —=2ac _ [Multiplying the numerator and denominator by E—ll]

bZ+aZ—c2
zab

cosB

cosC

= Right hand side. [Proved]
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Q. 5. In any AABC, prove that

2(bc cos A+ cacos B +ab cos C) = (a2 + b2 + ¢?)

Solution: Need to prove: 2(bc cos A + ca cos B + ab cos C) = (a? + b? + ¢?)
Left hand side

2(bc cos A + ca cos B + ab cos C)

Ebb2+c2—az+ c2+az—b2+ baz—f—bz—cz
c——————+ca a
( 2bc 2ca 2ab

b?+c?-a?+c?+a’-b?+a?+b%-c?

5 2
aZ+ b+ c?

Right hand side. [Proved]
Q. 6. In any AABC, prove that

:[a—-b—.c):

4

7 A » B 5 C
4! becos™ —4 cacos” —4ahcos™ —
) 2 2

% Z z

Solution:
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A B c
Need to prove: 4(bc cosngr cac0525+ ab coszg) =(a+b+c)?

Right hand side

= 4(bc coszﬂ + cacos®=+ab COSZE)
2 A =

sis—a) L s(s—b)
be ca

= 4(bc +ab 3{::}), where s is half of perimeter of triangle.

— 4(s(s—a) +s(s - b) + s(s - ¢c))
=4(3s2-s(a+b+¢)

We know, 25 =a +b +c¢

2

SG, 4{3{a+2+c)2 | (a+b2+c} )

3(3—%[:!—&—@2 (a+b+c)?
4 2

= 4(

4(3[34—'0—{— c)2—2(a+b+0)
4

—3la+b+c)2-2(a+b+c)?
—(a+b+0)?

= Right hand side. [Proved]
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Q. 7. In any AABC, prove that
asinA-bsinB=csin(A-B)

Solution: Need to prove: a sin A~ b sin B = csin (A~ B)
Left hand side,

=asinA-DbsinB

= (b cosC + c cosB) sinA — (c cosA + a cosC) sinB

= b cosC sinA + ¢ cosB sinA — ¢ cosA sinB — a cosC sinB

= c¢(sinA cosB — cosA sinB) + cosC(b sinA — a sinB)

a b c

= = = 2R
We know that, sinA  sinE  sinC where R is the circumradius.

Therefore,

= c¢(sinA cosB — cosA sinB) + cosC(2R sinB sinA — 2R sinA sinB)
= c¢(si nA cosB — cosA sinB)

=c sin (A-B)

= Right hand side. [Proved]

Q. 8. In any AABC, prove that

a?sin(B-C)=(b?2-c?)sinA

Solution: Need to prove: a2 sin (B- C) = (b~ c¢?)sin A

a b c

= = = 2R
We know that, sinA  sinB  sinC where R is the circumradius.

Therefore,
a = 2R sinA ---- (a)
Similarly, b = 2R sinB and ¢ = 2R sinC

From Right hand side,
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= (b2=c?)sin A
~ {(2R sinB)? — (2R sinC)?} sinA

~ 4R2( sin?B - sin?C )sinA
We know, sin?B — sin?C = sin(B + C)sin(B — C)

So,

~ 4RZ(sin(B + C)sin(B — C))sinA

= 4R%(sin("" — A)sin(B — C))sinA [As, A+B +C =]
~ 4R?(sinAsin(B — C))sinA [ As, sin(r — 8) = siné ]

~ 4R%sin?A sin(B - C)

— a®sin(B — C) [From (a)]
= Left hand side. [Proved]

Q. 9. In any AABC, prove that
: 7 g
sin(A—=H) [@*=b")

X

sin(A +B) 2

Solution:

sin[A-B} {a®—b?)
sin(A+B) 2

Need to prove:

b : ; .
We know that, =— = —— = —— = 2R where R is the circumradius.
sinA sinB sinC

Therefore,

a = 2R sinA ---- (a)
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Similarly, b = 2R sinB and ¢ = 2R sinC

From Right hand side,

aF e

c2

4R? sin® A — 4R%sin’B
4R2sin? C

4R2 (sin®*A — sin® B)
4R?sin? C

sin( A+ B) sin(A— B)
sin? C

sin( A+ B) sin( A— B)
sin?(m— (A+ B))

sin{ A+ B) sin( A — B)
sin?( A + B)

sin(A—B)
sin( A+ B)

= Left hand side. [Proved]

Q. 10. In any AABC, prove that

(b-¢) r:n::usE :siﬂ—(B_C)
3 ) ok

— -
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Solution:

Need to prove: Mcn::vs% = sin@
a

We know that, =2— = b___¢ _ srwhere R is the circumradius.

sinA sinB  sinC

Therefore,
a = 2R sinA ---- (a)
Similarly, b = 2R sinB and ¢ = 2R sinC

From Left hand side,

2R sinB — 2Rsin C A
= 2Rsind ___ 0°3

ZCOS(B;C)SH](B;C] A
- , COS—
sin A 2

Zsin{B ; C) cos(g— %} A
- , €08
sinA 2

2 coszgsin( L ; C)

sinA

sin Asin( 2 ; C)

sinA

B=C

= sin

Right hand side. [Proved]
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Q. 11. In any AABC, prove that

(a+b) . C (A-B)

11— =CO08
C 2 2
Solution:
Need to prove: ﬂsing e B
C
We know that, -2— = I L 2R where R is the circumradius.

sinA  sinB  sinC

Therefore,

a=2R sinA ---- (a)

Similarly, b = 2R sinB and ¢ = 2R sinC

Now a+b  ZR{sinA+sinB) sinA+sin B
e 2RsinC o sin C

i EsinccusE
sinC = 2
A—-E

z

Therefore, = =

a+b sin A+sinB zginﬂcg
z
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w1 C
c sin—cos-
= R
-z -
a+b sin(;—)cos—

a+h CO5—

a+tb . C A-B
= ——sinz = cos—- [Proved]

Q. 12. In any AABC, prove that

Kb c].cos Bt ZCDSM
a 2 2

Solution:
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Need to prove: @ ms@ i cns@
We know that, -2— = LI 2R where R is the circumradius.

sinA sinB  sinC

Therefore,

a=2R sinA ---- (a)

Similarly, b= 2R sinB and ¢ = 2R sinC

ND a 2RsinA sin &

"btc  ZRsinB+ZRsinC  sinB+sinG

a 2sin—cos—
=
F +C E-C
b+c Zsin—co =
sin— cos—
2 z z
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e cus{E—A}
R BE—C
b+c ms{T}

- ms{ﬂ}
S B-C
b+c CGS{T]

+C

L& _ cos) 3
b+c co —:]

= IEct::-s(%') = cns% [Proved]

a

Q. 13. In any AABC, prove that
a?(cos?B — cos?C) + b?(cos?C — cos?A) + c?(cos?A — cos?B) =0

Solution: Need to prove: a?(cos?B- cos?C) + b?(cos?C~ cos?A) + c?(cos?A— cos?B) =
0

From left hand side,

= a2(cos?B — cos?C) + b?(cos?C — cos?A) + c?(cos?A — cos?B)

= a2((1 - sin?B) — (1 - sin?C)) + b?((1 - sin?C) — (1 - sinA)) + c?((1 - sin®A) — (1 - sin?B))
= a?( - sin?B + sin?C) + b?( - sin?C + sin?A) + ¢?( - sinA + sin?B)

a b c

= = = 2R
We know that, sinA  sinE  sinC where R is the circumradius.

Therefore,

a = 2R sinA ---- (a)

Similarly, b = 2R sinB and ¢ = 2R sinC
So,

= 4R?[ sin?A( - sin?B + sin?C) + sin?B( - sin?C + sin?A) + sin?C( - sin?A + sin?B)
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= 4R?[ - sin?Asin?B + sin?Asin?C — sin?Bsin?C + sin?Asin?B — sin?Asin?C + sin?Bsin?C |
= 4R?[0]
= 0 [Proved]

Q. 14. In any AABC, prove that

(c052 B —cos? C) N (r:l::-s2 C —cos? A) (C052 A —cos? B) 0

b+c ct+a a+b
Solution:

{CDSZB—CDSZﬁ}_F{CGSZE—CDSZﬂJ_P{Cﬂszﬁ—CDSzE}

Need to prove:
b+c c+a a+b

=0

b X ' _
We know that, ==~ = — =-—°_ = 2R where R is the circumradius.
sinA ginB ginC

Therefore,
a = 2R sinA ---- (a)
Similarly, b = 2R sinB and ¢ = 2R sinC

From left hand side,
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(CDS:B—CDSE C) . (CDSIC—CDSJA] _ (CDS:A—CDSE B)

b+c c+a a+b

(1—sin“B— 1+sin2C)+ (1—sin®C— 1+ sin A)
b+c c+a
(1—sin*A — 1 +sin” B)
+
a+b

sin®C —sin*B  sin®A —sin®C  sin®B —sin® A
+ +
b+c c+a a+hb

Now,

1 (sinB + sinC)(sinC — sinB) & (sinA +sinC)(sinA — sinC)

2R sinB + sinC sinA +sinC
N (sinA +sinB)(sinB — sin A)

sinA+sinB

1
=R [sinC—sinB +sinA — sinC + sin B — sin A]

= 0 [Proved]

Q. 15. In any AABC, prove that

A 5

cos2A CDSEB_[' 1 1 ]
a*c b= La®  b?

Solution:
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Need to prove:

a= b2 a2 b2

cos2A cos2B i ¥ )

Left hand side,

cos2A cosZB
e B hE

1—2sin?A 1—2sin’B

aZ b2
T g sin’B  sin’A
~ 2 et T
We know that, = = ‘h = — = 2R where R is the circumradius.
sinA sinB sinC

Therefore,
sin’B  sin?A 1 1 "

b2 a?  4R2 4R?
Hence,

cos2A cos2B

a® b2

== — Z [Proved]
at  be

Q. 16. In any AABC, prove that
(c2—a?2+b?)tan A=(a?-b?+c?)tanB=(b?2-c?2+a?tanC

Solution: Need to prove: (c= a? + b?)tan A = (a> b?+c?)tan B = (b> c?+a?)tan C
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We know,

A=t sesas (a)

s be 1 abc 1
Similarly, tanB=25—~ __andtanCc =
4 R c*+a®-b? R a?+b®*—c*

Therefore,

(b?+ ¢? —a?)tanA = % [from (a)]

Similarly,

dbec

(c?+a*—b?)tanB = % and (a®+ b? —c?)tanC = =

Hence we can conclude comparing above equations,

(c? — a2 + b?) tanA = (a® — b? + ¢?) tanB = (b? — ¢? + a?) tanC

[Proved]
Q. 17.
2 12
; - . _(@"-b7)
Ifin a AABC, £C =907, then prove that sin(A -B)=———.
(a® +b7)

Solution: Given:z C =90°

: (a®-b?)
sin(A—B) =-
Need to prove: ( ) (a%+b%)

Here, 2C =90°; sinC = 1

So, it is a Right-angled triangle.
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And also, a2 + b2 = ¢?

Now,
a’+b? ol
e sinfA—B) = 2 sin(A—B)
We know that, -2 = _b = — = 2R where R is the circumradius.
sin A sinB sinC
Therefore,

_ 4R%sin®C Sfﬂl:ﬂ A B) L &_B]B [AS, sinC = l]

4R%s5in? A—4R%sin® B gin? A—sin?

sin(A—B) sin(A— B)

(sinﬁ—#sinB)(sinA—sinB): . A+B A-—B A+B o A—B
[2sin 5 C0S— 1[2 cos 5 sin— ]

sin( A —B) sin(A — B)
Esinﬂ+ Bmsﬂ+ B.Esinﬂ_ Bms‘q_ B sin(A +B)sin(A—B)
2 2 2 2
1
~ sin(A+ B)
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1 1
sin(m—C) sinC

Therefore,
2 2
== sin(A—B) =1
a®-b?
= gj . Proved
sin(A—B) = [ ]
cosA cosB
Q.18.Ina AABC, if a b | show that the triangle is isosceles.
Solution:
Given: 2258 _ £052

a b

Need to prove: AABC is isosceles.

cosA cosB

a b

- J1—sinZA __ y/1-sin®B

i@ b

— 1-sin® A  : 1-sin” B [Squaring both SidEEJ

a2 b2

1 sin® A 1 sin® B

a2 b2 b2

22

Weknow,: e Birue®e, on

inA  sinB  sinC
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sin® A sin® B
Therefore, e
So,
1
e
32 h2
=a=Db

That means a and b sides are of same length. Therefore, the triangle is isosceles.
[Proved]

. 2 e s
Q. 19. In a AABC, if S11° A +s11" B =37 € ghow that the triangle is right-
angled.

" 2 i 2 _ i 2
Solution: GivenSIn~A +sin“B = sin“C

Need to prove: The triangle is right-angled
sinA + sin?B = sin’C

a b c

=—=-%_—9R
We know, sinA  sinB  sinC

So,
sin? A + sin’B = sin® C

a’ b2 c?
+ —
4R2 ' 4R?  4RZ

aZ+b%=¢?

This is one of the properties of right angled triangle. And it is satisfied here. Hence, the
triangle is right angled. [Proved]

Q. 20. Solve the triangle in whicha=2cm,b=1cmandc = "/gcm.
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Solution: Given:a=2cm, b=1cm and c =/3cm

Perimeter=a+b+c=3++/3cm

Area = fs(s—a)(s—b)(s—c)

2 2 2 2

- RRestogetopetiogg)

— 3+*.,.'§ l.."ﬁ-l 1.."§-[-1 3—\.@
< T S

_ (e-3E-1
16

= I'E = 293 _ ¥8 em? [Proved]
16 4 2

Q.21.InaAABC,ifa=3cm,b=5cmand c =7 cm, find cos A, cos B, cos C.
Solution: Given:a=3cm,b=5cmandc=7cm

Need to find: cos A, cos B, cos C

b*+c*—a* 5*+7*—3* 65 13

A= _6 13
e 2bc 25.7 70 14

L Cta’-b? 72435 33
RER="""nea | 278 4D

L _EAD-C 4572 15 1
COSL=">ab 235 30 2
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Q. 22. If the angles of a triangle are in the ratio 1 : 2 : 3, prove that its

corresponding sides are in the ratio 13\572.

Solution: Given: Angles of a triangle are inthe ratio 1:2 : 3

Need to prove: Its corresponding sides are in the ratio 1:4/3:2
Let the angles are x, 2x , 3x

Therefore, x + 2x + 3x = 180°

6x = 180°

x =30°

So, the angles are 30°, 60°, 90°

So, the ratio of the corresponding sides are:

= sin30° : sin60° : sin90°

V3

o |
2

B | e

= 1:4/3:2 [Proved]

EXERCISE 18B PAGE: 632

Q. 1. Two boats leave a port at the same time. One travels 60 km in the direction N
500 E while the other travels 50 km in the direction S 70° E. What is the distance
between the boats?

Solution:
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N
B
60KM
W A E
50KM C
S

Both the boats starts from A and boat 1 reaches at B and boat 2 reaches at C.
Here, AB = 60Km and AC = 50Km

So, the net distance between ta boats is:

|BC| =/AC — AB|

_ V602 + 502 — 2.60.50.cos 6 09

_ /3600 + 2500 — 3000

= 55.67Km

Q. 2. Atown B is 12 km south and 18 km west of a town A. Show that the bearing
of B from A is S 56° 20’ W. Also, find the distance of B from A.

Solution:

18KM A

12KM

Distance from A to B is = V 122 + 182 = /468 = 21.63Km
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Let, bearing from Ato B is B.

18 3
tanf=—=-=
So 12 2

0 = tan~!(3) = 56.31° = 56°20’

Q. 3. At the foot of a mountain, the angle of elevation of its summit is 45°. After
ascending 1 km towards the mountain up an incline of 309, the elevation changes
to 60° (as shown in the given figure). Find the height of the mountain. [Given

. f3=1734

600 h km

1 km A

300 450 A4

Y

Solution: After ascending 1 km towards the mountain up an incline of 30°, the
elevation changes to 60°

So, according to the figure given, AB = AF x sin30° = (1 x 0.5) = 0.5 Km.

At point A the elevation changes to 60°.

In this figure, 2ABF = 8Acs

Comparing these triangles, we get AB = AC = 0.5Km
Now, CS = AC x tan60° = (0.5 x 1.73) = 0.865Km
Therefore, the total height of the mountain is = CS + DC
=CS +BA

= (0.865 + 0.5) Km

=1.365 Km
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