Inverse Trigonometric Functions

“The power of Mathematics is often to change one thing into another,
to change geometry into language”

g, oo - Marcus du Sautoy
PLUWYEK

4.1 Introduction

In everyday life, indirect measurement is used to obtain solutions to problems

that are impossible to solve using measurement tools. Trigonometry helps us to find
measurements like heights of mountains and tall buildings without using
measurement tools. Trigonometric functions and their inverse trigonometric

functions are widely used in engineering and in other sciences including physics.
. . . . . . John F.W. Herschel
They are useful not only in solving triangles, given the length of two sides of a right o erene

triangle, but also they help us in evaluating a certain type of integrals, such as

1
17

arcsine (x) of sine function was introduced by the British mathematician John F.W.Herschel (1792-1871).

1 . . . . . .
dx and J —— dx .The symbol sin 'x denoting the inverse trigonometric function
X +a

For his work along with his father, he was presented with the Gold Medal of the Royal Astronomical
Society in 1826.
An oscilloscope is an electronic device that converts electrical signals

into graphs like that of sine function. By manipulating the controls, we can |

oscilloscope has many applications like measuring human heartbeats, where |

the trigonometric functions play a dominant role.
Let us consider some simple situations where inverse trigonometric functions are often used.
Illustration-1 (Slope problem)

y
Consider a straight line y =mx +b. Let us find the angle § made by the line with

X -axis in terms of slope m . The slope or gradient m is defined as the rate of change of

. Ay . . ) Ay
a function, usually calculated by m = E.From right triangle (Fig. 4.1), tan0 = E

. . . . A
Thus, tan@ = m . In order to solve for @, we need the inverse trigonometric function  Slope: m:zy: tan
X

called “inverse tangent function”. Fig. 4.1
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Ilustration-2 ( Movie Theatre Screens )
Suppose that a movie theatre has a screen of 7 metres tall. When someone
sits down, the bottom of the screen is 2 metres above the eye level. The angle

formed by drawing a line from the eye to the bottom of the screen and a line _,\@/ .15

from the eye to the top of the screen is called the viewing angle.; xm
In Fig. 4.2, 6 is the viewing angle. Suppose that the person sits x

metres away from the screen. The viewing angle @ is given by the function

2
0(x)=tan™ [2j —tan™' (—j Observe that the viewing angle 6 is a function of x.
X X

Ilustration-3 ( Drawbridge )

Assume that there is a double-leaf drawbridge as shown in | Az
Fig.4.3. Each leaf of the bridge is 40 metres long. A ship of 33 metres N ﬁm
wide needs to pass through the bridge. Inverse trigonometric function 40”.1’,:'

helps us to find the minimum angle 6 so that each leaf of the bridge ,:’,J’(;"
should be opened in order to ensure that the ship will pass through

the bridge. Fig. 4.3

In class XI, we have discussed trigonometric functions of real numbers using unit circle, where
the angles are in radian measure. In this chapter, we shall study the inverse trigonometric functions,
their graphs and properties. In our discussion, as usual R and Z stand for the set of all real numbers
and all integers, respectively. Let us recall the definition of periodicity, domain and range of six
@ trigonometric functions. )

Learning Objectives

Upon completion of this chapter, students will be able to

e define inverse trigonometric functions
e cvaluate the principal values of inverse trigonometric functions

e draw the graphs of trigonometric functions and their inverses

e apply the properties of inverse trigonometric functions and evaluate some expressions

4.2 Some Fundamental Concepts

Definition 4.1 (Periodicity)

A real valued function f is periodic if there exists a number p > 0 such that for all x in the

domain of f, x+ p is in the domain of f and f(x+ p)= f(x).
The smallest of all such numbers, is called the period of the function f .

For instance, sinx, cosx, cosecx, secx and e¢™ are periodic functions with period 27
9 b b 9

radians, whereas tan x and cot x are periodic functions with period 7 radians.

XII - Mathematics 130

‘ ‘ Chapter 4 Inverse Trigonometry.indd 130 @ 10-05-2019 16:50:27‘ ‘



B [ ® H .  EEEm

Definition 4.2 (Odd and Even functions)

A real valued function f is an even function if for all x in the domain of f, —x is also in
the domain of f and f(—x)= f(x) .

A real valued function f is an odd function if for all x in the domain of f, —x is also in
the domain of fand f(—x)=-f(x).

For instance, x°, sinx, cosecx, tanx and cotx are all odd functions, whereas
x*,cosx and secx are even functions.

Remark
The period of f =g+ his lem{period of g, period of 4}, whenever they exist.

For instance, the period of y =cos6x+sin4xis 7w and that of y =cosx—sinxis 27.

4.2.1 Domain and Range of trigonometric functions

The domain and range of trigonometric functions are given in the following table.

Trigonometric function | gjp x | cOS X tan x cosec x sec x cot x
Domain R R R\{(2n+1)g,neZ} ]R\{nn, neZ} R\{(2n+l)72r,neZ} R\{nn, neZ}
Range [-1, 1] |[-1, 1] R RA(-1, 1) RA(-1, 1) R

4.2.2 Graphs of functions

Let f:R — R be areal valued function and f(x) be the value of the function f ata point x in
the domain. Then, the set of all points (x, f (x)),x € R determines the graph of the function f. In
general, a graph in xy -plane need not represent a function. However, if the graph passes the vertical
line test (any vertical line intersects the graph, if it does, atmost at one point), then the graph represents
a function. A best way to study a function is to draw its graph and analyse its properties through the
graph.

Every day, we come across many phenomena like tides, day or night cycle, which involve
periodicity over time. Since trigonometric functions are periodic, such phenomena can be studied
through trigonometric functions. Making a visual representation of a trigonometric function, in the
form of a graph, can help us to analyse the properties of phenomena involving periodicities.

To graph the trigonometric functions in the xy-plane, we use the symbol x for the independent
variable representing an angle measure in radians, and y for the dependent variable. We write
y=sinx to represent the sine function, and in a similar way for other trigonometric functions. In the

following sections, we discuss how to draw the graphs of trigonometric functions and inverse
trigonometric functions and study their properties.

4.2.3 Amplitude and Period of a graph

The amplitude is the maximum distance of the graph from the x -axis. Thus, the amplitude of a
function is the height from the x -axis to its maximum or minimum. The period is the distance required
for the function to complete one full cycle.
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Remark

(1) The graph of a periodic function consists of repetitions of the portion of the graph on an
interval of length of its period.
(i1) The graph of an odd function is symmetric with respect to the origin and the graph of an even

function is symmetric about the y -axis.
4.2.4 Inverse functions
Remember that a function is a rule that, given one value, always gives back a unique value as its
answer. For existence, the inverse of a function has to satisty the above functional requirement. Let

us explain this with the help of an example.

Let us consider a set of all human beings not containing identical twins. Every human being from
our set, has a blood type and a DNA sequence. These are functions, where a person is the input and
the output is blood type or DNA sequence. We know that many people have the same blood type but
DNA sequence is unique to each individual. Can we map backwards? For instance, if you know the
blood type, do you know specifically which person it came from? The answer is NO. On the other
hand, if you know a DNA sequence, a unique individual from our set corresponds to the known DNA
sequence. When a function is one-to-one, like the DNA example, then mapping backward is possible.
The reverse mapping is called the inverse function. Roughly speaking, the inverse function undoes
what the function does.

For any right triangle, given one acute angle and the length of one side, we figure out what the

@ other angles and sides are. But, if we are given only two sides of a right triangle, we need a procedure
that leads us from a ratio of sides to an angle. This is where the notion of an inverse to a trigonometric

function comes into play.
We know that none of the trigonometric functions is one-to-one over its entire domain. For

instance, given sin6=0.5, we have infinitely many 6 = %, %, 13?”, —%,—%,--- satisfying

the equation. Thus, given sin@, it is not possible to recover 8 uniquely. To overcome the problem of
having multiple angles mapping to the same value, we will restrict our domain suitably before defining
the inverse trigonometric function.

To construct the inverse of a trigonometric function, we take an interval small enough such that
the function is one-to-one in the restricted interval, but the range of the function restricted to that
interval is the whole range. In this chapter, we define the inverses of trigonometric functions with

their restricted domains.

4.2.5 Graphs of inverse functions

Assume that £ is a bijective function and f'is the inverse of f . Then, y = f(x) if and only if
x= f'(y). Therefore, (a, b)is a point on the graph of f if and only if (b, a)is the corresponding
point on the graph of . This suggests that graph of the inverse function /' is obtained from the
graph of f by interchanging x and y axes. In other words, the graph of f~'is the mirror image of
the graph of f in the line y = x or equivalently, the graph of f~'is the reflection of the graph of f in
the line y =x.
XII - Mathematics 132
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4.3 Sine Function and Inverse Sine Function
Let us recall that sine function is a function with R as its domain and [—1, 1] as its range. We

write y=sinxand y=sin"'x or y=arcsin(x) to represent the sine function and the inverse sine
function, respectively. Here, the symbol —1 is not an exponent. It denotes the inverse and does not

mean the reciprocal.
We know that sin(x+ 271) =sin x is true for all real numbers x. Also, sin(x+ p) need not be

equal to sinx for 0 < p <27 and for all x. Hence, the period of the sine function is 27 .

4.3.1 The graph of sine function

The graph of the sine function is the graph of y =sinx, where x is a real number. Since sine
function is periodic with period 27, the graph of the sine function is repeating the same pattern in
cach of the intervals, ---, [ =27 ,0], [0, 27], [2x, 4x], [4x, 6x], ... . Therefore, it suffices to
determine the portion of the graph for x e [0, 27[]. Let us construct the following table to identify

some known coordinate pairs for the points (x, y) on the graph of y =sinx, x € [0, 27r].

- s s s s 3m
x (in radian) 0 6 4 3 5 7T 5 27
1 1
y=sinx 0 5 5 73 1 0 . 0

It is clear that the graph of y =sinx, 0 <x < 2x, begins at the origin. As x increases from 0 to

0 o . T 3m
5 , the value of y =sinx increases from 0to 1. As x increases from — to 7 and then to =, the

value of y decreases from 1 to 0 and then to —1. As x increases from Y y=sinxin[0,27]

1
: amplitude
3T : P

~— to 27, the value of y increases from —1 to 0. Plot the points listed X

o7 Wﬂ
in the table and connect them with a smooth curve. The portion of the -i 2 :
graph is shown in Fig. 4.4. Fig. 4.4

The entire graph of y=sinx, xeR consists of

y=sinx, x €[]
repetitions of the above portion on either side of the
interval [O, 27r] as y =sinx 1is periodic with period 27 . A

The graph of sine function is shown in Fig. 4.5. The

portion of the curve corresponding to 0 to 27 is called a 74/7T 3v o) WV" va
cycle. Its amplitude is 1. /i

Note Fig. 4.5
Observe that sinx >0 for 0 <x <7, which corresponds to the values of the sine function in

quadrants I and II and sinx <0 for 7 < x <27, which corresponds to the values of the sine function

in quadrants III and IV.
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4.3.2 Properties of the sine function
From the graph of y =sinx, we observe the following properties of sine function:

(1) There is no break or discontinuities in the curve. The sine function is continuous.

(i1) The sine function is odd, since the graph is symmetric with respect to the origin.

. . . 3t © Sm ..
(i11)) The maximum value of sine functionis 1 and occursat x =---, — 7 s E s 7 ,-+-+ and the minimum
) n 3n I )
value is —1 and occurs at x =---, ECEC I In otherwords, —1 <sinx <1 forall xe R.

4.3.3 The inverse sine function and its properties

The sine function is not one-to-one in the entire domain R . This is visualized from the fact that
every horizontal line y =5, —1<b <1, intersects the graph of y =sin x infinitely many times. In

other words , the sine function does not pass the horizontal line test, which is a tool to decide the

one-to-one status of a function. If the domain is restricted to [—5, E}, then the sine function

becomes one to one and onto (bijection) with the range [—1,1]. Now, let us define the inverse sine

function with [—-1,1] as its domain and with [—%, %} as its range.

Definition 4.3

For —1< x <1, define sin”' x as the unique number y in [—%, %} such that sin y = x . In other

words, the inverse sine function sin™" : [-1, 1] — [—%,%} is defined by sin~'(x) = y if and only if

siny=x and y e _rz
Yy y EA

Note
. . . . . T T
(1) The sine function is one-to-one on the restricted domain [—5, E} but not on any larger
interval containing the origin.

.. ) .. . ) Tz . .
ii) The cosine function is non-negative on the interval | —=, = |, the range of sin™' x. This
g 25 g

observation is very important for some of the trigonometric substitutions in Integral Calculus.

(ii1)) Whenever we talk about the inverse sine function, we have,
sin:|-Z, % —[-11] and sin™:[-1,1]—> T
2 2 22

(iv) We can also restrict the domain of the sine function to any one of the intervals,

St 3@ 3r m] [n 3n 3 5S¢ L i )
T TS T 2 e P S ...where it is one-to-one and its range is

[-1,1].

vi) The restricted domain | — , is called the principal domain of sine function and the values
2

of y=sin~' x,~1<x<1, are known as principal values of the function y =sin""' x.
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From the definition of y =sin™' x, we observe the following:
(i) y=sin"x ifand only if x=sin y for -1 <x <1 and —%Syﬁ%.
(ii) sin(sin” x)=x if |x|<land has no senseif [x|>1.
(iii) sin”' (sinx)=x if —% <x< % . Note that sin "' (sin 27) = 0= 271 .
(iv) sin”(sinx)=7—-x if %S xs%ﬂ. Note that —% < n—xs%

(v) y=sin"'x is an odd function.

Remark

. ) . 1 ) 1 )
Let us distinguish between the equations smx=5 and x=sin"' (Ej To solve the equation
. 1 ) . . 1
sinx = 5 one has to find all values of x in the interval (—oo, ) such that sinx = 5 However, to
. . 1 ) . )
find x in x=sin"’ (Ej , one has to find the unique value x in the interval [—%, %} such that
. 1
sinx =—.
2

4.3.4 Graph of the inverse sine function

. . . . T T
The inverse sine function, sin 1:[—1, 1] - {—E, 5}, il y7r g g
—1 1=
2
: . : : V2|
receives a real number x in the interval [—1, 1] as input and |75| 4| y=sinlx
0 0 -1 o 1
gives a real number y in the interval [_5’ 5} asoutput. As | V2| 7
2 | 4
usual, let us find some points (x, y)using the equation ! g 2
Fig. 4.6

y=sin"'x and plot them in the xy-plane. Observe that the
. ™ . . .
value of y increases from T to 5 as x increases from —1 to 1. By connecting these points by a

smooth curve, we get the graph of y =sin™' x as shown in Fig. 4.6.

Note
The graph of y=sin"' x

(1) isalso obtained by reflecting the portion of the entire graph of y =sin x in the interval [— % , %}

about the line y = x or by interchanging x and y axes from the graph of y =sinx.

(i1) passes through the origin.

(iii) is symmetric with respect to the origin and hence, y =sin™' x is an odd function.
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We depict the graphs of both y =sinx, —% <x< % and y=sin"'x, —1<x<1 together for a

better understanding.

A y
Y T A A%
) 2 &
1 m z X
— N V=
2 J
. . T - y = sinx
y=sinx in | ——,— Yy =sIn"x
’ { 2 2}
< - X -t X
10) T —1 0 1 - X
_ _ _r o T
2 2 2 2
_1 T
) o )
2y v
Fig. 4.7 Fig. 4.8 Fig. 4.9

Fig. 4.9 illustrates that the graph of y=sin"'x is the mirror image of the graph of
y =sinx, —% <x< % , in the line y = x and also shows that the sine function and the inverse sine

function are symmetric with respect to the origin.

Example 4.1
Find the principal value of sin™ (—%) (in radians and degrees).

Solution

1 1
Let sin'|—=|=y.Then siny=——.
( 2) y y=—t

The range of the principal value of sin™ x is [—%, %} and hence, letus find y [—%, %} such

that sin y = —% . Clearly, y = —%.

Thus, the principal value of sin™' (—%) is —% . This corresponds to —30°. [

Example 4.2

Find the principal value of sin™ (2) , if it exists.
Solution

Since the domain of y =sin"' x is [—l, 1] and 2 ¢ [—1, 1] , sin”' (2) does not exist. [ ]

Example 4.3

Find the principal value of

(i) sin™' (%j (i) sin™ (sin(—% ] (iii) sin”' (sin(%n.

Solution

We know that sin™ :[-1, 1] —> [—— 5 is given by

sin”' x = y if and only if x =sin y for —-1<x<1 and —%Syé%. Thus,

XII - Mathematics 136

‘ ‘ Chapter 4 Inverse Trigonometry.indd 136 @ 10-05-2019 16:51:42‘ ‘



___IEEEN ®

o

,E and sin % =
2 | 4

5~

(i) sin™' Lz since Z e —
V2) 47 4

ST T T . n [ non
(i) sin” | sin| —— | |=——, since ——e|——,—|.
3 3 30 22

(iii) sin™"| sin 7= sin”'| sin| 7 =2 | |=sin”'| sin = =£, since ~ e _Z,E .
6 6 6) 6 6 22 ]

Example 4.4

Find the domain of sin™ (2 - 3x2)

Solution

We know that the domain of sin™' (x) is [-1,1].
This leads to—1<2—-3x> <1, which implies —3<-3x*<-1.

Now, -3<-3x, gives x° <1 and .. (1)

-3x* < -1, gives x° 2% ..(2)

1 1
Combining the equations (1) and (2), we get 3 <x*<1.Thatis, ﬁ <|x|<1, which gives
xe [—l, —L} u{i, 1}, since a<|x|<b implies x e[-b,—a]U]a, b]. -
NENRRIVE]

EXERCISE 4.1

1. Find all the values of x such that

(1) =107 <x <107 and sinx=0 (ii)) —87 <x<8r and sinx =-1.

2. Find the period and amplitude of

(1) y=sin7x (i) y= —sin(%xj (ii1) y =4sin(—2x).

3. Sketch the graph of y =sin (%x} for 0<x<6r.

ol (5
4. Find the value of (i) sin™ (sin(z?ﬂj] (ii) sin l(sm(%D_

5. For what value of x does sinx=sin"' x?

6. Find the domain of the following

(i) f(x):sinl(x;tlj (ii) g(x)zzsin*(zx—l)—%.

7. Find the value of sin™'| sin 5—” cos z +cos 5—” sin 42 .
9 9 9 9
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4.4 The Cosine Function and Inverse Cosine Function

The cosine function is a function with R as its domain and [—1, 1] as its range. We write y =cosx
and y=cos”' x or y=arccos(x) to represent the cosine function and the inverse cosine function,
respectively. Since cos(x+ 271) =cosx is true for all real numbers x and cos(x+ p)need not be

equal to cosx for 0< p<27m, xR, the period of y =cosx is27.

4.4.1 Graph of cosine function

The graph of cosine function is the graph of y =cosx, where x is a real number. Since cosine
function is of period 27, the graph of cosine function is repeating the same pattern in each of the
intervals ---,[-4m, —27], [-27,0], [0, 27], [27, 4x], [4x, 6x], --- . Therefore, it suffices to
determine the portion of the graph of cosine function for x €[0,27]. We construct the following table

to identify some known coordinate pairs (x, y) for points on the graph of y =cosx, x e [O, 271] .

1 radi 0 s s s W 3m
x (inradian) 6 4 3 > T > 27
R !
= 1 = = = 0 - 0 1
Y =C0SX 5 NG > 1

y
The table shows that the graph of y=cosx, 0<x<2x, begins at J = cosx in [0.27]

1
(0,1). As x increases from 0 to 7 , the value of y =cosx decreases from \ /
X

1 to —1 .As x increases from 7 to 27, the value of y increases from [0 = ™ 3r 2«
2 2
—1 to 1. Plot the points listed in the table and connect them with a

1

smooth curve. The portion of the graph is shown in Fig. 4.10. Fig. 4.10

y=cosx, xell 4

The graph of y =cosx, x e R consists of repetitions of the above !

portion on either side of the interval [0, 277] and is shown in Fig. 4.11. ’4’\7*“\’7 l"v 2 W w
-1

From the graph of cosine function, observe that cosx is positive in the Fig. 4.11

first quadrant (for 0<x< %) , negative in the second quadrant (for % <x< ﬂ')

and third quadrant (for T<x< 37”} and again it is positive in the fourth quadrant (for Tn <x< 27rj.

Note

We see from the graph that cos(—x)=cosx for allx, which asserts that y =cosx is an even
function.
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4.4.2 Properties of the cosine function
From the graph of y =cos x, we observe the following properties of cosine function:
(1) There is no break or discontinuities in the curve. The cosine function is continuous.

(i1) The cosine function is even, since the graph is symmetric about y -axis.

(ii1) The maximum value of cosine function is 1 and occurs at x=...,—2x,0,2x, ... and the
minimum value is — 1 and occurs at x=...,—m, 7,37, 57, ..... In other words, —1 <cosx <1
forall xeR.

Remark

(1) Shifting the graph of y=cosx to the right gradians, gives the graph of y = cos[x—%j ,

which is same as the graph of y =sinx. Observe that cos(x - %) = cos (% —x] =sinx.

(i) y=Asinax and y=Bcosfx always satisfy the inequalities —|4|< Asinax<|4| and

. . ) 2 .
—|B| < Bcos Bx <|B|. The amplitude and period of y = A sinax are |4| and |—7T , respectively
a
2 .
and those of y = Bcos fx are |B| and |Fﬂ , respectively.

The functions y = Asinax and y = Bcos x are known as sinusoidal functions.

(ii1) Graphing of y = Asinax and y = Bcos fx are obtained by extending the

® portion of the graphs on the intervals {0 , 2—”& and {0 , %} , respectively.
o

Applications

Phenomena in nature like tides and yearly temperature that cycle repetitively through time are
often modelled using sinusoids. For instance, to model tides using a general form of sinusoidal
function y =d +acos(bt—c), we give the following steps:

(1) The amplitude of a sinusoidal graph (function) is one-half of the absolute value of the difference

of the maximum and minimum y -values of the graph.

Thus, Amplitude , a = % (max— min) ; Centre lineis y=d, where d = %( max + min)

(i1) Period, p =2 x (time from maximum to minimum) ; b=—

(i) ¢ =bx time at which maximum occurs.

Model-1

The depth of water at the end of a dock varies with tides. The following table shows the depth
(in metres ) of water at various time.

‘ ‘ Chapter 4 Inverse Trigonometry.indd 139

time, ¢ 12 am 2 am 4 am 6 am 8 am 10 am 12 noon
depth 3.5 4.2 3.5 2.1 1.4 2.1 3.5
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Let us construct a sinusoidal function of the form y =d +acos (bt — c) to find the depth of water
. T T
attime ¢. Here, a=1.4 ; d=28 ; p=12 ; b=g ; c=§.

The required sinusoidal function is y =2.8+1.4 cos (% t— %j .

Note
The transformations of sine and cosine functions are useful in numerous applications. A circular
motion is always modelled using either the sine or cosine function.

Model-2
A point rotates around a circle with centre at origin and radius 4. We can obtain the y -coordinate

of the point as a function of the angle of rotation.

For a point on a circle with centre at the origin and radius a,

4 units

4
the y -coordinate of the point is y =asin@, where 0 is the 3
2
1

angle of rotation. In this case, we get the equation

y(0)=4sin6 , where 0 is in radian, the amplitude is 4 and _

—4r 3m 2r -
the period is 27 . The amplitude 4 causes a vertical stretch 7 _2

of the y -values of the function sinf by a factor of 4.

\ |
® 4.4.3 The inverse cosine function and its Fig. 4.12 ®
properties
The cosine function is not one-to-one in the entire domain R . However, the cosine function is
one-to-one on the restricted domain [0, 7z ]and still, on this restricted domain, the range is [-1, 1].

Now, let us define the inverse cosine function with [—1, 1]as its domain and with [O, 71] as its range.

Definition 4.4
For —1<x <1, define cos™' x as the unique number y in [O, 7'[] such that cos y = x. In other

words, the inverse cosine function cos™' :[—1, 1] - [0, 71] is defined by cos™(x) = y if and only if

cosy=xandye[0, 7].

Note

(1) The sine function is non-negative on the interval [0, 71] , the range of cos™ x . This observation
is very important for some of the trigonometric substitutions in Integral Calculus.
(ii) Whenever we talk about the inverse cosine function, we have cosx:[0, 7] —[-1,1] and

cos” x:[-1, 1] >0, z].
(i11) We can also restrict the domain of the cosine function to any one of the intervals

-[-m, 0],[7, 27], -, where it is one-to-one and its range is [-1, 1].
The restricted domain [O, ﬂ]iS called the principal domain of cosine function and the values of

y=cos ' x,-1<x<1, are known as principal values of the function y =cos™ x.
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From the definition of y =cos™ x, we observe the following:
(i) y=cos'x ifand only if x=cosy for -1<x<1and 0<y<rx.
(i1) cos (cos"l x) =x if |x| <1and has no sense if |x| >1.

(iii) cos™ (cosx)=x if 0<x<z ,therange of cos™ x. Note that cos™ (cos37) = 7.

4.4.4 Graph of the inverse cosine function

The inverse cosine function cos™ :[—1, 1] — [0, 71], receives a real number x in the interval
[—1, 1] as an input and gives a real number y in the interval [O, n] as an output (an angle in radian
measure). Let us find some points (x, y) using the equationy =cos™' x and plot them in the
xy -plane. Note that the values of y decrease from 7 to 0 as x increases from —1 to 1. The inverse

cosine function is decreasing and continuous in the domain. By connecting the points by a smooth

curve, we get the graph of y =cos™ x as shown in Fig. 4.14

y v
1 ) x y 1
y=cosx in [0, «] -1 ™ T y=cos’'x
G
T | 4 T
» ™ 2
0 ™ T * 0|35
2 V2T
2 4 -< 5 >
_1 1| o -l !
/ \
Fig. 4.13 Fig. 4.14

Note
(i) The graph ofthe function y = cos™ x isalso obtained from the graph y = cos x by interchanging
x and y axes.
(ii) For the function y =cos™' x, the x -intercept is 1 and the y -intercept is T
(iii) The graph is not symmetric with respect to either origin or y -axis. So, y =cos™ x is neither

even nor odd function.

Example 4.5
3

Find the principal value of cos™ ( 5

Solution

Let cos™ [?J =y. Then, cosy=

V3
2
The range of the principal values of y =cos™ x is [0, 7].

So, let us find y in [0, 7] such that cosy = ?

But, cosX = v3 and Z ¢ [0,7]. Therefore, y = z
6 2 6
N
Thus, the principal value of cos™| — | is —.
pHREIP ( 2 )% O
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Example 4.6
) ) af 1 .. O T O r
Find (i) cos ( _\/Ej (i) cos (cos( 3D (ii1) cos [COS(_6 D

Solution
It is known that cos™ x: [—1, 1] - [0, 71] is given by
cos ' x=y ifand only if x=cosy for -1<x<1land 0<y<r.

Thus, we have
(i) cos™ _ L =3—7T, since 3—ne[0,7r] and COSEICOS(N—EJI—COSEI—L.
4 4 4 4 2

J2 4
(ii) cos™ cos(—z) = cos” cos(zj =T since - L ¢ [0, 7], but e [0, 7].
3 3 3 3 3

(iii) cos™ cos(ﬂj :5_7r’ since cos (—”) ( ) —ﬁzcos(s—ﬂj and 5—”6[0,71].
6 6 2 6 6

6

Example 4.7
Find the domain of cos™ [

2+sinxj

Solution
By definition, the domain of y =cos™ x is ~1<x <1 or |x|<1. This leads to

2+sinx L .
-1< <1 whichis sameas —3<2+sinx<3.

@ -3 @

So, —5<sinx <1 reducesto —1<sinx <1, which gives

—sin'(1)< x<sin'(1) or —ES <—
M M 5 5

Thus, the domain of cos™ (2 +§1nxj is {—%, %} .

EXERCISE 4.2

1. Find all values of x such that

(1) -6r <x <67 and cosx=0 (i) =57 <x <57 and cosx=1.
2. State the reason for cos™ {cos(—%ﬂ * —%.

3. Is cos '(—x)=m—cos '(x) true? Justify your answer.
4. Find the principal value of cos™ (%j )

5. Find the value of
. 1 1 .. 1
1) 2cos™'| = |+sin”'| = 1) cos™'| = |+sin! (-1
() 2e0s”(Josin? (1] i) cos”(S]wsin (1)

(iii) cos™ [cos 7 cos - —sin X sin ij .
7 17 7 17
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) 1—
6. Find the domain of (i) f(x)=sin"' [%j +cos™ (#] (i) g(x)=sin"" x+cos™' x

7. For what value of x, the inequality % <cos™ (3x—1) <z holds?

8. Find the value of

(i) cos(cos_1 (ﬂjntsin_' (in (i) cos™ (005(4—77)]+cos_' (COS(S—EJJ.
5 5 3 4

4.5 The Tangent Function and the Inverse Tangent Function

We know that the tangent function y =tanx is used to find heights or distances, such as the

sin x )
does not include values

height of a building, mountain, or flagpole. The domain of y =tanx =
cosx

of x, which make the denominator zero. So, the tangent function is not defined at

3z © © 3r . ) .
X=eer,——, —— —,---. Thus, the domain of the tangent function y=tanx is

27 272 2
{x:xeR,x¢%+kn,keZ}: U (2](;1%, 2k2+37rj and the range is (—oo,oo).The tangent

k=—w0

function y =tanx has period .

4.5.1 The graph of tangent function

Graph of the tangent function is useful to find the values of the function over the repeated period

of intervals. The tangent function is odd and hence the graph of y =tan x is symmetric with respect

to the origin. Since the period of tangent function is 1, we need to determine the graph over some

interval of length 7 . Let us consider the interval (—E , zj and construct the following table to draw

T T
the graph of y=tanx, xe| ——, — |.
22
x (inradian) _r _r _r 0 T T T
3 4 6 6 4 3
y=tanx -3 -1 —V3 ﬁ 1 3
3 3
. . . T T y ‘
Now, plot the points and connect them with a smooth curve for a partial »=twnx in [75,5]8 |
T T . T . ) 6 2
graph of y =tanx, where —— < x<—. If x isclose to — but remains less s 2
2 2 2 g ¢ |iE
T 7 2| Jig
than 5 , the sinx will be close to 1 and cos x will be positive and close to L < - N
e 2
T . sinx . .. o
0. So, as x approaches to —, the ratio is positive and large and thus [
2 COS X | -
approaching to . |
Fig. 4.15
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Therefore, the line x :% is a vertical asymptote to the graph. Similarly, if x is approaching to

is negative and large in magnitude and thus, approaching to —oo. So, the line

T . sinx
——, the ratio
2 cos X

X = —% is also a vertical asymptote to the graph. Hence, we get a branch of the graph of y =tanx

for - < x<Z as shown in the Fig 4.15. The interval (—%, %j is called the principal domain of

y=tanx.
y=tanx

Since the tangent function is defined for all real numbers except at

X = (2n+1)5, neZ, and is increasing , we have vertical asymptotes

-+
R L - S

x:(2n+l)g, nelZ. As branches of y=tanx are symmetric with ¥ /7 - S
respect to x=nm,ne”Z , the entire graph of y=tanxis shown in
Fig. 4.16. R
Fig. 4.16
Note

3m .

.. . .. s .
From the graph, it is seen that y =tan x is positive for 0 <x < B and 7 <X<_ ; y=tanx is
2

@ negative for %<x<7r and%r<x<27r. @

4.5.2 Properties of the tangent function

From the graph of y =tan x, we observe the following properties of tangent function.

(1) The graph is not continuous and has discontinuity points at x = (2n + 1)%, new.
(i1) The partial graph is symmetric about the origin for —% <x< % .

(ii1) It has infinitely many vertical asymptotes x = (2n + 1)%

, nel.
(iv) The tangent function has neither maximum nor minimum.

Remark
(i) The graph of y = atanbx goes through one complete cycle for

T cx< T andits period is .
I i
(i1) For y = atanbx, the asymptotes are the lines x = ﬁ + |%k, keZ.

(ii1) Since the tangent function has no maximum and no minimum value, the term amplitude for
tan x cannot be defined.
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4.5.3 The inverse tangent function and its properties

The tangent function is not one-to-one in the entire domain R\ 5+k7r, ke Z}. However,

tan x : (— 7 Ej — Ris a bijective function. Now, we define the inverse tangent function with R

. . T .
as its domain and (— 2 5) as its range.

Definition 4.5

. . T
For any real number x, define tan™' x as the unique number y in (—5 , Ej such that tan y = x.

In other words, the inverse tangent function tan™ : (—oo, oo) — (—%, %) is defined by tan~'(x) = y
ifandonly if tany=x and y e (—%, %) .

From the definition of y =tan™' x, we observe the following:
(i) y=tan™' x ifand only if x =tany for xR and —%<y<%.
(i1) tan(tan*1 x) = x for any real number x and y =tan"' x is an odd function.
4 . o T T 4 _
® (iii) tan™ (tanx)=x ifand only if S <x< Note that tan™' (tanz ) =0and not 7 . ®

Note
(1) Whenever we talk about inverse tangent function, we have,

tan:| - Z 2| S5R and tan:R—| - Z, 2.
2°2 2°2
(i1) The restricted domain (—%, %) is called the principal domain of tangent function and the

values of y=tan"' x, xeR, are known as principal values of the function y =tan' x.

4.5.4 Graph of the inverse tangent function
y=tan"' x is a function with the entire real line (—oo, oo) as its domain and whose range is

(—%, %j . Note that the tangent function is undefined at —% and at g . So, the graph of y =tan™" x
lies strictly between the two lines y = —% and y= %, and never touches these two lines. In other
words, the two lines y = —% and y = % are horizontal asymptotes to y =tan™' x.

Fig. 4.17 and Fig. 4.18 show the graphs of y =tanx in the domain (—%, %) and y=tan ' x

in the domain (—o0, ), respectively.
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o) L ;
y=tanx in (—ﬁ,fj ¥y
2 2 )8 : A
I N R T
8 g ™ 2
g 4 & -1 T
: : 4
) 2 2 0 0 y=tan"'x
< X - >
G 3] T \/§ T -3 -2 -1 O 1 2 3 *
-2 N3 _E
4 3] 6
; L[z -z
- e S RRRRREEEEEEEE
-8 4 \
Fig. 4.17 Fig. 4.18

Note
(1) The inverse tangent function is strictly increasing and continuous on the domain (—oo, oo).

(ii) The graph of y =tan™' x passes through the origin.

iii) The graph is symmetric with respect to origin and hence, y =tan™' x is an odd function.
grap y P g y

Example 4.8
Find the principal value of tan™ (\/§ ) .

Solution

Let tanfl(\/g):y.Then, tany:\/g. Thus, yz%. Since %e(—%,%) )

Thus, the principal value of tan™ (\/g) is %
|

Example 4.9
Find (i) tan’l(—\/g) (if) tan‘(tan%”j (iii) tan(tan"'(2019))

Solution
(i) tan”' (—\/g)ztan*1 tan[—zj =T since -Ze (_E,Ej _
3 3 3 2 2
(ii) tan™ (tan 3—7[J .
5
Letus find 9 (—%, %j such that tan = tan%r.

Since the tangent function has period 7, tan 3?# =tan (3?” — ﬂ'j = tan (— 2?”) .

2
Therefore, tan™' (tan 3—ﬂj =tan”' tan(—z—nj __r , since _r c (_E’E) )
5 5 5 5 2°2

(ii1) Since tan(tan"1 x) =x, xR, we have tan(tan_1(2019)) =2019.
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Example 4.10

Find the value of tan™' (1) +cos™ (%j +sin” (—%J .

Solution

Let tan"'(=1)=y. Then, tany=—1= —tan% = tan(—%j .

As—-Z e (—z,z) , tan”'(=1) = T
22 4

As Z6[0,77], cos™! (lj -
2 3
Now, sin”' (——j =y implies siny=——= sin(——)

Example 4.11

X

Prove that tan(sin_l x) = =, —1l<x<l1.
1-x
Solution
If x=0, then both sides are equal to 0. .. (1)

Assume that 0<x<1.

Let O =sin"'x. Then 0 <6 <~ Now, sin == gives tan0 =
2 1 1-x?
X

. .2
= 2)
X

Assume that—1 < x < 0. Then, 0 =sin "' x gives —% <6 < 0. Now, sin@ :% gives tan 6 =

PR |
Hence, tan(sm x)=

2
1-x
X

: N
o €)

Equations (1), (2) and (3) establish that tan(sin‘l x) -2 =, —l<x<l. -
I-x

In this case also, tan (sin*1 x) =

EXERCISE 4.3

1. Find the domain of the following functions :

(i) tan”' (V9 —x (i1) 1 tan"' (1-x2)- 2.
2

4

2. Find the value of (i) tanl(tan%rj (i) tan™ (tan (—%D
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3. Find the value of

(i) tan [tan‘1 (%TD (ii) tan(tan“(1947)) (iii) tan(tan“(—0.2021)).
4. Find the value of (i) tan| cos™ | — |—sin~ | —— (i1) sin| tan~ | — [—cos™ | — | |.
2 2 2 5
(ii1) cos(sin"l (%) —tan™' (%D

4.6 The Cosecant Function and the Inverse Cosecant Function

Like sine function, the cosecant function is an odd function and has period 27 . The values of

cosecant function y =cosec x repeat after an interval of length 27r .Observe that y = cosec x = —
sin x

is not defined when sinx=0. So, the domain of cosecant function is R\{nn:neZ}. Since

—1<sin x <1, y=cosec x does not take any value in between —1 and 1. Thus, the range of cosecant

function is (—o0,1]U[1,0).

4.6.1 Graph of the cosecant function

In the interval (0, 27), the cosecant function is

@ A | V= cosecx in (0,27|r) @
continuous everywhere except at the point x = . It has : ! !
| |
neither maximum nor minimum. Roughly speaking, the 2 i - i
1 | -
value of y = cosec x falls from oo to 1 for x e (O,E} , it . : >
2 1 o T m 3 2
- 2 y=—1 2 [
raises from 1 to oo for x e {%,n) . Again, it raises from -2 i i
-3
4 i i
3n ] ' '
—oo to—1 for x e(n,T} and falls from —1 to —oo for Fig. 4.19
XG[%,QJ’[). ]y y = cosec x
L | _
A T I
, T A N
The graph of y=cosecx, xe(0,2m)\{r}is A 2 O
| I\ /1 ' F\ /i [
X 1 ! ! X
shown in the Fig. 4.19. This portion of the graph is | L | [y=1: : .
o I 1 - N I j o
—|37r727r - |0 T 2 37 4
repeated for the intervals ---,(—471,—271)\{—3%} , | oyt 1 v ay
| T ! by |
| |
(=27,0)\{-7},(27,47)\ {37}, (47,67 )\ {57} ,--- [T I S A
| |
, , , (I T i T N B
The entire graph ofy=cosec xis shown in
Fig. 4.20. Fig. 4.20
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4.6.2 The inverse cosecant function

The cosecant function, cosec :[—%,Oj U (0, %} — (—o0,—1] U [1,0) is bijective in the
restricted domain [— %,Oj U (O, %} . So, the inverse cosecant function is defined with the domain

(—o0,—1] U [1,00) and the range [— %, Oj U (0, %} )

Definition 4.6

The inverse cosecant function cosec™ : (—o0,—1] U [1,00) > {— %,O) U (0, %} is defined by

cosec ' (x) =y if and only if cosecy=x and y e {— %,Oj ) (O, %} . ‘

4.6.3 Graph of the inverse cosecant function

The inverse cosecant function, y =cosec™'x is a function whose domain is R\ (- 1, 1) and the

range is [— %, %}\ {0}. That is, cosec™" : (—o0,—1] U [1,00) = [— %,Oj v (O, %} .

Fig. 4.21 and Fig. 4.22 show the graphs of cosecant function in the principal domain and the

@ inverse cosecant function in the corresponding domain respectively. @
1 y
A
™
) Yy==______ b
y=cosedx in 72,21\{0} 2 :

. __T
IR J=s 7
| \
Fig. 4.21 Fig. 4.22

4.7 The Secant Function and Inverse Secant Function

The secant function is defined as the reciprocal of cosine function. So, y=sec x = is

COS X

defined for all values of x except when cos x =0 .Thus, the domain of the function y =sec x is

R\{Qn + 1)% ‘ne Z} .As —1<cos x <1, y=sec x does not take values in (-1, 1). Thus, the range

of'the secant function is (—o0,1]\U[1,) . The secant function has neither maximum nor minimum. The
function y =sec x is a periodic function with period 27 and it is also an even function.
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4.7.1 The graph of the secant function ¥

The graph of secant function in 0 <x < 27, x# %,377[, 1S

y=secx in [0,27]

7
5
3

shown in Fig. 4.23. In the first and fourth quadrants or in thei

interval Y <x< EX y=secx takes only positive values,

-7
whereas it takes only negative values in the second and third

quadrants or in the interval % <x< %T . Fig. 4.23

T 37w . . .
For 0<x<2m, x= PRPE the secant function is continuous. The value of secant function

raises from 1 to oo for x € [0,%) ; itraises from —oo to —1 for x (%,77.’:| . It falls from —1 to —o0

for xe{n,?’?ﬂj and falls from oo to 1 for xe(%,Zﬂ]

As y=secx is periodic with period 27, the same y

segment of the graphfor 0 < x <27, x # %,37” ,i1srepeated E E [

n [271,477]\{5%,7%}, [471,671]\{97”,%}, ceandin T Sr 0 00 7w on t 3n 0 an

Now, the entire graph of y=secx is shown in

Fig. 4.24.

4.7.2 Inverse secant function

The secant function,sec x:[O,ﬂ]\{%}—)R\(—l,l) is bijective in the restricted domain

[O,n]\{%}. So, the inverse secant function is defined with R\(—l,l) as its domain and with

[0, 7]\ {%} as its range.

Definition 4.7

The inverse secant function sec™ :R\(—l,l)—)[O,n]\{%} is defined by sec”'(x)=y

whenever secy =x and y €[0,7]\ {%}

XII - Mathematics 150

‘ ‘ Chapter 4 Inverse Trigonometry.indd 150 @ 10-05-2019 16:56:03‘ ‘



B [ ® H .  EEEm

4.7.3 Graph of the inverse secant function

The inverse secant function, y =sec™ x is a function whose domain is R\ (—1,1) and the range

is [0,7‘[]\{%}. That is, sec™ :R\(—1,1) —)[O,n]\{%},
Fig. 4.25 and Fig. 4.26 are the graphs of the secant function in the principal domain and the

inverse secant function in the corresponding domain, respectively.

T

y=secx in[0,7]\ {7}

2

________________ 7_'(______________)/:7[‘
7f _r
---------------- 5-------------)1—2

Fig. 4.25 Fig. 4.26

Remark

@ A nice way to draw the graph of y =secx or cosec x: @

(i) Draw the graph of y = cos x or sin x

(i1) Draw the vertical asymptotes at the x -intercepts and take reciprocals of y values.

4.8 The Cotangent Function and the Inverse Cotangent Function

The cotangent function is given by cotx = . It is defined for all real values of x, except

tan x
when tanx=0 or x=nnr,neZ. Thus, the domain of cotangent function is R\ {n Tine Z} and its

range is (—oo,oo). Like tan x, the cotangent function is an odd function and periodic with period .

4.8.1 The graph of the cotangent function

The cotangent function is continuous on the set (0,27 )\{z}. Let us first draw the graph of
cotangent function in (O, 271) \ {77,'} In the first and third quadrants, the cotangent function takes only
positive values and in the second and fourth quadrants, it takes only negative values. The cotangent
function has no maximum value and no minimum value. The cotangent function falls from oo to 0

z 3

for xe(O,%} ; falls from 0 to —oo for x e[%,nj ; falls from ocoto O for x 6(2 ' }and falls

from 0 to —oo for xe{?’?ﬂ, 277).
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1| y=cotx in (0,2m)\{r} : i o4 : ‘ 1y =cotx
! A N - ¥ N
| I I
! F S T L
' A W AR
! H ' A ! ' :
o * 3 2:x - N : E 4 [ ] X
SN VYAV AVATAR:
-2 I : : H : : :
B : A e A I A
- | B B

Fig. 4.27 Fig. 4.28

The graph of y =cotx, x &(0,27)\{x}is shown in Fig 4.27. The same segment of the graph of
cotangent for (0,27)\{r} is repeated for (27,47)\{37} (4, 6w)\{5x},--, and for -,
(—47r,—27r)\{—3ﬂ} , (—27r, 0)\{—7‘[} . The entire graph of cotangent function with domain
R\{nz :n e Z} is shown in Fig. 4.28.

4.8.2 Inverse cotangent function
The cotangent function is not one-to-one in its entire domain R\ {mr ‘ne Z} . However,
cot : (0, ) — (—o0, ) is bijective with the restricted domain (0, 7). So, we can define the inverse

cotangent function with (—oo,oo) as its domain and (0, 71) as its range.

| Definition 4.8
The inverse cotangent function cot™ :(—o0, ) — (0, 7) is defined by cot™ (x) =y if and only if
coty=x andye(0,7).

4.8.3 Graph of the inverse cotangent function

The inverse cotangent function, y =cot™' x is a function whose domain is R and the range is
(0,m). That is, cot™ x:(—o0,0) —(0, 7).

Fig. 4.29 and Fig. 4.30 show the cotangent function in the principal domain and the inverse
cotangent function in the corresponding domain, respectively.

y = cotx in (0,1) :
y=cot'x
; T

Y

A
|
— O
0|
=
/
po
=3
'/

XII - Mathematics 152

‘ ‘ Chapter 4 Inverse Trigonometry.indd 152 @ 10-05-2019 16:56:27‘ ‘



B [ ® H .  EEEm

4.9 Principal Value of Inverse Trigonometric Functions
Let us recall that the principal value of a inverse trigonometric function at a point x is the value

of the inverse function at the point x, which lies in the range of principal branch. For instance, the

_ 3. ™ . T . .
principal value of cos™ (TJ 1s P since s € [0, n] When there are two values, one is positive and

the other is negative such that they are numerically equal, then the principal value of the inverse
trigonometric function is the positive one. Now, we list out the principal domain and range of
trigonometric functions and the domain and range of inverse trigonometric functions.

Princi Range of
. rincipal Inverse . Lo
Function . Range . Domain Principal
Domain Function
value branch
. T T : T T
sine 55 [-1,1] sin” [-1,1] 5
cosine [0,7] [-1,1] cos”! [-1,1] [0, 7]
t n nt _E E -1 _E Z
ange ) R tan R )
-T 7 T T
cosecant {7 ’ E}\ O RV 1,1 cosec R\ (~11) |:_ 3 E] \{0}
® ®
T T
secant [0, 7] {5} R\(-11) sec”! R\(-L1 | [07] {5}
cotangent (0, 7) R cot™ R (0,)

Example 4.12
Find the principal value of
(i) cosec™ (-1) (ii) sec™ (-2).

Solution
(i) Let cosec™ (~1)=y. Then, cosec y=—1
Since the range of principal value branch of y = cosec™'x is [—%, %} \ {0} and
7oz

cosec (—£j=—l, we have y=-2. Note that -~ | -Z, \{o}.
2 2 2 2 2

Thus, the principal value of cosec™ (—1) is —% .
(ii) Let y =sec™' (-2). Then, secy=-2 .

By definition, the range of the principal value branch of y =sec™ x is [O,n]\{%}.

Letus find y in [0,7]- {%} such that secy=-2.
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But, secy=-2 = cosy:—%.
Now, cosy:—l:—coszzcos n-Z :cosz—ﬂ . Therefore, yzz—ﬂ.
2 3 3 3 3

) 2 . .2
Since —ﬂe[O, ]\ 21 the principal value of sec™ (-2) is T
3 2 3 u
Example 4.13

23

Find the value of sec™ L—TJ )

Solution

23 NG

Let sec™ (—T] =6. Then, secf = _2 where 0 € [O,E]\{%}. Thus, cos 0 =——.

NE) 2
St Via Vs x/§ 1 2\/3 St
Now, cos ?:cos ﬂ—g =—cos| — :—7. Hence, sec™ | ——— :?.

6 3
Example 4.14

If cot™ (lj =0, find the value of cos6 .
7 o
“
Solution 7
By definition, cot™' x € (0, 7). ;
. _r .

Therefore, cot™ (%j =60 implies 0 €(0,7).

But cot™ (%J =0 1mplies cotf = % and hence tan0 =7 and 0 is acute.

|
. . . 1
Using tan@ = % , we construct a right triangle as shown . Then, we have, cos6 = m
Example 4.15
1
Show that cot™ =sec” x, |x|>1.
Vx* -1
Solution
1 1
Let cot™ =a. Then, cota = and o is acute.
(\/xz—lj Vx? -1 p ':|
><
We construct a right triangle with the given data.
From the triangle, seca = % =x.Thus, a=sec x. @ - [
Hence, cot™ ( ! ] =sec ' x, [x>1. -
Vx® -1
EXERCISE 4.4

1. Find the principal value of

(1) sec” (%} (ii) cot‘l(\/g) (ii1) cosec™ (—\/5)
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2. Find the value of
(1) tan™' (x/g)—sec*1 (-2) (i1) sin™' (= 1) + cos™ (%j + cot™ (2)

(iii) cot™'(1) + sin™ (—%} —sec”! (—\/5)

4.10 Properties of Inverse Trigonometric Functions

In this section, we investigate some properties of inverse trigonometric functions. The properties
to be discussed are valid within the principal value branches of the corresponding inverse trigonometric
functions and where they are defined.

Property-I

(i) sin"'(sin@) =6, ifee[—g, ﬂ (i) cos'(cos8) =0, if O [0, x].

(iii) tan"'(tan0) =9, if@e(—%, %) (iv) cosec'(cosecO) =0, if ee{—%, E}\{o}

(v) sec”'(secO) =0, if 6 [0, 7] \ {%} (vi) cot'(cotf)=0, ifOe(0, ).
Proof

All the above results follow from the definition of the respective inverse functions.

For instance, (1) let sin@=x; 0O¢€ {—%, %}

Now, sinf = x gives 0 =sin"' x, by definition of inverse sine function.
Thus, sin”™ (sin0)=6.
Property-I1
(i) sin(sin” x)=x, if xe[-1,1]. (ii) cos(cos™ x)=x, if xe[-1,1]
(iii) tan(tan"'x)=x, if xeR (iv) cosec(cosec' x)=x, if xeR\(-11)

x, if xeR\(-L1)  (vi) cot(cot”x)=x, ifxeR

v) sec(secf1 x)
Proof
(i) For xe[-1,1], sin™ x is well defined.

Let sin' x=6 . Then, by definition 0 € [—%, %} and sinf =x

Thus, sin@ = x implies sin(sin*1 x) =x.
Similarly, other results are proved.

Note
(1) For any trigonometric function y = f(x), we have f ( f (x)) =x for all x in the range of f .

This follows from the definition of f'(x). When we have, f ( gil(x)), where
g '(x)=sin"" x or cos™" x, it will usually be necessary to draw a triangle defined by the inverse
trigonometric function to solve the problem. For instance, to find cot(sin_] x) , we have to

draw a triangle using sin~' x. However, we have to be a little more careful with expression of
the form /7' ( f(x)).
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(ii) Evaluation of f'[f(x)], where f is any one of the six trigonometric functions.
(a) If x is in the restricted domain (principal domain) of f, then f'[ f(x)]=x.

(b) If x is not in the restricted domain of /', then find x, within the restricted domain of f

such that f(x)= f(x,). Now, £ '[f(x)]=x, . For instance,

x ifxe —E,E
2 2

sin”' (sinx) =
x, if xg¢|—-—, —|,wheresin x=sinx, and x, €| ——, — |.
2°2 2°2

Property-III (Reciprocal inverse identities)

(i) sin™ (lj= cosecx, if xeR\(-1,1). (ii) cos™ (lj= secx, if xeR\(-1,1).
x x

(1 cot ' x if x>0
(11) tan™ | — |=

x —m+cot ' x if x<O.
Proof . .
(1) If xe R\(—l, 1) ,then—e [—1, 1] and x=0. Thus, sin™' (—j is well defined.
X

_r
2’

X
ﬂ\{o} and sinf =

X

Let sin”' (lj = 0. Then, by definition 6 € [
X

Thus, cosecO = x , which in turn gives 6 = cosec™' x.

Now, sin™' (1] = @=cosec”' x. Thus, sin”' (lj =cosec 'x, xe R\(-1,1).

X X

Similarly, other results are proved.

Property-IV (Reflection identities)
(i) sin”'(=x)=—sin""x, if xe[-1,1].
(ii) tan™'(=x)=—tan' x, if xeR.
(iii) cosec™'(=x)=— cosec 'x, if |x| >l orxe ]R\(—l, 1).
(iv) cos'(=x)=m—cos' x, if xe[-1,1].
(v) sec'(—x)=m—sec' x, if |x|21 or xe]R\(—l, 1).
(vi) cot ' (=x)=m—cot'x, if xeR.

Proof
(1) If xe [—1, 1] ,then —x € [—1, 1]. Thus, sin™'(—x)is well defined

Let sin”'(—x) =0 . Then 0 {—%, %} and sinf =-x.
Now, sinf =-x gives x =—sinf = sin(—0)
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From x =sin(—0), we must have sin™' x =—6, which in turn gives 8 =—sin' x.
b b

Hence, sin™'(-x) =—sin" x.
(iv) If xe[-1,1], then —xe[-1,1].  Thus, cos™(-x)is well defined
Let cos™'(-x)=6.Then 6 €[0, 7] and cos 6 =—x.
Now, cosf =—x implies x =—cosf = cos(n —9) )
Thus, 7 —0 =cos™' x, which gives 0 =7 —cos ™' x.
Hence, cos ' (—x)=m —cos ' x.
Similarly, other results are proved.

Note
(i) The inverse function of an one-to-one and odd function is also an odd function. For instance,
y =sin"' x is an odd function, since sine function is both one-to-one and odd in the restricted
. T T
domain | ——, — |.
2°2
(11) Is the inverse function of an even function also even? It turns out that the question does not
make sense, because an even function cannot be one-to-one if it is defined anywhere other
than 0. Observe that cos™ x and sec™ x are not even functions.
Property-V ( Cofunction inverse identities )

(1) sin_1x+cos_1x=%, xe[-1,1]. (i1) tan_1x+cot"1x:%, xeR.
® (iii) cosec'x+sec” x:%, xeR\(-1,1) or |[x|>1. ®
Proof

(i) Here, xe[-1,1]. Let sin-‘x=0.Thenee[—§,ﬂ and sin6 = x.
Note that —~<<Z = 0<Z-9<r.
2 2 2
So, cos(%—@j =sin@ = x, which gives cos™' x =%—9 = %—sin"1 x.

- . T
Hence, cos™ x+sin lx:E, x| <1.

(ii) Let cot ' x=60. Then, cot@=x, 0<O<rm and xeR.
Now, tan(%—0j=cot0=x. .. (1)

Thus, for x € R, tan(tan™' x) = x and (1) gives tan(tan™' x) = tan(% —0).

Hence, tan(tan™' x)=tan (% —cot™! xj . (2)

- . T T - T
Note that 0 <cot™ x <7 gives —5<——cot ]x<3.

1

. T T
Thus, (2) gives tan™' x = > cot'x. So, tan'x+cot x= o Xe R.

Similarly, (iii) can be proved.
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Property- VI
(i) sin" x+sin”'y = sin 1(x\/l 12+ pVl—x ), where either x” +y” <1 or xy<0.

(ii) sin”' x—sin”' y = sin”' x\/l y? y\/l X ) where either x* +y” <1 or xy>0.
(iii) cos*1x+cos*1y:c0s1[xy V1=x? 1—y2} if x+y>0.

(iv) cos™ x—cos™' y=cos” 1[xy l—yz} if x<y.

(v) tan"' x+tan"' y =tan" (x_'_yj if xy<l
1-xy

(vi) tan"' x—tan”' y =tan" (x yj if xy>-1
I+xy

Proof
(i) Let A=sin"'x. Then, x=sind ; Ae {—

[

x| <1 and cos 4 is positive

Now, cos A =++1—sin> 4 =1-x* and cosB:+\/l—sinzB:\/l—
Thus, sin(A4+ B) =sin Acos B+ cos Asin B

Let B=sin"'y. Then, y=sinB ; Be y| <1 and cos Bis positive

l\’|<‘1 N
SN

® = x\/l—y2 +y\/1—x2 , Where |x|§1; |y|§1 and hence, x* +y* <1 ®

Therefore, A+ B=sin"' (x\/l -y + y\/l —-x’ )

Thus, sin”' x+sin”' y = sin™ (x\/l—y2 +y\/1—x2 ), where either x* +)* <1 or xy<0.

Similarly, other results are proved.

Property-VII 1— 52
(i) 2tan”' x =tan™' <1 (i) 2tan' x =cos™ , x>0
-X 1+ x?
(iii) 2tan1x=sin1(li’;2j, X<l

Proof
(i) By taking y=x in Property-VI (v), we get the desired result

2tan”’ x=tan_1( 2x2j’
1-x

(i) Let 0 =2tan"' x. Then, tan% =X.

<1.

1—tan® — : 2

L . L 1=-%°
The identity cosf = 2 - x2 gives 0 =cos”' xz .
1+tan2 2 1+x I+x
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1_ 2
Hence, 2tan'x=cos” [1 le, x2>0.
+Xx

Similarly, other result is proved.

Property-VIII
(i) sin”’ (Zx\/l—x2)=25in_1x if [x]<— o

IN
=
IN

5i-

=
|

N
5=

1
(i) sin’1(2x\/l—x2):2c0s’1x if —2§X§1.

Proof
(1) Let x=sinf.

Now, 2xﬁ =2sin6 cosO =sin 20
Thus, 260 =sin™ (2xﬁ) . Hence, sin™ (2xﬁ) =2sin"' x.
(i) Let x=cos0.
Now, 2xﬁ =2cos0sinf =sin 20 , which gives
20 =sin™ (2xﬁ) . Hence, sin™! (2x\/§) =2cos ' x.
Property-I1X
() sin” x=cos ' V1—x* Lif0<x<I. (ii) sin™ x = —cos' V1—x? ,if ~1 < x < 0.

(iil) sin‘1x=tan‘l{ J,if—1<x<1. (iv) cos" x =sin"'\1-x> | if0<x<1,

X
NI

V) cos ' x=m—sin"'V1-x* ,if—1<x<0. (Vl)tanlx:sin{ Jif x> 0.

X » 1
——— |=c08 | —
\/1+sz [\/1+x2J
T

2

Proof
(i) Let sin”'x=6.Then, sin@ = x.Since 0<x<1,weget 0<0<

cosO =+1—-x" or cos'V1-x*=0=sin"x.
Thus, sin 'x=cos 'Vv1—x*,0<x<]1.
(ii) Suppose that —1<x<0 and sin”' x=6 . Then —%SO <0.

So, sinf = x and cos (-0)=+/1-x*>  (since cos® >0)

Thus, cos™' V1—-x> =—0 =—sin"' x. Hence, sin”' x =—cos ' V1—x~.

Similarly, other results are proved.

Property-X

(i) 3sin' x=sin"'Bx—4x’), xe {—%, %} . (ii) 3cos ' x=cos ™' (4x’ =3x), xe€ [%, 1} .
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Proof
(i) Let x=sin@. Thus, O =sin"'x.
Now, 3x—4x’ =3sin6—4sin’ 0 =sin30.
Thus, sin”'(3x—4x’)=30=3sin"' x.
The other result is proved in a similar way.

Remark
%—x, if xe[0,7]
(i) sin'(cosx)=
%—y, if x¢[0,7]and cosx=cosy,ye[0,7]

T ) T
——x, f xe|——,—
2 [ 2 2}

(ii) cos '(sinx)=
—~—y, if xe{—%,%} and sinx=siny, ye{—z,z:l

22

Example 4.16
Prove that % <sin"' x+2cos x< 37% )

Solution

. . o . . T .
sinx+2cos ' x=sin"'x+cos ' x+cos' x =—+cos ' x

T T T
We know that 0<cos™' x<r . Thus, 5+0Scos"1x+zﬁﬂ+5 .

T . _ 3z
Thus, ESsm1x+2cos1xs?-

cos| — (i) tan™ | tan| —
3 4
(iii) sec™ [sec(s?ﬂjj (iv) sin”'[sin10]

Example 4.17

Simplify (i) cos™

Solution

(i) cos™ (COS(BTﬂjj . The range of principal values of cos™' x is [0,7].

131

Since 13Tﬂeé[O,n], we write 13Tnas —:4n+£, where ge[o, n].

Now, cos 13—” =Cos 47t+z :cosz.
3 3 3

Thus, cos™ COS(B—TC) =cos”' cos(z) . , since kid e[0,m].
3 3 3 3
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.. 0 RY4
(i1) tan (tan [TD .

Observe that 3—7T is not in the interval (—%, %j , the principal range of tan™' x.

. 3rm T
So, we write — =7 ——.
4 4

Now, tan| — |=tan| 7 —— |=—tan—=tan| —— |and ——¢€| ——, — |.
4 4 4 4 4 2 2
. R4 i T T T T T
Hence, tan™ | tan| — | [=tan | tan| —— | |=——, since —— & |——,—].
4 4 4 4
(iii) sec™ (sec(%D.

Note that S?W is not in [0, ﬂ]\{%} , the principal range of sec™ x.

We write 5—”=27r—£. Now, sec S —sec| 27-Z |=sec| £ | and Ze[O, ]\ zt
3 3 3 3 3 3 2

Hence, sec”! sec(s—ﬂ] =sec” sec(zj :E_
3 3 3

(iv) sin™ [sin 10]

We know that sin”™ (sin0)=6 if 6 e [—%, %} Considering the approximation gz % ,
we conclude that 10 ¢ _Z, z ,but (10-37) e —Z, 2 .
22 22
Now , sinl0= sin(37r +(10—37T)) =sin(z + (10-37) = —sin(10—-37) = sin(37 —10).
Hence, sin"'[sin10]=sin"' | sin(37 —10) | =37 —10, since (37 —10) e —E, x .
[sin10]=sin” [sin (37 -10)] ero0e| -2 2]
Example 4.18
Find the value of (i) sin| % —sin"'[ —— (ii) cos| ~cos™![ 1
3 2 2 8
2
(iii) tan L gin 2a2 L eost| 4 a2 .
2 l+a 2 l+a
Solution
w T . 1 e T (T
(1) sin| ——sin” | —— | |=sin| ——| —— | |=sin| — |=1.
5o ()|l 55 l5)
y . 1 (1] (1 1
(ii) Consider cos Seos | 2| Let cos 3 =0 . Then, cosO:g and 0 €0, 7].
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0
Now, cosf = 1 implies 2cos’ Q -1= l . Thus, cos Q = E , since COS(—] is positive.
2 8 2) 4 2

Thus, cos lcos’1 1 =cos o =E.

2 8 2 4
2
Giif) tan| L sint| 29 |+ Leos | 122
2 1+a 2 1+a

Let a=tan0.

Now,

1. . 2a 1 (1-4° 1 . ,( 2tan® 1 _,(1-tan*6O
tan| —sin 5 |+—cos > =tan| —sin ——— |[+ZC0S | ————
2 1+a 2 1+a 2 1+tan- 0 2 1+tan~ 0

=tan[%sin"l(sin20)+%cos_l(00329)}=tan[29]= 2tan® _ 2a

1-tan’0 1-da’

Example 4.19

1

Prove that tan(sin” for |x|<1.

X)= al
V1-x?

Solution
Let sin'x=6. Then, x=sinf and -1<x<1
) i in 6
Now, tan(sin' x)=tan = sinf _ 2 = L, x| <1
cosf \/l—sin20 1—x?
Example 4.20
L. (3 (5
Evaluate sin|sin | = |+sec™ | —
5 4
Solution
45 5 4
Let sec Z =0.Then, secO =— and hence, cosf = g )

5

Thus, sec™ > = gin™! 3 and sin™' = +sec™! EAE 2 sin™! 3 .
4 5 5 4 5

We know that sin”’ (Zx\/l X ) —2sin'x, if |x|< % .

2
Since 3 < € , we have 2 sin™! (Ej =sin! 2><E 1—(§j =sin’! (ﬁj
5 2 5 5 5 25

4
. ; 4V 3 . e
Also, sin@=+1-cos°0 = ,[1-| — :g,whlchglves 0 =sin 3/
3

Hence, sin|sin™ 3 +sec” 3= sin| sin™' 24 =ﬁ, since %e[—l, 1].
5 4 25 25 25
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Example 4.21

1 1
Prove that (i) tan™' 5 +tan™ 3 = % (i) 2tan™ %+ tan”' % =tan"' %
Solution
(i) We know that tan™' x+tan™' y = tan™’ o xy <1.
—Xy
I 1
— + —

1
Thus, tan™ B +tan™'

+ J—
Hence, 2tan™' 1 +tan”! 1_ tan ' 4 +tan” 1_ tan”'| —3— 7 |—tan™ 31 .
2 7 3 7 {— ) )

Example 4.22

If cos™ x+cos™ y+cos”' z=m and 0<x,y,z<1, show that
X+ 4+ 2xz =1

Solution
Let cos' x=a andcos” y=f. Then, x=cosa and y=cosp.
cos ' x+cos y+cos'z=m gives a+B=m —cos 'z (1)

Now, cos(a+,8)=cosa cos B—sina sin B =xp—+1-x>J1-y".
From (1), we get cos(n —cos”™' z) =xy—V1-x"1-y?
—cos(cosflz):xy—\/l—xzsll—y2 .

So, —z=xy—~1-x"y1-y* , which gives —xy —z=—1-x>/1-y" .

Squaring on both sides and simplifying, we get x° + > +2z° +2xyz =1. n

Example 4.23

Ifa,a, a, ..a, isan arithmetic progression with common difference d,

prove that tan| tan”' d +tan™' d +...+tan”' d - 44
I+aa, 1+a,a, I+aa,, l+aa,

Solution j

d
Now, tan™'
1+aa,

1| T4 -1 -1
= tan | —— |=tan a,—-tan q,.
1+a,a,
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- . d 4 ay—a . -
Similarly, tan™ =tan'| =—2 |=tan'q, —tan"' q,.
1+a,a, 1+a,a,

Continuing inductively, we get

- d o) a,—a - -
tan”' o = tan”' 1”—"’1 =tan'a,—tan ' a, ,.
+a,a +a, a,

n"n-1

Adding vertically, we get

d 1 d -1 d _ -1 -1
+ tan +...+tan” | ———— |= tan" a, —tan" q,.
1+aa, 1+a,a, I+aa,

-1 d -1 d -1 d _ -1 -1
tan| tan +tan +..+tan” | —— | |=tan[tan” a, —tan" q,]
1+a,a, 1+a,a, l+aa

_ -1 an B al _ an B al
= tan| tan = .
I+aa, l+aa,
[ |

—

tan

Example 4.24 Solve tan™' (—XJ ~Lan x for x> 0.
l+x) 2

Solution

- . - - 1,
tan”™' I=x :ltan’lx gives tan”'l—tan"' x=—tan"' x.
I+x 2

Therefore, % = %tan1 x , which in turn reduces to tan™' x = %
@ T 1 @
Thus, x=tan—=—.
NE)
[ |

Example 4.25 Solve sin™ x > cos™ x
Solution

Given that sin™' x>cos™' x. Note that —1<x<1.

Adding both sides by sin”' x, we get

sin™ x+sin"' x> cos™ x +sin” x, which reduces to 2sin” x > .

. . ) ) T . T 1
As sine function increases in the interval | ——, — |, we have x >sin— or x> —.
272 4 2
Thus, the solution set is the interval [L, 1} .
V2
Example 4.26 [ |
) 1—x*
Show that cot(sin™" x) = al ,—1<x<land x=0
x
Solution . -
Let sin”'x=6.Then, x=sin@ and x#0, we get O € [T,OJU(O,E}-
Hence, cos®=0 and cos 6= \/l—sin26 —J1-x%.
2
Thus, cot(sin™ x)=cotf = ,|x|<1and x=0 =
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T

Example 4.27:  Solve tan™' 2x+tan'3x = 7 if 6x°<1.
Solution
Now, tan”' 2x+tan ' 3x = tan”’ (Mj, since 6x° <1.
1-6x
g S5x s e Sx V4
So, tan > | = —, which implies > =tan—=1.
1-6x 4 1-6x 4
Thus, 1-6x* = 5x, which gives 6x”> +5x—1=0
1 .
Hence, X = g,—l. But x =—1 does not satisfy gx?> <1.

Observe that x =-1 makes the left side of the equation negative whereas the right side is a

positive number. Thus, x =—1 is not a solution. Hence, x = 3 is the only solution of the equation.

|
Example 4.28
Solve tan"l(x_lj+tan‘l()H_lj=E .
x—2 x+2 4
Solution
x—1 x+1
Now, tan”' 1 +tan”' x+l — tan| —X=2 x+2 |_T
x—2 x+2 1_x—l x+1 4
x—=2\x+2
x—1 x+1
+
Thus, X-2 x+2 _ 1, which on simplification gives 2x>—4=-3
_x—l(x+lj
x—=2\x+2
1 1
Thus, x’ = = gives x=+—.
\/E |

Example 4.29

Solve cos| sin™ ad = sin< cot™ (E
VI+x° 4

Solution 4

We know that sin™ (

Thus, cos sinl{ al J = . (1)
V1+x? 1+x*

(3 3
Let cot I(Z) =0.Then cotO =Z and so O is acute.

N—
(———

[u——
+
=
S
N——
I
(@)
]
w»n
— /%\
[u——
+ —_
=
S
N——
>
w

From the diagram, we get

) 4
Hence, sin{cot‘1 (gj} =sin@ =— .. (2)
4 5
. . . . 1 4 ) . > 5
Using (1) and (2) in the given equation, we get = = 3’ which gives V1+x" = 7
1+x
3
Thus, x=%+-—.
4 [ |
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10.

Choose the correct or the most suitable answer from the given four alternatives.

1.

2.

EXERCISE 4.5
. Find the value, if it exists. If not, give the reason for non-existence.
. -1 .. -1 . 577: cee -1 .
(i) sin™'(cosm) (i) tan (sm(—?n (iii) sin™'[sin5].

. Find the value of the expression in terms of x, with the help of a reference triangle.

(i) sin(cos™ (1-x)) (iii) cos(tan™'(3x—1)) (i) tan(sin_l @%D

. Find the value of

(i) sin”'| cos| sin”' ﬁ (ii) cot(sin1§+sin1 ﬂj (iii) tan(sinl§+c0t1 EJ
2 5 5 5 2

. Prove that
12 7 1 3 12 16
i) tan”' = +tan"' — =tan ' - ii)sin”' = —cos™” —= =sin"' —.
) 11 24 2 (i1) 5 13 65
+y+z—
. Prove that tan”' x+tan™' y+tan™' z = tan™’ [M}
l-xy—yz—2zx
.Iftan"'x+tan”' y+tan'z=x , showthat x+y+z=2xyz.
3
. Prove that tan™' x+tan™' 5 =tan"' 3x x2 , | xl<—.
I-x 1-3x V3
. Simplify: tan" X —tan" 22
Y X+y
. Solve:
N .12 r . a1 L1-a L 1-p7
(1) sin” —4sin” —=— (i)2tan™ x=cos” ———cos ——, a>0, b>0.
x 2 1+a 1+b

(iii) 2tan™ (cosx)=tan"' (2cosecx) (iv)cot™ x—cot™ (x+2)= %, x>0.

Find the number of solution of the equation tan™ (x - l) +tan”' x+tan”' (x + l) =tan' (3x).

@ EXERCISE 4.6 |

5 -
The value of sin™' (cosx), 0<x<z is RBPG38
(1) 7—x Q) x-Z 3) -« 4) x-n
2 2
- -1 - 1 277: -1 —1 .
If sin™ x+sin y:?; then cos™ x+cos™ y is equal to
2m s s
1) = 2) — 3) — 4) w
(1) 3 (2) 3 3) p 4)
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. a3 S 12 45 L, 13,
3. sin” ——cos” —+sec ——cosec — is equal to
5 13 3 12
(1) 27 Q) w 3)0 4) tanlg
4. If sin”' x =2sin"' o has a solution, then
1 1 1 1
D) loo| £ — 2) lo|2— 3) |la|<— 4) |lo|>—
M) Jo < 7= @) o2 7= G) o< @) fo|> 7
5. sin”'(cos x) = %— x is valid for
(1) ~r<x<0 2 0<x<w 3 -T<x<l @ -T<x<™
2 2 4 4
6. If sin”' x+sin™’ +sin’lz—3—ﬂ the value of x™'7 + ™' 4+ 2% — 4 is
. Y — 5 y z x101+y101+2101
(1o )1 (3) 2 “4) 3
7. If cot™ x=2?ﬂ for some x € R, the value of tan™ x is
s s s s
1) —— 2) — 3) — 4) =
(1) 10 (2) s 3) 10 Q)] <
8. The domain of the function defined by f(x)=sin"'vx—1 is
(1) [1, 2] ) [-1, 1] 3) [0,1] 4 [-1, 0]
9 If xz%, the value of cos(cos_1 x+2sin™ x) is
24 24 1 1
1) - |— 2) [|— 3) = 4) ——
(),/25 (),/25 3) 4) s
a1 L4(2).
10. tan™ | — |+tan" | — | is equal to
4 9
1 3 1 3 1 3 1
1) —cos'| = 2) —sin”' | = 3) —tan'| = 4) tan'| =
mges'(2] @[3 ® (2 @ [l
11. If the function  f(x)=sin"' (x2 —3), then x belongs to
(M) [-1,1] @) [V2,2]
3) [-2 -V2]u[V2. 2] @ [-2-v2]
12. If cot™ 2 and cot™' 3 are two angles of a triangle, then the third angle is
nE o 3T 3 T n =
(1) 5 @3 (3) ¢ 4) 3
13.

sin”' [tan %] —sin”! [\/E] = % . Then x is a root of the equation
X

() x> —x—6=0 (2) x> —x—12=0 B) X¥*+x—12=0 (4) xX*+x—6=0
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14. sin™ (2 cos’ x— 1) +cos™’ (1 —2sin’ x) =
T T T T
1) — 2) — 3) — 4) —
(1) 5 () 3 3) 1 4 6
15. If cot™ <\/sin05)+tan*1 (\/sina):u , then cos2u is equal to
(1) tan’ « 2)0 3) -1 (4) tan2o
16. If |x| <1, then 2tan™" x—sin™' —— is equal to
1+x
(1) tan' x (2) sin”' x 3)0 4) =
17. The equation tan™ x—cot™' x =tan™' (Lj has
3
(1) no solution (2) unique solution
(3) two solutions (4) infinite number of solutions
. (1 T )
18. If sin™ x+cot 5 za,then x 1is equal to
1 1 2 V3
) = 2) —-= 3) = “4) —
® (1) 5 7 7 >
. X 45 =« .
19. If sin™ =+ cosec Z = E’ then the value of x is
(1)4 2)5 (3) 2 43
20. sin(tan ' x), | x|<1 is equal to
(1) = @) ——— ¢ )
V1—x’ 1—x’ NIES'S J1+x?
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SUMMARY

Inverse Trigonometric Functions

53]

[53)

Eo

. . Inverse Inverse Inverse
Inverse sine [ Inverse cosine Inverse cot
. . tangent cosecant secant .
function function . . . function
function function function
Domain Domain Domain Domain Domain Domain
[_Ll] [_1’1] R (—00,—1]U[1,00) (—OO,—I]U[I,OO) R
Range Range Range Range Range Range
[0, 7] (0, 7)

et

not a periodic

not a periodic

not a periodic

not a periodic

not a periodic

not a periodic

function function function function function function
odd function | neither even odd function |odd function |neither even neither even
nor odd nor odd nor odd
function function function
strictly strictly strictly strictly strictly strictly
increasing decreasing increasing decreasing decreasing decreasing
function function function function with | function with | function
respect to its | respect to its
domain. domain.
one to one one to one one to one one to one one to one one to one
function function function function function function @

Properties of Inverse Trigonometric Functions

Property-I

(i) sin"\(sin 0) =6 , if Ge[—g, g] (i) cos™ (cos )= 0, if 80, 7]

B _ . T T . B _ . T
(iii) tan”! (tan®)= 0, if 96(—5, 5) (iv) cosec!(cosec 0)= 6, if 96|:—5, 5}\{0}
(v) sec!(sec 0)= 6, if 0€[0, 7] \{g} (vi) cot'(cot 0)=06, if 6e(0, )
Property-I11
(i) sin(sin”x)=x, if xe[-1,1] (i) cos(cos'x)=x, if xe[-1,1]
(1i1) tan(tan’lx)zx, if xeR (iv) cosec(cosec’lx)zx, if xeR\(-1,1)
v) sec(sec"lx)zx, if xeR\(=1,1) (vi) cot(cot'1 x)zx, if xeR

Property-III (Reciprocal inverse identities)
(i) sin™ (1j= cosecx, if xeR\(-1,1). (i) cos™ (1J= secx, if xeR\(-1,1)
X x
if x>0

cot™' x
(iii) tan™ (l) = _
X —m+cot” x if x<O0.
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Property-IV(Reflection identities)

(1) sin”'(-x)=-sin"'x,if xe[-1,1].

(ii) tan"'(-x)=-tan"' x,ifxeR.
(iii) cosec™ (=x) =— cosec”'x,if x| 21 or xeR\ (-1, 1).
(iv) cos'(-x)=m—cos ' x,ifxe[-1,1].

(v) sec”'(—x)=m—sec” x,if |x|>1 or xeR\(-11).
(vi) cot'(—x)=m—cot'x, if xeR.

Property-V ( Cofunction inverse identities )

1) sin'1x+cos'1x=%, xe[-1,1]. (ii) tan'lx+cot'1x=%, xeR.
(iii) cosec’1x+sec’1x:§, xeR\(-1,1) or |x>1.

Property-VI

(i) sin'x+sin’y = sin™’ (x\/l—yz + 31— x2 ), where either x* +y* <1 or xy<0.

@ (ii)) sin"'x-sin”'y = sin™’ (x\/l N ), where either x* + y* <1 or xy>0. ®

(iii) cos' x+cos™ y=cos™ xy—\/l—xzwll—yz}, if x+y>0.

(iv) cos"'x—cos" y=cos” xy+\/1—x2\/1—y2}, if x"y.

(v) tan'x+tan'y=tan™’ x+yj, if xy<l1.
1-xy
(vi) tan"'x—tan'y=tan™' x—y]’ if xy>-1.
1+xy
Property-VII
: 2 . -x’
(1) 2tan_1x=tan"1(1_);2), x| <1 (ii) 2tan1x=cosl£1+;], x>0
. 2
(ili) 2tan”' x=sin 1(1_'_);2), x| <1

Property-VIII

. . 1 2 CZ - 1 1 1
1) sin (2xvV1-x )=251n x,if x| <— or ——<x<—.
) aras N N
(i) sin_l(ZX\/l—x2)=2cos_1x, if L <x<l.
2
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Property-I1X
(i) sin"'x=cos'V1-x*,if 0<x <1, (i) sin'x=-cos'V1-x*,if -1<x<0.

],if —l<x<l. (iv) cos'x=sin"'V1-x*,if 0<x<I.

(ii) sin”' x=tan™' al
JI-x°

(v) cos'x=m—sin"VI-x",if —1<x<0. (vi) tan‘lx:sin‘l(

X

(ot

,if x>0.

Property-X
(i) 3sin™ x = sin" Bx—4x’), xe [—% ﬂ . (ii) 3cos™ x =cos™ (4x° —3%), xe B 1} .
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