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Note for Teachers.......

You would have taught the class nine book by now and experienced
the nuances of this book. You would have also noticed that the confidence in
children has increased and they are now able to solve problems better. You
would have also noticed that children can read the book and attempt to
understand and solve problems on their own. They may not always succeed
but they have greater confidence and desire to make the effort themselves.
This is a great success facilitated by the manner you have used the book. You
would have also seen that the discussions they have amongst themselves have
improved and they are now able to listen to each other and make useful points.
We are also sure that you would have noticed that you have a better
understanding of what they are doing when you move around as they are
working in groups. It would have helped you to recognise the areas that they
are having difficulty with and support them in learning. These practices would
need to be continued in class X and in fact intensified as students will now be
more confident of working in groups, reading the book themselves, attempting
to solve the questions below the form of “Try these’ and the exercises in the
book. Class X is also an important because it is the year children would have
the board exam. The board exams for this book would follow the pattern that
has been emphasised. It will not for example have questions that are largely
from the exercises itself.

In this book,there is emphasis on the ways of verifying mathematical
statements sothat students may prove mathematical statements instead of
accepting it obviously ,understand the logic behind it and understand difference
between proof and verification.So you give opportunities in the classrooms to
the students to write new statements and to find their own way to prove it or to
understand the previous theorems by reading them.

In secondary level it is expected that student can read mathematical
language,can make new mathematical statements by using their signs and
symbols.More opportunities are there in this book where they will find answers
by inferring the mathematical statements. By keeping this facts in mind in this



book several new symbols have been introduced and along with generalisation is
emphasized.More practice is necessary for this.

Conceptual and procedural knowledge are linked in the chapters like
geometry, ratio proportions, banking and taxation. There is emphasis on making
procedures purposeful and meaningful example: in coordinate geometry.

There are strong linkages within the chapters like similarity, ratio proportion and
height-distances; graphs with one variable and two variable equations.

Chapters like Mensuration are not written just as formula based chapters.
Use of net to understand/find out meaning of S.A, volume. So teachers can
encourage students to draw nets and explore. Here the nets on cube and cuboid
are included.

We hope that you and children will enjoy the problems and activities which
is given in the book.Share yourexperiences and make change in questions of the
book,this is necessary to keep it alive so give new problems to students and
send it to us also sothat we may add it in next edition.Your suggestions and
questions will help us to make textbook more better.

Director
State Council Of Educational Research
And Training Chhattisgarh, Raipur
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Introduction
1
In the expressions 3x2 +7x—2, X’ _§X+ 3and ¥’ —J2y? +3y-7 the exponents of

each of the variables (expressed in letters) are whole numbers. These type of expressions
are known as polynomials. You have learnt addition, subtraction and multiplication of
polynomials in Class-1X. Let us consider the operations of addition, subtraction and

multiplication once again.

1. Add x+3 and x+4

Solution: Addition of (x+3) and (x+4)i.e.  (x+3) + (x+4)
= X+3 + X+4
= (x+X) + (3+4)
= 2X+7

2. Subtract x* + x -2 from the polynomial 2x? +3x+5

Solution: Subtract x> +x—2 from 2x? +3x+5 i.e. (2x*+3x+5)—(x* +x-2)
=2X* +3X+5— X" —X+2
=(2x* = x*)+(3x—x)+(5+2)
=X +2x+7

3. Multiply (X+5) to (x-7)

Solution : Multiply (x+5) to (x=7)ie. (x+5)(x-7)
=X(X=7)+5(x=7)
=x*-2x-35
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Try These
_ 1. Add the polynomials 2x — 7 and 5x + 9.
~«“’ 2. Subtract x2 + 3x — 4 from the polynomial 3x2 + 2x — 3.

3. Multiply the polynomials x? + 2x— 3 and x*+x—2.

CanWeDivideaPolynanial

Notice that the terms with the same exponent are put together while adding and subtracting.
Exponents are added in case of multiplication. We have carried out addition, subtraction
and multiplication of polynomials and know how to do these operations.

Can we do division of polynomials in the same way as we do addition, subtraction
and multiplication of polynomials? How do we manage terms and exponents during division?
Before finding the answer to these questions let us see why we need to divide polynomials.

Look at the situation given below:

1. Acar travels a distance of x kmin 4 hours. Find the speed of the car.
Solution: Distance travel led by the car = x km
and time taken to travel thisdistance = 4 hours
Speed = Distance
Peee= " ime

X
Speed = 2 km/hour

This division is easy because it involves division of a polynomial having one term by
a polynomial having one constant.

2. If the area of a rectangle is 40x> m? and length of one of its side is 10x meter then
what is breadth of the rectangle?

Solution: Avrea of rectangle = 40x? Sq.mt.
Length of rectangle = 10x meter
Avrea of rectangle = length x breadth

40x%> = 10x x breadth

2
breadth _ A0
10x
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4x10x Xx X
10x

= 4x meter
Here, quotientand divided both are monomials and remainder is also a monomial.

Now, we divide a binomial polynomial by amonomial.

3. Divide the polynomial 18x? +9x by 3x.

Solution: To divide 18x* +9x by 3x we can write in the following way:
18x* 9x
+_
3x  3X
=6X+3
Try These

1.  Divide 2x* +12x + 6 by 2x.

2.  Abustravelsadistance of y kmin 5 hours. Find the speed of the bus.

3. Areaofarectangular garden is 65x? square meter and the breadth of that garden is
5x meter. Then, find the length of the garden.

4.  Thelength of the base aright angle triangle is 2x units and its area is 4x> + 4. Find
the length of the perpendicular of the triangle.

The process of division followed in the above examples can also be used to solve

practical problems. Let us see some examples.

Example-1.  We have a line segment AB whose length is8x units and we have to divide
it into two eqaul parts. How will you tell the length of each part?

Solution: Suppose C is any point on line segment AB which divides AB into two
equal parts.

We can write this in the following way:-

AB=AC+BC
Now, since C divides line segment AB into two equal parts

So, AC=BC
. TAB=AC+AC
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8x = 2AC
AC—S—X

or =5
AC__2><4X
2

AC = 4x

Hence, the lengths of both equal parts of the line segment are 4x units each.
While dividing a multiple term polynomial by a one term polynomial, we first write each term
separately. Let us see how.

Factorise polynomial 18x? + 9x and divide it by 3x.
To divide 18x2 + 9x by 3x, we can write in the following way:-

18x% +9x
3x

COX2X XX X+9x X
3X

9x(2x+1)
3X

=3(2x+1)
=6X+3

See ocnemore exanple
Factorise the polynomial 4x* + 12x3+ 8x? and divide it by 4x?
To divide 4x* + 12x3+ 8x? by 4x? we can write in the following way:

4x* +12x° +8x°
4x?

AP x X 43X AX% + 2% 4%°
4x°

~ 4x* (x2 +3x+2)
4x?

=x*+3x+2
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DivisionofaPolynaniallbyFactorisation

Now we will learn division of a polynomial by factorisation method.
If we have to divide polynomial 2x2 + 5x — 3 by (x — 2), then can we apply the
above method of division?
To divide 2x2 + 5x — 3 by (x— 2) we can write in the following way:-
2x* +5x -3
X—2

But here we cannot find any common factor in numerator and denominator and we
cannot determine the quotient. In this situation, we can use long division method of division.

In algebra you know that the meaning of division of 25 by 4 is

25 .
= ie.
4
Dividend
Divisor 4| 25|6 Quotient
_24
1
Remainder

Here25=4x6+1
This is the same as
Dividend = Divisor x Quotient + Remainder
Similarly, by dividing dividend by divisor we will get quotient and remainder. The remainder
will be zero in the case of complete division.
Example-2. Divide the polynomial 2x? + 5x — 3 by the polynomial x - 2.

Solution: Here, polynomial 2x? + 5x — 3 is dividend and (x — 2) is divisor.
Dividend
Divisor 2%x2 +5x—3 Quotient
(x—2) —(2X2—4X) (2x+9)
9x -3
—(9x-18)
+15

Remainder
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Here, we found that the quotient is 2x + 9 and remainder is 15.

So, the process of divison is completed using the following steps:-
Step-1. Write the dividend and divisor in the descending order of their degrees.
Step-2. Divide the first term of dividend by the first term of the divisor

2x°
Here —— =2X
X
This, is the first term of the quotient
Step-3. We will multiply the divisor with this quotient and will subtract the product from
dividend
(x—2)2x =2x* - 4x
2x° +5x-3
—2x% + 4x
9x-3

Step-4. Divide the the first term of result of subtraction by first term of divisor.

9x
i.e. ~ 9 This is the second term of quotient.

Step-5. We will again multiply this quotient with the divisor.
ie. 9x(x—-2)=9x-18

Now we will subtract 9x —18 from 9x —3.

9x—3 Or 9x -3
—(9X—18) —9X +18
+15

We will repeat this proces till the remainder becomes zero or the degree of the
remainder becomes less than the power of the variables of the divisor. The remainder is 15
in this example and its power is less than the power of the variable in (2x +9).

Brief representation of this division is:-

(2x* +5x—3) = (x—2)(2x+9)+15
i.e. Dividend = Divisor x Quotient + Reminder
Example-3. Divide the polynomial 5x — 11 — 12x2 + 2x3 by the polynomial x— 5.

Solution: Here, dividend is 5x — 11 — 12x2 + 2x® and divisor is x — 5.
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The power of x in divisor is in descending order and we will also have to write the
power of x of dividend in descending order.

When we write the power in descending order, the dividend will be 2x3 — 12x% +

ox —11.

2x° —12x* +5x—-11 | 242 _9x_5

—(2x3—10x2)

—2x? +5x-11
—(—2x2 +10x)

-5x-11
—(—5x+ 25)

-36

Here, quotient = 2x?— 2x -5

Remainder =—36

For 2x3 we will take quotient 2x?

Now we will take -2x for -2x2

Now we will take -5 for -5x.
Now we can't divide any further.

This is the remainder.

Example-4. Divide the polynomial 2x3 — 3x? - x + 3 by the polynomial 2x? = 4x + 3.

Solution: Here, dividend is 2x3 — 3x?—x + 3 and divisor is 2x® - 4x + 3.

Now,

2x> —4x+3

—(2x3 —4x% + 3x)

2x3 —3x* —x+3

1
X+=
2

X —4x+3

—(xz —2x+§j
2

—2x+(

3_3

2) Power of remainder is less than

the power of dividend and divisor

3 . 3 ) 1
or _2X+§' So Remainder =—2X+§ and quotient = X+

Example-5. Divide the polynomial 2x® + 4x — 3 by the polynomial x—2.

Solution: Here, dividendis 2x® + 4x —3 which we can write as 2x* + 0.x> + 4x —3 and

divisoris X—2.
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Now, (x-2) 2 +0.X2 +4x -3 | 2x® +4x+12
2x3 — 4x?
=) )
4x° +4x -3
4x* —8x
. . =) &)
Quotient and remainder
are also polynomials. 12x-3

12x—24
=) &

21

Quotient(= 2x* + 4x +12
Remainder(= 21

Example-6. Ifdivisor =3x+1, quotient = 2x —1, remainder is 4 then find the dividend.
Solution: -+ Dividend = Divisor x Quotient + Remainder

=(3x+1)x(2x-1)+4

=3x(2x-1)+1(2x-1)+4

=6X*—3x+2x-1+4
Dividend =6X" —x+3

Example-7. Prove that on dividing (2x*+ x2—5x + 2) by (x + 2) the remainder is zero.

Solution:
(x+2) 2x° + % =5x+2 | 2x* —=3x+1
2x° +4x*
=) @
—3x* —5x+2
~3x% - 6X
+) )
X+2
X+2 : .
“) ) Clearly, remainder is zero.
0
Try These

Write the polynomial X* +2xy + Y* in the form of factors and divide by x+y .




o
( PoLyNoMmIALS <9> [

Example-8. Divide the polynomial a*® —3a’b + 3ab” —b® by the polynomial a—b

Solution : Here, dividend = a® —3a’b + 3ab? —b® and divisor =a—Db.

a-b | a®-3a’h+3ab’>-b® | a’-2ab+b?
a’-a’b
() ®

—2a’b+3ab*-b®

—2a’b +2ab’

®

ab®-b®
ab® —b®
() &
0
Exercise -1
1. Find the quotient and remainder on dividing polynomial x* — x+1 by x+1.
2. Findthe quotientand remainder on dividing 6x* —5x +1 by 2x—1.
3. Find the quotient and remainder on dividing 2y* +4y* +3y +1 by y+1
4.  Find the quotient and remainder on dividing x°>+5x+3x*+5x>+3 by
AX+ X" +2.

5. Findthe quotient and remainder on dividing x> —2xy + y* by x—.
6. Divide polynomial a by polynomial a—b.
7. If divisor = 3x* — 2x + 2, quotient = X +1, remainder = 3 then what is the dividend.
8. Ifdivisor = 4x—7, quotient = x+1, remainder =0 then what is the dividend.
9. Prove that on dividing the polynomial 4x® + 3x? + 2x — 9 by x—1 the remainder is

zero.

10.  Verify whether on dividing polynomial x? —5x + 3 by X—3 the remainder is zero
or not.

11. Iftheareaofarectangleis 45x* +30x square meter and its breadth is 15x meter
then what will be the length?

12.  Aline segment AB whose length is 28x unit is to be divided into two equal parts.
What will be the length of each part?
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Remainder Theorem
Now, we go through various examples of division again. Do you find any important points?
We can say that "If we divide apolynomial f (x) by (x—a) then remainder
is f (a)." This is remainder theorem. Meaning of f (a) isthevalueof f when x=a.
Proof: - Dividend = Divisor x Quotient + Remainder
Now, f(x)=(x—a)q(x)+r
Value of f (x) isasfollowswhen X=a
f(a)=(a-a).qg(a)+r
f(a)=0q(a)+r
(

f(a)=0+r

)=(a-a

)=04q(a
or f(a)=r

Since r is called remainder therefore here remainder = f (a)

We divide f (x) by (x—a) and find that remainderis f (x).

Therefore, we can say that if we divide a polynomial f (x) by (x—a) then

remainderis f (a).

Try These
If divisor of f (x) is x+a then find remainder.

(i) f(x)=2x-a (i) f)=x*-a’ (iii) f()=x*-2x+1

Now, by using remainder theorem we can find remainder without doing division if

we know dividend and divisor.

Example-9.  Find the remainder when we divide dividend p(x)=3x"-x*+30x-1
by the following:
(a)  x+1 (b) 2x-1

Solution: (@) Dividend P(x)=3x"~x"+30x-1
and divisoris g(x)=x+1

Then, remainder =?
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We know by the remainder theorem that remainder r = p(a) when division is given
by x—-a.
" Here divisor is x+1 and remainder r = p(-1)

Onputting X =-1 in p(x) When divisor is X—a then

Remainder = p(-1) remainderr = f (a) but
= 3(—1)4 —(—1)3 +30(-1)-1 when divisor is X+ @ then
=3+1-30-1 remainderis r = f (—a).

Remainder =-27

Solution: (b) Dividend P(x)=3x"~x"+30x~1
and divisor g(x)=2x-1

and remainder = p(a)

1 1
Here, we will write Z(X—Ej as 2x—-1. NOWE is appearing in place of a.

. 1
So, remainder = p (Ej

4 3
=3(1j —(lj +30><£—1
2 2 2
:3xi—1+15—1
16 8

=i—l+14

16 8

=E+14
16

=i+14
16

1
i =14—
Remainder 16

Example-10. Find remainder by using remainder theorem if dividend and divisor are

p(x)=2x*-3x+6, g(X)=x—2respectively.
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Solution: Here, dividend p(x)=2x*-3x+6

and divisor g(x)=x-2

Then by remainder theorem

remainder r=p(2)

=2(2)°-3(2)+6
r==8
Example-11. When a polynomial f (x) is divided by x* —4 then we get remainder
5x + 6 . If the same polynomial is divided by x — 2 then what will be the remainder?
Solution:  Heredividendis = f (x) and divisorsare x* —4 and x—2.When f ()
is divided by x* — 4 then remainder is5x + 6 . We can write this in the following way:-
- Dividend = Divisor x Quotient + Remainder.
f (x) = (x> =4)xq(x) + (5x +6)

Now, we know that once dividend and divisor are known then we can find remainder with

the help of remainder theorem.

Since, x—2 isadivisor of f (x).
So, by remainder theorem,
Remainder = f (2)

=(2°-4)xq(2)+(5x2+6)

=(4-4)xq(2)+10+6

=0xq(2)+16
Remainder =16
So,when f (x) isdivided by x — 2then remainder will be 16.
Think and Discuss
1. Inthe above examples can we find the remainder if another divisor x + 2 is used in
place of second divisor (x—2)? If yes, then find the remainder.

2. Can you see any particular or unique relationship between the divisors in the above
examples? Find this particular relationship with the help of your friends. If there is no
relationship between the divisors then can we still find the remainder? Try to get the
answer by taking aexample.
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The Factor Theorem

What does it mean when we are dividing a polynomial dividend by another polynomial and
remainder comes as zero. Do we find a new relationship between dividend and divisor
when remainder becomes zero?

Now we well try to understand the realationship of dividend and divisor by taking
an example of algebra where remainder becomes zero, then use this to find relationship in
polynomials.

We take 25 as a dividend and 5 as divisor and then see what will be the quotient
and remainder.

Dividend
Divisor 5| 255 Quotient
=25
0
Remainder

- Dividend = Quotient x Divisor + Remainder.
25=5x5+0
25=5x5
By this relationship we can say that divisor 5 is a factor of dividend 5.

Try These

Divide 15 by 3 and write it in the above form and check whether there is also some
relationship.

Does the same kind of relation apear in the division of polynomials?
Example-12.  What will be the quotient and remainder if the polynomial x? —16 is divided
by polynomial x—4.

Solution : Dividend
Divisor Quotient
(x-4) x*=0x-16 | y,4
~(x*-4x)
4x-16
—(4x-16)
0

Remainder

4

<

>
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Clearly, quotientis X+ 4 and remainder is 0.
Now, write this in the following form
-+ Dividend = Divisor x Quotient + Remainder

x* =16 =(x—4)(x+4)+0

X?—16 = (x—4) (x + 4). In the above example, we can see that product of (x—4)

and (x—4) is x>— 16. This means that the divisor (x— 4) is a factor of x> — 16. But we can
say this only when the remainder is zero.

Find out if (x + 4) is a factor of x? - 16.

We can say that a divisor is a factor of dividend if remainder is zero on dividing
dividend by the divisor. This statement is said to be the simplest form of the remainder
theorem. Inaway, factor theorem is expanded form of remainder theorem.

Proof of factor theorem

This statement can be written in the following manner in the form of a theorem. To
write this in the form of atheorem, we need to prove it first.

Theorem : Ifx=a, suchthat a is zero of polynomial f (x) where remainder f (a)=0
then (x—a), isafactor of f (x)
If ondividing f (x) by (x—a),theremainder f (a)=0,then (x—a) isafactor
of f(x).
Proof : We can write the relationship between dividend, divisor, quotient and remainder in

the following way .
e 1(x)=0(x)a(x)+r(x
By the remainder theorem we know that if f (x) is divided by (x—a) then

remainder is f (a) .

-~ Dividend = Dividsor x Quotient + Remainder

ie. f(x)=(x-a)q(x)+f(a)

Now, if remainder f (a)=0 The values of x for which
Then, f(x)=(x-a).q(x) the value of polynomial
Clearly,(x—a) isafactor of f (x). f(x) is zero are called

zeroes of the polynomial.



The converse of this theorem is also true therefore, if divisor is a factor of adividend,
then remainder is zero.

Converse : Remainder is zero if (x—a) isafactor of f(x).
Proof : Since (x—a) isafactor of f(x).
ie.x=a isazeroof f(x)

f (x)=(x-a)a(x)

Onputting X=a in
f(a)=(a-a)a(a)

f(a)=0

Clearly if (x—a)isafactor of f (x) thenremainder f (a) is zero.

1. If there are two factors (x—a), (x—b) of a polynomial, then
f(x)=(x—a)(x-b).q(x)
2. If there are three factors (x—a), (x—b), (x—c) of a polynomial

then f (x) =(x—a)(x—b)(x—c).q(x)

We can tell whether a divisor is a factor of dividend polynomial or not without
doing division with the help of factor theorem. You will understand the importance of factor
theorem more by the following example:-

Example-13. Is (x—2), afactor of polynomial p(x)=x°—3x*+4x-4?
Solution : If (x—2), isafactor of polynomial p(x)=x*—3x*+4x—4,thenon putting
X =2 remainder should be zero.
Putting p(x) in x=2
p(2)=(2)"-3(2)" +4(2) -4
=8-3x4+8-4

=8-12+4
=12-12

P(2)=0
Clearly, p(2)=0so (x—2)isafactorof p(x)

4
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Example-14. Is(x—a) afactor of the polynomial p(x)=x*—ax*+5x—5a?
Solution : Ifon putting X =a in polynomial p(x)=x’—-ax*+5x—5a, p(a)=0
then we can say that (x—a) isafactor p(x).
Onputting X=2a
p(a)=a’-aa’+5a—5a
=a’-a’+0
p(a)=0
Clearly, p(a)=0so(x—a) isafactor of p(x)
Example-15. Find the value of kif (x—1) isafactor of p(x)=x*+x+k
Solution : Since (x—1) isafactorof X*+x+k . Thenwe can say by the converse of
factor theorm that on putting x =1, the remainder p(l) will be zero
So, p(1)=0

”+1+k=0

1+1+k=0

2+k=0
k=-2

Exercise — 2
If p(x) = x* + 3x* —5x + 8 isdivided by the following, then find the remainder

with the help of remainder theorem.

() x+1 (i)  2x-1 (i) x+2 (v) x=4 (v) X+3
2. Verifyinthe following whether g(x) isafactor of p(x).

i) g(x)=x-3 ( p(x)=x"—4x>+x+6
(it g(x)=x+1( p(x)=2x>+x*-2x+1
(it g(x)=x-2 (
vk g(x)=x-1 (

vt g(y)=y+4 (p

(x)=x*-x*—x*—x-2
X)
)

y

X% +5x2 —5x+1

p
\% p

(
(

y>+2y-1
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3. Find the value of a when g(X) is a factor of p(X).
(1) g(x)=x+1 (
(11) g(x)=x-1
@) g(x)=x+2( p(x
(vt g(t)=t=3 ( pft
v 9(y)=y+5( p(y)=y'-2y+a

4. Ifapolynomial f (x) isdivided by x> —9 then remainder is 3x + 2, what will be

p(x)=x*+ax+2
( p(x)=ax*-5x+3
)=2x*+6x+a
)

=t’+2at-2a+3

the remainder when the same polynomial is divided by (x —3) ?
5. Ifapolynomial f (x) isdivided by x* —16 then remainder is5x + 3, what will be

the remainder when the same polynomial is divided by (x + 4) ?

FactoringPolynanials

You have already seen that if a polynomial is divided by any other polynomial and the
remainder is zero then we can say that the divisor polynomial is a factor of the dividend
polynomial. If we can't find the factors of a polynomials using the factor theorem then how
can we find the factors of a polynomial? On the basis of the type of the polynomial, we can
get its factors. We will discuss here factors of linear polynomials and quadratic polynomials.

Factoring of a number means spliting it into its prime factors such that we can get
the same number on multipling those factors.

Let us think about the factors of 6

6=2x3

Here 6 is written in the form of its prime factors 2 and 3whose product is 6.

Similarly, 12 can be written as

12=2x2x3

Similarly, when we talk about factoring polynomials it means splitting a polynomial
into simple polynomials in such a way that we get the same polynomial by multiplying the
factors.

There are some methods of factoring polynomials, for example, sometimes we identify

common factors for factorising it and sometimes by using the following identities.
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a+b)’ =a? +2ab+b?
(a+b)

(a—b)2 =a’—2ab+b?
a’-b’ =(a+b)(a-b)

Toget factorsby taking common factors

It is possible to find factors by common factors method only if in each term of the polynomial

that factor is present. We can understand this by some examples which are given below:

Example-16. Find the factors of 12x + 4x?.

Solution: 12x +4x2 =4x3xx+4x xxx (Polynomial 4x s present in both terms)
=4x(3+X)

Example-17. Find the factors of ab+ac+a’.

Solution: ab+ac+a’=a(b+c+a) (aisinall three terms)

=a(a+b+c)

Example-18. Find the factors of 2x® + 4x-

Solution: 2 +HAX =2x XX X2 +2x2x X
:2x(x2+2)

Were you able to find the factors of x* —4, x> +6x+9, x*+5x+6 bytakingcommon
factors.

Let us consider the followingexamples x* —4, x* + 6x+9 and x* +5x + 6. There
are no common terms in each of these polynomials. We cannot find factors of these
polynomials by taking a common polynomial. Then what should we do?

x* —4 can be factorized as shown below:

X2 — 4= x2 _2? .+ ldentity a*-b*=(a+b)(a-b)

=(x+2)(x—2)

Canwe write x* +6x + 9 inthe form of an identity?

Yes, we can write X* +6x+9 inthe formof (a+b)” =a”+2ab+b?
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X2 +6X+9=x>+2x3x+3°

:(x+3)2
=(x+3)(x+3)
Try These
1. Factorise x?> —16 2. Factorise 4x%> —20x + 25

polynomial which is inthe formax® +bx+c

We again consider the factorisation of x* +5x + 6 . Can we find factors of this by writing
this in the form of an identity?
You will find that you are not able to write this polynomial in the form of an identity.
We need to split the middle term into two parts for this type of polynomial. The two
parts should be such that their sum is equal to middle term and their product is equal to
product of first and last term of the polynomial.
Now, we factorse x* +5x+6
X? +5X+6=x"+(2+3)x+2x3
=Xx*+2X+3x+2x3
:(x2 +2x)+(3x+2>< 3)
=x(x+2)+3(x+2)
=(x+2)(x+3)

To understand this method we use the following expression:

(x+a)(x+b)=x*+(a+b)x+ab
=1.x*+(a+b)x+ab
The expression which is product of (x+a) and (x+b) can be written in the
form of Ax? + Bx+C . Then we will see that here, A=1] B=a+b and C =ab.
To find the factors of any polynomial in the form Ax® + Bx+C coefficient A of

first term x? is multiplied with the last term C. Then we try to find two factors of the product

obtained whose sum is equal to the coefficient B of the middle term x.
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Let us understand this by looking at the following example:-

Example-19. Factorise the polynomial x* +3x+2.
Solution: On comparing polynomial x* +3x+ 2 with Ax? + Bx+C
A=1] B=3] C=2
Since, AxC =1x2=2]
Following are the possible factors of 2
1x2 | (D)x(2)
Factors 1+ 2 = 3 but (—1)+(—2) = -3 which means that 1x 2 isthe only correct
factorization of 2 where sum is 3 (which is equal to B).
So, X*+3x+2=x"+(1+2)x+1x2
=X +1.X+2.X+1x2
= (X +1.x)+(2x+1x2)
=x(x+1)+2(x+1)

=(x+1)(x+2) arethe required factors.

Example-20. Factorise the polynomial 6x? —5x —6 .

Solution: On comparing polynomial 6x? —5x —6 with Ax* + Bx+C
A=6] B=-5] C=-6
Since, AxC =6x(—6)=-36
Possible factors of &36 are:-

_1x36 1x(-36)
_2x18 2x(-18)
_3%12 3x(-12)
—4x9 4x(-9)
_6x6 6x(-6)
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Clearly in the above example, 4 and -9 are the factors of AC =—-36,assum of 4
and -9 is -5 which is equal to the middle term B.

So, 6x°—5x—6=6x"+(4-9)x-6
=6X*+4Xx-9x—6
:(6x2 +4x)—1(9x+6)
=2x(3x+2)-3(3x+2)

=(3x+2)(2x—3) are the required factors.

Example-21. Factorise the polynomial 14x? +19x —3.

Solution : On comparing polynomial 14x? +19x —3 with Ax* + Bx+C
A=14] B=19] C=-3
Since, AxC =14x(-3)=-42

Following are the possible factor of —42.

~1x42 1x(-42)
_2x21 2x(-21)
_3x14 3x(-14)
—6x7 6x(-7)

Clearly, inthe above,—2 and 21 are the factors of AxC = —42 assum of-2and
21is —2+ 21 =19 which isequal to the middle term B.
So, 14x*+19x—3=14x"+(-2+21)x-3
=14x* - 2x+21x—-3
= (14%* —2x) +(21x-3)
=2x(7x-1)+3(7x-1)

=(7x-1)(2x+3) are the required factors.

/

<21




J— ™
<22> MATHEMATICS-10 )

Example-22. Factorise the polynomial 4/3x2 +5x—24/3.

Solution : On comparing the polynomial 4+/3x2 +5x — 2+/3 with Ax? + Bx+C
A=43] B=5] C=-23
So, AxC =4\3x(-24/3)=-8x3=-24 ]

Following are the possible factors of —24.

124 1x(—24)
912 2x(-12)
3x8 3(-8)
—6x4 6x(-4)

Clearly, -3 and 8 are the factors of AxC =-24 sincesumof-3and8is—3+8

=5, which is equal to middle term B.
SO, 4/3x? +5x— 243 = 44/3x* +(~3+8)x — 2/3
= 4/3x% —3x+8x—2/3
= (44/3x* -3x) + (8x- 2/3)

:(4«/§x2—\/§«/§x)+2(4x—\/§)
=«/§x(4x—«/§)+2(4x—J§)
=(4x—\/§)(«/§x+2)

Think and Discuss

Is it possible for a quadratic polynomial to have more than two factors? Go through the
examples of this chapter. Work with your friends to form quadratic polynomials and

verify if itis possible to get more than two factors for any of them.
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Exercise—3
Factorize thefollowing polynomials by splitting the middle term:- q i
1% x*-3x-4 12 x?+2x+1 3 x*+x-12
W ¥ _gx+15 55 2 4t-21 6 —y?+35y+156 O
Wh 7x*—2x-5 18t 12x% —24x+12 1ok 6x° —7x—3
j10% 14y*+19y-3 11k By?+9y+643 2% 144x2 +24x + 1

Valueand Zeroces of aQudratic Polynanial

Consider the polynomial P ( X) = X*—6X+9 . Ifwe put X =1 inthe polynomial
Then, p(1)=(1)" -6(1)+9
=1-6+9
=4
Onputting X =1 we get4 asthevalue of p(1). Thisis the value of the polynomial
for x=1. We can also say that the value of p(x) at x = 1 is 4. Similarly, we can get the
values of p(-1), p(2) etc.
We see that when X =3
then  p(3)=3-6(3)+9
=9-18+9
=0
The value of the polynomial is 0 for x=3. So, we can say that 3 is a zero of the
polynomial.
Now, we will find the zeroes of the polynomial in the following examples.
Example-23. Find the zeroes of the polynomial x* —3x—4.
Solution : Let p(x)=x*—3x—4

Here, we need to find a value of x for which the value of polynomial is zero.

If X% 1 If X &1
then p(1)=(1)"-3(1)-4 then p(-1)=(-1)"-3(-1)-4
=1-3-4 =1+3-4

:—6 =
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On putting x =—1 the value of the polynomial is zero so—1 is a zero of the polynomial.
Are there any more zeroes for this polynomial? To know this we can try to put more values
of x. But we can use the factors of a polynomial to more easily find all its zeroes.
Find the factors of the polynomial x* —3x —4
X*—3x—4=x"—4x+x-4
=(x* - 4x)+1(x-4)
=X(x—-4)+1(x—4)
=(x-4)(x+1)
The zero of this polynomial is that value of x for which the value of polynomial is zero.
So, Xx*-3x-4=0
= (x-4)(x+1)=0
= (x-4)=0 and (x+1)=0
= Xx-4=0 and x+1=0
= X =4 and x=-1
Here we see that for both x =-1 and y = 4 the value of the polynomial is zero.
So -1 and 4 are zeroes of the polynomial.
In the above example —1 and 4 are zeroes of the polynomial while (x -4) and
(x + 1) are factors of the polynomial. We see that on making the factors of the polynomial

zero we get zeroes of the polynomial. So if we know the factors of a polynomial then we
can get zeroes of the polynomial. Can we find the factors if zeroes of the polynomial are

given?
Try These
1. Find factors and zeroes of the polynomial x* - 9.
2. What will be the factors of a polynomial if its zeroes are 4 and —1.

Relationshipbetween Zeroes andCoefficientsofa

Polynamial

Zeroes of a polynomial x* - 5x + 6 are 3and 2, then its the factorsare (x - 3)and (x - 2).

ie. x*-5x+6=1,(x-3)(x-2)
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Now, think about the factors and zeroes of the polynomial 4x? - 4x +1
4X* - 4X+1=4x* - 2x - 2x+1
= (4x2 - 2x) -1(2x-1)
=2x(2x -1)-1(2x -1)
=(2x-1)(2x-1)

g loa, 16
So, the factors of 4x* - 4x +1 are 48 X- 558 X - EE and clearly the zeroes of the

1.1

polynomial are 55

Do you see any important point (pattern) in the factors of x° -5x+6 and
4x% - 4x +1. The coefficient of X* in x* -5x+6 is seen as one of its factors. Similarly,
4 which is the coefficient of x2in polynomial 4x* - 4x+1 isafactor of this polynomial.

This means that the polynomial ax* +bx+c whose zeroesare ¢ and S and where
a]b]c are real numbers where a 1 0 can be written in the following way:-

ax’ +hx+c=k(x-a)(x-4) ( k=a

Where k isareal numberand k10

Again ax’ +bx+c =k -k(a+ p)x+kaf  (onmultiplication)
Oncomparing the coefficients of XZ] X and the constant terms on both sides of this equation
a=k( b=-k(a+p)( c=kap

Lk:a+ﬁ (E:aﬂ

L:a{-ﬁ

-b c _
So atp= a2 and af = 3 (Onmultiplying the numerator and

denominator by —1)
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We can say that in a quadratic polynomial ax? + bx + ¢

_ Coefficient of —x
Coefficient of x?

Sum of zeroes, a+pf

and product of zeroes 3 Constant term
ap = .
P Coefficient of x?

Let us understand the realtionship between zeroes and coefficient of polynomials
through some examples.

Example-24. Find the sum and product of the zeroes of the polynomial 6x* +13x +7.

Solution: On comparing the polynomial 6x? +13x +7 with ax* +bx+c
a=6]b=13] c=7
-b
- Sum of zeroes = e
-13
\ Sum of zeroes = r
c
- Productof zeroes = 2
7
\ Product of zeroes = ry

Example-25. Find the sum and product of the zeroes of the polynomial 4x* + 43x+3

in the form ax® +bx + ¢ ,

Solution : On comparing the polynomial 4x* +4~/3x +3 with ax? +bx +¢

-b
-- Sum of zeroes :;
-(4v3
\ Sumofzeroes = ( y )

- Productof zeroes =

\ Product of zeroes =
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Think and Discuss
Can we find the polynomial if its zeroes are given? Form a polynomial using any two

Zeroes.

Eercise -4
1. Zeroes of some polynomials of the form ax” + bx + ¢ are given below :
Find the factors of the polynomials.

O G4 6@ (-2-3 i) §pp

iv) (1517) v) (-1812)

2. Find the sum and product of zeroes of the following polynomials.
(i x> +10x + 24 (iv)  -5x*+3x+4
i)  2x*-7x-9 (vi x* +x-12
@)  x*+11x+30

What We Have Iearnt

1. Theprocessof division in polynomials is slightly different from division in arithmetic.
Here, we have to be careful about the exponents of the variables.

2. For division of polynomials we have to write the dividend and divisor in descending
order of their exponents.

3. Long division method is also used to divide polynomials.

4. In long division method, we keep repeating the process of division till we get zero
as the remainder.
In division of polynomials, the quotient and remainder are also polynomials.

If apolynomial f (x) isdividedby (x-a) thenremainderis f (a). Thisis called

the remainder theorem.

7. (x—a) is a factor of polynomial f (x), if f (a) = 0. Also, if (x—a) is a factor of f (x),
then f (a) =0.

8.  Quadratic polynomials have two zeroes.
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Exercise-1

ANSWER KEY

Quotient = X-2 Remainder=3 2. Quotient =3x-1, Remainder=0
Quotient = 2y* +2y +1, Remainder =0

N ook~ w e

A +x*+5

11. (3x +2) meter

Quotient = x-y, Remainder=0
8. 4x*-3x-7

Quotient = x* - 4x* +19x - 65, Remainder = 227x +133

6. Quotient =1, Remainder =b
10. Remainder is not zero
12. 14X meter

Exercise - 2
. . o1 . : 269
1L @) 15 (i) g @) 22 (M 100 () 7
2. () (X - 3) is a factor of given polynomial.
(i) (X + 1) is not a factor of given polynomial.
(iii) (x - 2) isafactor of given polynomial.
(iv) (x -1)is nota factor of given polynomial.
v) (y + 4) is not a factor of given polynomial.
3. () a=3 (Da=2 (i) a=4 (vya=-3 (v)a=-35
4. Remainder =11 5 Remainder= -17
Exercise - 3
1 (x-4)(x+1) 2. (x+1)(x+1) 3. (x+4)(x-3)
4. (x-5)(x-3) 5 (t-7)(t+3) 6. -(y-39)(y+4)
7. (7x+5)(x-1) 8. 12(x-1)(x-1) 9. (2x-3)(3x+1)
10. (2y+3)(7y-1) 1L (y+2V3)(¥3y+3) 12 (12x+1)
Exercise - 4
L () (x-3)(x-4) )  (x+2)(x+3) i) Ex-102,, 10

2.

+1
YL Y

g

(iv) (x-15)(x-17) V) (x+18)(x-12)

: , 79 ,
(i) -10,24 (i) 27 (i) -11,30
(iv) g —g ) -1,-12
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Reema asked Salma:- If one-fourth portion of a pole is painted blue, one third red and the
remaining 10 meters are painted black, what is the height of the pole?

Salma said:- We learnt about linear equations in one variable in a previous class.
We know that in such situations we make linear equations in one variable and solve them to
find the values of the variables (unknowns).

Reema:- Good! So, how will we determine the length of the pole?

Salma:- If we assume that the total length of the pole is x meters, then

X
length of the blue part = " meter

X
length of the red part = 3 meter

length of the black part = 10 meter.
Therefore, totals length of the pole = length of the blue part + length of the red part + length
of the black part

X X
= —+—+10
X 43
B 3X+4x+120
X = 12
12x = 7x+ 120
12x-7x = 120
5x = 120
_
X - 5
X = 24 meters

So, total length of the pole is 24 meters.
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Can you tell what will be the length of the blue and red parts of the pole?
Salma and Reema discussed many other problems with each-other and tried to
solve them.
Example-1.  Salmasaid to Reema:- My number is two more than your number and the
sum of our numbers is 14. Can you find our numbers?
Solution: Reema;- Let us assume that my number = x
Then, your number will be x + 2
The sum of the two numbers is 14
. X+X+2=14
= 2x+2=14
= 2x =14-2
= 2x =12

= X:E

= X=6
This means that my number is 6 and your number is 8.
Example-2.  What is the value of each of the internal angles of the triangle given below?

Solution: -+ The sum of internal angles of atriangle is 180°
\ ZA+2B+,C=180°
x= + (X +40)° + (x + 20)° = 180° A

= 3x= +60° = 180°
= 3x= = 180°-60°

= 3x= = 120°
120°
= Xu = 3 x°+H40° X°+20°
B C
= X= = 40°

\ the value of the internal angles of the given triangles are as follows:
£A=X==40°,
«B = X°+20° =40° + 20° = 60°
2C = X°+40° = 40° + 40° = 80°
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Try this

| A bag contains 50 paisa coins. Find the number of coins in the bag if the total money
in the bag is Rs. 50.

2 If one of the internal angles of a right angle triangle is 60° then find the value of the
otherangles.

8! If father’s age is twice the age of his son, then what are their current ages.

Formingequations

Salma and Reema also discussed some other types of questions.

I have Rs. 1 and 50 paisa coins in my bag. If there are 100 coins in all, then find the number
of 50 paisa coins and the number of Rs. 1 coins?

Here, we have two different types of coins and there numbers are different. We
don't know the number of any of the coins therefore both have to be shown by unknowns.
So, we will say that the number of 50 paisa coins is x and the number of Rs. 1 coinsisy.
We know that the total number of coins in the bag is 100 which means that

x+y=100

But we still can't say how many Rs. 1 and 50 paisa coins are there.

Let us see some more examples where we are able to form equations but are not
able to find their solutions.

Example-3.  There are some deer and some cranes in the forest. The total number of
legs is 180. How many deer and how many cranes are there?
Solution: Let the number of deer = x
Let the number of cranes =y
Since, one deer has 4 legs
Therefore, the number of legs of deer = 4x
Since, one crane bird has 2 legs
Therefore, the number of legs of cranes = 2y
According to the statement,

Legs of deer + Legs of cranes = 180
Thatis, 4x+2y=180
Example-4.  The cost of one copy and two pencils is Rs.45.

Solution: Let the cost of one copy = Rs. x
Let the cost of one pencil =Rs. y
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Then, the cost of one copy + the cost of two pencils = Rs. 45
X+ 2y =45

Try this
Try to form equations for the following statements
1. The sum of any two numbers is 8.
2. The difference in ages of Shashank and his father is 30 years.
3. Abag has of Rs. 1 and Rs. 5 coins. The total number of coins is 100.
4, The cost of three pens and four copies is Rs. 105.
5. A farm has some hens and some cows and the number of legs is 60.

Simul taneocus equations
In the above examples, we were able to form equations but not able to find their
solutions.
Let us now discuss the following situations.
Afather distributed Rs. 8 among his son, Saurabh and daughter, Santosh. Can we

find out how much Saurabh got and how much Santosh got?
If Saurabh got Rs. xand Santosh got Rs. y then the equation will be as follows:

On the basis of this equation, we can say that if Saurabh got Rs. 1 then Santosh got
Rs. 7, if Saurabh got Rs. 2 then Santosh got Rs. 6 and so on. We see that if Saurabh got Rs.
7 then Santosh gets Rs. 1. We can summarize the ways of distributing Rs. 8 between
Saurabh and Santosh as shown in the table below:

Rupees
Saurabh| 1 2 3 4 5 6 7

Santosh 7 6 5 4 3 2 1
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We see that we can't tell how much money Saurabh and Santosh actually got. But suppose
we find out that father gave Saurabh three times more money than Santosh then we can

write
X=3Y i 2
In equation (1), if we put x = 3y then we get the following equation in one variable
y+y = 8
4y = 8
_ 8
y = 3
y =2
Putting the value of y in equation (2)
x=3y
Then x=3x2
X=6
This means that Santosh got Rs. 2 and Saurabh got Rs. 6 which is three times
Santosh’s money.
Similarly, in example-3, when the total number of legs of cranes and deer was 180
then, our equation was AX+2y =180 ....ccevverren, (1)

Suppose we know that the sum of eyes of deer and eyes of cranes is 120
Thatis: 2x+2y=120.......c.ccceuu...e. (2) (each deer has 2 eyes and each crane has 2 eyes)

From equation (2)
2y = 120 - 2x

Putting this in equation (1)

= 4x + 120 - 2x = 180
= 2X = 60
60
- x =
= X = 30

X, i.e. the number of deer is 30. Putting this value of x in equation (1)
= 4(30) + 2y = 180
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= 120 + 2y = 180
= 2y = 180-120
= 2y = 60
_ 60
= Yy = ?
= y = 30

y, i.e. the number of crane birds is also 30.
In the above examples we saw that in situations where we had two variables but only one
equation, we could only estimate the answers. Once we got the second condition and were
able to form the second equation, we were able to arrive at the exact answer.

Think and discuss
Can we find the answers to the problems given below? If not, then why?
1. You are given a parallelogram where in the pair of adjacent angles the value of one
angle is 4/5 times that of the other. Find the angles.
2. Some cuckoos and sparrows are sitting on a tree. If the sum of their legs is 36, find
the number of cuckoos and the number of sparrows.
3. Afruit-basket contains apples and mangoes. The number of fruits is 39. Another

fruit-basket has some mangoes and oranges then find the number of mangoes in the
second basket.

Solutionsof equations

How can we find the solutions to equations describing different conditions? We
need to solve the equations and there are many methods to do so. Let us learn about some
of them.

Graphical method

In coordinate geometry or as part of drawing graphs, you have learnt how to depict
graphs of equations in two variables. We can draw graphs of equations describing many
different conditions and learn about their solutions.

Let us draw the graphs for the equation showing the relation between the legs of
cranes and deer and for the equation showing the relation between their eyes. We will see if
we can get the solution of the equations from the graph.

For the equation 4x+ 2y =180 showing the relation between their legs, we will
make a table.

2y = 180 - 4x
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_ 180—4x
=73
y=90-2x ... (3)
Let us find the corresponding values of y by putting x = 10, 20, 30....etc. in equation (3).
Table-1
X 10 20 30 40
y 70 50 30 10
Similarly, for the equation 2x + 2y for eyes
2y = 120 - 2x
_120—-2x
=73
y=60-X e 4)

The values of y obtained by putting x = 10,20, 30....  inequation (4) are given

in table-2.

Table-2
X 10 20 30 40
y 50 40 30 20

Now, let us draw a graph using the values given in table-1 and table-2.

W !
70
60
50
40
33 (30,30)
(40,20)
20 2% +2y=120
10 (40,10)
4%+ 2y = 180
Of 10 20 30 40 50 6 70 X
Y
=

Graph-1
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We find that the lines in the graph intersect at the point (30, 30). These are the
values for the number of deer and number of cranes, as we had previously calculated.

Try this

Draw graphs for the equations x+ y =8 and x= 3y and find the solutions.

The questions given below have also been solved using the same method.

Example-5. 10 students of class X took part in a quiz. The number of girls taking part in
the quiz was four more than the boys. Find the number of girls and the number of boys who
took part in the quiz.
Solution: Suppose that the number of boys taking part in the quiz was x and the

number of girlswas y. Then,

Total number of students = number of boys + number of girls

10 = X+y
Or X+y = 10 @)

Since the number of girls was four more than the boys, we also get the following equation
y=x+4 2

Now, to draw the graphs for equations (1) and (2), we will make a table of
corresponding values of x and y and use these to draw the graph.

By puttingx=1,2,3....inequation (1) we will get the corresponding values of y and
these are shown in table-1.

Table- 1
(For x+y=10)
X 1 2 3 4 5 6
y 9 8 7 6 5 4

Similarly, by putting x =1,2,3....in equation (2) we will get the corresponding values of y
and these are shown in table-2.

Table-2

(Fory=x+4)
X 1 2 3 4 5 6

y 5 6 7 8 9 10
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If we depict the values from
table -1 and 2 on graph paper then
we get two straight lines | and m.
From the graph we can see that
these two lines | and mcut or inter-
sect each other at point (3, 7). This
point is situated on the straight lines
for the two equations.

Onthispointx=3andy =
7 and the values satisfy both the
equations. Hence, this is the solu-

tion to our problem.

Graph-2

Thus, the number of boys is 3 and the number of girlsis 7.

Theintersection point of the straight linesdepicting the equationsisthe solution
for theequations.

Can we find intersecting lines in all situations? In fact, lines on graphs for equations
describing different conditions look very different. Let us understand what this means.

1. When the lines for equations intersect at a W
point then we say that the equations have a
unique solution. The values of xand yat the
intersection point is the solution of the equa-

. Point of intersection
tions.

=
/N
©)
8

Graph-3
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2. When the lines for equations i
are parallel then the two
equations do not have any

solution because the equations
have no point in common.

Graph-4

3. When the lines for the two equations Y
are co-incident, i.e. they lie over one
another, then the equations have in-

finite number of solutions because in
this situation there are infinite points
common to the two lines.

The properties of the lines depicting differ-

ent equations help us understand day to day
X0 X
problems better. v

Let us understand through some examples Graph-5
how the properties of lines and graphs described above are helpful in daily-life problems.
Example:6.  Kavita purchased 1 pencil and 2 erasers for Rs.4 and Savita bought 2
pencils and 4 erasers for Rs. 16. Can we use this information to find the price paid by
Kavita and Savita for one pencil and one eraser?
Solution: Let us assume that the price of one pencil is Rs. x and the price of one
eraser is Rs. y. Since, Kavita paid Rs. 4 for one pencil and two erasers we can show this
using the following equation:

Ixx+2xy=4

X+2y=4 ... Q)
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Similarly, Savita paid Rs. 16 to buy 2 pencils and 4 erasers and this can be written
in the form of an equation as shown below:
2XX+4xy=16

2x+4y=16 ... (2)
From equation (1)
X+2y=4
Or 2y =4 -x
4—X
y= TS e (3)

Puttingx=0,1,2,3,... in equation (3) will give us corresponding values for y and
we will write them in table - 1.

Table-1
X 0 1 2 3 4 5 6
y 2 15 1 0.5 0 -0.5 -1

Equation (2) can be re-written as follows:

= 2x+4y = 16

= 2(x+2y) = 16

= Xx+2y = 8

= 2y = 8-X
8—x

= y = 5

Putting x = 0,1,2,3,4,5 and 6 in equation (4) will give us corresponding values

4,3.5,3,2.5,2,1.5,1 respectively for y and we will write them in table - 2.
Table-2

X 0 1 2 3 4 5 6

y 4 35 3 25 2 15 1
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Using the values in table - 1 and table - 2, we can draw the following graph:

= /N

Graph-6

We see that we are getting two parallel lines for the equations then what will be the
values for x and y?

We can see that there is no point of intersection therefore the two equations do not
have a unique solution. This means that the costs of pencil and eraser purchased by Savita
and Kavita are different.

Example:7.  Aperson purchased three chairs and two tables for Rs. 1200 and then
paid Rs. 2400 for six chairs and two tables. Then, what is cost of one table and one chair?
Solution: Let the cost of one chair be Rs. x

And the cost of one table be Rs. .

Then, the cost of three chairs and two tables is 3x + 2y

According to the problem 3x+2y=1200............... 1)
Similarly, the cost of six chairs and 4 tables is Rs. 2400.
= 6Xx + 4y = 2400

—  2(3x+2y) = 2400
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2400
= (Bx+2y) = -
= 3X + 2y = 1200 ... 2

Both the equations are identical and if we draw their graphs we will get coincident lines.
In both equations (1) and (2),

1200—-3x 1200 —3(100)

If x = 100 then y = > = 5
. 0 = 450
y - 2 -
1200—3(200) 1200 —-600
x = 200 then y = =
2 2
600
y = = 300

Similarly, we will find the corresponding values of y for different values of xand
write then in the form of a table:

X 100 200 300 400 500 600
y 450 300 150 0 -150 | -300
This table is common for both the equations therefore if we draw a graph using
these values the two lines which we get will v
be coincident. 500 ¢ (100,450)
Clearly, the values of xand y in 400
the two equations can be called the solu- 300

tions of the equation system. Since xand y
. g ) 200 (300,150)
can gave infinite values therefore the given -

system of equations can have infinite solu- (0,400)

X’/
<
300 w200 -100 O 100 200 300 40 500 600

> X

tion.
Since in the equation xand y stand -100 (500.150)
for price of one chair and one table respec- -200
tively therefore it can be said that there can 300 (600,:300)
be many possible prices for achair and a v

Y’  Graph-7
table. P
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Example8.  Findthe values of xand yfor the system of equations depicted in the graph
given below.
Solution:

9’4

=N

\/yl o

Graph-8
From the graph it can be seen clearly that the lines for the two equations intersect
each other at point (1,4) and thus, the solution for this system of equation will be x=1,y=4.

Exercise-1
Write the following statements in the form of equations:
a. The cricket coach in a school purchased 3 bats and 6 balls for Rs. 3900.

He bought a bat and two balls from the same shop for Rs. 1300.

b. The sum of two numbers is 16 and their difference is 8.

C. The cost of 2 kg apples and 1 kg grapes is Rs. 160 in a fruit shop. In the
same shop, the cost of 4 kg apples and 2 kg grapes is Rs. 300.

d. Naresh said to his daughter that seven years ago my age was seven times
your age and three years from now | will be three times as old as you.

e. A person travels 90 km by train and taxi to reach his office. The distance
travelled by train is twice the distance travelled by taxi.



2. Look at the graphs for the given equations and try to find their solutions.

a. In Equations 7
3X+2y-12=0
Thesolutionis.................. i
And, therefore the values of xand yare
< >
Graph-9

b. In Equations
3x+6y=15 v
X+2y=5 A
Thesolutionis..................

And, therefore the values of xand yare

Graph-10



6 c. In Equations
-4x+ 6y =3

2x-3y=5

Thesolutionis..................
And, therefore the values of xand yare

L P e J erererrreeireaeaas s
v
Graph-11
(-4, d. In Equations
X+2y=3
4x + 3y =27H
; Thesolutionis..................
And, therefore the values of xand yare
<€ ST >
o
v H
Graph-12

Algebraicmethods for solvingequations
1 Substitutionmethod

We have learnt how to find the solutions of equations in two variables using graphs. Now
we will discuss some more methods to find solutions of linear equations in two variables. In
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one method, we put the values of one equation in the second equation to convert it into an

equation in one variable and then find its solution. We can understand this method through

some examples.
Example-9.

There are some rabbits and some birds in a small cave and the number of

heads is 35 and the number of feet is 98. Find the number of birds and rabbits.

Solution:

LR O S

Let the number of rabbits = x
And, the number of birds =y
Number of heads of rabbits + number of heads of birds = 35

X+y =35 @
Number of feet of rabbits + number of feet of birds =98
4x+2y = 98
2(2x+y) = 98
98
2x+y = >
2x+y = 49
y = 49-2X . (2
Placing y=49 - 2xin equation (1)
X+49-2x = 35
-Xx+49 = 35
X = 35-49
-x = -14
x = 14

Now, placing x= 14 in equation (2)

=
=
=

=

y = 49-2x

y = 49-2(14)
y = 49-28
y = 21

Clearly, the number of rabbits is 14 and the number of birds is 21.

2. Eliminationmethod

In another method for solving equations, we sometimes add (or sometimes subtract) the

two equations to reduce them to equations in one variables which can be solved. Let us see

some examples where this method is used.
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Example10. Richaand Nainahad some toffees. If Richa gives 30 toffees to Naina then
Naina will have two times as many toffees as Richa. If Naina gives 10 toffees to Richa then
Richawill have three times as many toffees as Naina. Find out how many toffees each of
them has.
Solution: Let the number of toffees with Richa = x

Let the number of toffees with Naina=y

Now, if Richa gives 30 toffees to Naina

Then, new number of toffees with Richa = x- 30

And, new number of toffees with Naina=y+ 30

According to the question 2 (x—30) = y+30
= 2x-60 = y+30
= 2x-y = 30+60
= 2X—=YyY = 90 ., (D)

But when Naina gives 10 toffees to Richa
Then, number of toffees with Richa=x+ 10
And number of toffees with Naina=y-10

According tothe question x + 10 = 3(y-10)
= x+10 = 3y-30
= X—3y = -=30-10
= X -3y = 0. 2
Now
2X-Yy = 90 e Q)
X -3y = A0, (2

Are there any common coefficients for xand y in equations (1) and (2)?

No, xand y do not have any common coefficients. Then, let us see if adding or
subtracting equations (1) from (2), will eliminate either xor y? If there are some common
coefficients for xor ythen it is possible to eliminate one of them.

To get common coefficients, we will multiply both sides of equation (2) with 2, which is the

coefficient of xin equation (1).
2 (x=3y)
2X—-06y = 80 3)

1
|
oS
o
X
N

On subtracting equation (3) from equation (1),
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= 2X—-y—(2x-6y) = 90-(-80)
= 2X—-y-2x+6y = 90+80
= Sy = 170
170
= y =75
= y = 34
On putting the value of yin equation (1),
2x-34 = 90

= 2x = 90+ 34
= 2x = 124

_ 1
= X - 2
= X = 62

Clearly, Richa has 62 and Naina has 34 toffees.

Example-11. The students of a class are standing in rows. If we remove 4 students from
each row then we get one extra row but if 4 more students stand in each row then two less
rows formed. Find the number of students in the class.
Solution: Let the number of rows = x

And the number of students in eachrow =y
Then total number of students = number of rows X number of students in each row

=Xy

Now, if there are 4 less students in each row

Then, new number of students in eachrow =y-4
And, new number rows = x + 4
Then, total number of students = (x+ 4) (y—4)
= Xy = Xxy-4x+4y-16
= Xy—-xy = -4x+4y-16
= 0 = 4(x+y-4)
= —X+y-4 =0
= -X+y = -4 (D)

But when four additional students are standing in each row
Then, number of students in each row =y +4
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And, number of rows = x—-2
Then, total number of students = (x—2) (y +4)
= xy = (x=2)(y+4)
= Xy = Xxy+4x-2y-8
= Xy-xy = 4x-2y-8
= 0 = 4x-2y-8
= 2(2x-y-4) = 0
= 2X—-y—-4 = 0
= 2X—Y = 4 2
The system of equations is:
x+y=4 . (@)
2Xx-y =4 (2

Since, the coefficient of y is common and the signs are opposite in the system of equations,

therefore ywill be eliminated on adding the two equations.
X+ty+2x-y = 4+4

= Xx = 8

On putting value of xin equation (1)

= -8+y = 4
- y = 4+8
= y = 12

The total number of students = xy= 8 x 12 = 96.
We have discussed several methods to solve equations. You can use any method
which you find easy and convenient.

Example12. Tenyearsago the sum of ages of Sunil and Vinay was one third the age of
their father. If Sunil is 2 years younger than Vinay and the sum of their current ages is 14 less
than their father's age. Find the present ages of Vinay, Sunil and their father.

Solution. LetVinayspresentagebe =  xyears
Sunil’s present age = X-—2years
Their father'spresentage =  yyears

Ten yearsago, Vinay'sage = x-10
And, Sunil'sage = (x-2-10)

Their father'sage (y—10) years
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(x-10)+ (x-2-10)= % x (y-10)

= Xx-10+x-2-10 =
= 2X =22 =
= 3(2x-22) =
= 6x-66 =
= 6x-y =
= 6x-y =

1
3 (y-10)

1

3 (y-10)

y—-10

y—-10

-10 + 66

56 (1)

The sum of present ages of Sunil and Vinay is 14 less than their father’s age.

X+X-2 =
= 2X — 2 =
= 2X-y =
= 2X -y =

On subtracting equation (2) from equation (1),

6x-y—-(2x-y) =
= 6X—-y—-2X+Yy =
= 4x =
= X =
= X =

On putting value of xin equation (1),
6x17 -y =
102 -y =
y =
y =

y-14
y—-14
-14 +2

56 — (-12)
68
68

68

4
17

56
56
102 - 56

46

Present age of Vinay = 17 years

Present age of Sunil =17 -2 =15 years

Father’s present age =y years = 46 years
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A variety of questions are presented below where the different methods discussed have
been used.

Example:13.  Seventimes of a two digit number is equal to 4 times of the number formed
by reversing the digits. The sum of the two digits is 3. Find the numbers.

Solution. For the given two digit number, let the digit at the unit's place be xand that
atthe ten’s place be y. Then the number is (10x + y).

Accordingtothe question 7(10x+y) = 4(10y+ x)

= 70x+7y = 40y + 4x

= 70x—4x-40y+7y = O

= 66x-33y = 0

= 33(2x-y) = 0

= 2x-y = 0 (D)

and X+y = 3 (2

On adding equations (1) and (2),
2X-y+x+y = 0+3

= 3x = 3

_ 3
= X = 5
= x = 1

On putting the value of xin equation (2)

= X+y = 3
= 1+y = 3
= y = 3-1
= y = 2

Therefore, the numberis 12.
Example: 14. Find the values of the variables in the given equations.

2X—-5y=-8 ;
X—4y=-7
Solution. Equation 2X—-5y=-8 1)
X=4y=-7 (2)
From equation (2) X==T+4y i, (3)

On putting this value of xin equation (1),
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= 2(-7 +4y)-5y = -8
= -14+8y-5y = -8
= y = -8+14
= 3y = 6
6
= y = 37 2
On putting this value of y in equation (3),
= X = —7+4y
= X = =7T+4(2)
= X = -7+8
= x = 1
Therefore, x=1y=2
Example:15.  Solve the given equations.
41x-17y=99;
17x — 41y =75.
Solution. Equation 41x-17y=99 . (1)
17x-41y=75 . 2

On adding equations (1) and (2)
41x- 17y +17x—-41y=99 + 75

=
=

=

=

58x — 58y
58 (x-Y)

X-y

X=y

174
174

174
58

3 3)

On subtracting equation (2) from equation (1)
41x—- 17y — (17x-41y) =99 - 75
= 41x-17y-17x+ 41y =24

24X + 24y =

=

Xty

Xty

24

24
24

1
[
~
~
N—r
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On adding equations (3) and (4),

= X-y+X+y = 3+1
= 2X = 4

4
= X = 5

When in a system of equations, the

= X = 2 coefficients of different variables are
Putting x= 2 in equation (3) same, then we get new equations by
- X—y = 3 first adding the two equations and
- 2-y = 3 then subtracting them.
= 2-3 = y
= y = -1
Here, x=2andy=-1.

Example:16. InDABC, zA=x°, «B=3x’and 2C =y°. If 3y°- 5x° =30° then
prove that this isa right triangle.
Solution. The values of three angles in DABC are respectively, z A=x°, 2B =3x=
and zC=ym=

The sum of interior angles of a triangle is 180°

¢+A+ 2B+ 2C=180°

On putting the values of £ A, #B, «C

X°+3X°+y° = 180°
4x° +y° = 180°
y° = 180° —4Xx° e, (1)
Given y°=5x°=30° 2
Putting the value of y from equation (1) in equation (2)
= 3[180° -4x°]-5x> = 30°
= 3x180°-3x4x°-5x* = 30°
= 540° - 12x°-5x° = 30°
= -17x> = 30°-540°
= -17x° = -510°
. 510°
= T

x> = 30°
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Putting the value of x in equation (1)

Yy = 180°-4(30°)
= y° = 180°-120°
= y = 60°
ZA=x> = 30°
«B=3x> = 3x30°=90°
«C =y = 60°
Clearly, of the three angles in ABC, one is 90° and the other two are acute angles measur-
ing 30° and 60°.

Therefore, the given DABC is arightangle triangle.

Example:17. A boat goes 30 km upstream and 44 km downstream in 10 hours. In 13
hours, it can go 40 km upstream and 55 km down-stream. Determine the speed of the
stream and that of the boat in still water.

Solution: Let the speed of boat downstream (in the direction of flow of water) = x
km/h

And let the speed of boat upstream (opposite to the direction of flow of water) = ykm/h

Time taken to travel 44 km downstream = distance/speed
= — hours
X

30
Time taken to travel 30 km upstream = 7 hours

.. According to the question,
Time taken to go 30 km upstream and 44 km downstream = 10 hours
44 30

R _|_ —_

X Yy

Since the time taken to go 40 km upstream and 55 km downstream = 13 hours

=10 e (1)

5540
x 'y = 13 (2)
Putting (1/x) =u and (1/y) = vin equations (1) and (2), gives us equations (3) and (4).
44u + 30v = 10

- - Speed= Distance
22U+ 15v = 5 e 3) 7 oPeed= Time
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and  55u+40v = 13 4)
Now, on multiplying equation (3) by 55 and equation (4) by 22
1210u +825v = 275
-1210u-880v = —286
-55v = -11
_ -11
V= s
_ 1 s
v = 5 - y=

On putting value of v in equation (3)

1
22u+ 15X— = 5
5
22u+3 =
22u = 5-3
_ 2
4= 22
_ 1
= X = 11 = y=5

Therefore, the speed of boat downstream = 11 km/h and the speed of boat upstream =5
km/h.

Think and Discuss
Solve the above system of equations using different methods. Discuss whether the solutions
obtained using the different methods are same or not?
2x+5y=1

2x+3y=3
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tions.

Exercises 2

Check whether values of x and y given in 'A’and 'B’ are solutions of given equa- q _

A) x=2,y=5 B) x=-1,y=3
(i) X+y=7 (i) 2x+5y=13
(i) 2x -3y =-11 (v) 5x+3y=14
Check which one of "A" or "B" is a solution for given equations.
1 1
= = — X —_ — —_— —
A x=3y=-1 (B) > Y=3
()] 2X+ 5y =1, (i) X+ y = 5xy,
2x+ 3y =3. 3X + 2y = 13xy.
8
(iii) 2x—§:9; (iv) 2x+5y=_;
y 3
U Ix—2y—>
IX+—=2 Y=%
Solve the giveX equations. You can use whichever method you want.
0  x-y=-1 (i) x-2y=5;
3x -2y =12. 2X—-4y =6
(i) X+Yy=06; (v) 5x-8y=-1
—y+2 3 2 + £ 0
X=yte X~ 5 ¥*5 =
v) 3X-4y-1=0; (Vi) X+2y=8;
8
2x—§y+5:0 2x+ 4y =16
Solve the following system of equations for the given variables.
()] X+y=7; (i) 2X+y=28;
Xx—y=-1 X—2y=-1
(i)  4x+3y=5; )  JTx+Ily=0;
2X-y=2 V3x—By=0

The cost of 15 kg tea and 17 kg coffee is Rs. 183 and the cost of 25 kg tea and 13
kg coffee is Rs. 213. What will be the cost of 7 kg tea and 1 kg coffee?

A person owns some pigeons and cows. The number of legs of these animals is
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180 and the total number of eyes is 120. How many cows and pigeons does the
person own?

7. A bag has 50 paisa and 25 paisa coins. The total number of coins is 94 and their
value is Rs. 29.75. Find the number of 50 paisa and 25 paisa coins.

8. The sum of two numbers is 25. The sum of their reciprocals is ¥%. Find the two
numbers.

[Hint: (X - y)2= (X +Y)2 - 4xy]

Q. The difference of two numbers is 14 and the difference in their squares is 448.
Find the numbers.

[Hint: x2 - y2= (x +y)(X - y)]
10.  The product of two numbers is 45 and their sum is 14. Find the two numbers.

11. 5 years ago | was three times as old as my daughter. Ten years hence | will be
twice as old as my daughter. Find my present age and my daughter’s present age.

12. The distance between two cities, Aand B, is 70 km. Two cars start moving from
Aand B respectively. If they move in the same direction, they will meet in 7 hours
and if they move towards each other they will meet in 1 hour. Find the speeds of
both the cars.

13. Some students are sitting in classroom Aand B in a school. When 10 students
from room A are sent to room B, the number of students in both rooms becomes
equal. When 20 students from room B are sent to room A, then the number of
students in room A becomes twice that in room B. Find the number of students in
each room.

14, If the length of a rectangle is decreased by 5 units and its breadth increased by 2
units then the area of the rectangle decreases by 80 square units. If its length is
increased by 10 units and its breadth decreased by 5 units then the area of the
rectangle increases by 50 square units. Find the original length and breadth of the
rectangle.

Determining the typeof solutionby lockingat the
systemof equations

Can you tell whether we can solve a system of equations or not simply by looking at it?
Yes, it is possible but to do this we will need to find the relation between the coefficients of

the variable terms and the fixed terms in the system of equations.
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Look at the give system of equations:

2Xx+3y=17
6x+9y =11

In equation (1), the coefficient of xis 2, the coefficient of yis 3 and 7 is the constant term.
If 2,3and 7 are denoted by a, b

1!

and c, respectively and the coefficients and constant

terms in equation (2) are denoted by a,, b,, and c, respectively then the system of equation
can be written as follows:

ax+by=c
ax+ bzy: C,

We can write other systems of equations in the same way.

The table below shows the relation between the ratio of the coefficients of like
variables and constants in a system of equations. We can draw some conclusions by look-
ing at these ratios.

S.No.

Relation between

coefficients of like terms

Solution of system of

eguations

Geometrical meaning

(condition)
a_b

a b

a_b_ g
a b g
a_b_g
a b g

Aunique solution is obtained

There is no solution

There are infinite solutions

The system of equations is

depicted by two intersecting lines

The system of equations is

depicted by two parallel lines

The system of equations is

depicted by coincident lines

Let us understand about solutions of equations using these relations.

Example: 18. What type of solutions do the following equations have? Find out.

3x+5y=12 ...
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Solution: In3x+5y=12,a =3, b =5¢c =12
4x+2y=5 a=4,b,=2,c,=5

a _b . : :
-.» Here g = b .. The equations have a unique solution.
2

Example:19. Find the solutions of 5x+ 3y=12

and 15x+ 9y =15
Solution: In5x+3y=12, a =5, b =3,¢c =12

and in5x+9y=15, a,=15,b,=9,¢,=15

a_5hb_3¢6_12
a, 15'b, 9'c, 15
a_1b_1g¢_4
a, 3'b, 3'c, 5
_5_6
We find that 7~ a, bz c,

.. The equations have no solution.
Finding the value of unknown coefficient of variables

Example:20. Find the solution of 15x—3y =14
and  60x-— 12y =156

Solution: In15x-3y=14, a, =15, b, =-3,¢c =14

I 60x—12y="56,a,= 60, b,=-12, c,= 56

aq_15_1 h_ 3 1 ¢ 14 1
Here, & ~60 4’ b, 12 4 ¢ 56 4
b g
Clearl
earya2 b c

the equations have infinite solutions.



—: LINEAR EQUATIONS IN TwO VARIABLES <59> =

Complete the following table:

Do this

S.Nof System Ratio of Ratio of Ratio of Relation | Solutionof | Geometrical
of coefficients | coefficients | constant between | equations | interpretations
equations | of x ofy terms ratios

a _?2 b_-383 1 1| a_b :
_3y= A_2_ = "= q 1 1 a9

1. 2x-3y=1 w2 by —4 4 o 25"y Unique Two
2x-4y=-4 solution intersecting

lines

2. XH2Y=5 | o ] e ]
2x-3y=-4

3. AX%=5Y=3 | i ]
Sx—4y=5

4, 2X+3Y=5 | ] ] e
—4x-6y=8

5. XY=L | ] ]
6x-8y=—-15

6. XHY=4 | o] ] e ]
2x+2y=8

7. SX0Y=4 | o] ]
10x-12y=8

Findingthevalue of unknownococefficient

We saw different situations and different methods for solving systems of equations. However, we
knew the coefficients of the variables in these cases. Can we find the solution if one of the coefficients is
unknown and the system is as follows:

2Xx+3y-5=0;

kx— 6y -8 =0,

Can we still find the values of X, y and k in such a situation?
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Example:21. Forwhat value of k will the system of equations have a unique solution?
X—ky=2,3x+2y=-5
Solution: In the given system of equations:
X—ky-2=0,3x+2y+5=0
Here, a =1, b, =k c =-2
a,=3, b,=2, c,=5

We are told that the equations have a unique solution.

a b ¢
Therefore, ~ —~ = =—
ererore az b2 Cz
1. -k
= 372
2
£k
= _3¢
2

-2
Except for k= 3 the system will have a unique solution for all real values of k.

Example:22.  Find the value of k for which the given system of equations has infinite

solutions.
(k-3) x+3y=Kk; kx + ky = 12
Solution. System of equations is
(k-3) + 3y =Kk; kx + ky = 12
a = k-3, b,=3, c=Kk
a,=k b=k c,=12

Since the system of equations has infinite solutions

_b_¢

a
Therefore, from —=—==—
a b ¢



—: LINEAR EQUATIONS IN TwO VARIABLES <6]> =

k=8_3__+k
k k 12
= %z% ....... (1) Ez%? 2) %-%? ...... (3)
= k-3=3 = k?=36 = k? =12k - 36
= k=3+3 = k=./36 = k?—12k+36=0
= k=6 = k=46 = k—6k-6k+36=0
—  k(k-6)-6(k-6)=0
= (k-6)(k-6)=0
k=6

Only that value of kis valid which satisfies all equations. Here, 6 is such a value therefore k=6.

1. Show that the given system of equations has a unique solution.
3x+5y=12
5x+3y=4
2. Showthat the given system of equations has infinite solutions.
2X—3y=5;
6x—-9y =15
3. Findthe value of kfor which the given systems of equations have no solution.
(1) 8x+5y=9; kx+10y=15
(i) kx +3y=3; 12x+ky=6
(i) kx—5y=2; 6x+2y=7
4.  Findthe value of kfor which the given systems of equations have a unique solution.

(1) kx + 2y = 5; 3x+y=1
(i) X—2y=3; 3x+ky=1
(i) kx + 3y = k-3; 12x + ky = k
(iv) 4x-5y=k; 2x—-3y=12

5. Findthe value of k for which the given systems of equations have infinite solutions.
(1) 2X+ 3y =1,
(k-1)x+ (k+2)y=3k
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(i) kx +2y—-4=0; 5x-3y+6=0
(i) X+ ky=17, 2x—-5y=1
(iv) kx-5y=2; 2x—3y=12
. If x=2; y=4then find the value of pin 7x— 4y =p.
7. If the straight line 2x—ky =9 passes through (1,-1), then find the value of k.

Test whether the following system of equations has a unique solution, infinite solu-
tion, or no solutions. If it has a unique solution then find the values of xand y.

4x+ 7y =18
2X+y=4

Making statements framequations

So far we formulated equations for conditions derived from different statements
and then found the values of variables. But can we write statements to describe given equa-
tions?

Come, let us write the following equations in the form of statements.

X+y=45 ... (1)

X-y=13 (2

If we say that x is one number and y is another number then equations (1) and (2)
can be written as follows:

The sum of two numbers is 45 and their difference is 13. Find the two numbers. Or, the cost
of one book is x and the cost of one copy is y. The sum of their costs is 45 and the difference
in their costs is 13. Can you find the cost of one book and one copy?

Can we form more statements from these equations? Make two more such state-
ments.

Example23  Write the following in the form of a statement.

x—1 1
Ty g e )
_x _3
y£3 2 e (2)

Solution: If x/y is a fraction where the numerator is x and the denominator is y then the
equations given above can be written in the form of the following statement:

E
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"If 1 is subtracted from the numerator of a fraction then it becomes equal to Y2and if 3 is
added to the denominator, we get 3/2."

There are many ways possible to write a given system of equations in the form of state-
ments. The system given above can also be written in the form of other statements.

Do this
Write the given system of equations in the form of statements.
(i) X+ y=60 (i) X+y=5
X =3y Xy =6
What we have learnt

1.  Thegraphsof equations in first degree in two variables are always straight lines
and therefore equations in first degree in two variables are known as linear equations.

2. Thegraphof apair of linear equations in two variables is represented by two lines.
If the lines intersect at a point, then that point gives the unique solution of the
twoequations.

3. Ifthe graph of a pair of linear equations in two variables is represented by two
parallel lines, then the pair of equations has no solution.

4.  Ifthe graph of a pair of linear equations in two variables is represented by two
coincidentlines, then the pair of equations has infinite solutions.

5. Linearequations in the same two variables can be written as follows:
ax+by=c
ax+by=c,
In the above equations, if

(i) % = % = c& Then lines are parallel and the pair of equations has no solution.
2

(i) g = b Then lines are intersecting and the pair of equations has unique solution.
2
&

by

(i) a b _Cz Then lines are coincident and the pair of equations has infinite
2

solutions.
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ANSWER KEY
Exercise-1
1. () 3x+6y=3900 (i) x+y=16 (i) 2x+y =160
X+ 2y = 1300 X—-y=8 4x + 2y = 300
(iv), x-=-7y+42=0 (v) x+y=90
x-3y-6=0 X=2y
2. @x=2,y=3 (b) infinite solutions
(c) nosolution d) x=-1,y=2
Exercise-2
1 0 @ (i) (b) (iii) (@), (b) (iv) (b)
2. 0 @ (i) (b) (iii)  (a) (iv) (b)

3. () x=14, y=15  unigquesolution
(i) no solution, parallel lines
@)  x=4,y=2,aunique solution
(iv) infinite solutions, coincident lines
) no solution, parallel lines
(vi) infinite solutions, coincident lines

4, ()] X=3, y=4 @M x=3,y=2
(i) x=11,y=02 (v) x=0, y=0

5. 343.80

6.  Number of cows = 30, Number of pigeons = 30

7. Number of 25 paisa coins =69, Number of 50 paisa coins =25

8. Numbers?="20,7%

9. Numbers?="23,7%9

10. Numbers=9,5
11. My age =50 years, son’s age = 20 years
12.  40km/h, 30 km/h,

13. 100, 40
14. 40 units, 30 units
Exercise-3

3. (i) k=16 (i) k=-6 (i) k=-15

4, (i) k1 90 (i) k1-6 (i) k1 +6
(lV) k 1
. 3 . —10

5. @) k=7 (i) kK=——
(D] k has no value (iv) k=24

6. p=-2

7. k=7

8. has aunique solutionx=1,y=2

©




Quadratic Eaquation
Ih One Variable

Introduction
A person has some land and she wants to make a garden of area 800 square meters in one

part such that length of the garden is twice its breadth. What should be the length and
breadth of the garden?

If breadth of garden is taken as x meter then its length will be 2x meter.
Since garden is rectangular,

So, area of garden = length of garden x breadth of garden

800 = 2x.x
800 ,
— =X
Or 2
Or x? = 400
Or x2 = 202
Or x2-20°=0 .. 0]
Those values of x for which both sides of equation (i) are equal, give us the breadth

of the garden.
Once we know the breadth, then we can also find length.

WritingaPrableminAlgebrai cFarm
We saw above that we can find the value of x from x2—20? = 0. This equation is actually the
algebraic description of the conditions given in the problem.

Let us discuss some more situations and look at their algebraic representations.

Naresh wants to make a garden bed (kyari) in front of his house. The garden bed is in the
shape of a right-angled triangle of area 500 square meter, in which he wants the length of the
base of the triangle to be 30 meter longer than its perpendicular height.
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To find the size of the garden-bed, we should take its perpendicular as x meter and base as
x + 30 meter.

Since area of right angle triangle = % x length of perpendicular x length of base

= 5002%’x(x+30)

= 500~ 2 = x> +30x
= x*+30x-1000=0 - (i)
Equation (ii) is algebraic representation of our question and the values of x for

which both sides of equation (ii) become equal give us the perpendicular height of the right-
angle flower bed.

Quadratic Equations:- The maximum degree of x is 2 in both of the above algebraic
representations. If this quadratic polynomial is included we get an algebraic equation in one
variable which can be solved to get the solution. Now, we consider some more examples of
the same type.

Think about the following statement:-
The product of two consecutive numbers is zero.
If first number is x, then second number will be x + 1.

\ x(x+1)=0

X2+ Xx=0 = e (III)
In each of the equations (i), (ii), (iii) there is only one variable and their maximum
degree is two. In each of these equations, there necessarily exist one such term whose
degree is two. Thus, all these are quadratic equations in one variable.

You know that ax® +bx + ¢ isatwo degree polynomial in one variable (where a,

b, care real numbersand a * 0). It is known as quadratic polynomial. If we equate this
quadratic polynomial equal zero it becomes a quadratic equation.

Thatis, ax* +bx+c =0

Because there is only one variable in the equation and maximum degree of the
variable is two, so it is called a quadratic polynomial. This is the standard form of a qua-
dratic equation, also known as square equation.

Some more quadratic equations are given below:-

(i) x*-2x=0 (i) (x+1)(x+2)=0 (iii) x*=0
(iv) x*-9=0 (V) 22+43=0 (i) x* -/6x+6=0

(Vi) 3y? +6y+6=0 (viii) (x-2)* =0 (iX) 3m-2m? +5=0
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x2 -5Jx +3=0fis nota quadratic (square) equation because left hand side of
this equation isnota polynomial.

Try These
Select quadratic (square) equations in one variable from the following-
(i) x-3x=0 (i) -3x-22=0 (i) x+2=0
(iv) x*+y=9 (V) x2+9=0 (vi) x+5y=0
(vii) (x-1)(x+2)=0 (viii) x*+2Jx-1=0 (ix) (x—3)2:0
(X)  x(x-5)=0 (xi) x®+Bx+3=0 (xi) y?*-z2+3=0

(xiii) x2-3Jx+2=0 (XiV) x2-3x+2=0 (Xv) (x+1)(x+5)=0

Exercise -1
1. Select square equations from the following equations:-
(i) x*+3x-2=0 (i) x2+%:1
(iii)  9x2-100x-20=0 (iv) x-3/x+2=0
V) x—%z—x (vi) \/§x2-3x+%:0
(Vi) x2-10x=0 (viii) x+y=10
(iX) x+5=7 (x) x(x-8)=0

Roots of QuadraticEquation

p(x) = x* -3x+2 isaquadratic polynomial. Zeroes of this polynomial are
those value of x for which p(x) will be zero. To find the zeroes we have to find factors of
X? -3x+2.

X2 =3x+2=x*-2x-x+2
:(x2—2x)—1(x—2)
=x(x-2)-1(x-2)

= (x-2)(x-1)

Value of the polynomial x* - 3x + 2 will be zero if (x - 2)(x -1) = 0
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P (x-2)=0 Oor (x-1)=0
= x-2=0 Or  x-1=0
\x=2 Or Xx=1

So 2 and 1 are zeroes of polynomial x* - 3x+ 2.
Now, let us find such values of x in square equation X* - 3x +2 = 0 forwhich both
sides of the equation will be equal. We call the values roots of the equation.
X*-3x+2=0
(x-2)(x-1)=0
= (x-2)=0 Or (x-1)=0
= Xx-2=0 Or x-1=0
\x=2 Or x=1
Here, we find that the equation is satisfied when x =2, 1. The same values of x are

also zeroes of polynomial x* - 3x + 2. So we can say that zeroes of the polynomial are
roots of the equation made by its factors.

How to findwhether given values are roots of polynamial
ornot?

It is very easy to know whether a given value is root of a square equation or not. If we put
avalue in an equation and both sides of the equation become equal then these values are
roots of the equation, otherwise not.

Let us learn to verify roots with the help of some examples.
Example-1.  Verify whether x = 1 and x = -1 are roots of the square polynomial
x? - x+1=0 ornot?

Solution : Inthe given equation x* - x +1=0 left hand side is x* - x +1and right hand
side is 0. On putting x = 1 in the left hand side-

=1 -1+1
=1
Clearly, LHS T RHS
So, x=1, is not a zero of the given square polynomial.
Similarly, on puttingx=-1

=(-1)" - (-1)+1
=1+1+1



iE QuAbRrATIC EQUATION <5‘-> O

Clearly, LHS* RHS

So x=-1is not aroot of the given square polynomial x> -x+1=0.

Example-2. Verify whether x = 2, x = 3 are roots of the square equation x> —5x +6 =0
or not?

Solution : Ingiven equation x2—5x + 6 = 0 left hand side is x2—5x + 6 and right hand side
is0. On puttingx=2in LHS

X’ -5x+6
=(2)"-5(2)+6
=4-10+6

=0
Clearly, LHS=RHS

Similarly, on putting x=3
=(3)'-5(3)+6
=9-15+6
=0
Clearly, LHS=RHS
Thus x = 2, x = 3 are roots of equation x2—5x + 6 = 0.

Try These
\erify whether given values of x are roots of the equation or not
(1)  x*+6x+5=0 : X=-5x=-1
r 2 1
1 2 _ -2 = . X = —, X=-—
(i) ox?-3x-2=0 . 3 3
(iii) x*+x+1=0 ; x=0,x=1

Methods of SolvingQuadraticEquations

So far we have looked at how make square equations. Now we will discuss the
methods of solving them.

x2—7x =0 is asquare equation.

Can we determine the value of x in the given equation?
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. X2 -7x=0
= x(x-7)=0
— Xx=0 Or X-7=0

Then, x=0 oOr X=7

Since the values of x satisfy the given equation, so these will be the solution of the
equation x> -7x=0.

Similarly, let us try to solve (x-2) (x+1) =0

= Xx+1=0 Or Xx-2=0

\ x=-1 Or X=2

Since the values of x satisfy the given equation, thus x =-1 and x = 2 will be the
roots of (x+1)(x-2)=0.

Try These
Solve the following equations-
(i) x*-11x=0 (ii)(x—1)2:o (iii) (x+3)

(iv) (x-2)(x+3)=0 (V) x(x-1)=

SolvingQuadraticEquationsby FactorizationMethod

At the beginning of this chapter, different situations were described and we formed
equations (i), (if) and (iii) on their basis. We will now solve them.
Equation (i) : On comparing x2— 202 = 0 with the identify a* - b”> = (a-b)(a+b).

x* - 20? = (x - 20)(x +20)

N\ (x-20)(x+20)=0

= (x-20)=0 Or  (x+20)=0

= x-20=0 Or x+20=0

= x =20 Or =-20
Because length and breadth can’t be negative therefore x can’t be —20. In this
context x has been taken as breadth of the rectangular garden.

\ Breath of rectangular garden is =20 meter.
and lengthwill be 2x =2~ 20 = 40 meter
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Equation (ii) : For the given flower bed, we have to find perpendicular height and length of
base in x? + 30x — 1000 = 0.

Because, left hand side of equation (ii) is a quadratic polynomial, so we will factorize it.
x? +50x - 20x -1000=0 (- 50x - 20x = 30x)
=  x(x+50)-20(x+50)=0
=  (x+50)(x-20)=0
=  (x+50)=0 Or  (x-20)=0
= x+50=0 Or  x-20=0
= X =-50 Or x=20

Thus, perpendicular height of right-angle flower bed = 20 meters and length of its
base should be x + 30 = 20 + 30 = 50 meters.

Similarly, we can get the values by finding factors of equation (iii)
In examples given below we will get solutions by factorization method.

Example-3.  Solve the following equations by factorization-

(i) 8x?-22x-21=0 (ii) x®+22x-6=0
) x+3 1-x 17
(iii) /3x’ +10x+74/3=0 (iv) = X0

Solution (i) :  8x? -22x-21=0
= 8x* -28x+6x-21=0
= 4x(2x-7)+3(2x-7)=0
= (2x-7)(4x+3)=0
= (2x-7)=0 Or  (4x+3)=0
= 2x-7=0 Or  4x+3=0

2x=7 Or 4x = -3
-
= 2 ' 4

7 3
Thus X = 5T are two roots of the given equation.

Solution (i) 1 x2+22x-6=0
= x> +3V2x -2x-6=0
= x(x+3«/§)—\/§(x+3x/§)20

(x+3v2)(x-~2)=0
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[

(x+3v2)=0 or  (x-+2)=0

x+3J2=0 Or  x-42=0
= x=-32 Oor  x=.2

Thus, x = -3+/2,+/2 aretwo roots of the given equation.
Solution (iii) : \/3x? +10x+7~/3 =0

= V32 +3x+7x+7/3=0

= \/§x(x+\/§)+7(x+«/§)=0

= (x+\/§)(\/§x+7):0

= (x++B)=0 or  (V3x+7)=0

= x+43=0 Or  Bx+7=0
_ T
= X =-+/3 Or NG
7 . .
Thus, X =-+/3,-—= are tworoots of the given equation.
V3
S I t' H . X+3_1__X_£ 10
olution (iv) : —2 % 4 , X
X(x+3)-(1-x)(x-2) _17
- x(x - 2) 4
B x2+3x—(x—x2—2+2x)_17
B X% - 2X 4
_ X*+3x-x+x°+2-2x _17
a X2 - 2X 4
_ 2x*+2 _17
a X2 -2x 4

- 4(2x2 +2) :17(x2 -2x)
= 8x> +8=17x> - 34x

= 17x*> -8x*-34x-8=0
= 9x*-34x-8=0

= 9x%*-36x+2x-8=0
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= IX(x-4)+2(x-4)=0

= (x-4)(9x+2)=0

=  (x-4)=0 Or (9x+2)=0
= x-4=0  Or  9x+2=0

= X=4 r 9

-2
Thus, X = 4,? are two roots of the given equation.

Exercise - 2

1. Verifywhether values are roots of equation or not-

i 3

(i) 2x*+x-6=0; x:2,x:—§

(i) x®-4x+4=0; X=2,X=-3

(i) 6x*-6x-12=0;, x=-3x=4

i 9

(iv) 4x?-9x=0; XZO,X:Z

(V) x2-3/3x+6=0; x=+/3,x=-23
2. Find the roots of the given quadratic equation-

(i) (x-4)(x-2)=0 (i) (2x+3)(3x-7)=0

(i) (x-7)"=0 (iv) x*-11x=0

(V)  (x+12)°=0 (Vi) x(x+1)=0

Is V2 arootofequation x2+2x-4=07

4. Find the roots of the following square equations by factorization:-

(1)  9x2-3x-2=0 (i)  4x2+5x=0

(i)  3x2-11x+10=0 (V) 5x2+3x-2=0

(V)  6x2+7x+2=0 (Vi) 43x2+5x-243=0
. 1

(vii) 10x-==3 (viil) x2 _42x+6=0

(ix) abx? +(b2 - ac)x -bc=0

x+l x-1_5, 4 o
X) i xei e XtL-



—<74> MATHEMATICS-10 E

We often encounter many situations in our daily life which we solve by forming

guadratic equations around them. We will now look at some examples from day to day
where we can form quadratic equations and find their solutions.

1
Example-4.  If the sum of anumber and its reciprocal is 2 — then find the number.

30
Solution: Let the number be x and then its reciprocal will be 1 .
X
1 1
X+—=2—
N\ x 30
. xxiel
B X 30

= 30(x* +1) = 61x

- 30x*-61x+30=0

- 30x* -36x-25x+30=0

= 6x(5x-6)-5(5x-6)=0

= (5x-6)(6x-5)=0

= 5x-6=0 Or  6x-5=0
6 5

o X =— X ==
= 5 Or 5

6
Therefore, the numbers are X = 5 and X= 5

Example-5. A chessboard contains 64 equal squares and the area of each square is
6.25 cm?. A 2 cm wide border surrounds the board on all sides. Find the length of
one side of the chess board.

Solution : Let the length of chessboard with border be x cm.

Border is 2 cm wide

Addition to length of board due to border=2+2=4cm
Area of chessboard without border = (x — 4)?
Chessboard contains 64 equal squares,

and area of each square is 6.25 cm?

2

N\ (x-4) =6476.25

= X? -8x+16 =400
= X* -8x+16-400=0
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= x* -8x-384=0

= X* - 24x+16x-384=0

= X(x-24)+16(x-24)=0

= (x-24)(x+16)=0

- x-24=0 Or x+16=0

= X=24 Or x=-16

The length of side of chessboard cannot be negative.
Thus, the length of one side of chessboard will be 24 cm

Example-6.  The sum of marks obtained by Mohan in mathematics and science in a
class test is 28. If his marks in mathematic are increased by 3 and marks in science
decreased by 4, then the product of marks obtained in both subjects is 180. Find
the marks obtained by Mohan in mathematics and science.

Solution: If Mohan got x marks in mathematics, then his marks in science will be =28 —x
When Mohan gets 3 more marks in mathematics,
then his marks in mathematics =x + 3
And when his marks in science are reduced by 4, then his marks in science =28 — x - 4
Product of his marks in mathematics and science = 180 (given)

\ (x+3)(28-x-4)=180

= (x+3)(24-x)=180

= -x% - 3x+24x+72=180

= -x*+21x+72-180=0

= —x2+21x-108=0

= x?-12x -9x+108=0

= x(x-12)-9(x-12)=0

= (x-12)(x-9)=0

= x-12=0 Or  x-9=0
= x =12 Or X=9
When x=12 = 28-x=28-12=16
When x=9 = 28-x=28-9=19

Thus, if Mohan got 12 marks in mathematics, then he got 16 marks in science else
if he got 9 marks in mathematics, then he got 19 marks in science.



—<7(> MATHEMATICS-10 E

Example-7.  Presentage of a man is equal to the square of present age of his son. If 1
year ago man’s age was 8 times that of his son’s age then find the present age of
both.

Solution : Let the present age of son = x years.
Then, present age of man = x? year
Age of son one year ago = X — 1 years
and age of man one year ago = x 2—1 years
1 year ago age of man was 8 times that of his son

\ x* -1=8(x-1)

= x*-1=8x-8

= x*-8x+7=0

= X*-7x-x+7=0

= x(x-7)-1(x-7)=0
= (x-7)(x-1)=0

— x-7=0 Or x-1=0

= X=7 Or x=1

For x =1, age of son and man both would be 1 year, which is not possible.
So, on taking x = 7 years

Present age of son x =7 years

Present age of man x? = (7)? = 49 years

Example-8.  Perimeter of a rectangular field is 82 meter and its area is 400 square
meter. Find the breadth of the field.

Solution : Let the breadth of rectangular field be x meter
Perimeter of rectangular field = 82 meter
= 2 (length + breadth) = 82 meter
= (length + breadth) = 41 meter
= (length + x) =41 meter
= length =41 — x meter
Area of rectangular field = 400 square meter
= length x breadth = 400 square meter
= (41-x)x =400
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= 41x - x* = 400

= -x*+41x-400=0

= X’ -41x+400=0

= X® -25x-16x+400=0

- X(x-25)-16(x-25)=0

= (x-25)(x-16)=0

= Xx-25=0 Or x-16=0
= X=25 Or X =16

Thus, breadth of rectangular field will be 16 meter and length will be 25 meter. Of
the two values of x, one will represent breadth and the other length.

Example-9.  Some students planned a picnic. The budget for food was Rs. 500. But five
of these failed to go and thus the cost of food for each member increased by Rs. 5.
How many students attended the picnic?

Solution : Let the number of students who planned for picnic be x

- Total amount given by x students for food expenditure = Rs. 500

500
\. Amount given by one student for food expenditure = Rs. o

But five students failed to go
then, number of students going =x-5

Amount given by x— 5 students for food expenditure = Rs. 500

500
Amount given by one student for food expenditure=Rs. ——

According to question, 5 students failed to go and due to this the cost of food for
each member increased by Rs. 5

_500 _@:5
\ X-5 X

500x -500(x - 5)
= X(x-5)
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500(x - x +5) _
- X(x-5)

= 5005,5=x2—5x

= x* -5x-500=0

= X% - 25x + 20x -500 = 0
= X(Xx-25)+20(x-25)=0

= (x-25)(x+20)=0

= x-25=0 Or x+20=0

= x=25 Or x=-20

) Number of students can’t be negative, thus x =25

\ Number of students who attended the picnic = x -5 = 20.

Example-10. A person buys a number of books for Rs. 80. If he had bought 4 more
books for the same amount, each book would have cost Rs. 1 less. How many
books did he buy?

Solution : Let the number of books bought be x.

- Cost of x books = Rs. 80

80
\. Cost of one book = Rs. ~

If he had bought 4 more books then number of books = x + 4
Cost of x + 4 books = Rs. 80

80

\ Cost of 1 book = Rs. m

80 80
According to questions Rs. d isRs. 1 lessthan Rs. ~

A N
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8074 _1
= (x2+4x)
= 320 = x* + 4x

= x*+4x-320=0

= x?+20x -16x-320=0

= x(x+20)-16(x+20)=0

- (x+20)(x-16)=0

- (x+20)=0 Or (x-16)=0

= x =-20 (Unacceptable)or x =16
Thus, number of books = 16.

Solutionof aquadraticequationby canpleting the
square

In the previous section, we learnt factorization method of obtaining the roots of a quadratic
equation. In this section, we shall study another method. In this method we convert the
equation into (x—a)?or (x + a)? form. To do this we need to add certain terms to both sides
of the equation.

This method is used in the following example-

Example-11. Solve the square equation x? + 6x = 0 by the method of completing the
square.

Solution: x2+6x=0

= X*+2x73=0

To make the equation perfect square we need to add square of coefficient of 2x,
which is square of 3 or 9 to both sides of the equation.

= X +2x73+3 =3

= X*+27x"3+3°=9

= (x+3) =9 (By using the identity X* +2xa+a’ =(x+a)’)
= X+3=+/9

= X+3=%3
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On taking (+) sign On taking (-) sign
= X+3=+3 x+3=-3

= X=3-3 Xx=-3-3

= x=0 X=-6

Because x is common in x? + 6x, therefore we can write the equations as x (X + 6)
=0. Now, itis clear that x = 0 or x = —6. We can see that the solution of problem is not
affected by the method used.

Example-12. Solve the quadratic equation x*— 6x + 5 = 0 by the method of completing

the squares.

Solution : X2 =6Xx+5=0
= x*-2x"3+5=0
= x*-2x"3=-5

By adding square of coefficient of 2x, that is square of 3 to both sides of equation.
= X -2x"3+3=-5+3

= -3V =- Boy2 _ 2 (v _ 2\l
= (x-3)"=-5+9 gox -2xa+a’=(x-a)’|
= (X—3)2=4

= x-3=+/4

= X-3=12

On taking (+) sign On taking (-) sign

= X-3=+2 X-3=-2

= X=2+3 X=-2+3

= Xx=5 x=1

On splitting the middle term of polynomial, we find that (x—5) (x—1) =0 is the
equation and thus the roots are x =5 and x = 1. But here there is no common term.

5
Example-13. Solve the quadratic equation X* - i 3=0,

5
Solution : XZ-EX—C%:O

xz—gx:3

= x2—2x’1'E23
2 2



5

= X*-2x"==3
4
By adding square of 1 which is coefficient of 2x to both sides of the equation,
.2 .2
= x2—2x’§+a52 :3+ae§2
4 G4y 84
56°_ 25
o E20 223
= & 45 16
2, 50 _25+48
= & 45 16
e, 50 _73
= & 43 16
5 73
_— X__—i -
4 16
5 |73
= X=—=%, [—
4 \16
On taking (+) sign On taking (-) sign
5 |73 5 |73
— X=—+, [— S0 =
4 \16 4 \16
_ 45,91 (=5 _318
4 4 4 4
~ X_5+\/ﬁ X_5—\%
B 4 4

Can we find the solution of the polynomial by taking common terms or splitting the
middle term?

Example-14. Solve the quadratic equation 2x* - 7X+3 =0 dks gy dhft,A
Solution : 2x2-7x+3=0

= 2x* -7x=-3

On dividing both sides of equation by 2
. 7 3

—_ X" =——X==-—

- 2 2
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1.7 3 e 7 _,.1.7__.7u
= X -2x" =" —=-= ao—=2" =" —=2"—,
- 2 2 2 g 2 2 2 44
_7 276 _ 3. ald 7
= X2 =2X —+i—: = -—+a—- ' —whi
= 2 84r3 > 8413 (Adding the square of 4whlch

is the coefficient of 2x to both sides)

= Ex- L0 -_3,8 €. x?-2xa+a’=(x-a)’ll
§ 45 2 16 : 0
2, 70 _-24+49
= & 4 16
2. 76 _25
= X=—2 =—
¢ 47 16
7 25
= X__:i -
4 16
7_ .5
e X=——=x—
B 4 4
Taking (+) sign Taking (-) sign
7 5 7 5
= X-—=+— X=-—=-—
4 4 4 4
5 7 5 7
— X=—+— X==——+—
- 4 4 4 4
12 2
— X=— X=—
4 4
1
= = X=—
= X=3 >

Can we solve this sum by splitting the middle term? Try.

Try These
Solve the following quadratic equations by the method of completing the square.
. 3 .
(i) XZ‘ZX+3:O (i)  2x?+5x+3=0

(iii)  9x2-15x+6=0
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Example-15. Solve \/6 +6+/6+

Solution : Letx:\/6+\/6+\/6+ ....................

o 0 &~ w

= X =+/6+ X (On squaring both sides)

= X’ =(ﬁ)2

= X*=6+X

= X*-x-6=0

= X -3x+2x-6=0

= x(x-3)+2(x-3)=0

= X=3 Or X=-2
Thus x=3,-2
Exercise - 3
Solve the following quadratic equations by completing the squares method.
() 2x*+x-4=0 (i) 3x2+11x+10=0
(i) 5x2-6x-2=0 (iv)  x?-4y2x+6=0
(V) 3x®+2x-1=0 (Vi)  x*-4x+3=0

Find two consecutive positive natural numbers, sum of whose squares is 365.
The product of two consecutive natural numbers is 20. Find the numbers.
Find two numbers whose sum is 48 and product is 432.

Area of aright angle triangle is 165 square meter. If the height of the right triangle is
7 cm more than its base, then find the height of the triangle.

Perimeter and area of a flower bed are 76 meter and 357 square meters respectively.
Find the length and breadth of the flower bed.

Area of a rectangular park is 100 square meter. Length of the park is 15 meter
more than the breadth. If someone wants to fence along the sides of the park and
cost of fencing one meter is Rs. 5, then find the total cost of fencing all sides of the
park.
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9. The sum of present ages of a man and his son is 45 years. 5 years ago product of
their ages was 4 times that of age of man. Find their present ages.

10. The product of Neelmani’s age 5 years ago and 8 years ago is 40. Find Neelmani’s
present age.

11. Some students planned a picnic. The budget for food was Rs. 480. But 8 of them
failed to go and thus the cost of food for each member increased by Rs. 10. How
many attended the picnic?

12.  The sum of marks obtained by Kamal in English and mathematics is 40 in class
test of grade 10. If the marks which he got in mathematics are increased by 3 and
marks which he got in English decreased by 4 then the product of marks is 360.
Find the marks obtained by him in mathematics and English.

INDIAN MATHEMATICIAN - SRIDHARACHARYA

Sridharacharya was the first Indian mathematician to solve quadratic (square)
equations involving one variable. He had worked in the field of Arithmetic,
Geometry, Square roots, Cube roots etc. Sridharacharya was a famous
mathematician between the era of Brahmagupta (628 AD) and Bhaskaracharya
(1150 AD).

It is said that from the Himalayas in the north to the Malwas in the south
and from the west to the east sea coasts, there was no mathmematician who was
better than Sridharacharya.

IR I GH T UL g ORI |
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From the book, "Paati Ganit Avam Ganit Ke Itihas"
Authors : Venugopal and Dr. Herrer

Formula to SolveQuadraticEquations

Standard form of quadratic (square) is ax* +bx +c¢ =0 ....., where a, b, care real
numbersand a1 0

On dividing both sides by the coefficient of x2-
x+2x+ 820
a a
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b c
= x* + 2-5 X=- 3 (On squaring the coefficient 2x and adding to both sides)

o X+—. =
- & ag 4a?
52 (b*-4ac
B IO X L)
£ 2ap 4a°
- VUL b” - dac (Taking square root)
= 2a \ 42’ 934
b  +vb%-4ac
= X+—=
2a 2a
_ b +b®-4ac
= X=-—=
2a 2a
-b++/b? -4ac
= X=
2a

Think and Discuss
Mention the method by which 3x2 + 7x +1 = 0 can be solved? Will the solution be

same for all methods? Why are completing the square and splitting the middle term methods
not so easy?

Let us solve some quadratic equations.
Example-16. Solve the quadratic equation (x -1)(2x-1)=-2.
Solution : (x-1)(2x-1)=-2
= 2x° -2x-x+1=0
= 2x* -3x+1=0
On comparing the equation with the standard form ax’+bx+c=0

a=2b=-3,c=1
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b++/b? - 4ac

On putting the values of , b and ¢ in the formula x = —

2a
~(-3)%4(-3)-4"271
X =
2(2)
_3+4/9-8
X=
4
31
X=—
4
On taking (+) sign On taking (-) sign
_3+1 4 _3-1_2
X=——=— X=——=—
4 4 4

>
I
[EEN
N |~

Thus, the roots of the equationare x =1, >

Try These

Solve the following equations:-

(i)  3x?-2x+2=0 (i)  x2-2x+1=0

Discriminantof QuadraticEquation
-b++/b* - 4ac

In the quadratic equation ax>+bx+c¢c=0, X = > . Inthe formula
a

b? — 4ac is said to be discriminant of the quadratic equation. It can also written as
D =h?-4ac. Itiscalled discriminant because it discriminates between the two values of the
quadratic equation. If it is zero then the both values are equal.
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Let us try to find the discriminant of some quadratic equations:-
Example-17. Find the discriminant of the quadratic equation 4x?—4x+1=0.

Solution : On comparing 4x?—4x + 1 = 0 with the standard form, ax? + bx + ¢ =0 of
quadratic equation we find that:

Here a=4,b=-4,c=1
Discriminant D =p? - 4ac
D=(-4)-4"4"1
D=16-16
D=0

Example-18. Find the discriminant of the quadratic equation 2x?+ 5x + 5 =0.

Solution : On comparing 2x2 + 5x + 5 = 0 with the standard form, ax? + bx + ¢ =0 of
quadratic equation we find that:

Herea=2,b=5,¢c=5
D =b?-4ac
D=5°-4"2"5
D=25-40
D=-15

Example-19. Find the discriminant of the quadratic equation 3x? - 2/8x +2 =0.

Solution : On comparing3x? - 2+/8x + 2 = 0 with the standard form, ax? + bx + ¢ = 0 of
quadratic equation we find that:

a=3b=-218,c=2
D =b” - 4ac
D:(-2J§)Z—4'3'2
D=4"8-24

D=32-24
D=8

Try These

Find the discriminant of the following quadratic equations:

(i)  2x2-2d2x+1=0 (i) 16x*+24x+9=0
(iii) ox?-10x+15=0 (V) x2+16x+64=0
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Nature of Roots of QuadraticEquation
In the above examples we found the discriminant of various quadratic equations by using
the formula D =b? - 4ac In the examples the values of D where respectively 0, —15, 8.
These values of D were zero, negative or positive numbers. This means that discriminant
can be zero, negative or positive. Does this give us some important information about the

roots of quadratic equations? Let us try to find out.
The formula to find the roots ax? + bx + ¢ = 0 where a, b, c are real

numbersand a1 0 isgiven by:

« = -b++b* - 4dac

2a
where p2 - 4ac= D

thus,
¥ = ~b++/D D = b%-4ac discriminates
2a (differentiates) between
. . the nature of roots. So it
Let us discuss the following three cases. . o
is called discriminant.
Case-1. If D=0then
L Jo
2a
-b+0
X =
2a
On taking (+) value On taking (-) value
_-b+0 _-b _-b-0_-b
X= =— X= =—
2a 2a 2a 2a

Here, both values of x are equal and real.

Conclusion: If D =0 then both roots of the quadratic equations are real and equal.

Case-2. If D =any positive number, then
Let D=49
,=bt J49

2a
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-b+7
X =
2a
On taking (+) sign On taking (-) sign
-b+7 -b-7
X= X =
2a 2a

Here, the values of x are distinct and both are real numbers.
Conclusion: If D >0 i.e. positive then the roots of quadratic equation are distinct and real.

Case-3. If D =any negative number, then
Sayy, D=-81
« = -b++/-81
2a

The roots of a negative number are imaginary.

On taking (+) sign On taking (-) sign
X:—b+\/—81 X:—b—\/—81
2a 2a

Here, both the values of x are distinct but being the square root of a negative
number they are imaginary.

Conclusion : If D<0i.e. negative, the roots are distinct but imaginary, i.e. there are no real
roots.

Sare examples of identi fying the nature of roots

Let us try to see some examples of the nature of roots of quadratic equations.
Example-20. Find the nature of roots of the quadratic equation x?—4x + 4 =0.
Solution : On comparing x?—4x + 4 = 0 with ax®> + bx + ¢ =0, we find that:

a=1lb=-4,c=4

On putting the values in discriminant, D = b?>—4ac

D=(-4)-4"1"4
D=16-16
D=0
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Discriminant of given equation is zero, thus both roots of this equation are
real and equal.
Example-21. Find the nature of roots of the quadratic equation x>—5x + 6 =0.
Solution : On comparing x2—4x + 4 =0 with ax? + bx + ¢ =0, we find that:
a=1,b=-51c=6
On putting the values in discriminant, D = b?—4ac
D=(-5)"-4"1"6
D=25-24
D=1
D >0 (Positive)
Since, the discriminant of the given quadratic equation is positive, so the two roots
are real and distinct.

Example-22. Find the nature of roots of the quadratic equation 4x>—x +1=0.

Solution : On comparing 4x2—x + 1 =0 with ax? + bx + ¢ =0, we find that:
a=4,b=-1,c=1
On putting the values in discriminant, D = b?—4ac

D=(-1)"-4"4"1
D=1-16
D =-15 (negative)

Since, the discriminant of the given quadratic equation is negative, so the two roots
are distinct butimaginary.

Try These
Find the nature of roots of the following equations:-
(i) x+x+2=0 (i) 2x?+x-1=0
(lll) 2X2+5x+5:0 (lV) 2y2—2\/€y+3:0

Findingunknown oonstant coefficients

On the basis of nature of roots of a quadratic equation we can find the value of unknown
coefficient of the variable term. Let us try to understand by the following example-

Example-23. Find the value of k in the quadratic equation 9x?+ 3kx + 4 = 0 given that
the roots of the quadratic equation are equal.
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Solution : On comparing the quadratic equation 9x?+ 3kx + 4 = 0 with the standard from
ax*+ bx +c=0,wefindthat a=9,b=3k,c=4

Putting these values in D =b?-4ac
D=(3k) -479"4
D =9k* -144
When roots are equal, then D=0
Thus, 9k? -144=0
9k* =144
_ 144
9
k*=16
k=14
Suppose the roots were distinct and real then what could we about the value of k?

k2

Try These

Find the value of k in the following quadratic equations given that the roots of the
quadratic equation are real and equal

(i) 16x+kx+9=0 (i) 3x*-2/8x+k=0

(iii)  Ifroots are imaginary in both questions then what can you say about k?

Exercise—4

1. Find the discriminant of the following equations-

() x-axe2=0 (i) (x-D(x-1)=0

(ii)  3x2+242x-243=0(IV) x?-4x+a=0

(V) x>+ px+gx=0
2. Find the nature of roots of the following quadratic equations.

() x-axeaz0 (i) 2c+2x+2=0

(i) 3x?-26x+2=0 (Iv) x*+25x-1=0

(v) gxz —§x+1:0
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3. Find the value of k if the roots of the given equations are real and equal.

(i)  2x2-10x+k =0 (i) kx*-5x+k=0
(i) 2¢+ 220 (i) o kcr16=0

(Vi) Kk +4x+1=0
4. Solve the following quadratic equations with the help of formula.
i) 9x2+7x-2=0 (i) 6x2+x-2=0
i) 6x2+7x-10=0 V) 2x2-9x+7=0
Vi) 4-11x=3x2
viii)  \/3x* ~10x-8\3 =0

X)  2x2-2/6x+3=0

vii) 9x?-4=0

(
(
(V)  x-7x-5=0
(
(

iX)  2x2+x-6=0

Relationbetween rootsandcoefficientsof quadratic
equations

We saw the relation between zeroes and coefficients of quadratic polynomials, the same
relation can also be seen between the roots and coefficients of quadratic equations.

Let the roots of equation ax®> + bx + ¢ =0 be ¢ anda S where a, b, c are real
numbers and a0 then (x-a)(x-b)=0 or x*-(a+b)x+ab=0 quadratic
equations......(1)

Quadratic equation ax? + bx + ¢ =0 can also be written in the following form
c

b
X +=x+==0
XEo=0 @)

We find that equations (1) and (2) are two different forms of the same equation and
thus, on comparing the two we get,

Sumofroots & + 8 = —
and  productof roots af3 = 2
Example-24. Find the sum and product of roots of x*- 5x - 24 =0
Solution : On comparing equation x2 - 5x - 24 = 0 with ax® + bx + ¢ = 0, we find that
a=1lb=-5c=-24

Sum of roots = b
a
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\ Sum of roots =

1
_°
1
=5
c
Product of roots = E
-24
\ Product of roots = BN
=-24

Example-25. Find the sum and product of roots of 3x?+2x+7 =0

Solution : On comparing equation 3x? + 2x + 7 = 0 with ax? + bx + ¢ = 0, we find that
a=3b=2c=7

Sum of roots

w|~N oo || I
Wiy 2o

\ Sum of roots
Product of roots =

\ Product of roots =

Think and Discuss
If roots are given then can we form a quadratic equation? On the basis of the concepts

studied in the chapter on “polynomials” and the relations between roots and coefficient,
discuss with your friends the possibility of forming a quadratic polynomial.

Formingquadraticequations if rootsareknown
We have learnt to find roots of quadratic equations. If roots of a quadratic equation

are given then s it possible to form that quadratic equation?

Yes, we can form quadratic equations with the help of sum of roots and product of
roots. Thus, if roots are given then we can form quadratic equation.
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If the roots of a quadratic equation are aand b then that quadratic equation will be
x> = (a+B)x+apf =0
So, x?—(Sum of roots)x + Product of roots = 0
Example-26. Find the quadratic equation whose roots are 3 and —8.
Solution : If the roots are given then the quadratic equation is
= X% — (Sum of roots) x + Product of roots =0
= X -g3+(-8)§x+37(-8)=0
=  x*-(-5)x+(-24)=0
= X? +5x-24=0
Example-27. Find the quadratic equation whose roots are % and % .

Solution : If the roots are given then the quadratic equation is
= X% — (Sum of roots) x + Product of roots =0

Ya *f+zo +£’Z:0

= “§3 35" 3 3

= 9x* -33x+28=0
Example-28. Find the quadratic equation whose roots are (2 +7 ) and (2 -7 ) .

Solution : If the roots are given then the quadratic equation is

= X% — (Sum of roots) x + Product of roots =0

— T2 (e e )-

2
= X -4x+4-7=0 (2)2—(\/7) =4-7
= X*-4x-3=0

Example-29. It the sum and product of the roots of a quadratic equation are -8 and 4
respectively then find the quadratic equation.

Solution : If roots are given then the quadratic equation can be formed using

= X2 = (Sum of roots) x + Product of roots =0
= x* - (-8)x+4=0

= X*+8x+4=0



Try These
Form quadratic equations whose roots are
(i) 23 (i) -5,-3 (iii) 5,43
Exercise-5
Find the quadratic equations whose sum and product of roots are as following:-
(i) Sum of roots =—4 Product of roots = 12
(i) Sum of roots = 6 Product of roots =9
(i) Sum of roots = = 2./7 Product of roots = 8
4
(iv)  Sumofroots= = 9 Product of roots = 1
Find the quadratic equation whose roots are as following:
(i) 7,4 (i) -5,-11 (ili) -2,4 (iv) 12,-24
4 -3 . .. -12
(V) = (vi) 4,4 (vii SIiE (viii) 8,3
(iIX) V3-7,4/3+7 (X) 6++/5,6-5
Find the sum and product of roots of the following quadratic equations:
(i) 3x2+7x+1=0 (i) 2x2-2x+3=0
(i) 3x2-5x-2=0 (iv) 2x*-2/6x+3=0

(V) x2+6x-6=0

What We Have Iearnt

Polynomial ax?+bx+c, is a one variable polynomial in degree 2, where a, b, c are
real numbersand a * 0 gSA It is said to be a quadratic polynomial. On equating
this quadratic polynomial to zero it becomes a quadratic equation
ax® + bx + ¢ = 0 Because there is only one variable in the equation and the maximum

degree of the variable is 2 so it is said to be a quadratic equation in one variable.

Quadratic equations are also known as square equations.

The standard form of a quadratic equation in the variable xis ax? + bx + ¢ = 0 where

a, b, carereal numberand a 1 0.

A quadratic equation which is in the form ax? + bx + ¢ = 0 has only two roots.

: QuADRATIC EQUATION <95>
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5. We can find the roots of a quadratic equation involving one variable x by factorization
and we can also find roots by putting the values of a, b, ¢ in the quadratic formula

« = -b++/b? - 4ac

2a

6. In the formula of quadratic equations, D = b?- 4ac is discriminant and we can know
about the nature of roots if we know the value of D.

7. If aand g are two roots of a quadratic (square) equation then the quadratic
equationin variable x* - ( + ) x + a3 = 0 (here, we can take any variable such
asy, zetc.)

8. If « and g are roots of a quadratic equation ax” +bx + ¢ = 0 then the following

relation holds between their roots and coefficient.

Sum ofroots @ + # = —

Product of roots af =

oo o

9. When D =b?-4ac > 0i.e. value of D is positive then both roots of the quadratic
equation are real and distinct.

10.  WhenD =b?-4ac =0i.e. value of D is 0 then the roots of the quadratic equation
are real and equal.

11. When D = b? — 4ac < 0 i.e. value of D is negative then roots of the quadratic
equation are imaginary and distinct

Ewercise-1
1. (), (i), (v), (vi), (vii), (X) are square equations.
Exercise - 2
3
1. ()x=2,x=X=2,x= -7 arenotroots of equation.
(if) x =2 is aroot of equation but x =—3 is not a root of equation.
(i) = -3, x =4 are not roots of equation.
9
(v) x=0,x= 4 areroots of equation.

) X =+/3 Isaroot of equation but X = -23/3 isnotaroot of equation.
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] .. 3 7
(1) x=4,x=2 (it) X=-2.X=3 (i) x=7,x=7
(iv) x=0,x=11 (V) x=-12,x=-12 (vi) x=0,x=-1
2 isnotaroot of equation.
2 1 .. 5 5
X=—,X=-= X=0,x=-— X=—,X=2
(i) x=5x=-3 (ii) ;i) x=2
] 2 2 1 ) 2 3
X=—,x=-1 X=—-— X=-— X=—-— ,X=—
.. 11
(vii) X= 2 X=-o (viii) x=32,x=+2
b c 1
X==—,X=— X=5X=-—
(ix) x=-—.x= (%) :
Exercise - 3
_ _1- -5 _
(i 14133 -1-33 (i) 3.2 i 3+4/19 3-\19
4 4 3 5 5
) 1 )
(iv) 2,372 (V) 5,-1 (vi) 3.1
1 \2/5 : 1- \2/5 3. Consecutive natural numbers 6, 7
Consecutive natural numbers 4, 5 5.  Numbers 36, 12

Length of base = 15 meter, length of perpendicular = 22 meter

21 meter, 17 meter 8. Rupees 250
36 years, 9 years 10. 13 years
16 students 12. 12,28 or 21, 19

Exercise - 4
(i) s (i) 1 (iii) 82  (iv) 16-4a (v) p*-4q
()] Real and equal roots (i) Roots are not real
(i) Real and equal roots (v)  Realanddifferentroots

) Roots not real
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) o) Zes (i) 22 (W) 2
) HrvE) 5(7-v6s) (i) -a3 i 2.2
(viii) %_T:Z% (ix) -z,g (%) @

Exercise -5

1. (1) x®+4x-12=0
(iii) x2-2J7x+8=0

2. () x*-11x+28=0
(i) x?-2x-8=0

(v) X' -—x-——-=0

(Vi) 15x2-x-2=0
(IX) x2-23x-46=0

s () 3

(iv) 6.5

(i) x?-6x-9=0
(IV) 9x?-4x+9=0
(i) x?-16x+55=0
(IV) x?+12x-288=0
(Vi) x?-8x+16=0
(Vill) x2-11x+24=0
(X) x?-12x+31=0
.3
(ii) 1,5 (iii)

(v) -6,-6

w| o



ARITAMETIC PROGRESSION

Number patterns

Look at the following numbers:-
2, 4,6, 8, 10, it s
Do you see some order or pattern in these numbers?
Salma - Here, every number is 2 less than the next number.
Mohan - Here, every number is a successive multiple of 2. On multiplying 2 by1, we get 2,
on multiplying 2 by 2 we get 4, on multiplying 2 by 3we get 6 and so on.....
John - Here, the second number 4 is two times of the first number 2, third number 6 is one
and a half times of second number 4 and so on.
You can see that we will need a different rule for every number in John's pattern
while in the patterns of Salma and Mohan all numbers will be formed by a single rule.
Look at the numbers given below:-
B, 11, 16, 21, ----mmmmmmmm e
You can say that except for the first number, each number is formed by adding 5 to
the previous number.
Can you see any other pattern in this (Discuss)?
Following are some more examples of numbers:
1. -5,-7,-9,-11, -13,
2. 4,9,14,19, oo
3. 3,7,11,15, i

Whatisaseries?

You can see that numbers in each of the series given above increase or decrease by a
certain amount from the previous number, for example, numbers decrease by 2 in the first
series, increase by 5 in the second series and increase by 4 in the third series. These types
of number series in which there is a certain relation between successive numbers are known
as progressions.
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Try These
Find out the pattern in each of the given progressions:-
(1) 4,10,16,22, oo

) R T T T
) TR T T T

Arithmeticprogressions

You saw that in the series given above except the first term, each term is formed by
adding a certain number to the previous term. These types of series of numbers are called
Arithmetic Progressions or A.P. and the certain number added to each term is called com-
mon difference of the arithmetic progression. Common difference can be positive, negative
or zero.

Look at the number series given below:

8, 13, 18, 23, .o

The first term of this series is 8, the second term is 13, the third term is 18 and the
fourth term is 23. Here, we get the next term by adding 5 to the previous term. Therefore,
the common difference of this progression is 5.
Example-1.  Find the first term, the fourth term and the common difference for the given

arithmetic progression.
-7, -11, -15, -19.....
Solution: Firstterm = -7, Fourth term =-19
Commondifference = Second term - First term
= -11 - (-7)
= 11 +7
= -4
Try These
1. Find out which of the following sequences are arithmetic progressions:-

) 9 16,23, 30, oo
@) 11,15 18, 20, ccooooeerrrrcerrerrnnnnen
(i) 413,19, 28, oo
) 0,36, -0, vrorrorrrerrererrrrennnn
V) 2,2,2,2, e

N gll9
V) 9777
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2. Write the first term and the common difference for the given arithmetic progressions:-

@ 9, 12, 15,18, ...
@ 28 14,20, ...

i)  3,-2, -7, -12,

) 52,9 16, e
v) 04,09 14 1.9,
Vi) 5,555, e

. 1
(vii) 33373

Finding the next term:

An arithmetic progression is given below:-

Can we extend the progression? How do we find the next term, i.e. the fourth term

of thisarithmetic progression?

Ajita - The fourth term is 24 which is obtained by adding the common difference 7 to the

third term whichis 17.

Now, write the next four terms i.e. The fifth, the sixth, the seventh and the eighth

terms of this progression.

Fifth term

Seventh term

Sixthterm

Eighthterm

1.  Findthe nextthree terms of the arithmetic progressions given below:
0] 511,17, 23, ..........

@  -11, -8, -5, 2

B ALY
(i) 9’9’9 9

M) 0,9 18, 27, .

Try These
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Expressinganarithmeticprogression inageneral form

So far, we have seen many examples of arithmetic progressions. Each progression
has a first term and a common difference. If we denote the first term by a and the common
difference by d then we can find each term of an arithmetic progression usingaand d. The
Second term of the arithmetic progression can be obtained by adding the common differ-
ence d to the first term, so that second term is a + d. In this way, by adding d to the second
term (a +d), we can get the third term which will be a + d + d. We can write any arithmetic
progression in the following way:

a,at+td,a+d+d,a+d+d+d, ..o

Or

a,a+d,a+2d,a+3d, ..cccooiiiiiiinn

This is called the generalized form of an arithmetic progression. When number of
terms of the AP is finite it is said to be a finite arithmetic progression and when number of
terms is infinite it is said to be an infinite arithmetic progression.
You can see that the number of terms in the arithmetic progression -7, -11, -15, -19, ...............
given in example (1) is infinite, therefore this is an infinite arithmetic progression.

Try These
1. Form an infinite arithmetic progression where the first term is 5 and common differ-
enceis 3.
2. Form two finite arithmetic progressions each having 5 terms.
3. Ifa=11and d =6 inafinite arithmetic progression having 10 terms, then find the

largest member of the series.
Note:- It is not necessary that the common difference should always be a natural number, it
can be any real number.

Example-2.  Write the first three terms of the arithmetic progression where the first term
a =10 and the common difference, d =-3.

Solution:
Firstterm a=10
Commondifference  d=-3
Second term =a+d
=10 + (-3)
=7

Third term =a+2d
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= 10+2(-3)
= 10-6
=4
Hence, the first three terms of the arithmetic progression are 10, 7, 4.
If we denote the common difference by d and the starting term or the first term of an
AP by a , the second term by a,, the third term by a, ............... ,then®™termbya_then the

arithmetic progression can be expressed asa,, a,, a, .....a.

Here, the common difference can be expressed byd=a,-a,=a,-a,=....a-a_,=a_ . -a

n “n1” %l %

Example-3.  Sort the arithmetic progression from the following number series. Write the
next two terms of the arithmetic progressions among the following.
(i) 9,27,81, oo

@  4,4+3,4+243,4433, e
(i)  1,-1,-3,-5 e,
(iv)  0.2,0.22,0.222,0.2222, ......cocervvrrenrnn.
Solution: 0] a,=9, a,=27, a,=81
a-a, =27-9=18
a,—a, = 81-27 =54
Since, a,—a, #a, —a,, therefore9,27,81, .............. IS not an arithmetic progression.

i a=4a=4+3a,=4+23 a,=4+33,
a,—-a =4+/3-4=43
8- =4+2J3-(4+3)=13
a,—a,=4+33-(4+23/3)=+3
Since (a,,,—a,), wherek =1, 2, 3.......is same each time, therefore the given list of

number is an arithmetic progression whose common difference is ¢ = /3 . The next two
terms of progression are:

(4+343)+(\/3) =4+43 and

(4+43)+ (\3) =4+5+3
(i) a=la=-la=-33=->5

a-a=-1-1=-2

a-a,=-3-(-1)=-2

8, -8 =-5-(-3=-2
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Since (a,,,-a,), where k=1,2,3......is same each time, therefore given list of number
is an arithmetic progression whose common difference d =-2. Next two terms of progres-
sionare:-

—5+(-2)=-7 and -7+ (-2)=-9

(vy a=02a =022a =0222a, =02222
a,—a =022-0.2=0.02
a, —a, =0.222-0.22 = 0.002

Since a, —a, # a, —a, therefore the given list of numbers is not an arithmetic

progression.
n™ temmof Ari thmetic Progression

Suppose thata,, a,, a,, ......... a_isanarithmetic progression, whose first term is a
and the common difference is d, then

Firstterm a=a

Secondterm &, =a+d=a+(2-1)d

Third term a,=a+2d=a+(3-1)d

Fourthterm  a,=a+3d=a+(4-1d

Fifthterm a,=a+4d =a+(5-1)d

By looking at the pattern we can say that

n"term a, =a+(n-1)d

If there are m terms in an arithmetic progression, thena_represents the last term.
The last term can also be denoted by I.

Let us try to understands by some examples:-
Example-4.  Find the 10" term of the arithmetic progression 4, 7, 10, 13, .....

Solution: Here a=4, d=7-4=3 and n=10
S8, =a+(10-1)d [--n"term, a,=a+(n-1)d]
=4+9x3
=4+27
=31
Example-5.  Arithmetic progression 2, 6, 10, ..... contains m terms. Find the last term.
Solution: Here the first term a = 2, the common difference d = 6 - 2 = 4 and the

number of terms are m. Therefore the last term will be m. Son=m.
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mi"terma_=a+(m-1)d [--nthterm, a, =a+(n-1)d]
a, =2+ (m-1)4
=2+4m-4
=4m-2
Try These
1.  Arithmetic progression 3,5, 7, ............ contains 15 terms. Find the last term.

If the last term of the arithmetic progression -9, -5, -1,
many terms are there in the progression?
3. Find the m™ and p™ terms of arithmetic progression 10, 15, 20,

............ is 67, then how

Let us see some more examples:-
Example-6. Checkwhether 301isaterminthe AP5,11,17, 23,
Solution:
Here, a=5, d=11-5=6
Letn" term be 301 i.e.a =301
We have to find the value of n
~.a, =a+(n-1)d
301=5+(n-1)6
301=5+6n-6
301 =6n-1
6n =302

302
n=——
6

151
n=—7>-
3

Since number of terms is n, so the n™ term should be a positive whole number, but
nisafraction here. Therefore 301 is not a term of the given arithmetic progression.
Example-7.  Thereare 50 terms in an arithmetic progression whose third term is 12 and
the last term is 106. Find the 29" term of this arithmetic progression.

Solution:

Let the first term be a and the common difference be d in the given arithmetic
progression

Third term =12

a,=12
a+(3-1)d=12
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and the last term =106
50" term = 106

a,, =106
a+ (50-1) d =106
a+49d =106 ...............e. (2)

By subtracting (1) from (2)
a + 49d =106
a +2d=12

47d = 94

d=2
47

Putting the value of d from equation (3)in equation (1)
at2(2)=12
at4=12
a=12-4

29" term of the arithmetic progression =a + (29-1)d
=8+ (28)(2)
=8+56
=64

Therefore, the 29" term of arithmetic progression is 64.

Try These

1. An arithmetic progression whose third term is 12 and the last term is 106, contains
50 terms. Find the 21% term of this arithmetic progression.

2. THe first term of an arithmetic progression is 10 and common difference is -3. Find
the 11" term.
Arithmetic progressions can be used to solve many daily life problems. Let us un-

derstand by some examples:-

Example-8.  How many two digit numbers are divisible by 5?

Solution: The list of two digit numbers divisible by 5 is :-

10, 15, 20, ...ccv.v.. , 95
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This isan arithmetic progression, whose first term isa = 10, the common difference
d=5andn"terma =95
Since n"term

95=10+(n-1).5

95=10+5n-5

95 = 5+5n

5n=95-5
90
"5

n=18

Therefore, 18 two digit numbers are divisible by 5.
Example-9.  Jyoti started to work in 1997 at a monthly salary of Rs.5000 and gets an
annual increment of Rs.200 in her salary. In which year did her salary become Rs.7000/-?
Solution:

Monthly salaries (in ) for years 1997, 1998, 1999, 2000 ........ are

5000, 5200, 5400, 5600.....

ThisisanA.P., because difference of any two successive terms is 200, therefore the
common difference d = 200 and the first term a =5000.

Suppose that Jyoti’s salary becomes 7000 in n years.

n

Then,
a = 7000
a+ (n-1)d = 7000
5000 + (n=1) 200 = 7000
(n-1)200 = 7000 - 5000
(n-1)200 = 2000
2000
n-1 = W
n-1 = 10
n = 11

Therefore in eleventh year i.e. in 2007 Jyoti's salary will become Rs.7000.

Till now you have solved examples in which series of numbers formed arithmetic
progressions. Now we will solve examples where letter combinations (p, g, r etc.) form
arithmetic progressions.

Example-10. If inanarithmetic progression the p* term is g and the g™ term is p, then
find the m™ term.
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Solution:

Let the first term be a and the common difference be d of the arithmetic progression.
Now,

p" term of the arithmetic progression
~.at+(p-1)d
g™ term of the arithmetic progression = p
~.a+(g-1)d
By subtracting (2) from (1)
a +(p-)d=gq
a+(g-1)d=p
By subtracting - - —
[(P-1)-(g-1)ld=q-p
[P-1-q+1]d=q-p
(p-q)d=q-p

1l
O o
—~
=
~

1
©
~~

N
~

_—(p-9
~ (p-0)
d=-1 e 3k
Putting the value of d from equation (3) in (1)
a+(p-1) (-1) =q

a =g+ (p-1)

a =q+p-1 -(4)
m term of the progression a, =a+(m-1)d
=(pto-1) + (m-1) (-1)
=p+q-1-m+1

d

=p+g-m

Therefore, m®" term of the progression =p+g-m
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Q.1

Q.2

Q3
Q.4

Q.5

Q.6
Q.7

Q.8

Exercise-1

Choose the correct option and give reasons: Q )
(i) First term and common difference of given arithmetic progression are:- :

3113 .

it g e

1 1 3 3 1 -3
y - — ) —,—l Ny —— il —,—l

w3z b3 G272 W3

(i) If first term is -2 and common difference is -2 for an arithmetic progression,

then fourth term is .
(a) 0 bk &2 Ich &4 Ydh &8

(i) 15" term in the arithmetic progression 7, 13, 19, ..... is
(a1 91 Hbh 97 fch 112%dh 90

(iv) Firstterm is 4 and common difference is -4 of an arithmetic progression,
then nthterm is:-
(@ 8-2n (b) 4 -2n (c)8-4n (d)8-8n

V) 78 is which term of arithmetic progression 3, 8, 13, 18, .....

(a) 15 (b) 16" (c) 17 (d) 18"
Which is an arithmetic progression from the following progressions, give reasons:-
(@} aa’a’,a’,....

(b} 2,+/8,18,/32,....
) 23,529,
(dh 0,-4,-8,-12,....

1 1
Y 16,182,202, 23 oo
(e 20

Find the 10" term of the arithmetic progression 9, 5, 1, -3, .....
Find the 40" term of arithmetic progression 100, 70, 40........

147
Find the n™ term of the arithmetic progression g9g
Find the m™ term of arithmetic progression 950, 900, 850, .....
Last term of the arithmetic progression 8, 15, 22, ..... is 218. Find the number of
terms.

Which termis 0 of the AP 27,24, 21, .....7
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Q.9  Common difference of two arithmetic progressions is same. If the difference of
their 99th terms is 99, then what will be the difference of their 999th term?

Q.10 Inaflower bed there are 23 rose plants in the first row, 21 in the second, 19 in the
third and so on. There are 5 rose plants in the last row. How many rows are there
in the flower bed?

Q.11 Sanjay saved Rs. 5 in the first week of a year and then increased his weekly
savings by Rs. 1.75. If in the nth week, his weekly saving was Rs. 20.75, find n.

: : : 1 :
Q.12 Is-47 aterm of the arithmetic progression 18,155 B — If yes. then which term?

Q.13 Find the 31 term of an arithmetic progression whose 11" term is 38 and the 16"
termis 73.

Q.14 Find the m" term of an Arithmetic progression whose 12 term exceeds the 5"
term by 14 and the sum of both terms is 36.

Q.15 Whichterm of the arithmetic progression 3, 15, 27, 39, ..... will be 132 more than
its 54" term?

Q.16 The sum of the 4" and 8" terms of an arithmetic progression is 24 and the sum of
the 6" and 10" terms is 44. Find the first three terms of the arithmetic progression.

Q.17 How many three-digit numbers are divisible by 3?

Q.18 Find the 10" term from the last in the arithmetic progression 3, 8, 13, ..... 253.

1 1
Q.19 Ifinanarithmetic progression pth termis a and gth term is B , then prove that

(pq)™" term of arithmetic progression is 1.

Q.20 Ifp™termis g and g™ term is p of an arithmetic progression, then prove that
(p+q)" term is zero.

Q.21 p™ g™"and r'" terms of an arithmetic progression are a, b, c respectively then
prove thata(q-r)+b(r-p)+c(p-q)=0.

Q.22 Forwhat value of n, the n* terms of two arithmetic progression 63, 65, 67, .....
and 3,10, 17, ..... will be equal?

ArithmeticMean
Suppose three quantities a, A, b are in arithmetic progression, then the middle quantity

A is said to be arithmetic mean of the two quantitiesaand b.
Since a, A, b are in arithmetic progression.

therefore,
A-a = b-A
A+A = b+a
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2A = ath
A . ab
- 2

Therefore, you can say that the arithmetic mean of two quantities is the half of the
sum of those two quantities. Let us understand with the help of some examples:-

Example-11. Find the arithmetic mean of /2 ;1 and /2 1

Solution:
Arithmetic mean - (2+1) er (v2-1)
W2+ +(V2-1)
B 2
a2
2
2

Forming an arithmetic progression between two quantities a and b

We can insert new numbers between any two numbers and form an AP. We will
have to take the common difference d depending on the number of terms in the series.
Suppose we want to insert nterms, A ,A_,A........ A between two values aand b.
Thena, A A A,....... A, bwill form the AP where the first term is a, the last termisb and
the number of terms is (n+2).

Suppose the common difference of an arithmetic progressionisd,

then the last term b=a+(n+2-1d [--n"term, a,=a+(n-1)d]
b=a+(n+1)d
b-a=(n+1)d
g_b-a
n+1
b-a
therefore, A=at+d=a+——
n+1
b-a
=a+2d=a+2
A (n+1j
b-a

A3:a+3d:a+3(

n+1j
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By looking at the above pattern we can say that

nt"term = A1:a+nd:a+n(b_aj
n+1

Let us understand it by some examples:-
Example-12. Forman AP by inserting 3 terms between 11 and -5.
Solution:

LetA ,A,A, be 3terms between 11 and - 5. Therefore 11,A, A, A, -5areinan
arithmetic progression. First term of this arithmetic progressionisa=11, 5" term=-5.
Suppose common difference of the arithmetic progression is d.

5"term =a+4d [--n"term, &, =a+(n-1)d ]
-5 11 + 4d
-5-11 4d
4d = -16

d =

d = -4
Therefore, A —a+d
=11+ (-4)
=7
A,=a+2d
=11+ 2 (-4)
=11-8
=3
A,=a+3d
=11+3(-4)
=11-12
=-1

Therefore, three terms between 11 and-5are 7, 3, -1 which form the AP 11,7,3,-1,-5.
Example-13. nterms lie between 2 and 41. The ratio between the fourth term and the
(n-1)"termis 2: 5, then find the value of n.

Solution:

Suppose A AL A,,....A are n terms between 2 and 41. Therefore 2,
ALALA,....A 4lareinarithmetic progression, where the firstterm a= 2 and the (n + 2)"
termis 41.

Suppose common difference of progression is d.
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then (n+2)"term =41
2+(n+2-1)d =41 [n® term a =a+(n-1)d,]
2+(n+1)d=41
(n+1)d = 41-2
39
n+1
According to the question

4" term of the seriesA, 2
n" term of the seriesA , 5

a+4d 2
a+(n-1)d 5
5a+20d = 2a+2(n-1)d
5a—-2a = 2(n-1)d-20d
3a = (2n-2)d-20d
3a =(2n-2-20)d
3a = (2n-22)d

o
32) = (@2n22) | —

n+1

(On putting the value of aand d)
6(n+1) = 39(2n-22)
6n+6 = 78n-858
6+858 = 78n-6n

864 = 72n
_ 864
=7
n =12

1 1
Q.1 Find the arithmetic mean of 5 and 5
Q.2 Find the arithmetic mean of X2 + 3xy and y?— 3xy.
Q.3 Arithmetic mean and product of two numbers are 7 and 45 respectively. Find the

numbers.
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Q.4 Arithmetic mean and sum of squares of two numbers are 6 and 90. Find the num-
bers.

Q.5 Forman AP by inserting 6 terms between -4 and 10.

Q.6 FormanAP by inserting 5 terms 11 and -7.

Q.7 Ifinanarithmetic progression the mean of p"and g* term is equal to mean of r"
and s term then prove thatp +q=r +s.

Q.8 nterms lie between 7 and 49 in an AP. If ratio of the fourth term and the (n - 1)
termis 5: 4, then find the value of n.

Sumof Ari thmetic Progression

If the sum of the first three term of the arithmetic progression 5, 7,9, 11, 13, .....is
denoted by S, then,
S,= 5+7+9=21
To know the sum of the first four terms of this arithmetic progression we will add the
first four termsi.e. 5,7, 9 and 11. In this way we will get 32 as the sum of first four terms.
But if you want to know the sum of first 90 terms of progression then you will have to add
first 90 terms of progression. This process will be very long. If you want to know the sum of
first n terms of an AP, you will use first term a, common difference d and no of terms n.
Suppose the first term of an arithmetic progression is aand the common difference is d.
Therefore,
a, atd, a+2d, ............
is the arithmetic progression.
Suppose the sum of first three terms of the arithmetic progressionis S,

then,

S,=a+(a+d)+(a+2d) .. 1)
If we write the sum of terms in the reverse order

S,=(at2d)+(at+d)+a .. 2

By adding equation (1) and (2) according to terms
2S, =[a+(a+2d)]+[(a+d)+ (a+d)]+[(a+2d)+a]

2S, =[2a+ 2d] +[2a+ 2d] +[2a+ 2d]
2S, =3[2a+ 2d]

s -Ra+@-ndl . ®

Suppose the sum of the first four terms is S, then
S,=at(atd)+(a+2d)+(a+3d) .. 4)
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If we write the sum of terms in the reverse order
S,=(a+3d)+(a+2d)+(atd)+ta ... 5)

By adding equations (4) and (5) according to the terms
2S, =[a+(a+3d)]+[(a+d)+(a+2d)]+[(a+2d)+(a+d)]+[(a+3d) +a]
2§ =[2a+3d]+[2a+3d]+[2a+3d] +[2a-+3d]
2S, =4[2a+3d]

S, :%[2a+(4—1)d] ..... ok
Similarly,

§-2lar6-nd .. o
§-glar6-nd . &

By looking at the pattern of equations (3), (6), (7), (8) we can say that in an arith-
metic progression whose first term is a and the common difference is d, the sum of n terms
S, isgiven by:

S :2[2a+ (N—1)d]

DeductionMethod for finding the sum

Suppose the first term is aand the common difference is d of an arithmetic progres-
sion, therefore
a, atd, a+2d, ............
is an arithmetic progression.
The n™ term of arithmetic progression isa + (n - 1) d. Let Sn be the sum of n terms
of thisarithmetic progression. Therefore,

S =a+(a+d)+(a+2d)+ ....... +[a+(n-2)d, +[a+(n-1)d, .. 1)
If we write the terms in the reverse order-
S =[a+(n-1)d,+[a+(n-2)d,+ ....... +@@td)+ta L (2)

By adding equations (1) and (2) according to terms-
S, +S, =[a+a+(n-Dd]+[(a+d)+a+(n-2)d]+

[CRRZ0) Btz Bl (1) [0
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.......... +[a+(n-2)d+(a+d)]+[a+(n-1)d + a]
2S ={2a+(n-Dd]+[2a+(N=1)d]+ .cccereerrr verrrrnn. +[2a+ (n-1)d]

n

In the above equation, number of terms in the right side is n (Why?)
25 =n[2a+(n-1)d]

S :2[2a+ (n-1)d]

Therefore sum of first n terms of arithmetic progression is

s, :g[2a+ (n—1)d]

This can also be written in the following way:-

s, :g[a+ a+(n-1)d]

-Jla+a]

If there are only n terms in an arithmetic progression, then the n" terma_is the last
termi.e.a =1, here the letter | will be used for last term.
Sum of n terms of arithmetic progression in this condition will be given by:

n
=—(a+l
§ =+
Try These
1. Is the n"term of a progression is equal to the difference between sum of the first
nterms (S,) and sum of the first (n - 1) terms, (Sn-1)?
2. If the sum of the first n terms of anarithmetic progressionis S =4n - n?, then can

you find the value of the first term? Is this S, ? What is the sum of first two terms
of this arithmetic progression? What is the second term? In this way find the third,
the fourth, the fifteenth and the n" terms.

Example:-14. Find the sum of 17 terms of the arithmetic progression5, 1, -3, ......
Solution:
Here, firstterma =5, common difference d =1 - 5=-4, number of termsn=17.
We know that,
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s = g [2a+(n-1)d]

17

s, = %[2(5)+(17—1)(—4)]
_ %[10+(l6)(—4)]

17
= S00-64)

17
= (59

= -459
Therefore, sum of first 17 terms of the given arithmetic progression is -459.
Example-15. Sum of first 14 term of an arithmetic progression is 1050 and its first term is
10, then find the 20" term.

Solution:
Here a=10, n=14, S,,=1050
We know that,
s = 2[2a+(n—1)d]
14
1050 = ?[2(10) +(14-1)d]
1050 = 7 (20+13d)
1050 = 140 + 91d
91d = 1050 - 140
91d = 910
..
- 91
d = 10

Therefore 20™ term, a,,=10+(20-1)(10)
[-- n"term, a =a+(n-1)d]
a,,=10+190=200
Therefore 20" term is 200.
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Example-16. Find the sum of all odd numbers between 100 and 200.
Solution:

Odd numbers between 100 and 200 are

101, 103, 105, --------=m-emmmmmmmmmeeee- 199

This list of numbers is an arithmetic progression (Why?)

First term of thisarithmetic progressionisa= 101, lastterm ¢ =199, Common
difference d=2.

Suppose number of terms is n of this arithmetic progression, then

n"term = 199

at(n-1d = 199
101+(n-1)(2) = 199
2n-2 = 199-101

2n—-2 = 98
2n = 98+2
100
n=—
2
n = 50
Therefore, sum of odd numbers between 100 and 200
n
= —(a+l
S, =5 (a+l)
50
S, = 7(101+199)
=25 (300)
= 7500

Therefore, sum of odd numbers between 100 and 200 is 7500.
Example-17. How many terms of arithmetic progression 17, 15, 13, ..... must be taken
togetasum of 72,
Solution:

Here firstterma =17, common differenced=15-17 =-2

Suppose sum of ntermis 72, then S_ =72,

We know that,

s = 2[2a+(n—1)d]

72 = 2[2(17)+(n—1)(—2)]
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72 = 2(34—2n+2)
72x2 = n(36-2n)
144 = 36n-2n?
2n%-36n+144 = 0
n?-18n+72 = 0
n%-6n-12n+72 = 0
n(n-6)-12(n-6) = 0
(n-6)(n-12) = 0
n=6,n=12 |
Both values of n are possible and acceptable therefore the number of terms is either
6 or12.
Comment:-
(1) In this situation sum of first 6 term = sum of first 12 terms =72
(i) Reason that there are two possible answers is that the sum of 7" term to 12" term
is zero.

Example-18. Inaschool, students thought of planting trees in and around the school
campus to reduce air pollution. It was decided that the number of trees that each section of
each class would plant would be the same as the class in which they are studying, e.g., a
section of class I would plant 1 tree, a section of class Il would plant 2 trees and so on till
class XII. There are three sections for each class. How many trees will be planted by the

students?
Solution: Since there are three sections for each class, so number of trees planted by
class 1, Class Il, Class 1, ..... Class XII respectively is given by:
1x3, 2%3, 3X3, ..o 12x3
Or
3, 6,9, - , 36

This isan arithmetic progression (Why?)

First term of this arithmetic progression a =3, Common differenced =6 -3 =3,
Number of termsn =12, Lastterm | =36

Therefore number of trees planted by school students will be equal to sum of all
terms of the arithmetic progression. Thus,

Total Number of trees planted by school students

S §(a+l)
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3

S = %(3+36)

12

= 6x39
= 234
Therefore 234 plants are planted by the school students.
Example-19. A spiral is made up of successive semicircles of radii 0.5cm, 1.0cm., 1.5
cm., 2.0 cm......, with centers alternately at Aand B, starting with center at Aas shown in the
figure. What is the total length of such a spiral made up of thirteen consecutive semicircles?
22
(Take 7 =—=-)
7
Solution:
We know that length of semicircle with radiusris zr .
Therefore, total length of a spiral made up of thirteen consecutive semicircles

=7 (05)+ 7 (1L.O)*+ 7 (15} 7 20)+...* 7 (65) .

= m(0.5)[1+2+3+........+13] 1
= 7r(0.5)[%{2(1) +(13-1)-1}] @ "
_ 205)[2(2+12)] "
2 l,
= E(O'S)(% x14) 1+243....... + 13 is an AP whose first

= 760.5) (91) termis 1, common difference is 1 and

number oftermsis13...................
= 2><£>< 91 n

7 10 = E[2a+(n—1)o|]
=143 cm

Therefore, total length of spiral made up of thirteen consecutive semicircles is 143cm.

Exercise-3
1? Q.1  Findthe sum of the following arithmetic progressions:-
(i) 9,12,15, ..o up to 16 terms.
(i) 8,3, -2, i up to 22 terms.
(D] 0.6,1.7,2.8, ..o up to 100 terms.
111

(iv) 15'12°70 upto 11 terms.
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n“+1 n"-1
) i , N, W - up to 20 terms.
n n
1 2 3
i 1__ ’ 1__ ’ 1__ ’
(vi) [ n] [ n][ n] ............... up to nterms.

1
Q.2 How many terms will it take to get the sum 1046.5in AP 7, 105 14,

Q.3 How many terms of the arithmetic progression 24, 21, 18, ..... must be taken so
that their sum is 78?

Q.4 First term of an arithmetic progress is 1, last term is 11 and sum 36. Find the
number of terms and common difference.

Q.5 Firsttermis 17 and last term is 350 in an AP. If common difference is 9, then how
many terms are in it? Find the sum of this progression.

Q.6 Find the sum of all multiples of 3 natural numbers between 1 and 100.

Q.7 Findthe sum of all odd numbers lying between 0 and 50.

Q.8 Find the sum of first 51 terms of that arithmetic progression whose second term 14
and third termis 18.

Q.9 Ifthe sum of first 7 terms of an arithmetic progression is 49 and that of 17 terms is
289, find the sum of first n terms.

Q.10 Iffirst, second and last terms are respectively a, b and 2a of an arithmetic progres-

sion, then prove that sum of progression will be %

Q.11 Sum of the first nterms of an arithmetic progression is n? + 4n. Find the 15" term of
the progression.

Q.12 Find the sum of first 24 terms of the list of numbers whose n" term is given by a_=
3+2n.

Q.13 Sumof p™, g™, rt" terms of an arithmetic progression are a, b, ¢ respectively, then

a b C
prove that B(Q—r)ﬂLa(f— I0)+F(D—Q)=0

Q.14 Sums of nterm of three arithmetic progressions are s_, s,, s, respectively. I first
term is 1 for every progression and common differences are 1, 2, 3 respectively
then prove thats, +s,=2s,.

Q.15 Ifthe sum of n, 2n, 3n terms of an arithmetic progression ares,, s,, s, respectively
then prove thats, =3 (s,-S,).

Q.16 A manufacturer of TV sets produced 600 sets in the third year and 700 sets in the
seventh year. Assuming that the production increases uniformly by a fixed number
every year, find:
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(1) The number of TV sets produced in the 1* year.
(i) The number of TV sets produced in the 9" year.
(i)  Thetotal productionin first 7 years.

Q.17 Acontract on construction job specifies a penalty for delay of completion beyond
acertain dates as follows : ¥ 200/- for the first day, ¥ 250/- for the second day, ¥
300/- for the third day, etc., the penalty for each successive day being ¥ 50/- more
than the preceding day. How much money will the contractor have to pay as
penalty if he has delayed the work by 30 days?

Q.18 Asum ofZ 700/-is to be used to give seven cash prizes to students of a school for
their overall academic performance. If each prize is % 10/- less than its preceding
prize, find the value of each of the prizes.

Q.19 200 logs are stacked in the following manner : 20 logs in the bottom row, 19 in the
next row, 18 in the row next to it and so on (see fig.)

£ 1 G" - ,‘
E@

Voo o
A@@@

@_;-

a@ﬁ@

Find out in how many rows are the 200 logs placed and how many logs are in the
top row?

Q.20 Inapotato race, a bucket is placed at the starting point, which is 5 m from the first
potato and the other potatoes are placed 3 m apart in a straight line. There are ten
potatoes in the line (See. fig.)

—— - a

A competitor starts from the bucket, picks up the nearest potato, runs back with it,
drops it in the bucket, runs back to pick up the next potato, runs to the bucket to drop it in,
and she continues in the same way until all the potatoes are in the bucket. What is the total
distance the competitor has to run?

[Hint: To pick up the first potato and the second potato, the total distance run by a competi-
toris(2x5)+2(5+3).
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What We Have lLearnt

1. An Arithmetic Progression (AP) is a list of numbers in which each term except the
first term is obtained by adding a fixed number d to the preceding term. The fixed
number d is called the common difference. If first term is a, then the general form of
an arithmetic progression is

a,a+d,a+2d,a+3d, ...

2. Agiven listof numbersa , a,, a,, ..... isanarithmetic progression if the differences
Bl =Gy Bl=GLy Bl =6l s R give the same value, i.e. the value of a,,,—a,
isthe same, wherek =1, 2, 3, .....

3. First term is a and common difference is d of an arithmetic progression, then n*
term of this arithmetic progression-

a=a+(n-1)d

This n"term of the arithmetic progression is known as the general term.

4. Ifa, A, b are in arithmetic progression, then A = 2 5 b and Ais said to be arith-
metic mean ofaand b.

5. IfntermsA, A, A,, ..... A , are taken between two terms aand b such thata, A ,
ALA, ... ,A , bare inarithmetic progression whose first termis a, last term is
b and the number of termis (n + 2).

6. Thesum S_of nterm of an arithmetic progression can be obtained by using the

following formulae:

i S :g 2a+(n—1)d]

@M S =7 la+]

where the first term of arithmetic progression is a, the common difference is d, the
number of termsisn and thelast termisl.
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ANSWER KEY
Exercise-1
@O (i) (d) (i) (@) (iv)(©)
(V) (b)
3n—-2
2  (b).(d) (3)-27 (4)-1070 () ——
(6)  1000-50m (7)31 (8) 10t term
@ 99 (10) 10 (11) 10
(12) Yes, 27" term (13) 178 (14) 2m+1
(15) 65t term (16) -13, -8, -3 (17) 300
(18) 208 (22) 13
Exercise-2
(1) 0 2 X ; Y (3) 5and 9
4) 3,9 (5) -2,0,2,4,6,8  (6) 8,5,2,-1, -4
(8) n=5
Exercise-3
(1)  (i)504 (i) —979 (iii) 5505 (iv) %
v 10(2n;—17) i % (n—1)
(2) 23 (3) 40r13 (4) n=6,d=2
(5) 38,6973 (6) 1683 (7) 625
(8) 5610 (9) n? (11) 33
(12) 672 (16) (i) 550 (ii) 750 (iii) 4375

(17) % 27750

(20) 370 meter.

(18) Amount of prizes (in¥) 130, 120, 110, 100, 90, 80, 70
(19) 16 rows, 5 logs are kept in the top row.
Hint: S=200,a= 20,d=-1, substuting in the formula S, = %[2a+ (n—-1)d]we get
two value of n, 16 and 25. Now a,, = a + 24d = —4 i.e. number of logs in 25" row is
negative, which is not possible. So n = 25 is not ecceptable. Forn=16, a,,=a+15d =5,
so the number of rows is 16 and 5 logs are kept in the top row.
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Ratio

Oftenwe find the need to compare different quantities in our work. Sometimes, this
comparison requires us to take ratio of the quantities. For example, suppose we want to
compare three Kabbaddi teams A, B and C in any given year. How do we do it?

We have been told that team A has played 5 matches and won 3. Team B has played 12
matches and won 5 and team C has played 18 matches and won 13.

Tofind outwhichteam isbest performing, we should write the ratio of matches wonto total
matches played foreach team.

Performance ofteamA(inratio) =35

3
5
Performance of team B (in ratio) =5:12
_5
12
Performance ofteam C (inratio) =13:18
13
18
Butwe can'tsay whichteam isbest on the basis of these ratios because the number of matches

won and the number of matches played is different for each team and therefore the
denominatorsare different. We should make the denominatorcommoninallratios. Ondoingthis:

Perf feamA — —230 _ 108
erformance of teamA = 5%36 180
5x15 75

Performance ofteamB = =

12x15 180
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perf fream C = ~oro — 15
erformance of team 18<10 180
By looking atthese figures we can say that team C was the best performing team.
Try these

The areaof which of the following smaller plots isbiggest ascompared to the main plot -
(@) 5cmsquare from 5 meter square
(b) 3 cmsquare from 30 meter square
(c) 9 cmsquare from 10 meter square

Practical usesof ratios

Getting infor mation from given statements

Often, we draw conclusions from givenfacts. Forexample, we know that the total
surfaceareaofearthis510 million square kilometers, of which almost 360 million square
kilometers iswaterand 150 million square kilometersis land. Onthe basis of these figures
we can find outthe ratio of water to land onthe surface of the earth and also the percentage
of surface of earth covered by water and the percentage which s land.
Given factsand figures

(1) Thetotal surface area of earth is510 million square kilometers

(i) Areacovered bywateris 360 millionsquare kilometers

(D] Areacovered byland is 150 millionsquare kilometers

(A)  Ratio of waterto land on the surface of earth = 360 : 150

_ 360
~ 150

L2 s
=5 orl2:
The ratio of water to land on the surface of earth is 12:5.

(B)  Ratioofareacovered by water to total surfacearea =360 :510

= @=E:12:17
510 17

360
= ——x100%
In percentage 510 X 0

=70-58%
Similarly, we can find out the percentage of earth's surface whichis land.
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Intheexample takenabove, we compared the performance of three teams. We canalso look
atthe performance ofthe sameteam indifferent years. Letusunderstand throughanexample-
Example-1:  Theperformance ofthe State Hockeyteam of Chhattisgarh innational level
matches isshown below:

1. Played 12 matches in 2016 and won 10.

2. Played 10 matches in 2015 and won 7.

3. Played 11 matches in 2014 and won 8.
Fromthegivendatafor threeyears, tell inwhich year did the team play best? Explaingiving
reasons.
Solution: Toconclude fromthe performance data given, we needto firstconvert into
ratiosand then percentages.
1. Performanceinyear2016 (inratio) =10:12

10
Inpercentage = ITh 100%

=83.34%
2. Performancein 2015 (inratio) =7:10

7
Inpercentage = 0> 100%

=70%
3. Performancein 2014 (inratio) =8:11
8
Inpercentage = > 100%
=72.73%

The performance of theteam inthe years 2016, 2015 and 2014 was 83.34%, 70%
and 72.73%respectively. Therefore, we can conclude that the team performed betterin 2016
ascompared to the previous two years.
Example-2.  Thewater-level in the river Mahanadi increased 5 inches per houronan
average inthe month of August whereas itincreased 3 feet per day onanaverage inthe month
of September. Find out the month inwhich the increase inwater level was more.
Solution: Rate of increase inwater level inthe month of August =5 inches per hour
Rate of increase in water level in the month of September =3 feet per day
=36 inches per 24 hours
=1.5inches per hour

_36inch
24 hour
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_1.5inch

" 1 hour

=1.5inch per hour
Rate of increase in water level inthe month of September is 1.5 inches per hour whichis less
than the rate of increase in water level inthe month of August, 5 inches per hour.
Example-3.  Twogroupscompleteagiventaskin14and21daysrespectively. How long
wouldthey take to complete the task if they work together?
Soultion: Let the work done by group one in 14 days =1

1
Therefore, the work done by group one in 1 day = 7

Similarly, the work done by group two in 21 days =1
1
Therefore, the work done by group two in 1 day = 21

1 1 5
Total work done by the two groups in one day = I + PYIT)

5
Thatis, the two groups together complete T workin1day.

5
Thus, the two groups together complete the task in Iy days = 8§

Exercises -1

1. In acricket match, batsman Dheerendra scores 19 runs in 25 balls and gets out,
Mahendrascores 14 runsin 19 ballsandissentback tothe pavilionand Ravindrascores
9runsin 16 balls. Who scored fastest and who was the slowest?

2. Inal00mrace, Ramrunsataspeedof 12 km per hourleaving Shyam 5 meters behind.
Whatwas Shyam's speed?

3. Thevolume of saltwater onearth is 38214 million cubic kilometers and that of fresh
wateris 1386 million cubic kilometers. Tell the ratio of freshwater to salt water on earth?
Whatisthe perecentage of fresh water on earth? And the percentage of salt water?

4. Maheshcutsthe paddy cropinafieldin 12 days. Gayatri cutsthe samecrop in 9 days.
How many days would be needed to cut the crop if they both work together?

5. ArunandAshwinicompleteatask by themselvesin 20 and 25 days respectively. Can
you tell the percentage by which Arun works more efficiently than Ashwini?

6. Sanjay and Shiva together complete a task in 16 days. Sanjay takes 24 days to
completethe task when he worksalone. How many days will Shivatake to complete
the task whenhe worksalone?
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Oftenwe needto divide aquantity into two or more parts. Individing into more than
two partswe comeacross three situations. First, we may have todivide into three equal parts.
We can easily find outhow mucheach personwill get. Second, we may todivide insucha
manner that the first person gets more than the second who gets more than the third. And in
thirdsituation we may havetodivide the quantityinacertainratio, forexample, dividing some
money between three personsintheratioa:b:c.

An example of dividingin afixed ratio

Three friends Lata, Sonu and Purendra started a business worth Rs.15 lacs by
contributingRs.3 lacs, Rs.5lacsand Rs.7 lacs respectively. Atthe end of the year, they earned
aprofitofRs.2,25,000. What would be each person’s share in the profit? Will each person
getthe same share of profit? If not, then how the profitshould be divided? Let us see.
Since, each person contributed differentamounts to the business therefore the profit should
be divided accordingly. Theinitial contribution by the three was intheratio 3:5:7.
Therefore, they should respectively get 3k, 5k and 7k parts of the profit..

That is, 3k + 5k + 7k = 225000
15k = 225000
K 225000
15

k = 15000
Thus, Latawill get 3k partsthatis Rs.45000, of the profit.
Sonuwill get5k partsthat is Rs.75000, of the profit.
And, Purendrawill get 7k partsthat is Rs.105000, of the profit.

Think and Discuss
Whatwill be the distribution processinthe following three situations?
()] Each person gets the same amount?
(i) One person gets 10 more than the other?
@)  Whenonegetsinafixedratio?

Example-4. Ifa75cmlongline segmentisdividedintothree partsintheratio 3:5:7 then
what will be the length of each part?

Solution: Ondividinga75cm long line segmentinto three parts inthe ratio 3:5:7 the
length of each part would be 3k, 5k and 7k respectively.
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Therefore, 3k + 5k + 7k =75

15k = 75
= 8
~ 15
k=5

Therefore, the length of one part will be 3k or 15cm.
The length of second part will be 5k or 25 cm.
The length of third part will be 7k or 35 cm.

Try these

1. Divide Rs.651 between Amit, Aniland Ankitainsuchawaythat foreveryone rupee
that Amit gets, Anil gets Rs.5and Ankita gets Rs.25.

2. Richaopened her piggybank andgot Rs.10, Rs.5, Rs.2and Rs.1 coins intheratio
2:3:5:7. Shetold her mother that she now had Rs.520. Can you find out the number
of each ofthe coins?

Example-5.  Somemoneywasdistributedintheratio 11:13:17 betweenthree studentsA,

Band C. IfAgot Rs.451 then find the amounts received by student B and student C. Also,

find outthe total moneywhichwas distributed.

Solution: Suppose A, B and C got Rs.11k, 13k and 17k respectively. If student A

received Rs.451 then,

i ) 451
Sum received by student A, 11k =451 thatis k= ETE 41

We now knowthatthe value of kis41. Therefore, we caneasily find out the share received
by students Band C.
Student B's share = 13k = 13x 41 = Rs. 533
Student C's share =17k = 17x 41 = Rs. 697.
Total money distributed between students A, B and C =451+ 533 + 697
=1681.

Example-6. CanRs.63thousandbedistributedintheratio 5:7:9 between studentsA, B
and Csothatthey only receive Rs.500 notes? If yes, then find the amount received byeach
student.
Solution: WhenRs. 63 thousand is distributed between students A, Band C, they will
get 5k, 7k and 9Kk respectively.

Thatis, 5k+ 7k + 5k = 63 thousand
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63
21k =63 thousand or K= 21 thousand = 3 thousand

Thus, Student Agets = 5k=5 x 3 =15 thousand
Student B gets = 7k =7 x 3 = 21 thousand
Student C gets =9k =9 x 3 = 27 thousand
Theseamounts can be distributed solely in Rs.500 notes
Example-7.  Inabusiness partnership, contributingshare of businessmenAandBisin
theratio 3:2and thatof Aand Cisintheratio 2:1. A, Band C earnaprofit of Rs.178,100
intheir business. How muchwill each of them getindividually?
Solution: Since contributing share of businessmenAand B isintheratio 3:2and that
of Aand Cisintheratio 2:1 therefore to get the mutual ratio we will have to get equivalent
ratioswith A. To dotthis, wewill look at the ratio between businessmen Band A. Theratio
is2:30r4:6. Contributingratio between businessmenAand Cis 2:10r 6:3. Thus, contributing
ratios of businessmen B, Aand Care 4:6:3.
Profitwillbe distributed intheratio4:6:3 of their contributing shares. Therefore, they will get
4k, 6k and 3k of the profit respectively.
So, 4k +6k+ 3k=178100

13k = 178100

_ 178100
- 13

k =13700
Thus, Profitreceived byAis 6k thatis, Rs.82200.
Profitreceived by B is 4k that is, Rs.54800.
Profitreceived by Cis 3k thatis, Rs.41100.

Try this
1. SitahasRs.8200 where the number of Rs.500 notes is twice that of Rs.100 and the
number of Rs.1000notes isthree timesthat of Rs.100. Find the number of Rs.1000
noteswith Sita.
2. Divide Rs. 2890 between A,B and C such that A:B=1:2 and B:C = 3:4.
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Dividing a quantity in any ratio
Divideaquantity x intothree partssuch thatthe ratio betweenthe partsisa:b:c. Here,

x can be of any value and type and a, b, ¢ can be any natural numbers.
We have todivide the quantity x inthe ratioa:b:c. We canwrite this as follows:

ak + bk + ck = x
(@+b+ck =x
X
k= (a+b+c)
ax
Therefore, thefirst partof x isak that is (a+b+c)
bx
the second part of x is bk that is (a+b+c)
CX
the third partof x is ck that is (a+b+c)

We found that the three quantitates obtained after distribution are respectively

ax bx cX
(a+b+c) (a+b+c) and (a+b+c)

Example-8.  Supposewehave40litersof amixture of milkand waterwhich is 10% water.
Themilk selleradded some more water to this mixture. The new mixture has 20% water. How
much more water was added?
Solution: Water inoriginal mixture =10% of 40 liters =4 liters

And milk =40 -4 =36 liters.

Suppose x liters of water is added to this mixture.

Thenwater inthe new mixture =(4+x) liters

Andmilk =36 liters.

Giventhatratio of waterto milk in the newmixtureis 20% and 80%

Ratio of watertomilk =20:80=1:4

4+x 1

Thus, K_Z
16 +4x = 36

X =5

So5 litersof water were added to the original mixture.
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Exercises-2

1.  Therunsscoredbythree batsmenA, BandCinacricketmatchareintheratioA:B
=B:C=1:2. Ifthetotal of their runsis 364 thenfind the runs scored individually be
each batsman.

2.  Thesalaries ofthreeworkers A, Band Care intheratio 2:3:5. If their salaries are
respectivelyincreased by 15%, 10% and 20% thenwhat will be the ratio of their new
salaries?

3. Threepersonsearnaprofitof Rs.70,000inabusinesswhichtheytodivide intheratio
A:B=4:2and B:C =10:5. How much money will each person get? The money
received by Awould be how many times the money received by C?

4.  AbagRs.1,Rs.2andRs.5coins. Ifthecoinsare intheratio 1:2:5and the total money
inthe bag is Rs.1590 then find the number of each type of coin.

5. Wehave 100 liters of amixture of milk and water which is 10% water. How much
more pure milk should be added so that the new mixture has only 5% water?

Proportion

78
Inclass 9th exam, the marks scored by Mariain different subjectsare asfollows: 100

inHindi, g—g inEnglish, % in Sanskrit, % in maths, % inscienceand 100 insocial

science. What can you say about Maria’s performance in the different subjects?
Tocompare the different marks first the basic marks should be same inall subjects.

Thatisifin Englishthe marksare 35 out of 50 then theywill be 70 out of 100 or we can write

70wl
100 asweil.

Similarl tethe marksin Sanskritas oo = o0 =
Imilarly, we can write the marks In sanskritas 50 2x50 100

Now we can drawsome conclusions.

70 30 60

Actually, =0 and 100 or =0 and 100 areequivalentratios which meansthat the values of

these ratios are same.

Thatis 270 30_60
A 597100 @ 50 100
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Therelation between two equivalentratios is known as proportion.

Ifa:b and c:d are equal then we can write them as a:b = ¢:d or we can also show them as
a:b::c:d

Here, . ;" isthe symbol for proportion. Anda,b,cand dare terms of the proportion. The first
termisaandthe fourth termisdandtheyare called the extreme terms. Similarly,candbare
knownasthe middle terms.

Therefore, ifa,b,canddare proportional then

a_c¢
b d
Or ad = bc

Thismeansthat the product of the middle termsof aproportion isequal tothe product
of theextreme terms.

Ifwe know any three of the four termsthen we can find the value of the fourth term
usingtherelationgivenabove. Letussee afewexamples-
Example-9.  Findthefourthtermof7,3,21.

Solution: We have been giventhefirst threeterms and let the fourth termbe x.
7:3::21:x
7.2
= 3 X
= 7xx=3x21
32
= X= 7
\ x=9

Therefore, the fourthtermis 9.
Example-10. What should be subtracted from each of 54,71,75 and 99 so that the
remaining termsare proportional.
Solution: Suppose we subtracty from each term.
Then, B4-y):(71-y)::(75-y) (99-y)

(54-y) _(75-y)
= (71-y) (99-vy)

= (54-y)(99-y)=(75-y) (71-y)
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= 5346 — 153x + y* = 5325 — 146X + y°
= 153x — 146x = 5346 — 5325

= x=21
_ 2

= X= 7

= Xx=3

Thatis, ifwesubtract 3 fromeach termthen the resulting termswill be proportional. Check
foryourself.

Continued proportion

Quantitieswhere the ratio between the firstand second termis the same astheratio
betweenthe second and third termwhichisthe same as the ratio between the thirdand fourth
termandso on.

Thatis,isa,b,c,d ... arethequantitiesthenand ——=—=—= PR thenthey

are incontinued proportion.
Since a:b:cthenbisthe mean proportional ofaandc, thatis,a: b::b:c

5 a_b
' b c

= b’ = ac
= b=+Jac

Thus, we can find the value of the middle term.
Example-11. Findthe mean proportional of 6 and 54.

Solution: Suppose x is the mean proportional of 6 and 54.
Then 6:x::x:54
= XX X=6x54

e X*=6x6x3x3

= X=46"673"3
= X=6x3=18

Thus, 18 isthe mean proportional of 6 and 54.
Example-12. Findthethird proportional of 8xyand 4x?y.
Solution: Suppose misthe third proportional of 8xyand 4x2y, then
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8xy: 4%y :m= 8xy:4xy::4x%y:m

8xy  4x’y
= oy = = 8xy x m= 4x%y x 4x%y
Ay~ 4x7y
- m= gy = m= 2%y

Thus, the third proportional is 2x®y.
Example-13. If a:b::c:dthenprove that

d’-c¢® _ac

b’ -d?  bd

Solution: Let

olo

So, a=bk c=dk

a?-c?
L.H.S. = W
_ (R - (K’
T p?-d?

k?(b® - d?)
(b* -d?)
K e, 1)

R.H.S ==
. e _bd

bk-dk

bd
k?(bd)
bd

= e, (2)
From (1) and (2), we can say that
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a-c_ac
b*-d*> bd
L.HS.=R.H.S.

Inver se Proportion

We know that the quantity of goods purchased using a fixed amount of money
decreases asthe costincreases. Onthe other hand, the quantity increases if ratesare slashed.
Ifwe increase (or decrease) the speed ofacycle orabus oracar thenthe time takento cover
the same distance decreases (or increases). Similarly, the time taken to carry out some work
increases or decreases depending on whether we decrease or increase the number of
workers. All these are inverse proportions or relations.

Think and Discuss

Think of some more examplesof inverse proportions or inverse relations.

Inverse proportions have several applications. Letus see some examples.

Example-14. 12labourersworking8hoursaday canfinishapiece ofwallin9days. If24
labourerswork 6 hours aday, then the days required to finish the same piece of wall will be
howmany?

Solution: Thenumberoflabourersand thetime takento completethe wallare inversely
related to each other. 12 labourers take 8 X 9 = 72 hours to complete the task.

If the number of labourers is increased to 24 and the number of work hours is
decreased to 6 and supposing that the days taken to complete the wall are x then time taken
=6 hours x x = 6x hours.

Since, work was completed under both conditions therefore there is an inverse
relation between the number of labourers and the time takenwhich we can write as follows:
numberoflabourers  numberoflabourers :: timetaken(inhrs)  timetaken(inhrs)

12 : 24 v 6X : 72
12 _6x
N 24 72
= 72 x12= 6Xx x 24
e 72712
= X = _
2476

X=6
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Therefore, if the number of hours of work per dayis reduced to 6 from 8 and the number of
workersisincreasedto 24 from 12 then the time taken to complete the wall will be 6 days.
Example-15. TheelectricitybillisRs.40if200 CFL bulbsare lighted for 6 days for four
hours each day. How many CFL bulbs can be lighted for three hours every day for 15 days
sothattheelectricity bill isRs.48?
Solution: Suppose x bulbs canbe lighted for three hours every day for 15 daysso that
theelectricitybill isRs.48.
Inthefirst case,
We are giventhatone bulb is lighted for four hours every day for six days
Total time that one bulb is on =6 x 4 =24 hours.
Then, total time that 200 bulbs are on =24 x 200 hours.
Similarly, inthesecond case,
We are giventhat x bulbs are lighted for three hours every day for 15 days

X x 15 x 3 = 45x
Hereasthetime increasestheelectricity bill will also increase or we have adirect relation

(proportion).
Total Time 200 bulbs : Electricity bill: : Total Timex bulbs : Electricitybill
arelighted arelighted
200%x 24 40 D 45X . 48
2007 24 _ 45x
40 48
= 2007 247 48 _

457 40
Thus x =128 CFL bulbs can be lighted for three hours every day for 15 days so that the
electricitybillisRs.48.
Example-16. 15personsdoacertain piece of work in 40 days. How many personswill
be needed to complete one-fourth of the work in 15 days?
Solution: 15 persons complete 1 work in 40 days.

. 1
So, time taken by 15 persons to do ¥ work = 40 e 10 days.

1
Suppose, X persons do 2 work in 15 days.

We know that number of persons and number of days are inversely proportional.
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Numberofpersons  numberof days
15persons: x persons ::15days: 10 days

15_15
x 10
x=10

Thus, 10 persons will complete ¥awork in 15 days.
Example-17. TwotapsAandB canfillatank in 30 minutesand 40 minutes respectively.
Athirdtap C canemptythe tank in 60 minutes. Ifall three taps are opened together, how long
willittakethetanktofill up?
Solution: Since part filled by tap Ain 30 minutes =1
1
Therefore, partfilledin 1 minute by tap A= 30
Since partfilled by tap B in40 minutes =1
1
Therefore, partfilledin 1 minute bytap B= 20
Since part emptied by tap C in 60 minutes =1
1
Therefore, partemptied in 1 minute bytapC = 50
Ifall three taps are opened together, then two will fill and one will empty the tank.

1 1

1
I : 1,1 1
Thus, partfilledin 1 minute 30 2060

_4+3-2
120

-5
120
Since, timetakentofill 5/120 partsis 1 minute

_ 1

Therefore, timetakentofill theentiretank = S
120

_120
5
24 minutes
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Example-18. Apumpfillsatankin2hoursbutduetoaleakittakes 3hourstofillit. If the
tankis full how long will it take to empty due to the leak?
Solution: Part of tank filled by the pumpin2hours=1

1
Therefore, part of tank filled by the pumpin 1 hour = 5
Suppose part of tank emptied by the leak in x hours =1

1
Then part of tank emptied by the leak in 1 hour = X

Since, evenwith the leak the tank gets full in 3 hours,

Therefore, part of tank filled by the pump in spite of the leak in3hours =1
1

and, part of tank filled by the pump in spite of the leak in 1 hour = 3

Partoftank filled by the pumpin spite of the leak in 1 hour = [part of tank filled by the pump

in 1 hour - part of tank emptied by the leak in 1 hour]

111
3 2 X
1 x-2

37 2x
2X=3%x-6
X=6
Therefore, in 6 hoursthe leak will cause the tank to become empty.

Try this
Three personsA,Band C can completeataskin 12, 15and 10 days respectively. Iftheyall
work together, how long will they take to complete the task.

Exercise-3
1. If the cost of 29 books is Rs.783 then how many books can be purchased in
Rs.2214?
If14:35::16: xthen find the value of x?
Find the fourth proportion in 2xy, X2, y?
What should be added to 10, 18, 22, 38 so that they become proportional?
If b isthe mean proportional of aand c then prove that

S A
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10.
11.

12.
13.
14.
15.

16.

17.

18.

19.

ab b
Find the numberswhose mean proportional is 24 and third proportional is 192.
Findxif (1+X):(3+X):(6+X)
Twonumbersare intheratio 3:5. If 9 issubtracted from both the newratiois 12:23.
Findthefirstnumber.
Atask iscompleted by 45 labourers in 24 days if they work 6 hours per day. How
many labourerswill be needed to complete the task in 15 daysiftheywork for 8 hours
everyday?
Ataskiscompleted by 25 personsin 9 days if they work 6 hours per day. How many
dayswill be needed to complete the task if 15 persons work for 9 hours every day?
Ataskiscompleted by 30 personsin 15days iftheywork 6 hours per day. How many
hours ofwork will be needed everyday if 20 persons have to completeitin 15 days?
A car leaves Saraipalli, travelsat 75 km per hour and reaches Raipurin4 hours. The
nexttimethere was trafficand construction work onthe road due to which the speed
isdecreased by 15 km per hour. How long will the car take to reach Raipur?
If10 bulbsare lighted 4 hours every day for 60 days thenthe electricity bill isRs. 80.
How manybulbs can be lighted for 3 hours everydayfor 16 days so thatthe electricity
billisRs. 40?
Ataskiscompleted by 48 personsin 25 days iftheywork 8 hours per day. How many
days will be needed to complete double the task if 30 persons work for 10 hours
everyday?
Aand Btogether complete atask in 24 days, C and B together complete the same
task in 18 days, and Aand C together complete the task in 12 days. How many days
will Ataketo complete the task if he works alone?
Ataskiscompleted by 15menin 16 days. Howmanymen will be needed tocomplete
1/4th of the task in 15 days?
A camp hassufficient provisions for 120 soldiers. If after 40 days, 40 soldiers were
deputed elsewhere, how long will the remaining provisions last for the remaining

a’+b®> _a+c

soldiers?

If 11 spidersspin 11 webs in 11 daysthen howmanywebswill onespider spininone
day?

Totapstogether fillatank in 6 hours. One of the taps alonefillsitin 10 hours. How
longwill ittake tofill the tank ifonly the second tap is open?
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What we have learnt

Inourdayto day lives we often have to compare quantities. Some sometimes the
comparisonisclearer if we take ratios. Therefore, we can better compare quantities
bytakingtheirratios.

Whether we want to compare two players or want to buy something from the
market, we can decide what is best only by comparing.

We can only comparetwosimilar quantities thatis, comparison isalways between
two quantities from the same category.

4. Sometimes we have to compare two ratios. Comparison of two ratios is called
proportion.

5. Proportion helpsus individingaquantity into two or more than two parts.

6. Oftenwe see examplesinour daily life when increasing or decreasing a quantity

leadsto decrease or increase of another quantity. These quantitiesare saidto be
ininverse proportion.

ANSWER KEY
Exercise-1
1. Dheerendra 2. 11.4km/hour 3. 7:193,35%, 9%65%

1
4, 57 days 5. Onemore 6. 48 days

Exercise-2
1. 52,104,208 2.23:33:60
3. ¥40,000,% 20,000,%10,000, four times 4. 53,106,265
5. 4liter
Exercise-3
X
1.82 2.40 3. > 4.2 6.12 & 48
7.3 8.27 9.54 workers 10.10days 11.9hours/day

4
12.5hours 13.25bulbs  14.64days  15. 285 days 16. 4 persons

17.30days 18.11days 19.15hours

©




CooRroINATE GEOMETRY

You must have seen a football ground, you mightevenhave  « 120m .
played in one. We know that before the game starts, the
football is kept exactly in the middle of the ground. Players
of both the teams stand facing each-other, one on each
side of the ground. Both sides of the ground have goal

posts, as shown in figure-(i). The goal posts are at equal [] <> [DQO "

distance from the football kept at the centre of the ground.

The standard length of a football ground is 120 m
and standard breadth is 90 m. Of course, we can play in a
field of any size. Players of both teams are assigned different Figure - (i)
roles and they stand on the ground in their respective

> e . Team-A Team-B )
positions at the beginning, but they can go anywhereon 2om -
the field during the match. In figure-(ii), we see the initial o o
positions of the players of Team “A” on left side and Team . .

“B” onrightside.

[} ]
. orme DY
The football is exactly at the central point of the \ /

ground. Aline which separates both the teams is drawn in ¢ e e o
the middle of the field. If a line is drawn perpendicular to . °
this line then the ground will be divided into four parts. ° o
Figure-(iii) shows this situation. In the figure of the field, on
left side there are players of team “A” and on the right side
there are players of team “B”. In the figure, on the left side the initial positions of the players
of team “A” are represented by a , a,, a,..... a,, and on right side, initial positions of team B
are represented by b, b,, b, b,

1772

T
-
8

Figure - (ii)

3.

You can see that both the goalkeepers stand at their respective ends of the field,
near the goalposts. After that we have the fullbacks who stand 20-25 m further ahead from
the goal post and then 40-45 meters further ahead we have the mid-fielders. Somewhere
near the mid line the forwards of both teams stand in their respective positions and sides.

We will consider the left side where team “A” stands as negative direction and right
side where team “B” is present as the positive direction. To indicate their positions we will
use their distances from the lines which are passing through the mid-point of the ground.
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Both goalkeepers stand 55maway from the midpoint on the horizontal line and hence we
indicate them by (55, 0) and (=55, 0). Similarly, the fullbacks of teams “A” and “B” stand
above the horizontal line, at a distance of —35 and of +35 respectively from the midpoint
(central line). Team A has 3 fullbacks and team B has 4 fullbacks. These are either above the
horizontal midline and are considered (+) or below the midline and considered ().

y Team-A o Team-B

h 4

b, (35,30)
@ @

aG
®(-35,20)

35,15)
e ©

&

e o ®
a, b, (85,-15)
©(-35,-20) °
[ L
b,0(35,-30)

Figure - (iii)
Thus, the three fullbacks of team A are at (35, 20), (-35, 0) and (-35, —20) and
the fullbacks of team B are at (+35, 30), (+35, +15), (+35, —=15) and (+35, —-30).
Think and discuss
Now, discuss with your friends and try to find the positions of other players on the field
and indicate them using points.

Try These

1. Consider the net of a volley ball court as mid axis (line) and draw a perpendicular
line exactly from its midpoint. Find the position of the all the players using these
lines.

2. Onthe cricket ground, locate the positions of the batsmen and draw a line through
them. Draw a perpendicular line from the midpoint of the line and locate the other
players through this point.

Consider one more example where we try to find the position of the objects placed on
the surface of a plane. You might have visited a cinema hall in your city or town to watch a
movie. Do you remember how do you located your seat? In some cinema halls, rows of
chairs are marked A,B,C, ..... etc. and the numbers 1,2,3, ..... are given to each chair in
every row.
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In this way, all the chairs are have a certain label like A, NG T
A, B, C, D, etc.

19’

Consider a big meeting hall where several chairs are
placed vertically and horizontally. You sit on the chair which
Is exactly in the middle of the meeting room. You know where
your friends are supposed to sit.

] ] [F] [ [ B B
S 5 S 8 O
5 5 8 B Y
[y Y Y
(S [ [ Iy Y (o
Bl B [ [ ] [E]
Bl A [ A

Figure - (iv)

How will you tell them where to sit?

Suppose there is a horizontal line under your chair
passing from left edge to right edge of the meeting hall. This
line divides the meeting hall into 2 parts, one part whichisin
your front and another part which is behind you. From this
you can tell the position of the other chairs in the meeting hall,
for example, chairs in your front, behind you and chairs on
the horizontal line. Figure-(v)

(523 ] N I A 2
53 [ ) P R

Meeting Hall Dias
If asimilar line perpendicular to the first line passes

under your chair from front to back of the meeting hall them
this line also divides the hall into two halves, one on your
right and other on your left side. So you have some new
things to say about any chair, like the chair is on your right
side, or the chair is on your left side or the chairs is on the

i Back Lefi Back Right
Ilne ack Left gl

Front Left Front Right

Now you see that the plane of the meeting room can

be said to be divided into the 4 areas. Similarly, the chairs Figure - (v)
are also divided into 4 groups. Remember that some chairs
are placed on the horizontal and vertical lines which separate Meeting Hall Dias

the hall into 4 areas but are not included in these areas.

_ ) s 1 OO0O0O0ODO O
In prior classes, we have used the number line. We

will take the help of number line in this situation also. Imagine == D OLDOOODDO

that the lines which are passing under your chair are number " **~ booogobbn
lines which are perpendicular to each other and also cuteach ~ ° **~ EpSaSaSalpSaSatas

other at the point where your chair is placed, that is, they cut " ***™~ oooofgoodaad
exactly at the centre of the meeting hall. This is the point —=rw=[] [0 [0 0O 00 0O O O O
where both the number lines have their zeroes. > O OO0OOODO

O

Column Column Column Column Column Column Column Column Column

Figure - (vi)
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So the chairs which are on the right side of the horizontal line are said to be +1, +2,
+3..... etc. and the chairs which are on the left side are said to be -1,-2, -3 etc. Similarly,
we can say that the chairs which are in the frontare +1, +2, +3 ..... and those behind you
are-1, -2, -3 respectively.

Can we also give names to the lines of chairs which are in the meeting room?

If we call the vertical lines of the chairs columns and the horizontal lines of chairs as
rows, then you will be able to say that the vertical line which is passing under your chair is a
column which passes through the zero of the horizontal line. All the columns on your right
pass through +1, +2, +3 etc. of the horizontal line. We can call them +1 column, +2 column,
+3 column. Similarly the column on the left side can be called -1, -2, -3 etc.

What will you call the vertical line which passes under your chair?
It is clear that you will call it zero column (0 column).

Similarly, the horizontal line will be called zero row, the rows above it can be called
+1row, +2 row ...... and the rows below it can be called -1 row, -2 row, -3 row.

Your friends A,B,C,D and E are standing near you in the middle of the hall and they
want to reach their allotted seats. Their positions are given in figure-(vii). Let’s tell them their

positions.
Position of A- Chair is on column 2 and row 3 Meeting Hall Dias
Position of B - Chair whichiskeptincolumn2 . . . 1 O 0O O 0 O O
and row -2 2 0D O000BOOOO
Position of C - Chair which is keptin column ** Rov=> bood oood
rY I o Y o I | I Y o I |
-3 and row -3 0 Row=> B I i
N o _ —rew> ][] [0 O Oood
Position of D - Chair whichiskeptincolumn 0000 0 00O
—4 and row 0 — 0 O OO0 0O
- o . I T I Y Y T
Position of E - Chair which is keptin column 0 A8 2 i 0 k142 k3 4
and row 2 Figure - (vii)
Think and discuss

What is the position of your chair?
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Try these

In a garden, plants are growing in vertical and horizontal lines. They are represented in
rows and columns. If L, M, O, P represent lemon, mango, orange or papaya plants then

locate their positions in terms of rows and columns.
Plants Rowsor Columns w=roee [ 0O 0O O Ooo0ood
+2R0W‘"DDDM D@DD
Lemon (+1 column, +3 rOW) ...oooooeevveeveveeveneeninnnnnns mree B OO 0O O O0O0O0
MBNGO | oy e o fov=
-rew=[]1 00O 0O ogooOoo
Orange | o oo 2r= 1 OO0 O OO O
e [ 00O O ogooo
Papaya ......................................................................... [ T L e e )

-4 -3 -2 -1 0o +1 +2 +3 +4
Column Column Column Column Column Column Column Column Column

Complete the following table by seeing figure (iii) depicting a football ground.

Distance of Football from Player

: . Position of
Player How manystepsdidyou  How many steps you did you move the Player
move to your left/right up or down

aZ

a6

a‘7

alO

b6

b7

b8

b9

b

N
o

In the above examples, we saw that the position of an object can be shown with the
help of 2 mutually perpendicular lines. This idea was helpful in the development of coordinate
geometry as a significant branch of mathematics. In this chapter we will introduce to you
some basic concepts of coordinate geometry.
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During the early years of its development, a French Philosopher and mathematician
Rene Descartes worked in this field. He found the solution to the problem of showing the
position of a point on a plane. His method was an offshoot of the ideas of Latitude and
Longitude. The method which is used to determine the position of a point on a plane is also
known as the Cartesian System in honor of Descartes.

Descartes proposed the idea of drawing two mutually perpendicular lines on a plane
and finding the position of points on a plane with respect to these lines. The normal lines can
be in any direction. In this chapter, we have used a horizontal line and a vertical line. The
point where both the lines intersects each other is called the origin and it is denoted by O.
Horizontal line X*X is called the x-axis and the vertical line Y1Y is called the y-axis. Because
the values along OX and OY directions are positive hence OX and QY are called positive
directions of x-axis and y-axis respectively. Similarly OX* and OY* are called the negative
directions of x-axis and y-axis respectively.

Both the axes divide the plane into 4 equal parts. These 4 parts are called quadrants.
These are named as I, 11, 11l and IV quadrants respectively when we move in anti-clockwise
direction from OX. Hence, this plane includes both the axis as well as all four quadrants.
This plane is called Cartesian plane or coordinate plane or xy plane. The axes are called
coordinate axes.

Y y-axix
5
i Second Quadrant 4 First Quadrant
Toy (Romtive) (Quadrant-IT) 3 (Quadrant-I)
2
1
: <—o0x" (Negative) i 0x (Positive)—>
X i x - ﬁi0 R R R LR
: g Third Quadrant Fourth Quadrant
\Loy o) (Quadrant-111) (Quadrant-1V)

y

v
Graph-01 Graph-02
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Findingthepositionof apointon theCartesianplane

How do we find the position of a point on the Cartesian

plane? Let us understand through an example. e ‘
yraxix
Draw the x axis and y axis on a graph paper. 2 Coorﬁ}i’;itﬁ‘)‘“jﬁnm
Consider a point P anywhere in quadrant I. Draw o p(d.3)
perpendicular PM and PN from the point P to x axis and 2
yaxis respectively. 1
% {o) S A 411\/[ 5 x-axix

from the yaxis is 4 units. (This is measured in the positive
direction of x-axis) and the perpendicular distance PM of
the point from x-axis is 3 units. (This can be measured in
the positive direction of y-axis). With the help of these
distances we can locate the point P. To locate the position y

Here, the perpendicular distance PN of point p Origin

of any point we have to remember the following Graph - 03
conventions:
1. The x-coordinate of any point is its perpendicular distance from the y-axis, and is

Example-1.

Solution:

measured on the x-axis. The distance is positive in the positive direction of x-axis
and negative in the negative direction of x-axis. For point P it is +4. x-coordinate is
called abscissa.

The y-coordinate of any point is the perpendicular distance from x-axis and is
measured on the y-axis. This distance is positive in the positive direction of y-axis
and negative in the negative direction of y-axis. For point P its value is +3. y-
coordinate is called ordinate.

In Cartesian plane, while writing the coordinates of any point, we first write the x-
coordinate and then the y-coordinate. The coordinates are written within brackets.
Hence coordinates of point P are (4,3).

Locate pointA(4,5) on the Cartesian plane.

Because x-coordinate is +4, hence its perpendicular distance from yaxis is
+4 units. So we will move 4 units along the xaxis in the positive direction. Because
y-coordinate is +5, hence its perpendicular distance from xaxis is +5 units. So we
will move 5 units along the yaxis in the positive direction. In this way, we will reach
the point A (4,5).
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Example-2.  Locate the point B (-4,5)
Solution': If x-coordinate of point B is -4, then in which direction should we move?

Because the x-coordinate of point B is negative therefore we will move in OX!
direction on the x- axis. Do the next steps yourself and locate the point B (-4,5) on the
Cartesian plane.

Try These

1. Coordinates of some points are given below. In which quadrants do they lie?
Locate each of them on the Cartesian plane-

OICH)) (i)(-2,5)  (i)@2-2)  (iv)(-4-5

2. Write 5 more pairs of coordinates and locate them in the correct positions in the
quadrants.

Pointsontheaxis:

If any point lies on the x axis then what are the coordinates of that point? We know that to
reach any point we have to cover two distances. First along the x axis (or perpendicular to
yaxis) and second, along the y-

axis (perpendicular to the x-axis). i
If any point is on the x- axis then

we have to move only 1 distance :
from origin to that point. Because 4
the distance moved parallel to y 3
axis is zero, therefore the y- 2
coordinate of that point is zero. 1 Bl
He_nce, the cgordlnates of any «x L =4( ’5)
point on x-axis are (x, 0) or (-X, i
0). For example, the coordinates i 0.0
of point Aon X axis are (4,0). 3

Similarly, the coordinates -4
of any point on y- axis are (0,y) 5
or (0,-y). )

: ¥
It is clear that the Graph - 04

coordinates of origin are (0,0).
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Example-3.  Locate the point P (3,0) on Cartesian Plane.

Solution': Because the y coordinate of the point P is zero, therefore the perpendicular
distance of that point from x- axis is zero and hence this point is on the x-axis. X
coordinate of point P is 3. Therefore this point lies at a distance of 3 units from the
originonthe line OX.

Try These

1. Locate the points B (0, 4), C (0,0), and D (0, -2) and represent them on the
Cartesian plane.

2. Write the coordinate of 3 different points which are on x-axis.

3. Similarly write the coordinates of 3 different points which are on y-axis.

Exercise-1
1. Coordinates of some points are given below. Locate them on the Cartesian plane
and write the quadrant in which the following points lie.
() (3:4) (i) (-5,6) (iii) (-2,-1) (iv) (2.5,-7)
2. On the basis of the coordinates of the following points tell on which axis the points
exist?
(1) (0,5) (i) (-6,0) (iii) (-3,0) (iv) (0,-3.5)

2 Fill inthe blanks:
(i) Pointp (-4,-7) liesin................ quadrant.
(i) The y- coordinate of any point on Xaxisis ................
(i) On Cartesian plane both the axes are mutually ................
(iv)  Thex- coordinate of any pointon y-axisis ................

V) Coordinates of originare ................
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4. Observe the position of given points in

y
E(-4.6) 6| B(3%) graph-5 and complete the task using the following
G(-5.5)° 5 5.5 instructions:
4 : . : .
(i)  Write the points whose x coordinates are
; *D3.3) same.
i | (i)  Write the points whose y- coordinates are
= il i same.
R I R R e TR R R B
-1 () Write the points whose x- and y-
L0 H
Q(-2.2% _3 .P(3’_2) coordinates are same.
-4
S e i RGEED
b oH(0,-1)
y
Graph - 05
Distancebetweenpoints

4 points A,B,C, and D are shown in the graph-6. Can you tell the distance between the
points A,Band C,D ?
Is the distance AB between point Aand point B less than the distance CD between

: point C and point D or are the distances equal?

6 How can we find the distance between 2 points
5 whose coordinates are given?
B(1.4) _ _ )
4 It is easy to calculate the distance between 2 points
3 which are located on horizontal or vertical axis or
: ceo) D(62) Maybe located on lines which are parallel to these
! Z(l h axes. Forexample, A(1,1) and B (1,4) and similarly
0 5

5 4 3 2 1 o1 2 3 4 5 67 C(22andD(6,2).
In the case of the first two points, just by taking the

5 B difference in y- coordinates we get the distance AB
i and in the second case by taking the difference in
4 X- coordinates we get CD.

5

i 2 Q(1,-6) Distance AB = 4-1=3 units

Graph - 06 Since, AB=Yy,-y, (because x,and x, are equal)
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Distance CD =6-2=4unit

Since, CD =x,-x, (because y, and y, are equal)
Similarly, the distance between P (1,-2) and Q (1,-6)
PQ=y,-y, (because x, and x, are equal)
PQ=-6-(-2)=-4

Because distance is always positive, hence PQ =4 unit

Calculate the distance between the following pairs of points.

()] (5, 8) and (5, -3)

@  (2,3)and (3,7)

Distancebetween any twopoints

In the previous examples we calculated the
distances between any 2 points in which line
segments AB, CD and PQ were either horizontal
or vertical.

In case of two points which are neither on B (45

the horizontal/vertical axis nor on a parallel axis,
how we can calculate the distances between them?
Let us see one example.

Example-4. Calculate the distance between
the points A(1,2) and B (4,6).

*C (42

| enstiee PO JEEER G U JEEESH A SEREE O B S @ ) )

Solution : From point Adraw a line parallel to x-
axis. Similarly from B, draw a line parallel '
i ine i AR ESIO I T e e
to the y-axis. The two line intersect at
point C.

Distance AC =4-1 =3 units. Graph - 07
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anddistance  BC =6-2 =4 units
By using the Bodhayan sutra/ Pythagoras theorem
AB? =AC?+BC?

=3+ 4

=90+16

=25

Distance AB =5 units

Gareral Fommula tocalculatedistances

To calculate the distance between any two points

in a Cartesian plane, we need a method which is

valid for all kinds of distances. We will calculate
Q () the distance between Q and P.

Consider the coordinates of the point p is

(X, yy) and Q is (X, Y,).
Inright angle triangle PRQ

*R (X.Y) Distance PR =x,- X,

[annBtEEE N\ JEEEH &0 EEREREE: MSRRSESI O B [SSEER @ )

Distance QR =Yy, -y,

oo 11213 & % X In right angle triangle PRQ, using
Pythagoras theorem

y PQ? =PR?+QR?
Graph - 08 X 5
= (%) + (YY)

PQ = %) +(v,— )
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Because (x,-X,)* and (x,-x,)* are equal, therefore, we can either calculate the dis-
tance from point “P” to point “Q” or from point “Q’ to point “P”. In both the cases the result
Issame.

Hence, Distance PQ = Distance QP

This formula can be used to calculate the distance between any 2 points on the
Cartesian Plane.

Example-5.  Calculate the distance between

points P (2,-3) and Q (5,-7). | {
Solution : Here, x,=2, y,=-3, X,=5, y,= -7 X' > X
fOl 23 4 0 b
PQ = x) (v, ) ]
-2
2 2 P (2,3
— J5-27 +{-7—(-3)} -3 e
-4
=3 +(-4) 5
-6
=+/9+16
_7V Q (5:-7)
—./25 v
- PQ =5 unit Srapn -8

Example-6.  Find apoint on y-axis which is equidistant from point A (6,5) and point
B (-4, 3)

Solution : We know that any point which lies on the y- axis is in the form (0,y). Hence,
consider the point P (0,y) which is equidistant from point Aand point B then

PA=PB

(607 + (5-y7= (-4-0F + 3 -y¥

36 +25 + y*-10y=16 +9 + y*-6y
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4y = 36
y=9

The required pointis (0,9).

Exercise - 2

Calculate the distance of point P from Q and R.

In graph-10, find the values of AC, AB and BC.

3. Calculate the distance of point (3,4) from

YA the origin.
QL. 3) 4. If PA=PB and the coordinates of pointA
Ri{3.2) and B are (2,0) and (-2, 4) respectively

and if P lies on the y axis then calculate
the coordinates of point P.

X x >X
O P(2,10) 5. Find the coordinates of the point which
y’ AG,-2) B(6, -2) isc?n y-axis and which is equidistant from
[ o points (5,-2) and (3,4).

6. Find the relation between xand ysuch
that point (x,y) is equidistant from the
point (7,1) and point (3,5).

o
€6 +4)
Graph - 10
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Slopeargradient

Slcpeof the interval

Slope of the line or the gradient tells us about the steepness
of slope or how rapidly the line ascends or descends.
Therefore, the value of the slope of AB is the ratio of change
in y- coordinates to the change in x-coordinate on moving
from point B to point A. (Slope can also be called gradient).

S
r

B(5.7)

If the coordinate of the point Ais (1,2) and point
Bis(5,7).

then,
Slopeofline AB

Yo~ Wi x<,.~"’:001 ; S i T

X=X );,

= H Graph - 11
5-1
5
r

If we look carefully at this figure (Graph-11), we
see aright angled triangle which is rightangled at C. If we
extend line segment AB then it will intersect the x-axis at
some point P. The angle which this line makes with the x-
axis is equal to the angle at point Ain triangle ABC (Let
this angle be 0).

S
7

SlopeofthelineAB = S

L= SSEEER) \O JEEES O'0 JERSESd NSRSl & ) SeEt )\ S |

BC x<0912345\’P’C

= tanéd b

Graph - 12

AC
= —=tand
Slope BC

If we consider point B as first point and point Aas second point then will the slope
change?
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It means that for given 2 points, on considering any point as first or second, the
value of the slope of the line which passes through these points does not change.

Now, consider the slope of the interval AB which is shown in Graph 12.
_ (1-7
- (5-2)
_b
3

Slope of interval AB

=2

That is, on moving from Ato B in any interval, if value of y- decreases and value of
x- increases then in such cases the slope of the interval is negative.

Special cases
1. Wheninterval is horizontal : In such situations y,-y, is zero and therefore slope is zero.

2. Wheninterval is - In such situations X,-x, is zero but since division by zero
perpendicular to x-axis is not defined hence, we can say that slope is not defined.

y y

7 il

6 6 Q)

5 5

4 4

3 3

2 A® s 2

1 1 ep

mEIEE R e e EmETEEEEESs SeEaa

y I if

Graph - 13 Graph - 14
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Think and Discuss

N\ '/.S C

R
A P
M D
E F
o—-9
@)
B N

See the graph-15. What can you say about the slope
of the different lines? Discuss with your friends.

S

Which line segments have positive slope and which
line segments have a negative slope.

L= =NSHERS|\ & JESEELE” OJERRIRE  NSREELC) WHAEH o\ WiuSiEne: |

>X

elol .23 L4 5 6T

4

Graph - 15

Gradientofaline
The slope or gradient of aline is defined by the slope of any of its line segment because the
slope of any two parts of a line will be same.

Consider that two intervals AB and PQ are on the same line. Construct right angle
triangles ABC and PQR in which their sides AC and PR are parallel to the x- axisand BC
and QR are parallel to y- axis.

In AABC and APQR

AC s parallel to PR and slant line AQ intersects
them.

Therefore /A = /P (Corresponding angles)

Similarly, BC is parallel to QR and slant line
AQ intersects them.

Therefore, £B = 2Q (Correspondingangles)
~/C= /R (Corresponding angles)
AABC~APQR
QR _BC
PR AC
Now, we can say that slope of both the intervals Graph - 16
(line segments) AB and PQ are equal.
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Example-7.  Aline passes through the points (1,2) and (5,10). Find the slope.

_yz_Y1
X, = %

Solution : Slope =

=2

Example-8.  Aline passes through a point (5,7) and its slope is 2/3. Find the x coordinate
of that point on this line whose y coordinate is 13.

Solution': First given point (5,7) is on the line. Coordinates of the second point will be
(x,13)
Sl fli 137
opeof line <_5
6
(x=5)
6 2

Therefore, (x—5) =3 (Given)

18=2(x-5)
18=2x-10
x=14

Camparisonof Slopes (Gradient)

So far we have considered slope in reference of the coordinates of any 2 points on the line.
Let us view it in a different context.

A cycle and horse cart (speeds 12 km/h and 16 km/h respectively) start moving
together from the same place. The distances covered by them at different time intervals can
be seen inthe table given below:



;I COORDINATE GEOMETRY <6>_

Distance covered

By the horse cart
By cycle

In 15 minutes

In30 minutes | In 60 minutes

6 km 12 km
8 km 16 km

Considering carefully the graph drawn, taking time and distance as coordinates.
In the graph, line OP represents the cycle and line OQ represents the horse cart.

The intervals of these lines are AB and CD respectively.

Slop of AB _ 16-8
opo 6030

_8
30

_4
15

Slop of CD _ 1276
opo 6030
_6
30

_3
15

Itiscl thti 3
Isclearthat 7> 1o

That is, slope of AB is more than
slope of CD.

Now see the slope of AB in right
angle triangle AMB.

Slop of AB _16-8
opo 60—30

_BM
AM
=tan o,

Distance Travelled (in km)—>

7 Cycle
18/\ y P
B (60,16)
16 ;Horse
14 P Caét
i ;D(60,12)
10
; A(3078?..Q!. M
0
4 1
:
. 01 92 S
T0l0 10 20 30 40 50 60

y'  Time (in minute)—>

Graph - 17

(Since «zBAM=2BOX, q, istheangle made by the line OP on x-axis).

Similarly the slope of CD =tanq, (6, =angle made by the line OQ on the xaxis)
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We have seen that the tangent of the angle which is made by any line on the x-axis
is also the slope of that line. It is clear that by increasing the angle, the slope also increases.
One more thing observed here isthat in triangle AMB, AM represents the time interval of 30
minutes and BM represents the distance covered in 30 minutes which is 8 km. Ratio
between BM and AM represents the speed of the cycle. We find that speed of cycle is
expressed by the slope of the line.

Intercept

The pointat which a line cuts the x-axis, the distance of that point from the origin is called x-
intercept. Similarly, the point at which the line cuts the y- axis the distance of that point from
the origin is called the y-intercept.

Eqmtionofline
Consider the equation y=2x+4. Can you find a pair of coordinates which satisfies this
equation? For example,

For x=0

y=2"0+4

y=4

Therefore (0,4) is a pair of coordinates which satisfies. Similarly, find other pairs of
coordinates that satisfy the given equation. Now plot these points. Which kind of line did
you draw? Is it astraight line?

Now considered a line where the yintercept is 4

Y
: and whose slop is 2. This line will pass through point A
: (0,4).
Consider any point P (x,y) on this line.
6 P(x )
5 Slopeofinterval AP = Ey_ 3;
X_
4 XA (0,4) (y-4)
=
? Given that the slope of the line is 2.
1
(y-4)
< > Hence, —==2
iy R e e R X
yi

Graph - 18 y=2x+4
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This is the equation of that line which passes through the point (0,4) and the slope of
which is 2. Because point P isalso lies on this line therefore the coordinates of the point P
also satisfy the equation.

Now, let us think of a line the slope of which is m and its intercept at y-axis is C.
What is the equation of this line? This line passes through the point A (0,c). Consider the
point P (x,y) on this line.

Slope of the nterval AP == L2
ope of the interval AP = (X=0) e (1)
But we know thatthe slope of this lineis “m” ... 2)
From (1) and (2)

-9 _,

(x-0)

y-C=mx

y=nmx+c

It means that y=mx+c is the equation of that line on the Cartesian plane whose
slope is m and which intercepts the y-axis at c.

Conversely, all those points whose coordinates satisfy the equation y=mx+c are
always lie on the line, whose slope is m and intercepts on the yaxis is c.

Example-9.  Write the slope of line and its intercepts on y-axis for the following.

(1) y=7x-5
(@) y=-x+5
Solution:

(1) Oncomparing the equation y=7x-5 with the general equation y=mx+c, we
get m=7 and ¢ =-5. Therefore, slope of line is 7 and its intercept on the y-axis
is -5.

(2) Oncomparing y=-x+5 with the general equation y=mx+c, we get m=-1 and
c=5. Therefore, slope of line m=-1 and its intercept on y-axis is 5.
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Exercise - 3
1. Inthegiven graph-19, find the slope or gradient

7 ¢ B(3,7) of the interval.
6 D(5,6) ) _ L

175 2 What is the slope of a line which is parallel to x-
2 A15) * axis?
4 C(2.4) 5
3 E(1.3) 3. One line whose slope is g Passes through the

G(3,2) H(6.2) point (7,10).
2 — e
1 FQ.1) ® (1) Find the x-coordinate of that point whose y-
o J(Z’l) coordinate is 15.
1T M B

Y (if) What will be the value of x-coordinate on y-
coordinate -3?
Graph - 19
4.  Aline passes through the point (3,7) and (6,8)
then find the slope of the line.

5. Write straight line 5x+6y=7 in the form y=mx+c and find the slope of line and its
intercept from y-axis.

6. Find the equation of that straight line which cuts an intercept of 3 units on y- axis
5

and whose slope is 1
7. What is slope of a line parallel to yaxis?
8. Find the equation of that line which cuts the intercept of 6 units from yaxis and

-5
whose slope is 3
. : . . 7

9. Find the slope of the line which passes through point (6,0) and whose slope is — .

3

10. Find the slope of the line which passes through origin and also passes through
point (2,3).
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What We Have Iearnt

1. If, inany plane two mutually perpendicular lines XOX*and YOY! intersect at point
O then XOX!is called the x-axis and YOY" is called the y axis and the point of
intersection, O is called the origin and this plane is known as Cartesian plane.

2. In a Cartesian plane, x-coordinate of a point is equal to its perpendicular distance
from yaxis and y-coordinate is equal to perpendicular distance from x-axis.

3. In a Cartesian plane the distance between any 2 points P(x,,y,) and Q (X,, y,) is

PQ= \/(Xz - X1)2 +(Y, - y1)2

Yo = W
X=X
xcoordinate from the point Ato the point B is x,-x, and the value of change iny

4. In aplane the slope of the line or gradient is , Where the value of change in

coordinate is y,-y,.

5. The line of the equation whose slope is m and intercept at y-axis is ¢ is y=mx+c.

ANSWER KEY

Eercise-1
1. ()] First (i) Second (i) Third  (iv) Fourth
2. (1) y-axis (i) X-axis (i) x-axis (iv)  y-axis

3. ()] Third (i) Zero (i) Perpendicular (iv)  Zero
v (00
4 @ B,D,P;and GRandC,S (b) B,E; PQ,C,G

(© QR,D,C
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Exercise -2

1. PQ=3vJ2 , PR=+5 2. AC=2AB=3BC=+13 3 S
® 16

4. P(0,2) 5. 80’_53 6. X-y-2=0

Exercise - 3

2
1. Slope of AB =1, Slope of CD :§' Slope of EF =-2,

Slope of GH =0, Slope of 1J =undefined

. . 43 1
2. Zero 3. (1) x =13 (i) X=-— 4. =
5 3

Y‘-§X+Z Sl =2 Int t‘Z

5. Y ope 5’ ntercept =

6. 5x-4y+12=0 7. undefined 8. 5x+3y-18=0

3
9. 7x-3y-42=0 10. 5




GRraPHS

Introduction
In mathematics we use different types of representations, including visuals, to better
understand and analyze information. Graphs are one such visual representation and graphs
help us define relationship between two quantities. If we have two mutually dependent
quantities then we can also use graphs to tell how change in one quantity will lead to change

inthe second quantity. In addition, drawing graphs can also help in obtaining new information.
In this chapter, we will look at different applications of graphs.

Mﬂdﬂﬂﬁp SCALE

X-Axis: A big square =1 meter

between two @ y-Axis: A big square = Rs. 25/-

qentities
Some people buy 1 meter, 2
meter, 3 meter, 4 meter and 5
meter cloth, at Rs.25 per meter,
paying Rs.25, Rs.50, Rs.75, - ;
Rs.100 and Rs.125 respectively. ' Xy
The relation between the money
spent by them and the length of
cloth bought is shown in the
graph. From the graph we are 2 v
able to see how the money spent
changes with increase in length of =

cloth purchased. i 5

H____
=t

=

ik 128

S N
=
a

Let us see another

Graph - 01
example.
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The runs scored by a cricket team in the initial ten overs are as follows-5,4,8,7, 2,
5,4, 4,2and 9. If we take the over number and the runs scored in that over to draw a
graph, then we will get the curve shown in figure-2.

- ScALE
EF—WS Xx-Axis: A big square =1 Over
H y-Axis: A big square = 2 runs
A i
: _ /
i
::ﬁ i f
g6
3 : /
LN /
i
.:E = _ -
£ P H -t ﬂ o) i
Graph - 02
Think and Discuss

1. Ineach of the situations described above, is there any relation between the
quantities taken to draw graphs?

2. One type of quantity was taken on the X-axis and the other on Y-axis. Is there
any basis of choosing a particular axis for a particular quantity?

3. Onegraphisinthe form of a straight line and the other is a zig-zag curve; what
could be the reason for this difference?

ILearning todrawgraphs
We require two types of data to draw graphs. One type is depicted on the X-axis and

the other on Y-axis. Can we take any axis to show these quantities? Or is there a basis
for deciding which quantity should be shown on the X-axis and which on Y-axis?

If we look at the graph-1 we find that if we buy more cloth then we have to pay
more money and if we buy less cloth then we spend less money. This is one example
where one quantity directly affects the other quantity. The amount of money paid or
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spent directly depends on the length of cloth purchased. So we can say that the length
of cloth is an independent variable whereas the money spent is dependent variable.
Usually, we take the independent variables (data points) on the X-axis and the dependent
variables on the Y-axis.

Once we have determined which quantity to keep on the X-axis and which
quantity should be taken on the Y-axis then we decide the scale.

Scale—- To depict the chosen quantities on the X-axis and Y-axis, we need to
choose a suitable scale according to the values of chosen quantitates. Let us understand
what this means using graph-1 as example. The payment made for 5 meter cloth is
Rs.125. If we decide that in our scale Rs.1 = the length of one square, then our axis
would be 125 squares long which is not possible on a sheet of paper. On the other
hand, if we take Rs.50 = length of one square, then our axis would become very
condensed. So we have to choose a scale that clearly shows the relations. Here, we
have taken length of one square = Rs.25 and then drawn a 6 units long axis. While
drawing graphs, the following points should be kept in mind for choosing a scale:

e The difference between the maximum and minimum values of each quantity
e Utilizing as much area as possible of the graph paper

Each point has to be shown on the graph. For a given value on the x-axis, we
mark a point ata distance equal to the corresponding y value. Both the values determine
the position of the point. We get the graph by joining all points.

What information dowe get framgraphs?

You must have seen different types of graphs in newspapers, magazines and on
television. These graphs are visual representations of numerical data. They give us several
pieces of information at a glance. Let us look at the two graphs discussed so far. When we
plot the graph by taking the length of cloth and its cost on the two axis then the straight line
obtained shows that there is a fixed ratio between the cost and length.

100 75 25
( — s ""etc)

431
If we want to know how much cloth can be purchased for a given amount of
money or what will be the cost of given length of cloth, we can find the answers easily from
the graph.

The second zig-zag graph tells us that the number of runs scored in any over is not
certain and we can’t predict. But we can easily tell the overs in which maximum and
minimum runs were scored by looking at the graph. The average runs scored can help us
predict how many runs might be scored at the end of 20 or 50 overs. Of course, our
prediction may be wrong because the entire team could get out or the rate of scoring could
accelerate in the final overs.
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Same more graphs

Graph 3:- The following table shows the number of students in the hostel of an upper
primary school in Jamraon and the quantity of lentils cooked for them in any given week.

Number of thestudents 16 19 22 23 21 18 17
Quantity of lentils(inkg) | 1.280 1520 | 1.760 = 1.840 | 1.680 ' 1.440 1.360

Number of students and quantity of lentils are the data points.

Do you see any relation
pom— between the number of students

-Axis: A big square = 1 Student H H
’y‘_A:;S: et el and the quantity of lentils
cooked for them? Let us
understand by making a graph.

We can see that the
quantity of lentils increases and
AR decreases with increase or
et decrease in number of students.
s Is there a fixed rate for this
= firi g i change?

ity of entils
et

Discuss among your-

selves. Notice that this graph

E does not start from 0,0. Often,

we find situations where data

points do not start from zero or

near it. In such a situation we

use —\— on the axis to de-

Graph - 03 note the empty region of the

graph. For example, in graph-

3 the readings on x-coordinate start from 16 and there are no data points between zero and
sixteen so this portion is shown by a —A\—.

Think and Discuss
If we plot a day-wise graph between number of students and quantity of lentils cooked,
what will be the nature of the graph?
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Graph-4. Phoolmanti purchased 4 kg rice i iﬂi i S B R A
for her home. 500 g rice is cooked each day inher | X vl y:Axis; A big square = 0.5 kg
house. Can we plot the graph for quantity of rice | &
left each day? X,
Solution': Here the two datas are days and
quantity of rice remaining on that day. The first data ﬁ
point is (1,3.5) and the fifth data pointis (5, 1.5). |

You can see that with increase in number
of days, the quantity of rice remaining is
decreasing. By looking at the graph can you tell
when the rice would finish?

Try this
1. Collectsimilar data from around you and T 4
plot graphs for this data. Numpher. =

2. Although both graphs 3 and 4 are straight Graph - 04
lines yet they are different from each other.
What are the differences in the two graphs?

3. Make (x,y) table for graphs 3 and 4.

Graph-5. The table below shows the lengths of one side of some squares and their respective

perimeters.| | ength of sideof square(in cm) 1({2(3 (4|56 |7
Perimeter of square(in cm) 4 8 12 /1620 24 28
Draw a graph between the figures given in the table and answer the following questions —
1. Which data set did you choose for the x-axis? i B
2. Which data set did you choose for the y-axis? b e e

Solution : In the graph we can see that increasing the
length of any one side of a square leads to increase in
perimeter. This means that in the given data-sets, the length
of side of a square is an independent variable and
perimeter is dependent variable. Therefore, we will take
length of side of square on the x-axis and perimeter on

the y-axis.

Graph-6. The lengths of sides of different squares and
corresponding areas are shown in the table given below.
Use them to draw a graph.

Graph - 05
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L ength of sideof square(incm) 01| 2 (3| 4| 5|6 |7
Areaof square(in cm square) 0 1 419 16 2 3|49

area we find that area increases with increase in length of side but we do not get a straight
line. Instead we get an upward moving curve.

IR
SCALE

Think and Discuss sl e
p-Axis: A big

square =10 cm’

HH
T
T

What differences can you see between
graphs 5and 67 Discuss.

Graph-7. The temperatures between i
6 amand 6 pm, onany givendayin ot
the month of March are shown inthe | i
table given below. -

HHT
T
T

Graph - 06

Draw a graph based on these figures.
le; 10kgu Vijkgu

ct /7 8 /9 10 1 12 1 2 3.4 5 |6
rki 12325 275 29 31 | 335 355375 385 39 375 34 | 30
Cciji

ScALE

Simiamesere-ther | Canyou think why this is so?

Discuss with your friends.

Write five conclusions
based on this graph.

Graph-8.  Findthesimple
interest on Rs.100 for 1,2,3
and 4 years at 10 percent
annual interest rate. Draw
the graph between time and

Graph - 07
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simple interest and see how the interest changes with time.
Also answer the following questions:
1. Which data set did you choose for the x-axis?

2. Which data set did you choose for the y-axis?

3. What scale did you choose for the x- and y-axis?

Solution : We have been given:-
Principal = Rs.100 and Interest = 10%

Keeping the principal and rate of interest constant and changing time periodto 1,2,3
and 4 years, we can obtain the simple interest as shown in the table below:

Time
(inyears) 01 2 3 |4

Simple|nteres : _ Principal x Rate x Time
(inrupeesy |0 [10 [20 |30 [40 | |Simplelnterest= 100
i SCALE
From the graph, we can see thatwhen | x-Axis: A big square = 1 Year
.. . H y-Axis: A big square = Rs. 10/-
rate and principal are constant then the simple
interest changes at a constant rate with change il
in time period.
We have taken time (independent ESEES o
variable) on the x-axis and simple interest Eg
(dependent variable) on the y-axis. —38 3 i
Be
Scale- On x-axis, 1 unit=1 year 20 s
On y-axis, 1 unit=Rs.10 i
i o
e 2 bk
miﬁ:ﬂﬂmﬁ::::- !!!!!!ﬂ:

Graph - 08
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Try This
1. Some persons were loaned Rs.100, Rs.200, Rs.300 and Rs.400 at 10 percent

annual simple interest. Draw the graph for the interest obtained from each of
them.

2. Make atable showing the age (in months) and height (in cm) of your classmates.
Plot a graph between age and height. From this plot, can you see a definite
relation between age and height?

In the graphs discussed so far, we sometimes got a curve and sometimes a straight
line. Can you think why?

It is clear that the shape of the plotted graph depends on the relation between the
quantities represented on it. This relation also decides the shape of the curve. We will
now try to find the relation between different quantities.

Ingraph-1,
x1:1] X,=2] X,=3] X,=4] X,=5

Y,=25] Y,=50] Y,=75] Y, =100] Y, =125

Y,~Y, 50-25 25

SCALE = =
Xx-Axis: A big square =1 meter Here, X, =X 2-1 1
y-Axis: A big square = Rs. 25/- 2 !
i Y,-Y, 75-50 25
i X,-X, 3-2 1
hies)
: &
/ Y,-Y, 125-100 25
50 X,y X,-X, 5-4 1
S %
i i i
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x-Axis: A big square =1 day
y-Axis: A big square = 0.5 kg

SCALE

Hunhet

Ingraph 4,
Y -Y -
.~ 3 35:—0.5
X, =X, 2-1
LY 25230 40
3 2
Ingraph5,
Y,-Y, _8—4_4
X, =X, 2-1
YooY, 12°8_, . etc.

X,—X, 3-2
We can see that each of in graphs 1,4 and 5

Y=Yy = Y- Y, e Is constant and
Xz - X1 X3 - Xz
the graph isastraight line.

This means that wherever,

Graph - 04

-AXis:

Y,-Y, Y,-Y, Y,-Y -Y,, . Graph - 05
213 2_-_4 3_..... =—" L —jsaconstant, the graph will be
Xz _Xl X3—X2 X4 _Xs Xn _Xn—l

Xx-Axis: A big square = 1cm
A big square =4 cm

ScALE

ScaLe

in the form of a straight line. In these types

X-Axis: A big square = 1 hour
J-Axis: A big'square =5°C

of plots the relation between quantities can

be depicted by the linear equation

ax+by=cory=mx+c.

Is there any such relation in the e

other graphs as well?

In graph-7 we find that-

Y,~Y, 25-23 2

X,-X, 7-6 1

TIME

Graph - 07
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Y,-Y, 215-25 25
X,-X, 8-7 1

Y,~Y, 29-275 15
X,-X, 9-8 1

Clearly,

YooY, LYY, L Y-V
X, =X, X=X, X,—X,

Similar relationship can also be observed in graph-6.
In these two examples,

Note the height of the plants in and around your school for 10 weeks and plot the
obtained observations. How did the height of plants change with time?

axisabigsauare-1week|  REBAINggraphsdescribing
-Axis: A big square =2 cm . . .

Now we will learn how to read, understand and
analyze graphs through various examples.

Example-1. To different types of plants were potted
in two pots Aand B and their height was noted at the
end of the week for 5 weeks. The measurements are
shown in the graph. Use the graph to answer the
following questions:

Graph - 09
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(1) What was the height of each plant at the end of five weeks?

(i) Inwhich did the plant in pot A grow most and what was the increase in its height in
this week?

(i) What was the height of the plant in pot B at the end of week four?

Solutioin : From the graph we can see that,
(i) Attheend of five weeks, the height of plantin pot Ais 12 cm and that in pot B is 10
cm.

(if) The height of the plant in pot A increased by 3 cm at the end of two weeks. This
was more than the increase in any subsequent week.

(i) The height of the plant in pot B at the end of week 4 was 8 cm.

Example-2.  The following graph shows the runs scored by teams Aand B in a 20-20
match. Answer the following questions with the help of the given graph:-

(i) How many runs were scored by team A at the end of over 16?

(i) What are the intervals when the rates of scoring runs were fastest for team Aand
team B?

(ii1) What are the intervals when the rates of scoring runs were slowest for team Aand
team B?

(iv) What was the difference in scores of team A and team B at the end of over 8?
(V) Bylooking at the graph can you tell which team won?

Solution':
(i) Team Anhad scored 126 runs by the end T o
~Axis: A big square = 2 Over
Of over 16 ~Axis: A big square =20 run:

(if) The rates of scoring runs were fastest
for team A and team B between overs
16 and 20.

(iif) Team A scored slowest between overs
4 and 8; team B scored slowest between
overs 8 and 12.

(iv) The difference in scores of team A and
team B at the end of over 8 was 6 runs.

(V) The graph clearly shows that team B
won.

Graph - 10
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Try this

Show the runs scored by you and your friends in a cricket match on a graph.

Exercise-1
1. Lookatgraphs (A) and (B) given below. Graph (A) is a straight line and graph
(B) isacurve.

SCALE | R SR SCALE
x-Axis: A big square = 1 week § H X-Axis: A big square = 1 hour
y-Axis: A bigsquare =2 cm  [FHEH i y-Axis: A big square = 1 mile §

Graph - A Graph - B
(1)  What conclusions can you draw from graph (A)?

(i)  How are these conclusions different from those drawn from graph (B)?

2. A manfilled5 liters of petrol in the fuel tank of his vehicle. The table below shows
the days and the petrol remaining on that day-

Day 1 2 3 4 5
Vlumeof petrol remaining (1) 4 3 2 1 0

Draw a graph between the petrol remaining and number of days.

3 The table below shows simple interests on a deposit of Rs.300 at the interest rate
of 5 percent per annum.
Time(in years) 0 1 2 3 4 5

Simplelnterest (inrupees) 0 15 30 45 60 75

Draw a graph between time and simple interest.
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4.

7.

Find the value of x?for different values of x and draw a graph between x and x2. The
values of x are integer numbers between -4 and +4.

The table below shows the quantities of onions consumed (in kg) over 5 weeks by
afamily.

Week 1 2 3 4 5
Quantity of onion (inkg) | 1 2 3 4 5

Draw a graph between week and quantity of onion consumed.

According toan article published in a science magazine the speed of ants ina particular

place is effected by the temperature of that place. If equation S= shows the

relation between the temperature of a place and the speed of ants where temperature,
tisin*C and speed, s isin cm per second, then draw the graph between speed of
ants and temperature using t = 25°, 30, 35°, 40-

a.  Which quantity was taken on the X-axis?
b. Which quantity was taken on the Y-axis?
c. What was the scale used to depict the quantities on x and Y-axis?

d. What is the temperature of the place where the speed of ants is 2.5 cm per
second?

e. What will be the change in speed of ants if the temperature increases to
40°C from 30°C?

Anita made some musical instruments using pipes of different lengths. The
mathematical relation between length of pipe (in cm) and the pitch (cycles per second)
of music is shown in the table below:

Pitch (cycles 64 128 192 | 261 | 300 | 395 | 438 | 512

per second)
Length of pipe 80 41 26 19 18 13 12 10
(incm)
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SCALE
X-Axis: A big square = 10 cm Look at the graph and answer the
y-Axis: A big square = 100 cycles . .
persecond | following questions:
i
i (i) What should be the length of pipe
£ it to obtain a pitch of 160 cycles
S per second?
HHEH (i) What will be the pitch when the
+00- -==: iazszzics A F
e length of pipe is 60 cm?
it
8. Two tables, Aand B are given below. Draw graphs for quantities shown in the

tables and find out whether H is constant?

Table - A

Radius of acircle, r (incm) 2 4 6 8 10
Perimeter of acircle, 2nr (inem) . 47 | 8z 122 |16 207«

Radius of acircle, r (in cm) 1 2 3 4 5
z | 4z | 9z 1672 | Bx

Areaof acircle, A=rr? (in cm?)
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9.

10.

The temperature data for a
particular day inacity are shown
in the graph. Answer the
following questions based on the

graph:

0]

(i)

(i)

)

V)

What was the city tem-
perature at 6 am?

What was the city tem-
perature at 3 pm in the
afternoon?

At what time was the
temperature 30°C?

What would have been
the temperature at 12
midnight?

What was the tempera-
ture at 9 pminthe night?

A

w
(]

w
o

N
(6]

‘\/\

Temperature (°C)
G 8

[y
o

(0]

>
—

12am 3am 6am 9am 12pm 3pm 6pm 9pm

o

Time

)
w
(=3
(S}
>=<

N
v
o

200 1

150 1

100 1

Pollution Level (PPM

Ul
o

+ + + + + + >X
1am 4 am 8am 12noon 4pm 6pm

Time

The pollutions levels of a city were monitored throughout a day. The pollution
levels are shown in a graph; answer the following questions based on the graph:-

0]

(i)
(i)
)

V)

What was the pollution level at 8 in the morning?

At what time was the highest pollution level recorded?

What was the pollution level in the afternoon, at 4 o’clock?

What was the change in pollution level from 120’¢lock noon to 6 o’clock

inthe evening?

By how much did the pollution level decrease from 1 o’clock at night to

4 o’clock in the morning?
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What we have learnt

1. We learnt to understand the relation between any two quantities using a graph.

2. How to make a graph for given data, how to select the axis for each quantity and
how to decide the scale for the graph.

3. Reading graphs describing different situations.

4. Drawing conclusions from a given graph.




Banking AND TaxaTion

Gokul was talking with his friends. They were discussing that each month they were
able to save some money. They wondered where to keep it safely so that it would be
available when they needed it.

Mohan — I think we should open a savings account.

Ajmal— It would be better if we open a recurring deposit
account; we will get more interest.

Naresh — But, we will have to deposit some money every month
in arecurring deposit account.

Gokul - We can easily do that for the next few months.

Ajmal - Good! Let us deposit a fixed amount of money for the
next six months.

Gokul - How much money? Where should I deposit it? Can |
deposit only for six months?

Naresh — No. You can go up to 10 years and deposit in a bank or even a post-office. Not
only this, you can open more than one account. Just be careful that the money
deposited should be a multiple of ten.

Gokul— What are the benefits of depositing for a longer period?

Naresh — The interest rates are higher; the longer the period the higher is the interest rate.

Rakesh — And suppose | want to withdraw money before the period ends or if I don’t have
enough money for the installment?

Naresh — Every year you can withdraw a limited sum. We will have to ask the bank about

what will happen if we don’t deposit the installment. But if you have to close the
account, then they will deduct some money from your interest and return the rest.
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Garima— Is there some other type of account that gives even more interest?

Rakesh — Yes, you can open a fixed deposit account. But here, you have to deposit the
money for a fixed period.

Garima— How do | decide whether to put my savings in a recurring deposit account or a
fixed deposit?

Rakesh — If you don’t need your savings in the near future then you can open a fixed deposit
account, otherwise go for a recurring deposti account.

Try This

You must have read about simple interest in previous classes. Let us solve some
examples to understand the differences between savings, recurring deposit and fixed
deposit accounts.

1. Mahesh deposits 300 every month, for three months, in his savings account. Ekta
deposits " 100 every month for three months in her recurring deposit account,
depositing a total of *300. If:

a. therate of interest per annum in the savings account is 4% and it is 6% in the
recurring deposit account, which one will give more interest?

b. theratesof interest in both the accounts is 6%, then will there be any difference in
the interest amounts? If yes, then what is the reason for the difference?

2. Manishadeposits 2000 in her savings account for two years on which she gets interest
at the rate of 4% per annum. Rohan deposits 2000 in a fixed deposit account for 2
years and gets interest at the rate of 8% per annum. What will the interest amount
earned by Manisha and Rohan at the end of two years?

We can summarize the differences in the three types of accounts as follows:

When we have some savings which we may need at any time then we should put
them in a savings account. We open a fixed deposit account when we feel that we will not
need our savings in the coming six months, one-two years or for some fixed duration.

The money deposited in a savings account can be withdrawn anytime so the bank
can’t use this money and therefore the rate of interest is less. But for the money deposited in
afixed deposit account, the bank knows that it can use it for the duration of the account and
therefore the rate of interest is higher.

Recurring deposit account is different from the other two accounts as the person
depositing does not have a very large sum of money to start with. She has some savings and
she wants to continuously save this same amount every month for a fixed period. In such a
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situation, a recurring deposit account is a good option. The rate of interest is higher than a
savings account because here also the duration is fixed.

Let us understand recurring deposit accounts through some examples.

Example-1. Santosh Kumar opened a recurring deposit account for six months where he
had to deposit " 100 every month. If the annual rate of interest is 6% then what will be the
maturity amount at the end of six months?

Solution : (i) Interest earned on the first installment of * 100(Interest on 100 for 6 months
at the rate of 6%)
1
100x6x6x—
- 12

N 100
lii Interest on the second installment of * 100 (Interest on * 100 for 5 months at the

rate of 6%)
1
100x6x5x —
- 12

~ 100
liii% Interest on the third installment of * 100 (Interest on * 100 for 4 months at the

rate of 6%)
1
100x6x4x—
R V3

~ 100
livh Interest on the fourth installment of *~ 100(Interest on * 100 for 3 months at the

rate of 6%)
1
100x6x3x —
- 12

100
IV Interest on the fifth installment of ~ 100(Interest on * 100 for 2 months at the rate

of 6%)
1
100x6x2x—
- 12

a 100

Ivit Interest on the sixth and last installment (Interest on * 100 for 1 month at the rate
of 6%)

100x6x1x i
_ 12
100
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Total interest =

1(I)><6><6><i 1(I)><6><5><1 1(X)><6><4><i 1(D><6><3><i 1CD><6><2><i 1CI)><6><1><1
2, 2, 2 2, + 12
100 100 100 100 100 100
100x 6 x 1
=—12[6+5+4+3+ 2+1]
100
100x 6 x 1
= 12[1+2+3+4+5+6]
100

100><6><11><6><7

B 100x 2 (using the formula for sum of a finite arithmetic series)

21
== =1050
2

The total sum of money obtained after six months =100 x 6 + 10.50 = *610.50

Example-2. If * P is deposited for nmonths at the interest rate of r% per annum then
calculate the interest obtained on the recurring deposit account after nmonths.

Solution:

Interest on " P after nmonths at the interest rate r% per annum (interest on first installment)

_pxr_n

=100 X T (because the bank kept this money for n months)

Interest on P after (n-1) months at r% interest rate (interest on second installment)

_erxn—l
100 12

Interest on P after (n-2) months at r% interest rate (interest on third instaliment)

(because the bank keeps this money for n-1 months)

Pxr n-2
= X

100 12

(because the bank keeps this money for n-2 months)

Similarly, interest on * P in the penultimate month (that is, in (n-(n-2))" month) at r%
interest rate (interest on the second last installment)
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Pxr 2 . .
=700 X T (because this money is with the bank for 2 months)
Intereston * P in the last month at r% interest rate (interest on the last installment)
STl (because the bank kesps th for 1 month
100 12 (because the bank keeps this money for 1 month)
Pxr 1
i = x—|Nn+(n=-1)+(N—-2)+.......... +2+1
Total interest 100 *12 [ ( ) ( ) ]

erxl n(n + 1)
100 12

_ erxi_n(n+l)_

100 12| 2

.. the total interest on an amount saved in a recurring deposit account =
_Pxr 1 n(n+1) |

(because it isan arithmetic progression)

T 100 12| 2
Where P =monthly installment amount r = rate of interest
n = total number of monthly installments

Let us now understand the calculation of interest on a fixed deposit
account through some examples

Compound interest is applicable on the amount deposited in a fixed deposit account and
itis given by the following formula:

A=P|1+—
( 100)

Where A= total amount, P = principal amount, r = rate of interest and n = time
Log tables can be used for calculations.

Example-3. Nikhil deposited " 10,000 for 1 year and six months in a fixed deposit account
in a Grameen (Rural) Bank. If the rate of interest per annum is 8%, compounded semi-
annually, then find the maturity amount in Nikhil’s account at the end of 18 months.
Solution : Given,
Principal, P = ~ 10,000, Rate of interest = 8% per annum or 4% semi-annually
Time = 1 year 6 months = 3 half-years

Total amount, A="?

r n
A=P|1+—
Total amount, ( 100)
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4 3
Totalamount, A =10000 1+—j

1 3
A =10000| 1+ —j
25

3
A =10000 ﬁJ

25

A =10000x 28,26, 26
2525 25

A= 11248.64

Therefore, the total amount or principal due Nikhil will be *11248.64.

Example-4. Mohan deposited 50000 for two years in a fixed deposit account in an
Agricultural Development Bank. If the rate of interest per annum is 10% and interest is
compounded every six months, then on maturity how much money will the bank give Mohan?
Solution :Given,

Principal, P = ~ 50,000, Rate of interest = 10% per annum or 5% semi-annually

Time = 2 years = 4 half-years

Total amount, A=?

5 4
A =50000{ 1+—
Total amount, ( 100)

l 4
A =50000 (1+ —j
20

4
A =50000 (EJ
20

A=50000x 2-x 215 2L, 2L
20720720 20
A= 60775.31

Thus, Mohan will get ~60775.31 as maturity amount after two years.
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Exercise-1

1. Karim deposits * 150 every month for 2 years in his recurring deposit account in State Bank of
India. If the rate of interest is 5% per annum then how much money will be paid to Karim by the
bank after 2 years?

2. Reshma opened a recurring deposit account in Punjab National bank for five years and deposits
* 200 every month. If the rate of interest is 6% per annum then how much money will she get after 5
years?

3. Rohan opened a recurring deposit account in a post-office and deposited * 50 every month for 5
years. How much money will he get if the rate of interest is 5% per annum?

4. Padmini opened arecurring deposit account in District Cooperative Bank for ten years and her
monthly installment is * 100. If on maturity she gets * 3025 as interest, what is the rate of interest per
annum?

5. If Kishan opens a recurring deposit account in some bank branch for three years and deposits a
monthly installment of " 250, then how much money will he get if the rate of interest is 5% per
annum?

6. Rajatopened a recurring deposit account in a branch of Central Bank of India and deposited " 100
every month for 3 years. What rate of interest per annum will yield an interest of *222 on maturity?

7. Kishan deposits * 20,000 for 1 year as fixed deposit in Allahabad Bank at an interest rate of 16%
per annum. If the interest is compounded every three months, how much money will Kishan get on
maturity?

8. Hemchand deposits * 1,00,000 for 1 year and six months as fixed deposit in a Rural Bank at an
interest rate of 8% per annum. If the interest is compounded every three months, how much money
will Hemchand get on maturity?

9. Ifapersonsaves * 2 lakhs for two years in a fixed deposit account at 4% interest rate per annum,
what amount will he get on maturity if interest is compounded annually?

10. Nilesh opens a fixed deposit account for one year in Bank of India and deposits *50000 at 8% rate
of interest. If interest is compounded quarterly then how much money will the bank pay to Nilesh
after one year?

11. Pushpa saved " 60000 for one year six months in a fixed deposit account. How much money will
she get on maturity if the rate of interest is 12% per annum and interest is compounded after every
six months?

12. Sriram deposited " 20000 for two years in a fixed deposit account. If the annual rate of interest is
6% per annum and the interest is compounded every six months then what amount will Sriram get

after due date?
ANSWER KEY - 1
1- ~ 378750 2- 213830 3 ~3381-25 4- 5%
5 ~9693-75 6- 4% - ~23]397-17 8- *1]12)616-24

9- ~2]16]320-00 10- ~54121-60 11- ~71)460-96 12- ~22510-17
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Taxation

Introduction
The Indian Government needs to carry out a number of activities for the welfare of
its citizens. To do so, it requires money. Can you tell; From where does the government get

the money to carry out these activities?
To obtain this money, the government levies different kinds of taxes on its citizens;

for example, income tax, service tax, sales tax etc. The amount of tax is pre-decided.

Think and discuss

From where else can the government get money to carry out development work?

Do you know what incometax is?

The Indian Government gets its revenue from various sources and a big part of this
money is derived from income tax. To collect income tax, the government first specifies a
minimum limit. People, industries and organization whose income is more than the specified
limit set by the government have to pay income tax. But those individuals, industries and
organization whose income is less than this limit do not have to pay income tax. For different
levels (slabs) of income, the government specifies different rates of income tax and the
income tax has to be paid according to this rate. But for some special categories of persons,
companies and industries, income tax rebates are also provided.

The rate of income tax increases with increase in income. This increased rate is
levied on the income that falls beyond the minimum limit specified. There can be one or
more than one source of income for persons, industries and companies and income and
income tax are calculated based on the sum of the incomes from all the sources. Sometimes,
for special activities, the government levies a little extra tax in addition to income tax and this
is called Cess. It is compulsory for all individuals, companies and industries that fall within

the income tax limit to pay taxes.

| sther ean account number for identifyingatax prayer?

The income tax department established by the Govt. of India collects taxes from tax
payers. Now, the question is: How does the income tax department identify or recognize
tax payers? For tax payer identification, the department issues a permanent account number
(PAN) or temporary account number (TAN) to all individuals, organizations or companies.
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PAN is mandatory for opening a bank account so that the income tax department can

collect information about the income of account holders.

Tax islevied at what rate and over which period?

A person has to pay tax on the income generated, from all sources, in the period
between 1% April and 31 March. This period or duration is known as the financial year.
For calculation of income tax, the government decides tax rates which can change with
change infinancial year.

1) Let us look at the tax rates table for the last three years which shows how the tax

rates have changed over time:-

&=

Finandal Male Femae Senior Citizen
year Taxable Rates of | Taxable Rates  of | Taxable Rates  of
I ncome incometax | Income incometax | Income incometax
2013-2014 | Upto 2 lacs NIL Upto 2 lacs NIL Upto 2 lacs NIL
2,00,001 to 10% 2,00,001to 10% 2,00,001 to 10%
5,00,000 5,00,000 5,00,000
5,00,001 to 20% 5,00,001 to 20% 5,00,001 to 20%
10,00,000 10,00,000 10,00,000
Above 10 lacs 30% Above 10 lacs | 30% Above 10 lacs | 30%
2014-2015 | Upto 2 lacs NIL Up to 3lacs NIL Upto 3 lacs NIL
2,00,001 to 10% 3,00,001 to 10% 3,00,001 to 10%
5,00,000 5,00,000 5,00,000
5,00,001 to 20% 5,00,001 to 20% 5,00,001 to 20%
10,00,000 10,00,000 10,00,000
Above 10 lacs 30% Above 10 lacs | 30% Above 10 lacs | 30%
2015-2016 | Upto 2 lacs NIL Up to 3 lacs NIL Upto 3 lacs NIL
2,00,001 to 10% 3,00,001 to 10% 3,00,001 to 10%
5,00,000 5,00,000 5,00,000
5,00,001 to 20% 5,00,001 to 20% 5,00,001 to 20%
10,00,000 10,00,000 10,00,000
Above 10 lacs 30% Above 10 lacs | 30% Above 10 lacs | 30%

(2 Currently, educational sub-tax or cess is 2% for middle school and 1% for higher
education and the total educational cess is 3%.

) If the taxable income is more than 10 lacs then an additional 10% surcharge is
levied on the payable tax.

4) As per Section 80C of income tax Act of 1961, the maximum exemption/rebates
onsavingsis 1.5 lacs, whichis deducted from the gross salary. The amount remaining
after deduction is used for calculating tax.
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The following investments are eligible for tax exemptions (rebates):
(1) Annual premium on Life Insurance policy
(2) Annual premium of ULIP (Unit Linked Insurance Plan)
(3) Annual contribution to General Provident Fund
(4) Home Loan Installments
(5) Tuition/education fees of children

(6) Payments made towards fixed deposits with a minimum tenure of five years
(7) Annual subscriptions to group policies and family welfare schemes

Let us understand calculation of income tax through some examples.

Example-1. The income of a person in the financial year 2008-2009 was " 4,28,000. She
deposited 2500 every month in general provident fund and 25000 as semi-annual
premium of life insurance policy. She purchased a National Savings Certificate worth
*30,000 and donated " 25,000 to a charitable trust. Calculate the income tax paid by
the person at the end of the financial year. According to Section 80C of income tax
act, atotal of *1,00,000 iseligible for exemption as savings under general provident
fund, National Savings Certificate and LIC etc. As per section 80G, 50 percent of the

donation is also eligible for tax rebates. The rates of tax are as follows:

S.No. Tax Limits Rate of Tax
1. Upto * 1,50,000 NIL
2. ' 1,50,001 to * 3,00,000 10%
3. * 3,00,0001 to " 5,00,000 20%

In addition, a 3% educational cess or sub-tax will be levied on income tax.

Solution : Total income of the person = *4,28,000
Exemption allowed on amount donated to trust = 50% of ~25000
25000x50
3 £OUVU XY
" 100
Rebate = 12,500

Remaining income = " (4,28,000-12,500) = *4,15,500
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Amount exempted under Section 80C of income tax act = general provident fund +
life insurance policy premium + national savings certificate

Y 250012 $ 250002 $ 30]000
% 30000 $ 50000 $ 30]000
= whichismorethan *1,00,000

Maximum exemption permitted is " 1,00,000
Therefore, taxableincome % “4]15500 & *1)00j000

% 315500

According to given tax rates, tax on upto *1,50,000 = NIL
Income tax =10% of " 150000 + 20% of " 15500
¥, 15000 $ ~3100

¥ ~18]100
Educational cess =3% of ~18100
% 543

Total payabletax % “18]100 $ 543

¥ ~18643

Example-2 The income of a person in the financial year 2012-2013 is " 4,80,000 (not
including house rent allowance). He deposited * 36000 in provident fund, * 20,000 in the
National Savings Certificate planand *18000 as premium on life insurance policy. Inaddition,
he had to pay 3% educational cess on income tax. If he pays 1500 every month for 10
months towards income tax, then what is the amount of payable tax remaining? Up to
*1,00,000 of savings under provident fund, Life Insurance and National Savings Certificate

are exempt from tax. The rates of tax are as follows:

S.No.

Tax Limits

Rate of Tax

1.
2.

Upto *2,00,000
*2,00,001 to *5,00,000

NIL
10%

Solution : Annual income = ~480000

Amount saved under provident funds Ya
Amount saved under life insurance policy Ya
Amount saved under national savings certificate %

Totalamountsaved % ~36]000 $ °

% 74000

36000
18000
201000

18]000 $ 201000



| <9> MATHEMATICS-10 ;ﬁ

Taxable income ¥ ~4]80]000 & 74000 % ~ 4]06]000
Income tax = 10% of (~ 406000 — *200000) (- Notaxislevied onincome up

to ~200000)
206000 x10
% 100
¥ ~ 201600
Education cess = 3% of 20600
20600 x3
T
Y4 ~618
Total payable income tax Y ~201600 $ 618 % ~21]218
Income tax deposited over 10 months = 1500 x 10 % *15]000
Remaining Income tax due Y ~21J218 & *15]000

% 6218
Example-3. The income of a government employee in the financial year 2013-2014 was

*3,60,000. She deposited " 20000 as premium on life insurance policy and 4000 every
month in general provident fund. Calculate the payable tax.

Also, amaximum of *1,00,000 of savings under provident fund, Life Insurance and
National Savings Certificate are exempt from tax.

The rates of tax are as follows:

S.No. Tax Limits Rate of Tax
1. Upto " 2,00,000 NIL
2. *2,00,001 to *5,00,000 10%
3. *5,00,001 to " 10,00,000 20%

3% of payable tax is educational sub-tax.

Solution:  Annual income of the government employee = 360000
1. Amount saved under provident funds = 48000
2. Amount saved under life insurance policy = 20000

Total amount saved 48,000 + * 20,000

*68,000

Since, maximum permissible rebate is 1,00,000 therefore tax need not be paid on
= 68000

Taxable income = ~3,60,000 - * 68,000 = *2,92,000
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Incometax  =10%of 12]92]000 & 2]00]000% (-- Notax is levied onincome
up to ~ 200000)
%1 10% of ~92]000
% ~9]200
Education cess = 3% of income tax
% 9210000>< 3
Y4~ 276
Total payable income tax = *9]200 $ 276 % * 9)476

Exercise - 2

1. The income (excluding house rent allowance) of a government employee in the
financial year 2013-2014 was " 4,10,000. He deposited " 20000 as premium on
life insurance policy and " 4000 every month in general provident fund. He also
purchased a national savings certificate worth *25000. He donates " 20,000 to the
Primeminister’s Relief Fund (which is 100% tax free) and " 12,000 to Old Persons’s
Home (which gets him 50% tax rebate). Calculate the payable tax for him at the
end of the year. A maximum of " 1,00,000 of savings (under any scheme ) are
permitted. The rates of tax are as follows:

S.No. Tax Limits Rate of Tax
1. Upto " 2,00,000 NIL
2. *2,00,001to *5,00,000 10%
3. *5,00,001to *10,00,000 20%
1. Educational cess = 2% of payable tax
2. Secondary and Higher education tax = 1% of payable tax

2. Naveen’s income in the financial year 2013-2014 was " 7,20,000. He deposited
*20000 as premium on life insurance policy and 4000 every month in general
provident fund. He also purchased a national savings certificate worth *30000. He
donates " 15,000 to an orphanage (which is 50% tax free). Calculate the tax payable
by him at the end of the year.
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The rates of tax are as follows:

S.No. Tax Limits Rate of Tax
1. Upto *2,00,000 NIL
2. *2,00,001 to *5,00,000 10%
3. *5,00,001 to " 10,00,000 20%
4 Over "10,00,001 30%

1. Educational cess = 2% of payable tax
2. Secondary and Higher education tax = 1% of payable tax
3. A maximum of " 1,00,000 of savings (under any scheme) are eligible for tax rebate.

3. Ramesh’s total annual income in the financial year 2008-2009 was *3,00,000. He
deposited " 1000 every month in general provident fund and paid an annual premium
of ~12,000 on life insurance policy. If there is no tax onincome up to * 1,50,000
and 10% tax on income above * 1,50,000 and maximum savings permissible under
all schemesare " 1,00,000 then calculate the tax payable by him at the end of the
year where the educational sub-tax is 3% of income tax.

4. The monthly income (excluding house rent allowance) of a bank employee in the
financial year 2014-2015 was "40,000. He deposits *42,000 annually in general
provident fund and * 6000 as semi-annual premium on life insurance policy. If he
pays " 1600 every month for 11 months towards income tax, then what is the amount
of payable tax remaining in the last month of the year? 100% of all savings (maximum
of ~1,00,000) are tax-exempt.

A. The rates of tax are as follows:

S.No. Tax Limits Rate of Tax
1. Upto "2,50,000 NIL
2. *2,50,001 to *5,00,000 10%
3. *5,00,001 to *10,00,000 20%
4. More than *10,00,001 30%
B. Cess = 10% of payable tax if annual taxable income is more than 10 lakhs,

C. Education tax = 3% of payable tax

5. Rajesh’s total annual income in the financial year 2012-2013 was "5,25,000. He
deposited *8000 every month in general provident fund and paid an annual premium
of *8,000 on life insurance policy. If there is no tax on income up to *~2,00,000 and
10% tax on income above " 2,00,000 and maximum savings permissible is 100%
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under all schemes (up to " 1,00,000) then calculate the tax payable by Rajesh at the
end of the year where the educational sub-tax is 3% of income tax.

6. In the financial year 2014-2015, the annual income of Mrs. Bhawna (not including
house rent allowance) was * 6,00,000. She deposits * 48,000 every year in general
provident fund and " 25,000 as annual premium on life insurance policy. If she pays
* 1500 every month for the first 11 months towards income-tax and " 1,00,000 is
allowed as savings under all saving schemes then calculate the payable income tax
due.

The rates of income-tax are as follows:

S.No. Tax Limits Rate of Tax
1. Upto "2,50,000 NIL
2. *2,50,001 to *5,00,000 10%
3. *5,00,001 to *10,00,000 20%

In addition, a 3% education sub-tax has to be paid over the income tax.

7. An officer’s annual income (excluding house rent allowance) in the financial year
2012-2013is " 7,20,000. She deposits * 3000 every month towards premium on
life insurance policy, *4000 every month in general provident fund and also
purchased a national savings certificate worth *30000. She donated *20,000to an
orphanage and 50% of this donation is eligible for tax rebate. If a maximum of
*1,00,000 can be invested in any type of savings to qualify for tax rebate, then
calculate the tax she has to pay at the end of the year.

A. Therates of tax are as follows:

S.No. Tax Limits Rate of Tax
1. Upto *2,00,000 NIL
2. * 2,00,001 to ~5,00,000 10%
3. * 5,00,001 to " 10,00,000 20%
4. More than 10,00,001 30%

B. Education tax = 3% of payable tax

=
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ANSWER KEY

1- Total income tax 8,961

2- Total income tax *54}487

¥ Total income tax ~12]978

4- Total income tax ~18]128 and the tax due in the last month is *528.
5 Total income tax *23]175 and education sub-tax is * 675.

6- Total income tax *31]312 and education sub-tax is *912.

7- Total income tax *53]560 and education sub-tax is *1,560.
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We studied trigonometric ratios sin6, coso, tand, cot6, secO and cosech in A
class 9t. These ratios can be found for any angle, but here we will discuss
trigonometric ratios of acute angles only.

Look at figure-1(i). Here, in AABC consider angle B. Is it possible
to identify all the trigonometric ratios at « B=q? q

(@]

To find all the trigonometric ratios for angle g, we have to make a Figure - 1(7)

right angle triangle including the angle g.
How can we make right angle triangle DABC which includes angle g?

In DABC we will draw the perpendicular AD on side BC from the vertex A. In the
right angle triangles ADB and ADC so obtained (figure-1(ii)), complete the following table
for acute angles qand q1.

A
sing cosq tanq cotq secq | cosecq
g,

AD %
AB
sing, | cosq, | tang, | cotq, | secq, | cosecq,
cb WA Rl STANS
AC Figure - 1(ii)

Try These

Find all the trigonometric ratios at angle gp and g3 in DABC.
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Think and Discuss ,
In the adjacent figure, how will you find the trigonometric ratios for
angle zXYZ=q?

Relations Between TrigonametricRatios
In previous classes we learnt about some relations between the trigonometric ratios. Let us
find some more relations between these trigonometric ratios.
We have right angle DABC in which « C is the right angle. By Pythagoras theorem
(figure-2),
AC2+BC2=AB2 . 1)
Dividing the above equation by AB2

A AC? . BC* _AB’
AB? AB? AB?

#ACy  2BCo _2ABo’
$AB; E&ABj §ABj

d (sing)?+ (cosqg)?=1
Figure - 2

>}
(@}

sinlq+cos’gq=1 .. (2)
Is the obtained relation between sing and cosq true for all the values of g between 0° to
90°? Give reasons for your answetr.

Y A
@)  \Verify sin2q+ cos2q =1 for q=30°, 45°, 60°. a
(i) For the given figure, check whether sinZa + cos2a =1 is %é“ 5
<
true or not.

3cm

You will find that sin2q + cos2q = 1 is true for all the value of g which lie between
0°to 90°.
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Are, some other relations possible between the trigonometric ratios? Let us see.
Dividing equation (1) by BC2

AC? N BC*> _AB’

BC* BC* BC?

#ACo ,2BCo _2ABo

§BC; &BCj; £BCj

(tanq)? + 1 = (secq)?

tan’g+1=secq .. (2)

Is the above relation true for all the angles which lie between 0° and 90°? Let us
check for some angles starting with when q=0°

L.H.S. = 1l+tanyq
= 1+tan®0°
= 1+0
=1

R.H.S. = secq
= sec?0°

1

Hence, itistrueat g =0°.

Is it also true at q = 90°? But at g = 90° the value of tanq or secq is not defined
therefore we can say that 1 + tan2q = sec2q is true for all the values of q except q= 90°
where g lies between 0° and 90° i.e. O£ q < 90°.

Let us look at another relation between trigonometric ratios. Dividing equation (1)
by AC2, we get the following relation:
AC? . BC® _ AB’
AC* AC® AC?

#ACH  2BCo _2ABo
§AC; &ACy &ACy

1+cot’g=cosec’q ... (3)

We know that at g = 0°, cotq and cosecq are not defined so 1 + cot2q = cosec2q
where 0<q £ 90°.
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Expressingall trigonametricratiosasanyane
We have seen the relationship between different trigonometric ratios. Can we convert

any trigonometric ratio into another trigonometric ratio? Suppose, we have to express CosA
andtanA interms of sinA, then

-+ Sin2A +coslA=1

2 —_ HJ
N\ cos? A=1-sin’ A If one trigonometric ratio is
EEa— known then we can determine
— HJ
COSA =v1-sin"A the other trigonometric ratios.
SinA
And tanA =
COsSA
SinA
\J1-sin®A
Try These

Express secA in terms of sinA.
Express all trigonometric ratios in terms of cosA.

We have studied about different trigonometric identities. Let us think about the relation
given below:

cotq + tang = cosecq. secq

Is this correct? How can we verify? Let’s try-
cotq + tang = cosecq . secq

L.H.S. =cotq + tang

_cosq sing
sing cosq

_ cos’g+sin®q
sing . cosq

_ 1

= - .. 2 in2q =
sing.cosq [ cosq +sin"g =1]
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1 1

sing ~ cosecq

= cosecq . secq
=R.H.S.
Let us look at some more examples.
Example-1.  Prove that
sin“g — cos*q = sin®q — cos?q

Solution': L.H.S. =sin*g—cos’q

= (sin’q)? - (cosq)? g-a’-b" =(a-b)(a+b)y
= (sin2q — cos?q) (sin%q + cos?q) [ cos’q+sin’g=1]
= (sin’q-cos?q) . 1

= sin?q — cos?q

=R.H.S.

Example-2.  Provethat-
/1+sinq _1+sinq
1-sinq  cosq

1+sinq
1-sinq

Solution: LHS. =

_\/1+sinq,1+sinq
~ Vi-sing 1+sing

_ (1+sin q)2
1-sin’q

2

#l+singo

DO
o
o
7]

o)
=

_1l+sing
~ cosq
=R.H.S.
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Example-3.  Prove that-

COSA N sin A

=sin A+cosA
l1-tanA 1-cotA

COSA N sin A

Solution:  LHS. q_SINA ;_ COSA
CosA sinA

_ COSA.COosA N SinA . sinA
CoOSA —sinA  sin A —CosA

___cos’A  sin*A
COSA —sSinA  CcosA-SsinA

_ cos® A—sin’A
COoSA —sinA

_(cosA—sinA)(cosA +sinA)

CcoS A —sinA
=sin A+CosA =R.H.S.
Example-4.  Prove that-
1+cosq-sin®
q 9 _ cotq

sing+sing . cosq

1+cosg-sin®q
sing+sing . cosq

Solution: L.H.S.

cosq+1-sin®q
sinq(1+cosq)

coSQ+ Cos” q
sinq(1+cosq)

cosqg(1+cosq)
sinq(1+cosq)

cosq
sing
= cotq =R.H.S.
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Sometimes, we have to prove some relationships with the help of given identities.
Let us understand through some examples.

Example-5.  If sinq + cosq = 1 then prove that sinq—cosq=*1

Solution': Given that sing +cosq=1
(sing+cosq)?=1
sin?g + cos?q + 2sinqg. cosq=1
1+2sing.cosq=1 [--sin?q+cos’g=1]
2sing.cosq=1-1

sinq.cosq=0 . 1)
Again (sing—cosqg)?=1-2sinq. cosq
(sing—cosq)? =1-2x0 From equation (1)

(sinqg—cosq)® =1
\sing-cosq=z1
Hence proved.

Example-6.  If cosq +sing= /2 cosq
then prove that cosq—sing = /2 sinq
Solution : Given that cosq +sing = /2 cosq
sinq= /2 cosq-cosq
sing=cosq (/2 -1)

sing _
\/E_l—cosq

_ sing A2+
Cosq—\/a_l \/§+l
cosq = \/Esn;qursmq

cosq = /2 sing+sing

cosq —sing = /2 sing
Hence proved.
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Forming new Identities
If X=sinq
y = €0s(
Then, how can we find the relation between xand y?

We can determine the relation between x and y by eliminating g, using the
trigonometric identities. For example:-

X2 +y? = sin?q + cos?q
X+y=1
Let us understand through some more examples.

Example-7. If x=acosq-bsing andy=asing + bcosq
then prove that x* + y? = a? + b?
Solution: Given x=acosq-bsinq .. (1)
y=asinq+bcosq . (2)
By squaring equations (1) and (2)
X2 = (acosq — bsing)?
y? = (asing + b cosq)?
X2 = a?cos’q + b?sin?q—-2abcosq.sinq .. (3)
y? = a’sin’q + b’ cos?q +2absing.cosq ... 4)
By adding equations (3) and (4)
X2 + y? = a? cos’g + b? sin?g —2ab cosq . sing
+ a2 sin’q + b? cos?q +2ab sing . cosq
= a%(sin>q + cos?q) + b? (sin?q + cos’q)
=a?+ b [-- sin?g + cos?q =1]

Example-8. If tang+ sinq=m and tang-sing = n then prove that-

m—n?= 4,“’“’]
Solution: Given m=tanqg + sinq
n=tang-sing
m+ n=2tanq

m-n=2sinq
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Now, (m-n) (n+n) =4sinqg. tanq

n-n?=4sinq.tanq .. (1)
m. n = (tanq + sing) (tanq - sinQ)
=tan?q - sin?q
_singq
= COqu_SIn q

_sin®g-sin*q. cos’q
cos’q

sin® g[1—cos®q]
cos’q

2

sin“q

sin’ g.—
cos’q

=sin?q.tan’q
4{mn =44/sin?q.tan’q
=4sing. tanq
4Jmn = m? - n? From equation (1)

Or m? - n? = 4Jmn Hence proved.

Exercise-1
Prove the following identities:-

1
secqg-1 secq+l

= 2cot?q

2. Sec?q + cosec?q = sec?( . cosec’q

3. sin*A + cos*A = 1 — 2sin’A . cos?’A

1-cosq
1+cosq

= cosecq — cotq

5. (1 + cotg—cosecq) (1 +tang + secq) =2
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1+coséd _1—c039
1-cos@ 1+cosé

= 4 cotq cosecq

sing N 1+cosé
1+coséd sin@

= 2 cosecq

8. If cosq —sing = /2 sinq then prove that cosq + sinq = /2 cosq

, , m -1
9. If tanq = ntanf and sinqg = msinf then prove that cos?q = 71
XZ y2
10.  If x=acosecq T y=bcotg then prove that 2Z =1

1. Ifx=rsinAcosC,y=rsinAsinCand z=r cosA then prove that

Trigonaretric equations and identities
We learned the relations among various trigonometric ratios like sing, cosq, tang, secq,
cosecq, cotg. Among these we saw one relation sin2q + cos2q = 1 which is true for all

values of g. Such relations between different trigonometric ratios which are true for all
values taken by the angle are known as trigonometric identities.

Is the relation sing + cosg = 1 a trigonometric identity?
Let us see.
Atq=0°
=sin 0° +cos 0°
=0+1
=1
At g=30°

=sin 30° + cos 30°

_1.\3
2 2

J3+1
2

11
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We find that the relation is true for g = 0° but not for q = 30°. Therefore, sinq +
cosq = 1 cannot be called an identity.

Some trigonometric relations are true for certain values of angles given in the form
of variables. These are known as trigonometric equations. Can we say that sing + cosq =1
is atrigonometric equation? We saw that the relation sing + cosq = 1 is true for g = 0° but
not for q =30°. Therefore, sinq + cosq = 1 is a trigonometric equation.

Put g=0°,30°,45° 60°,90° in the given relations and check which value of g

satisfies these relations.

1.
3.

cosq +sing = /2 2.
2 cos?gq = 3sing 4.

tan?q + cot’q =2

tang .secq = 2./3

Try These

The values of q for which the equations are true or valid are called solutions of the
trigonometric equation.

Let us solve the following trigonometric equations:-

Example-9.

Solution:

Solve /3 tanq-2sing=0

J§ﬂﬂﬂ—2§nq:0
cosq

/3 sing—2sing. cosq=0
sinq (13 —2cosq) =0
sing=0

q=0°

Now, /3 —2cosq=0

= —2.cosq=-./3
= cosq = 2
= q 5

q=30°
\ q=0° 30°

_sinqu

stang=>-
cosqfl

D> (D~
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Example-10. Solve cos? x + cos X = sin? X, where 0° £ x £ 90°
Solution': C0S2 X + COS X = Sin? X
= C0S? X + €0S X = 1 — c0S? X
= c0s?2 X+ cos? X+ cosx—1=0
= 2C0s?X+cosx—1=0
= 2C0S?X+2cosXx—cosx—1=0
= 2cos x(cosx+1)—1(cosx+1)=0
= (2cosx—1) (cosx+1)=0
2cosx—1=0
cosx= <
X = 60°
Also, (cosx+1)=0
— cosx+1=0

cosx =-1

Since cos x cannot be negative where 0 £ X £ 90°, therefore we will ignore cos x
=-1. Hence, the solution for given equation is x=60°.

Example-11. Solve the given trigonometric equation where 0° £ q £90°

cosq , cosq  _
cosecq+1 cosecq-1

cosq , cosq  _
cosecq+1 cosecq—1

Solution ;

cosq(cosecq—1) +cosq(cosecq+1) 5
cosec’q-1 -
cosq[cosecq—1+cosecq+1]

= =2 -+ cosec’q—1 = cot?
cot? q [ q al

cosq . 2 cosecq
cot?q B

1
Cosq.2. —_
= sing =2

cot’q
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, 08¢
= sin g =2
cot® q

2cotq
cot? q

2

cotq =2
2tanq =2

= tang=1
tanq =tan 45°
\ q=45°

Exercise -2

1. Solve the follow trigonometric equation where 0° £ q £90°

@ 2 cos?q - /3 cosq=0 (i)  2sinlg-cosq=1

@) 3tan’g=2sec’q+1 (iv)  cos’g—3cosq+2=sin’q

cosq , cosq _
1-sing 1+sinq

)

TrigonaretricRatios of Camplementary Angles

Inright angle triangle AABC if 2 A=30° then what will be the value of
£ C (figure-3)? And is it possible to find the value of £ A if we know that
2 C=60° (figure-4)?

Isthere arelation between ~ A and ~ C so that if we know the value of
one angle we can find the value of the other angle?

We know that in AABC,
bA+bB+bC =180°
BB =90°
\ DA+ .C=090°
This means that ~ Aand ~ C are complementary angles.
Now, in triangle ABC (figure-5)
If zA=qthen «C=90°-q

C

?

30°
= . B
Figure - 3
60°
A ?

o Figure - 4 B
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Then, is there any relation between the trigonometric ratios of z Aand «C?

Is it possible in the given triangle to convert the trigonometric ratios of angle
(90°-q) into trigonometric ratios of angle g? How?

sinezB—C cosezﬁ tanezB—C
cosece:';‘—C sece:A—C cotezE
- Ifangle ~C=90°-q in DABC, then
90—q Trigonometric ratios are:-
sin(90°—0) = ﬁ, cos(90°—6) = B—C tan(90° —0) = ﬁ,
AC AC BC
q
. B

Figure - 5 cosec(90° —0) = ﬁ, sec(90°—0) = E, cot(90° —0) = BC
AB BC AB

When we compare the trigonometric ratios for angles g and (90°-q) we get the
following relations:-

sin(90° —0) = AB_ cos6, cos(90°—0) = BC _ sinf
AC AC
tan(90°- ) = cotqg and cot(90°- q) = tanq
sec(90°- g) = cosecq 2k cosec(90°- q) = secq
Think and Discuss
Is the above relation true for all values g where 0° £q £ 90°.
Try These

Complete the following table by using the relations between trigonometric ratios
of complementary angles

q 0° 30° 45° 60° 90°

. L
sing 0 >
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Applications of Trigonometric Ratios of

Camplementary Angles

Let us see how to find values using trigonometric ratios of complementary angles without
using the trigonometric table. Can we use them to find trigonometric ratios of non-simple
angles, for example, q=31° or £=20° or 43°?

2sin30°
Now we will try to find the value of 0560° without using the trigonometric table.
2sin30°
c0s60°
2sin30°

= C0s(90°—30°) [ c0s(90°— 6) =sin ]

5 s?n 30°
sin30°
= 2
3tan15°
cot 75°

Similarly, if we have to find out the value of

3tan15°
cot75°

3tan15°
cot(90° —15°)

3tan15°
tan15°

= 3

Let’s try to understand through examples.
Example-12.  Find the value of the following:-

sin31° b sec70° sin59°
(@) 2c0s59° (b) cosec20° cos31°

sin31°
2c0s59°

Soluiton : (@)
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2c0s59°

3 c0s59° o0 =
- 2c0s59° [ sin (90°-q) = cosq]

1

sec70° sin59°

®) cosec20° cos31°
_ sec(90°—20°) sin(90°—31°) |- sec(90°—6) = cosech
- cosec20° cos31° sin (90°—e) —=cos0

cosec70° n cos31°
cosec70°  cos31°

1+1
2

sin47° ]2 [cos 43°

2
: —4cos® 45°
cos43° sin47°

Example-13. Find the value of [

sin47° ]Z [cos 43°

2
. —4c0s* 45°
cos43° sin47°

Solution: [

[ e

cos43° sin47° N2
2C0s 43°%°  zsin 47°4° 1
= =+ - —4x =
§cos 43°5  &sin47° g 2
=1+1-2

=0
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Example-14. Prove that-
tan 7° tan 23° tan 60° tan 67° tan 83° = /3
Solution: L.H.S. =tan 7° tan 23° tan 60° tan 67° tan 83°
=tan (90° —83°) tan (90° — 67°) tan 60° tan 67° tan 83°
=cot 83° cot 67° tan 60° tan 67° tan 83°
= cot 83° tan 83° cot 67° tan 67° tan 60°

= cot 83° x

=3

cot 83° X coLe7* x cot 67° X \/§

Let us consider the given equation:

cos(90°—q):%

If we have to identify the value of the unknown g, what should we do?

1
cos (90°—q) = —
2
= sing =sin30°
g =30°
Let us understand through some more examples.

Example-15. If sin55° cosec (90° — q) = 1, then find the value of gwhere
0°£q £90°

Solution': sin 55° cosec (90°-q) =1

sin (90° - 35°) secq=1

— cos 35°.secq=1

= secq =

cos 35°
— secq = sec 35°

gq=35°
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Example-16. If sin 34° = p then find the value of cot 56°.
Solution': sin34°=p
sin (90°-56°)=p
cos56°=p . (1)
We know that sin?q + cos?q=1
P sin?q=1-cos?q
= sin?56° = 1 - cos? 56°

= sin?56°=1-p* .. (2)

= sin56° = ,/1- p?

With the help of equations (1) & (2)
cos 56°
sin 56°

cot56° =

Example-17. If cot 3A =tan (A—22°) where 3A isan acute angle, then find the value of
A.

Solution': Giventhat-  cot3A =tan (A-22°)
tan (90° - 3A) =tan (A-22°)

= 90°-3A=A-22°

= 90°+22°=A+3A

= 112° =4A

1120
T4
A=28°

With the help of the trigonometric ratios of complementary angles, it is possible to
prove relations between trigonometric ratios. Let us see:-

sin(90°-q) cos(90°-q)
tangq

Example-18. Prove that- =c0s?q

_ sin(90°-q) cos(90°—q)
- tanq

Solution ; L.H.S.
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_ C0sq sing
tanq

_ €0sq sinqg
~ sing
cosq

_ cos’ g sing
sinq

= c0s?q
=R.H.S.

Example-19. Prove that- sin (90° — q) secq + cos (90° — q) cosecq = 2
Solution': L.H.S. =5sin (90° — q) secq + cos (90° — g) cosecq

= €0s( secq + sing cosecq

1 i 1
= — + X
cosq > cosq sIng sing
=1+1
=2

=R.H.S.

Example-20. If DA,DBB and ,C arethe interior angle of DABC, then prove that-

2A+Bo C
sin ¢ 5 = cosE
Solution : Given that- A, B and C are the interior angle of DABC

Then, A+B+C=180°

A+B=180°-C .. 1)
] - 2A+Bg¢
Again, L.H.S.:smg 5 E
_ #180°-C¢
=Sln8 > E
2180° Co

:sing > —25
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Bono CO
= sl
—COS2
=R.H.S.

Now, we will learn how to convert trigonometric ratio of a given angle to a
trigonometric ratio of an angle which lies between 0° and 45°.

Example-21. Expresstan 59° + cot 75° as trigonometric ratios of angles between 0° and

45°,
Solution : tan 59° + cot 75° =tan (90° — 31°) + cot (90° — 15°)
=cot 31° +tan 15°
[-- tan (90° — ) = cotq
cot (90° —q) =tanq]
Exercise-3
Express the following as trigonometric ratios of angles which lie between 0° and
45°,
(1) sin 56° (i) tan 81° (i) sec 73°
2. Find the value of the following:-
i cos 80° . sin 37° . 3 sin 17° sec 73°
0 sin 10° () 2 cos 53° (i >IN 3¢
3. Find the value of the following:-

(0] sin 64° — cos 26°

(i) 3 cos 80° cosec 10° + 2 cos 59° cosec 31°

. cos 67° tan 40°
(i) sin 23° _ cot 50°

(V)  sin?35° +sin255°

N

+ cos 0°

25 sin 35°Q # Cos 55° 0
v) € cos 55° 5 © §2 sin 35°;

— 2 cos 60°
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4, Prove that-
(i) sin 63° cos 27° + cos 63°sin 27° =1
(i) tan 15° tan 36° tan 45° tan 54° tan 75° =1
(i) sin?85° +sin?80° +sin?10° +sin?5° =2

5. Prove that-

| tan q
90° - A =gh=
sin q)cos 9 1+cot?(90°-q)

6. Prove that-

C0Ss( + Sin(90° - q) — 2C0t(90° _ q)
sec (90°-q) +1 cosecq-1

7. Prove that-
tan(90°-q)
m = c0s?(
8. If sinA = cosB then prove that A+ B =90°
9. If cosec 2A=sec (A—36°), where 2A is an acute angle, then fine the value of A.
10. If A+B=90° secA=a,cotB = bthen prove that a>—b*=1

11. If A,Band Care interior angle of a triangle ABC, then prove that-

eB+Co  zAb
tang 2 E_COt(éZa

12.  If sec 34° = xthen find the value of cot?56° + cosec 56°.

What We Have Iearnt
1. The following relations are observed between trigonometric ratios:
sin’g +cos’q =1 where Q° £ g £ 90°
1+tan?q =sec®q Where 0°£ q<90°
1+ cot?q = cosec’q where 0°<q£90°

2. Anytrigonometric ratio can be written in terms of any other trigonometric ratio.
3. Identities are those trigonometric equations that are true for all values of the angles.

4. Foravalueofangle g, if one trigonometric ratio is known then the other trigonometric
ratios can be found.
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5. The following relations are seen between trigonometric ratios of complementary

angles:

sin(90°-q) =cosq : cos(90°-q) =sinqg
tan(90°- q) = cotq , cot(90°-q) =tanq
sec(90°- q) = coescq cosec(90°-q) = secq

6. Identities can’t be proved or verified using only a few values of angle, they have to
be true for all values.

ANSWER KEY

Exercise - 2
1(). q=30°90° 1(ii). q=60° 1(iii). q=60°
1(iv). g=0,60° 1(v). q=60°

Exercise - 3
1. ()] cos 34° (i) cot9° (i) cosec 17°
2. @i) 1 (ii) % @iy 3
3. @i) 0 @ 5 @y 2

M) 1 v 5

9. 42°

12. XX+ x-1
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Suppose you want to find out the length and breadth of the playground in your school. How
will you measure it? You will have to use a measuring instrument like a scale (ruler) or a
measuring tape. Can you use a ruler to easily measure the length of the playground? What
difficulties will you face?

Rajesh said — If 1 use a small ruler then it will take a long time to measure the field
because it is very long. I’ll have to lift and place the ruler again and again and this can
introduce errors in measurement. So, | should use a long measuring tape instead.

Zahida said — To find out the length and breadth of the
field, I will have to take the measuring tape from one end to the
other. At one corner of the field, one student should stand holding
one end of the tape. Another student should take the measuring

tape to the second corner and note the reading. This will give £ N
us the length of the field. e yamsee e ats

Jamuna asked — Can we use this method to find out i ————
the height of a palm (Khajur) tree or the height of volleyball S ;m_: TR,
poles? We will have to find the distance between the ground RN S S
and the top of the tree (or pole) which is difficult. How will we Figure - 1

reach the top? Who will climb to the top of the tree?
Aslam — Then what should we do?
Can we use any mathematical technique in these situations?
Can we use trigonometry to find out heights and distances?

Let us see—

Suppose your school has a flagstaff (pole) and you want to find its height. We know that
trigonometric ratios are relations between the sides and angles of a triangle. Can you visualize
aright angled triangle where the flagstaff is one side of the triangle? What values should we
know if we want to find the height of the pole?

Imagine that the pole is one side BC of a right angled triangle. C is the top of the
pole and B is the other end. Take any point A on the playground which is 10 m away from
B (figure-2). Suppose that the line joining Ato the top of the pole C forms an angle of 60°
with the ground.

e o mpetm =hiee A —aboser T
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60°

C Then in DABC

ES 2 CAB = 60°

AB =10 meter

an A= 2
an —AB

BC
tan60° = —

Fig

; 10
10
e BC = 10 tan 60°

BC =10./3 meter

In this way, we can find out the height of the flagstaff using trigonometry.

ArgleofFElevation

sight.

to see the top of the pole.

Angle of
60° glevation

A

Horizon B ] .
Figure - 3 pointA . Thus, the angle of elevation

is the angle between the line of sight
and the horizontal line at point A.

If the height of pole is more then we will
have to raise our heads even more to see its top-
most point.

In this situation will the angle of elevation
be more or less? That is, will the value of fbe
more thanq.

The angle of elevation increases when
the height of the pole is increased that is the
angle between the horizon and line of sight
increases (figure-4).

X
g

C Let us again examine figure-2. Suppose we stand in the field and
look at the top of the flag. The line AC drawn from our eye at
point Ato the point C on the top of the flagpole is called the lineof

If the height of the pole is more than our height then we have to look upwards

The angle formed between the line of sight AC and the horizontal AB is called
the angle of elevation (figure-3). Here, we have supposed that our eye is at the

cl

—

C

—]

Ba

Figure - 4



Think and Discuss
How will the angle of elevation be affected if the height of pole is decreased?

Let us consider another situation where we are
looking at the top of the pole not from point Abut from the
point A’ which is farther away from the foot of the pole Eﬂ
(figure-5).

We find that if we look at the top of the pole from
the point A’ then the angle between the line of sight and the

horizon decreases that is the value of the angle of elevation

becomes less.

0
Thus, we observe that the angle of elevation A' A B

increaseswith increasein the height of the object Figure - 5
but decreaseswith increasein distancebetween the
observer and theobject.

We can find the height of mountains, distance between planets, depth of oceans,
distance between the earth and sun using trigonometry. Astronomers have used it to calculate
distances from the Earth to the planets and stars.

We use trigonometry to solve problems in our daily life as well. Let us see some
examples.

Example-1.  Froma pointon the ground, which is 15 m away from the foot
of abuilding, the angle of elevation of the top of the building is found to
be 45°. Find the height of the building.

Solution': In the figure, AB is the height of the building. From a point C
on the ground, which is 15 m away from the foot B of the building the
angle of elevation of the top A of the building, « ACB =45° 45"
Figure - 6

Let the height of the building be h.

AB
Then, tan45°=——= inDABC

BC
Or tan 45° = n
15
Or =N [ tan45° =1]
15

\ h =15 meter
Therefore, height of the building is 15 m.

HEIGHT AND DISTANCE 2231":_
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Example-2. A ladder is placed against a vertical wall so that it forms an angle of 60°
with the ground. If the foot of the ladder is 4 meters away from the base of the wall

then find the length of the ladder.

Solution : Let AC be the ladder which is x meters long, i.e. AC = xm. Itis given that
the foot of the ladder, Ais 4 meters away from the wall.

Thus, in D ABC AB=4 m
And «BAC=60°

Th 60°-AB
en cos =AC
o 14
' 2 X
60°
B Or x=8 meter

C

A 4 meter
Figure - 7 Thus, the length of the ladder is 8 meters.

Example-3.  Atree breaks due to storm and the broken part bends so that the top of
the tree touches the ground making an angle 60° with it. The distance between the foot of
the tree to the point where the top touches the ground is 6 m. Find the height of the tree.

Solution: Let AC be the broken part of the tree (figure-8).
It is given that the distance between the foot of the tree to the point where the top
touches the ground is 6 m.

Thus, inright triangle DABC

t 600 —_ B_C
an =~ AB

BC
V3=
BC=6/3 M

Again, inright triangle DABC

i 600_§
SIn = AC

V3 _ 63

2 AC

6 meter

Figure - 8 _ 67£X2
Or AC= )ﬁ
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AC=12m
Thus, height ofthetree = BC + AC
= 63 +12
= 6(\/§+2) m

Example-4.  Anobserver 1.4 mtall is 25.6 m away from a tower. The angle of elevation
of the top of the tower from her eyes is 45°. What is the height of the tower?

Solution : Here, BC is the tower, AE the observer and « CED is the angle of elevation.
AndAB=ED=25.6m
AE=BD=14m

C
In right-angle triangle DCDE
s age = 2
an =D
DC
l=— <5 E b
25.6 <rI 25.6 m
DC =25.6 . A oo B
Thus, heightoftower =BD + DC Figure - 9
=1.4+25.6
=27 HI.

Note:- If height of the observer is not given then the observer is assumed to be a point.

There isaflag in front of Farida’s house (Figure-10). She wants to know the height
of the flag. Can we find the height without taking the pole out of the ground?

Let us see-

Example-5.  Fromapoint, P on the ground the angle of elevation of a building is 30°. A
flag is placed on the top of the building and the angle of elevation from point P to the
flag is 45°. Find the height of the flagstaff and the distance between P and the
building.

Solution': Infigure-10, AB is the height of the building, BD is the length of the flagstaff
and P is the observation point. Notice, that here we have two right angle triangles,
DPAB and DPAD. We have to find the length of the flagstaff and the distance
between P and the building.

d225%
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Since we know the height AB of the building, first
we will consider right angle triangle DPAB.

GU

Here, tan 30° = oo
) ere, 1an = PA

~| 1 10

A

5] [ Thatis, E:ﬁ
E Therefore, PA= 10,3 M

. Distance between P and the

45°

30°

[

> r
@

Figure - 10 buildingis 10./3 M
Now, let us suppose that BD = x meter
And AD=AB+BD=(10+Xx)m
Then in right triangle DPAD

tan 45° = E
PA

_10+x

1043

10+ X

1043
= 1043=10+x

x=10(v3-1)m

P 1

Thus, height of the flagpole is 10(\/§ —1) m

We have already seen the relation between angle of elevation and height and distance.
We saw that value of the angle of elevation increases with increase in the height of the object
but decreases with increase in distance between the observer and the object.

We will now solve some examples based on the statement given above.

Example-6.  Aboy is standing at some distance from a 30 m tall building. The angle of
elevation from his eyes to the top of the building increases from 30° to 60° as he
walks towards the building. Find the distance he walked towards the building.

Solution': Suppose that BC represents the building and the boy is standing at point A.
BC=30m
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Inright angle DABC x B

t 300 —_ %
an = AC

E
J3  AC

AC =303 m
Again, inrightangle DBCD

30 m

609 30°
*C s A
Figure - 11

t 600 —_ E
an =D

30

tan60° = a

3

- cb
0
NE
~ 10x3
V3
CD=1043 M
Thus, distance walked by the boy towards the building AD =AC-CD

= 30+/3-10+/3

CD

20~/3 m Thus, the boy walked 20+/3 mtowards the building.
Angleof Depression

Let us discuss another situation:-

Rama is standing on ﬁ
the balcony of her house
watching a car come towards
her. The angle so formed by the
line of sight with the horizontal

is called the angle of depression )
(figure-12). Figure - 12
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Now, if the car comes closer to the house (figure-12) then what will be the change
in the angle of depression?

What will be the relation between angles a and b?

Wil a>b
a<b
Or a=b

You can see that when the distance between the car and the house decreases the
value of the angle of depression increases.

Thatis, a>b
Think and Discuss

Suppose the car is right below Rama in figure-12 then what will be the angle of depression?

Example-7.  Theangle of depression of the top of a tower to a flowerpot on the ground,
which is 30 m away from the foot of the tower, is 30°. Find the height of the tower.

Solution : Let AB be the tower and point O be the flowerpot.
N e A Angle of depression « XAO =30° and
30 OB =30 meter

+XAO = ~AOB =30°
(alternate angles)

Intriangle DOAB

30°

30m B tan 30° = AB
Figure - 13 OB

AB = OB tan 30°

:30><i

V3

_30

V3
= 10\/5 meter

Therefore, height of the tower is 10~/3 meter



Example-8.

Solution:

distance of x meters from the light pole.

The angles of depressions from the top of a light pole to the top and foot of
abuilding are 45° and 60° respectively. If the height of the building is 12 m then find
the height of the light pole and its distance from the building.

Let PQ be the light pole. AB is a 12 meter high building which is at a

Thus,QB= xm AB=12m

The angles of depressions from the top of a light pole to the top and foot of a
building are 45° and 60° respectively.

2APX =45°and «BPX =60°and let PR=h
Inright angle triangle PRA

b

tan 45° = -~
an ~ RA

PR
1=—
X
PR = x

\h = X

Inright angle triangle DPQB

(e} E
tan 60° = OB

h+412

&=

\/§X:h+12

On putting the value of x

J3h=h+12
J3h-h=12
h(ﬁ—l):lz

12

h = \/5_1

12 3+1

= X
= 31 a1

-
1 60° X
459
h

v 45°

R————'X'——— ~T"T"A

g o

= 3
609

Q X B
Figure - 14

(onrationalizing the denominator)

HEIGHT AND DISTANCE 2291"':_
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h:12(J§+1)
- (V3) —12
h_12(J§+1)

3-1

= h= 63+l
Height of light pole =PR + RQ

= 6(3+1)+12

= 6v3+6+12

= 6/3+18

= 6<x/§+3)m

Since x=h therefore x= 6(\/5 +1) m

The height of the light pole will be 6(x/§ + 3) mand distance from the building is

6(x/§+l) m

Example-9.  Theangles of depression from the peak of a hill to two houses on opposite
sides of the hill are 30° and 60° respectively. Find the distance between the houses
given that the height of the hill is 60m.

Solution : Let PQ be the hill and A and B be the two houses on opposite sides of the hill.
Giventhat PQ =60 m

£ XPA=30°

. DPAQ =30° (alternate angles)
Similarly, 2 YPB=«PBQ = 60°
Inrightangle triangle DPQA

PQ
tan 30° = AQ
160
Figure - 15 3 AQ
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AQ = 603 M
Againintriangle PQB

PQ
tan 60° = BQ

60
V3 =Ba

60
BQ = ﬁ

BQ =203 m
Thus, distance between the two houses AB =AQ + BQ

= 60+/3 +204/3

AB =803 M

Example-10. Astraight road goes straight up till the base of the building. Aman standing
on the top of the building sees a car at 30° angle of depression. The car is moving
towards the building at a uniform speed. After the car has covered a distance of 30
m the angle of depression becomes 60°. If the time taken by the car to reach the
building from this point is 10 seconds then find the speed of the car and the height of
the building.

Solution': Let AB be the building and its height be h meters. Also,

BC = x meter

Given,

CD=30m

<ADB =30°

2ACB =60°

Then inrightangle triangle ABD

°= AB I«
tan 30° = ﬁ 30 m

Figure - 16
h

1
J3 T 30+x

30+ X

=
I
&
i
=
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Again inrightangle triangle ABC,

t 600— E
an =~ BC

h=xJ3 (2)
From equations (1) and (2),

30+X:X\/§

V3
= 30 + x=3x
= 2x =30
= Xx=15m
Thus, height of the building h = x+/3 =15+/3 M

According to the question,

The time taken to reach the building from point C is 10 seconds.

Speed of car = Distance
peedofcar= — =
5B
~ 10
=15 nm/s
Exercise-1
1. The angle of elevation of the top of a tower from a point on the ground, which is

90 m away from the foot of the tower, is 30°. Find the height of the tower.

2. There isa vertical column which is 3h meter tall. Find the angle of elevation from
apoint /3h meters away from the base of the vertical column.

2L Akite is flying at a height of 60 m above the ground. The string attached to the kite
is temporarily tied to a point on the ground. The inclination of the string with the
ground is 60°. Find the length of the string, assuming that there is no slack in the
string.

4. The angle of elevation of the top of a building from the foot of a tower is 30° and
the angle of elevation of the top of the tower from the foot of the building is 60°. If
the building is 15 m high, find the height of the tower.



10.

11.

Two towers are at a distance of 120 meters from each other. The angle of depression
from the top of the second tower to the top of the first tower is 30°. If the second
tower is 40 m high then find the height of the first tower.

If the angles of elevation of the top of the tower from two points at distances of a
and bcm from the base of the tower and in the same straight line with it, are comple-
mentary, then show that the height of the tower is \/ab .

The angle of elevation is 60° from the top of a 15 m high 2 i - p
building tothe top of atower and the angle of depression ~ — | S -
to the bottom of the tower is 30°. Find the height of the z I, TN iy MR
tower and the distance between the towerand the building.  ——~  —— -\ | Sy —
The distance between two points Aand B on the same et C —
side of a riverbank is 40 m. There is a point C on the Figure - 17
opposite, parallel river bank such that ~ BAC=60° and
2 ABC=30° (Figure-17). Find the width of the river. A
(Flguwen —
The angles of depression on a point P on the ground made by
the peak of atemple and the flag on top of it are 30° and 60°
respectively. If the temple is 10 m high, find the height of the
flag (Figure-18). 5
Two electricity poles of equal height are on the opposite sides 30°
of a40 m wide road. The angles of depression formed by the
two poles at a point on the road are 30° and 60° respectively. p 30° C
Find the height of the poles and their respective distance from P - 18
the point.
An observer spots a balloon moving at a
height of 90 m above the horizon. If at a
certain time the angle of elevation made by B
the balloon with the observer’s eyes is 45°
which reduces to 30° after some time then
find the distance covered by the balloon
(figure-19).
90 m

Figure - 19

HEIGHT AND DISTANCE 233:'-
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What we have learnt

1. Trigonometric ratios can be used to find the relative distances and heights of trees,
buildings, towers, planets, stars etc.

2. The rayjoining the eye of the observer with the object being observed is called the
ray of vision.

3. Theangle of elevation is the angle formed between the ray of vision of the observed
object and the horizon.

4. The angle of depression is the angle formed between the ray of vision of the
observed object and the horizon, when the object is below the horizon.

5. Theangle of elevation between a building, tower etc. and a point at some distance
from the base of the building increases with increase in the height of the object.

6. Theangle of depression between a building, tower etc. and a point at some distance
from the base of the building decreases with increase in distance between the
observer and the object.

ANSWER KEY

EBercise -1
(1) 3043 meter 2) 0=
(3) 120 meter @) 45 meter

(5)  40(\3+1) meter (7) 60 meter, 15,3 meter

(8) 1043 meter ©) 20 meter

(10) 10\/5 meter, at a distance of 10 m from the first pole and 30 meter from the

second pole

(11) 90(\/5—1) meter



SimiLarity N GEOMETRICAL
SHAPES

We see various types of shapes around us, of which some are small in size
and some are big. Some of them are circular, some are cubical, some are
triangular, and others can be taken as a mix of different shapes.

See figure-1. In the given picture showing a house we are able to
see many kinds of geometrical shapes. For example, we can see rectangles
and triangles.

Can you find some more shapes of different kinds in the figure, which
are not triangular or rectangular? What are these shapes? Discuss with your =
friends. Figure - 1

Same Shapes - If we carefully observe the figure then we find that there are
some shapes where both the shape and the size are same. This means that
they are congruent. A

Now carefully observe figure-2. In figure-2(i), three triangles are 4
drawn. The angles of the triangles appear equal and the sides look bigger or 0 (i)
smaller in some fixed proportion. That is why all 3 triangles in figure-2(i) Figure - 2

seem similar. But in figure-2(ii), the angles of both triangles are different.
Therefore, by looking itself we can say that these two triangles appear different.

Generally, the shapes which look same are called similar but there are certain
conditions for similarity in mathematics. Are all 3 triangles similar in 2(i)? WWhen we observe
these triangles, they all look similar but how can we confirm? Later in the chapter we will
discuss if they are similar or not and why.

We often encounter situations where we have to enlarge a picture or draw the map of some

farm, house, factory or field on paper. We may be asked to calculate actual distances, size,
shape or area from the maps. We use scaling to meet our requirements in such situations.

Meaning of scaling is change in size, that is, increase or decrease (reduce) the size
of agiven shape. But before we enlarge or reduce a figure we need to keep certain conditions
in mind so that the new figure is similar to the earlier one. What do we mean when we say
that it should look thesame asearlier?
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See the pictures given in figure-3. Our attempts to
enlarge figure-3(i), gave us 3(ii) and 3(iii). Which picture
will you select from these two? Obviously, the first one. In
this, the picture has been enlarged in such a way that it
remains close to the original picture, 3(i). To do this, the
picture has been enlarged in a fixed ratio. e can say that
picture 3(i) and 3(ii) are similar.

Now look at the picture in figure-3(iii). The ratio
of the width to height in this picture appears more than that
in the original picture. It looks different from the picture in
figure-3(i). Hence pictures in 3(i) and 3(ii) are not similar.

Therefore, for scaling, we have to be careful while

nljh }Lohj diy. ' increasing or decreasing the size so that the shape of the
Figure - 3 picture is not disturbed and property of similarity remains
intact.
ScaleFactor

The measurements of two similar shapes are fixed in a particular ratio called the scale factor.
By using scale factor size of any figure can be increased or reduced in a fixed proportion, as
per our requirements.

For example, to change a5 cm long line segment to 10 cm long line segment, we
have to use scale factor 2, because 5 x 2 =10. Similarly, to change a 50 cm x 20 cm map

: 1 1
into a 10cm x 4cm map, the scale factor is 3 or 0.2 because 50X§:10 cm,

1
20 5 4 cm. So, while scaling the line segment became twice the original length and the

1
map reduces by 3 or 0.2. We can see that in the map, the ratio in which the second side

was reduced is the same as the ratio in which the first side was reduced. If the scale factor
is more than 1 then new shape is larger and if the scale factor is less than 1 then the new
figure is smaller than the original figure.

P Now look at figure 4. On increasing the size of AB we obtain PQ and by
A — :

R reducing the line segment we obtain Rg Assume that the scale factor is x.

I“ 2| (i) Dilation/Enlar gement

S E : E PQ =x(AB) (since xisscale factor)

Q
4 PR_

Figure =
igu AB



i SIMILARITY IN GEOMETRICAL SHAPES <3> —

Because PQ > AB, therefore x>1
Hence, to increase the size of any figure the scale factor must be bigger than 1.

(if) Reduction
RS =x(AB) (Because xis the scale factor)
RS _
AB

Because RS < AB, therefore x<1
Clearly, the scale factor must be less than 1 to reduce the figure.

Try These

1.  Whatshould be the scale factor to change a line segment of length 12 cm into 36 cm
and similarly change line segment of 12 cm into 6 cm?

MappingandScaling
In drawing the maps of villages, districts, states and countries, we have to depicta large
area on paper. Different scales are taken in mapping. If in the map of Chhattisgarh state, the

scale is givenas | cm : 50,00,000 cm or 1 cm : 50 km, what can we conclude from this
information?

According to Rohit, if 1 cm : 50 km is written on the map then it means that 1 cm on
the map represents 50 km in reality. Therefore, 2 cm represents, 50 x 2 =100 km and 40
cm represents 50 x 4 =200 km.

Do you agree with Rohit? How much is the scale factor here? Discuss with your
friends.

Think & Discuss
1. Whatsize of scale you would take to make the map of your village? Why?

()  You have to draw the map of India (20 cm x 20 cm), which is given in your
book ontoawall (3 m x 2m.). Can you make it by using the scale factor 1
m=12cm?

(@) Ifnotthen why not?

() What maximum scale factor should be taken to draw the map on a wall of
size6mx4m?

3. Tomake the map of your district and tehsil, which scale will you take and why?
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Exercise -1
1. In the map of a farm the scale is 1 cmto 1 m. In the map, the area of farm is shown
as 3cm x 4 cm. Find out the actual area of the farm in square meters?
2. You have a square shaped painting of area 3600 square cm. We will take scale
factor 0.1 to scale the painting. Find the measure of one side after scaling the painting.
3. In city map, the distance between the Railway station and Airport is given as 3cm.

If the scale of map is 2 cm : 7 km then find out the real distance between the Airport
and Railway Station?

In this part, we will discuss similarity in squares, circles, parallelograms and
triangles. 2 squares of sides 1 cm and 3 cm are shown in figure-4. Are both
squares similar?

P 3 Q

Al B

Because the measure of each angle of every square is 90°, their angles are

oe equal and each side of a square equals the others. Therefore, in both the
T " _ squares all sides are in the same proportion. Therefore, both the squares are
Figure-5  Figure - 6 similar. Now, we see that by increasing each side of the square ABCD 3

times, we got the square PQRS. It means that here the scale factor is 3.

Now, we are given 2 circles in figure-5. Radius of one circle is 1 cm and that of the
other circle is 3cm. Are both circles similar?

We can make the circle of 3 cm by expanding the radius of circle of 1 cm. Or, by
reducing the radius of circle of 3 cm we can make the circle of radius 1 cm. Hence, we can
say that both circles are similar.

Draw circles having different radii in your notebook and check whether they are
similar or not.

Think & Discuss
. Are all square similar?

. Are all circles similar?

imilarityinotherd

Circle and square are two different kinds of shapes and they can be determined by fixing
only one component, the radius or the side respectively. During scaling we have to maintain
the shape and in these two shapes the properties of similarity are present. But not in other
shapes. The parameters to check for similarity are different for different shapes.
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Then how can we identify whether two shapes are similar or not. For this, it will be useful to
determine and fix some special properties of similar shapes.

Similars ty inkol
When we say that 2 polygons are similar it means that when we reduce or enlarge by a fixed
scale factor, all corresponding sides increase or decrease in the same proportion. Hence, it

is necessary for similarity in polygonsthat all corresponding anglesareequal and
all correspondingsidesarein sameproportion.

Now, we will study about similarity

. . P 2 0
in triangles and between rectangles and also
discuss about the methods to check for
similarity. 4 4
TestforSimilarityin = a2p 7 L
Rectargles 212
o - L15 Mm
See the figure of a rectangle drawn on graph 3
paper (figure-7). If rectangle ABCD is the i it
original figure, then are rectangles PQRS and
LMNO similar to the original figure? They
appear to be similar but we have to find out 015 N
whether these shapes are actually similar or
not. Figure - 7

Each angle of a rectangle is equal to 90°. Hence, the angles of all rectangles are
equal. Since the sides opposite to each other in a rectangle are equal therefore to check
similarity between rectangles, we need to check only the ratio of two adjacent sides, not all
4 sides. Complete the table given below by looking at figure-7.

Table- 1
Lengthsof Sides Ratio of Adjacent Sides
RectangleABCD Rectangle PQRS
002 PQ_2
AB = 1 Q - AB 1
. QR _4_2
BC=2 QR = BC 2 1
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Ratio of adjacent sides of rectangles PQRS and ABCD are same. This ratio

PO_QR

AB BC

PQ_QR _RS _SP -
""AB BC CD DA
Thus, the ratios of all corresponding sides of rectangle PQRS and ABCD are equal.
Here, the scale factor is 2. Side PQ is twice of side AB and both rectangles are similar. We

canwrite it as follows: rectangle ABCD ~ rectangle PQRS, where ‘~’ this is the symbol for
similarity.

Table-2
AB= 1 LM = 15 M_15
- - ' AB 1
BC= 2 MN = 35 MN_35.10
- - ' BC 2 1

Now look at table-2 and compare the rectangles ABCD and LMNO. Is rectangle
ABCD similar to rectangle LMNO?

Here, the ratio of one of the corresponding sides of the two rectangles 1.5 is and
ratio of other pair of adjacent sides is 1.75. Since corresponding sides are not in the same
ratio therefore rectangle ABCD and rectangle LMNO are not similar.

Try These
The adjacent figure depicts two SR
blankets. If both blankets are similar, then:- Jﬁ% = =
@) What is the scale factor? N e

(i) Find thevalue of x.
@)  Whatisthe ratio of the perimeter to the area of the rectangle?

__ _AL_CM
Point L and M are present on line segment og and cp . If E:W then we can say
Aot g that, linesegments aog and cp are respectively divided by
M Land M in the same ratio. We can use this property to check

similarity between triangles.
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Theorem-1: Ifwedraw aline which is parallel to any side of a triangle and intersects the
other two sides at different points, then this line divides these two lines in
the same ratio.

Proof : Wearegiven triangle ABC in which the line DE is parallel to BC, and intersects
the two sides AB and AC at points D and E.

AD _ AE D E
DB EC
JoinBto Eand C to D and draw DM L AC and EN . AB.

We have to prove that :

1
Because the areaof AADE = > x Base x Height

xAD x EN

N~

Therefore, we can write the area of AADE as ar (ADE)

1
Therefore ar (ADE) % 2 xAD x EN

Figure - 8 (ii)

1
and ar (BDE) % 5 XDB x EN
o 1 1
Similarly, ar (ADE) = 5 x AE x DM and ar (DEC) = 5 x EC x DM

1
ar(ADE) _ 5 <AP*EN

AD
Therefore ar(BDE) 1 « DBXEN DB
2

1
arf(ADE) _ 5 <AFXPM  ag
and ar(DEC) 1 _~.,, EC === 24

, ¥ECxDM EC

Note that, ABDE or ADEC are two triangles sharing the same base DE and drawn
between the same parallel lines BC and DE.

Therefore, ar(BDE)=ar(DEC) e I3h
Hence, from (1), (2) and (3)

AD _AE

DB _EC (this is a basic theorem of proportionality)



E— <4> MATHEMATICS-10 E

Converse of this theorem can also be proved. Let us see:-

Theorem-2:  Ifaline divides any two sides a triangle in the same ratio then this line is
parallel to the third side.

Proof: To prove this theorem we can select a line PQ such that:

AP _AQ

B = E And then assume the opposite, that is, we assume that PQ is not parallel
to BC.

If PQ is not parallel to side BC, then some other line will be parallel to BC.
Let PQ’ isone such line which is parallel to BC.

AP _AQ

Therefore, B = E (By basic proportionality theorem)

AP _AQ

But 55 = qc

Th AQ_AQ Q_-7
us - -

Adding 1 to both sides <7

QC QC Figure -9
AQ+QC _ AQ+QC
QC QC
AC_Ac .
"QC_QcC Hence, QC=QC
But this is possible only if Q and Q’ are one and same point.

Therefore, PQ || BC

Let us see some more examples based on this theorem.

Example-1.  If line intersects sides AB and AC of AABC at points D and E respectively
AE

. AD
and is parallel to BC then prove tha ABAC 1

Solution: DE | BC (Given)
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Example-2.

Solution :

rorefore | ADAE
ererore, DB _EC

A

DB _EC

: < D/\E ,
ie. D AE / \
DB . EC B c

r ——41=—241
© AD AE Figure - 10

DB+AD _ EC+AE
AD AE

Or

o AB_AC
' AD AE
AD _AE

Hence, E = A_C

QRST isatrapezium, in which QR || TS Points E and F are located on
non-parallel sides QT and RS in such a manner that EF is parallel to side

R. Show that = =~
QR. owaET s

Q R
Join Q to S such that QS intersects EF at point G. /7 \
QR || TSand EF || QR (Given, see figure-10(ii)) 7 F\
T S

Therefore EF || TS (Two lines parallel to the same line
are also mutually parallel) Figure - 11 (i)

Now, in AQTS, EG || TS (Because EF || TS)

E:E 111}
Therefore, ET_ GS 1%

Q
Similarly, inDSQR /‘\\ \
GS _FS G _RF : s N
Q_G:E which means %:E ------ 124 / 6 °~.. \

QE_RF
ET FS

By equations (1) and (2) Figure - 11 (ii)
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Exercise-2
1. The radius of acircular field is 52 meter. Draw the map of this field on paper in

which the scale is 13 m: 1 cm. What is the radius of the field on the map on paper?

2. The measure of 2 corresponding sides of any rectangle are 5 cm and 7.5 cm.
Calculate the area and length of sides of new rectangles formed by taking the new
scale factors shown below:

(i) 0.8 (ii) 1.2 (D] 1.0
R If scale factor of 1 is taken then will the new rectangle formed be
congruent to the original figure?
6
M 5 N 3. Infigure-12 (i), MN || ST thenfind the value of following:-
3
s/ > T . TN . TR .
Figure - 12 (i) 0] NR (ii) NR (D] RT
4, By using the basic proportionality theorem prove that the line which is drawn from
the midpoint of a side of triangle, parallel to another side, bisects the remaining
side? A
5. In figure-12 (ii), DF || AE and DE || AC
Prove that BF _BE B C
P e F E
FE EC Figure - 12 (ii)
6. In APQR points E and F are located on sides PQ and PR respectively. Then for
the given conditions find out whether EF || QR !
(1) PE=3.9cm EQ=3cm PF=3.6cmand FR =2.4 cm.
P (i) PE=4cm QE=4.5cm PF=8cmand RF=9 cm
@) PQ=1.28cm, PR =2.56 cm, PE = 0.18 cmand PF = 0.36 cm.
E F
7. Infigure-12 (iii), DE ||OQ and DF||OR.
0 R Showthat EF|| QR .
Figure - 12 (iii)

8. In figure-12 (iv), the pointsA, B and C are located
respectively on OP, OQ or QR in such a way that ¢
AB ||PQ and AC|/PR .ShowthatBC| QR . Figure - 12 (iv)

Note: If needed draw afigure to solve the question. It makes it easier to find the solutions.
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Simi larityinParallelograms
Are the conditions/properties used to test for similarity in rectangles sufficient to
check for similarity in parallelograms? Obviously these are not enough, because in
parallelograms all angles are not equal. Therefore, we have to look for one more theorem.

Theorem-3. If in 2 parallelograms corresponding angles are equal, then their corresponding
sides are in the same ratio. Hence, such parallelograms are similar.

Proof : According to the statement given in theorem-3, select 2 parallelograms ABCD
and PORS,

Where, /A=/P,/B=/Q
And, /C=/R.,/D=,S (Figure-13(i), (ii))

In the parallelogram PQRS join S to Q and take two points A’and C’ on PS and
SR respectively, such that-

AD=A'S, DC=SC
And /DAB=/SAB' thenjoin B'to C’
Now, AASB' in ZSPQ=/SAB' (Given)

- AB’|| PQ (Transversal line PS intersects the lines PQ and A’B’ and the corre-
sponding angles made are equal).

Now, AB'||PQ||SRin APSQ, then by basic

A
proportionality theorem-
PS_PQ_ E
AS AB (Why?)
PS P S D
AD_A_(;_% (Why?) e i1k Figure - 13 (i)
SR_QR _QS
In the same way, in ASQR sC _BC BS
SR QR QS
_ == ) J— I
co BC BS (W) i
From (1) and (2) ,
PO _ QR SR _PS Figure - 13 (ii)

AB BC CD AD (Why?)

Hence, if we assume that the corresponding angles of 2 parallelograms are
equal, then we find that their 4 corresponding sides are in the same ratio.

Will the converse also be true?
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Theorem-4. If corresponding sides of two parallelograms are in the same ratio and their
corresponding angles are equal then these parallelogram are similar.

Proof : Prove the statement given above.
Conclusion :

We can conclude from the two theorems given above that for similarity it is sufficient
that any one of the two conditions - that is, (i) corresponding angles are equal (ii) corre-
sponding sides are in same ratio - is satisfied. In similarity between parallelograms it is not
required that both the criteria be satisfied because fulfillment of one criteria implies that the
other is also satisfied.

Similarly, we can test for similarity in other pairs of polygons (parallelogram, pentagon,
etc).

Try These
1. Aregiven parallelograms similar? Explain your answers —
() ABCDand EFGH

(i) ABCD and JKLM

(i) ABCDand NOPQ s 5

(iv) JKLM and NOPQ

> C

A 5 B

2. Are EFGH and JKLM similar? Give reason.

3.  Drawaparallelogram similar to EFGH?

Are congruent figuresalsosimilar?

Let us understand the relation between similarity and congruency.

2 parallelograms EFGH and WXY Z are congruent which means that EFGH =
WXYZ, and therefore their corresponding adjacent sides and corresponding angles are

equal.
- EF=WX, FG = XY, GH =YZ and HE = ZW H:IG
EF FG GH HE E F
Or =1, =1, =1 and —=1
WX XY 7Yz ZW ; Y
_ EF_FG_GH_HF_l wl:lx
WX XY YZ ZW Figure - 14

Clearly, the sides of both the quadrilaterals are in the same proportion, therefore
these quadrilaterals are similar. This means that both the conditions of similarity are satisfied
in congruency.
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Think & Discuss

Are all similar figures, congruent? Explain with reasons.

Relationbetween Perimeters of Simi lar Shapes

If two shapes are similar, can we tell the relation between the perimeters of these
shapes? Suppose, two similar polygons are given to us in which the scale factor is m.

According to the properties of similarity,
AB BC CD DA
PQ QR RS SP

= M (Adjacent sides are in the same proportion).....(1)

AB=mPQ .. (2) A .
BC=mQR ... (3) P Q
c=mRS .. @ / /
AndDA=mSP ... (5) D > : ¢

Let us find their perimeters:
Perimeter of polygon PQRS =AB+BC+CD+DA ... (6)
And, perimeter of polygon PQRS =PQ+QR+RS+SP ... (7)
From (6) and (7)

Perimeter of polygon ABCD AB+BC+CD+DA
Perimeter of polygon PQRS =~ PQ+QR+RS+SP

From (2), (3), (4) and (5)

Perimeter of polygon ABCD  m(PQ+QR +RS+SP)
Perimeter of polygon PQRS =~ (PQ+QR +RS+SP)

Perimeter of polygon ABCD ___AB BC CD DA
Perimeter of polygon PQRS ~ m= PO QR RS SP

From 1%

It meansthat theratio of the perimeters of 2 similar polygonsisequal to
theratioof their corresponding sidesand their scalefactor.

Example-3.  If quadrilateral ABCD ~ quadrilateral PQRS, then:-

(i) What is the scale factor? (that of quadrilateral ABCD with PQRS)
(i) Find the value of x, yand z.
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(ii)
)

Solution ;

(i)

What is the perimeter of the quadrilateral ABCD?
What is the ratio of the perimeters of the two quadrilaterals?

(i) Ratio of adjacent sides:-

cb_20_2
RS 30 3
Because the given quadrilaterals are
similar therefore their adjacent sides

are in same proportion:-

(Scale factor)

CD _AB

RS PQ

20
10

S,
30

z=15
Perimeters of quadrilaterals ABCD is-
10520 $8$ 14 % 52 units

(ii)

)

Ratio of perimeters of the two quadrilaterals is,

Perimeter of quadrilateral ABCD 2
Perimeter of quadrilateral PQRS ~ 3

which is equal to the scale factor.
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Exercise - 3
If in the given figure polygons are similar then find the value of the following:-
M OP 2q_—>
(W) = P 2 : 110° ¢
(i) m 2« OPL ZQN
(iv) mzLMN 3™
(V) Polygon DEABC ~? A 6 B
(vi)  The statement polygon BCDEA ~ polygon NOPLM is not correct. Correct
it.

If infigure-(i) triangle are similar and in figure-(ii) quadrilaterals are similar then find

the value of xandy.
15
X+ 2 70°
12
»>f8
3 y+3 » >

() (ii)

If in the given figure each pair of polygons is similar, then find the value of x, yand
z X

60°
z
10
14 5
v 13 14
16 13 30°
* y
10 Q) 8 (i)
21 X
mls H

27 (i) Z

The lengths of the sides of a quadrilateral are 4 cm, 6 cm, 6 cmand 8 cm. The

lengths of the sides of another quadrilateral, which is similar to the first quadrilateral,
are 6 cm, 9 cm, 9 cmand 12 cm.

(1)  Whatisthe scale factor? (The second quadrilateral from the first quadrilateral)
(i)  Findthe perimeter of both the quadrilaterals.

()  What is the ratio of their perimeters? (The first quadrilateral from the second
quadrilateral)

10

16
(iv)
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5. Give examples for the following and give reasons:-
0] If two polygons are congruent, then they are similar as well.
(i) If two polygons are similar, then it is not necessary that they are congruent.

(D) Think and write three more statements.

Howto check for simi 1ari tyin triangles?

So far we have seen that two conditions/criteria for R
proving that any two triangles are similar. They are:-

0] Corresponding angles should be equal

. /P=sX, 2Q=2Y, «R=sZ Figure- 15()

(i) Ratio of corresponding sides are similar:-
PQ QR _RP
Y y4 XY YZ ZX
Figure - 15 (ii
oure - 15(1) Then DPQR ~DXYZ
If any one condition is satisfied then we can say that both triangles are similar.

Angle-Angle-Angle (AAA) similarity criterion: If in two triangles, the
corresponding angles are equal then their corresponding sides are in the same

ratio and thus the two triangles are similar. This is called the angle-angle-angle
(AAA) similarity criterion.

Let see what minimum conditions can fulfill these criteria.

Angle-Angle (AA) similarity: If two angles of one triangle are equal to two angles of
another triangle respectively then the two triangles are similar.

This is the Angle-Angle criterion for similar triangles.

By using this criterion, we will prove two other criteria, SAS and SSS.

Theorem-5.  Side-Angle-Side(S-A-S) similarity theorem : If one angle of a triangle

is equal to one angle of another triangle and the sides including these angles are
proportional, then the two triangles are similar.

Proof : To prove this theorem, we take two triangles ABC and DEF in which

AB _AC

DE DF (<1) which means that DE is greater than AB and 2 A= 2D
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We take two points P and Q on DE and DF in such a way that DP = AB and
DQ =AC.

A
Now joinPto Q.
DP _ DQ [ .ﬁ_A_C]
DE DF DE  DF : Figure - 16 (i) )
..PQ || EF (By basic proportionality theorem)
Hence, 2P = 2E Vkj 2Q=2F (Why?) R
Hence, DABC @ DDPQ /\
Q
(AB = DP; AC = DQ and /P
<BAC = ~PDQ) E F
Figure - 16 (ii)

/B=2E WJ «C=<«F
According to Angle-Angle similarity criterion, DABC and DDEF are similar.
Hence, DABC ~DDEF

Theorem-6. Side-Side-Side(S-S-S) Similarity Theorem: If in 2 triangles sides of
one triangle are proportional to the sides of the second triangle then both

these triangles are similar.

Proof : To prove this theorem, we take two triangles ABC A
and DEF inwhich
AB_BC_CA . c
DE EF FD Figure - 17

In DDEF, we select two points P and Q on sides DE and DF such that DP
=ABand DQ=AC. JoinPto Q.

DP _DQ , AB_CA

Here, DE - DF . OE  FD and DP =AB, DQ =AC)

PQ ||EF (Why?) (Theorem-2) D

Thus «P=~,E and zQ=«F

DDEF ~ DDPQ (Angle-Angle similarity) P Q

We know that DABC @ DDPQ (From the given E/ .
construction) Figure - 18

- ¢A=2D, «zB=zEand 2C=2zF
Hence, DABC ~ DDEF (From Angle-Angle similarity)
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Example-4.  If PQ|| RS, then prove that
DPOQ ~ DSOR (Figure-19)
Solution: PQJRS (Given)
2P= S (Alternet Angles)
And Q= 2R (Alternet Angles)

Q Figure - 19

Also, ~POQ=2SOR (Vertically opposite angles)
DPOQ ~ DSOR (Angle-Angle-Angle similarity criterion)

Example-5.  Agirl of height 90 cmis walking away from the base of the lamp post at a
speed of 1.2 nv/s. If the lamp bulb is 3.6 m above the ground, find the length

of her shadow after 4 seconds.

Solution': Let height of the bulb of lamp-post be

AB and height of girl be CD. From the figure,
you can see that DE is the shadow of the girl.

Let DE = x meter

Because distance = Speed x Time ¢
Therefore, BD=1.2 - 4 =4.8m ) £
In DABE and DCDE, ® Figure - 20D
#B= 2D (Eachis of 90°, because lamp-post
as well as the girl are standing vertical on the ground)
<E=2E (Sameangle)
So, DABE ~ DCDE (AA similarity criterion)
Therefore, BE_AB (Corresponding sides of similar triangles)
DE CD
48+x_36 (Because 1 m= 100 cm)
X 0.9
4.8 + x=4x
3x=4.8
x=1.6

So, the shadow of the girl after walking 4 seconds will be 1.6mlong.
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Try These
1. Check for similarity in the triangles given below and explain which criterion is used:-
X
¥ 5 N9 - \
0) C (ii) p
B 20 A
V\ "
30
16 24
70° ° °
N . B : 50/\p q 70 R
(i) (iv)
0] DYXN and DXNZ (i) DOAB and DOKT
@) DADC and DACB (iv)  DCED and DPRQ

In similar polygons we saw that the ratio of their perimeters is equal to the ratio of their
corresponding sides. Then in two triangles ABC and PQR

Perimeter AABC AB BC CA
Perimeter APQR PQ QR RP

AB+BC+CA AB BC CA
PQ+QR+RP PQ QR RP

Is their any relation between the areas of these triangles and their corresponding
sides?

Or

We will see the relation in the next theorem.

Theorem-7.  Theratio of the area of 2 similar triangles is equal to the ratio of their corre-
sponding sides.

Proof : We are given two triangles such that DABC ~ DPQR
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We have to prove that:

ar (ABC) [AB]2 B [ BC
ar(PQR) (PQ) [OR

To calculate the area of both the triangles, we will

draw their altitudes AM and PN respectively.

Now, ar(ABC)= %X BCxAM and

aMPQR%:%xQRxPN

1

(@)

2 _[CA]Z
| RP B

ol

BCxAM

ar(PQR) 1 opupy QRXPN ==~ KLk
2

Now, in DABM and DPQN
/B=2+Q  (DABC ~ DPQR)
/M=2«N (Eachangleis 90°)
. DABM ~ DPQN (Angle-Anglesi

AM AB

Therefore, PN = %

We know that
DABC ~ DPQR (Given)

AB BC CA
PQ QR RP

Then

From equation (1) and (3)

ar(ABC) _ AB_ AM
ar(PQR) PQ " PN

From equation (2)

ar(ABC) _ AB_AB _[ABY
ar(PQR) PQ PQ (PQ

ar(ABC)

milarity)

. ( [AB]2 [BC]2 CAY
Thus, from equation (3) = = R :[-_

ar(PQR)

PQ RP

)



i&wmmw IN GEOMETRICAL SHAPES <E> —

Try These

1. If the ratio of the area of two similar triangles is 25:9 then what will be the ratio of

their corresponding sides?
2. If triangle TFR and triangle SPM are similar and their scale factor is 7:4 then

what is the ratio of their areas?
3. DPQR ~ DXYZ, Where PQ = 3XY.

What is the ratio of their areas?

Exercise—4
1. ABCD is a parallelogram. Find the values of xand y. 10 3; 4
D
‘ C

2. We are given a trapezium ABCD in which AB||DC and its 9

diagonals intersect at point O. If AB = 2CD, then find the 15 9

ratio of the area of triangle AOB and COB. A — /
3. In the given figure if IV=36 meter, VE = 20 meter and EB R

=15 meter, then what is the width of the river?
4. If the areas of two similar triangles are equal to each other,

then prove that the triangles are congruent. ! wa

B

5. Prove that the ratio of the area of two similar triangles is the square of the ratio of

their corresponding medians.

6. Sahid is trying to estimate the height of a pole. He
Is standing in such a manner that the shadow of his
head “H’ and the shadow of the top of the pole ‘Q’
fall on the same point, D. If DE = 1.6 mand DF =
4.4 mthen what is the height of the pole?

7. () In the figure, which two triangles are similar to the triangle ABC? C
Name them. 20
(i) Find the value of xand y. Al
. . o Am 16 P
8. ABC and BDE are two equilateral triangles such that D is the midpoint of
side BC. Ratio of area of triangles ABC and BDE is:-
(i) 21 (i) 12 @) 41 (v 14
- - - - AB
9. If in two similar triangles 9ar (ABC) = 16ar (PQR), then the value of % is:-

0 43 () 163 (i) 34 ) 94
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Pythagoras Theorem

Inyour earlier classes you solved many problems by using the Pythoagoras Theorem.
You also verified this theorem through some activities. Can we prove this theorem by using
the concept of similarity of triangles? Let us see —

Theorem-8.  Ifaperpendicular is drawn on the hypotenuse from the vertex of the right
angle of aright angle triangle then triangles on both sides of the perpendicu-
lar are similar to the original triangle as well as to each other.

Proof : Given : Triangle DABC which is right angled at B and BD is perpendicular

to the hypotenuse AC. 5

We have to prove that-

0] AADB ~AABC

(i)  ABDC~AABC

(i)  AABD ~ADBC

We may note that in DADB and DABC

¢A=2A (Commonangle)

2 ADB = 2 ABC (both angles are 90°)

-.DADB ~ DABC (How?) = 1%
Similarlyin DBDC and DABC

+C=,Cand «BDC = 2ABC (Why?)

|

|

|

|

|

|

|

|

|
i

A C

D

Therefore, DBDC ~ DABC == 2%
From (1) and (2)
DADB ~-DBDC e I3k

(If any two triangles are similar to a third triangle then both the triangles are also
similar to each other)

Now, we will prove the Pythagoras Theorem by using this theorem.

Theorem-9.  Inarightangletriangle, the square of the hypotenuse is equal the sum of the
squares of the other two sides.

Proof : We are give aright triangle ABC which is right angled at B.

We need to prove that ACZ2 = AB2 + BC2

To prove this theorem, we need to construct or draw a perpendicular BD
from the vertex B on side AC.

Now in DADB and DABC
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/ADB = ZABC =90°
/A = /A (Commonangle)
- AADB ~ AABC (Angle-Angle similarity)

AD . : )
AB - AC (Proportional sides)
Or AD.AC=AB?............. b
Similarly DBDC ~ DABC
CD BC N A D ¢
BC AC (Proportional sides)
Or CD.AC=BC?......... 12k

On adding equations (1) and (2)
AD.AC +CD.AC =AB? + BC?
Or AC (AD + CD) =AB? + BC?
Or AC.AC =AB? + BC?
Or AC?=AB? + BC?

Can we prove the converse of this theorem?

Theorem-10. Inatriangle, if square of one side is equal to the sum of the squares of the
other two sides, then the angle opposite the first side is a right angle.

Proof : Prove it on your own.

Let us solve some problems by using these theorems.

Try These

A ladder is placed against a wall such that its foot is at a distance of 2.5 mfrom the wall
and its top reaches a window 6 mabove the ground. Find the length of the ladder.

Example-6.  Infigure AD | BCQA
Prove that AB2+CD? = BD? + AC2 gA

Solution': In DADC b C
AC2=AD?+CD? (By Pythagoras Theorem) - iy B
Now, in DADB Y

AB2=AD2+ BD2 = eeeeeeeeeee %
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On subtracting (1) from (2)
AB?- AC? = BD? - CD?
Or AB2+ CD?=BD?+ AC?

Example-7.  BLand CM are the medians of a right angle triangle ABC which is right
angled atA. Prove that4 (BL2 + CM2) =5 BCZ.

Solution: In DABC, 2A=90° and BL and CM are the medians.
In DABC BC2=AB2+AC? (Why?)

In DABL BL2=AL%+AB?

2
BL® = [—AZE] AB? M

(L is mid point of AC) Hs

_ AC?

BL? + AB?

4BL2 = AC? + 4AB? — 2

In DCMA CM?=AC? + AM?

2
CM? = AC? —|—[£\2E]

(M is the midpoint of AB)
ACM2=4AC2+AB2 e i34

By adding (2) or (3)
4BL? +4CM? = AC? + 4AB’ +4AC? + AB’
4(BL” +CM?) =5AC’ +5AB’
4 (BL?+ CM?) =5 (AC? + AB?)

4 (BL? + CM?) = 5 BC? From (1)
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Exercise-5

1. Which of the pairs given below is not similar? Why?

60°
120°

60°

(0]

2. Megha made 2 similar kites. The diagonal
of the bigger kite is 1.5 times the diagonal of
the smaller kite. Then-

(i) What is the scale factor?

(i) Find the length of the diagonal of the
bigger kite, given that BD =40 cm
and AC =68 cm.

2l In aright triangle DPQR, P is the right angle and M is the point on QR such that

PM | QR Show that PM2 = QM.MR.
RI

4. ABC isan equilateral triangle of side 2a. Find the length

of the each altitude.
5. DABC is anisosceles triangle in which 2 C=90°. Prove A

that AB2=2AC>. 5 S -
6. Ifinthegivenfigure = OR’ =2.0R

0S' = 2.0S £
OT'=2.0T
Then prove taht DRST ~ DR'S'T’ "
5 B

7. Triangle ABC is right angled at C. Point ‘D’ and “E’ are located on sides CAand
CB respectively. Prove that AEZ + BD2 = AB2 + DEZ2.
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BC* _ BD
AC®> AD

8. Intriangle ACB, 2z ACB =90°and CD | AB. Prove that

9. The diameter of earth is approximately 8000 miles and that of sun is 864000
miles; the distance between sun and earth is approximately 92 million miles.

If on paper we take the diameter of earth as 1 inch then what will be the diameter
of sun and the distance between the sun and earth on paper? (1 million =106).

10. If the ratio of the perimeters of two regular hexagon is 5 : 4 then what is the ratio
of their sides?

What we have learnt
1. The measurements of 2 similar shapes are in a fixed ratio which is called scale
factor.
2. Two polygons having the same number of sides are similar, if

(i) their corresponding angles are equal, and
(i) their corresponding sides are in the same ratio.

2L Ifaline is drawn parallel to one side of a triangle such that it intersects the other
two sides at distinct points then it divides the other two sides in the same ratio.

4. Ifaline divides any two sides of a triangle in the same ratio, then the line is parallel
to the third side.

5. All congruent polygons are also similar.

6. The ratio of the perimeter of any two similar polygons is same as the ratio of their
corresponding sides, or their scale factor.

7. If in two triangles, two angles of one triangle are respectively equal to two angles
of other triangle, then two triangles are similar (AA similarity criterion).

8. If one angle of a triangle is equal to one angle of another triangle and the sides
including these angles are in the same ratio then the two triangles are similar (SAS
similarity criterion).

9. Ifin two triangles corresponding sides are in the same ratio, then their corresponding
angles are equal and hence the triangles are similar.

10.  Theratio of the area of two similar triangles is equal to the ratio of their corresponding
sides.
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11.

12.

13.

Ifinarighttriangle a perpendicular is drawn from the vertex of the right angle to its
hypotenuse then the triangles on both sides of the perpendicular are similar to the
first triangle and also to each other.

In aright triangle, the square of the hypotenuse is equal to the sum of the squares of
the other two sides.

Ifinatriangle, square of one side is equal to the sum of the squares of the other 2
sides, then the angle opposite the first side is aright angle.

ANSWER KEY

Bercise-1
1- 1200 Square meter 2 6 cm 3 10-5 cm
Exercise - 2

1 dem 2-4itdem 6cm 24 cem  Hiih6cm 9 cm 54 cm

(iik 5 cm 75 cm] 375 cm| Yes 3- (i) % (ii) g (iii) %
6- i) No (i) Yes (i) Yes
Exercise - 3

1- i 17 diik 4 it 1100 %ive 90° Vb Polygon OPLMN
(vit Polygon BCDEA is similar to polygon MNOPL

2- lit x=11, y=9
(it x=8, y=110°

3 lit x=16.25, y=20, z=17.5
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(ii)x:7, y:5\/§, z=30°
(1) Xx=252,y=21.6,z=324 (ivi x=9,y=9.6,2=7.2
4 fi 1-5 Yiit 24 cm, 36 cm  (iik 15

EBercise - 4
27
1 X=9, y== 2- M1 3 27 meter 6- 3-3 meter
[- li Triangle ACM and Triangle CBM (i) x=15,y=9

8 ity 4h1 9- it 43

Exercise -5

1- i) First is parallelogram, second is not.

@)  Since we know the value of only one angle therefore we cannot say
anything about similarity.

2- iy 15 i 102 cmand 60 cm
4 J3a 0- 108 inch] 11500 inch  10- 54



CircLE aND TAaNGENTS

Introduxction
When we look around us we see objects having different shapes. For example, coins,
bangles, wheels of a cycle, etc. All the items mentioned above have some common property.

Edgeof acoin Edgeof abangle Edgeof awhed Edgeof aclock
Figure- 1 Figure - 2 Figure - 3 Figure - 4

The edges of all of these items seem circular. We can find many more items or
objects similar to these items. Can you quickly think of six other similar objects? Balls,
marbles, drops of water and many other similar things are spherical.

Ball
Figure - 5 Figure - 6

These objects (figures—5 and 6) are different from a circle and from the other figures
given above. Discuss among your classmates and write the differences between things which
are similar to coins and things that resemble a football.

In this chapter we will look at the properties of surfaces of things like coins, that is,
circular surfaces.
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Whatisacircle?

Take a point “O” on paper and take another point “P”, 5 cmaway from O.

OTP Can we take some more points which are at a distance of 5 cmfrom the point O?

Figure - 1 (i) How can we locate these points? How many such points are there?

Take a compass and open it 5 cmwide. Put the tip of the compass on point O and

mark point at a distance of 5 cmfrom O. On joining all points on paper which are at a

distance of 5 cmfrom O, we will get the shape shown in figure 1(ii). This type of closed

figure drawn on a plane is known as a circle. Circle is a group of points in a plane which

are located at a fixed distance from a fixed point and which form a closed shape. Point O

is called the center of the circle. The distance from the center to any point on the circle is

Figure- 1 (i)  called radius. Can we locate a point on a wheel or clock or bangle or coin, etc. from
which the distance upto the tip is equal?

Try These

Write true or false giving reasons and examples.
Circle has multiple radi.
All radii of a circle are same.

Chord

Draw a circle on a paper and take two points on its perimeter. Two points, Pand Q are
shown in figure-2. On joining these two points we geta line segment PQ and this line
segment is a chord of the circle. Can you imagine how many such lines are there whose

P Q@ end points lie on the circle? You will find there are infinite such chords.
Figure - 2

Try These

1. Identify the chords in the figures given below.

Figure - 3 Figure - 4 Figure - 5 Figure - 6
2. Avre all chords of same length?

3. Which is the longest chord?
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IongestChordofaCircle

See figure-7 which shows a circle whose center is O and in which various chords AB,
CD, EF and MN, etc. Observe the lengths of these chords.

c@h
W
Between AB and MN, which chord is longer? £ F
Between CD and MN, which chord is longer? \CAEBD/
Similarly, which is the longer chord among EF and MN? Figure - 7

On comparing A B, and MN, we find that length of chord MN is more. Can
you find any special property in chord MN which is not present in remaining chords?

Chord MN passes through the center of the circle. A chord which passes through
the center of the circle is called diameter of circle. Given a circle, can you draw a chord
which is longer than the diameter?

No, you will find that diameter is the greatest chord ina circle.

Think and Discuss
Can we draw more diameters besides MN in figure-7? If yes, then how many
diameters can be drawn?

Arcofacircle

If we take any two points on the pe-

rimeter of the circle then they will di-
vide the circle in two parts (figures-8,
9, 10). R 5 :
A B Al Ig

In this circle one part is small \/

and the other is big. The smaller part of M < et
the circle is said to be minor arc AMB Figure - 8 Figure - 9 Figure - 10

and the bigger part is said to be major
arc ANB (figure-9).

In figure-8, if from point Awe start moving in a circular path and reach back A, then

distance travelled is perimeter of circle.
Major Segment

Segrent of aCircle
Minor Segment

Draw a chord AB inacircle. Can you tell the number of parts into which the internal

part of the circle is divided by the chord (figure-11)? You can see that the chord
divides the internal part of acircle in two parts. Areawhich lies within the chordand A
the arc is called segment of a circle. Area which is between chord and minor arc is
called minor segment and area which is between chord and major arc is called major Figure - 11
segment.
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Try These
Draw a circle on a paper and try to find relation between length of chord and corresponding
minor segment by drawing various chords of different lengths.

We can see that when the length of a chord is less, then the area of minor sector
will also be less.

Think and Discuss
1. Radius of acircle is 6 cm. The lengths of some its chords are 4cm, 6 cm, 10 cm
and 8 cmrespectively. Write the major segments corresponding to these chords in
increasing order of area.
2. In the circle given above where the radius is 6 cm, when the length of chord is 12
cmthen what kind of relation will you find between major segment and minor
segment?

Sector

Q Take two points Aand B on a circle (see figure-12). Join the end points of
arc AB with the center O. The area which lies between the two radii drawn from
the end points of arc AB and the arc itself is called sector.

‘ Minor As inthe case of segment, you will find that the area which is surrounded by
B Sector

minor arc and radii is called minor sector and area which is surrounded by major
arc and radii is called major sector. OAPB is minor sector and OAQB is major

Figure - 12
sector.

Try These
Identify radius, chord, diameter, sector and segment in given figure and write in the table.

Radius Chord Diameter Arc Sector Segment

Figure - 13
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Congruent Circles

We saw that two figures which are able to completely cover each
other are known as congruent figures. /—\
o} D

Take two circles of equal radii and centers at O, and O, C 5,
respectively. Take diameter AB in circle with center at O, and
diameter CD in circle with center at O, (Figures-14, 15). X

Put the circles on one-another so that center O, lies exactly Figure - 14 Figure - 15

center O, and end points Aand B of diameter AB lie on C and D

respectively. You can see that one circle is completely covering another one and so we can
say that both are congruent. Repeat this activity by drawing more pairs of circles with same
radius.

You will find that circles with equal radius are congruent.

Subtended anglemade by chord on center Q

We are given a line segment AB and a point O which does not lie on the line segment
(Figure-16).

JoinOtoAandB. 2 AOB issaid to be the angle subtended by line segment A~ . 16 B
AB on point O.

We have a circle whose center is O and which has two chords are AB and CD
(figure-17). Angles made by chord AB and CD are , AOB and ~COD respec-
tively. Can you tell which angle is greater, ~ AOB and » COD ? Can you see any

relation between the length of chord and angle subtended by chord at the center? You € D
can say that greater the length of chord greater is the angle subtended by it on the AFigure - 178
center.

Try These

Draw a circle with radius 5 cm. Draw pairs of chords of length 3, 5, 8, 10 and 6 cm.
Measure the angles made by chord on center and write in given table.

Length of chord 3cm 5¢cm 6 cm 8 cm 10 cm

Angles
subtended

After filling the above table you will find that in a circle, equal chords subtend equal
angles at the center.
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Sare theorems related tocircles

We have learnt different methods of proving geometrical statements. Now we consider
some statements about circles which reflect the properties of circles. Let us take the same
statement which we mentioned above, that is, in a circle equal chords subtend equal angles

at the center.
Theorem - 1.
s Satement : Equal chord of a circle subtend equal angles at the center.
R Given : Acircle with center O where PQ and RS are two equal chords.
ToProve: BPOQ =bBROS

Proof : In APOQ and AROS

P Q OP =OR (Radii of same circle)
Figure - 18 .. .
0Q =0S (Radii of same circle)
PQ=RS (Given)
Thus, DPOQ @ DROS (SSS Congruency)
\ PPOQ=DPROS (Corresponding parts of congruent triangles)

Will the converse of this statement also be true, i.e. if angles made by chords at the
center are equal, then the chords are equal. Let us prove this statement.
Theorem - 2.
s Satement: If angles made by chords at the center of a circle are equal, then chords
are also equal.

Given: A circle with center O with two chords PQ and RS and

PPOQ =bBROS
P Q ToProve: PQ=RS
Figure - 19
Proof : In DPOQ and DROS
OP =OR (Radii of same circle)
0Q =0S (Radii of same circle)

DPOQ =bROS (Given)
Thus, DPOQ @ DROS (SAS Congruency)
AN PQ=RS (Corresponding parts of congruent triangles)

If two chords of a circle are equal, then their corresponding arcs are congruent and
conversely, if two arcs are congruent, then their corresponding chords are also equal.
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Example-1.  In figure-20 if chords AB and BC are equal and ®DAOB =35° then

find , AOC.

Solution : PAOB =PBOC (Equal chordsinacircle subtend equal angles)
PBOC =35° (LAOB = 35°given) 4‘
DAOC = DAOB +DBOC A SN="¢

Thus,
=35°+35° Figure - 20
=70°

\ PAOC =70°

Example-2.  Aregular pentagon is drawn inacircle. What will be the angle subtended at
the center of the circle by each side of the pentagon?

Solution : All five sides of a regular pentagon are equal and they make equal angles at

the center.

Let each side of the regular pentagon make angle x° at the center. D / \ B
Thus, 5x°=360° (Why?) \ /

o = 360° N——A

S Figure - 21
\ X°=72°
Try These

1. Aregular polygon isdrawn inside a circle. Each side of the regular polygon makes
an angle of 60° on center. Find the number of side of regular polygon.

Perpendi cular franCenter toChord
On apiece of paper, draw a circle whose center is at O and where AB is a chord. Draw
a perpendicular from center that meets AB at point M. What you can say about AM and
A

BM?
Avre they equal? How can we find out? Here, which mathematical arguments can
we use? Can we use congruency of triangles? Figure - 22

Theorem - 3.
Satement: A perpendicular drawn from the center of a circle on to a chord bisects the
chord.

Given : Acircle with center at O and whose chordisABand OM ™ AB
ToProve: AM=MB
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Construction : Join Oto Aand B.

Proof : In DOMA and DOBM
OA=0B (Radii of same circle)
OM = OM (Common)

“ DPOMA=POMB (Rightangles)

A B DOMA @ DOMB (By Right angle — hypotenuse-side congruency)
Figure - 23 Thus, AM=MB (Corresponding parts of congruent triangles)
What is the converse of this theorem? Is the line drawn from the center which
bisects the chord perpendicular to the chord?
Theorem - 4.
Satement : Aline segment which joins the center of a circle and mid-point of a chord is
perpendicular to the chord.
Given: Acircle with center O. AB is chord and M is a mid-point of chord.
To Prove: OM ™ AB
Congtruction: Join O to Aand B.
Pr oof : In pDOMA and DOMB
OA=0B (Radii of same circle)
AM = MB (Given)
“ OM =0OM (Commonsside)
A i DOMA @ DOMB  (SSS congruency)
igure -

Thus, BOMA =BDOMB  (Corresponding parts of congruent triangles)
POMA +DOMB =180°  (By linear pair axiom)
POMA+POMA =180°  (HOMA =POMB)

2DOMA =180°
BOMA =90°
Thus, OM "™ AB
Let us solve some examples of circle by using these properties of circles.

Example.-3. Ifradius of acircle is 5 cmthen find the length of a chord whichis 3 cm
away from center.

Solution ; In DOAC, OA=5cm OC=3 cm
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By Pythagoras theorem,

OA? =0C*+AC?

5° =3’ +AC? i
AC? =5% -3 /[l

A B
AC’=25-9
AC? =16 Figure - 25

AC=4
Thus, chord AB=2x AC=8cm

Example-4.  Achord which is 24 cmlong is 5 cmaway from center of the circle. Find
the diameter of the circle.
Solution : OR =5 cm, chord PQ =24 cm

PR=2PQ cm
2 (o)
:1,24 5cm

2 P R Q
=12 CM

Using Pythagoras theorem in DOPR Figure - 26
OP? =PR? + OR?
=12% +5°
=144+25
=169
OP =13
So, diameterof circle =2~ OP
=2713

=26 cm
Example-5.  Alinel intersects two concentric circles (circles with same
center) on points A, B, C and D (See figure-27).
If AD =18 cmand BC =8 cmthen find AB. Center of circle isO. <

9
N
A B\_/C D °
Solution : Draw a perpendicular OM from center O on line | (See \\/

figure-28) Figure - 27
oM~ BC
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\ BM=MC - i)
BM +MC = BC
BM+BM =8
2BM =8
BM =4cm

Similarly, OM ™ AD
AM=MD - i)
AM + MD = AD T
2AM =18 SOA BWC D
AM =9 cm
So, AB =AM - BM

Figure - 28
=9-4
=5 .cm

Example-6.  Two chords of a circle PQ and RS are parallel and AB is perpendicular
bisector of PQ. Prove that AB also bisects chord RS.

Solution': We know that bisector of a chord of circle passes through center of circle.

A Chord AB is perpendicular bisector of PQ.
S \ AB passes through center of circle-

© AB~PQVKj PQIIRS=AB RS
P Q Thus, AB RS and AB passes through center of circle.
1B \ AB will be perpendicular bisector of chord RS.
Figure - 29 Thus, AB bisects chord AB.
Try This

Find the length of the perpendicular drawn from the center of the circle of radius 5
cmon to a chord of length 6 cm.
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Exercise -1
Find the length of chord of acircle, if-
(i) Radius = 13 cmand distance of chord from center =12 cm
(i) Radius = 15 cmand distance of chord from center =9 cm
Find the radius of a circle if length of chord and its distance from center are respectively:
0] 8 cmand 3 cm (i) 14 cmand 24 cm

PQ is diameter of a circle (figure - 30). MN ™ PQ and PQ=10 cm and PR=2 cm
then find the length of MN.

/R
N

Figure - 30

In figure-31 chord AB = 18 cmand PQ is perpendicular bisector of chord AB
which meets the chord on point M. If MQ = 3 cmthen find the radius of circle.

Figure - 31

A circle with center O and chords PQ and OR such that DPQO = DOQR =55°.
Prove that PQ = QR..
AB and AC are two equal chords of a circle with center O. If OD ~ AB and

OE " AC thenprovethat paDE isisosceles triangle.

&
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Circlewhichpasses through threenon—col linearpoints.

Take a point P on paper. Draw a circle which is passes through point P. Can we draw one
more circle which passes through point P? How many such circles can be drawn? (See

figure-33)
QP @ @
Figure - 32 Figure - 33 Figure - 34

You can see several circles can be drawn. Similarly, several circles can be drawn
passing through two points P and Q (See figure-34). Can we draw a circle which passes

through three non-collinear points?

Theorem - 5.
Satement : One and only one circle can be drawn such that it passes through three
non collinear points.

Given : A, Band C are three non-collinear points.

ToProve: One and only one circle can be drawn through the points A, B and C.

Figure - 35 Construction : Connect points Ato B and B to C. Draw PL and QM which are

perpendicular bisectors of AB and BC, respectively. Let PL and QM intersect each
other at point O. JoinOto A, B and C.

Proof : Point O lies on PL which is perpendicular bisector of AB

\ OA=0OB ... (i) (Eachpoint which lies on the perpendicular
bisector of a line segment is at the same distance from the end points of the line segment)

Similarly, O lies on MQ which is perpendicular bisector of BC.

\ oB=o0C .. (i)
OA=0B=0C=r (Assume) (PL and QM will intersect at the same
point). O is the only point which will be equidistant from the points A, B and C.

Hence, only one circle passes through three non-collinear points.
We use this fact to draw a circle through all three vertices of a triangle. The circle is
known as the incircle of the triangle and its center is called incenter.
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Arcofacircle is given (See figure-36).

Complete the circle after finding its center.

Figure - 36

Think and Discuss

Can we draw a circle which passes through three collinear points?

Chords and their distances franthe center

Infinite chords can be drawn in a circle. Draw a circle of any radius. Draw parallel
chords for this circle (see figure-37). Can you see any relation between lengths of
chords and their distances from the center? Write the chords AB, CD and EF in

(0]
descending order according to their distances from center. You will find that as the /?,\ 2 /[?
lengths of chords increase their distances from center decreases; thus, diameteristhe € R F
longest chord in a circle whose distance from center is zero. Will the distances from Figure - 37

center of chords be same if we take two equal chords? Let us verify this statement.

Theorem - 6.
Satement : Equal chords of a circle (or congruent circles) are at the same distance

from center (or from centers).

Given : Acircle with center at O and two equal chords PQ and RS; OL and OM are

perpendiculars from O to PQ and RS respectively.

Figure - 38

ToProve: OL=0OM

Construction: JoinOtoPandR.

Proof: PQ=RS (Given)
1 1
ZPQ==RS
2 Q 2
PL=RM (Perpendicular drawn from center divides the

chord into two equal parts)
OP=0R (Radii ofacircle)
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POLP =POMR =90° (Byconstruction)

DOLP @ DOMR (By RHS congruency theorem)
\ OL=0M (Corresponding parts of congruent triangles)
Try This

Chords which are equidistant from the center of a circle are equal. Prove.

Let us solve some examples by using the above results.

Example-7. Radius of a circle is 20 cm. Difference between two equal and parallel chords
is 24 cm. Find the lengths of the chords.

Solution:
OM=ON .. () (Equal chords are equidistante
from center)

MN = OM + ON
MN = OM + OM by (i)
24=20M

Figure - 39 OM = 12 cm
OA=20cm

In DOAM

OA? = OM? + AM?
AM? = OA? - OM?

=20° -12°
=400 - 144
= 256
AM = 16
So, length of chord AB=2" AM
=2716
=32 cm

Example-8.  Two parallel chords which are 6 cm and 8 cm long respectively lie on
opposite sides of center of a circle. The distance between chords AB and

CDis 7 cm. Find the radius of circle.
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Solution: Here, AB =6 cm

AN :EAB
2

= 1' 6
2 Figure - 40
AN =3¢Cm

(Perpendicular drawn from center to chord bisects the chord)

SimilarlyCD=8cm

CM ZECD
2

= %' 8=4cm
In DOAN
OA? =ON?*+ AN?
OA* =(7- x)2 +3* (- MN=7CM, let OM=x then ON=7-X)
In DOCM
0OC2=0M*+CM?
OC? =x* +4?
OA=0C (Radii of the same circle)
\ OA? =0C?
So, (7—x)2+32=x2+42
x* -14x +58 = x* +16
-14x =16 -58
14X =42
X=3cm
So, radius of circle
OA?=(7-x)"+3
=(7- 3)2 +3?
=16+9
=25
OA =5cm
Radius of circle OA =5cm
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Exercise - 2
1. Two chords AB and AC of a circle are equal. Prove that center of circle lies on the
bisector of , BAC.

2. Two parallel chords which are 10 cmand 24 cmlong respectively lie on opposite
sides of center of a circle. The distance between chords is A
17 cm. Find the diameter of circle.

3. Centre of a circle is O and PO is the angle bisector of
2 APD (see figure-41). Prove that AB = CD.

Figure - 41
A
4. O and C are centers of two circles whose radii are 13 cm
and 3 cmrespectively (see figure-42). If perpendicular . .
bisector of OC meets on points Aand B of the bigger circle o
then find the length of AB.
B
Figure - 42

5. Two equal chords AB and CD inacircle with centeratO
meet at right angle on point E. If P and Q are mid-points
of chords AB and CD then prove that OPEQ is a square. @
O

AN
D B
Figure - 43

Angle Subtendedby Arcof aCircleat the Centre

If two points Aand B lie on a circle then the circle is divided into two parts. Join the end
point Aand B of minor arc AB to the centre O. Angle - AOB made by arc AB at the
centre O is known as central angle. Again, take two points P and Q on the circle
such that minor arc PQ made by them is greater than minor arc AB and makes an
Angle ~POQ at the centre O (see figure-44). Can you see any relation between

/A\\ length of arc and angle subtended by arc at the centre? You can see in figure-44 that if
Q

P (‘ the length of the arc is more, then angle subtended by it at the centre is also more.
A B

Figure - 44
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Think ard Discuss

If degree measure of angle of minor arc (figure-45) APB of a circle
be x° then degree measure of major arc will be (360° — x°). Why?

Figure - 45

Join the end points of anarc of a circle to any point on the remaining circumference
of the circle as shown in figure-46. Then ~ ACB is the angle which is subtended by arc
APB at any point on the remaining circumference of the circle.

B
Figure - 46

Let us try to understand the relation between the angle subtended by an arc at
the centre and that subtended on the remaining circumference of the circle.

Theorem-7.

Satement : The angle subtended by an arc at the centre is double (twice) the angle sub-
tended by it at any point on the remaining circumference of the circle.

Given: ~POQ subtended by an arc PQ at the centre of the circle and an angle ~PRQ at
point R on the remaining circumference of the circle.

ToProve: BPOQ =2DBPRQ ‘
Construction : Join R to O and extend to point M.

Proof : ﬁ
In DPOR P Q

OP = OR (Radii of acircle) Figure - 47

POPR =PDORP (Opposite angles on equal sides of a
triangle are equal)
PPOM =POPR +DORP  (Exterior angles theorem)
DPOM =2DORP == Lk
In DQOR

OQ=0R (Radii ofacircle)

POQR =BORQ (Opposite angles on equal sides of a triangle)

PQOM =BbORQ +DPOQR  (Exterior angles theorem)
PQOM =2DORQ e 2%
So, DPOM+bDQOM =2DORP+2DORQ == on adding (1) and (2)
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PPOQ = 2DPRQ

Let us consider a situation when arc is a semi-circle.

Theorem - 8.

Satement : Angle subtended by the diameter of a circle at a point on the circumference is
arightangle.

Given: ,LLNM issubtended by a chord on the circle. N

ToProve:  PLNM =90° /\
Proof : PLOM =180° (Straight line) L < M
(0]
PLOM =2DLNM  (Bytheorem-7) U

\ 2DLNM =180° Figure - 48

Or DLNM :1820

=90°

So, we can say that angle subtended by the diameter at any point on the circumfer-
ence isarightangle.

Example-9.  Infigure-49, Oiscentre of the circleand DOPR = 30° and BOQR = 40°.
Thenfind 2POQ.

Solution': In DPOQ
OP=0R (Radii ofacircle)
\ POPR =PORP =30° (Angles of isosceles triangle)
Similarly, in

POQR =DORQ = 40°
So, DPRQ =DORP+DORQ

=30°+40°
BPRQ =70° Figure - 49
\ PPOQ =2DbPRQ (Angle subtended on centre is twice the

angle subtended on remaining segment)
BPOQ =27 70° =140°

Example-10. Infigure-50, AB is diameter and O is centre of given circle. If POAP = 50°
thenfind , OPB.
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Solution : In DAOP P
OA=0P (Radii of the same circle) ﬁb B
\ DOAP = DOPA =50° [

A

DAPB =90° (Angle subtended by diameter)
So,  PAPB=DOPA +DOPB Figure - 50

90° =50° +DOPB
\ DOPB = 40°

Try These

Find the value of xin given figures-

P L P
B A B
® |
oo" 9 .
S A A 50° XY~
5 B
Figure - 51 Figure - 52 Figure - 53 Figure - 54

Let us see the relation between angles which are present in the same segment of acircle.

Theorem - 9.

Statement : Angles in the same segment of a circle are equal.

Given: 2ACB and 2 ADB which are in the same segment of circle where O is the
centre.

ToProve: PACB=DADB

Proof : PAOB = 2DACB (Since the angle subtended by an arc at the centre is
double the angle subtended by it at any point on the remaining part of the
circle.

DBAOB = 2DADB
S0, 2DACB =2DADB

DBACB =bADB
So, we can say that which are in same segment of a circle are equal.

Figure - 55
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Try These

Find the value of xand yin given figures-

D
[
A
% : D
Om60°
Figure - 56 Figure - 57

Example-11. Infigure-58, BCAB = 25° and BADB =35°. Then find zABC.
Solution : Here in figure
DADB =DACB (Angle in same segment)
\ DACB =35°

In DABC
DBABC+bACB+DCAB =180°

DBABC +35° + 25° =180°
2 ABC=180°- 60°
BABC =120°

Figure - 58

Example-12. Prove that the circle drawn on any one of the equal sides of an isosceles
triangle as diameter bisects the base.

Solution: DABC inwhichAB =AC and a circle is drawn by taking AB as diameter which
intersects the side BC of triangle of D.

Since angle inasemi-circle isaright angle.

\ DADB=90° A
But, PADB+HADC =180° Q
BVD

90°+BADC =180°
DBADC =90° Figure - 59
In DADB and DADC
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AB=AC (Given)
AD =AD (Common side)
And DADB=BADC=90°
\ DADB @ DADC (By RHS congruence)
BD =DC

Exercise-3
In figure-60, O is centre of circle, PQisachord. If 2 PRQ=50° thenfind 2 OPQ. é 4

K

Figure - 60
In figure, find the value , PBO if - AOB=50° and BPQB = 75°.

Figure - 61

If O is the centre of circle, find the value of xin figure.

Figure - 62
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4, If O isthe centre of circle, find the value of X.
130°
Q
P 0
X,
S
Figure - 63

5. If O is the centre of circle, then find the value of xin given figure.

Figure - 64

6. Find the value of , ABC infigure.

<O

A / °
B
Figure - 65

7. Find the value of xin figure and prove that AD|BC

C

0%

Figure - 66
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8. In figure, O is centre of circleand OpD ~ AB if OD=5 cmthen find the value of AC.

C
O
A D B
Figure - 67

We saw that one and only one circle can be drawn through three non-collinear
points. Can we draw a circle passing through four non-collinear points (of which no three

are collinear)? If we draw a circle through three non-collinear points P, Q, R then the position
of the fourth point S can be as follows (figure-68).

R

Position-1 Position-2 Position-3
Figure - 68

In position — 1, the point S is located outside the circle, in position — 2 it is located

onthecircle and in position — 3 it is located within the circle. Therefore, we can say that if we
take 4 non-collinear points then it is possible for a circle to pass through them and it is also
possible that all four do not lie on the circle.

In figure — 68, if we join P, Q, R and S we obtain a quadrilateral (see figure — 69).

-

Position-1 Position-2 Position-3

Figure - 69
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All four vertices of the quadrilateral obtained in position — 2 are located on the

circle. If all four vertices of a quadrilateral are located on acircle, it is known as cyclic circle.
Does this quadrilateral have any special property not seen in other quadrilaterals?

Try These

Draw a circle of any radius. Take any four points on the circle and use them to form
aquadrilateral. Measure the pairs of opposite angles and find their sum.

You will find that the sum of opposite angles of any quadrilateral whose 4 vertices lie
onacircleis 180°.

We will now try to find the logical proof of the above statement.

Theorem - 10.
Satement : The sum of either pair of opposite angles of a cyclic quadrilateral is 180°.
Given : Acyclic quadrilateral ABCD.

ToProve: pA+DC=DB+PD =180°
Construction : JoinAand Cto O.

Proof : We know the relation between the angle subtended by arc ABC at centre and at
any point on remaining part of circle.

. ‘ Angle subtended by arc ABC at the center DAOC = 2DADC (i)
c Angle subtended by arc CDA at the center DCOA = 2DABC (i)
/ So, DAOC+DCOA =2(DADC+DABC)
P — 360°=2(PD +DB)
Figure - 70
PB+bBD = 360
bB+bHD =180°

In quadrilateral ABCD,
bA+DBC+bDB+bDD =360°
DA +DC+180° =360°
bA+bDC =180°
So, we can say that the sum of either pair of opposite angles of a cyclic quadrilateral
is 180°. Is converse of this theorem true as well? Yes, if the sum of any pair of opposite

angles of aquadrilateral is 180°, then the quadrilateral is cyclic, that is, we can draw a circle
passing through all four vertices of this quadrilateral.
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Example-13. Find the value of xin figure-71.

Solution: A+ ~C =180¢ (Sum of opposite angles of cyclic quadrilateral is 180°)
X+ 607 =180"
x=120"

Example-14. Find the value of xin figure-72.

Solution: ZABD =90° (Angle subtended by diameter on any point on the circle)

ZABD + ZBDA+ £ZDAB =180
90" +30° + ZDAB =180

{

ZDAB =180 -120

/DAB = 60" Figure - 72
/DCB + ZDAB =180* (Sum of opposite angles of cyclic quadrilateral)
x+60° =180
x =120
Example-15. Pisapoint onthe side BC of a triangle ABC such that AB = AP. Through A
and C, lines are drawn parallel to BC and PA respectively, so as to intersect at D (as shown
in figure-73). Show that ABCD is a cyclic quadrilateral. A D
Solution: In A4BP
AB=AP (Given)
Thus, ZABP = /APB B Figuﬁe 1 c

(Opposite angles of equal sides)
AP 1ICD rFk ADIIBC (Given)

So,  APCDisaparallelogram.

LAPC = ZADC
(Opposite angles of a parallelogram)
Since  ~APB + ZAPC =180" (Linear pair axiom)
Z/ABP + ZADC =180 (LAPB = ZABPand LAPC = ZADC)

If the sum of either pair of opposite angles of a quadrilateral is 180° then the quad-
rilateral is cyclic.
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Exercise — 4

AB||ICD ingiven figure. If ZDAB = 80" then find the remaining interior angles of
the quadrilateral.

D—"—"—>2C

R80°

Figure - 74

2. Find £QRS and ~ QTS inthegiven figure.

Figure - 75

3. ABCD isacyclic quadrilateral in given figure whose side AB is diameter of the
circle. If ZADC =150 thenfind ~BAC.

R
=]

A

Figure - 76

4. Find the value of xin given figure.

Figure - 77
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5.  PQandRSare two parallel chords of a circle and lines RP and SQ intersect at point
M (See figure-78). Prove that MP = MQ.

—

Figure - 78

6. PQ is diameter of semi-circle ingiven figure. If ~PQR = 60° and ~SPR = 40° then
find the value of ~ QPR and / PRS.

60°

P 0 Q
Figure - 79
7. If diagonals of a cyclic quadrilateral are diameters of the circle, then prove that the

quadrilateral is arectangle.

8. In figure-80 PQRS is a quadrilateral. If BP = DQRY then prove that PQRS is

cyclic quadrilateral. R Y

Figure - 80

9. If two non-parallel sides of a trapezium are equal, then prove that it is cyclic
quadrilateral.

&



s € 290 P MATHEMATICS-10 :

Tangents andSecant of aCircle

Draw a circle and a line on paper as shown in figure-81. Now
/\ , drawsome lines parallel to.

There are two common points Aand B between line mand
o circle in given figure-82.

In the same way between line | and the circle there are two

common points C and D. There is only one point E common between

Figure - 81 line nand the circle and there are no common points between line
pandthe circle.

We find that a line can be in three different positions relative
E toacircle.

/ \ - In figure-83(i), line | does not intersect the circle so there

[ < -
7 \D are no common points between the line and the circle.

N
{l
v

v

o.

If figure-83(ii) line | intersects the circle at two different
points so there are two common points P and Q between the line
and the circle.

Figure - 82

N
A
v

l

A

0 (i) (iii)

Figure - 83

In figure-83(iii) line | touches the circle at only one point so there is only one point M
which is common to the line and the circle. In this situation, we say that | is tangent of circle
and common point M is tangent point.
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In figure-84 line | is intersecting the circle at two points P and Q. On
keeping line | fixed at point P and rotating it in any direction continuously (see
Q,, Q,, Q. ) we will reach a condition where intersecting point Q becomes
coincident with point P. In this case, we can call secant line as tangent to circle at
point P and P as tangent contact point.

The tangent to a circle is a special case of the secant, when the two end
points of its corresponding chord coincide. Thus, tangent to a circle is that line
which touches the circle at one point.

Think and Discuss

Only one tangent can be drawn at any particular point on a circle. Why?

£y

§

Try These

Identify and write the names in your notebook of intersecting lines, secants and
tangents in the following figure.

Figure - 85

Tangent line and radius passing through tangent
contactpoint

The distance between a point and a line (when point is not on the line) is least when it is
perpendicular. Will the distance from tangent to the centre be minimum, that is, is the radius
passing through tangent point perpendicular at contact point?
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Theorem - 11.

Avradius of a circle meeting the contact point of tangent
to the circle is perpendicular to the tangent.

Known : Acircle with centre at O and having tangent

AB meeting the circle at contact point, P.
ToProve: OP ™~ AB /‘
I~ —\

Condruction : Take point P on AB. Also take points —

Q, R, SonAB. Join all four points to the centre of Figure - 86

the circle O.

Proof : In figure-86 we can see that points Q, R and S are located outside the circle and we
know that distance between a point located outside the circle and the centre is more than the
radius. Therefore, length of OP is least among OQ, OR and OS. Therefore, of all points on
tangent AB, contact point P is at the least distance from the centre of the circle.

\ OP ™ AB

Weusethisfact todraw thetangent at any point on thecirclewhen weknow
the centreof thecircle.

Howmany tangents through a point locatedoutside
thecircle

Take a point P outside the
circle. Try to draw tangents

to the circle passing
through external point P
(see figure —87). You will
find thattwo and only two P
tangents can be drawn on

the circle from a point
outside the circle. The
distance between the
external point P and the Figure - 87
contact point of the tangent

is known as length of the tangent. See figure —87 and try to find some relation between PS
and PT. Measure the lengths of PS and PT. You will find that PS = PT. Let us see the proof
for this statement.

T
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Theorem - 12.

The lengths of tangents drawn from an external point to a
circleare equal.

P

Known : APand AQ are two tangent segments to a circle
drawn from the same external point A. A
ToProve: AP=AQ
Consgtruction : Join A, P, Q to the centre of the circle O.
Proof : In DOPA and DOQA Figure - 88

OP =0Q

(radii of the same circle)
OA=0A (common side)

DAPO =DBAQO =90° (radii passing through contact points are

perpendicular to the tangent)
DOPA @ DOQA (angle-side congruency in right angle triangles)
Thus, AP=AQ (corresponding sides of congruent triangles)

In the proof of the above theorem, DOPA @ DOQA thus BOAP = DOAQ We

can say that the centre of the circle is located on the angle bisector of ~PAQ We can use

this information to draw a circle which touches two intersecting lines. Especially, we can
draw a circle that touches the three sides of a given triangle. The circle is known as incircle
of the triangle and its centre is known as the incentre.

Example-16. Infigure —89, OP =13 cm and the radius of the circle is 5 cm. Find the
lengths of tangents PT and PS drawn on the circle from point P.

Solution: INDOPT

BOTP =90°
Inright angle triangle DOPT
OP? =OT? +PT?

Or  13°=5%+PT?

Or  pT2=132-5?
PT? =169 - 25
PT? =144 Figure - 89
PT =12 cm
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We know that,
PS=PT
Thus, PS=12cm
Thus, tangent PT=PS=12cm

Example-17. In figure — 90, O is centre of the circle and PA and PB are tangents. If
PAPB =60° thenfind - AOB.
Solution : Inquadrilateral AOPB
DOAP =bOBP =90°
And DOAP+DAPB +DPBO +DAOB = 360°
90° +60° + 90° + DAOB = 360°
240° + BDAOB = 360° P
DPAOB = 360° - 240° ,
DAOB =120° Figure - 30

Example-18. Infigure-91, P, Q and R are points external to a circle with its centre at O.
The lengths of tangents PA, QB and RC are 3cm, 4 cm and 5 cm respectively. Find

the perimeter of DPQR .

Solution : We know that lengths of tangent segments drawn from the same external point

are equal.

\ PC =PA=3cm
QA=QB=4cm
RB=RC=5cm
PQ =PA+AQ
PQ=3+4=7cm
QR=0QB +BR
QR=4+5=9 cm
PR=PC +CR P C  sem R
PR=3+5=8cm Figure - 91

Thus, perimeter of DPQR =PQ+ QR +PR
=7+9+8cm

Q

=24 cm
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Example-19.Tangents TP and TQ are two tangents drawn from external point T on the
circle with the centre at O. Prove that BDPTQ = 2DOPQ. )
Solution : Assume that DPTQ =6
TP=TQ (from theorem-12)
Thus, DTPQ isanisoscelestriangle where T
DPTPQ+DTQP=180°- 6

_ _Lane
\ DTPQ—DTQP—§(180 -0) )
Figure - 92

2TPQ=90°- %6

POPT =90° QA (from theorem-11)
DOPQ =bBOPT -BTPQ
—90°-290°- 190
¢ 2 9
= 19
2
1
=ZPpPT
> Q

Thus, BDPTQ =2DOPQ Hence Proved.

Segments of a Chord

PQ is a chord and R is a point on the chord located S
inside the circle. It is said that R internally divides the
chord PQ into two segments PR and RQ. Similarly, if S
isa point on line PQ located outside the circlethen S is
said to externally divide the chord into two segments SP

and SQ.

A

Figure - 93

Relationbetween tangent and secant

We have already seen the relation between two tangents drawn from the same external
point. Is there any relation between the tangent and secant passing through the same external
point?
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Theorem - 13.

Satement : If PAB isasecant to a circle which intersects the circleat Aand B and PT is
atangentto the circle then PA~ PB = PT?
Given : Secant to the circle which intersects the circle at Aand B and tangent PT to the

circle. B
ToProve: PA~ PB=PT? A
Construction : Draw OL perpendicular to ‘

AB. Join OP, OT and OA. P 0
Proof : PA” PB= (PL —AL)(PL + LB)
:(PL_AL)(PL+AL) TFigure—94

(Perpendicular to a chord from the centre of the circle
divides it into two equal parts)

=PL* - AL?

=PL*-(0A’-0L?) (From Pythagoras theorem)

=PL’ -0A*+0L?

=PL’ +OL? - OA? (from Pythagoras theorem in triangle DOPL.)
= OP? - OA?

= OP? -QT? (OA =0T =radii)

= PT? (from Pythagoras theorem)

\  PA“PB=PT?

Do This
If two chords of the same circle intersect each other internally or externally then the product

of the segments of any one of the chords is equal to the product of the segments of the
chord. That is, PAx PB =PC x PD.

Figure - 95 Figure - 96
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Example-20. Let AB and CD be two chords of the circle, which intersect each other

internally at point P. If PA=2 cm, PB =3 cmand PC =4 cmthen find the length

of PD.
Solution: Given,
PA=2cm| PB=3cm rFk PC =4 cm| CA
Let PD =Xcm ' 4 b
We know that PA“PB=PC” PD B
2°3=4"X
X :% Figure - 97
x=15Cm
PD=15cm

Example-21. Chords PQ and RS intersect each other at point M which lies outside the
circle. If MQ =3 cm, MP =8 cmand MS = 4 cmthen find the lengths of MR and
RS.
Solution : Given, MQ=3cm, MP=8cmand MS=4cm
Assume that MR =X cm
We know that: MQ~ MP = MS~ MR
378=4"MR
4 !
4
MR =6 cm
Chord RS = MR - MS Figure - 98
=6-4
Chord =2 cm T

MR

Example-22. Infigure —99, if PA=4 cmand PB =9 cmthen
find the length of PT.

Solution: Weknowthat PA” PB=PT? P
479=PT? A‘
PT2 =36 B

Figure - 99
PT=6cm
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Anglemade by a chord and a tangent

Suppose we are given a circle with its centre at O and AB is a tangent at point P on the
circle. Draw chord PQ from P. Take R on the major arc of the circle.

Major arc PRQ is called the alternate segment of the segment made by the chord

PQ.
In figure — 100, if DQPB = x° thenDBOPQ =90° - x° (Why?)
DOPQ =bOQP =90° - x° (-- OP =0Q = radius)
In DPOQ

PPOQ =180° - §(90° - x°) + (90° - X°)j R

=180° - [180° - 2x°] r Q
=2x° /
1

DPRQ = EE)POQ “ = =>
= 1’ 2x° Figure - 100

2
=X°

Thus, we can say that “the angle between a tangent and chord at the contact point is
equal to the angle made by that chord in the alternate segment.”

This is also a theorem which is used to draw the tangent when we do not know
the centre of the circle.

Example-23. Infigure-101PQ is tangent to the circle. If AOB is diameter of the circle
and BSAB =50° thenfind 2 ASP .
Solution : BPBSQ =bSAB =50°

(from result of alternate segment) m
DBASB =90° A 0 B

(angle formed by the diameter) 50
DABS+DASB +DBAS =180°

DABS+90°+50° =180°

DPABS = 40°

DBASP = bBABS
(from result of alternate segment)

\ DASP = 40°

S

Figure-101 Q
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Example-24. Tangent MN touches the circle at point P. Chord PQ is such that
DQPN =52°.Find ~POQ when O isthe centre of the circle.
Solution : Let R be a point on the circumference of the circle. Join centre O to points P
and Q. Similarly, joinRtoPand Q.
DPQPN =bPRQ =52° (Since, the angle between a tangent and chord at the con-
tact point is equal to the angle made

by that chord in the alternate segment)

PPOQ = 2DBPRQ (Angle at the centre is twice the angle
formed on the circumference)
PPOQ =2"52°
bPOQ =104° - =
Figure - 102
Exercise 5
1. From a point P, which is at a distance of 10 cm from the centre of the circle, the Q )

length of tangent segment is 8 cm. Find the radius of the circle.

2. Infigure—103, BPOQ =100°, APand AQ are tangents. Find the value of , PAO .

Q

Figure - 103
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3. Prove that the tangents drawn at the endpoints of a diameter of a circle are parallel

to each other.
4. Acircle touches all sides of quadrilateral ABCD. Prove thatAB + CD =BC + DA.

5. Prove that the angle between two tangents drawn from the same external point is
supplementary to the angle subtended at the centre by the chord which is formed

by joining the contact points of the tangents.

6. Prove that the intercept of a tangent between two parallel tangents to a circle

subtends a right angle at the centre.

What We Have Iearnt

1. The setofall points on a plane which are equidistant from a given point is called
circle.

2. Two equal chords in a circle subtend equal angles at the centre.

3. Ifthe angles subtended by two chords at the center of a circle are equal then the
chords are equal.

4. A perpendicular dropped from the centre of a circle on a chord bisects the chord.
5. The bisector from the centre of a circle on achord is perpendicular to the chord.
6. Oneand only one circle can be drawn passing through three non-collinear points.
7. Two equal chords in a circle are equidistant from the centre.

8. Theangle subtended by an arc at the centre is twice the angle subtended by the
same arc at any other point on the circumference.

9. The angle subtended by the diameter on any point on the circumference is a right
angle.

10. Angles in the same segment of a circle are equal to each other.

11. Inacyclic quadrilateral, the sum of any opposite pair of angles is equal to 180°.
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12. If the sum of any pair of opposite angles of aquadrilateral is equal to 180°, then
the quadrilateral is cyclic.

13. The radius drawn from a tangent is perpendicular to the tangent.
14. The length of tangents to a circle drawn from the same external point is equal.

15. The angle between a tangent and chord at the contact point is equal to the angle
made by that chord in the alternate segment

ANSWER KEY

Exercise -1
1. (1) 10 cm (i) 24 cm
2. (1) 5cm (i) 25cm
3. 8 cm 4. 15 cm

Exarcise - 2
2. 26 cm 4. 24 cm

BExarcise - 3
1. 40° 2. 80°
3. 3%° 4. 25°
5. 75° 6. 120°

7. 80° 8. 10 cm
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Exercise -4

+DCB =100°, +2ABC =80°, 2ADC =100°
2QRS=104°, £2QTS=104°

2BAC =60°
62°

2 A o

2 QPR=30°, £ PRS = 20°

Exercise -5

1. 6 cm 2. 40°




GEOMETRICAL

CONSTRUCTIONS

Introduction

Geometrical construction implies drawing geometrical figures with the help of compass and
ruler using exact measurements. Geometrical
constructions help us experience and think
about many geometrical concepts, relations
and proofs. In this chapter, by applying
geometrical concepts we will construct many
geometrical shapes which we have studied in
previous years. Along with constructions, we | Using ruler/scale in geometrical constructions: We
will also analyze them so that we can | know that given any two points A and B, only one
understand how these constructions takes | straight line is possible such
place and why. To do so, while drawing the | that it passes through A and B
constructions according to the given problem, | (axiom). We can use the ruler
we will think about and discuss the different |to draw a line AB or line
figures. segment AB or the ray AB.

In mathematics, problems are solved
keeping in mind logic and proof. Solving
problems and observing whether it can be
solved by more than one method; thinking
which method is useful and easy; raising and
thinking about such questions helps to build
our logical and critical thinking ability.

Let us do some constructions.

Construction-1: ToConstructaSimilarAngle

An angle is given and we have to construct another angle of equal value. What should we
do? In one method, we can measure the angle with the help of a protractor and then construct
anangle which is equal to it. But, if we do not have any instrument to measure the angle, then
what can we do? Let us see-

So far, we have made line-segments and angles of
given measurements with the help of ruler or
protractor. In this chapter, we will also learn how to
use a compass during geometrical constructions.

[ 3
o

Using compass in Constructions: We
know from the definition of a circle that
given a fixed point and fixed radius,
only one circle can be drawn. Here, we
will use the compass to draw a circle
or an arc.
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Step-1. Before begin our construction, it will be helpful to think on the following questions:-

1. What information is given in the question, how to solve it and which of the
given information is useful ?

An angle is given and we have to construct another angle which is equal to it.

If the angle is ABC, then we have to construct another angle RPQ such that « RPQ
= 2ABC.

2. Based onthegiveninformation, which geometrical concepts can be used during
the construction?

Figure - 1 Figure - 2 Figure - 3

We know that if we rotate a ray from one position to another position then the
measure of that rotation is known as angle. By rotating a ray BC to BA, we get angle ABC
(Figure-1).

Suppose we construct a ray PQ and then rotate it equal to the rotation of BC to

BA. But how do we do this?

Let us take two points X and Y on BC and BA respectively such that BX=BY and
consider apoint S, on PQ, such that BX=PS (Figure-2).

Now, if we consider a point (say T) such that the location of T with respect to P and
S corresponds to the position of Y relative to B and X then the ray PT is congruent to BY
(figure-3).

This point T, on the radius of the arc PS, will be located at a distance XY from S. If
we draw aray PR joining PT then 2 TPS is equal to angle £ YBX (Or £ABC).

Step -2. After drawing the rough figure, geometrical construction can be done ina step by
step manner.
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Steps of construction:-

1. Consider a point P and draw a ray PQ from point P; this ray is one side of the new
angle.

2. Now, in given angle ABC draw an arc of any measure from the vertex B which
intersects BA at Jand BC at K (see figure-4).

3. Now we draw an arc of same measure A R
from point P which intersects ray PQ at
M (Figure-5).

4. Now measure distance KJ from point J L

Kand cutan arc of the same length from
point M intersecting the firstarc. Let the B
intersection pointbe L.

i >C  p v »Q

joini Figure - 4 Figure - 5
5. Now draw ray PR joining P to L. 'gure igure

2 RPQ is the required angle.
+«RPQ=2ABC

Step-3. Checking the constructed figure- We can check whether the constructed figure
is the same as per the information given in the problem. In addition to measurement,
we can also check through proofs.

Let us see whether the constructed angle is equal to the obtained angle or not.
For this, we can construct triangles by

: . A

using the angles from both the figures as
references. Join M to L and K to J so that
triangles PML and BKJ are formed.

If we look at triangles PML and BKJ \

- \
then we find that — \
. B K >C >Q
PM = BK (from construction) /
Figure - 6 Figure - 7

ML = KJ (from construction)
PL =BJ (from construction)
Therefore, triangle PML is @ to triangle BKJ (From SSS congruency)
Hence, 2LPM = 2JBK

Similarly, z.RPQ=2ABC
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Example-1. Constructa line segment which is equal to the Ao—>3
given line segment.

Solution : [ }Y
Step-1. Aline segment AB is given. We have to construct a

xe

Figure - 8
line segment which is equal to AB.
Step-2. Steps of construction
1. Draw aline, say I.
2. Choose any point X onlinel.
3. Now open the compass so that the radius is equal to AB. Taking X as origin draw

anarcon linel and let Y be the point of intersection.
Line segment XY is congruent to line segment AB.

Step -3. Proof

Here, taking radius AB, we drew an arc from center X. Therefore XY=AB.

Example-2. Two angles are given. Construct an angle such that its measure is equal to the
sum of the two angles.

Solution : Draw the angle «LON whichis congruentto A by using construction-1.
Similarly, taking OL as one of the sides, draw »~ MOL which is congruent to ~ B.

L L
A} R} B) o }C N o } € _.n

Figure -9 Figure - 10 Figure - 11 Figure - 12

Try These
1. Write detailed steps for the constructions given in example -2.

Draw angles measuring 30° and 90° and explain the steps.

Draw an isosceles triangle by taking any length for one side.

> w D

Draw an acute angle and construct another angle such that its value is twice the
value of the previously constructed acute angle.



F 2
GeoMETRICAL ConsTRucTIONS 4 307

Construction—2—-Constructions of Parallel Lines.
Here, given a line and an external point we want to draw a parallel line passing through the
point. Let us construct the parallel lines using the steps which we used in earlier constructions.

Step-1. Before the construction, think on the following questions:

o0

1. What is the information given in the question? In which sequence
should we useit? What is to be constructed? In what order?

In the given information, what is useful and what is not useful?

Here, a line and a point are given. This point is located outside the line. < s -

We have to construct a parallel line through the point (Figure-13). Figure - 13

2. During the construction on the basis of the given information, what are the
geometrical concepts that we will have to use?
We know that if a transversal line intersects two lines and if the corresponding
angles made on them are equal then both the lines are parallel.
So, from the given point we will construct a transversal line which will intersect the
givenline.

If at the given point we construct an angle which is equal to the angle between the
transversal line and the given line, then we can say that the obtained line is parallel to
thegiven line.

Step-2. This involves drawing a rough diagram on the basis of the given information and
determining which parts are known in the expected figure. What other things are
required for the construction of figure? Finally we need to construct the figure, step
by step.

Steps of construction:
Aline PQ and a point R are given.

: DL /M a Q P ) /M Qj‘

Figure - 14 Figure - 15 Flgure - 16 Figure - 17

®
>
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We have to construct a line which passes through R and is parallel to PQ.

1. Draw atransversal line from R which intersects PQ at any point J. We know that if
corresponding angles are equal then lines are parallel.

2. Now, we draw an arc of any measure from point J, which intersects PQ at M and
JRat N (figure—15).

3. Now, we will draw an arc of the same measure from the point R so that it intersects
JRat Q (figure —16).

4. Now, taking MN as length we will draw an arc from point O such that it intersects
the arc which we drew earlier at point X.

5. Drawaline RS, by joining the point R to point X.
Thus, line PQ is parallel to line RS (figure-17)
Step -3. Checking the constructed figure. To see whether the constructed figure is the same
as the required figure.
Proof : see the constructed figure.
Because ~ ORX= 2RJM (Corresponding Angles).

Then we can say that RS || PQ.

Exercise -1
Draw two line segments ‘a’ and ‘b’ in your notebook. Construct line segments

according to the given information.
@ atb (b) b-a

a

[ ]
[

o b .
() 2b +a (d) 3a-b v v
2. With the help of a protractor and a ruler draw the following angles: 15°, 45°,
105°, 75°.
3. Two angles X (obtuse angle) and Y
(acute angle) are given. Draw the angles
having the following measures: -
@  X°-Y° (b) XO+Yo o

v

©  (180-X) (d)  2Y°
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4. Three line segments of fixed measure ‘r’, “s’and ‘t” are given. r

*—e
a) Is it possible to construct a triangle using these line segments? If . s .
yes then draw the triangle. R " i
b) Is it possible to construct a triangle using s, tand r+t ?
5. Draw atriangle ABC. Now from ‘A’ draw a line which is parallel to BC and check

the sum of all the angles at vertex Aas well as sum of all the angles of the triangle.

Construction—3: Constructionof alineSegmentin
theGivenRatio

For this construction, we will use the Thales theorem. In the chapter on similar R
triangles you read about Thales theorem according to which “If in any triangle a
line is drawn such that it is parallel to one of the sides of the triangle and also < P a
intersects the two remaining sides, then this parallel line will divide the two sides / \
in the same ratio.”
B C

If in given triangle ABC, PQ is parallel to BC, then from Thales theorem Figure - 18
we can say that —

AP _AQ .

AB AC (Figure-18)

1 1
If AP= 3 AB, then from the Thales theorem we can say that AQ = 3 AC.

Example-3.  Find apoint C on line segment AB such that AC:AB=2:3.

Solution :

Step-1. Alinesegment AB is given and on that line we have to obtain point C such that

AC:AB =2:3.
2
This means that length of line segment AC is 3 of the line segment AB (figure-19).
Think, how will we construct? Since AC:AB=2:3, s0 ) D s B
If we divide the line segment AB in three equal parts and select Figure - 19

2
2 parts out of the three, then this will be 3 of the whole line segment.
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We know that a line segment which is parallel to any side of a triangle divides the
remaining sides of the triangle in the same ratio (Figure-21).

So why not draw a ray which makes an acute angle with AB on which three equal
parts can be taken? Now keeping in mind the ratio 2:3, join the third point with B and draw
aline parallel to it from the second point.

Figure - 20 Figure - 21

Step-2. Steps of construction

1. Draw a ray AX making an acute angle at point A.

2. Cutthree equal arcs on AX and name themAA ,A A, AA..
AA = AA = AA,

3. Now, join Bwith A, and draw a parallel line from A, to A B, which intersects AB at
C.

AC is the required line segment, because AC:AB=2:3.

Step-3. Proof. On the basis of the geometrical construction how can we say that that
AC_2
AB 3
In DABA, or DACA,,A.C|A.B (from construction)
From Thales theorem we can say that,
AC _ AA,
AB AA,

From the construction we know that,
AA

2 -
AA, :§ (because AA, is divided into 3 equal parts)

AC _AA, _

2
Hence, Ag~ AA, 3




3
Example-4.  Draw a line segment which is 5 of agiven line segment.

Solution :

Step 1. Aline segment AB is given, consider a point C on it such that

AC: AB=3:2

In the previous example, point C was located between points A and B. In this
example, a point C is such that AC: AB=3:2, therefore the point C is located outside of the

3
line segment AB. When line AC is bigger than the line segment AB then only it will be 5

times of AB.

Step 2: Steps of constructions

1. Draw arayAY making an acute angle with point Aand extend line segment AB
upto X. (we extend AB upto X because we need to obtain a point C such that
AC:AB=3:2).

2. Drawthree equal arcs on AY and name them A, A, A..

3. Now join A, with B and draw a parallel line from A to A,B, which cuts AX at C.

3

AC
The required point C lieson AX such that AB 2

A B X
Figure - 22 Figure - 23 Figure - 24

AC 3
Step-3. Proof. On the basis of the geometrical construction, can we say that AB 2 ?
InDACA and DABA,
A.B||A,C (from construction)
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AC _ AA,
NAB  AA,

----- (1) (from Thales theorem)

From the construction, we know that

AA; 3
AA, 2
Thus, f ti 1£‘E
us, romequalon()AB 5

In this construction, we obtained line segment AC which is bigger than the given line
segment by a fixed ratio. AC = gAB or we can say that point C divides the line segment

AB inthe ratio 3:2.

Canstructionof the Simi lar Triangles
We know that in similar polygons corresponding angles are equal and corresponding sides
are in the same ratio.

These two properties of similarity are also applicable for the similar triangles.
Construction —4: Construct a triangle which is similar to given triangle ABC and whose

3
sidesare s of the corresponding sides in triangle ABC.

Step — 1. We have to construct triangle which is similar to given triangle ABC. We know
that in similar triangles, corresponding angles are equal and the corresponding sides

3
are inthe sameratio. This ratio 3 is given. By using the previous construction, let

us construct similar triangles.

Step - 2. Steps of construction
1. Draw aray BX from B making an acute angle on the other side of A.
2. Cut5 equal arcs on BX and name them B , B,,B,, B,, B. respectively.

From this we obtain BB,=B,B,=B,B,.=B,B,=B,B,
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Figure - 25 Figure - 26 Figure - 27
3. Now join B, with C and draw a line parallel to B.C from B, which intersects BC at P.
4, Now, draw a parallel line from P to AC, which intersects AB at Q.

QBP is the required triangle.

Step-3. Proof
How can we check that AQBP and AABC are similar triangles?

One of the ways in which we can do this is that we can measure the sides of both
the triangles and see whether the corresponding sides are in the same ratio or not.

Another way of proving can be using the (Angle- Angle-Angle similarity)

In DQBP and DABC

2 QBP = 2 ABC (common angle)

2 PQB =« CAB (corresponding angles) (from the construction PQ JCA)
« BPQ = 2BCA (corresponding angles) (from the construction PQ JCA)
Hence, DQBP ~DABC (Angle-Angle-Angle similarity)

QB _BP _ QP
AB BC AC

That is

3
— == (from the construction BC is equal to 5 parts and BP to 3 parts)

BP =-BC

o1l w

3 3
\QP:gACandQB:gAB
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Example-5.  Construct atriangle which is similar to the given triangle ABC and whose

5
sidesare — times of the corresponding sides of triangle ABC.

3 § )
Q‘Z . / Pl

|P |P

% %

A c ‘| A ¢ }

A | A

1 | i

| i

(L |

\ \ (S \ !
B B B' B B B B B, B' B, B, B,
Figure - 28 Figure - 29 Figure - 30

Step-1. Atriangle ABC is given to us. We have to construct a triangle which is similar to the

5
given triangle and whose sides are — of the corresponding sides of the given

3
triangle.
Step—2. Steps of construction
1. Draw aray BY from point B making an acute angle on the other side of point A.

Extend BC and BAto get rays BX and BZ respectively.

Now take 5 equal parts on BY and name them BB ,B.B,, B,B,, B.B,, B,B..
Now join B, to C. From B, draw a line parallel to B.C which intersects BX at P.
Now draw a line parallel to AC from P which intersects BZ at Q.

QBP isthe required triangle.

Let us construct the similar quadrilateral in in the same way that we constructed similar
triangles.

Quadrilateral ABCD is given to us. We have to construct a quadrilateral similar to

2
ABCD such that each of its side is 5 of the corresponding sides of quadrilateral ABCD.

Step-1. Quadrilateral ABCD is given to us. We have to construct a quadrilateral similar to

2
ABCD such that each of its side is 5 of the corresponding sides of quadrilateral

ABCD. Here, construction is done in the same manner as in similar triangles. A

point we need to remember is that first we have to construct the diagonal of given
figure.
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Step-2. Stages of construction

1. Construct a ray BX from point B making an acute angle CBX.
2. Now take 5 equal parts on BX and name them BB,
B,B,, B,B,, BB, B,B..
3. Join B, to D and from B, draw a line parallel to which
intersects BD at R.
4, Now, from R draw a line parallel toAD which intersects  p
ABatP.
- X
5. Similarly, draw a line parallel to CD from R which
intersects BC at Q. Figure - 31
Thus, we obtain the required quadrilateral PBQR.
DrawingRerperdiculars z
Example-6. Draw a perpendicular at point C on i
line k.
< " >k <—X(—<>C—)Y—>k
Solution:
Step-1. We have to draw a perpendicular at point
Conlinek. Figure - 32 Figure - 33
Step-2. Steps of Constructions
1. Take point C as origin on k and on both of its sides cut arcs on k taking any radius.
Name the points of intersectionas X and Y.
2. Take a radius of more than CX and by taking X and Y as origins, draw arcs on one
side of the line. The arcs cut each other at a certain point.
3. Draw aline CZ by joining C to this intersection point.
CZis perpendicular to line k and passes through the point C.
Example-7.  Point C is outside line k. Construct a perpendicular at line k which passes
through point C.
Solution : (Hint) First consider the point C as origin and
then mark points X and Y on k such that both o C
points are at an equal distance from C. Then by . )
taking the points X and Y as origins obtainthe ~ k xX® ANk

point Z.
z

Write the detailed steps of this construction on
your own. Figure - 34 Figure - 35
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Try these

1. Draw a line segment AB of length 5.8 cm and take a point C on it such that
AC:CB =3:4. Check whether AC:CB is 3:4 or not.

7
2. Constructa line segmentwhich s 5 of any other line segment.

3. Drawatriangle PQR in which QR=6 cm, PQ=5 cm and ~ PQR=60°. Draw a

2
triangle ABC similar to triangle PQR, in WhichAB:E PQ.

4. Constructatriangle ABC in which BC=5.5cm, 2 ABC=75°and » ACB=45°,

5
Draw atriangle XYZ similar to triangle ABC in whichYZ = 1 BC.

Exercise - 2

3
1. Constructasimilar triangle which is 3 of the given triangle.

2. Constructan isosceles triangle PQR. Also construct a triangle ABC in which PQ

2
3. Constructatriangle PQR. Also construct a triangle ABC in which AB:§ of PQ.

4
4. Construct two similar triangles. First triangle should be 3 times the other triangle.

Till now you studied about construction of the similar triangles. Now, we will do
some more constructions by using the properties which we studied in previous classes.

Perperdicularbisectar
Perpendicular bisector is the line which divides a given line segment into two equal parts
while making aright angle with it.

1. Draw a line segment AB.
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2. Extend both the sides of the compass such that its length is more than /
half of the given line segment. x

3. Draw an arc on both the sides of the line segment by putting the tip of
the compass at point A. Again repeat the same process by putting the e [ B
compass at point B.

4. Join the intersection points of the arcs with the help of a scale.

X

Figure - 36

This line “I”” is the perpendicular bisector of line segment AB.

Is each point on the perpendicular bisector at an equal distance from
point Aand point B?

Let us see

Take a point O on the perpendicular bisector. Join this point to
both the end points “A” and “B” of the line segment. Now, in triangle c
AOD orintriangle BOD,

AD=DB (D is the midpoint of AB) A B
+ODA = bODB (Rightangle)

OD = 0D (Common)
\ DAOD @ DBOD (SAS congruency)
Hence, OA=0B

Each point of the perpendicular bisector is at an equal distance from point Aand
point B.

Samemore Canstructions of triangles

Figure - 37

through all three vertices A,B and C of the triangle.

Think about how to do this construction:

Because the required circle will pass through all the vertices of the triangle therefore we
can say that the centre of the circle is at equal distance from all the vertices. We also
know that any point on the perpendicular bisector is at equal distance from the end
points of the sides. All the points on the perpendicular bisector of the side AB of

triangle ABC will be at equal distance from vertex Aand vertex B. Similarly all the point X
on the perpendicular bisector of side BC will be at equal distance from vertex B and Fiéure 38
vertex C.

Suppose that both the perpendicular bisectors intersect each other at a certain
point and we name this pointas “O”. Because Point O is located on both the perpendicular
bisectors hence OA=0OB=0C. Now draw a circle by considering “O” as the center and
OA asaradius. Is the circle which we have drawn passing through all the vertices?
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Let us see -
Step-2. Steps of construction
1. Drawatriangle ABC.

2. Draw aperpendicular bisector on side AB and AC which
intersects AB at Pand BC at Q. The perpendicular bisectors
intersect each other at “O”.

3. Now draw acircle by taking O as center and with OA as )(
radius. You can see that this circle is passing through all h _
three vertices. Figure - 39 (i)
Step-3. Proof

How do we check that the circle is passing through all three vertices A,B and C of
the triangle?

In DAOP and DBOP (figure-39(ii))

AP =PB (Why?)
+«0OPA = BOPB (Why?)
OP=0P (Common)

Hence, DAOP @ DBOP

From this we can say that,

OA=0B.... () Figure - 39 (ii)

Similarly, DBOQ @ DCOQ

Therefore OB =0C .... (ii)

From (i) and (ii), we can say that

OA=0B=0C

This means that points A, B and C are at an equal distance from centre O. So the
circle drawn by taking OA as radius will pass through B and C as well.

The point at which the perpendicular bisectors of the sides of any triangle meet is
called the circumcenter of the triangle. Here point O is the circumcenter of triangle ABC and
the circle which passes through ABC is called the circumcircle.

AngleBisector
Divide the given angle into two equal parts.
Solution:

Step-1. Atriangle ABC is given. We have to construct a ray which divides « ABC into two
equal parts.
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Think about how we can do this. We know that the angle bisector is a line which
divides any angle into two equal parts, hence both the resulting angle are equal. If we
construct two triangles in such a manner that angle bisector is acommon side in both the
triangles and the triangles are congruent (here BE=BF and DE=DF), then by the SSS
congruency both the obtained triangles are congruent. For obtaining congruent triangles we

require a point which is at an equal distance from the points on the sides BA and BC.

Step-2. Steps of constructions

1. Bytaking vertex B as centre, draw an arc of any radius which intersects BA and
BC at points E and F respectively.

Figure - 40 Figure - 41
2. Take E and F as center and radius slightly more than Y2 of EF, draw arcs which
intersects each other at D.

3. Nowdraw ray BD; this is the required angle bisector.

Step-3: Proof: How can we say that BD is the angle bisector of given angle. Let’s see.
Join D to E and F, now in triangles BED and BFD,
BE=BF (radii of the same arc)

ED=FD (radius of the same arc)

BD=BD (common side)

Hence, DBED @ DBFD (from SSS)

From this we can say that - ABD = BDBC  (CPCT)

Distance of AngleBisector franSides
Take a point P on the angle bisector. To calculate the distance of point P from sides
BA and BC, draw perpendiculars from point P on BA and BC.

Draw a perpendicular from point P on side AB which intersects AB at M. Similarly
draw a perpendicular from point P on side BC which intersects at R. Now in triangle BMP
and intriangle BRP,

+BMP = BBRP (RightAngle)

319




| €2> MATHEMATICS-10 E

2 MBP = BDRBP (Because BP is Angle Bisector)
BP =BP (Common)

Hence, DBMP @ DBRP (AAS congruency)
From this we can say that PM = PR (CPCT) )

B I R >C

Toircle Figure - 42

Step-1. Atriangle ABC is given to us and we have to
construct a circle which touches all the sides of the triangle.

How to construct

Because the circle touches all the sides of the triangle, therefore
the centre of the circle is at equal distance from all the sides. We
know that any point at the angle bisector is at an equal distance
from the arms of the angle. There are many such points on the
angle bisector of the angle ABC which are at an equal distance
from BAand BC. Similarly, there are many such points on the
angle bisector of angle BCA which are at an equal distance from
CBand CA. If we take the point O as the point at which both the
angle bisectors intersect each other then O is at an equal distance
from AB, BC and CA. Take O as centre and with radius equal to Figure - 43
the perpendicular distance between center and any side, draw a

circle. Does the circle touch all the sides of triangle ABC?

Step 2. Steps of Construction
1. Constructatriangle ABC.

2. Draw angle bisectors of angle ABC and angle BCA.
The point at which both cut each other is taken as the
centre O.

Now draw a perpendicular from the point O to side
BC which intersects BC at Q. Draw a circle taking O
as centre and OQ as radius. In the figure you can see
that this circle touches all the three sides. Hence, the
perpendicular distances AB, AC and CAfrom O are
same. \

Step-3. Proof Figure - 44

Let’s see on the base of the mathematical arguments whether
the obtained circle touches all the three sides?
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Intriangle POB and in triangle BOQ,
«PBO = BQBO
20OPB = BOQB = 90°
OB = 0B (Common)
Hence, DPOB @ DQOB
Therefore, OP = 0Q....(I)
Similarly, DROC @ DQOC
Therefore, OR = 0Q....(i1)
From (i) and (ii), we can say that
OP=0Q =0R
Now, taking O as origin and OP as radius make a circle touching all the three sides

of the triangle.

The point at which the angle bisectors of any triangle meet each other is called

incentre of the circle and that circle is called incircle.

1.

Try these
Construct incircle and circumcircle for triangle ABC when:
() AB=3cm, BC=4cm and «B=90°. Also find the radius of the incircle and
circumcircle.
(i) AB=BC=CA=6cm, where will the incentre and circumcentre be located?

(i) BC=7 cm, ~B=45°, » A=105°, where will the incentre and circumcentre be
located?

Exercise-3 ;

Construct according to the given information (use acompass)

i) Draw a perpendicular at pointp on line . —% ! oS

i) Draw a perpendicular from point Son line . :
Je— oK

iii) Draw the perpendicular bisector of line segment JK. . /

iv) Draw a line which is parallel to line | and passes through point T. -

v) Draw a line which is parallel to ED and passes through point F. ° ok e

vi) draw a perpendicular from point G on HJ.
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This can be done using measurements or proofs to check whether the constructed
figure is as per requirements or not.

2. Two line segments AB=a and RS=b are given. Now, construct according to the
given information.
(i) Draw arectangle of sides ‘a’and ‘b’. Ae 2 *B
(i) Draw asquare of Perimeter 4b.
(i) Draw a square where diagonal is equal to a. Re—L s

(iv) Draw a cyclic quadrilateral having sides aand b and included angle is g.

2L Construct a circumcircle on a right angle triangle. Find the value of the radius of
the constructed circle.

4. Construct aincircle on aright angle triangle . find the value of the radius of the
constructed circle.

5. Constructincircle and circumcircle on equilateral triangle, now calculate the incircle
and circumcircle. Are both of them located at the same point?

6. Take three non collinear points and construct a circle which pass through them.

7. Mohan want to hoist a flag at the centre of the circular ground of the School. He

has to take help from Rahul and Zoya to find the place on the field where the pole
should be fixed. Think, now they all together found the place?

What We Have Iearnt

1. Understanding a given question - Before we start working on a question, the first
step is to read the question and to see what information is given and what is to be
constructed. In some manner it is like to convert it into methematical form and
context. . Here we have to understand which one of the given information is useful
and which one is not. Which geometrical concept can be used on the basis of the
given information, this kind of thinking is helpful in understanding the question.

2. Onthe basis of given information we can draw a rough diagram and by analyzing
it we can think about ways to solve the problem. On the basis of the desired shape
is known and calculating what more things are required to about the ways how to
solve it. In this we have to think that which part of the desired shape is known now
and what more should be required to construct the figure.

3. Afteranalyzing and drawing the rough diagram, geometrical construction is possible
in a stepwise manner.

4. Attheend after the construction see whether the constructed figure meets the
requirements of the question.
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STATEMENTS

In ours daily lives we often try to logically judge statements and claims instead of
just accepting them. For example, you must have heard or seen advertisements like "you
can write faster if you use this pencil; your child will run faster if you give this tonic to her".
They say that if you want to write faster then you should use that pencil and you will run
faster by taking the tonic otherwise you will be left behind. Now the point is that how do we
check these claims and statements? In other words, how can we check their validity?

One method is empirical observation to find out how many children came first in
race after taking the tonic or height of how many children increased or writing speed of how
many children increased by using that pencil. We can analyse further on the basis of the
above observations. But will this method work in all situations? Can it be applied on
mathematical statements?

For example, read thefollowing statements: -

Multiple of a number is a multiple of all the factors of that number.
If anumber is divisible by 8 it is also divisible by 4.

0.000001 is bigger than 10-%°.

The sum of two odd numbers is always an even number.

a > w0 DN RE

The product of two numbers is bigger than the numbers.

Can we use the above described method to check such statements i.e. Is it possible
to find all the multiplies and factors of every number to check statement (1) Can we will
divide by 4 all the numbers till infinity that are divisible by 8 to check statement (2)?

It is clear that such statements cannot be checked by empirical method. Some
general method is required so that we can find that 0.00001 is bigger or smaller thatn 10-%.
Similarly, we need a rule on the basis of which the sum of two odd numbers can be shown
as an even number or product of numbers can be checked.
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Let us find a method to check these mathematical statement.
Proving M athematical Satements
Let us take some examples of mathematical statements.

Satemensabout Numbers

Satement-1: The sum of an odd number and an even number is always an odd number.
Proof : We can write any even number b as b = 2k, where k is an integer.

(By definition of even integers, since bis divisibleby2) . ... (1)
Any odd number a can be written in the form of a= 2k +, wherek isan integer.
(Adding 1toan even number givenusan odd number) ... (2)

Now by adding (1) and (2)
a+b=2k +1+2k =2(k+k)+1
=2m+ 1 where m=k+k and mis ainteger (Why?)
Since 2mis an even number.
So2m + 1is aodd number.
So, the sum of an even number and an odd number will always be an odd number.
You can see that here we proved the statement on the basis of definitions of even
integers and odd integers.
Geometric Statements

You have learnt to prove geometric statements in class-1X. For example, statements such
as "The sum of interior angles of a quadrilateral is 360°" of "If a transversal intersects two
parallel lines then each pair of alternate interior angles are equal.”

Now, we will prove another statement and try to find out key aspects of its proof.

Satement-2: If two parallel lines are cut by a transversal, each pair of corresponding
angles are equal.

Proof : Letatransversal PQ inter sect two parallel

linesAB and CD.
Here #MND and zAMN are a pair of \ iy
alternate interior angles. A< Og(\ B
And, ~MNC and ~BMN are another pair of alternate ~ ©< N >D
interior angles.
Q

We have to see if ~MND = 2 AMN and
BMNC = ~BMN
Since «PMB and «MND are corresponding angles
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N\ DPMB = ~MND (Bycorrespondinganglesaxiom) ... 1)

And 2PMB = 2AMN (By vertically opposite angle theorem) ..... @)
By (1) and (2)

/MND=2AMN (3)
Similarly,

/MNC=«BMN (4)
So, here both the pair of alternate interior angles are equal.
Key Aspects of the Proof
Read both proofs given above carefully and list out the key aspects which are used to prove
these statements.

Madhavi says that she find three key aspects of proof:-

1. We have made use of previously drawn results such as theorems, definitions or
axioms to prove both the statements.

2. Each statements of proof is logically joined with previous statement.

Special type of symbols and signs are used to write the statements and long
statements are written in brief by the use of these symbols and signs.

Do you agree with Madhavi?

||| CAE

1. "Thesum of interior angles of a quadrilateral is 360°."

Prove this statement and find out all three key aspects of the proof.

|I Think and Discuss II’
|

Read the proof of the two statements given above, which we have proved, and
discuss the following questions in the class:-

1.  Whichdefinitions, theorems and axioms were used?

2. Listoutthose signs, symbols which are used while proving the statements.
Under standing Pr oofs

Let us try to understand how the all three key aspects given above help to read,
understand and write proofs.

1. Useof " Definitions, previously drawn theoremsand axioms' .

If a statement is given to you to prove, how will you start?
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Obviously for this you need all those known information on the basis of which the
statement can be proved. This information can be postulates, definitions and proved
statements. Therefore, to prove a statement first you need to think which information you
have, so that you can use the information in appropriate situations.

In the chapter on similarity we used AA criteria to prove SAS nad SSS theorem of
congruency in two triangles. Similarly to prove that /2 isan irrational number, we used

definition of rational numbers and to prove that adjacent sides of a parallelogram are equal
we used the theorem "pair of alternate angles”.

" Try These

Find out the definitions which we used to prove the statements given above.

2. Deductive Reasoning

It is important to think while proving a statement that what is the basis of writing one
statement after a previous statement. To prove mathematical statements, we need
information of previously known definitions and postulates and proved theorems.

1. Write the deductive statement of the following statements:-
"l'and mare parallel lines"

We know that there is no common point in parallel lines by the definition of parallel
lines (Reasoning).

Therefore, we can say that if | and m are any two parallel lines then there will not be
any common point on them. (Deductive statement)

Let us consider another example.
2. Ifa+5=bandc=D
thena+5=c.so, a=c-5

3. In both the examples given above on the basis of definitions and postulates a
statement is deduced from the previous statement. Similarly we deduce a statement
from the previous statement on basis of proved A
statements and theorems.

Let us take an example:-
In DAOB and DPOQ, , AOB = , POQ,
OA=0Pand OB=0Q Q
On the basis of SAS congruency theorem we can say that
DAOB @ DPOQ
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4. Deductive reasoning helps in reaching from general truth statements to specific truth
statements. For example, if we prove that product of two odd numbers is an odd
number once then if we know the given numbers are odd, then we can say that the

product of two odd numbers is an odd number without multiplying them.

7428391 x 607349 will an odd number because 7428391 and 607349 are odd
numbers.

||| ERRIE

1. Prove that - the sum of any two successive odd numbers is a multiple of 4.

2. Write the deduced statement on the basis of given statements:-

Statement-a : Square is a rectangle

Statement-b : Rectangle is a parallelogram.
Statement-c : Chord AB makes ~ APB on perimeter of circle.

3. If ABCE and PQRS are two rectangles then what we can deduce about their
angles, sides and diagonals? What we can say about their congruency and
similarity.

Can we prove mathematical statements by measuring and cutting

While learning mathematics, we often accept some facts at a general level by
measuring or considering some specific examples. The sum of the interior angles of atriangle
is 180°. To show this we either measure the angles or cut the corner of triangle and put them
together to show that sum of interior angles is 180°. But it is not the proof of this satement.
By showing it we can't generalise this statement for all the triangles.

We know that the sum of interior angles of a triangle is 180°. This is a theorem
which isageneralised statement applicable onall triangles. Suppose you measure the angles
of atriangle and the sum of angles is 180° even then we cannot say this is true some any
other triangle. We cannot repeat the same process for all triangles. Further, if sum of the
angles is more or less than 180° then we say that it is not measured properly. We say this
because we know that the sum of angles of a triangle on a plane surface is 180° and this can
be generalised also so that it is true for all triangles.
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In mathematics, to prove a statement deductive reasoning is used so that any
statement can be checked and established true in a generalised form. For example imagine
atriangle, shape and measurement of whose angles is unknown. The conclusion for this

triangle will be applicable for all triangles.
Theorem-1: The sum of interior angles of atriangle is 180°

Proof : Atriangle PQR isgivenwhoseangleare X, P
21, 22and £3.

ToProve: 21+ 22+ ~3=180°

R

Construction : Drawaline XPY parallel to QR and passing through point P so that we can
use the property of parallel lines.

Infigure,
24+ 21+ 25=180°(XPYisalinep ... (1)
¢24=,2and 25= 23 (Pairofalternateangles) ... (2
On putting the value of z4and ~5in (1)
P2+ 41+ 3=180° L. 3)
So 21+ 22+ ,3=180° . 4)

We can say this is true for any triangle, for different values of «1 and 2 and
different length of PQ and QR, etc.

I"! Try These !

Provethat

1. Theexterior angle of atriangle is equal to the sum of two interior opposite
angles.

2. Iftwoangles of atriangle are equal then its two opposite sides are also equal.
The diagonal of a parallelogram divides it into two congruent triangles.

4. Ifintwo right triangles, the hypotenuse and one side of the first triangle are
equal to the hypotenuse and one side of the other triangle, then the two triangles

are congruent.
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3. Writing exact, brief and clear mathematical statements by using
mathematical language.

Read this property of natural number
n+n,=n+n, “n,n, I'N Q)
Can you tell which property of natural numbers is described?

This statement tells about the commutative property of sum of natural numbers. In
other words we can say that even if we change the order of two natural numbers, their sum
will remain the same. The same is written in brief with the help of letters, symbols or signs in
the above statement. The two natural numbers are denoted as n, and n,. And there are two

new symbols **and T.

This small statement tells us that the sum of two natural numbers does not depend
onwhat is added to what. It means that we can replace the value of n, and n, by any value
of natural numbers and we get n, + n, =n, + n,, for every value of natural number.

Similarly we can also write law of commutative property for multiplication.

Now read the definition of rational numbers which is written with the help of letters
and symbols.

Q:E Where p,qT1&q20

. ) ) . Y i
In words, "can write any rational number in the form of a where p, qare integers

and the value of g isnot 0.

||| GHRLE

Write in words the following mathematical statements:-

()] am™xa"=a™" amneN

@  px+y)=px+py vpxyeR
(i) Write all properties of natural numbers in symbols.
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Symbolsand M athematical Satementsin Mathematics

Definitions, properties and rules are written in brief by the use of mathematical language. If
we will not use mathematical signs, symbols while proving and writing mathematical statements
will have to write more and more. Mathematical language use signs to write a statements in
accurate form. So using mathematical language is both necessary and helpful while proving
theorems.

Generally many signs are used in mathematics, here are some signs and their

meanings.

S.No. Sgn M eaning
1. = Isequal to
2. < Lessthan
3. > Greater than
4. \ Therefore
5. Since
6. L Is not equal to
7. ' Forall
8. T Belongs to
9. T does not belong to
10. = Issimilar to
11 @ Is congruent to
12. = Implies
13. I Is parallel to

Example-1.  Write the following literal (word) statements as mathematical statements:-
(A)  Commutative property is not satisfied while doing subtraction of integers.
(B)  Thesquare of an integer is greater than or equal to that number.
Solution:  (A) a-blb-a "abT]l
To write this mathematical statement we use two variables aand b and the signs 1,

—_

ll, I .
B) x*=3x xTN
Here x denotes a natural number.
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| I | Try These

Writemathematical statementsfor thefollowing:-

(1) Onmultiplying an integer by 1 we will get the same integer.

() The sum of two sides of atriangle is greater than the third side.

(i) The sum of two fractional numbers is also a fractional number.

1.

2.

m‘
< Exercise-l _—

State whether the following mathematical statements are true or false. Justify your
answers:-

© © N o gk~ bR

The sum of interior angles of a quadrilateral is 350°.

x23 0 for areal number x.

The sum of two even numbers is always an even number.
All prime numbers are odd.

3n+1>4, wherenisanatural number.

x2>0, where x is a real number.
(a+b)+c=a+(b+c) "abcTN
(p-q)+r=p-(q+r) "pgrrQ
(X+y)—z=x+(y-2) "xVyzIR

Some axiom, theorem and definitions are given in the following table. Read carefully-

Whole is greater than part (Axiom)

If all three sides of a triangle are different in measure, then that triangle is
called a scalene triangle. (Definition)

If nisan odd integer then it can be expressed as, n=2k + 1, where k is any
integer (Definition).

Two triangles are congruent if the three sides of one traingle are equal to the
corresponding three sides of the other triangle (Theorem)

If two things are equal to the same third thing then they also equal one
another. (Axiom)

@

Write possible conclusions on the basis of the above statements for the
following statement.

Intriangle RSTand XYZ, RS=XY,ST=YZand TR=ZX.
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(We can deduce this conclusion on the basis of statement —4 that DRST @ DXYZ)

. AB
(i) - = AC

. k+5 —
(D] I:7and2m:k+5,where k,land m I R

(v)  In DDEF, DETEF1FD
) 141 isan odd integer.
3. If n, and n, are two even integers and k, and k, are any two integers then,

(i) Write n, and n, in the form of k, and k, respectively by using definition of
even integers.

(i)  Write the product n n, inthe form of k and k..
(i)  Writen +n,inthe formof k andk,.

(iv) Isn, x n, even number or odd number? Why?
) Is n_+n, even number or odd number? Why?

4. If ax?+ bx + ¢ =0 isa quadratic equation where a, b, ¢ T Rand a 1 0 then which
of the following equations is a quadratic equation. Give reasons.

(i) ax’—bx+c=0 (i) bx+c=0 (i) ax’+c=0
(ivy, ax*=0 v) bx =0

5. Definition of rational number (Q) is given below:-

:g where **p,q T land g0

(i) Write the definition of rational number in words.
: 6 .
(i) Is 0 arational number?

81
(i) Is T rational number? Give reason on the basis of given definition.

b+9 —
(iv) If —— isarational number, where a, b I N (Natural numbers), then

which value of a is not valid here? Why?

2+7

q°-25
g (Use definition).

) If is a rational expression then here, 5 and -5 cannot be values of




i Proof of Mathematical Statements <3> —

Methods of Proving Mathematical Statements

So, generally we prove mathematical statements by deductive reasoning. Let us
consider some more examples:-

"If DABC isan equilateral triangle then it is also an isosceles triangle."”

Ifatriangle is equilateral then its three sides are equal. It mean that if all its sides are
equal then its any two sides will also be equal. So, it would also be isosceles.

Let us now try to express these facts into symbolical form.
A DABC isatriangle.

B: DABC s anisosceles triangle.

Now, if statement A is right then statement B is also right.

So, we expressed it in the following way.

A= B (wereaditas"if Athen B" or’Aimplies B).

Here = this symbol stand for implies.

||| AL

1. Write some more statements of this type which we can prove by deductive
reasoning.

2. Does A= Balsoshowthat B = A? Give reason.

Useof Implies
Let us consider some examples.

Statement-1: Ifx¥*=4thenx=2,-2

A:x* =4

B:x=4+2

We know that if x* = 4, then values of xwillbe 2and -2. SoA= B
Satement-2: If misamultiple of 9 then mis also a multiple of 3.

A:misamultiple of 9

B: misamultiple of 3

We know that if a number is multiple of 9 then it will be also multiple of 3. SoA= B.
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||| QA

Find out appropriate logical relation in the following statements and use sign (= )
to express them.

1. P:Quadrilateral ABCD is arectangle.
Q: Quadrilateral ABCD is a square.

2. A:PointP,liesonline land m.

B : Lines land mare not parallel.

Proving Some M ore Satements

Now we prove and test those statements which we can't prove directly by deductive
reasoning.

Satement-3: Square of an odd number is an odd number.
Proof : Letnbe an odd number then
n=2k+1
(By the definition of odd numbers we know this)
On squaring both sides,
nz=(2k + 1)?
(2k+1)>=4k*+ 4k + 1
=2(2k2+2k)+1 (Since, 2k? + 2k is also an integer, so say b = 2k? + k)
=2b+1
Son’= 2b+1
Since 2b is an even number therefore 2b + 1 will be an odd number.
Clearly, square of an odd number is an odd number.

Statement-4: Provethat (/2 isirrational.
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To prove this statement first of all we will assume that /7 is rational. By the use of
definition of rational numbers we will reach the conclusion that /2 is not a rational number.

By this, /2 will be proved as irrational number.
Let us consider the proof of this statement.

Proof : Let us take the adverse of statement as true, that is, \/2 isa rational number. Then

according to definition of rational number,

\/5:% where a,bT1, h1Q oo (1)
aand b are also prime.
On squaring both side in (1)
2 a\?
2 =3
b2 —=a2 @)
2m =a? Where m=p2, mTI

2m = (Zn)2 Where a =2n,nT 1 (If a?isan even number then a which is an

integer will also be even)
Now, on putting value of a in equation (2).
2b? = (2n)? I b? = 2n? (Suppose that n? = p isany integer)
\b?>=2p where pTI
(So, p? isanevennumber therefore b which is an integer will also be an even number)
P b=2q where qTI

It means, a and b have at least one common factor, therefore a and b are not
coprime. But this contradicts the fact that a and b are coprime. So this proves that

/2 isanirrational number.
So, we conclude that /2 isirrational.

This method of verification is called proof by contradiction. In this method we assume
that the contradictory statement of the given statement is true and then we logially try to
prove the assumption wrong. As a result, the actual statement is proven true. Thus, this
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method is often used to prove statements. As you may have understood, we assume the

negation as true.

Negating a statement is called negation. For this we use a special symbol. Negation
of statement P is denoted by ~P (it means tilde P).

Lets consider some examples:-
1. P :xandy both are integers.
~P :both xand y are not integers.
2. B : Line segement AB is perpendicular on line segment PT.

~B : Line segment AB, is not perpendicular on line segment PT.

||| GRS

State the negations for the following statements.

1. C : Atangent intersects a circle at one point.

2. D : Arithmetic mean is greater than geometric mean.
3. R : b?—a?isanegative number.

Testing of Satements: Sometimes, itis not to easy to find logic while deducing statements
and not easy to prove them. Sometimes statements are not correct and have to be proved
false. How do we go ahead to prove a mathematical statement as false?

Satement-5: All prime numbers are odd.

We find that it is difficult to find a logicial connection in this statement because there
is no fixed pattern to finding prime number. Itis clear that it is not possible to examine truth
criteria for infinite prime numbers. But if we find any prime number which is not odd, then
this statements proved false. There isa counter example. 2 is one prime number which is not

odd. So given statement is false.

Find counter examples for following statement.
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Satement-6: **x TR if x?isarational number then x is also a rational number. In this
statement, if X =2 which is a rational number then we will get x = ./2 whichis not
arational number. So, only one example has proved this statement false. We can
find more examples for this.

Notice that a statement can be disproved by just one counter example. Because in
mathematics, a statement is generally accepted if and only if it is valid in every situation.
Therefore, if astatement is disproved in asituation, then it is false. This is said to bedisproving

by counter example.

I"I Try These ‘

Find one or more counter examples for the statements and disprove them.

a. Product of any two positive rational numbers is greater than both the rational
numbers.
b. All similar figures are also congruent.

Example-2.  Prove that 2k + 7 is an odd integer where k is any integer.
Solution : If nisan odd integer, then we can express n = 2k + 1 where k is any integer.

We have to prove that n = 2k + 7 is an odd integer *" k T |

n=2k+7

=2k+6+1

=2k+3)+1 e (1)
let k+3=m "mTl e (2)

By (1) and 2) n=2m+1
n=2m+1 isanodd integer **m T | (Accordingto definition of odd numbers)

Clearly 2k + 7 is an odd integer.
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H
- Exercise-2 >
1. Use mathematical symbols to write the following statements
A Integers are closed under multiplication.
B. The subtraction of rational numbers is not commutative.
2. Give the answer on the basis of instructions for the mathematical statements.

A Statements:n33n  ""nTQ
(i) Write this statement in words.
(i) Is this statement true?
(D] For which numbers is the statement true.

: 2 . .
(iv)  Canwetake n= 4 in this statement?

(1) Write this statement in the form of 'if-then’.
(i) Is this statement true?
@iy  Isstatementtrue ifwhenx TN

3. State whether the following statements are true or false. Give the reason for your

answers:-

()] All polygons are pentagons.

(i) All hexagons are polygons.

@)  Allevennumbersare not divisible by 2.
(iv)  Some real numbers are irrational.

) All real numbers are not rational.

4. Itis given that ABCD is a parallelogram and ~ B = 80°, then what can you say
about other angles of the parallelogram?
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5. Prove that 4m + 9 is an odd integer where mis an integer.
6. Write negation for following statements by using appropriate symbols:-
A. M: /7 isanirrational number.
B. A:6+3=9
C. D : Some rational numbers are integers.
D. P: Triangle PQR is equilateral.
7. Find logical connections in the following statements and write them by using (= ):-
A A Allinterior angles of a triangle DABC are equal.
B : Triangle DABC is an equilateral triangle.
B. T:P@)=0
S: (x—a) isafactor of the polynomial (x)
C. P :xandy are two odd numbers.

Q :x+yisanevennumber.

Contrapositive

Some statements are difficult to prove. In given form, consider the following

statements:-

A, : Iftwo triangles are not similar then they are also not congruent.
This statement can also be written as:-

A, : If two triangles are similar then they are also congruent.

A, : Iftwo traingles are not congruent, they are also not similar.

A, Iftwo traingles are congruent then they are also similar.
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Now explain, which are comparable statements in the four statements given above?
Obviously statements A, and A, are comparable statements, because these two statements
logically express the same fact and this is their contrapositive form.

Although statements A, and A, logically express same fact but in statement A, it is
easy to find logic and use it as compared to statement A,. Statement A, is contrapositive
form of statement A. So, to prove some statements we have to convert them into

contrapositive form.

Example-3.  Write contrapositive form for the following statements:-
If anumber isdivisible by 25 then it is also divisible by 5.
Solution': If anumber is not divisible by 5 then it is also not divisible by 25.
Example-4.  If x2—6x+ 5 is even, then x is odd. Where ** x T z
Solution': Let us express this statement in contrapositive form.
If x is not odd, then x2— 6x + 5 is noteven. "* x T z
Now x is not odd = X is even
x=2k kTz (According to definition of even integers)
X2-6x+5 P (2k)? - 6(2k)>*- 6(2k) + 5
ba4k>-12k+4+1 P 2(2k*-6k+2)+1
P 2b + 1 where b = 2k*— 6k + 2 and b is an integer (b T z)

According to definition of odd integers we can say that 2b + 1 is an odd

integer.

It means, if x is not odd, then x?=6x + 5 is not even
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1
_ Exercise-3 >
1. Prove that the sum of interior angles of a polygon with n sides whose all angles are
& 3600
equal isn g180-—; wheren 33,
g n f

2. Prove that the sum of n term of an A.P. is 3p? + 4p, if the n™ term of that AP is

6n + 1.
3. Prove that the sum of three successive even integers is always a multiple of 6.
4, Prove that 8 is a factor of (2n + 3)?— (2n—3)?, where n is a natural number.
5. Prove that if the sum of squares of two successive whole numbers is divided by 4,

then remainder always comes as 1.

What We Have L ear nt

1.

For proving statements:-
0] We use previously proved theorems, definitions and axioms.
(i) Each statement of proof logically connects with the earlier statements.

(i) During the writing of statements we use specific symbols so that large
sentences can be written in brief.

We can write brief, clear and exact mathematical statements by using mathematical
language.

" T,0 etc.are some symbols of mathematical language.

Methods of proving mathematical statements are:-
0] Deductive - reasoning.

(i) By counter example.

Answer Sheet

() False (i) True @y  True
(iv)  Flase V) False (vi)  False
(vii)  True (vii)  False (iX)  True.
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2. () DRST @ DXYZ (By Statement-4)
(i) AB >AC (By statement-1)
(D) | =m (By statement-5)
(v)  DDEFisascalenetriangle (By statement-2)
) 141 =2 x 70 + 1 (By statement-3)
3. (i) n, =2k n,_2k,
@ n xn,=(k xk)
@ n+n,=2(k +k)
(v)  n,+n,=2(k, xk,) =2k, according to definition of even numbers.
V) Even number.
4. Inall (i), (ii), (ili)a*0
5. (if) No (i) Yes (v) a=5isnotvalid

v qTI-{5-5}

1. 0) ab=c"™abcTI i p-9rg-p"p.qTQ
2. A. ()] Cube of arational number is greater than that number
(i) No
(i)  Trueforn TN
(iv) No
v) No, cube of a negative number is smaller than that number.
B. (0] If square of a number is 1, then the value of that number will be 1.
(i) Yes
@  No
3. () False (i) True  (iii) False (iv)  True (iv) False
(vi)  False
4. <A =100°, «C=100°, «D=80".
6. ()] ~M: /7 isnotanirrational number
(i) ~A:6+319
@)  ~D:Some rational numbers are not whole numbers.
(iv)  ~P:Triangle PQR isnotequilateral.
7. ()] A= B,B= A (i) S= T, 1= S (i) P=0Q

©




SURFACE AREA AND
VoLumE of SoLips

Introduction
We live in athree dimensional world. If we can see and touch a 3-D figure then we can
measure its length, breadth and height. Many times we need to measure some other aspects
of these figures such as volume, area etc. For example, while buying-selling land we need to

know the area; to know how much material is needed to make a statue we need to know
the volume etc.

Before we learn how to find the area and volume of 3-D shapes, let us open them
up.

Surface Net for Making 3-D Shapes

Kamli and Mangi had a cubical box made of cardboard.
They cut the edges of the box using a pair of scissors as
shown in figure —1 and spread it out (figure-2). They
discussed with each-other about the shape of the open
box. After some time, they joined the edges of the box .
again using cello-tape and were very happy. They showed Figure - 1 Figure - 2
the box to Mangi’s father and talked about what they had

done.

Mangi’s father was very pleased with their work. He asked if the box could be
opened in any other way. Kamli and Mangi opened up the box in a different way and got the
shape shown in figure-3. They immediately tried to make the box again using the new
shape.

Mangi’s father asked the two children to cut one corner of the cubical box to
make other open shapes. The children made the shapes shown below.
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Mangi’s father discussed different ways of getting various shapes. In this activity, we saw
| | | that when we cut along the edges of a cubic cardboard box and spread it out, we can
many different shapes. These flat figures are known as surface net of cubes. The surface

Figure - 3

Figure - 4 Figure - 5 Figure - 6

net of a three dimensional figure is two dimensional. Figures-5 and 6 represent two surface
nets of the same cube. Can we obtain more surface nets for this cube?

Try These

1. Take several cubical cardboard boxes and open them in various ways by cutting
their edges. How many different open flat figures did you get?

2. Draw the surface net for a cube. We can get 11 different surface nets for a single
cube.

How many surface nets are possible for a cuboid?
3. Using cardboard, prepare a cubical box with sides equal to 4 cm.

4. Using cardboard, prepare a cuboidal box with sides equal to 12 cm, 6 cmand 8
cm.

Parts of a Cube and Cuboid
(i) Face, Edge and Vertex

We have already learnt about cube, cuboid and cylinder in previous classes. In this
chapter we will learn about different parts of cubes and cuboids.

See the figures of cube and cuboid given below. Here

H e : vV ABCDEFGH isa cuboid and PQRSTUVW is a cube.
¢ - 8 A . The nomenclature cube and cuboid is based on the
F N 4 U vertices of the figure.
D A s P
Figure - 7 Figure - 8 Can you count the faces, edges and vertices of

the cube and cuboid and name them?
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What is the relation between the faces and vertices of a cube and a cuboid?
Look carefully at figures-7 and 8 and discuss with your friends. Write your answers in

your notebook. Some points related to ABCDEFGH are given below:
e The cuboid has 8 vertices and these are A, B,C, D, E,F, Gand H

e Acuboid has 12 edges. Opposite edges in a cuboid are equal. For example, in the

cuboid given to us edges AB and CD and EF and HG are equal.

e Acuboid has six faces. In the given figure, the six faces are ABCD, EFGH, AFGB,
DEHC, AFED and BGHC. ABCD and EFGH are equal to each other. Similarly,

AFGB and DEHC are equal.

Look at figures-7 and 8 and tell which of the edges are equal and which of the faces

are equal.

(i) Diagonal of a Cube and Cuboid
A teacher asked her students: What is the shape of a chalk box or H

aclassroom? All the students answered that they are like cuboids. ¢

Then the teacher called five students and asked them to place a C
pencil inside the chalk box. The students found out that the pencil E
did not fit in the box if it was laid flat on any of the faces.

Suppose ABCDEFGH isachalk box. If wetryto place D
the pencil flat on face ADEF (the bottom of the box), it will not fit

because the length of the pencil is more than the length of the box. So, does this mean that
the pencil cannot be put inside the box? What if we put the pencil in such a way that its ends
are towards Aand E or D and F? If we put the pencil on ADEF in such a way that it lies
along AE or DF then it is possible that the pencil may fit in the box because the length of AE

and DF is more than the lengths AD or DE.

(Take another cuboidal box.) If the pencil still does not fit after placing it along AE

then is there any other way to place the pencil in the box so that it fits?

If we put the pencil in such away that its ends are on Hand Aor G and D
then it more probable that the pencil would fit in the box. This means that this distance
is the longest length inside the box. These lengths (AH and GD) are the space
diagonals of the given cuboid. In cuboid ABCDEFGH, the apace diagonals are AH,
GD, FC and EB. The distance between two opposite vertices of any face of the
cuboid is called face diagonal.

G
‘: 2
N N =
A
H G
d B

dg

Figure - 9

Now the teacher asked the students to look at figure-9 and then take a cuboidal
box and measure the lengths correspondingto d,, d,, d, and d, inthe figure using a thread.

172
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Which of the lengths is longest? What will we call these distances?

d,, d,, and d, are the diagonals but what is d,? Can we call it a diagonal? It is also
adiagonal but different from other three because it does not lie along any of the faces of the

cuboid.

Thus,d,, d,,d,and d, areall diagonals but of two different types. d., d., and d,
lie along the face of the cuboid and are known as face diagonals while d, is present inside

the space and is called diagonal of cuboid or space diagonal.

Face and Space Diagonal
If we look at the cardboard box we will find two types of diagonals — one type along the
faces of the cuboid and the other type which covers the entire cuboid. The diagonals on the

face of the cuboid are called face cuboids and the one which is present inside the three
dimensional space of the box is called space diagonal.

In geometry, the face diagonals of a cube or cuboid are line segments which

connect the vertices on the same face while space diagonal connects vertices of

different faces. In the given diagonal (figure-10), AH is space diagonal of the
F cuboid while AC is a face diagonal.

Figure - 10 We can obtain 16 diagonals in a cube or cuboid of which 12 are face

diagonals and 4 are diagonals (or space diagonal) of the cuboid.

Try These
Draw a cube and cuboid and name their diagonals. Separately count the diagonals
for the cube and cuboid and see how many are face and how many are space diagonals.

FINDING ouT THE DiAGoNAL oF CuBe AND CuBoOID

Cubaid
Given aroom, we have to place a bamboo which is longer than its height, breadth or length
inside it. Suppose we know the length, width and height of the room and also the length of
the bamboo then can we find out whether the bamboos would fit in the room or not? How
can we find the maximum length of any object so that it can fit in the room? That is, we need
to know the relation between the space diagonal and length, width and height of a box to
know the maximum length of any pencil, twig, or piece of paper which can be fitted inside it.
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We have already studied about cube, cuboid and their diagonals. Now we need to find out

how to calculate the length of diagonals given the sides of a cube or cuboid.

FaceDiagonal

How will we find out the length of a face diagonal?

We know that AADC is a right angled triangle in which AD = a unit or DC =c unit.

Therefore by Bodhayan-Pythagoras theorem:
AC=./AD? +DC?
dy= Va?+c?
Thus, length of face diagonal =AC = v/a? +¢? unit

Similarly we can find out lengths of face diagonals AE or AG
AE =0,= /a? +p? unit
AG=03= \/p?4+¢? unit

H

b

S~y

a
Figure - 11

Hence, the cuboid in which all the sides are of different lengths have diagonals of

three different lengths.

DiagmalsofaCuboid

In the given cuboid (Figure-11) the lengths of sides are a units, b units and units respectively.

AH is one of the diagonals of the cuboid.
In the figure-11, AE is a face diagonal and its length is /52 +p? unit

Inaright angled triangle (Figure-12). We can calculate the length of the
diagonal AH by Bodhaya-Pythagoras theorem.

AH =+/AE* +EH’
= J(@*+b?*)+c?
=ya?+b?+c?
.~. the length of the diagonal, AH =

=ya?+b?+c? unit

-12
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H.

Hence, length of the space diagonal = \/ (Length)? + (Width)? + (Height)* Unit
Are the lengths of the other 3 space diagonals same? Identify these diagonals.
Diagonalsare........... ) e ,and...........

Find their lengths by using the Bodhayan-Pythagoras theorem.

Cube
If aside of given cube is ‘a’ units then length of the face diagonal = /32 + 52
= /2a?
= a4/2 Units

All the face diagonals of the cube are of same length.

Space diagonal of thecube = /32 4+ 32 + 32

= {/3a?

= a./3 3018

Example-1.  Inacuboid, the length is 10 cm, breadth is 4 cm and height is 5 cm. Find
the length of the space diagonal of the cube.
Solution : Length, breadth and height of the cuboid is given, we have to calculate the length
of the space diagonal of the cuboid.
We know that

Ei5 cm

Diagonal of the cuboid = ./(Length)? + (Width)? + (Height)?

£ = J(L0)* + (4)* + (5)°

10 em

Figure - 13

v100+16+25
V141

11.87¢cm
Hence, the length of the space diagonal of given cuboid is 11.87 cm.

Example-2.  Calculate the lengths of face diagonal and space diagonal of a cube having
each side equal to 6 cm.
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Solution : Side of the cube is 6 cm (given). We have to calculate the length of space

diagonal of the cuboid.
We know that face diagonal of the cuboid = g./2 unitwhere ais the side of the

cube.
Hence, face diagonal of the cube = gJ2.Cm
Since space diagonal of the cube = a./3 unit
Hence, diagonal of the cube = g/3Cm
Exercise-1
1. A cuboid is of length 8 m, breadth 4 m and height 2 m. Calculate the lengths of all
the diagonals.
2. Calculate the length of face diagonal of the cube whose side is 12./3 c¢m long.
What is the length of the space diagonal of that cube?
3. Calculate the length of the possible longest pole which can be placed in aroom of
length 10 m, width 10 m and height 5 m.
GAdinder
Cylinder is a 3-dimensional figure in which 2 similar and congruent circular Base
surfaces are joined to each other with the help of a curved surface. L
Pipes, tubelight, etc. are some examples of cylinders. h s
The perpendicular distance between the circular surfaces is called the ~ Height —
height of the cylinder and the circular surface is called base of the cylinder. The ~ Base
line segment which joins the centers of the two circular surfaces (base) is called Figure - 14

axis of the cylinder.

Typesof Cylinder
Right Circularor(oliqueCylinder

When the two bases lie exactly over each other and
the axis is perpendicular to the base then the cylinder eight Height
is called a right circular cylinder. If the base of the
right circular cylinder is slightly shifted so that axis is

no longer perpendicular to the base then it becomes

an oblique cylinder (Figure-16).

Right Circular Cylinder Oblique Cylinder
Figure - 15 Figure - 16
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Netof Cylinder

Take one cylinder where both ends are
g~ _ @ . y _ Ot €
< o 11 closed. Let the radius of this cylinder be
: ! ‘r’ and height be *h’ units. When we cut
N ( \ the curved surface of the cylinder and
Figure - 17 Figure - 18 -/ sprefa\d it out (figures- 18, 19)_ then we
Figure - 19 obtain the surface net of the cylinder.

In the net obtained of cylinder, the length of rectangle (curved surface of cylinder) is
2zr unitand breadth is (height of cylinder) h units. The radii of the two circles is ‘r’ unit.

Try These

1.  Make the net of a cylinder whose height is 7 cm and radius of base is 2 cm.

2.  Takeasheet of drawing paper and make a cylinder of height 7cm and radius 2 cm.

SurfaceArea of Right CircularCylinder

@ The net diagram of a cylinder of radius ‘r’ and height ‘h’ will
look similar to the one given in figure 20(ii). In this example,

h . 2mr : .. thewidth of rectangle is equal to the height of cylinder, h
and length of rectangle is equal to circumference of the

Q circle, 2nr .

Figure - 20 (i) Figure - 20(ii) Hence, area of the curved surface of cylinder = Area of
rectangle

= 27rh ynit
And total surface area of the cylinder = Area of curved Surface +Area of both bases
=2nrh + 7ur® + e’
= 2nrh + 2nr?
= 2nr(h +r) Square unit

Where r is radius of circular base and h is height of cylinder.

Volureof aRight CircularCylinder

We know that volume of a cuboid is can be obtained by multiplying its height with the area
of its base. The shape given in figure-21 isacuboid. If we increase the number of sides from
4to5and so onwe can see a gradual change in shape from figure-21 to figure-22. You will
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observe that it will change slowly into a right circular cylinder because the base is gradually
becoming circular. When the number of sides becomes infinite then this base changes into a
circle and the whole figure becomes aright circular cylinder.

wae’ &

Figure - 21 Figure - 22

Therefore, we can say that we can obtain the formula of volume of a cylinder from
that of a cuboid. Volume of cylinder is the product of the area of its base and its height.

Let ‘r’ be the radius of the base and “h’ be the height, then
\olume of cylinder = Area of its base x height
=nr’xh
= 7r’h unit cube
Try These

1. Take asheet of paper. Make a cylinder by folding it along its length. Find the area

and volume of the figure obtained. Now fold the same sheet along its breadth and
find the area and volume. What can you say about the obtained volume and area?

2. Take some Rs. 5/- coins and form stacks of different heights by arranging them one
above the other. Now, calculate the area and volume of the obtained figures. How
many techniques can be used to calculate the area and volume?

Calculationof Curved SurfaceandVolure

Often cylindrical vessels are used to measure volumes. At other times we have to calculate
how much metal is needed to make a cylinder or what is the amount of paint needed to
colour a cylindrical surface? Or, how much paper is needed to cover it completely? For all
of this we have to calculate the curved surface area and volume of cylinders. Let us see how
this can be done.

Example-3.  The circumference of the base of a right circular cylinder is 44 cm. If the
height of the cylinder is 10 cm, calculate the curved surface area and volume of the
cylinder.

Solution : Lets “r’ be the radius of the base of a cylinder and “h’ its height.
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Given, height of cylinder, h=10 cm.

Circumference of the base of cylinder 2mr=44cm

44
r=—

21

44 7
[=—x—

2 22
r=7 c¢m

Area of curved surface of cylinder = 2nrh
=2x g x7x10

Area of curved surface of cylinder =440 sg.cm.

Volume of cylinder = nr*h

:%x?x?xlo

\Volume of cylinder = 1540 cmg.

Example-4.  Two right circular cylinders of same height have their radii in the ratio 3:4.
Find the ratio of the volumes of the cylinders.

Solution : Letthe radius of the cylinders be r, and r, respectively and height be h (Why?)
Because, the ratio of the radii of cylinders is 3:4,

3

.. _l
r, 4
Or r, =3r,1, =4r (Why?)
Hence, volume of first cylinder = =r,*h

And, volume of second cylinder = rr,*h

2 2
wh o

a
2 2
n,hor,

7Trlzh _ (3r)2

wh - (4r)’
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or?
" 1617
9
16
Example-5. Forascience project, Aisha has to make kaleidoscope with chart paper so
that its surface is cylindrical. What would be the area of chart paper required by her
if radius of kaleidoscope is 2.1 cm and height is 20cm?

Solution : Given
Radius of Kaleidoscope, r=2.1 cm.
Height of Kaleidoscope, h =20 cm.
Required Area of chart paper = Area of Kaleidoscope
=2mnrh

= ZX%X 2.1x20

—264 S0.cm

Exercise - 2
1. Radius of the base of a cylinder is 14 cm and its height is 10 cm. Find the area of the
curved surface and total surface area of the cylinder.

2. The area of curved surface of cylinder is 3696 sg.cm. If the radius of the base of
cylinder is 14 cm then find the height of the cylinder.

3. Area of curved surface of a cylinder, whose height is 14 cm, is 88 sg.cm. Find the
diameter of the cylinder.

4. Diameter and height of a cylindrical pillar are 50 cm and 3.5 m respectively. Find
the cost of painting the curved surface of pillar ata rate of Rs. 12.50 per mz,

5. The diameter of aroller is 84 cm and its length is 120 cm. It takes 500 complete
revolutions of the roller to level a playground once. Find the area of the playground
inmz,

6. Find the volume of cylinder if its radius is 3 cm and height is 14 cm.

7. The area of the base of a cylinder is 154 sg.cm. and height is 10 cm. Find the
volume of the cylinder.

8. The circumference of the base of a cylinder is 88 cm and height is 10 cm. Find the
volume of the cylinder.
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9. Volume of a cylinder is 3080 cm3 and its height 20 cm. Find the radius of the
cylinder.

10. 11 ljuice is filled in a cylindrical vessel of height 35 cm. Find the diameter of the
jar. (1 1=1000 cm3)

11. Acthin cylindrical tin contains 1 litre paint. If diameter of the tin is 14 cm then what
is the height of the tin?

12.  Apatientinahospital is given soup daily in a cylindrical bowl of diameter 7 cm. If
the bowl is filled with soup to a height of 4 cm, how much soup the hospital has to
prepare daily to serve to 50 patients?

13. A 18mlongthinwire is drawn by melting a copper rod of diameter 1 mand length
8 m. Calculate the thickness of the wire.

14.  Awell has been dug whose radius is 7m and which is 20 m deep. A22m x 14 m
platform has been constructed from the soil excavated when digging the well. Find
the height of the platform.

15. How many coins of diameter 1.75 cm and thickness 2 cm can be made by melting
down a cuboid of sides 5.5 cm, 10 cm and 3.5 cm?

16.  Volumeand curved surface of a cylinder are 24750 cm3 and 3300 cmZ respectively.
Find the height and radius of the base of cylinder.

Cone

Top

Figure - 23

LA

Cone is a 3-dimensional shape with a circular base and a pointed top. The
top and base are connected by two line segments. One joins the top to the
circumference of the base and this is the slant height (1) of the cone. The line
segment which joins the top of the cone to the center of the base and which
is perpendicular to the base is called altitude or height of the right circular
cone.

Slant height /

Figure - 24



1. NetofaCone

one shown in figure-25.
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k|

See the pictures of the cone given below. If we -
cut the cone along its slant height and the edges 7
of its base, then we will get a figure similar to the I B
f/ \“'u_ _//

In the net diagram of a cone includes a
sector of radius ‘I’ units and a circle of radius ‘r’

units.

2. SurfaceAreaof Cone

If ‘r’ is the radius of base of a cone and its
slant height is ‘I’ units then to find the surface
area, we have to calculate the curved surface
area and surface area of the base.

We have discussed that if we cut the
cone open then we obtain a curved surface.

S
W

Figure - 25

TaTA

Figure - 26 (i) Figure - 26 (ii) Figure - 26 (iii)

To calculate the area of curved surface of the cone, we have to calculate the area of

the sector obtained in the net diagram.

Curved surface areaof cone = Area of the sector of a circle of radius ‘I’ unit

_ %(27zr)|

= zrlsg.unit

Area of the base of the cone = Area of acircle having radius ‘r’.

= zr?sg.unit

Total surfaceareaofacone = Curved surface area + Area of the base of the cone

= zrl+ #r?

= zr(r+l)

Hence, the total surface area of the cone where radius of base is ‘r’ and slant height

islis zr(r+1).
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NOTE:
27r . ) . . ..
//\ In the cone given above, the circumference of the circular base is 2zr This is the
sector of a circle in which radius is | unit. We know that ratio of the area of the shaded
region and area of the circle will be same as the ratio of the length of arc of sector to
the circumference of the circle.

This means that,

Area of the Sector of a Circle  Length of Arc of Sector
Area of Circle " Circumference of Circle

Area of the Sector of a Circle  Length of Arc of Sector
zl? - 27l

Length of Arc of Sector x z1?

Area of the Sector of aCircle =

27l
. Length of Arc of Sector x|
Area of the Sector of a Circle = >
. 2zr x|
Area of the Sector of a Circle = >

Area of the Sector of a Circle = nrl

Where, 27ir is length of the arc of sector of a circle and | is radius of the circle.

3. Volume of Cone

Let us do an activity to understand the relation between the volumes of a
cone and a cylinder.
Make a cylinder and a cone having the same base and of same
height.
Fill the cone with sand and then put it sand in the cylinder. Is the
cylinder completely filled with sand?
To completely fill the cylinder with the sand, how many times did you repeat this
process?
In this way you will find out that if the area of the base of cone and cylinder is same
and they are of the same height then volume of the cylinder is thrice the volume of the
cone.

Figure - 29 .
J .. 3xvolume of cone = volume of cylinder

1 1
\Volume of cone = 3 (Volume of cylinder) = 3 (Height x Area of base)
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Since volume of cone is the product of its height and the area of its base, therefore.

1
\Volume of cone = §>< Axh where Ais the area of base and h is height of the cylinder.

Area of base A = rir?
1
Hence, volume of cone = gxyzrzh Cube unit

Volume of cylinder, in which r is the radius of the base and his the height is zr?h .
Hence, volume of cone is one third of volume of cylinder given that radius of the
base and height are same for both the figures.
Example-6.  Diameter of a cone is 12 cm and its height 8 cm. Find the curved surface
area and volume of cone.
Solution : Let r be the radius and h be height and | be the slant height of the cone.
Given: Heightofcone=h=8cm.
Diameter of cone = 2r =12 cm.
Radius of cone r =6 cm.

Slant height of cone, | = +/h? + r2
=/8° +6° =+/64 +36
=+/100 =10 ¢m

Curved surfaceareaofcone = ;|

= 7x6x10=607 FHI.

1 ,
\olume of Cone:§ zreh

:lxﬂx6x6x8
3

— 96 CmM?
Example-7. 65m square meter cloth is used to make a tent in the shape of a cone. Slant
height of tent is 13m, find its height and radius.
Solution : Let radius be r, h be height and | be slant height of the cone.
Given: Slant height of cone, | =13 m.

Area of the cloth which is used in cone shaped tent is equal to the curved surface
area of cone (Why?). Therefore,

Curved surface area of cone = 65

zrl =657



{ 358 } MATHEMATICS-10 )

657
r=——
7l

65
r=—
13

r=5 meter
Slant height, | =./p? 4 r2
1> =h®+r?
h? =12 —r?

=(13) -~ (5)°

=169-25

h? =144
h=12 meter

Radius of the base of the cone is 5m and its height 12m.

Exercise - 3
Find the curved surface area of the right circular cone in which slant height is 10
cm and radius of the base is 7 cm.

If the curved surface area of a cone 77w sq.cm and radius of its base is 14 cm
then find the height of the cone.

If the slant height of the cone is 21 cm and diameter of its base is 14 cm then find
the total surface area of the cone.

4, If the radius of the base of a cone shaped hat (like the ones worn by Jokers) is 7
cm and its height is 24 cm then find the area of the sheet needed to make 10 such
hats.

5. Height of a cone shaped tent is 5 m and its radius is 12 m. Find the slant height of

the cone and the cost of the canvas which is used to make the tent. Cost of canvas
is 70 rupees per square meter.

Find the volume of a cone whose base area is 300 sg.cm and height is 15 cm.
7. Find the height of the cone if its volume is 550 cm® and its diameter is 10 cm.

The circumference of the base of a cone shaped cup is 22 cm and height is 6 cm.
Then what is the maximum volume of water which can be kept in it.

9. If the radius of a 1 m long metallic rod (in cylindrical shape) is 3.5 cm then how
many cones of radius 1 cm and height 2.1 cm can be formed by melting down
the rod?
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10.  Wehave aright angled triangle having sides 21 cm, 28 cm and 35 cm. If we take
the side of 28 cm as axis and rotate the triangle around it then write the name of the
figure obtained and calculate its volume.

11.  Iftheradius of the base of a cone and a cylinder and their height is similar then

calculate the ratio of their volumes.

Surface area of sphere Figure'_ 31
Activity-1

We know that surface area represents the outer surface of any solid (R
figure. Let us compare the surface area of a cylinder with that of a
sphere.

Take a cylinder or sphere in which the radius of the base of

the cylinder and radius of sphere are same and the height of the cylinder
is twice the radius of the sphere. Take a piece of rope as well -

Mark a point halfway along the height of the cylinder. Now,
start winding the rope starting from the bottom or the top of the cylinder and end at this
point. Cut this rope and wind it around the sphere.

You will find that half of the sphere is covered by this string. Now, through this
activity we can say that area of the curved surface of a cylinder is similar to the area of the
sphere when radius of the base of cylinder and radius of sphere are equal and height of
cylinder is equal to the diameter of sphere.

Sphere

The figure obtained by rotating a circle around it diameter is called a sphere. Asphere is
asolid figure such that each point on it is equidistant from its center.

Figure - 32

We can say that,

Surface Area of sphere = Surface area of curved part of cylinder.
= 2nrh
= 2mr (2r)

= 4nr? sg.units.

Therefore, surface area of sphere = 4pr? sq.unit, where r is the radius of sphere.

Activity-2

Take a string and wind it completely around a ball making sure that no space is left in
between and that there are no overlaps (see figure-33). If we make circles using this string
where the radius of the circle is equal to the radius of the sphere then we will be able to

. : o
make 4 circles (figure-34). Area of each circle is mtr?. Figure - 33
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So, surface area of sphere = 4x Areaofcircle
=4zxr?

Therefore, surface area of sphere is 4nr? Sg.unit, where r is the radius of the
sphere. Then, the surface area of hemispheres can be obtained in the following ways.

@ /’C)\“\\ Surface Area of Hemisphere = % x (Surface Area of sphere)
\ Y\, 1
ZEQWQ
=27r?
Fioure - 34 Total areaof the hemisphere = 27r2 4+ 1?2
=3zr® sg.unit
Hence,
Surface Area of Sphere =4xr® sg.unit
Surface Area of Hemisphere — 2712 Sq.unit

Total surface area of Hemisphere — 3,712 sg.unit

Volure of Sphere

\olume of sphere is proportional to the cube of its radius. When radius is increased

: : i 4
the volume increases correspondingly. Value of volume is represented by gﬂr3 .

Example-8.  Ifthe radiusof a solid sphere is 7 cm, then find its surface area and volume.

Solution : Given, radius of sphere, r =7 cm.

Surface area of sphere = 4zr?

22
— 4x==x(7)?
- (7)

:4xggx7x7
7
=616 cm’

4
\olume of sphere = gﬂrs
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4 22
= —x = x(7)°
3 <7 x()

4 22

=—x—XIxTxT
3 7

=1437.33 cm®

Example-9. Find the total surface area of a hemisphere of diameter 14 cm.

Solution : Let r be the radius of hemisphere.

Given, diameter of hemisphere =14 cm

2= 14 cm
Orr=7cm
-+ Total surface area of hemisphere = 3,2
22
— 3x—x(7)?
; (7)
= 462 sg.cm

Example-10. A big sphere is made by melting down 64 small spheres each of radius 2
cm. Find the radius of the big sphere.

Solution : Letrcm is the radius of small sphere.

Given=r=2cm
4

4 . 32
Volume of each small sphere = — 71" = gﬂ(Z) =37 cm?

32
-+ Volume of 64 small spheres = 64><?7z

20487
3

By melting down the small 64 spheres a big sphere is made. So the volume of the
big sphere is equal to the combined volume of 64 small spheres. Let ‘R’ be the radius of the
big sphere.

\Volume of big sphere = Volume of 64 small sphere

4 s 20487

3 3

20487 %3
3x4r

R3
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R®=512
R= 8 cmM

Hence, radius of big sphere =8 cm.

Example-11. Radius of a solid metallic sphere is 3 cm. If the density of the metal is 8 gm/
cma then find the mass of the metal.

Solution : We know that product of density and volume is equal to mass. Therefore, we
first calculate the volume of the sphere.

Let r cm be the radius of the sphere.
r=3Ccm

4
\Volume of sphere = gﬂrs

4 22
= 22 (3)°
3><7><()

=ﬂx£x3x3x3
3 7

= 113.14 cm3
Because density of metal is 8gm/cms, hence mass of 1 cm2is 8 g.
. Mass of sphere =VWolume x Density
= 113.14x8
= 905.12 gram
= 0.9051 kg (approx.)

Exercise - 4
Find the surface area of a sphere having radius equal to 21 cm.
Diameter of a globe is 14 cm. Find its surface area.
Surface area of a sphere is 154 sq. cm?. Find the diameter of the sphere.

Find the volume of sphere if its radius is 3 cm.

By melting down 21 small metallic balls, each of radius 2 cm, one big sphere is
made. Calculate the volume of this sphere.

6. By melting down a sphere of radius 10.5 cm some small cones are made, each of
height 3 cm and radius 3.5 cm. Find the number of such cones.
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7. After filling the air in a spherical balloon of radius 7 cm it becomes 14 cm. Calculate
the ratio of the surface area of the balloon in both conditions.

8. Calculate the volume of a sphere having surface area equal to 154 sg.cm?.
Q. Ratio of the volume of 2 spheres is 64 : 27. Calculate the ratio of their surface areas.

10.  Radius of asolid sphereis 12 cm. How many spheres of radius 6 cm can be made
by melting this sphere.

11.  Ifthe volume and surface area of a sphere are equal then calculate its radius.

12. A child converts a cone of height 24 cm and base radius 6 cm into a sphere.
Calculate the radius of the sphere.

13. By melting down 3 spherical balls of radius 6 cm, 8 cm and 10 cm one big solid
sphere is made. Calculate the radius of the new solid sphere.

Surface Area andVolure of a Combinationof Solids
Shapes

In our daily life we see many figures that are a combination of different shapes. For
example, a capsule is acombination of a cylinder and 2 hemispheres stuck at the ends of the
cylinder. Similarly, a spinning top has a hemispherical part and another that is cone shaped.
Therefore, we have to think of methods to calculate the surface area and volume of these
figures.

Figure - 35 Figure - 36 Figure - 37

Let us discuss the container which is shown in figure-35. We have to calculate the
area and volume of an iron sheet needed to make this container but the container is not of a
shape for which we already have some formula. If we have some solid figure which is similar
to the one shown in figure 36, then what we do?

In such situations, we divide the figure into smaller parts so that we can calculate
their area and volume easily and obtain the solution of the problem. We see that this capsule
is made by joining the hemispheres at the ends of the solid cylinder. If we cut the container,
then this figure will look as shown in figures — 36 and 37.
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So to make the required container, the area of iron sheet needed = curved surface
area of first hemisphere + curved surface area of cylinder + curved surface area of second
hemisphere.

\olume of container = volume of first hemisphere + Volume of cylinder + Volume of
second hemisphere.

Example-12.  Avessel is in the form of a hollow hemisphere mounted by a hollow cylin-
der. The diameter of the hemisphere is 14 cm and total height of the vessel is 13 cm.
Find the area of the iron sheet needed to make this container and volume of the
vessel. (Thickness of iron sheet is negligible).

Solution : Diameter of hemisphere =14 cm
. Radius of hemisphere = 7Cm
Height of the cylindrical portion of vessel = 13—7
= 6Cm
Curved Surface area of the cylindrical part =2arh
’
i /cm ! =2x 2 x T x6
7
6 cm 13 cm — 264 Cm2
: Surface area of hemisphere = 22
\ =2xggx7x7
Figure - 38 7
= 308 sg.cm

Therefore, to make the container

Required area of sheet = Curved surface area of cylinder + Area of Hemisphere
= 264 sg.cm. + 308 sg.cm.
=572 sq.cm.

\olume of cylindrical part = r%h

:£x7><7><6
7

=924 Cm3

2
And, - Volume of hemisphere =~ ar’
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Hence, capacity of vessel = Volume of cylinder + Volume of hemisphere

o B~ w DN

2

:—x—2x7><7><7

=718.6 cm?

=924cmd + 7186 cm?®
=1642.6 cm?3

Exercise -5
In figure-39, the object is made of two solids - a cube and a hemisphere.
The base of the figure is a cube with edges of 5 cm and the hemisphere
fixed on the top has a diameter of 4.2 cm. Find the total surface area of
the object (take n=22/7).
A toy has two parts. One part is cone shaped and has radius of 5 cm. and
itis placed on the top of a hemisphere having similar radius. Total height of S
toy is 17 cm. Find the total surface area of the toy? Figure - 39

5cm

y

Asolidis in the shape of a cone standing on a hemisphere with both their radii being
equal to 1 cm. The height of the cone is equal to its radius. Find the volume of the
solid in terms of .

A spherical glass vessel has a cylindrical neck which is 4 cm long A
and 2 cm in diameter. The diameter of the spherical part is 6 cm. ”
Find the amount of water it can hold?

The upper portion of the greenhouse shown in figure-40 is 277 I

semicircular. This greenhouse is made up of cloth. It has a wooden
] g ) P ] <3\>
door of size 1.2 m. x 0.5 m. Find the area of the cloth required to "

Sm

cover the green house completely. Figure - 40
What We Have Learnt
We have learnt to make the net diagrams of 3-dimensional figures like cuboid,

To identify and understand the top, base, surface and edge of a cube and a cuboid. - A\
)
To identify and understand the different kinds of diagonals in cube and cuboid. '

cylinder, cone etc. and to draw and understand the net diagram as well. L,
Calculate the area and volume of a 3-D figure like cone, cylinder, sphere etc.

To calculate the area and volume of objects which are a combination of different
figures.
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ANSWER KEY
Exercise-1
- 221 2 3cm 3 15m
Exercise - 2
1- 880 cm.sg. and 2112 cm.sq 2- 42 cm 32 cm 4- ~68-75
5 1584 m? 6- 396 cm®*  7-1540cm® 8 6160 cm?
9-7 cm 10- 20 cm 11- 649 cm 12- 7700 cm?
13- 2@3 14- 25 m 15- 35 16- 15 cmand 35 cm
Exercise - 3
1- 220 cm*  2- g/2 cm 3 616 cm? 4- 5500 cm?
5 ~34320 6- 1500 cm3 7- 21 cm 8 77 cm?
9- 1750 10- 12936 cm? 11143
Exercise - 4
1- 5544 cm? 2- 196 7 cm? 37 cm 4- 36 7 cm?
5 2247 cm? 6-126 7-1%t4 8 17966 cm® 9- 1649
10- 8 11- 3 unit 12- 6 cm 13- 12 cm?
Exercise -5
1- 163-86 cm? 2- 1157 cm? 3 ~22000 4- 7 cm3

5 447 cmd 6- 629 cm?



DATA ANALYSIS

Each day we come across different kinds of information. For example, this year production
of rice increased by 8 percent; who was the best hockey player last year or, how many
mobile phones were sold by company ‘A’ in the month of January? Similarly, from time to
time we make use of printed information, for example, train timetables showing time of
arrival and departure from stations, price of fruit-vegetables, current price of petrol, pro-
duction amounts of grain and dairy, production of steel, coal etc. There are lots of other
data which we use to plan for future and to take important decisions.

How tofind different typesof infor mation

Can we tell today about the expected temperature of next two days? Or, the quantity of rice
produced this year in our state? Or, what was the increase (or decrease) in price of petrol
inthe last five years?

It may not be possible to give the exact answer immediately but we can say something
about these questions after analyzing relevant data.

We know that different types of data are published in newspapers and magazines,
for example, data related to production of grains, weather-related information, details of
games and sports, prices of food products etc.

Data related to health and education is collected by different departments and
organizations under the government. In health, the government may have data on the areas
most affected by a certain disease, the number of people suffering from a particular disease
etc. On the basis of this information, we are able to decide the best measures to prevent the
spread of a disease. Till about 6-7 decades ago, one of the most important questions for
India was the quantity of grain produced every year, the quantity required to feed our
population, and the quantity of grain that might have to be imported from other countries to

meet our needs.
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1. Besides mathematics, you must have come across data in other subjects like
science, social studies etc. Give few examples of data in different subjects.
2. Look at some newspapers and magazines and collect examples of data printed

in them. Discuss among yourselves the topics covered by these data.
Find which types of data are available in your school-office?

You might have seen data displayed on the notice board in your school premises.
Which types of data you have seen?

[ Think and Discuss ]l’

> w

Write the different sources from where you can get the answers of the following questions:

1. Which is the disease that most affects your district?

2. What is the population of your district in the current year?

3. In the current year, what is the minimum market rate of wheat and rice fixed by
the government?

Somemorequestions

We also want to know the answers of many questions related to ourselves like, how fast
can I run; can I run faster than my classmates? Am I taller (or shorter) than the other
students in my class? How can we find the answer of questions like these? There may be
afew students who run faster than you and a few who run slower; some will be taller and
some shorter.

Rani’s height is 160 cm. The height of her classmates, in cm, is shown in the table
given below:

161 160 162 159 161 158 162 163

158 158 160 159 160 161 163 160

158 161 158 159 163 159 160 159

158 160 159 162 163 160 159 159

159 162 161 163 159 161 161 160

163 160 163 161 160 158 160 163

160 160
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From the given table, can you tell where does Rani stand as compared to her
classmates? It will be difficult to compare her height with all students in her class. It will
be easier to compare if we organise the given data. To organize our data, we will pre-
pare a frequency table. Then our data will look as shown in table-1:

Table-1
Height (In cm) 158 159 160 161 162 163
Number of Students | 7 10 13 8 4 8

What you interpret or conclude by looking at this table?

First thing that we can conclude is that maximum students are in the 160 cm
group. This group contains 13 children. 17 children are in those groups whose height is

less than Rani’s height. Minimum height is 158 cmand there are 7 children in this group.
What else can we conclude from this table? Discuss with your friends and find at
least 5 more conclusions.

In the same way if we talked who runs the fastest, then we find that the speed of
all runners is not same. The table below shows the speed of 50 persons in km per hour
i.e. it describes the number of kilometer covered by each runner in one hour.

Table-2

Speed of running (km per hour)| 15 | 11 9 5 6 | 4

Number of students 5 6 7 8 9| 10

This means that if Nafisa can run at 7 km/h then we can do a comparative
analysis of her speed with the help of the given table. We can also see that how many

persons run faster than her and how many students run slower than her.
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I oo 4

Read the questions given below. What kind of data do we need to find the answer of
these questions? Discuss and write from where and how we will get these data?

1. How did the price of petrol vary during the last three years?

2. Which state in our country had minimum rainfall this year?

3. In what quantity production of fish increased in the last five years?

4, Population of which state was maximum in 2011?

5. What changes happen in last five years in your village and city?

6. Which district of Chhattisgarh has the maximum number of schools?

7. How many international hockey matches were played by Indiain the last five years?
8. How much rice was produced all over India from 2010 to 2015?

[ Think and discuss ]l’

1. If the number of students in your school is 1000 and you want to compare your

height will all of them, how you will do it?

2. What kind of data will you need if you want to compare your running speed with
all the students in your district?

Graphical Representation of Data

You learnt organisation and representation of data in your previous class. You studied
about frequency tables and graphical representation of data, in which we tried to learn
how to make histograms, frequency polygons and cumulative frequency curves. We get
many types of information and can draw several conclusions on the basis of these data
representation. Let us consider more examples of these types of data in the following
section.
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Bar Graphs
The bar graph given below shows the production of wheat in a state in different years-

Which information can be seen clearly on considering this graph? Find out the
answers of the following questions by reading the graph.

1001 93.90
90 86.87
80.68 80.80
80 75.81 7857
/R-.;\ 704 68.64 69.35
E 601
501
E 401
30
20; 3 S S 3 3 S = o
3| |al (¢ [Z] |2 |&] [a] |=
101 8 S S S S S s s
o~ o~ o~ o~ o~ o~ o (oY)
av

(1) How many tons of wheat was produced in 2007-08?

(i) In which year was the production of wheat maximum?

(i) Can we say that the production of wheat increased every year?

(iv)  The production of wheat showed greatest change in which two years?

I"I Try These ‘

Readingatable

The table given below shows the amount of annual rainfall in a particular city.

Year 1980 (1981 1982 1983 | 1984 | 1985 | 1986 | 1987 | 1988 | 1989

Total 247 | 21-2 14-513-2 | 12-1 | 16-8 199 29-2| 316 210
Rainfall

(ininches)

Study these figures related to rainfall, draw their bar graph and find at least five conclu-
sions based on the graph.

&
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Mean, Median, M ode

You found the answer to some questions and drew conclusions from bar graphs and
frequency curves. Can you tell that what was the average annual production of wheat
during 2005 to 2015 by looking at the bar graph? Can you tell which year will fall in the
middle if we arrange the data in order? From the second table we can find the average
rainfall in a city in a year or generally how much annual rainfall is expected. We cannot
say anything about the order and trend of data only by looking at bar graphs. To find
average wheat production we need arithmetic mean. Recall, how we can calculate mean.

ArithmeticMean

Now, to find average production of wheat from the year 2005 to 2012 we add the

wheat production (in lacs ton) of these years then divide it by the number of years. Let us

see what is the average value of annual wheat production.

Total production =68.64 + 69.35 + 75.81 + 78.57 + 80.80 +80.80 + 86.87 + 93.90
= 634.74 lacston

Number of years from 2005 to 2012 = 8 years
34.74

Average production =
= 79.34 lacston

Here, we calculated the average value of wheat production. In statistics, average of data

is known as arithmetic mean. So if we want to find arithmetic mean then we add the data

and divide the sum by the number of data points. The following formula is used to show

this relation:

Sum of data
Total number of data

Arithmetic Mean =

If data is written as x, then sum of data is Xxand number of data is n. Then

. . X
Arithmetic mean = 7

Arithmetic mean is generally denoted by A.M.,Mand .

Discrete Series

Data considered till now was individual points in a series and the number of data-points
was small. If the number of data-points is larger then how can we calculate arithmetic

mean?
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Marks obtained in mathematics by 35 students from Class-1X are as follows:

30, 30, 38, 40, 42, 35, 40, 30, 45, 48,

40, 42, 38, 30, 38, 40, 35, 30, 42, 40,

42, 38, 35, 42, 40, 38, 42, 40, 48, 45,

38, 40, 30, 35, 35

Here, minimum marks obtained is 30 and maximum is 48. It is seen that the
marks are limited to 35, 35, 38, 40, 42, 45, 48 and they are repeated again and again.
Therefore, these figures can be written in the following way:

MarksObtained (x) : 30 35 38 40 42 45 48
Frequency (f) : 6 5 6 8 6 2 2

When we have this type of data then for calculating arithmetic mean we multiply
the data-points (observations) with their corresponding frequency and add them. This

sum is divided by the sum of frequencies to get arithmetic means.

M arks obtained (x) Frequency(f) Product of marksobtained and their corre

sponding frequencies
30 6 180
35 5) 175
38 6 228
40 8 320
42 6 252
45 2 90
48 2 96

D> =35 D fx=1341

. Arithmetic Mean =

Sum of the product of marks obtained and corresponding frequency
Sum of freguencies.

" £+ £, + .6+ T, + fox + fox + %
fi+f,+f,+f,+f+f+1

~ 35 X =38.31
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Average marks in mathematics of Class-1X student is 38.31.

Now we will discuss about arithmetic mean of data where observation points
are repeated and also the number of observation points is very large. In this case, we
distribute the data into groups to calculate arithmetic mean.

Let us consider an example.

Example-1: There are 100 students in the village middle school. The distance in km
between their houses and school is given below. Find the average distance between
home and school using this data.

17 1 19 0 1 2 0 4
7 2 8 19 17 1 18
0 3 2 5 8 10 1 11
13 8 9 4 15 0 15 3 11 11
2 19 0 14 12 1 12 1 13 1
9 3 6 4 14 3 10 12 4 8
0 7 9 6 5 9 7 8 2 9
5 8 6 7 9 5 5 6 3 8
7 5 0 1 3 0 4 2 0 1
3 0 4 3 2 0 1 0 4 0

Solution: If we look at the data, we find that many observations are repeated and the
minimum value is 0 and the maximum value is 19. We will have to divide the data into
group, so that calculations become easy.

Let us divide the data into groups at equal intervals, 4 in this case. We find that
number of students whose homes are at distance between 0-4 kmis 39, number of
students who comes from 4 to 8 kmis 24 and so on. Find the number of students in the
group 8-12 km, 12-16, and 16-20.

Distance of school from the home Number of students |  Midpoint fx
of student (km) ) (x)
0-4 42 2 84
4-8 24 6 144
8-12 19 10 190
12-16 9 14 126
16-20 6 18 108
> f,=100 D fx =652

In the table above, we calculated the midpoint of each interval by adding the
upper and lower limits of each interval and dividing by 2. Now we add the product of
midpoint and number of students to get the average.
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Sum of products of number of students and midpoint

Average = Total Number of students
~ 84+144+190+126+108
100
652
100
=6.52 km

We can consider average as a number that represents a single feature of the
entire group of observations. Obviously, average is greater than the minimum data value
and smaller than the maximum value and it lies somewhere in the middle of the whole
data. Thisis “arithmetic mean’.

Calculation of arithmetic mean

Let us consider some more examples to understand arithmetic mean.

Data related to production of pulses in five years is given in the table below:

Years 2007—08 | 2008—09 | 2009—10 | 2010—11| 2011—12

Production of 148 14.6 14.7 18.2 17.2
pulses (in lacs ton)

Here, we have to find the arithmetic mean or average. To find this we have to
add all observation points and after that divide the sum by the total number of years.

) ) 148+146+14.7+18.2+17.2
Arithmetic mean = 5 lac tons
79.5
= — = 159 lactons

Average production of pulses is 15.9 lac tons. Actual value of pulses produced
in each year is different from the average annual production. By using average, we can

give one value to show the production of pulses of five years.
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Let us consider one more example of average.

Eample-2: The data for rainfall (in mm) in Dhamtari district are given. Find the average
of this data.

880.5, 1474.9, 806.3, 1554.9, 1019,2, 1046.5, 1017.2
Solution : You know that

um of observation— points
Number of observation— points

Mean =

880.5+1474.9 +806.9+1554.9+1019.2 +1046.5+1017.2
7

So, average =

7799.5
7

So, arithmetic mean of rainfall is 1114.21 mm

= 111421 mm

Usesof Averagein day-to-day life

Can you tell how much time do girls generally get to play at home? We know that daily
playing time is not fixed; some days one can play for many hours and on some days we

may get only a few hours or no time atall to play.

This means that if we only observe one girl for one day then we can’t say how
many hours are spent on play by all girls. If you collect the data of playing time over
several days for several girls then you will have large quantities of data. It will not be easy
to organise this data. To solve the given problem, we can consider the data over one
month and find average daily playing time. Consider table-3. Here we are given the time
spent playing of 50 girls. Can you tell how much time is spent per day by most girls on

sports and games?

In table-3 you can see that on average, most girls get less than 2 hours to play.
The maximum number of girls, 12, onan average play for at least 2 hours per day but the
average daily playing time is not 2 hours for all the girls. To find the arithmetic mean in the
given case, we first need to know the average daily playing time of all 50 girls individually.
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Table-3
Average daily play time Number of girls Total play time for 50 girls

(in hours)
X fi X f;
0 4 0
1 6 3
2
1 8 8
1 1 9 131

2 2
2 12 24
21 7 171

2 2
3 4 12
G > fi=50 Y fx =75

Average Z

> fi%

R
A _By
verage —50 ours

=1 hour 50 minutes.

If the frequency of observations x,, x,, X;, ..... x aref, f, f,~f respectively
then it means that observation x, occurs fi times, data X, comes f, time and so on.
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For example, in this problem the number of girls who on an average play for 0
hours is 4 and the number of girls who on an average play % hours is 6 and thus x, =0,
fi=d4and x,=%, f,=6
Now, sum of products of observations and their respective frequency

T¢f) = + %, +fx + .+ £ x and

Total number of observations =f, +f,+ ... f

To find the mean we will divide the sum of products by the sum of frequencies. In this

way, the mean is:

> %

Mean (Arithmetic mean) — Z f where the value of i will from1ton

Sum is represented by the Greek letter *, called sigma. This represents sum
therefore sum of frequency is represented by “f, and sum of products of observations

and frequency is represented by “ xf..

It means that on an average every girl gets 1 hour 50 minutes to play each day.

Now let compare this average with the rest of the data.

Can you tell how many girls play more than the average time and how many girls
play less than the average time? You can see that 27 girls play more than the average time
and 23 girls play less than the average time.

We find that, similar to this example, when we need to study data on a large

scale then averages help us to organise the data; like in the examples of average play-
time of girls or the average running speed of different persons.
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"II Try These ‘

1. Use the data given in previous example to find the average height of a

student in a class of 50. Compare this height with your own height.

2. Use the data of 50 students given in table-2 to find the average speed.
What conclusions we can draw from it?

In the previous example, you learnt how to find the average of given observa-
tions but suppose you are given the average then can you find the unknown observa-
tions?

Let consider the example given below:-

Example-3. Average of following observations - 25, 39, 35, f, 46 - is 36. Find the
unknown data point, f.

Solution: You know that

25+39+35+ f +46
5

Average =

145+ f
5

On putting value of average in the equation

Average =

145+ f
5

36x5=145+f
180 =145+ f
180 - 145 =f
3B=f1
Therefore, value of fis 35. Thus the data points are 25, 39, 35, 35, 46.

36 =

Example-4. Find out the average height of students with the help of data given in the
table.

Height (in cm) 158 | 159 | 160 | 161 | 162 | 163

Number of students| 7 10 13 8 4 5
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Solution : We know that mean (Arithmetic mean)

Height (in cm) (xi) Number of students (fi) (fx)
158 7 1106
159 10 1590
160 13 2080
161 8 1288
162 4 648
163 5 815
> f =47 > fx =7527

7527
47
= 160.15 cm

So arithmetic mean =

So average height of student is 160.15 cm

"II Try These ‘

1. Find the average of first 15 natural numbers.

2. Price of petrol (in Rupees) in Bhubaneswar (Orissa) during March-April,
2010 is given below. Find the mean of the data.

61.28, 62.08, 59.35, 56.28, 59.28

3. Data (in lac tons) regarding rice production of a state over an 8 year
period is given. Find the average of given data.

84.98, 93.34, 71.82, 88.53, 83.13, 91.79, 93.36, 96.69

What Averages Tell Us

We saw that average gives us some basic information that represents a property of the
entire data. But does arithmetic mean give us the complete picture of the whole data?

Read the following statements:-

1. This year, the average day-time temperature was 23°C in the month of February.
2. Average cost of petrol over the last five years was Rs. 65.70.
3. Average age of Class-X students is about 15 years.

You must have read or heard many more statements of this type. When we hear
about average temperature of a day or month; or average price of petrol then we get
some general idea and can draw some conclusions. But there are several pieces of
information which we can’t find from average.



For example, in Statement-1, in the month of February, the temperature would
have been more than 23°C some times and other times less than 23°C. Average does
not tell what the temperature was on a particular day; or what was the maximum
temperature during the month or what was the minimum temperature; was there a lot of
variation in day-to-day temperature or was it more or less constant?

In Statement-2 too, petrol prices must have varied from time to time. Average
price of petrol could not have been 65.70 each year. From average, we can’t say anything
about the price of petrol today? But still, if we know that the price of petrol does not
fluctuate daily or frequently then from average we are able to estimate that price of petrol
per liter would have probably varied from about Rs. 64 to Rs. 66.

From statement-3, we know that age of some students will be less than 15 years
and more than 15 years for others; we can’t get any more information from this statement.

Let us consider one more example of average:
Example-5: The salaries of seven workers are given below:

1400 1500 8400 8700 9000 9200 9400

Let us calculate the average salary.

1400 +1500 + 8400 + 8700 + 9000 + 9200 + 9400
7

You know that, Average =

47600
=—> = 6800 Rupees

Average salary as per data is Rs. 6800.

But, is average able to appropriately represent the center of the data? None of
the seven data-points is approaching or close to the average. From this average, we can
find out how money is spent each month on paying salaries but can’t say how much a

particular employee gets.

We conclude that average is not helpful in understanding distribution of data.

Median

When the values of data-points are very different from each other, then we are not able
to draw many important conclusions from mean. In such cases, we will use a new nu-
merical representative called median. Median is the data-point that comes exactly in the
middle of organised data.

Data Analysis <8>
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Let try to understand median with an example and then consider its utility.

Consider salary data given in Example-5 -

1400, 1500, 8400, 8700, 9000, 9200, 9400

What is the median of this data? There are 7 terms in data series which means that the
fourth term is the middle term. Therefore median of this data is 8700. Middle term of the
data given us median; sometimes, median is better able to represent data in appropriate
manner because median value is not affected by extreme values in the data.

"II TryThis ‘

Find the median of the following data:
1. 25, 21, 23, 18, 20, 23, 24

2. 113, 102, 95, 85, 110, 109, 106, 110, 115

Let understand some more important uses of median.

Example-6. 21 people appear for interview for 10 posts in an office. They get
following marks out of 50 in the interview:-

25,23,45,40,42, 38, 32,43, 47, 36, 28, 37, 35, 34,42, 21, 27, 18, 39, 41, 40
How will we select the 10 persons for the job? What should we do?

We know that those 10 will be selected from 21 people who get maximum
marks. To make this process easy we arrange data in ascending order which will as
follows:-

18, 21, 23, 25, 27, 28, 32, 34, 35, 36, 37, 38, 39, 40, 40, 41, 42, 42, 43, 45, 47

In this data, the 11" term i.e. 37 is median which lies between 10 people from
the beginning and 10 people from the end. So, for job those who get more than 37
marks will be selected where 37 is median of data.

Thus, if total number of datais n

. . n+1 o
Then, median of data will be T term.

You can see that in examples 4 and 5, the total number of data-points is odd. If
the number of data-points is odd we can use the above formula to easily find the median.
But, if the total number of data-points is even then how can we get median? Let us try to

understand this by an example.
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Example-7.  Height (in cm) of 10 students are following:-
117, 106, 123, 110, 125, 112, 115, 102, 100, 115
Find the median of this data.
Solution: To find the median, first arrange the data-points in ascending order
100, 102, 106, 110, 112, 115, 115, 117, 123, 125

Here, since the number of data-points is even therefore neither the fifth term nor
the sixth term is right in the middle. The middle term of data i.e. the median will lie
between fifth and sixth terms. So, the median of data in this situation is the average of the
two middle terms. In this example-

Fifthterm =112 cm
Sixthterm=115¢cm

Fifth term + Sxth term
2

Median =

B 112 +115
B 2
Median of thisdata is 113.5 cm

This means that when number of data-points is even then we can understand
median as follows:

n th n th
() term + (+lj term
Median= \ 2 2
2

So far we have calculated median of given observations. Now we will use me-
dian to find missing observations.

= 1135 CM

Example-8.  Median of the data series 7, 10, 12, p, g, 27, 31 arranged in ascending
orderis 17. If one more data-point 40 is included then median becomes 18. Find the
value of pand g.

Solution : You know that median is always the middle term of a data series.

Inthe series 7,10, 12, p, g, 27, 31 the fourth term lies in the middle and its value
will be the median. We are given that the median is 17 and since the fourth term is p, so
p=17.

If one more observation 40 is included in the series then we get 7, 10, 12, p, q,
27, 31, 40. Now number of data-points becomes even so
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th th
(nj term + (n+1j term
New Median = \ 2 2

2
_ P+q
18 = >
17+q
18 = >
36 = 17+q
19 = q

So, the values of pand gare 17 and 19 respectively.

Mode

You read about average and median. One more method of to derive conclusions from
any data is finding its “mode’. Mode is the data point that occurs the maximum number
of times in a series. For example, in a Class-X examination, marks obtained by 20
students are:-

40, 25, 40, 35, 36, 45, 45, 40, 35, 39, 41, 42, 40, 25, 40, 42, 35, 38, 40

After looking at the data we find that maximum number of students (6) got 40
marks so mode is 6. Let consider one more example:

Example-9. A shopkeeper sells shoes of different sizes (6, 7, 8, 9, 10) in his shop.
Sales data in three months is as follows

Shoe size 6 7 8 9 10

Number of shoessold 18 24 41 19 9

The shopkeeper saw that many shoes had been sold in three months. Now
shopkeeper wanted to restock his shoes. Can he use mean and median to decide which
shoe-size should be ordered from the shoe-company at the earliest to complete his
stock? He can’t find this from mean and median. He has to reorder the shoes in the size

that is sold more frequently.

On considering above records, the shopkeeper decided to order shoes in size
8. For the time being, he decides not to buy shoes in other sizes. You can see that the

maximum demand of shoes is in size 8 from the number of shoes sold.

Therefore, here mode is 8.
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I ey rhese A

Find the mode of the following data:-

1. 25, 9, 69, 34, 70, 36, 90, 70, 56, 70, 71
2. 56, 39, 94, 36, 39, 15, 39, 40
ﬂ
~Exercise 1~
1. To find the answers to the following questions will you use arithmetic mean or
median? In which question(s), we can’t use either of the two?
(i) Which is the most popular newspaper in the state?
(i) What was the average rainfall ina month?
(i) 100 students participated in an examination. Who are the top-performing
50 students among them depending on marks obtained?
(iv)  Whatwas the average price of petrol in the month of January?
) Which player has taken highest number of wickets in international cricket
matches?
(vi)  How will you decide the number of rotis to be cooked for 20 guests
invited to a party?
(vii)  Inwhich month does maximum rainfall occur?
2. Data of rainfall (mm) in 10 months is as follows:-
243.50, 266.00, 347.70, 240.00, 325.20,
264.80, 356.30, 211.60, 246.90, 282.70
Find the average rainfall from the data.
3. Name the first 10 even numbers. Find their average.
4, Find the average price of rice in five different states from the given data-
City A B C D E
Price (In Rupees) | 25 28 30 31 32
5. The table below gives data for high jump in international games (Olympics).
Find the mean, mode and median of the data.
Year 1960 1964|1968 | 1972 | 1976 (1980 | 1984 |1988 | 1992 | 1996|2000 [2004
Height [1.85]1.90|1.82|1.92 | 193 [1.97 | 2.02 |203 | 202 | 2.05|2.01 |2.06
(in meter)
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6. Weight (in kilograms) of eight students is as follows-
30, 32, 33, 38, 37, 41, 35, 40
Find the average weight of the students.

7. Number of students enrolled in a school over five consecutive years is as follows-
1150, 1250, 1360, 1275, 1310

What was the average number of students in the school in this five-year period?

Limitationsof Arithmetic Mean, Median and M ode

To interpret data one representative value is the arithmetic mean. We saw that mean
gives us a lot of information about the data, but many aspects remain unclear and mistakes
can happen if we use mean blindly in all situations. For example, we cannot decide the
height of doors in a house by taking the average height of all family members. Nor can

we decide it by finding out the most common height of the family members.

Besides the limitations of using mean, we saw that median and mode are also
unable to give answers to all our questions. These are helpful in understanding data but

we should use these very carefully.
Measuresof Central Tendency in Grouped Data

In most cases the number of observations is so large that to interpret and read it correctly
we first have to reduce its complexity by making groups (by classifying it). After converting

it into group data we can find mean, median and mode to interpret it.

In example-13, grouped data is given by taking class interval of 10. It should be
remembered that while determining frequency of class interval, any data which is equal
to upper limit of a class interval will be placed in the next class interval. For example, the
year in which production of rice was 50 lacs ton is not placed in the interval 40-50 but in

the class interval 50-60.
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We saw that to calculate the mean of ungrouped data, we first sum all data-points. But what we will
do for grouped data? Which value should we take from a group, which number should we choose? For

class interval 40-50, should we take 40 or 50 or any other value?

So, we need values which will represent the different groups. We assume that frequencies of all
class intervals are centred around the mid-point and mid-point of each class interval is representative of that

class interval. We can also call these mid-points class marks.

Example-10. Data of weight of young and old groups of children of a senior secondary school is given

below. Find the average weight per child.

Weight (In kg) 30—40 | 40—50 | 50—60 | 60—70 [70—80

Number of students 11 29 6 3 1

Solution: First we find mid-point. To find mid-point we have to use class-limit. Mid-point is the average of

upper limitand lower limit of class. Mid-point of the class (30-40) is 35, i.e.

Lower Limit + Upper Limt  30+40 _

Mid-point = > >

35

We denote mid-point by x. First mid-point x_is 35.

In the same manner we can also find mid-points of other classes and they are 45, 55, 65 and 75
respectively. Now, we multiply each mid-point with corresponding frequency and use it to calculate mean.

The new table will be as follows:

Weight (kg) Number of students (f.) | Mid-point (x) (f.x)
30—40 1 35 385
40—50 29 45 1305
50—60 6 5 |
60—70 3 65 |
70—80 1 75 |

T 50 2290

Complete the table.

So, we find that the sum of fi X in the above tablei.e. Zfi X = 2290.
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So, the mean x of the given data will be:

X=X _290_ 45,
S f 50 9

Thus, average weight per child is 45.8 kg.

Mode of Grouped Data The more the differ-

In the example given above, we found weight | ence between f, and f,
. greater is the mode than /.
of children on an average. If we wantto know how | simijarly, lesser the differ-

much most children weigh then we will have to find | ence between f, and £, more
is the distance between [ and
the mode. mode and closer is mode to

. I+h. If we think about what
You know that mode is that data value .
can be the maximum value of

which is seen most frequently. In grouped data, we | o 4e we will find that the
first find the group containing the mode. Ingivendata, | maximum value can be the
the frequency of class (40-50) is greatest so itisthe | sum of / and h, which is the
mode class. This means that mode is presentinthis | difference between f, and f,
class interval. In such situations, we can find mode | or between f, and f,. That is,

by putting the values in the following formula. the mode will lie between /
and /+h.

The formula for finding mode is

f,—f
- |10 h
Mode = Lfl—fo—fz}x

9 9F H-
| =lower limit of mode class

f,=frequency of the class preceding the modal class.
f, = frequency of the modal class.

f, =frequency of the class succeeding the modal class.

h =size of the class interval.
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Example-11. Inthe table of example 10, the modal class = 40-50, the lower limit of
modal class (I) =40

frequency of the modal class (f,) = 29

frequency of the class immediately preceding the modal class (f) = 11
frequency of the class immediately succeeding the modal class (f,) = 6
Size of the class interval (h) =10

By putting these values in the formula

29-11
Mode =40+ —2(29)—11—6 x 10

18
}X10240+—X10

:40+[ a1

58-17
=44.39 kg
This mode is near to I+dbecause f_ is big and f, is small.

In this way we can find mode of grouped data which is close to observations.

Median of Grouped Data
Example-12. Height of girls in X class of a school is as follow:-

Height (cm) 135—140 [140—145 | 145—150 [150—155 | 155—160

Number of Girls 1 2 11 9 7

Find the median of these data.

Solution: To find the median from given data we have to find cumulative frequency from
frequency (you have learnt how to find cumulative frequency in class 1X).

Height Number of girls(Cumulativefrequency)
less than 140 1

less than 145 1+2=3

less than 150 3+11=14

less than 155 14+9=23

less than 160 23+7=30
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This cumulative frequency distribution is of the type “less than’ where 140, 145,
150, 155, 160 are the upper limits of the class.

We know that the mid-point observation of the given data will lie is in some class

interval. How do we find that class interval in which middle data point is present?

Height Number of girls(f) Cumulativefrequency (cf)
135—140 1 1

140—145 2 3

145—150 11 14

150—155 9 23

155—160 7 30

n
To find median class we find cumulative frequency of each class and 5 Now

n

we find that class whose cumulative frequency is greater than or very near 5 Here, this

n
isn=30i.e. 5 =15. Since, 150-155 is that class whose cumulative frequency, 23 is

more than 15 therefore median class will be 150-155.

Thus, median class is 150-155. After finding median class we can find median
by using the following formula-

D—c1‘

Median= | + 2 : x h

Where, | =lower limit of median class

n=number of observation
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cf = cumulative frequency of class preceding the median class

f=frequency of median class

h = class size (assuming class sizes to be equal)

n
Now, 5215,I:150, cf=14, f=9,h=9

15-14
Median :150+[ 59 ]X5

5
—150+2
9

=150.55 ¢€m
So, the height of about half of the girls is less than 150.55cmand the height of
remaining half is more than or equal to 150.55cm.

In the same way we can also arrange data in the form of ‘more than’. This is
shown inthe table. We can interpret many things from this table, for example, the height

of 16 girls is more than 150cmetc.

Height Number of girls
More than or equal to 135 30
More than or equal to 140 29
More than or equal to 145 27
More than or equal to 150 16
More than or equal to 155 7

What conclusion can you draw from this table? Discuss and find 3 conclusions.

&



—<92> MATHEMATICS-10 E

DataTrends: Extrapolation and inter polation

We find that after organizing and interpreting data we get many types of infor-
mation but not all. One more question that can be asked is whether we can say some-
thing about data beyond the data given in each class interval? Imagine that we have kept
records of total rainfall in a city for certain number of years. But the data of rainfall of
some years could not be collected and hence, is missing. So, can we figure out what
these missing data are? Also, can we predict how much it will rain in the coming years on
the basis of this data?

To answer these two questions, we consider the pattern shown by the data. Is
there a pattern to the change of data? Can we see certain trends in the data? We will
look at the few examples to understand this better and to also see where we can apply
extrapolation and where we can’t?

Suppose you heat a liquid for 40 minutes and record its temperature at
four different times as shown in the table:-

Time(in minutes) 0 10 30 40
Temperature(indegreeCelsius) 20 30 50 60

If we represent this data on graph we get some points. Draw a curve that joins
all the points. We can say that in the beginning temperature was 20°C at 0 minute, 30°C
after 10 minutes, 50°C after 30 minutes, and 60°C after 40 minutes but can we say
something about the temperature after 20 minutes or 60 minutes by looking only at the
data. Obviously not! Temperature is given only on minutes 0, 10, 30 and 40. 20 minutes
come in the 10-30 interval. With the help of the graph we can determine the correspond-
ing temperature at 20 min-

utes and that is 40°C X
(Graph-2). 90
Here, in the given 30
data there are infinite points
which lie within the given 70
datarange forwhichwecan — 6o
find the corresponding
temperature on the graph. >0
This is known as E 40
interpolation. E 30
Notice that here 20 ¢
range of data is between 0- 10
40 (minutes). The time point
50 minutes falls after this 0 >X

10 20 30 40 50 60 70 80 90

range. To know the _
T (e #)
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temperature at 50 minutes we will extend the graph lines in its direction. On extending
the line we get the temperature 70°C at 50 minutes. Other corresponding temperatures
can also be shown on extending the line in the same manner. This method in which we
can find values beyond the data range by following the known trend is known as
extrapolation. It is assumed that trend in change of data is uniform and there is no any
unacceptable fluctuation in data within and beyond the range of data.

Limitationsof | nter polation and extr apolation

In the above example, on the basis of graph we were able to find the tempera-
ture at 20 minutes which is between the data range 0 to 40 and on 50 minutes which was
outside the range. Can you tell about temperature of liquid when it is boiled for 90
minutes? From the graph, we can see that temperature of the liquid increases by 10°C
every ten minutes and on extrapolation the temperature will be 110°C at 90 minutes. Is
it possible for water being boiled in an open vessel to reach this temperature? It is
obvious that the trend of this graph will change slowly after some time and we can’t
extrapolate inan unlimited manner in this data.

Second question is whether we can do interpolation and extrapolation with any
kind of data. Can we do interpolation and extrapolation in the following data? Let us
consider-

Data of maximum high jump in Olympics is as follows-

Year 1960 1964 1972 1976 1980
Height (inmeter) | 1-85 1-90 1-92 193 197

On the basis of this data can you tell us what the record for high jJump was in the
year 19567

Itis not possible because there is no any trend in this data. This is data of the
height of jumps which is recorded during the competition. In the same way if there is no
trend in the population data, then we can’t predict population for the following years or
what the population was between the given years. It means there are limitations to
interpolation and extrapolation of data due to trends of data and we cannot carry out
interpolation and extrapolation on all types of data.

[ Think and Discuss ]l’

Result of Class-X exams are given in the table below:-

Years

2001

2002

2003

2005

Result

88%

80.5%

66%

55%

Can you figure out the results in the years 2004 and 2006?
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Getting Datafrom Graphs

||| GRFALES |

Collect height (cm) and age data of 40 boys and girls in different classes in your
school and draw the graph between their ages and age-wise average height (be careful
while taking data that each age group contains at least 3to 5 children).

Answer the following on the basis of your graph-

1. Average height of 15 year old

girls?

2. Average height of 10 year old

girls?

3. What is the increase in the
average height of the girls from

the age of 13 yearsto 15 years?

4, Can you find the average height

of 14 year old girls? How?

5. What is the average height of
16 years old girls?

How can we find the answers of questions 4 and 5?

Hint: Show 14 years on the X-axis. Draw a perpendicular from this point on the X-axis
to a point on the graph. Draw a straight line from this point on the graph to the Y axis.
The value on the y-axis where the line meets it will show the average height of 14 year
old girls. The same method can be used to estimate the average height of girls or children

of any age group from the graph.

6. Can you use the same graph to estimate the average height of 6 year old girls or

20 year old girls? Discuss and write your answer.
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Example-13. Consider the following graph which is related to population and give the
answers of the questions on the basis of this graph.

Y
A
5500000t *’
50,00,000 { 4
45,00,000 | /
40,00,000 }
35,00,000 }
30,00,000 }
E 25,00,000 }
20,00,000 }
15,00,000 }
10,00,000 }

5,00,000 t

& : : : : :
0 1960 1970 1980 1990 2000 2010

G

(i) What was the population in the year 19807

(i) What is the growth in population from 1960 to 2000?
(i)  Whatwasthe population in the year 1975?

(v)  Whatwas the population in the year 1995? Find out.

) Does on the basis of given data, can we estimate the population in the year
20107

We can get the answers of questions (i) and (ii) directly from the graph. But the
data related to questions (iii), (iv) and (v) will have to be extracted from the graph. If we
consider the data in the graph it is continuously increasing. Besides showing years 1975,
1995 and 2010 on X-axis, we will also have to extend the scale from 4,500,000 to
5,500,000 on the Y-axis. Now if we join the points corresponding to years 1975, 1995
and 2010 on the graph to corresponding point on Y-axis, then we get estimated population

data for the year (see graph). Thus, we get estimated data on the basis of recorded data.
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Estimated data helps us plan for the future in the present. For example, population
control can be planned in the present before it touches the estimated mark in reality.

Note:- It is supposed on the basis of estimated data for the year 2010 that the trend of
increase in population will remain the same. It is not necessary that this will happen
because many methods are being used to control population even now. How these
efforts will affect the trend of data cannot be determined, we can only estimate on the

basis of extrapolation.

Example-14. The population of a country over different years is shown in the graph.
Analyze the graph and answer the following questions.

A

28000 1
24000 1
AN -
20000} /TN /)
E 16000 1 \/
12000 1 //
8000 1 v
4
4001 |1812|R|2[(SIR|8|IR|R|&[8|=
aloaojlojlaojlaoajlao|jlaoaojlao|jla|la|O| O
i i i i i i i i i i o o g
0 a§ ”
(1) In which year was the population maximum?

(i) What is the minimum population?

(i) In which years did population show an increase?

(iv) In which years did the population fall?

) Was there a constant growth or fall in population in the initial five years?
Let us think more about this data.

If we consider data of first fifty years from 1900 to 1950 we see that population
is continuously increasing. If we look at the population figures after this then population
decreased from 1950 to 1970 and after that again recorded growth. The data from
1990 to 2010 also shows increasing population.

We find that the graph of population growth changed directions continuously. In
different years the population sometimes increased and sometimes decreased and the
direction of rate of growth changed —this is known as data trend. Data trends help us

predict the value of data in the future.
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Let us look at another example.

Example-15. The following graph shows figures related to production of fishes ina

state.

Analyze the graph and answer the following questions:-

A
/\1'20’000"
~5,1,00,000--
E 80,0001
60,000 71
E 40,0001
20,000t
O ¥ t ¥ t t ¥ t ¥ t —>

0 N ®® @ O = N & < 1 ©

@ @ Q@ 9 9 & 9 9 9 4

O N o] (2] o i (o] o < N

© O O O wH wH = = = o

o o o o o o o o o o

(o)] (o)) N (o)] (o] (o)] (o)) N (o)] (o]

L

(1) How many ton of fish were produced in the year 2011-12?

(i) In which year was the production of fish maximum?

(i) Do we see a continuous increase in fish production?

In 2007, the state initiated a scheme called ‘friend of fish’ in which the ichthy-
ology (fish) department tried to motivate the local community towards fish
farming. Now, several thousand people from the community are involved with
the department. They help the department identify suitable locations for culti-
vating fish and also play a role in collecting and maintaining important data
about fish production.

Because of active involvement of the community, the state has seen a constant
increase in production. If we extrapolate on the basis of previous figures, it is
estimated that fish production will touch 1,20,000 ton mark in 2015-16.
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h
— Exercise-2_—
1. Find the mean of the following data:-

Number of female 15—25 | 25—35 | 35—45 | 45—55 | 55—65| 65—75| 75—85
teacher (in %)
No. of states 6 11 7 4 4 2 1

On the basis of this data draw 5 conclusions about female teachers.

2. Wickets taken by some bowlers in international cricket matches are given in the
table. Find the mode of the data.

Number of | 0—50 | 50—100 | 100—150 |150—200 | 200—250 |250—300
wicket

Number of 4 5 16 12 3 2
bowlers

Write 5 conclusions about this data.

3. Literacy rates (in percentage) of 35 cities are given in the following table. Find
the mean of the data.

Literacy Rate(in %) 45—55 |55—65 |65—75 |75—85 |85—95

Number of Cities 3 10 11 8 3

Write 3 conclusions about this data.

4. The following table shows the ages of the patients admitted in a hospital duringa
year. Find the mean.
Age(in years) 5—-15 | 15—25 | 25—35 | 35—45 45—55 | 55—65
Number of Patients 6 11 21 23 14 5

Write 3 conclusions about this data.
5. The following table shows marks obtained by the students in an examination-

M ar ksobtained 0-10 | 10-20|20-30|30-40| 40-50 |50-60
Number of students 1 12 24 32 10 5

Find the median of marks. Write 3 conclusions about the data.
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What WeHavel earnt
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12.

13.

14.

Bar graphs and tables are helpful in understanding data.

Observations are data-points under consideration in a particular situation.
Average is anumber which is characteristic of the entire data.

Average lies between the maximum and the minimum value of the given data.
Average of data is known as arithmetic mean in statistics.

Mean, median and mode are representative values of data.

Median is the middle value of data organized in ascending or descending order.
Mode is the value that occurs maximum number of times in given data.

If there is lots of variation in data then mean of that data can be misleading.

To find median of series having individual observations we have to arrange data
in ascending or descending order.

The difference between highest and lowest values (limits) of data is said to be its
range. It shows the extent of variation in the data points.

The formulato find arithmetic mean in individual series is as follows:

Sum of data
Number of data

Arithmetic Mean =

To find arithmetic mean of discrete and grouped series, the following formulais

used:
7 -2 fx

-5

To find median of individual series, if number of terms is odd then we use the
following formula-

. n+1 o
Median = > term

And we use the following formula if number of data is eve

n th n th
(j term + (+1j term
Median= \ 2 2

2
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16.  Tofind median of grouped data we use the following formula-

n
E_Cf
Median = e+ f xh

17.  Tofind mode of grouped data we use the following formula-

f—f
—/+|—2—% |xh
Mode = {Zfl_fo_f2i|x

18.  Withthe help of a graph we can find data-points within the data range which are

actually given. This is known as interpolation but it is not possible all data types.

19. In graphs, when we use the direction of increase or decrease of the curve to
determine a value beyond the given data range, this is known as extrapolation.

Extrapolation can be done only if the data shows a clear trend.

Answer Key -1
1. (i) Mode (i) Arithmetic Mean (i) Median
(iv) Arithmeticmean  (v) Mode (vi) Arithmetic mean
(vii) None of these
2.  278.47 mm 3. 11 4. Rupees 29.2

5. Arithmetic mean = 1.965 meter, median = 1.99 meter, mode = 2.02 meter

6.  35.75kilogram

Answer Key - 2
1. 39.71% 2. 136.66 G 69.42%
4. Mean=35.37 5. 31.56

©




	0.pdf (p.1-8)
	1.pdf (p.9-36)
	2.pdf (p.37-72)
	3.pdf (p.73-106)
	4.pdf (p.107-132)
	5.pdf (p.133-150)
	6.pdf (p.151-174)
	7.pdf (p.175-190)
	8.pdf (p.191-206)
	9.pdf (p.207-228)
	10.pdf (p.229-242)
	11.pdf (p.243-270)
	12.pdf (p.271-310)
	13.pdf (p.311-330)
	14.pdf (p.331-350)
	15.pdf (p.351-374)
	16.pdf (p.375-408)

