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SHORT ANSWER TYPE
1. For a positive integer n, find the value of (1 —1)" (1 - 1/i)".
Solution:

According to the question,

We have,

1" 13"
— iy P — — iy P —
(1-0*(1-3) = -0 (1-3)

=(@-0)" (@ +i)

=(1-i%"

=2n

Therefore, (1 -i)" (1 - 1/)"=2"

2. Evaluate
13 |
DIt +itT).
n=l where n € N.
Solution:
According to the question,
We have,

nz1 (17 +1777) = X2, (1 + DI
=1+ A +2+ P+ + P+ 5+ 7+ 85+ P #1104 314412 4419
i(i** — 1)
=(1+i)———
(I+1)——7
i(i—1)

=(1+)——

=(1+1)i
=i+

=i—1

13
S P =i-1
n=1

3. If
[14]3 [1—'1]*" .
ol R - =X
-1 1+1  then find (x, ).
Solution:
According to the question,
We have,
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(1+1)

2—1

= (2 ()
(1+1)2\° [/(1-D2\°

:(1—12) _(1—12)
1+2i+i2\° [1-2i+i2\°

()5
2ivG =22

-(3) - (%)

=0 ()

= 23

=0-2i
Thus, (x,y) = (0, -2)

=X +1y
, then find the value of x +y.

Solution:

According to the question,
We have,
(1+i)®
2-i
1+ 2i+i?
2
21

2—1i
Eationalizing the denominator,
21 (2 + i)

T(2-D(2+1)

X+iy=

|
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100

1-1 )
: =a—+1ib:

5.

[ 1+1
Solution:

According to the question,

We have,
atib= (1)

1+i
1—1i 1—1]“”
Tl +it1—i
(1 i)2 100

1 —iz
( )IDD

1—2i+i°

1+1
24 100
-3)
= (i4)25
=1

Hence, (a, b) = (1, 0)
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then find (a, b).

6. If a = cos 0 + i sin 0, find the value of

l+a
l1—a
Solution:
According to the question,
We have,
a=cos0+1isinb
1+a

(1+cosB) +isinB

=>1—a=(1—cosﬂ)—i

2¥ d iy
3 +1i2 51112 Cos

2 sin? g —

B 2':05%(

2 cos

i2 sing

6 .. 8
cos5 + isin

)
)
2

- . B ¢]
251112 (sm2 icos

. 8 8, .
icoss (cosi + isin

2

izcusg)

2
2

n? (isin?
SlIl2 ISIII2
. E}(
113052

8
cos5 +isins

. 0 0
sinz ( isinz + cos

=icot—
2

sin B
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7.1f(1+1)z=(1-1)z thenshowthatz =iz
Solution:
According to the question,
We have,
(l+z=(1-1z
1—1i_
= Z=—3%Z
1+
Eationalizing the denominator,
We get,
(1-D(1-1)_
= Z
(1 +1)(1—1)
(1-1)72_
= z
(1—1%)
1—2i+i? _
C1+1
1—-2i—1

2

Z

=-iz
Hence proved.

8. If z=x + iy, then show that zz + 2(z + Z) + b = 0 where beR, representing z in the complex plane
is a circle.
Solution:
According to the question,
We have,
z=x+ly
=>Z=X-1y
Now, we also have,
zzZz+2(z+z)+b=0
> X+iy)(X—iy)+2(X+iy+x—-iy)+b=0
=>X2+y+4x+b=0
The equation obtained represents the equation of a circle.

9. If the real part of (z + 2)/ (z — 1) is 4, then show that the locus of the point representing z in the
complex plane is a circle.

Solution:
According to the question,
Letz=x+1y
Now,
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z42 x—iy+2

T—

1 x—iy—1
C[x+2) - ylx— 1) +iy]

[(x—1) —iy][(x— 1) +iy]

(x—1)(x+2) +y? +i[(x+2)y — (x— 1)y]
B (x—1)2+ y2
According to the question, we have, real part = 4.

(x—1)(x+2) +y?

(x—1)2+y2

SX2+X—2+y=4(X2-2X+1+y?)
= 3x2+3y2-9x+6=0
The equation obtained represents the equation of a circle.
Hence, locus of z is a circle.

10. Show that the complex number z, satisfying the condition arg ((z-1)/(z+1)) = =/4 lies on a circle.

Solution:
According to the question,
Letz=x+1y

arg ((z-1)/(z+1)) =n/4
=arg(z-1)—-arg(z+1)=n/4
>arg(x+iy—1)—arg(x +iy+1)=mn/4
=arg(X-1+iy)—arg (x +1+iy)=mn/4

-1 Y -1 ¥ n
tan' ——+tan~! =—
=tan” ——_+tanT =7
y __¥ o
-1 x—1 X+ 1 _
= tan 1+(}’ )(y )—4
x—1'%x+1
v(x+1—x+1) !
= tan—
x?2—1+y? 4
2y

T X2+ yi—1 !

S>x2+y?-1=2y

=>x+y?-2y-1=0

The equation obtained represents the equation of a circle.

11. Solve that equation |z| =z + 1 + 2i.
Solution:
According to the question,
We have,
[z|=z+1+2i
Substituting z = x + 1y, we get,
= Xx+iy|=x+iy+1+2i
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We know that,

2] = (< + y?)

V2 +y?) = (x+1) +i(y +2)
Comparing real and imaginary parts,
We get,

V2 +y?) = (x +1)

And0=y+2

>y=-2

Substituting the value of y in V(x? + y?) = (x + 1),
We get,

= X2+ (-2)2=(x + 1)°
SX+4=x2+2x+1

Hence, x = 3/2

Hence,z =X + iy

=3/2-2i

LONG ANSWER TYPE
12. If |z+1]=2+2 (1 +1), then find z
Solution:

According to the question,

We have,

z+1=z+2(1+1)

Substituting z = x + iy, we get,
=>X+iy+1=x+iy+2(1+1i)
We know,

lz] = NG + y?)

V((x+ 17 +y?) = (x +2) +i(y + 1)
Comparing real and imaginary parts,
> V((x+1)2+y) =x+2
And0=y+2

=>y=-2

Substituting the value of y in V((x + 1) + y?) = x + 2,
= (X +1)* + (-2)* = (x + 2)?
SXH2X+1+4=x>+4x +4
=>2x=1

Hence, X =%

Hence,z=Xx + iy

=% - 2i

13. Ifarg(z—1)=arg (z + 3i), thenfind x -1 :y. wherez=x + iy
Solution:

According to the question,
Letz=x+1iy

Given that,

arg(z—1)=arg (z + 3i)
=arg(x+iy—1)=arg (X +iy + 3i)
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=arg(x—1+iy)=arg (x +1(y) =n/4

s 13,='+3

= fan" Ll =tfan"

x —
y y+3
x—1 X
=>Xy=Xy-y+3x-3
=>3Xx-3=y
= XxX-1ly=1/3
Hence, (x —1):y=1:3

14. Show that |(z - 2) / (z - 3)| = 2 represents a circle. Find its centre and radius.
Solution:
According to the question,
We have,
(z-2)/(z-3)|=2
Substituting z = x + 1y, we get
= |(x+iy-2)/(x+iy-3)|=2
= X-2+1iy|=2|x-3+1y|
> V(x -2 +y) =2V((x -3 +y?)
SX—AX+4+y? =4 (X2 —6X+9+V?)
= 3x°+3y?—-20x+32=0

2, 2 20, 32

= X ——Xt+t—-=

Yy 7 3¥t3

( 1n)2+ ., 32 100

“\FTE) TV T3 T T
10\°

4
= (x-%) +-02=:
Therefore, centre of circle is (10/3, 0) and radius is 4/9 or 2/3.

15. If (z—-1)/(z + 1) is a purely imaginary number (z # —1), then find the value of |z|.
Solution:

According to the question,

Letz=x+1y

Now,
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z—1  x+iy-1

Z+1 x+iy+1

== 1) +iylix+ 1) —iy]
C[(x+ 1) +iyl[(x+ 1) —iy]

& -D+y? +ilx+ Dy — (x— Dy]
B (x+ 1)2+ y2

According to the question, we have,

z—1

z+1 i3 purely imaginary.

(x* —1) +y°
= =
(x+1)2+y?

=>x-1+y*=0

=>x2+y?=1
SV +y) =1
Hence, |z| = 1

16. z1 and z2 are two complex numbers such that |z1| = |zz| and arg (z1) + arg (z2) = &, then show
that z1 = - 7.
Solution:
According to the question,
Let z1 = |z1] (cos 01 + I sin 01) and z2 = |z2| (cos B2 + I sin 62)
Given that |za| = |z2|
And arg (z1) +arg (z2) ==
=>01+02=n
=>01=n—-0
Now, z1 = |z2| (cos (m - 02) + I sin (7 - 02))
= 71 = |z2| (-cos 02 + I 'sin 62)
= 71 = -|z2| (cos 02 — I sin 02)
= 71 = - [|22] (cos 02 — I sin 6)]
Hence, 21 = -2»
Hence proved.

17. If |za| =1 (z1 #-1) and z2 = (za— 1) / (z + 1), then show that the real part of z2 is zero.
Solution:

According to the question,

Letzi=x+1iy
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= |z =yx2+y2=1

7. — 2,1 x+iy-1
2 Z,+1 - xX+iy+1

(=D +iylix+ 1) —iy]
S x4+ D) +iyl[(x+ 1) —iy]
(x2— 1) +y* +i[(x + Dy — (x— Dy]
N (x+ 1)2+y?
x*+y?—1+2iy
T (x+ D)2+ y2
Since x2+yl=1
1—1+2iy
“GrDIy?
21y
Therefore, the real part of z> is zero.

=0+

18. If z1, 2 and z3, z4 are two pairs of conjugate complex numbers, then find arg(zi/z4) + arg(zz2/zs).
Solution:

According to the question,

We have,

z1 and z are conjugate complex numbers.

The negative side of the real axis

=11 (cos 01 - i sin 01)

=r1 [cos (-01) + I sin (-01)]

Similarly, zz = r2 (cos 02 - i sin 62)

= 74 =12 [c0S (-62) + I sin (-62)]

7z

= arg Z—l + arg z—z) = arg(z,) —arg(z,) + arg(z,) — arg(z;)
4 3

=01—(-02) + (-061) — 02

=01+02—-01—-0

=0

= arg(za/zs) + arg(z2/z3) = 0

19. If |za] = |z2| = ..... = |zn| = 1, then show that |21 + z2 + z3 + .... + zn| = | Vz1 + 1z2 + 1/z3 + ... + 1/zn|
Solution:

According to the question,

We have,

|ze] =z2|= ... =|zn| =1

S zf=zf=...=zf=1

=21Z1=22Z2=23Z3=...=ZnzZn=1
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1 1
:'Zl=:,22=:,...,zn=
Zy Zy

Now,

Z1Zy Z9Z, Z3Zs A
= |2y + 2y + Iy T+t Iy = [ e e b |

Zy Z; Z3
1 1 1 1
- =t =+--+ =
Z; Z; i3

Hence proved.

20. If for complex numbers z1 and z2, arg (z1) — arg (z2) = 0, then show that |z1 — z2| = |z1] - |z2|.
Solution:

According to the question,
Let z1 = |z1| (cos 61 + I sin 01) and z2 = |z2| (cos 62 + I sin 02)
We have,

arg (z1) -arg(z2) =0

=0:-02=0

=01=0

We also have,

Z2 = |z2| (cos 01 + I sin 01)

= 71— 22 = ((|1|cos 01 - |22| cos 01) + i (Jz1] sin 01 - |z2| sin 01))

= |z, —z,| = J(Izllmsﬂl — |z,|cos 8,)2 + (|z,|sin 8, — |z,|sin B,)2
= I|Z1|2 + |2, 12 — 2|z, ]|2,| cos?8; — 2|z, ||z, |sin? 6,

=lz412 + |z, |2 — 2|z,||2,|[cos2 8, + sin2 B,]
We know that cos? 8 +sin2 6 =1
= Fl|z1|'2 + Izz |2 — 2|Z1I|Zz|
—
\ (lz4] — 1z, 1)?

Hence, |21 — 22| = |21] - |z2]
Hence proved.

21. Solve the system of equations Re (z2) =0, |z| = 2.

Solution:
According to the question,
We have,
Re (z) =0, |z| =2
Letz=x+1y.

Then, |z = V(x% + y?)
Given in the question,
Vx2+y?) =2
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=>x2+y? =4 .. (i)

72 = X% + 2ixy — y?

= (X% - y°) + 2ixy

Now, Re (z%) =0

=x2-y?=0 ... (ii)

Equating (i) and (ii), we get
=>x2=y?=2

SX=y= +\2

Hence,z =x + 1y

=+\2 £ V2

=2 +iV2, V2 — V2, V2 + iV2 and V2 — V2
Hence, we have four complex numbers.

22. Find the complex number satisfying the equation z +\2 |(z + 1)| + i =0.
Solution:

According to the question,

We have,

z+\2|z+D|+i=0...(1)

Substituting z = x + iy, we get

=>x+iy+ V2 [x+iy+1[+i=0
=x+i(l+y)+ wﬁ[\f(ﬁ 1)2 +y2] =0

=x+i(1+y)+V2y(x2+2x+1+y2)=0

Comparing real and imaginary parts to zero, we get

= X+V2{/x2+2x+ 1+y2=0__(y

And.

v+1=0

:}}r:-l

Substituting v =— 1 into equation (2), we get

> x+V2yx2+2x+1+1=0
—_—

= V2yx2+ 2x+ 2 = —x

= 2% +4x + 4 =2

=>xX2+4x+4=0

= (x+2)?2=0

=>X=-2

Hence,z =x + iy

=—2-1i

23. Write the complex number
-1
=
T ..
COS— +15111—

3 in polar from.

Solution:
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According to the question,
We have,

1-1
L=

T .. T
COS— + 151N —
3 3

= e

1 1
2[——I¢]
xllr_ "E V2

L
| S
CGSE + ]Slﬂ§

ﬁ{rus% —isin g]

| S |
CGS§+ISIH§

= ﬂp{cus(—;— E) + ism(—E—g) I
= ﬁ{ms (— :—;) + isin (— g]]
= wﬁ[msf—gﬂsmi—;

24. If z and w are two complex numbers such that |zw| = 1 and arg (z) — arg (w) = a/2, then show
thatzw =— 1.
Solution:
Let z = |z| (cos 01 + I sin 01) and w = |w| (cos 02 + I sin 02)
Given |zw| = |z| |w| =1
Also arg (z) — arg (w) = w/2
= 0:-0.=mn/2
Now, Zw = |z| (cos 01 - I sin 0:) [w| (cos 0.+ Isin 62)g | =1
= |z| |w] (cos (-61) + I sin (-01)) (cos 62 + I sin 62)
=1 [COS (92 - 91) + I sin (92 - 91)]
= [cos (-n/2) + I sin (-1/2)]
=1[0-1]
=—i

Hence proved.
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