RD Sharma Solutions for Class 12 Maths Chapter 1

m BYJ U'S Relation

The Learning App

EXERCISE 1.1 PAGE NO: 1.10

1. Let A be the set of all human beings in a town at a particular time. Determine
whether of the following relation is reflexive, symmetric and transitive:

(i) R={(x, y): x and y work at the same place}

(ii) R ={(x, y): x and y live in the same locality}

(i) R = {(x, y): x is wife of y}

(iv) R ={(x, y): x is father of y}

Solution:

(i) Given R ={(x, y): x and y work at the same place}
Now we have to check whether the relation is reflexive:
Let x be an arbitrary element of R.

Then, x €R

= x and x work at the same place is true since they are the same.
=(x, x) €R [condition for reflexive relation]

So, R is a reflexive relation.

Now let us check Symmetric relation:

Let (x, y) ER

=x and y work at the same place [given]

=y and x work at the same place

=(y, x) ER

So, R is a symmetric relation.

Transitive relation:

Let (x, y) ER and (y, z) €R.

Then, x and y work at the same place. [Given]

y and z also work at the same place. [(y, z) €ER]

= X, y and z all work at the same place.

=x and z work at the same place.

= (x, z) ER

So, R is a transitive relation.

Hence R is reflexive, symmetric and transitive.

(ii) Given R = {(x, y): x and y live in the same locality}

Now we have to check whether the relation R is reflexive, symmetric and transitive.
Let x be an arbitrary element of R.
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Then, x ER

It is given that x and x live in the same locality is true since they are the same.
So, R is a reflexive relation.

Symmetry:

Let (x,y) ER

= x and y live in the same locality [given]

= y and x live in the same locality

= (y,X) ER

So, R is a symmetric relation.

Transitivity:

Let (x, y) ER and (y, z) €R.

Then,

x and vy live in the same locality and y and z live in the same locality
= X, y and z all live in the same locality

= x and z live in the same locality

= (x,z) ER

So, R is a transitive relation.

Hence R is reflexive, symmetric and transitive.

(iii) Given R = {(x, y): x is wife of y}

Now we have to check whether the relation R is reflexive, symmetric and transitive.
First let us check whether the relation is reflexive:

Let x be an element of R.

Then, x is wife of x cannot be true.

= (x, x) €R

So, R is not a reflexive relation.

Symmetric relation:

Let (x, y) ER

= x is wife of y

= x is female and y is male

= y cannot be wife of x as y is husband of x

= (y, X) €R

So, R is not a symmetric relation.

Transitive relation:

Let (x, y) €R, but (y, z) €R

Since x is wife of y, but y cannot be the wife of z, y is husband of x.
= X is not the wife of z
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=(x, z) ER
So, R is a transitive relation.

(iv) Given R = {(x, y): x is father of y}

Now we have to check whether the relation R is reflexive, symmetric and transitive.
Reflexivity:

Let x be an arbitrary element of R.

Then, x is father of x cannot be true since no one can be father of himself.
So, R is not a reflexive relation.

Symmetry:

Let (x, y) ER

= x is father of y

= vy is son/daughter of x

= (y, x) €R

So, R is not a symmetric relation.

Transitivity:

Let (x, y) ER and (y, z) €R.

Then, x is father of y and y is father of z

= x is grandfather of z

= (x, z) €R

So, R is not a transitive relation.

2. Three relations R3, R; and R; are defined on a set A = {a, b, c} as follows:
R:={(a, a), (a, b), (a, c), (b, b), (b, c), (c, a), (c, b), (¢, c)}

Rz ={(a, a)}

R; = {(br C)}

Rs={(a, b), (b, ), (c, a)}.

Find whether or not each of the relations Ry, R, R3, R; on A is (i) reflexive (ii)
symmetric and (iii) transitive.

Solution:

(i) Consider Ry

Given Ry ={(a, a), (a, b), (a, c), (b, b), (b, c), (c, a), (c, b), (c, c)}
Now we have check R; is reflexive, symmetric and transitive
Reflexive:

Given (a, a), (b, b) and (c, c) € R

So, Ry is reflexive.
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We see that the ordered pairs obtained by interchanging the components of R; are also

in Rl.
So, Ry is symmetric.
Transitive:

Here, (a, b) €Ry, (b, c) ER; and also (a, c) ER;

So, Ry is transitive.

(ii) Consider R,
Given R; ={(a, a)}
Reflexive:

Clearly (a, a) €R,.
So, R; is reflexive.
Symmetric:

Clearly (a, a) ER

= (a, a) ER.

So, Ry is symmetric.
Transitive:

R, is clearly a transitive relation, since there is only one element in it.

(iii) Consider R

Given Rz ={(b, ¢)}

Reflexive:

Here,(b, b)& Rs neither (c, c) € Rs
So, Rz is not reflexive.
Symmetric:

Here, (b, c) €Rs, but (c, b) €R3
So, R3is not symmetric.
Transitive:

Here, R3 has only two elements.
Hence, Rs is transitive.

(iv) Consider Ry

Given Ry ={(a, b), (b, c), (c, a)}.
Reflexive:

Here, (a, a) € R4, (b, b) € R4 (c, c) € Ry
So, R4 is not reflexive.
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Here, (a, b) €Rg, (b, c) ER4, but (a, ¢c) €R4

So, R4 is not transitive.

3. Test whether the following relation R;, R,, and Rs are (i) reflexive (ii) symmetric and

(iii) transitive:

(i) Ry on Qg defined by (a, b) ER; & a=1/b.
(ii)) R, on Z defined by (a, b) ER, & |a—-b]| <5
(iii) Rz on R defined by (a, b) € R; & a?—4ab + 3b%=0.

Solution:

(i) Given Ry on Qg defined by (a, b) € R; & a=1/b.

Reflexivity:

Let a be an arbitrary element of R;.
Then, a € R,

= azl/aforalla € Qg

So, Ry is not reflexive.

Symmetry:

Let (a, b) € R;

Then, (a, b) € Ry

Therefore we can write ‘@’ asa =1/b
=>b=1/a

= (b, a) € Ry

So, Ry is symmetric.

Transitivity:

Here, (a, b) €R; and (b, c) €R,
=a=1/bandb=1/c
=a=1/(1/c)=c

=>az#l/c

= (a,c) € Ry

So, Ry is not transitive.

(ii) Given R, on Z defined by (a, b) ER, & |a—b]| <5
Now we have check whether R, is reflexive, symmetric and transitive.
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On applying the given condition we get,

= |a-a|=0<5
So, Ry is reflexive.
Symmetry:

Let (a, b) ER;

= |a-b| £5 [Since, |a-b| = |b-a]]

= |b-a| £5

= (b, a) € R,

So, R2 is symmetric.
Transitivity:

Let (1, 3) € R and (3, 7) €R;
=|1-3|<5and |3-7|<5
But |1-7| £5

=(1,7) €R;

So, R; is not transitive.

(iii) Given Rz on R defined by (a, b) € Rz & a?—4ab + 3b%=0.
Now we have check whether R; is reflexive, symmetric and transitive.

Reflexivity:

Let a be an arbitrary element of Rs.
Then, a € R3

= a’-4axa+3a’=0

So, Rz is reflexive

Symmetry:

Let (a, b) € R3

= a’-4ab+3b%=0

But b?>-4ba+3a%#0 for alla, b €R
So, Rsz is not symmetric.
Transitivity:

Let (1, 2) ERsand (2, 3) ER3
=>1-8+6=0and4-24+27=0
But1-12+9=%0

So, Rz is not transitive.
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4.let A={1,2, 3}, and let R; ={(1, 1), (1, 3), (3, 1), (2, 2), (2, 1), (3, 3)}, R2={(2, 2), (3,
1), (1, 3)}, Rs ={(1, 3), (3, 3)}. Find whether or not each of the relations R;, R;, R3on A is

(i) reflexive (ii) symmetric (iii) transitive.

Solution:

Consider Ry

Given R1 ={(1, 1), (1, 3), (3, 1), (2, 2), (2, 1), (3, 3)}
Reflexivity:

Here, (1, 1), (2, 2), (3, 3) €ER
So, R; is reflexive.

Symmetry:

Here, (2, 1) € Ry,

But (1, 2) € Ry

So, Ry is not symmetric.
Transitivity:

Here, (2, 1) ER;and (1, 3) €Ry,
But (2, 3) &R

So, Ry is not transitive.

Now consider R,

Given R, ={(2, 2), (3, 1), (1, 3)}
Reflexivity:

Clearly, (1, 1) and (3, 3) €R>
So, R; is not reflexive.
Symmetry:

Here, (1,3) ER,and (3, 1) ER;
So, Ry is symmetric.
Transitivity:

Here, (1,3) ER,and (3,1) ER;
But (3, 3) &R,

So, R; is not transitive.
Consider R3

Given R3 ={(1, 3), (3, 3)}
Reflexivity:

Clearly, (1, 1) € R3

So, Rz is not reflexive.
Symmetry:

Here, (1, 3) €ERs3, but (3, 1) € Rs
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Transitivity:

Here, (1, 3) € Rzand (3, 3) ER;
Also, (1, 3) ER3

So, Rz is transitive.
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5. The following relation is defined on the set of real numbers.

()aRbifa-b>0
(ii)aRbiff1+ab>0
(iii) aRb if |a| < b.

Find whether relation is reflexive, symmetric or transitive.

Solution:
(i) Consider aRbifa—b >0

Now for this relation we have to check whether it is reflexive, transitive and symmetric.

Reflexivity:

Let a be an arbitrary element of R.
Then,a €R

Buta-a=0%0

So, this relation is not reflexive.
Symmetry:

Let (a, b) ER

=a-b>0

= -(b-2a)>0

=>b-a<0

So, the given relation is not symmetric.
Transitivity:

Let (a, b) €ER and (b, c) ER.
Then,a-b>0andb-c>0
Adding the two, we get
a—b+b-c>0

=>a-c>0

= (a,c) ER.

So, the given relation is transitive.

(ii) ConsideraRbiff 1+ab>0

Now for this relation we have to check whether it is reflexive, transitive and symmetric.
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Reflexivity:

Let a be an arbitrary element of R.
Then,a €R

=>1+axa>0

ie.1+a*>0 [Since, square of any number is positive]
So, the given relation is reflexive.
Symmetry:

Let (a, b) ER

=>1+ab>0

=>1+ba>0

= (b,a) ER

So, the given relation is symmetric.
Transitivity:

Let (a, b) ER and (b, c) ER
=>1+ab>0and1+bc>0
Butl+ac*0

= (a,c) R

So, the given relation is not transitive.

(iii) Consider aRb if |a| < b.

Now for this relation we have to check whether it is reflexive, transitive and symmetric.
Reflexivity:

Let a be an arbitrary element of R.

Then, a €R [Since, |a|=a]

= |a|<a

So, R is not reflexive.

Symmetry:

Let (a, b) ER

= |al £b

= |b| £aforalla,bER

= (b,a) €R

So, R is not symmetric.

Transitivity:

Let (a, b) ERand (b, c) ER

= |a]l <band |b| £c

Multiplying the corresponding sides, we get
lal] x |b] <bc
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= |a| <c
= (a,c) ER
Thus, R is transitive.

6. Check whether the relation R defined in the set {1, 2,3,4,5,6}asR={(a,b):b=a +
1} is reflexive, symmetric or transitive.

Solution:

GivenR={(a, b):b=a+ 1}

Now for this relation we have to check whether it is reflexive, transitive and symmetric
Reflexivity:

Let a be an arbitrary element of R.
Then, a=a + 1 cannot be true for all a € A.
= (a,a) &R

So, R is not reflexive on A.
Symmetry:

Let (a, b) ER

>b=a+1l

=>-a=-b+1

=>a=b-1

Thus, (b, a) € R

So, R is not symmetric on A.
Transitivity:

Let (1, 2)and (2, 3) ER
=>2=1+1and3

2+1 istrue.

But 3 #1+1

=(1,3) &R

So, R is not transitive on A.

7. Check whether the relation R on R defined as R = {(a, b): a < b3} is reflexive,
symmetric or transitive.

Solution:

Given R={(a, b): a < b3}

It is observed that (1/2, 1/2) inRas 1/2 > (1/2)*=1/8
~ Ris not reflexive.
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Now,

(1,2) ER(as1<23=38)

But,

(2,1)¢R(as2>13=1)

~ Ris not symmetric.

We have (3, 3/2), (3/2, 6/5) in "R as" 3 < (3/2)® and 3/2 < (6/5)3
But (3, 6/5) ¢ Ras 3 > (6/5)3

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

8. Prove that every identity relation on a set is reflexive, but the converse is not
necessarily true.

Solution:

Let A be a set.

Then, ldentity relation IA=l, is reflexive, since (a, a) € A Va
The converse of it need not be necessarily true.

Consider the set A=1{1, 2, 3}

Here,

Relation R={(1, 1), (2, 2), (3, 3), (2, 1), (1, 3)} is reflexive on A.
However, R is not an identity relation.

9.1f A={1, 2, 3, 4} define relations on A which have properties of being
(i) Reflexive, transitive but not symmetric

(ii)) Symmetric but neither reflexive nor transitive.

(iii) Reflexive, symmetric and transitive.

Solution:

(i) The relation on A having properties of being reflexive, transitive, but not symmetric is
R={(1,1),(2,2),(33),(4,4),(2 1)}

Relation R satisfies reflexivity and transitivity.

=1(1,1),(2,2),(3,3) ER

And (1,1),(2,1)ER=(1,1)€ER

However, (2, 1) ER, but (1, 2) €R

(ii) The relation on A having properties of being reflexive, transitive, but not symmetric
is
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R={(1,1),(2,2),(3,3),(4,4),(2 1)}

Relation R satisfies reflexivity and transitivity.
=(1,1),(2,2),(3,3) ER

And (1,1),(2,1) ER=(1,1) ER

However, (2, 1) ER, but (1, 2) €R

(iii) The relation on A having properties of being symmetric, reflexive and transitive is

R={(1,1),(2,2),(3,3),(44),(1,2),(2 1)}
The relation R is an equivalence relation on A.
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EXERCISE 1.2 PAGE NO: 1.26

1. Show that the relation R defined by R = {(a, b): a— b is divisible by 3; a, b € Z} is an
equivalence relation.

Solution:

Given R ={(a, b): a— b is divisible by 3; a, b € Z} is a relation
To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Let us check these properties on R.
Reflexivity:

Let a be an arbitrary element of R.
Then,a—a=0=0x3

= a —ais divisible by 3

= (a,a) ERforalla€ez

So, R is reflexive on Z.

Symmetry:

Let (a, b) ER

= a - bis divisible by 3
=>a-b=3pforsomep€Z
=>b-a=3(-p)

Here,-p€Z

= b - ais divisible by 3

= (b,a) ERforalla,b€Z

So, R is symmetric on Z.
Transitivity:

Let (a, b) and (b, c) ER

= a-bandb - caredivisible by 3
= a—-b=3pforsomepeZ
Andb-c=3qgforsomeq€Z
Adding the above two equations, we get
a-b+b-c=3p+3q
=>a-c=3(p+q)

Here,p+q€Z

= a - cis divisible by 3

= (a,c) ERforalla,c€Z
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Therefore R is reflexive, symmetric and transitive.

Hence, R is an equivalence relation on Z.

2. Show that the relation R on the set Z of integers, given by
R ={(a, b): 2 divides a — b}, is an equivalence relation.

Solution:

Given R ={(a, b): 2 divides a — b} is a relation defined on Z.
To prove equivalence relation it is necessary that the given relation should be reflexive,

symmetric and transitive.

Let us check these properties on R.
Reflexivity:

Let a be an arbitrary element of the set Z.
Then,a €R

=>a-a=0=0x2

= 2 dividesa-a

= (a,a) ERforallaez

So, R is reflexive on Z.

Symmetry:

Let (a, b) ER

= 2 dividesa-b

= (a-b)/2 =pforsomep € Z

= (b-a)/2=-p

Here,-p€Z

= 2 dividesb - a

= (b,a) ERforalla,b€Z

So, R is symmetricon Z

Transitivity:

Let (a, b) and (b, c) ER

= 2 divides a-b and 2 divides b-c

= (a-b)/2 =p and (b-c)/2 =g forsome p,q € Z
Adding the above two equations, we get
(a-b)/2+(b-c)/2=p+q

= (a-c)/2=p+q

Here, p+q€Z

= 2 dividesa-c
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= (a,c) ERforalla,c€Z
So, R is transitive on Z.
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Therefore R is reflexive, symmetric and transitive.

Hence, R is an equivalence relation on Z.

3. Prove that the relation R on Z defined by (a, b) € R & a - b is divisible by 5 is an

equivalence relation on Z.

Solution:

Given relation R on Z defined by (a, b) E R & a - b is divisible by 5
To prove equivalence relation it is necessary that the given relation should be reflexive,

symmetric and transitive.

Let us check these properties on R.
Reflexivity:

Let a be an arbitrary element of R. Then,
=>a-a=0=0x5

= a —ais divisible by 5

= (a,a) ERforalla€ez

So, R is reflexive on Z.

Symmetry:

Let (a, b) ER

= a - bis divisible by 5
=>a-b=5pforsomep€Z
=>b-a=5(-p)

Here,-p€Z [Since p € Z]
= b - ais divisible by 5

= (b,a) ERforalla,b€EZ

So, R is symmetric on Z.

Transitivity:

Let (a, b) and (b, c) ER

= a - b is divisible by 5

= a-b=5pforsomeZ

Also, b — cis divisible by 5

= b -c=5qforsomeZ

Adding the above two equations, we get
a-b+b-c=5p+5q
=a-c=5(p+q)
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= a - cisdivisible by 5

Here,p+q€Z

= (a,c) ERforalla,c€Z

So, R is transitive on Z.

Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z.

4. Let n be a fixed positive integer. Define a relation R on Z as follows:
(a, b) ER & a - bis divisible by n.
Show that R is an equivalence relation on Z.

Solution:

Given (a, b) ER & a - b is divisible by n is a relation R defined on Z.
To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Let us check these properties on R.

Reflexivity:

Leta €N

Here,a-a=0=0xn

= a - ais divisible by n

= (a,a) ER

= (a,a) ERforalla€eZ

So, R is reflexive on Z.

Symmetry:

Let (a, b) ER

Here, a — b is divisible by n
=>a-b=npforsomep€Z

=>b-a=n(-p)

= b - ais divisible by n [pEZ=-pE]
= (b,a) ER

So, R is symmetric on Z.

Transitivity:

Let (a, b) and (b, c) ER

Here, a — b is divisible by n and b - c is divisible by n.
=>a-b=npforsomep€Z

And b-c=nqforsomeq€Z

a—b+b-c=np+nq
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=a-c=n(p+q)

= (a,c) ERforalla,c€Z

So, R is transitive on Z.

Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z.

5. Let Z be the set of integers. Show that the relationR={(a, b):a,b€Zanda+b s
even}is an equivalence relation on Z.

Solution:

GivenR={(a, b):a, b €Zand a + b is even}is a relation defined on R.
Also given that Z be the set of integers

To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Let us check these properties on R.

Reflexivity:

Let a be an arbitrary element of Z.

Then,a €R

Clearly,a+a=2ais even foralla € Z

= (a,a) ERforalla€ez

So, R is reflexive on Z.

Symmetry:

Let (a, b) ER

= a+biseven

= b +aiseven

= (b,a) ERforalla,b€Z

So, R is symmetric on Z.

Transitivity:

Let (a, b) and (b, c) ER

= a+bandb+careeven

Now, leta + b = 2x for some x € Z
Andb+c=2yforsomey€Z

Adding the above two equations, we get
A+2b+c=2x+2y

= a+c=2(x+y-b), whichisevenforallx,y,b€Z
Thus, (a, c) ER

So, R is transitive on Z.
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Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z

6. m is said to be related to n if m and n are integers and m - n is divisible by 13. Does
this define an equivalence relation?

Solution:

Given that m is said to be related to n if m and n are integers and m - n is divisible by 13
Now we have to check whether the given relation is equivalence or not.
To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Let R={(m, n):m,n €Z:m - nis divisible by 13}
Let us check these properties on R.

Reflexivity:

Let m be an arbitrary element of Z.

Then, m €ER

>m-m=0=0x13

= m - mis divisible by 13

= (m, m) is reflexive on Z.

Symmetry:

Let (m, n) ER.

Then, m - n is divisible by 13

>m-n=13p

Here,p €Z

=>n-m=13(-p)

Here,-p€Z

= n - m is divisible by 13

= (n,m)ERforallm,nez

So, R is symmetric on Z.

Transitivity:

Let (m, n) and (n, o) ER

= m -nand n - o are divisible by 13
=>m-n=13pandn-o0=13qforsomep,q€EZ
Adding the above two equations, we get
m-n+n-0=13p +13q

=>m-0=13(p+q)

Here,p+q€Z
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= m - o is divisible by 13

= (m,o0) ERforallm,o0€Z

So, R is transitive on Z.

Therefore R is reflexive, symmetric and transitive.
Hence, R is an equivalence relation on Z.

7. Let R be a relation on the set A of ordered pair of integers defined by (x, y) R (u, v)
if xv = y u. Show that R is an equivalence relation.

Solution:

First let R be a relation on A

It is given that set A of ordered pair of integers defined by (x, y) R (u, v) ifxv=yu
Now we have to check whether the given relation is equivalence or not.
To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Reflexivity:

Let (a, b) be an arbitrary element of the set A.

Then, (a, b) EA

=ab=ba

= (a, b)R(a, b)

Thus, R is reflexive on A.

Symmetry:

Let (x, y) and (u, v) €A such that (x, y) R (u, v). Then,

XV=yu

SVX=Uy

Suy=vX

= (u, v) R(x,y)

So, R is symmetric on A.

Transitivity:

Let (x, y), (u, v) and (p, q) €R such that (x, y) R (u, v) and (u, v) R (p, 9)
=>xv=yuanduq=vp

Multiplying the corresponding sides, we get

XVXUQ=yuxvp

=>XqQ=yp

= (x,y) R (p, a)

So, R is transitive on A.

Therefore R is reflexive, symmetric and transitive.
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Hence, R is an equivalence relation on A.

8. Show that the relation Ron theset A={x € Z; 0 < x <12}, given by R ={(a, b): a=b},
is an equivalence relation. Find the set of all elements related to 1.

Solution:

Givenset A={x€Z;0<x<12}

Also given that relation R = {(a, b): a = b} is defined on set A
Now we have to check whether the given relation is equivalence or not.
To prove equivalence relation it is necessary that the given relation should be reflexive,
symmetric and transitive.

Reflexivity:

Let a be an arbitrary element of A.

Then,a €R

=>a=a [Since, every element is equal to itself]

= (a,a) ERforalla €A

So, R is reflexive on A.

Symmetry:

Let (a, b) ER

=ab

=>b=a

= (b,a) ERforalla,b €A

So, R is symmetric on A.

Transitivity:

Let (a, b) and (b, c) ER

=a=bandb=c

=>a=bc
=a=c
= (a,c) ER

So, R is transitive on A.

Hence, R is an equivalence relation on A.
Therefore R is reflexive, symmetric and transitive.
The set of all elements related to 1 is {1}.
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