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EXERCISE 9.1 PAGE NO: 9.28

Prove the following identities:
1. V[(1 = cos 2x) / (1 + cos 2x)] = tan X
Solution:
Let us consider LHS:
V[(1 - cos 2x) / (1 + cos 2X)]
We know that cos 2x = 1 — 2 sin? x
=2cos?x-1
So,
V[(1 = cos 2x) / (1 + cos 2x)] = V[(1 — (1 - 2sin? X)) / (1 + (2c0s%x - 1))]
=~[(1 -1+ 2sin?x) / (1 + 2cos? X - 1)]
=[2sin? x / 2 cos? X]
= sin x/cos X
= tan x
= RHS
Hence proved.

2.sin 2x/ (1 — cos 2x) = cot x

Solution:

Let us consider LHS:

sin 2x / (1 — cos 2x)

We know that cos 2x = 1 — 2 sin? x

Sin 2x =2 sin X cos X

So,

sin 2x / (1 —cos 2x) = (2 sin x cos X) / (1 - (1 — 2sin? X))
= (2sin xcos x) / (1 — 1 + 2sin? x)]
=[2 sin x cos x / 2 sin? X]
= €0s x/sin X
= cot X
= RHS

Hence proved.

3.sin 2x /(1 + cos 2x) = tan x

Solution:

Let us consider LHS:

sin 2x / (1 + cos 2x)

We know that cos 2x = 1 — 2 sin® X
=2cos’x—1
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Sin 2x = 2 sin X €os X

So,

sin 2x / (1 + cos 2x) = [2 sin x cos X / (1 + (2cos?x - 1))]
=[2sinx cos x /(1 +2cos?x - 1)]
=[2 sin x cos X / 2 cos? X]
= sin x/cos X
= tan x
= RHS

Hence proved.

4 \/2:— V2+ 2cosdr = 2co0sr,0 <1 <

W= |

Solution:
Let us consider LHS:

1\,-/2;—\/2+2r::054.r =\{2+J2+2[2E0522X— 1)

{since, cos 2x=2cos?Xx— | = cos 4x =2 cos? 2x -1}

=J2+J2+4cns?2x—2

= JZ-!—#‘l—EDSEEX

=+2+ 2cos2x

=xf2+2(2costx—1) 5 a
‘/ (2cos*x ){smce,cnslx=2c05hx—1}

=2 +4cos2x—2

= /4 cos?x

=2c0sX

=RHS
Hence proved.

5.[1—cos 2x +sin 2x] / [1 + cos 2x + sin 2x] = tan X
Solution:
Let us consider LHS:
[1—cos 2x + sin 2x] / [1 + cos 2x + sin 2X]
We know that, cos 2x = 1 — 2 sin? x
=2c0s?x—1
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Sin 2x = 2 sin X €0S X
So,
1—(1—2sin’x) + 2sinxcosx

T1+ (2cos2x — 1) + 2sinx cosx
1—1+2sin“x+ 2sinxcosx

- 1+ 2cos2x— 1+ 2sinxcosx

2sin“x+ 2sinxcosx

~ 2cos?x + 2sinxcosx
2 sinx (sinx + cosx)

"~ 2cosx(cosx + sinx)
sinx

 cosX
= fan X
=RHS
Hence proved.

6. [sin X + sin 2x] / [1 + cos X + cos 2x] = tan X
Solution:

Let us consider LHS:

[sin x + sin 2x] / [1 + cos X + cos 2X]

We know that, cos 2x = c0s? X — Sin® X

Sin 2x = 2 sin X €0oS X

So,

sin x + sin 2x sinx + 2sinx cosx

1+ cos X + cos 2x - 1+ cosx+(2cos?x—1)

sinx + 2sinxcosx
14+ cosx+2cos2x—1

sinx+ 2sinxcosx

cosx + 2cos?x
sinx (1 + 2 cosx)

cosx(1+ 2 cosx)

sinx

© COSX
=tan x
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= RHS
Hence proved.

7. cos 2x / (1 + sin 2x) = tan (/4 - X)
Solution:

Let us consider LHS:

cos 2x / (1 + sin 2x)

We know that, cos 2x = cos? X — sin® x
Sin 2x = 2 sin X €oS X

So,

cos 2x cos®x —sin®x

1+ sin2x 1+ 2sinxcosx
(cosx — sinx)(cosx + sinx)

" sin?x + cos2x + 2 sinx cosx
(since, a?—b?=(a-b)(a+b) &sin’x +costx=1)
(cosx —sinx)(cosx + sinx)

(sinx + cosx)?
(since, a2 + b2+ 2ab=(a+ b)?)
(cosx — sinx)(cosx + sinx)
- (sinx + cosx)(sinx + cosx)
(cosx —sinx)
- (sinx + cosx)

Multiplying numerator and denominator by 1/+/2
We get,

1 (cosx —sinx)
V2

1,
—(sinx + cosx
ﬁ( )

(L COSX — Lsin x)
W2 V2

(1 1 )
—=sinx + —=cosx
(wﬁ V2

. TO m .
(SIIIECOSX - CDSE SIIIX)

= I "]T I "]T
(511135111:{4— cosg cosx) _ , .
(since, /2 =sin w/'4)
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sin (g — x)
- cos (g - x)
By using the formulas,

sin(A—B)=sinAcosB—-sinBcos A
cos(A—B)=cosAcosB+sinAsinB
=tan (m/4 - X)
=RHS
Hence proved.

8. cos x/ (1 - sin x) = tan (n/4 + x/2)

Solution:

Let us consider LHS:

cos X/ (1 -sin x)

We know that, cos 2x = c0s? X — sin? X
Cos X = cos? x/2 — sin? x/2

Sin 2x = 2 sin X cos X

Sin X = 2 sin x/2 cos x/2

So,
2x s 2x
cosx U085 —Slllg
T o inX X
1 —sinx 1 — 2sinj cos;

(cos® — sinZ) (cos: + sinZ)
B CDSE 51112 COs 3 51112
- X X X X
i 2 iy — —
sln 2 + Ccos 2 + 2 51112 IZIZI'S2

(By using the formula, a?—b?*=(a-b)(a+b) & sin?x +costx=1)

X X X X
~ (cosi — smi) (msi—l— smi)
N X X\ 2
(smi + cos i)
(By using the formula, a2 + b? + 2ab = (a + b)?)

X . X X . X
(CGS— - 5111—) (CDS—-F 5111—)

_ 2 2 2 2
- (sin% + cos %) (sin% + cc}s%)
_ (ms% — 5111%)

(sin% + cos %)
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(ms% + 5111%)

(a5 —eos3)
sins — cos3

Let us multiply numerator and denominator by 1/4/2
We get,

= (ms% + sin%)

\KLE (sin% — ms%)

=

inZcosX + cosLainZ)
SlIl‘,_l_ EDSZ EDS‘,{_ 51112

sinE sinE — EOSE cosﬁ)
4772 47772/ (since, 12 = sin w/4)
sin(g — x)
cos & — X)
=tan (m/4 - xX)
=RHS
Hence proved.
T 3T AT T
9.cnszl-+—cnsz———+—cnsz———+—cusz——-=:2
8 8 8 8
Solution:
Let us consider LHS:
2 il 2 57I_ 2 TTI_

— + Ccos8° — + cos"—
o o]

We know that cos 2x =2cos?x- 1
Cos2x+1=2cos!x
Cos?x=(Cos 2x + 1)/2

3T 5w T
227 2 I-|—cusz?|
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ZL—H:(}SEB—JJT ZL—H:(:«SEB—1T ZL—I—u:-::tslg—1T 1+c05%
= + + +
2 2 2 2
l+c052_1T l—l—cﬁs(ﬂ—z—ﬂ) 1—|—m5(n+2—ﬂ) l-l—ms(zﬂ—z—ﬂ)
= 8 4 8/, 8/, 8
2 2 2 2
[__ 2 6T +2Tr 101 5 2T 14’1‘[}
T T8 " g T8 "8 8
14—1:(}52'18—’JT 1—1:0528—“ ZL—msEB—FJT ZH—n:l::ts’?';aiT
= + + +
2 2 2 2
{we know, cos (T— A)=-cos A,cos(m+A)=-cos A &cos (2Zn—A)=cos A}
1_|_m52.‘8_n 1—«:»:}5%JT
=2X————+2 X —m
2 2

21 21
=1+ EGSE-F 1- CDSE
=2
=RHS
Hence proved.

T 3T 5% T
10. sin?2 + sin?2— £ sin?— + sin?— — 2
8 8] 8 8
Solution:
Let us consider LHS:
o T . 29T . 90T . o dT

sin“— + sin“— + sin“— + sin“—
8 8 8 8

We know that, cos 2x =1 —2sin? x
2sin? X = 1- cos 2x
Sin? x = (1 —cos 2x)/2

S0,
iL—n:u::stE—1T 1_':[}568_11 l—cc}s% l—cc}s%
= + + +
2 2 2 2
l—n:n::rsz—1T l—ms(ﬂ—z—ﬂ) l—cns(’n+2—ﬂ) l—CGS(E’JT—E—T[)
_ 8 n 8 n 8 n 8
2 2 2 2
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{__ 2w 6T +2TII 10 5 21 14’1‘[}
Mg~ g " g T g " g g
2 2
1—1:(}52—’JT 1—(—1:05—“) 1—(—1:05—“) 1—1:052—“
= 8 4 87, 87, 8
2 2 2 2

{we know, cos (T—A)=-cos A,cos(mT+A)=-cos A&cos(2m—A)=cos A}

1-— CDSES—TE 1+ n:n:rsgg—1T 1+ n:u:.bszg—jT 1-— CDSEB—T[
= + + +
2 2 2 2

1 on +1+ °n
=1—cos— COS—
8 8

=2
=RHS
Hence proved.

11. (cos o + cos B) 2 + (sin @ + sin P) > = 4 cos? (a - P)/2
Solution:
Let us consider LHS:
(cos a + cos B)? + (sin a + sin B)?
Upon expansion, we get,
(cos a + cos B)? + (sin o + sin )% =
= c0S? o + €0S? B + 2 cos a cos B + sin? a + sin? B + 2 sin a sin B
=2+2c0saCcosP+2sinasinf
=2 (1 +cos acos B+ sin asin )
=2 (1 +cos (a - B)) [since, cos (A —B) =cos A cos B + sin A sin B]
=2 (1 + 2cos? (a- B)/2-1) [since, cos2x = 2c0s? X — 1]
=2 (2 cos? (a - B)/2)
=4 cos? (a - B)/2
= RHS
Hence Proved.

12. sin? (n/8 + x/2) — sin? (n/8 — x/2) = 1/2 sin x
Solution:

Let us consider LHS:

sin? (/8 + x/2) — sin? (n/8 — x/2)
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we know, sin? A —sin? B = sin (A+B) sin (A-B)
SO,
sin? (n/8 + x/2) —sin? (n/8 — x/2) = sin (n/8 + X/2 + ©/8 — X/2) sin (n/8 + x/2 — (n/8 — x/2))
=sin (n/8 + 7/8) sin (n/8 + X/2 - w/8 + X/2)
= sin ww/4 sin x
= 1/42 sin x [since, since /4 = 1/N2]
= RHS
Hence proved.

13. 1 + cos? 2x = 2 (cos* x + sin? x)

Solution:

Let us consider LHS:

1 + cos? 2x

We know, cos2x = c0s? X — Sin® x

cos? X +sin?x =1

S0,

1 + cos? 2x = (cos? X + sin? x) 2 + (cos? X — sin? x) 2
= (cos* X + sin* x + 2 cos? x sin? X) + (cos* x + sin* x — 2 cos? x sin? x)
= cos* x + sin* x + cos* x + sin* x
=2 cos* x + 2 sin* x
= 2 (cos* x + sin? x)
= RHS

Hence proved.

14. cos® 2x + 3 cos 2x = 4 (cos® x — sin® x)
Solution:
Let us consider RHS:
4 (cos® x — sin® x)
Upon expansion we get,
4 (cos® x — sin® x) = 4 [(cos? x)® — (sin? x)?]
= 4 (cos? x — sin? X) (cos* x + sin* x + cos? x sin? x)
By using the formula,
a®— b® = (a-b) (a% + b? + ab)
= 4 cos 2x (cos* X + sin* x + cos? x sin? X + cos? X sin? X — cos? X sin
We know, cos 2x = c0s? X — sin? x
So,
= 4 cos 2x (cos* X + sin* X + 2 cos? x sin? X - cos? X sin? X)
= 4 cos 2x [(cos? x)? + (sin? x)? + 2 cos? X sin? X - cos? X sin? X]
We know, a2 + b? + 2ab = (a + b)?
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=4 cos 2x [(1)? — 1/4 (4 cos? x sin? x)]
=4 cos 2x [(1)?— 1/4 (2 cos x sin x)?]
We know, sin 2x = 2sin X c0S X
=4 cos 2x [(1?) — 1/4 (sin 2x)?]
=4 cos 2X (1 — 1/4 sin? 2x)
We know, sin? x = 1 — cos? X
=4 cos 2x [1 — 1/4 (1 — cos? 2x)]
=4 cos 2x [1 — 1/4 + 1/4 cos? 2X]
= 4 cos 2x [3/4 + 1/4 cos? 2x]
=4 (3/4 cos 2x + 1/4 cos® 2x)
= 3 cos 2x + cos® 2x
= cos® 2x + 3 cos 2X
=LHS
Hence proved.

15. (sin 3x + sin X) sin X + (cos 3x — cos X) cos X =0
Solution:
Let us consider LHS:
(sin 3x + sin x) sin X + (cos 3X — €0OS X) COS X
= (sin 3x) (sin X) + sin? x + (cos 3x) (cos X) — cos? X
= [(sin 3x) (sin X) + (cos 3x) (cos X)] + (sin? X — cos? X)
= [(sin 3x) (sin X) + (cos 3x) (cos X)] — (cos? X — sin? X)
= €0S (3X — X) — C0s 2X
We know, cos 2x = c0s? X — sin? X
cos A cos B + sin A sin B = cos(A — B)
So,
= C0S 2X — CO0S 2X
=0
= RHS
Hence Proved.

16. cos? (m/4 - X) — sin? (n/4 - X) = sin 2X

Solution:

Let us consider LHS:

cos? (/4 - X) —sin? (/4 - X)

We know, cos? A —sin? A = cos 2A

So,

cos? (n/4 - X) —sin? (n/4 - X) = cos 2 (n/4 - X)
= €0S (7/2 - 2x)
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= sin 2x [since, cos (/2 - A) = sin A]
= RHS
Hence proved.

17. cos 4x = 1 — 8 cos® X + 8 cos* x

Solution:

Let us consider LHS:

cos 4x

We know, cos 2x = 2 cos? X — 1

So,

CoS 4X =2 c0os? 2x — 1
=2(2cos?2x—-1)>-1
= 2[(2 cos? 2x) 2 + 12— 2x2 cos? X] — 1
=2(4cos*2x+1—-4cos?x)—1
=8cos*2x+2—-8cos’x—1
=8 cos* 2x + 1 — 8 cos? X
= RHS

Hence Proved.

18. sin 4x = 4 sin x cos® X — 4 cos X sin® x

Solution:

Let us consider LHS:

sin 4x

We know, sin 2x = 2 sin X cos X

COS 2X = COS? X — Sin® X

So,

sin 4x = 2 sin 2X cos 2X
= 2 (2 sin x cos X) (cos? X — sin? x)
= 4 sin x cos X (cos? X — sin? x)
=4 sin x cos® X — 4 sin® X cos X
= RHS

Hence proved.

19. 3(sin x — cos X) * + 6 (sin X + cos X) % + 4 (sin® x + cos® x) = 13
Solution:

Let us consider LHS:

3(sin X —cos X)* + 6 (sin X + cos X) 2 + 4 (sin® x + cos® x)

We know, (a + b)? =a%+ b? + 2ab

(a—b)?>=a%+b?-2ab
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a3+ bd=(a+b) (a®+ b?-ab)
So,
3(sin X — cos x)* + 6 (sin x + cos x) 2 + 4 (sin® x + cos® x) = 3{(sin x — cos x) 2} + 6 {(sin
X)? + (cos x)% + 2 sin x cos x)} + 4 {(sin? x)* + (cos? x)°}
= 3{(sin x) 2 + (cos x)? — 2 sin X
cos X)}? + 6 (sin? X + cos? x + 2 sin X cos X) + 4{(sin? X + cos? x) (sin* X + cos* x — sin? x
cos? X)}
=3(1-2sinxcosx)?+6(1+

2 sin x cos X) + 4{(1) (sin* x + cos* x — sin? x cos? X)}
We know, sin? x + cos? x =1
So,

= 3{1%2 + (2 sin x cos X) 2 — 4 sin x
cos X} + 6 (1 + 2 sin x cos x) + 4{(sin? X)? + (cos? x)? + 2 sin? X c0s? X — 3 sin? X cos? X)}

= 3{1 + 4 sin? X cos? X — 4 sin X
cos X} + 6 (1 + 2 sin x cos X) + 4{(sin? x + cos? x) 2 — 3 sin? x cos? X)}

=3+ 12 sin? X cos? x — 12 sin X
Cos X + 6 + 12 sin x cos X + 4{(1)? — 3 sin? x cos? x)}

=9+ 12sin?xcos?x +4(1-3
sin? x cos? X)

=9+12sin?Xxcos’ X +4—12
sin? X cos? X

=13

= RHS
Hence proved.

20. 2(sin® x + cos® x) — 3(sin*x + cos*x) + 1 =0
Solution:
Let us consider LHS:
2(sin® x + cos® x) — 3(sin* x + cos* x) + 1
We know, (a + b)? =a2+ b? + 2ab
a®+b®=(a+b) (a%+ b?—ab)
So,
2(sin® x + cos® x) — 3(sin* x + cos* x) + 1 = 2{(sin? x) ® + (cos? x) 3} — 3{(sin? x) % +
(cos?x) 2} +1
= 2{(sin? x + cos? x) (sin* x + cos* x — sin? x
cos? X} — 3{(sin? x) 2 + (cos? x) 2 + 2sin? x cos? X — 2sin? x cos? x} + 1
= 2{(1) (sin* x + cos* X + 2 sin? x cos? X — 3
sin? x cos? X} — 3{(sin? X + cos? x) 2 — 2sin? x cos® X} + 1
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We know, sin? X + cos?x = 1
= 2{(sin? x + cos? xX) 2 — 3 sin? x cos? x} — 3{(1)? -
2sin? x cos? x} + 1
= 2{(1)? — 3 sin? x cos? x} — 3(1 — 2sin? x cos? x) + 1
=2(1-3sin?xcos?Xx) -3 +6sin?xcos?x + 1
=2 —65sin?x cos? X — 2 + 6 sin? x cos? X
=0
=RHS
Hence proved.

21. cos® x —sin® x = cos 2x (1 — 1/4 sin? 2x)
Solution:
Let us consider LHS:
cos® x — sin® x
We know, (a+ b)2=a%+ b2+ 2ab
a3 — b= (a—b) (@ + b+ ab)
So,
cos® x — sin® x = (cos? x)* — (sin? x)3
= (cos? X — sin? x) (cos* x + sin* x + cos? x sin? x)
We know, cos 2x = c0s? X — sin? X
So,
= €0s 2X [(cos? X) 2 + (sin? X) 2 + 2 cos? X sin? X — c0s? x sin? X]
= ¢0s 2x [(cos? x) 2 + (sin? X) 2 — 1/4 x 4 cos? x sin? X]
We know, sin? x + cos? x = 1
So,
= ¢0s 2x [(1)? — 1/4 x (2 cos X sin Xx) 7]
We know, sin 2x = 2 sin X €0S X
So,
= ¢0s 2x [1 — 1/4 x (sin 2x) ?]
= ¢0s 2Xx [1 — 1/4 x sin? 2X]
= RHS
Hence proved.

22. tan (/4 + x) + tan (n/4 - X) = 2 sec 2X
Solution:

Let us consider LHS:

tan (n/4 + x) + tan (n/4 - X)

We know,
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tan (A+B) = (tan A + tan B)/(1- tan A tan B)
tan (A-B) = (tan A - tan B)/(1+ tan A tan B)
So,

T T tans + t tan> — t
tan(i—l—x)—l—tan(E —x)z any + tanx anyg anx

1 —tanjtanx 1+ tanjtanx|

We know, tan m/4 = 1
S0,
l+tanx 1-—tanx
- 1-— tanx+ 1+tanx
(1 +tanx)? + (1 — tanx)?
- (1 —tanx)(1l+ tanx)
We know, (a—h) (a + b) = a* — b?;
(at+by=a’+bl+2ab&
(a—b)l=a’+b*—2ab
S0,

12+ tan®x + 2tanx + 1% + tan®x — 2 tanx
- 12 —tan?x

l1+tan’x+ 1 +tan®x
- 1—tan?x

2(1 + tan®x)

1 —tan®x
We know, tan X = sin X/cos X
S0,

sin x\°
2(1+ (55) )
e
COSX
sin? x
cnszx)
sin? x
"~ cosZx
cos?x +sin’x
2( C0SZX )
cos?x —sin?x
cos?x
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We know, cos? X +sin? x =1 & cos 2Xx = cos? X —sin? x

S0,
2 (cn;? x)

C0S52X
cos2X
2
~ Ccos 2x
=2 sec 2xX (since, 1/cos2x = sec 2X)
=RHS

Hence proved.
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