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EXERCISE 9.2 PAGE NO: 9.34
. B si:r; z}m <0 . ]
1. Prove that the function f(x) = {m T1z>0 i8 everywhere continuous.

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% f(c —h) = LIEEn flc+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

lim f(x) = f(c)

Here we have,

sinx

f(;ﬂ:[T X< 0
x+1 ,x=0__ equationl

To prove it everywhere continuous we need to show that at every point in the domain
of f(x) [domain is nothing but a set of real numbers for which function is defined]

lim f(x) = f(c) ,where c is any random point from domain of f

K—=C

Clearly from definition of f(x), f(x) is defined for all real numbers.

Now we need to check continuity for all real numbers.

Let c is any random number such that c < 0 [thus ¢ being a random number, it can
include all negative numbers]

sinc

f(c)= ¢ [using equation 1]

. ~ sinx  sinc
limf(x) = lim =

K—0C x—=c X C

limf(x) =f(c) = sinc
Clearly, x—c (x) =f(c) c

We can say that f(x) is continuous for all x< 0
Now, let m be any random number from the domain of f such that m >0
Thus m being a random number, it can include all positive numbers]
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f (m) = m+1 [using equation 1]

limf(x)= limx+1=m+1

X—m X—Im
Clearly, LI_IE flx) =f(c)=m+1
Therefore we can say that f(x) is continuous for all x >0
As zero is a point at which function is changing its nature so we need to check LHL, RHL
separately
f(0) =0+ 1 =1 [using equation 1]

sin{—h) sinh

HL:EE%nf(D_h): Lﬂn n Eﬂn i
sinh
lim =1
[**sin—B=—sinB andh—-0 b ]

F{HL:EEEnf(D—I_h) = Llﬂ.h-l_l: 1

Thus LHL = RHL =f (0).

Therefore f (x) is continuous at x =0

Hence, we proved that f is continuous forx<0; x>0and x=0
Thus f(x) is continuous everywhere.

Hence, proved.

Enx #0

2. Discuss the the continuity of the function f(x) = { |3 i 0
s L=
Solution:
A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if
Llﬂn flc —h) = Lﬂn f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

A function is continuous at x = c if

Liné f(x) = f(c)

Here we have,
X

ﬂ:}{)= [m L X=0
0

X=0 . equation 1
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The function is defined for all real numbers, so we need to comment about its continuity
for all numbers in its domain (domain = set of numbers for which f is defined)
Function is changing its nature (or expression) at x = 0, so we need to check its
continuity at x = O first.
We know that from the definition of mod function we have
Ix| = [—x,x <0

LXx=0

_ _ = —= —1
hp 2l 1111 f(D h) Lmaf( h)z__

f(l0+h f(h
1111 ( ) = 1111 (h) = [using equation 1 and mod function]

f (0) = 0 [using equation 1]
Clearly, LHL # RHL # f (0)

~ Function is discontinuous at x =0
Let c be any real number such thatc >0

C c
~f(c)= el c [using equation 1]
\ c
Ang, 1m0 = limig = lm =1
Thus, LI—IH f(x) = f(c)

Therefore f (x) is continuous everywhere for x > 0.
Let c be any real number such thatc<0

c C
Therefore f(c) = Il =€
[Using equation 1 and idea of mod function]
Ang, J {00 = limg = lm = = ~1
Thus, }-:I—I}é f(x) = f(c)

Therefore f (x) is continuous everywhere for x < 0.
Hence, we can conclude by stating that f (x) is continuous for all Real numbers except
zero that is discontinuous at x = 0.

3. Find the points of discontinuity, if any, of the following functions:
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3 2 -
) x4 22 -2, ifx F#1
Solution:
A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if
Llﬂn flc —h) = Lﬂn f(c+h) = f(c)
Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand

limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = ¢ if

lim f(x) = f(c)

Here we have,

_ [xg—xg +2x—2 ifx=1
f(x) = :
4 Afx=1___ equation1
Function is defined for all real numbers so we need to comment about its continuity for
all numbers in its domain (domain = set of numbers for which f is defined)
Function is changing its nature (or expression) at x = 1, so we need to check its
continuity at x = 1.
Clearly, f (1) = 4 [using equation 1]
Li_l}}f(x) = Li_I}:lL[XE—X2+ 2x—2)=1*—-1°42+1-2=0

Clearly, LI—I.I}: f(x) # £(c)

~ f(x) is discontinuous at x = 1.
Let c be any real number such thatc #0

f(c)=c®—c?+ 2c— 2 [using equation 1]

limf(x) = lim(x*—x*+2x—2)= c*— c®*+ 2c—2

X—C X—C
Clearly, Ll—l}é flx) = f(c)

Therefore f(x) is continuous for all real x except x =1

. o %,i}'m;ﬁﬁ
(u)f(m)—{ i
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Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% flc—h) = LE%. f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand

limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

lim f(x) = f(c)
Here we have,

x*—16 (X*+4)(x—2)(x+2)
flx)=4 x—2 (x—2)
16 Jfx=12

= (x*+4)(x+2) |ifx=2

...Equation 1

The function is defined for all real numbers, so we need to comment about its continuity
for all numbers in its domain (domain = set of numbers for which f is defined)

Function is changing its nature (or expression) at x = 2, so we need to check its
continuity at x = 2 first.

Clearly, f (2) = 16 [from equation 1]

x*—16  (x*+4)(x-2)(x+2)

_ _ 2
= LI_IE &2 LI_I}% (x“+4)(x+2)

lin% f(x) = lim
=16
Clearly, LI—IH flx) = f(c)

~ f(x) is continuous at x = 2.
Let c be any real number such thatc #0

f(c) = (c*+4)(c+2) [using equation 1]
limf(x) = Liﬂ}:(xz +4)(x+2)= (c?+4)(c+2)

X—=C

Clearly, LI—I.I}: f(x) =£(c)

Therefore f (x) is continuous for all real x
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2in T g 0
(862) F(=) = {ﬁ:%gs;u

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

Llﬂn flc —h) = nga f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand

limit as x = ¢ (RHL) = value of function at x = c.
lim f(x) = f(c)

Here we have,

sinx ifx<0

f(x) ={ x

2x+3 ,ifx=0 _ Fquation1
The function is defined for all real numbers, so we need to comment about its continuity
for all numbers in its domain (domain = set of numbers for which f is defined)
Let c is any random number such that c < 0 [thus c being a random number, it can
include all negative numbers]

sinc

f(c)= < [using equation 1]

. ~ sinx  sinc
limf(x) = lim =

X—C x—=c X C

limf(x) =f(c) = sin ¢
Clearly, x—c (x) = 1(c) €

We can say that f(x) is continuous for all x< 0

Now, let m be any random number from the domain of f such that m >0
Thus m being a random number, it can include all positive numbers]
f(m)=2m + 3 [from equation 1]

limf(x)= lim2x+3= 2m+ 3

X—In X—=m

Clearly, _Li_l.]é f(x) =f(c)=2m+ 3

We can say that f(x) is continuous for all x>0
As zero is a point at which function is changing its nature so we need to check LHL, RHL
separately
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f(0) =2 x0+ 3 =3 [using equation 1]

. . sin—h ., sinh
L= Hm (0 —h) = Jim==" = lIm===1
sinh
lim =1
[** sin—HO =—sinB andh—=0 h ]

F{HL=EE%&f(D+h) = L532h+3= 3

Thus LHL # RHL
T (x) is discontinuous at x=0

Hence, f is continuous for all x = 0 but discontinuous at x = 0.

sin 3:]:‘ . 0
) 1@ = {5 1%

Solution:
A real function f is said to be continuous at x = ¢, where c is any point in the domain of f

if
EEE' flc—h) = LE%' f(c+h) = f(c)
Where h is a very small positive number. i.e. left hand limit as x - ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if
Li_IE f(x) = f(c)

Here we have,

sin3x

f(x) = [ x _
4 ifx=0 _Fquation1

The function is defined for all real numbers, so we need to comment about its continuity
for all numbers in its domain (domain = set of numbers for which f is defined)

Let c is any random number such that c # 0 [thus ¢ being a random number, it can
include all numbers except 0]

fx =0
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sin3c

f(c)j= ¢ [from equation 1]

sin 3x sin 3¢
limf(x) = lim =

X—C x—cC X C
limf(x) =f(c) = sin 3¢
Clearly, x—c (&) =10 €

We can say that f(x) is continuous for all x #0

As zero is a point at which function is changing its nature, so we need to check the
continuity here.

f (0) = 4 [using equation 1]

) ) sin—3h ) sin 2h
HL:EH%nﬂ:ﬂ h) = LIE% -h SLIE% T
lim sinx _ 1
[ sin—B =—sin B andx—0 x ]
lim f(0 +h) = lim Sndh _ 3pimEit_3
L =h—0 h—0 h—0 3h

Thus LHL = RHL = f (0)
~ T (x) is discontinuous at x=0

Hence, f is continuous for all x # 0 but discontinuous at x = 0.

2in T .
St teosz, if xF0

@) @) = {*5 e

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

Llﬂn flc —h) = nga f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand

limit as x = ¢ (RHL) = value of function at x = c.

A function is continuous at x = c if
lim f(x) = f(c)

X—C

Here we have,
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sin x

f(x) = {T-I— COSX ,|.Fx =0
5 JIfx =0 _ Fquation 1

The function is defined for all real numbers, so we need to comment about its continuity
for all numbers in its domain (domain = set of numbers for which f is defined)

Let c is any random number such that ¢ # 0 [thus ¢ being a random number, it can
include all numbers except 0]

sinc
—+cosc,. . .
flc)= « [using equation 1]

sinx sinc
+ CcosX) =

lim f(x) = lim( + cosc
H—=C X—=C X

Clearly, LI—IH f(x) = (<)

We can say that f(x) is continuous for all x # 0

As zero is a point at which function is changing its nature, so we need to check the
continuity here.

f (0) = 5 [using equation 1]

sinx li sin x i

+ limcosx=1+cos0 =2 im =1
X x—0 [ x=0 x ]

. ginx .
lim(— + cosx) = lim
x—=0 X x—0

s B0 200

“ f(x) is discontinuous at x=0

Hence, f is continuous for all x = 0 but discontinuous at x = 0.

I4+I3+2I2} 'if T ;é D

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EEE' flc—h) = nga f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x - ¢ (LHL) = right hand

limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if
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lim f(x) = f(c)

Here we have,

x*4x? 42 .
ﬂ:X) = [ tan~1lx ,Iin 0
10 JIfx=0__Equation 1
The function is defined for all real numbers, so we need to comment about its continuity
for all numbers in its domain (domain = set of numbers for which f is defined)
Let c is any random number such that c # 0 [thus ¢ being a random number, it can
include all numbers except 0]
c*+c?+2c”

f(c)= tan™*c [from equation 1]

. Coxt+xT+ 2% ct+ct+ 20

lim f(x) = Hm( tan—1x )= tan~1c

Clearly, }cl—l}g f(x) = f(c)
We can say that f(x) is continuous for all x # 0

As zero is a point at which function is changing its nature so we need to check the
continuity here.

f (0) = 10 [using equation 1]

x*+ x?+2x?
limf(x) = lim

x—0 x—0 tan—1x
i X +x2 +2x chin'é{x3+xz+zx} 1] -1
or,lim|——=—]= —an i = = 0 lim B
x—=0N — lim: .
X X0 X [+ usingx—0 x ]
lim f(x) = f(c)

Thus x—c
T (x) is discontinuous at x=0

Hence, f is continuous for all x = 0 but discontinuous at x=0

et—1 .
(wii) 1 (@) = { T

Solution:
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A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if
EE% f(c —h) = LIEEn flc+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

lim f(x) = f(c)

X—C

Here we have,

loge{;-l-lzt] ,IFX *0
[— E B
flx) = 7 ifx=0

..Equation 1

Function is defined for all real numbers so we need to comment about its continuity for
all numbers in its domain (domain = set of numbers for which f is defined)
Let c is any random number such that ¢ # 0 [thus ¢ being random number, it is able to
include all numbers except 0]

ef-1

f (c) = lege(1+2¢) [ysing equation 1]

lim f(x) = e¥ —1 e —1
xog X 1111(10 (1+2x)) log.(1+2c)

limf(x)=f
Clearly, o (x) = £(c)

We can say that f(x) is continuous for all x # 0

As x = 0 is a point at which function is changing its nature so we need to check the
continuity here.

Since, f (0) = 7 [from equation 1]

o log(1+x)
lim—— =
x—0 X

et —1
lim =1
x—0 X

Log (1+x) and e* in its Taylor form.
From sandwich theorem numerator and denominator conditions also hold for this limit
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.1 1+23
x—0 2x
. L 1+23 .
11111M # 1 as denominator does not have 2x
But, x—o0
lim f(x)

x—=0

EK

lim
= x~0log1+2x [Using logarithmic and exponential limit as explained above, we
have:]

(e¥—1)

1 1
“limaerismg = -
_2x-0 —"E';;z" 2

Thus, LI—IE f(x) # f(c)

< f(x) is discontinuous atx =0
Hence, f is continuous for all x # 0 but discontinuous at x=0
|z —3|, ifx>1

(viit) f(x) = {%’_%4_%, if x <1

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% f(c —h) = LIEEn f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x - ¢ (LHL) = right hand

limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

lim f(x) = f(c)
Now, we can define it for variable x, if x = 0 | x| = x
Ifx<0 |x]| =(—x)

lxl_{—x,x::ﬂ
A U xx=0
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Here we have,

|x— 3| Jifx=1
flx) =1x%> 3x 13

I—E‘l‘T ,|fX‘f: 1

Applying the idea of mod function, f(x) can be rewritten as:

2
= -T2 ifx <1
f(x) = Xx—3 ifx=3

—(x—3),ifl=x<3 equation 1

Function is defined for all real numbers so we need to comment about its continuity for
all numbers in its domain (domain = set of numbers for which f is defined)
Let c is any random number such that c < 1 [thus ¢ being a random number, it can
include all numbers less than 1]
c?  3c 13
flc)=2 2 &

xZ 3x 13 ¢ 3c 13

Ll A Y
Clearly, LI—IHE f(x) = ()

We can say that f(x) is continuous for all x< 1

As x =1 is a point at which function is changing its nature, so we need to check the

continuity here.

f(1)=]1-3| =2 [from equation 1]

)*  3(1-h
2

+2 =2

2 4

| 1y e ldoh ) 18, 1
L:Eﬂ.ﬂ:l h)_%}ﬂ.( 4 +4] 4

F{HL:LIE%tﬂ:l-I_h) = EEH 1+h-3|=|-2|=2
Thus LHL = RHL = f (1)
~ f(x) is continuous at x =1

Now, again f(x) is changing its nature at x = 3, so we need to check continuity at x =3
f(3) =3 -3 =0 [using equation 1]
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L B =B = i —(3—h =3) = 0

HHL=LlEn11f(3+h): LE};S_HI_E =0

Thus LHL = RHL = f (3)

~ f(x)is continuous at x =3

For x > 3; f(x) = x—3 whose plot is linear, so it is continuous for all x > 3

Similarly, for 1 < x < 3, f(x) = 3 — x whose plot is again a straight line and thus continuous
for all point in this range.

Hence, f(x) is continuous for all real x.

|| + 3, if = < —3
(ix) f(x) = { —2z, if —3 <x <3
6 + 2, if x > 3

Solution:
A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if
EE% f(c —h) = LEEn f(c+h) = f(c)
Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = ¢ if
A function is continuous at x = c if
lim f(x) = f(c)
X—C
Similarly, we can define it for variable x, if x>0 |x| = x
If x <0 |x| =(—x)
IX| = {—x,x <0
LX=0
Here we have,

|x| + 3 Jfx = -3
flx) =4 —2x |if—-3<x<3
6x+2,ifx=3

Applying the idea of mod function, f(x) can be rewritten as:
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3—-x Jfx= -3
fix) =9 —2x ,if —3<x<3

6x+2,iffx=3 .....equation 1
Function is defined for all real numbers so we need to comment about its continuity for
all numbers in its domain (domain = set of numbers for which f is defined)
Let c is any random number such that c < =3 [thus ¢ being random number, it is able to
include all numbers less than —3]
f (c) = 3 —c [from equation 1]
limf(x) = lim(3—-x)= 3—c

K—C

X—C

Clearly, LI—IH flx) = f(c)

We can say that f(x) is continuous for all x < -3

As x = =3 is a point at which function is changing its nature so we need to check
the continuity here.

f (—3) = 3—+-3) = 6 [using equation 1]

HL = im (=3 —h) = Im(3 = (=3 ~h)) = 6

RHL - ngaf(—S +h) = LE%._E(_S +h)=6
Thus LHL = RHL = f (-3)

~ f(x) is continuous at x = -3

Let c is any random number such that =3 < m < 3 [thus ¢ being random number, it is able
to include all numbers between —3 and 3]

f (c) =-2m [ using equation 1]

and, lim f(x) = lim(—2x) = —2m
E—In E—In

Clearly, LI—IE f(x) = f(c)

We can say that f(x) is continuous for all -3 <x< 3
Now, again f(x) is changing its nature at x = 3, so we need to check continuity at x =3
f(3) =6 x3+2=20[using equation 1]
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e = I —h) = lim -2+ (3—h) =6

F{HL:EH%rf[B—I_h) = LEE’(E—I— h)+2 =20
Thus LHL # RHL

~ f(x) is discontinuous at x = 3

For x > 3; f(x) = 6x + 2 whose plot is linear, so it is continuous for all x > 3
Hence, f(x) is continuous for all real x except x = 3

There is only one point of discontinuity at x =3

20 —1,ifzx <1
Solution:
A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if
Llﬂn flc —h) = Lﬂn f(c+h) = f(c)
Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

lim f(x) = f(c)
Here we have,

f(x) = {xm jfx=1
x* ifx>1 __equation1

Function is defined for all real numbers so we need to comment about its continuity for
all numbers in its domain (domain = set of numbers for which f is defined)

Let c is any random number such that c < 1 [thus c being random number, it is able to
include all numbers less than 1]

f(c)= *® [from equation 1]
limf(x) = lim(x%) = c°

Clearly, LI—IH f(x) = ()

We can say that f(x) is continuous for all x< 1
As x = 1 is a point at which function is changing its nature so we need to check the
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continuity here.
f (1) = 119 = 1 [using equation 1]

i —_ = i _ 10 fd
(HL = Mm f(1 —h) = Hm(1—h)™ = 1

' _ . 2_
F{HL=LlEtlmf(l+h) = Eﬂﬂ-'_ h)*=1

Thus LHL = RHL =f (1)
~ f(x) is continuous atx=1

Let m is any random number such that m > 1 [thus m being random number, it
is able to include all numbers greater than 1]

f (m) = m? [using equation 1]

and, lim f(x) = lim(x*) = m?

X—=m

Clearly, lﬂﬂl f(x) = f(m)

We can say that f(x) is continuous for allm > 1

Hence, f(x) is continuous for all real x
There no point of discontinuity. It is everywhere continuous

2¢, if x < 0
(xi) f(x) =40, if0<xz <1
dx, if x > 1

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% f(c —h) = LEEn flc+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if
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lim f(x) = f(c)

Here we have,

2x Jfx <0
f(x) = ,D fo=x<=1
4x,ifx>1 ....equation 1
The function is defined for all real numbers, so we need to comment about its continuity
for all numbers in its domain (domain = set of numbers for which f is defined)
Let c is any random number such that c < 0 [thus ¢ being a random number, it can
include all numbers less than 0]
f(c)=2c
limf(x) = lim(2x) = 2c
K—C X—C

Clearly, LI—IH fx) = ()

We can say that f(x) is continuous for all x< 0
As x = 0 is a point at which function is changing its nature, so we need to check the
continuity here.
f (0) = 0 [using equation 1]
(HL = Hm #(0 —h) = fim —=2h =0

RHL = NI (0 +h) = 1m0 =0

Thus LHL = RHL =f (0)
~ f(x) is continuous atx=0
Let m is any random number such that 0 < m < 1 [thus m being a random number, it can
include all numbers greater than 0 and less than 1]
f (m) = 0 [using equation 1]
and, lim f(x) = lim(0)= 0
X—m X—m

Clearly, w1c1—1~11~1n f(x) = f(m)

We can say that f(x) is continuous forall0<x <1

As x = 1 is again a point at which function is changing its nature, so we need to check the
continuity here.

f(1)=0
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(HL= im (1 —h) =m0 =0

F{HL=EE%&H1 +h) = LH%;4[1+ h) =4

~ f(x) is discontinuous at x =1

Let k is any random number such that k > 1 [thus k being a random number, it can
include all numbers greater than 1]

f (k) = 4k [using equation 1]

and, Li_l};.{f(x) = lim4x = 4k

x—=k

Clearly, LI—I.IE{ f(x) = (k)

We can say that f(x) is continuous for all x > 1
Hence, f(x) is continuous for all real value of x, except x =1
There is a single point of discontinuity at x =1

sinx —cosx, if © #0

(wii) f (x) ={ e e

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% flc—h) = LE%. f(c +h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

This is very precise, using our fundamental idea of limit from class 11 we can summarise

it as, A function is continuous at x = c if
lim f(x) = f(c)
K—=C

Here we have,

sinx —cosx ,ifx=0
f(x) = : .
-1 ifx =0 _Equation 1
Function is defined for all real numbers so we need to comment about its continuity for
all numbers in its domain (domain = set of numbers for which f is defined)
Let c is any random number such that ¢ # 0 [thus ¢ being a random number, it can
include all numbers except 0]
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f (c) = sin ¢ — cos c [using equation 1]
limf(x) = lim(sinx— cosx) = sinc—cosc
X—C X—C

Clearly, LI—IE flx) = f(c)

We can say that f(x) is continuous for all x # 0

As zero is a point at which function is changing its nature, so we need to check the
continuity here.

f (0) =—1 [using equation 1]

Li_I:%(SiIlX— cosx) = limsinx— limcosx=0—-cos0=-1

x—=0 x—=0

s B0 =00

~ f(x) is continuous atx=0
Hence, f is continuous for all x.
f (x) is continuous everywhere.
No point of discontinuity.

-2, ifx< —1
(wiii) flx) = 2@, if —1<ax<1
2, if 2> 1

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EEE' flc—h) = nga f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

A function is continuous at x = c if

Li_l.]é f(x) = f(c)

Here we have,

-2 Jfx=—1
f(x)=42x |if-1<x<1

2,ifx=1 . equation 1

Function is defined for all real numbers so we need to comment about its continuity for
all numbers in its domain (domain = set of numbers for which f is defined)
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For x < —1, f(x) is having a constant value, so the curve is going to be straight line parallel
to x—axis.

So, it is everywhere continuous for x < —1.

Similarly for =1 < x < 1, plot on X=Y plane is a straight line passing through origin.
So, it is everywhere continuous for -1 < x < 1.

And similarly for x > 1, plot is going to be again a straight line parallel to x—axis

~ itis also everywhere continuous for x> 1

As x =—1 is a point at which function is changing its nature so we need to check the
continuity here.

f(-1)=-2

(HL = dm (=1 —h) = lim -2 = —2

F{HL=LIH%rﬂ:_l +h) = L@%'E(—:L +h)=-2
Thus LHL = RHL = f (-1)

~ f(x) is continuous at x = -1

Also at x = 1 function is changing its nature so we need to check the continuity here too.
f (1) = 2 [using equation 1]

- BT =) = Jim 20— = 2

RHL - m f(1+h) = lim 2 =2

Thus LHL=RHL =f (1)

~ f(x) is continuous atx=1
Thus, f(x) is continuous everywhere and there is no point of discontinuity.
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[T N = T = -]

4. In the following, determine the value(s) of constant(s) involved in the definition so

that the given function is continuous:

sin 2z
@) @) = { = 70

3k, if =0

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% flc—h) = Llﬂn f(c +h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x - ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

A function is continuous at x = ¢ if

lim f(x) = f(c)

X—C

Here we have,

gsin2x .
flx) = {T ".FX *0
3k ifx =0 Equation 1

Function is defined for all real numbers and we need to find the value of k so that it is
continuous everywhere in its domain (domain = set of numbers for which f is defined)
As, for x # 0 it is just a combination of trigonometric and linear polynomial both of which
are continuous everywhere.

As x = 0 is only point at which function is changing its nature so it needs to be
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continuous here.
f (0) = 3k [using equation 1]

sin 2x gin 2x gin 2x 2 sin x

, 1., 2., .
lim——=-lim2 = = -lim = lim

x—0 59X 5 x—0 2x Sx—=0 2x _5[-; x—=0 X

= 1 — sandwich theorem

« f (x) is continuous everywhere [given in question]

~ limf(x) = f(c)

2
S 3k=5s
2
s k=15
. kx4 5if x <2
Solution:
A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

Llﬂn flc —h) = nga f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

lim f(x) = f(c)

Here we have,

B {kx +5 ifx=2
f(x) = : .
x—1 Jifx>2 equation 1
To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.
As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere.
From equation 1, it is clear that f(x) is changing its expression at x = 2
Given, f (x) is continuous everywhere
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- lin% f(x) = f(2)
Eﬂn f(2—h) = Lﬂn f(2+h) =1(2)

limf(2 +h) =f(2 . ay _
ho ( ) =f(2) [Considering RHL as RHL will give expression independent

of k]

lim2+h—-1=2k+5_ . :
. [Using equation 1]

Ln2k+5=1

2k =—4
__4,

k=2 =-2

_ Jk(z®+3x)ifx <0
(i) f(=) = { cos2x, if x > 0

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

Llﬂn flc —h) = Lﬂn f(c +h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

This is very precise, using our fundamental idea of limit from class 11 we can summarise

it as, A function is continuous at x = c if
lim f(x) = f(c)
X—=C

Here we have,
5 .
f(x) = {k(x + 3x) ,|.fx <0
cos2x  Lifx=0 ... equation 1

To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.

As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere
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From equation 1, it is clear that f(x) is changing its expression at x =0
Given, f (x) is continuous everywhere

- linil} f(x) = f(0)
EE%. f(0 —h) = EE%. f(0 +h) = f(0)
Llﬂn f(—h) = f(0)

: 2 _
Eﬂn k{ (=h)+3(~h) } = cos0 [Using equation 1]

E *0=1

As above equality never holds true for any value of k

k = not defined

No such value of k is possible for which f(x) is continuous everywhere.
f (x) will always have a discontinuity at x =0

2ifx <3
(iv) flx) =qaxc+b,if 3 < <H
9,ifx =5

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% f(c —h) = LEEn f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

This is very precise, using our fundamental idea of limit from class 11 we can summarise

it as, A function is continuous at x = c if
lim f(x) = f(c)
X—C

Here we have,

2 Jif X<3
f(x) =4ax+b ,if 3<x<5b
9 Jf  x=5 equation 1

To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.
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As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere
From equation 1, it is clear that f(x) is changing its expression at x = 3

Given, f(x) is continuous everywhere
1111% f(x) = f(3)

Llﬂa f(3—h) = EH%' f(3+h) =1(3)
EEE. f(3 +h) =f(3)

li 3+h)+b}=2_ . .
hlEnlm{a( ) ) [Using equation 1]

“3a+b=2. . Equation 2
Also from equation 1, it is clear that f(x) is also changing its expression at x =5
Given, f(x) is continuous everywhere

=~ limf(x) = f(3)
LIE%. f(5—h) = Lﬂn f(5 +h) = f(5)
Liﬂi f(5 —h) = f(5)

Llﬂr{a@ —h)+Db}=9 [Using equation 1]

S5a4b=9 e, Equation 3
As, b=9-5a

Putting value of b in equation 2:

3a+9-5a=2
2a=7
7
a=2
3)_ _ 1z
b=9-5(2 2
7 _ 17
“a=z2andb= =2
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1ifx < —1
(v) flx) =L az®+b,if —1<z<0
cosx, if € > 0

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

Llﬂ flc —h) = LEE‘ f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

lim f(x) = f(c)

We have,

4 Jif x=-—1
flx) =4{ax?*+b if —-1<x<0
cosx if x=0 equation 1

To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.

As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere

From equation 1, it is clear that f(x) is changing its expression at x = -1

Given, f(x) is continuous everywhere
- 111111 f(x) = f(—1)

Eﬂéfﬂ—l —h) = Lﬂaf(—l +h)=1f(-1)
Llﬂnﬂ:_l +h) =1f(—-1)
. _ 2 —
Llﬂn{a( L+h)"+Db} =4 [Using equation 1]

~at+tb=4........... Equation 2
Also from equation 1, it is clear that f(x) is also changing its expression at x =0
Given, f (x) is continuous everywhere
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lina f(x) = f(0)
EE% f{l0—h) = Lﬂn f(0+h) =f(0)
Eﬂ f(—h) = f(0)

li —h)2+b} = 0=1_ . .
h}ﬂ{a( ) } = cos [Using equation 1]

S T Equation 3
Putting value of b in equation 2:
atl=4

a=3

“~a=3andb=1

v’l-l-PI—v’l—PE! if —1<xz<0

I

(vi) f(x) =
il ifo<z<1
Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% flc—h) = LE%. f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

A function is continuous at x = c if
lim f(x) = f(c)
X—C

Here we have,

(1+px—,/1-px .
No& P oy« P —
E P if-1<x<o0

) = 21 ifo<x<1

................. equation 1

x—2

To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.
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As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere
From equation 1, it is clear that f(x) is changing its expression at x =0

Given, f(x) is continuous everywhere
- ling.. f(x) = f(0)
X—

11111 fl0—h) = 1111 f(0 +h) =f(0)

Liﬂ. f(—h) = f(0)

lim {,*-'l—ph—,\;'1+phg _ z041 1
h—0 -h 0-2 2 [Using equation 1]

Lim

h—0

Lim

(31— ph — “’1+ph) J1—ph +\£1+ph}_ 1

1 ph — 1—ph)

Lim
h—0 {(— h)(vl ph + fl—l—ph)

|
i
|
{

5, if x <2

(vii) f(x) = qax+ b, if 2 < x < 10
21, if x > 10

Solution:

—2ph ] B

1

no ((JT—ph + 1+ph)}= 2

2

1
)]= —3

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f

if
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EE:.] flc—h) = LEEI f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

A function is continuous at x = ¢ if

Li_l}g f(x) = f(c)

Here we have,

5 Jif Xx=2
f(x)={ax+b ,if 2<x<10
21 if  x=10 equation 1

To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.
As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere
From equation 1, it is clear that f(x) is changing its expression at x = 2
Given, f(x) is continuous everywhere

LI_I}% f(x) = f(2)

LIE% f(2—-h) = LE% f(2+h) =1(2)
LIE%. f(2+h) =1£(2)
LIEEJ{E(E +h)+b} =5 [Using equation 1]

“~2a+b=5., Equation 2
Also from equation 1, it is clear that f(x) is also changing its expression at x = 10
Given, f(x) is continuous everywhere

Eﬂaﬂ:lﬂ —h) = Lﬂaﬂ:lﬂ +h) = f(10)
Llﬂé f(10 —h) =f(10)

Llﬂ{a(m —h)+b}=21 [Using equation 1]

~10a+b=21 ... Equation 3
As,b=21-10a
Putting value of b in equation 2, we get
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2a+21-10a="5
8a=16

(=

&

]
4= 8

Sbhb=21-10x2=1
La=2andb=1

kcosx

T
T—2z* T < 2

(viit) f(x) = 3, x = 5
Jtan 2z T > T
2r—w ? 2

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% f(c —h) = LIEEn flc+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand

limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

lim f(x) = f(c)

Here we have,

kcosx R
, X<~
m—2x 2
m
3tan2x i
, X>-— .
2x—T 2 eeereeenns equation 1

To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.

As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere

From equation 1, it is clear that f(x) is changing its expression at x = 1t/2
Given, f(x) is continuous everywhere

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

v RD Sharma Solutions for Class 12 Maths Chapter 9
m BYJ U S Continuity

The Learning App

- “”}2 f(x) = f(m/2)
Liﬂi f(m/2 —h) = L’Eaf(nfz +h) = f(m/2)

Liﬂi f(m/2 —h) = f(n/2)

[Using equation 1]

lim i

h—0

{ksinh} B kl' {sinh} k- 3
TR ==

h—0

lim ™= = 1 (sandwich theorem)]

[ x=0 x

“k=3x2=6
k=6
Z,if0<z <1
5. The function f(x) = a, ifl<z< V2
28 if V2<@ < o0

Is continuous on [0, =°). Find the most suitable values of a and b.

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

EE% f(c —h) = LEEn f(c+h) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

A function is continuous at x = c if
lim f(x) = f(c)
X—C

Here we have,
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1CZ

— if 0 =x<1

a

f(x) = a Jf 1=x <2

2b%-4b .
— if V2=x<o ,
....................... equation 1

X

The function is defined for [0, ==) and we need to find the value of a and b so that it is
continuous everywhere in its domain (domain = set of numbers for which f is defined)
To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.

As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere

From equation 1, it is clear that f(x) is changing its expression at x = 1

Given, f (x) is continuous everywhere

- lin}f(x)= f(1)
Llﬂnf(l —h) = Lﬂﬂl +h) =1(1)
Llﬂnf(l —h) =1(1)

lim {{1—11]2} =a

h—ol a J [Using equation 1]
loa=>a%=1

s d

wa=t1 ... equation 2

Also from equation 1, it is clear that f(x) is also changing its expression at x = V2
Given, f (x) is continuous everywhere

» lim f(x) = f(V2)

K=y 2
EH%. f(v2—h) = LlEE. f(vV2 +h) = f(+2)
lim f(V2 — h) = f(v2)

2b? — 4b
lima=a=———=0b*-2b

- f . :
h=0 (V2)? [Using equation 1]
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ab?=2b=a ., Equation 3
From equation 2,a =-1
b?-2b=-1

=>b?-2b+1=0

=>(b-1)2=0

~b=1whena=-1

Putting a =1 in equation 3:

b?2-2b=1

=>b?-2b-1=0

=>b _ —(—z]ﬁw: 2J_;w‘a: 1 2
Thus,

Fora=-1;b=1

Fora=1;b=1%vVv2

6. Find the values of a and b so that the function f (x) defined by
:t:—l—a\/isinm, if0<ax < E
f(x) = 2rcotx +b, if f <z <] becomes continuous on [0, 7]
acos2zx — bsinz, if S <z <7

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

lim f(c — 1) = limf(c + 1) = f(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand

limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

limf(x)=f(c)
X—=C
Here we have,
x+av2sinx if 0=x<mnu/4
f(x)= 2xcotx + b if m/a<x<m/2
acos2x—bsinx Jf wm/2<x<m equation 1

Function is defined for [0, t] and we need to find the value of a and b so that it is
continuous everywhere in its domain (domain = set of numbers for which f is defined)
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To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.

As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere

From equation 1, it is clear that f(x) is changing its expression at x = /4

Given, f (x) is continuous everywhere

+ lim f(x) = f(n/4)

limf(r/4—h) = limf(r/4+h) = f(w/4)

tim f (5 ) = f(x/9)

lim{(E—h)—avasin C—h)!t=ZcotZ+b . :
h—-o{(4 ) —av (4- )} 4 4 [Using equation 1]

T T

Zoa=Z+b

'Y
[

~at+b=—-m/4.... equation 2
Also from equation 1, it is clear that f(x) is also changing its expression at x = /2
Given, f (x) is continuous everywhere

g x{{gnﬂf(xh f(m/2)
limf(m/2 —h) = limf(r/2 +h) = f(n/2)

tim f(x/2 ~ h) = f (x/2)

flﬁgz (g— h) cot (E— h) +b=acosm—bsinm /2

2 [Using equation 1]

IimZ(E—h) tanh+b= —a—0>b
h—=0 2

b=—a-b

ca==-2b., Equation 3

Putting value of a from equation 3 to equation 2
~—2b+b=-1/4

= b=mn/4

s a=-2x(n/4)

=-m/2
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Thus, a =-m/2 and b =i/4

:I:2—|—t1:t:—|—b, D0<ax <2
7. The function f(x) is defined by f(x) = 3x+2,2<x<4
2ax+ 5b, 4 <x < 8
If f is continuous on [0, 8], find the values of a and b.

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

lim f(c~h) = limf(c +1) = £(c)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand

limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

lim f(x) = f(c)
Here we have,

x*+ax+b , 0=x<2
f(x)=4{ 3x+2 , 2<x<4
2ax+5b , 4<x=28 equation 1

Function is defined for [0, 8] and we need to find the value of a and b so that it is
continuous everywhere in its domain (domain = set of numbers for which f is defined)
To find the value of constants always try to check continuity at the values of x for which
f(x) is changing its expression.

As most of the time discontinuities are here only, if we make the function continuous
here, it will automatically become continuous everywhere

From equation 1, it is clear that f(x) is changing its expression at x = 2

Given, f (x) is continuous everywhere

= limf(x) = f(2)
limf(2—h) = limf(2+h) = f(2)
limf(2 —h) = f(2)

. _ 2 _ _ " —
Eﬂ{tz R *+a(2-h)+b} =3+2+2 lﬂ[Using equation 1]
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4+2a+b =8
~2a+b=4
~b=4-2a........ equation 2

Also from equation 1, it is clear that f(x) is also changing its expression at x = 4
Given, f (x) is continuous everywhere

~ limf(x) = f(4)
limf(4—h) = limf(4+h) = f(4)
limf(4+h) = f(4)

}Iiingza(-‘-}+h)+5b=3><4+2

~8a+5b=14................. Equation 3
Putting value of a from equation 2 to equation 3
~ 8a+5(4-2a)=14

= 2a=6
~a=6/2

=3
“b=4-2x3==-2

Thus,a=3andb=-2

8.If - cot 2  for x £ /4, find the value which can be assigned to f (x) at x
= 1t/4 so that the function f (x) becomes continuous everywhere in [0, 1t/2].

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

limf(c —h) = limf(c +h) = £(¢)

Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.

A function is continuous at x = c if

limf(x) = f(c)

X—=C

Function is defined for [0, ] and we need to find the value of f(x) so that it is continuous
everywhere in its domain (domain = set of numbers for which f is defined)

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

v RD Sharma Solutions for Class 12 Maths Chapter 9
m BYJ U S Continuity

The Learning App

As we have expression for x # /4, which is continuous everywhere in [0, 1], so
If we make it continuous at x = /4 it is continuous everywhere in its domain.

flx) =

t@n(n
cotlx

)fﬂ? x = m/4

Given’ © " eot2zx 7 T 07 . equation 1

Let f(x) is continuous for x = /4

Jim f(x)= f(r/9)
RIOERL RO

. tan(E—x) . tﬂﬂ(g-x]
lim —*—~ Iim —x——
= x—mwf4 cot2x _ x—mf4 tan {E—Zx] [': tan I:]"[fz—e} =cot 8]

Multiplying and dividing by r/4—x and n/2—2x to apply sandwich theorem, we
get

ran(Z-x)
I x
lim —‘*—x

x—m 4 fani (T _ax) E—z_x

w
- E—ZI
. tan x
i lim =1
We know that from sandwich theorem we have x=o0 =
w
mnf;—.r}
xomfe E_y 1 . m—dx 1
—4—ran |'£—zr:| * E * EI..-I"]H‘ —ax = 5
lim —2— Xt
_ A=l et
—_ 2
1
Therefore value that can be assigned to f(x) at x =m/4 is 2

r—1, ifx < 2

2
9. Discuss the continuity of the function f(x) = { 3r .
S ifx > 2

Solution:

A real function f is said to be continuous at x = ¢, where c is any point in the domain of f
if

lim f(c —h) = limf(c +1) = £(c)
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Where h is a very small positive number. i.e. left hand limit as x = ¢ (LHL) = right hand
limit as x = ¢ (RHL) = value of function at x = c.
A function is continuous at x = c if

limf(x) = f(c)
Here we have,

_ 2x—1 ifx<2
fl)=7 == Jifx =2

2 weme@quUation 1
Function is changing its nature (or expression) at x = 2, so we need to check its
continuity at x = 2 first.

limf(2—h) =£r£1§2(2—h)— 1 4-1=3

LHL = 2
limf(2+h) = limZ& _ 32 _ 5
RHL = h—0 h—0 2
32
F)=—=2 ~°

Clearly, LHL = RHL =f (2)
= Function is continuous at x = 2
Let c be any real number such thatc> 2

m F(x) = lim3E = ¢
ang, eSO = [
Thus, i:,_i"rclf(x) =7

~ f (x) is continuous everywhere for x > 2.
Let m be any real number such that m< 2
~f(m)=2m -1 [using equation 1]

limf(x)=lim2m—-1= 2m—1
And, x—m x—mm

Thus, iﬂﬁﬂx} =f(m

~ f(x) is continuous everywhere for x < 2.
Hence, we can conclude by stating that f(x) is continuous for all Real numbers
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