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EXERCISE 11.2 PAGE NO: 477

1. Show that the three lines with direction cosines

1313 13 1313 13 13 13 13 Are mutually perpendicular.
Solution:
Let us consider the direction cosines of L1, L, and Lz be Iy, mg, ng; I, my, n2 and |3, ms, ns.
We know that
If 11, my, ny and I, my, n, are the direction cosines of two lines;
And 6 is the acute angle between the two lines;
Then cos 0 = |11|2 + mimy + n1n2|

If two lines are perpendicular, then the angle between the two is 6 = 90°
For perpendicular lines, | l1l2 + mimy + ninz | = cos 90° = 0, i.e. | l1lo + mumy + ninz | =0

So, in order to check if the three lines are mutually perpendicular, we compute | l1l, +
mim;y + nyny | for all the pairs of the three lines.

Firstly let us compute, | l1l; + mimy + nin; |

R 18 -3 12y (4 3° 48 -36Y) (-12°
|1.L—111.1111—11.111|: —x—Jf —x—J—[—x—J:_— _J—[ J
- T T ok 13 13 13,43 13 13 13 13 13

48+ (-48)
13

Similarly,
Let us compute, | l2l3 + mams + nans |
12 [ —48] 36

4 3) (12 -4 (3 12
—X— |+ | —x— |+ | —x— ||= —+ —
13 13J 13 13J 13 13J 13 ) 13

13
_ (—48)+48 _
13

Ll +m,m; +1n,n,|=

So, Lol Ls..... (2)

Similarly,
Let us compute, | Isl; + mgmy + n3ny |
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3 12 —4 -3 12 -4 36 12 —48°
Ll +mym, +n;n, |= —x—]— —x_]— _x_J:____ _J
- - o 13 13 13 13 13 13 13 13 13
|48+ (—48)

13

So, L1l Ls..... (3)
~ By (1), (2) and (3), the lines are perpendicular.
Li, Lz and L3 are mutually perpendicular.

2. Show that the line through the points (1, -1, 2), (3, 4, —2) is perpendicular to the
line through the points (0, 3, 2) and (3, 5, 6).

Solution:

Given:

The points (1, -1, 2), (3, 4,-2) and (0, 3, 2), (3, 5, 6).

Let us consider AB be the line joining the points, (1, -1, 2) and (3, 4, -2), and CD be the
line through the points (0, 3, 2) and (3, 5, 6).

Now,

The direction ratios, aj, b, ¢, of AB are

(3-1),4-(-1),(-2-2)=2,5, -4.

Similarly,

The direction ratios, az, b2, ¢, of CD are

(3-0),(5-3),(6-2)=3,2,4.

Then, AB and CD will be perpendicular to each other, if aja; + bib, + ¢1¢2 =0
aiaz + biby + c1c2 = 2(3) + 5(2) + 4(-4)

=6+10-16

=0
~ AB and CD are perpendicular to each other.

3. Show that the line through the points (4, 7, 8), (2, 3, 4) is parallel to the line
through the points (-1, -2, 1), (1, 2, 5).

Solution:

Given:

The points (4, 7, 8), (2, 3, 4) and (-1, -2, 1), (1, 2, 5).

Let us consider AB be the line joining the points, (4, 7, 8), (2, 3, 4) and CD be the line
through the points (-1, -2, 1), (1, 2, 5).

Now,

The direction ratios, a, b1, c; of AB are

(2-4),(3-7),(4-8)=-2,-4, -4
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The direction ratios, ay, b, ¢, of CD are
(1-(-1),(2-(-2),(5-1)=2,4,4.

Then AB will be parallel to CD, if
a_b_a

iz bg o

So, atfa, =-2/2 =-1

b1/b2 = -4/4 =-1
01/02 =-4/4 = -1
~ We can say that,

iy bl 1

iz N bg N o

1=-1=-1

Hence, AB is parallel to CD where the line through the points (4, 7, 8), (2, 3, 4) is parallel
to the line through the points (-1, -2, 1), (1, 2, 5)

4. Find the equation of the line which passes through the point (1, 2, 3) and is
parallel to the vector 3i + 2j — 2k

Solution:

Given:

Line passes through the point (1, 2, 3) and is parallel to the vector.

We know that

Vector equation of a line that passes through a given point whose position
vector is @ and parallel to a given vector b is

—_

f — ﬁ T }l. b .
So, here the position vector of the point (1, 2, 3) is given by
a=1+2j+3Kk and the parallel vector is3 1+2)-2k

~ The vector equation of the required line is:
= i+2j+3k+A(31+2)-2k)

Where A is constant.

5. Find the equation of the line in vector and in Cartesian form that passes through

the point with position vector 2i—j+4k and 1+2)-k.

Solution:

is in the direction
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It is given that

Vector equation of a line that passes through a given point whose position
vector is @ and parallel to a given vector b isT = a+ A b

Herelet, a=2i— j+4kand b= 1+2j-k

So, the vector equation of the required line is:

~ o

F=2i- }+4ﬁ:+h(_i+2}—k)

Now the Cartesian equation of a line through a point (X1, v1, Z1) and having
direction cosines 1, m, n is given by

X-X _¥Y-v._z—1z
] m n
We know that if the direction ratios of the line are a, b, c, then
1= 1 m= b n= <
\fa:—b:—c: \/a:—b:—c: \/a:—bj—c:

The Cartesian equation of a line through a point (X1, v1, Z1) and having direction
ratios a, b, c is

X-X _¥Y-v._zZ-Z

a b C
Here,xi=2,vi=-l,zi=4anda=1,b=2,c=-1

~ The Cartesian equation of the required line is:
x-2 y—(-1) z-4 x-2 y+1 z-4
= = — = =
1 2 —1 1 2 —1

6. Find the Cartesian equation of the line which passes through the point (-2, 4, -5)

and parallel to the line given by
X+3 y—-4 z+8
3 5 6
Solution:
Given:
The points (-2, 4, -5)
We know that

The Cartesian equation of a line through a point (X1, y1, z1) and having direction ratios a,
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b, cis
X=X _Y—hh_£—4
a b ¢
Here, the point (X1, v1, Z1) is (-2, 4, -5) and the direction ratio is given by:
a=3,b=5c¢c=6
 The Cartesian equation of the required line is:

x—(—z]:}f—4_z—(—5}j X+2_y-4 z+5

3 5 6 3 5 6

7. The Cartesian equation of a line is
X-3 y+4 z-6

3 7 2 . Write its vector form.
Solution:
Given:
The Cartesian equation is
X-5 y+4 z-6
3 7 2 .
We know that
The Cartesian equation of a line passing through a point (X;, y1, z1) and having
direction cosines |, m, n is
X—X _Y—-Wh_ <-4
I m n
So when comparing this standard form with the given equation, we get
X1:5,y1:-4, 21:6and
=3, m=7,n=2

The point through which the line passes has the position vector
a=>51-4j+ 6k and -
The vector parallel to the line is given by b =31+ 7+ 2k

Since, vector equation of a line that passes through a given point whose position
vector is @ and parallel to a given vector bis T = a+ A b

+» The required line in vector form is given as:

T =(51-4)+6k)+A(31+7)+2k)
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8. Find the vector and the Cartesian equations of the lines that passes through the

origin and (5, -2, 3).

Solution:

Given:

The origin (0, 0, 0) and the point (5, -2, 3)

We know that

The vector equation of as line which passes through two points whose position

—

vectors are 3 and b isT=a —l(b a)

Here, the position vectors of the fwo points (0, 0, 0) and (5, -2, 3)
are a =01+ 0j+ Ok and b = 51— 2j+ 3Kk, respectively.

+ The vector equation of the required line is given as:

r= oi—0]—01&—}{(_5—2]—31&)—(_0{—0}—01;-)_-

T =A(51-2j+3k)
Now, by using the formula,

Cartesian equation of a line that passes through two points (X1, ¥1, Z1) and (xz,

2. Z2) 1s given as
X—x _Y—-h _Z2—4
X2—XxX1 Y2—n Dy — 4
So, the Cartesian equation of the line that passes through the origin (0, 0, 0) and
(5,—2,3)is
x-0 y-0

-
5-0 —2-0 3-

0 y Z
p— - =_
0 -2 3

X
5
+ The vector equation is

T =(51-2)+3k)
The Cartesian equation is

X y z
3

5 _2

9. Find the vector and the Cartesian equations of the line that passes through the

points (3, -2, -5), (3, -2, 6).
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Solution:

Given:

The points (3, -2, -5) and (3, -2, 6)
Firstly let us calculate the vector form:
The vector equatmn of as line which passes through two points whose position

—

vectorsared and bis T = a —l(b a)

Here, the posﬂ:mn vectors of the two pmnts (3,—2.-5) and (3, -2, 6)
are a =31—2j— 5k and b=3i— 27+ 6k respectively.

~ The vector equation of the required line is:
I =3i —2]—51;-—}[(3i —2}—61«";)—(3i —zj—sf{) -

T=31-2j—5k+A(31-2j+6k - 31 +2j+5k)
: |

MNow,
By using the formula,
Cartesian equation of a line that passes through two points (X1, yi, Z1) and (X,

V2, Z2) is

X—x _Y—hn -4

X2 — X y2—n L — 4

So, the Cartesian equation of the line that passes through the origin (3. -2, -5)
and (3, -2, 6) is
x-3  y—-(-2) z-(-5)
3-3 (—2} —(—2] 6—(—5)

X-3 y+2 z+5

0 11

. The vector equation is
T =31-2)-5k+A(11k)
The Cartesian equation is
X-3 y+2 z+5

o 0 11

=
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10. Find the angle between the foIIowmg pairs of lines:

(1]1—1,1— + —.M:31—-J 6k]and
r=7i—6k+ p(1—;.] Hlx)
(i)t =3i+j— 2k + A(i—j—2k)and

r=2i—j—56k+u(3i—5j—4k)
Solution:

Let us consider 6 be the angle between the given lines.
If 6 is the acute angle between 7 — 3. + 3 b, and T = a, + b, then

byby
I
(1)1-4—5] k—x.(31 Hj—ﬁk)and
1‘:?i—6k—p(i—2j—2k)

cos il =

HereEzSi—E:i—ﬁlz;aﬂd Ez i—ﬁ:i—ﬁl::
So, from equation (1), we have
(3i—2j—61%).(i—2j—21&)
cosl = |— - — - -
‘Bi—zj—ﬁk‘.‘i—zj—m«;
...... (2)
We know that,
ai Kl=a’+b+¢
S50,
3i kl=v3 +2°+ 6" =+/9+4+36 =
And
i+2j+2kl=41+2°+ 2 = 1+4+4 =9 =3

MNow, we know that

(_a._’i‘ +b:j+qﬁ).(a:f+b:j +c312) =a,a, +b,b, +c,c,

So,
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(31 +2j+6k).(1+2j+2k) =3x1+2x2+6x2=3+4+12=19

By (2), we have

19 19

cosBh = e

7x3 Z1
(19
B=cos —]
21

(i)r =3i+ j— 2k + A(i— j— 2k)and
r=2i—j—356k+u(3i—5j—4k)

Here, b, = i—j—2k and b, =3i-5j—-4k
So, from (1), we have

(_i—j—zlé).(_si—sj—:tl%)

cosb = |————7—— -

‘i—j—zk‘Bi—Sj—zlk‘

. (3)

We know that,
al + bj+ ck|=+/a> +b* + &
S0,
= J=2K]= P+ (-1) +2° = I+ 1+ 4= 6 = 332
And

= 3 +(=5) +(~4) =0 +25+16=450=5V2

Now, we know that

3i-5j-4k

(_a._’i‘ +b._j - c_ﬁ:).(_a:f +b:j + cjlni) =a,a, + b,b, +¢,¢,

(1= ]2k ) (31 5] - 4k) = 1x3+(=1)x (=5) + (-2) x (—4) =3+ 5+8=16

By (3), we have
16 8

16
Bx2x52  5x23 58

cosfh =
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8

B=cos | —=

[SﬁJ

11. Find the angle between the following pair of lines:
Xx—-2 y-1 z+3 x+2 y-4 z-5

(1) == — and = -
2 5 -3 -1 8 4
X z X—5 v-2 z-3
(11)—=l=—a11d _ 3 -
2 2 1 4 1 8
Solution:
We know that
If
X% _¥Y~N_2—-%4 X-X, Y-V, _Z-1
L m, I and L m, 1 are the equations of

two lines, then the acute angle between the two lines is given by
cos 0=l +mymy +mng | ...... (1)

LX=-2 vyv-1 z+3 x+2 vyv—4 z-5
(1) = — and = —
2 5 -3 -1 3 4

Here,a; =2, b; =35, ¢; =-3 and
a=-1.b=8c=4
Now,

= .m= b .=

C
JaZ+b%+¢? JaZ +b? +¢2 - JaZ+b? 42 e
Here, we know that
Jai +b! +c :\/ +5+(=3) =/4+25+9=1/38
And

\/a +bl 40 = \/(—1): +87+47 = J1+64 +16 =81 =9

So, from equation (2), we have
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And
2 :_—1.111,: b, :ﬁ.n = &2 L2
CoJai+bi+cd 9 T Jal+bli+cd 9 T Jal+bi+cd 9
. From equation (1), we have
cosh = 2 \5x!3__1="'_fil><[§.:"— 3 4
\38) L9) (\3g) L9) (3g) \9)
_|-2+40-12|_[|40-12|_ 26
1oovas | ovas | oBs
0 =cos” =
9:/38
(ii)E:E:EandK_S=Y_2=2_3
2 2 1 1 1 8

Here,aj=2.b;=2,c1=1 and
aa=4,b=1,¢c=8
Here, we know that

,\/a._:—b._: +cf = 22 e i1t = Jas41=Jo=3
And
Jas =03 el = V4T 17 +87 = {16 +1+64 = 81 =9

So, from equation (2), we have

] = 4 =E.111.= b, =311.= & ==

R e e T e R

And

1, = % :i.m:: b, :ln_: © _ 8
\fag—bg—cg 9 \fag—bg—cg 9 \/ag—b:—c: 9
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~ From equation (1), we have

2 4% (2 1) (1 8 |8+2+8] 18 2
—X— |+ =x—= |+ =x—||= — ==
3 QJ 3 QJ 3 QJ 27 273

2
y :cos_'[—J
3

12. Find the values of p so that the lines
l-x Ty-14 z-3 T-7x y-5 6-z

cosf =

_’ 5 and =

3 =P = 3p ! 3 are at right angles.
Solution:
The standard form of a pair of Cartesian lines is:
X=X _ Y-V _z-Z XX, Y-V, -7,

a b, ¢ and 2 b, L
So the given equations can be written according to the standard form, i.e.
—(x-1) 7(y-2) z-3 -T(x-1) y-5 —(z-6)

=— =— = =
3 2p 2 od 3p 1 5

x-1 y-2 z-3 x-1 y-5 z-6

3 /T A _3n/7T o

3 2p/7 2 and 3p/7 1 5 L)

Now, comparing equation (1) and (2), we get

2 —
a,=3.b =2 c-2 a =P p —1c =5
' 7 and 7 )
So the direction ratios of the lines are
-3, 2p/7, 2 and -3p/7, 1, -5
Now, as both the lines are at right angles,
So, ajaz + biby + 12 =0
(-3) (-3p/7) + (2p/7) (1) +2(-5) =0
Op/7+2p/7-10=0
(9p+2p)/7 =10
11p/7 =10
11p=70
p=70/11
=~ The value of p is 70/11
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13. Show that the lines

X—-5 y+2 z X ¥
== ——and—===
7 =3 1 1 2
Solution:
The equations of the given lines are

X—5 y+2 z X yV Z

= =—and—===—

7 -5 1 1 2 3
Two lines with direction ratios is given as

aiay + bibo + c1co =0

z
3 are perpendicular to each other.

So the direction ratios of the given linesare 7, -5, 1and 1, 2, 3

le.,ap=7,b1=-5c1=1and
8.221, b2=2,02=3
Now, Considering
a1a2+b1b2+clc2=7><1+(-5)><2+1><3
=7-10+3
=-3+3
=0
=~ The two lines are perpendicular to each other.

14. Find the shortest distance between the lines
r=(1+2j+k)+2A(1—j+k)and
r=2i—j—k+u(2i+j+2k)

Solution:
We know Lhat thi shortest distance between two

linest =a, +Ab,and T = a, + b, is given as:
)
b, xb,

(D)

Here by comparing the equations we get,

a, = 1—2]—1«:?11:: 1-j+k 4

a,=21-j-k b,=2i+j+2k

Now,
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(}ili+j,’j+211:2}—[52:"i+}’:_-j+231::)= (K: —i‘{:]i+[}f‘; -Y: }j+(Z-_, _3:]1E
a,-a,=(21-j-k)-(1+2j+k)= 1-3j-2k

- (2)
Now,
b, x jz(’i‘—j+§::]><(2’i‘+j+2£)
i j k
=1 -1 1
2 1 2
= —31+3k

jb_xb— 31_31\

=y(B) e \/— 18=342 e (&)
Now,

(ad +b3j+c.:k).(a:i+b3j +ck)=aa, +bb, +¢c,

(b, b, ).(a, —a, ) =(-31+3k).(1-3)-2k) =-3-6=-9

Now, by substituting all the values in equation (1), we get
The shortest distance between the two lines,

—9
d=|—
3v2
9
3v2 [From equation (4) and (5)]
3
V2
Let us rationalizing the fraction by multiplying the numerator and denominator by V2, we
get
P 2 3f

NN

~ The shortest dlstance is 3v2/2
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15. Find the shortest distance between the lines
Xx+1 y+1 z+1 Xx—-3 y-5 z-7
= = and = =
7 —6 1 1 -2 1
Solution:
We know that the shortest distance between two lines

Xx+1 yv+1 z+1 X—3 v-5 z-7
= = and = =

7 —6 1 1 —2 1 s given as:

X:_X' }."_‘_}."I Z'\_Z'

a b, c
a, b, Cs
d = '\_ = B = Bl
\/(b._c:—b:c._)' +(ca, —cya; ) +(ab,—asb, ) (1)
The standard form of a pair of Cartesian lines is:
X-X%X _¥-yV _z-z X-X, Y-V, -7,
a, b, ¢, apd & b, c,

And the given equations are:
x+1 y+1 z+1 X-3 y-5 z-7

7 —06 1 and 1 —2 1
Now let us compare the given equations with the standard form we get,
xi=-lLLyi=-Lz1=-1;
X2=3,y2=5,2=7
aj=7,by=-6,c1=1;
a=1bh=-2,c0=1
Now, consider
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4 6 8
=7 -6 1
1 -2 1

=4(-6+2)—6(7-1)+8(-14+6)
=4(4)—6(6)+8(-8)
=-16-36-064

=-116

Now we shall consider

\/(b._c: -b,c, ): +(c.a, —C,a, ): +(a,b, —a,b, ):
= J(=6xD—(=2x1)) +((1x1) = (1x 7))} +((7x-2) ~(1x-6))

:\/(_6"'2): "‘(1—?): +(—14+6]2 :\/(_4):"'(—6):4-(—8]2

= J16+36+64 =~/116
By substituting all the values in equation (1), we get
The shortest distance between the two lines,

—116| 116
—===4/116 = 2+/29

x!llﬁ -6

- The shortest distance is 2v29

d =

16 Flnd the shortest dlstance between the lines whose vector equations are
T —(1—4 3k)—f (1—3] "la)and
1‘:41—5j—61<:—u(2i—3j+1{}

Solution:
We know tllat shortest dlstance between two lines

T=a,+Ab, ﬁﬂdl—a —pb is given as:

(b._ xb:).(a: —a._)

F

d =
(1)

Here by comparing the equations we get,
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D —

a,= i+2j+3k b= i-3j+2k 4

e

a, =4i+5j+6k b,=2i+3j+k

Now let us subtract the above equations we get,

(X-_i-I—}ﬂ]—I—Z-_lE)—(Xﬁ—I—}E]—I—Zﬂ%)= (X, _K:}i+(Y: -2 )j-l-(Z-_ _Z:)E
a, —a, =(41+ 5]+ 6k) - (1+2]j+3k) = 31+ 3]+ 3k

—_— —

b, xb, :(i-3j+2§)x(zi+3j+1’&)

e

i ]k
=1 -3 2

2 3 1
_ —9i+3j+9k

= by xb, = -91+3)+9% (3)

= J(-9) +37 0% = JB1+0+81 =171 = 3419
Now by multiplying equation (2) and (3) we get,
(a._i +b._j+c._k).(aji+b3j+c3k) —a,a, +b,b, +¢.c,

= [ x5;

(4)

(b, xb, )(a, — ;) =(-91+3j+9k).(31+3)+3Kk) =-27+9+27 =9 .
\ \ \ \ s 5
By substituting all the values in equation (1), we obtain

The shortest distance between the two lines,

1|9 9 3
3./19

NN

. The shortest distance is 3v19

17. Find the shortest distance between the lines whose vector equations are
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r=(1-t)i+(t—2)j+((3-20)kand

r=(+Di+(2s—1j—(2s+ 1k
Solution:
Firstly let us consider the given equations

_T=(1-t)i+(t-2)j+(3-20)k

T=i-ti+tj—2j+3k -2tk
r= f—lj+3f{+t(—i+]—2§:)
y f:(s+1)i+(2s—1)j—(zs+1)1}

.

j- k+5(1+EJ ”k)
So now we need to find the shortest distance between o
I = i—2j+3k+t(—i+j—2k) and fzi—j—k+s(i+2j—2k)

I =si 1—HSJ J—”sk k
1—

T

We know that shortest dlstance berween two lines
r=a, +AD, and T = a, —ub is given as:

(bxb)(_ a)

d= (1)

Here by cc-mparmg the equatmns we get,

a,=1-2j+ 3kb —1+] Hkaﬂ

a,=1—j-k.b,=1+2j-2k

Since,

(X:i"'}':]"'Z;R)_(X:i"'}':j"‘z:}::): (X:_X:)i+(Y:_Y:)j"'(zz_zz)f(
S0,

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

Three Dimensional Geometry

The Learning App

NCERT Solutions for Class 12 Maths Chapter 11 —
[EBYJU'S

—_— EY

5= -2k 232

i i k
-1 1 -2
1 2 -2
2i—4j-3k

e (3)

= [b, xbs| = 22 + (-4) +(-3) = VA+16+9=y29 "
Now by multiplying equation (2) and (3) we get.
(_a._’i‘+b._j+Qﬁ).(aji+bjj+cjﬁ):a._a:+b._b3+c._c3

b, xD, ).(a,—a, ) =(21-4)-3k).(j-4k) =-4+12 =8
(boxB:) (o =) = (214 =3k {j-dk) =iz =8 o

By substituting all the values in equation (1), we obtain
The shortest distance between the two lines,

s 8
d=
290 29
= The shortest distance is 8v29
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