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1. Given that E and F are events such that P (E) = 0.6, P (F) = 0.3 and P (E n F) = 0.2, find

P (E|F) and P (F|E)

Solution:
GivenP(E)=0.6,P(F)=0.3andP(En F)=0.2

We know that by the definition of conditional probability,

P(AN B)

P(A|B) = P(B)

By substituting the values we get

P(ENF) 02 2

P(E|F) = - -=_Z
=PER = —FmH"=03~3
_ PEOR) _02_ 2_1
And;" P(FIE) = P(E} 06 6 3

2. Compute P (A|B),if P(B)=0.5and P (A n B) =0.32

Solution:
Given: P (B)=0.5and P (A n B)=0.32

We know that by definition of conditional probability,

P(AN B)

P(A|B) = P(B)

Now by substituting the values we get

032 32 16
= Pl:ﬂlB) = H_E_E

3.1fP(A)=0.8, P (B) =0.5 and P (B|A) = 0.4, find
(i) P (A n B)

(i) P (A]B)

(iii) P (A U B)
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Solution:
GivenP(A)=0.8,P(B)=0.5andP(B|A)=0.4

(1) We know that by definition of conditional probability,

_ P(ANB)
P(B|A) = W

=P (ANB)=P(B|A)P(A)
—P(ANB)=0.4%0.8

=P(ANnB)=0.32

(if) We know that by definition of conditional probability,

P(AN B)

P(A|B) = P(B)

Now substituting the values we get

0.32
= P[:;"-":.lB) = ﬁ = 0.64

= P (A|B) =0.64

(iii) Now, * P(AUB) =P (A)+ P (B)—P (A n B)
Substituting the values we get
=P(AUB)=0.8+0.5-0.32=13-0.32

= P(AUB)=0.98

4. Evaluate P (AUB), if 2P (A)=P (B) =5/13 and P (A|B) = 2/5.

Solution:
5 2
Given 2P(8) = P(B) =37 P(AIB) = ¢
5 5 5 2
= P[:B) = E’ P[:A) = 13x%2 = E’Pl:ﬁlB) - g .......... [__IJ
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We know that by definition of conditional probability,

P(AN B)

P(A|B) = P(B)

= P (AnB)=P(A|B)P(B)

2 5 2
= PAANB)=cxZ=35 (ii)

Now, «* P (A*B)=P (A)+P (B)—P (A N B)

P(AU B) 5+5 2 54+10—4 15-—-4
= = ———= —
26 13 13 26 26

11
= P(AU B):E

5. I1f P (A) = 6/11, P (B) =5/11 and P (A U B) = 7/11, find
(i) P (ANB)
(i) P (A]B)
(iii) P (B]A)

Solution:
(=] 5 7

Given: P(A) = 11’ P(B) = 11’ P(AUB) = 11

(i) We know that P (A * B) =P (A) + P (B) —P (A n B)

=P(AnB)=P(A)+P(B)—P({AUB)

(if) Now, by definition of conditional probability,

P(AN B)

P(A|B) = P(B)
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4/11
= P[:f-"xlB) = ﬁ
= P(A|B) =§

(iii) Again, by definition of conditional probability,

P(ANB
P(BIA) =~
4/11 4 2
= P[:Blﬂ.) ZﬁZEZE
= P(B|A) =§

Determine P (E|F) in Exercises 6 to 9.

6. A coin is tossed three times, where

(i) E : head on third toss, F : heads on first two tosses
(ii) E : at least two heads, F : at most two heads

(iii) E : at most two tails, F : at least one tail

Solution:

The sample space of the given experiment will be:
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

(i) Here, E: head on third toss

And F: heads on first two tosses

= E = {HHH, HTH, THH, TTH} and F = {HHH, HHT}
= E n F={HHH}

4

1 2 1 1
SD’P(E)=§=5,F[F)=§=1,P(EHF)=§

Now, we know that by definition of conditional probability,
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P(E|F) = %
SR
= P(E|F) = %

(il) Here, E: at least two heads

And F: at most two heads
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= E = {HHH, HHT, HTH, THH} and F = {HHT, HTH, THH, HTT, THT, TTH, TTT}

= E N F = {HHT, HTH, THH}

4 1 7 3
SD’P{E) =-=_,P(F)=-,P(ENF) =—

Now, we know that

By definition of conditional probability,

P(E|F) = P{f {;)F)
= P{:ElF) = % = ?

(i) Here, E: at most two tails

And F: at least one tail

= E = {HHH, HHT, HTH, THH, HTT, THT, TTH}
And F = {HHT, HTH, THH, HTT, THT, TTH, TTT}

7 7 6 3
SD’P{E) ==,P(F)=- ,P(ENF)=-=71

Now, we know that

By definition of conditional probability,
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P(E[F) = %
= P(E|F) = 2?—; =g

7. Two coins are tossed once, where
(i) E: tail appears on one coin, F: one coin shows head
(ii) E: no tail appears, F: no head appears

Solution:

The sample space of the given experimentis S = {HH, HT, TH, TT}
(i) Here, E: tail appears on one coin

And F: one coin shows head

= E = {HT, TH} and F = {HT, TH}

= E N F={HT, TH}

2 1 2 1 2 1

Now, we know that by definition of conditional probability,

P(ENF)

P(E|F) = P(E)

Substituting the values we get

1/2
= P(E|F)=%
~P(E|F)=1

(ii) Here, E: no tail appears
And F: no head appears

= E={HH}and F = {TT}
>ENF=0
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1 1 0
So, P(E) =1,P(F] =3 ,P(ENF) =5= 0

Now, we know that by definition of conditional probability,

P(EN F)

P(E[F) = P(E)

Substituting the values we get

0

= P (E|F)=0

8. A die is thrown three times, E: 4 appears on the third toss, F: 6 and 5 appears
respectively on first two tosses.

Solution:

The sample space has 216 outcomes, where each element of the sample space
has 3 entries and is of the form (x, y, z) where 1 <x,y, z < 6.

Here, E: 4 appears on the third toss

((1,1,4),(1,24),(1,34),(1,4,4),(1,54),(1,6,4),
(2,14),(2.24),(23,4).(24,4).(25,4).(2,6,4),
(3,14).(3.24),(33,4).(3.44).(3,5,4).(3,6,4),
(414),(4.24),(434),(444).(454).(4.6,4),
(5,14),(5,24),(534),(544),(554),(56,4),

\(6,1,4),(6,2,4),(6,3,4),(6,4,4),(6,5,4),(6,6,4)

= E =+

Now, F: 6 and 5 appears respectively on first two tosseﬂ
= F={(6,5,1),(6,5,2),(6,5,3),(6,5,4),(6,5,5), (6,5, 6)}
= EnF={(6,5, 4)}

3

6 6 1
So, P(E) = —,P(F)= __,P(ENF) = —

Now, we know that by definition of conditional probability,
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P(ENF)

P(E[F) = P(E)

Now by substituting the values we get

1/216 1
P(E[F) = — =
= PER) =516 =5
1
P(E[F) = =
~ P(EIF) = ¢

9. Mother, father and son line up at random for a family picture
E: son on one end, F: father in middle

Solution:

Let M denote mother, F denote father and S denote son.
Then, the sample space for the given experiment will be:
S = {MFS, SFM, FSM, MSF, SMF, FMS}

Here, E: Son on one end

And F: Father in middle

= E = {MFS, SFM, SMF, FMS} and F = {MFS, SFM}

= E n F = {MFS, SFM}
4 2

2 1 2 1
5o, P(E) = =5 P(F)=C =7 P(ENF) ==

Now, we know that by definition of conditional probability,

P(ENF)

P(E|F) = P(E)

Now by substituting the values we get

1/3

= P(ElF) = mZ

1
=P (EIF) =1

10. A black and a red dice are rolled.

(a) Find the conditional probability of obtaining a sum greater than 9, given that the

black die resulted in a 5.
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(b) Find the conditional probability of obtaining the sum 8, given that the red die

resulted in a number less than 4.

Solution:
Let B denote black coloured die and R denote red coloured die.

Then, the sample space for the given experiment will be:

((B1,R1),(B1,R2), (B1,R3),(B1,R4),(B1,R5),(B1,R6),
(B2,R1),(B2,R2), (B2,R3), (B2,R4), (B2, R5),(B2,R6),

} (B3,R1),(B3,R2), (B3,R3), (B3,R4), (B3, R5), (B3, R6),
(B4,R1),(B4,R2), (B4,R3), (B4,R4), (B4, R5), (B4, R6),
(B5,R1),(B5,R2), (B5,R3), (B5,R4), (B5, R5), (B5, R6),

\(B6,R1), (B6,R2), (B6,R3), (B6,R4), (B6,R5), (B6,R6) /

(a) Let A be the event of ‘obtaining a sum greater than 9’ and B be the event of
‘getting a 5 on black die’.

Then, A = {(B4, R6), (B5, R5), (B5, R6), (B6, R4), (B6, R5), (B6, R6)}
And B ={(B5, R1), (B5, R2), (B5, R3), (B5, R4), (B5, R5), (B5, R6)}
= A n B ={(BS, R5), (B5, R6)}

so, P(A) = =0 P(B) = o=, P(ANB) = 2=

Now, we know that by definition of conditional probability,

P(AN B)

P(A|B) = P(B)

Now by substituting the values we get

1/18 6 1

PA|B) = —— - 2 _ =

= P(A[B) =7 =15 =3
1

(b) Let A be the event of ‘obtaining a sum 8’ and B be the event of ‘getting a
number less than 4 on red die’.
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Then, A = {(B2, R6), (B3, R5), (B4, R4), (B5, R3), (B6, R2)}

(B1,R1)(B2,R1), (B3,R1),(B4,R1), (B5,R1),(B6,R1),
B =< (B1,R2), (B2,R2),(B3,R2), (B4, R2), (B5,R2), (B6,R2),
And (B1,R3),(B2,R3),(B3,R3),(B4,R3), (B5,R3), (B6,R3)

= A n B ={(B5, R3), (B6, R2)}
3 18 1 2 1

Now, we know that

By definition of conditional probability,

P(AN B)

P(A|B) = P(B)

Now by substituting the values we get

1/18 2 1

P(A|B) = —— = = _ =

= PA[B) =7 =15=7
1

11. A fair die is rolled. Consider events E = {1,3,5}, F={2,3} and G = {2,3,4,5}
Find

(i) P (E|F) and P (F|E)

(ii) P (E|G) and P (G| E)

(iii) P ((E U F)|G) and P ((E N F) | G)

Solution:
The sample space for the given experimentis S=1{1, 2, 3, 4, 5, 6}

Here, E={1,3,5), F={2,3land G=1{2,3,4, 5} ... (i)
= P(E) =;=;.P(A=;=P@=;= (i)
Now, E N F={3} FNG={2,3} ENG={3,5} ... i

= P(ENF)=:,P(FNG) =-=_,P(ENG) =- =
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(i) We know that by definition of conditional probability,

P(ENF
P(E|F) = %

_ue_3_1
= P(EIF) = 13 = 5= 2 [using (Il) and (V)]
= P(E|F) = %

Similarly, we have

P(FNE) 1/6 2 1
P(FIE) =——71=—7=-=- . . .
(FIE) P(E) /2 6 3 [Using (ii) and (iv)]

1

(if) We know that by definition of conditional probability,

e - K0

PENG) 1/3 1
= PEIO = =5 =272
= P(E|G) =%

Similarly, we have

P(GNE) 1/3 2
PIEIE)="3® ~1/273

2

(iii) Clearly, from (i), we have
E={1,3,5},F={2,3}and G={2, 3, 4, 5}
=>EUF={1, 23,5}
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= (EUF)nG={2,3,5}
= P((EUF)NG) =

o W

1

= P((EUF)HG)zz .......... (v)

Now, we know that

By definition of conditional probability,

P(E|F) = %

P((EUFNG) _ 1/2 3

= P((EUF)|G) = P(G)  2/3 4 [Using (ii) and (v)]

= P((EUF)|G) =%

Similarly, we have E n F= {3} [Using (iii)]
And G =12, 3, 4, 5} [Using (i)]
=(EnF)nG={3}

=P((ENF)NG) =7 (vi)

50,

P((ENFING)  1/6 1

P(ENP|G)=—F——=""=-_ . . i

(( )|G) P(G) 2/3 4 [Using (ii) and (vi)]
1

= P((EnF)G) =

12. Assume that each born child is equally likely to be a boy or a girl. If a family has
two children, what is the conditional probability that both are girls given that (i) the
youngest is a girl, (ii) at least one is a girl?

Solution:

Let B denote boy and G denote girl.
Then, the sample space of the given experiment is S = {GG, GB, BG, BB}
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Let E be the event that ‘both are girls’.
= E ={GG}

= P(E) =%

(1) Let F be the event that ‘the youngest is a girl’.

= F = {GG, BG}
=>P(F]=§:% .......... (1)

Now, E n F = {GG}
= P(Enszi

Now, we know that by definition of conditional probability,

P(ENF
P(E[F) = %

_ws_2_a
= P(E|F) = 1/2 4 2[Using (i) and (ii)]
= P(E|F) = %

(i) Let H be the event that ‘at least one is a girl’.

= H ={GG, GB, BG}

Now, E n H = {GG}

>PENH) =, (iv)

Now, we know that by definition of conditional probability,
P(ENF)

P(E[F) = BION
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P(ENH) 1/4 1

= P(EIH) = 240~ = 3/ = 3 [Using (iii) and (iv]]

1

13. An instructor has a question bank consisting of 300 easy True / False questions,
200 difficult True / False questions, 500 easy multiple choice questions and 400
difficult multiple choice questions. If a question is selected at random from the
question bank, what is the probability that it will be an easy question given that it is a
multiple choice question?

Solution:

Here, there are two types of questions, True/False or Multiple Choice Questions (T/F or
MCQ), and each of them are divided into Easy and Difficult type, as shown below in the
tree diagram.

True/False Multiple Choice Question
Easy Difficult HAcu]t
300 200 500 400

So, in all, there are, 500 T/F questions and 900 MCQs.
Also, there are 800 Easy questions and 600 difficult questions.
= the sample space of this experiment has 500 + 900 = 1400 outcomes.

Now, let E be the event of ‘getting an Easy question’ and F be the event of
‘getting an MCQ'.

800 _ 8 (F)=-2_2
1400 14 And 1400 14 (i)

= P(E) =

Now, E n F is the event of getting an MCQ, which is Easy.
Clearly, from the diagram, we know that there are 500 MCQs that are easy.
500 5

so PENE) = = i)

Now, we know that by definition of conditional probability,
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P(ENF
P(E[F) = %
5/14 5
= P(EIF) = =3 [Using (i) and (ii)]
= P(E|F) = g

14. Given that the two numbers appearing on throwing two dice are different. Find
the probability of the event ‘the sum of numbers on the dice is 4’.

Solution:

The sample space of the given experiment is given below

((1,1),(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,2),(2,3),(2.4),(2,5),(2,6),
(3,1),(3,2),(3,3),(34),(3,5),(3.,6),

| (4,1),(4,2),(4,3),(4,4),(4,5),(4,6),
(5,1),(5,2),(5,3),(54),(5,5),(5,6),

\(6,1),(6,2),(6,3),(6,4),(6,5),(6,6)~

Let E be the event that ‘the sum of numbers on the dice is 4’ and F be the
event that ‘the two numbers appearing on throwing the two dice are
different’.

=E=1{1,3),(2,2),(3,1)}

(1,2),(1,3),(1,4),(1,5),(1,6)
(2,1),(2,3).(2,4),(2,5),(2,6),
(3,1),(3,2).(3,4),(3,5),(3,6),
| (4,1),(4,2),(4,3),(4,5),(4,6),
(5,1),(5,2),(5,3),(5,4),(5,6),
And \(6,1),(6,2),(6,3),(6,4),(6,5) /

o
I
—

=EnF={(1,3), (3, 1)}

3 1 20
= P(E):_EZE’P(F):_:

5 2
3 36 E’F(EHF):EZ_
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Now, we know that by definition of conditional probability,

P(ENF
P(E|F) = %
1/18 1
;‘*P(ElF)=%=E
1

15. Consider the experiment of throwing a die, if a multiple of 3 comes up, throw the
die again and if any other number comes, toss a coin. Find the conditional probability
of the event ‘the coin shows a tail’, given that ‘at least one die shows a 3’.

Solution:
The experiment is explained below in the tree diagram:

A die is thrown

A multiple of 3 (3 or 6) Any other number (1,2,4,5)

1 2 34 5 L] H T

The sample space of the given experiment is given below

(3,1),(3,2).(3,3),(3,4),(3,5),(3.,6),
S= {[6,1), (6,2),(6.3),(6,4),(6,5),(6,6),
1H,2H,4H,5H, 1T, 2T, 4T, 5T

Let E be the event that “the coin shows a tail’ and F be the event that ‘at least
one die shows a 3.

= E={1T, 2T, 4T, 5T} and F = {(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6), (6, 3)}
=EnF=p=P(EnF)=0....... (i)

Now, we know that by definition of conditional probability,
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P(ENF)
P(F)
D R
® ~  [Using (i)]

P(E|F) =
= P(E|F) =
= P(E|F)=0

16.1f P (A) = 1/2, P (B) = 0, then P (A|B) is
A.0

B. %

C. not defined

D.1

Solution:
C. Not defined

Explanation:
We know that by definition of conditional probability,
P(ANB)

P(B) ... (i)
Given: P (A) =}

P(A|B) =

And P (B)=0

= Using (i}, we have
e
0, which is not defined.

P(ANB)

P(A|B) = = (AN B) x

17. If A and B are events such that P (A|B) =P (B|A), then
A.AcBbutA#B

B.A=B

CAnNnB=¢

D.P (A) =P (B)

Solution:
D.P(A) =P (B)
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Explanation:
Given: P (A|B) =P (B|A) .......... (i)

Now, we know that by definition of conditional probability,

_ P(ANB)

P(A|B) = P(B) ... (i)
__ P(AnB)

P(B|A) = PA) ..., (i)

Using (i), we have
P (A|B) =P (B|A)

P(ANB) P(ANB)
P(B)  P(4)

= P (A)=P(B)
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