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MISCELLANEOUS EXERCISE PAGE NO: 175
1. Find a, b and n in the expansion of (a + b)" if the first three terms of the expansion
are 729, 7290 and 30375, respectively.

Solution:

We know that (r + 1) term, (T.+1), in the binomial expansion of (a + b)" is given by
T = nCr amt b’

The first three terms of the expansion are given as 729, 7290 and 30375 respectively.
Then we have,

T1="Co a"0p%=3"=729..... 1

T,="C;a" bl=na" b=7290...2

T3="C,a"?b%?=n(n-1)/2 a"%? b?=30375.....3

Dividing 2 by 1 we get

n—1 R 7290
na" ‘ba® = 2o

Dividing 3 by 2 we get

n(n — 1)a"2b*2na™1b = 350

7290
= (n — 1)b2a = BB

7290
__ 30375x2 __ 25
= (n-1)ba=TFg= =3
=nba—2=2
a 3
=>10-ba=2
= 23 _5
Sim=ll—-g=g 5
From 4 and 5 we have
n.5/3=10
n==6
Substitutingn=6in 1 we get
a®=729
a=3
From 5 we have, b/3 =5/3
b=5
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Thusa=3,b=5and n=76

2. Find a if the coefficients of x? and x3 in the expansion of (3 + a x)° are equal.

Solution:
We know that general term of expansion (a + b)" is

For (3+ax)®
Puttinga=3,b=ax&n=9

General term of (3+ax)°® is

9
Tyeq = (ﬂ 37 T (ax)"

9
(T) 3P ratx"

Since we need to find the coefficients of x* and x°, therefore

Forr=2
9

SYyan—-2 .2
Thus, the coefficient of x* = (z%B a

Forr=3

9
T3+1 = (E) 3I1—3 HEXE

9Yan—3 .3
=3 a
Thus, the coefficient of x° = (3)

Given that coefficient of x* = Coefficient of x°
9 g9
= (= 3n—2 2 _ (_) 3n—3 aE
3) :
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311—2 2 _ 9! 311—3 3

zr(9 1 *% T T 39 3)

31232 21(9 —2)!
—1 —
3n-333 31(9 — 3)!

3{1‘1—2]—{1‘1—3] 2171

—1 =
a 36!
3 7
= —=—
a 3
-|+ra=9f?

Hence, a=19/7

3. Find the coefficient of x° in the product (1 + 2x)® (1 — x)” using binomial theorem.

Solution:

(1 +2x)%=°Co+ 8Cy (2x) + °C, (2x)? + ©C5 (2x)® + ®C4 (2X)* + ®Cs (2%)° + °Cg (2x)°

=1+6(2x) + 15 (2x)% + 20 (2x)® + 15 (2x)* + 6 (2x)° + (2x)®

=1+ 12 x+60x2+ 160 x> + 240 x* + 192 x° + 64x°

(1 - X)7 = 7Co - 7C1 (X) + 7C2 (X)2 = 7C3 (X)3 + 7C4 (X)4 P 7C5 (X)5 + 7C6 (X)6 - 7C7 (X)7
=1-7x+21x*—35x3 + 35x* = 21x°> + 7x® — x’

(1+2x)°(1—x)"=(1+12x+60x>+ 160 x>+ 240 x* + 192 x* + 64x°%) (1 — 7x + 21x*—35x> +
35x* —21x° + 7x° = X)

192-21=171

Thus, the coefficient of x° in the expression (1+2x)%(1-x)7 is 171.

4. If a and b are distinct integers, prove that a — b is a factor of a" — b", whenever niis a
positive integer. [Hint write a" = (a — b + b)" and expand]

Solution:

In order to prove that (a — b) is a factor of (a" — b"), it has to be proved that
a" - b" =k (a —b) where k is some natural number.

a can be writtenasa=a—-b+b

a"=(a—-b+b)"=[(a—b)+b]"

="Co(a—-b)"+"Ci(a=b)"t b+.... +"C,b"
a"—b"=(a—-b)[(a=-b)"t+"Cy(a=b)" b +... +"C,b"
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a"—-b"=(a-b)k
Wherek =[(a=b)"*+"Ci (a=b)"* b +...... +"C , b"] is a natural number
This shows that (a — b) is a factor of (a" — b"), where n is positive integer.

5. Evaluate

(W3+42)" - (3 -+2)°

Solution:

Using binomial theorem the expression (a + b)® and (a — b)®, can be expanded
(a+b)®=%Coab+°8C,a° b +°C,a*b?+°C5a%b®+°C, a2 b*+8Cs a b+ 8Cg b°®
(a—b)®=°5Cya®-%C,a°b +°C, a* b?-°C3z a3 b3 +°C4a% b*-°Cs a b®+°C b®

Now (a+b)®-(a—b)®=Cya®+°C;a°b+°8C,a*b?+°C;a3b3+°C, a® b* +°Cs a b’ + °Cg b®
—[®Coa®-%C1a° b +°C,a* b?-%C3 a3 b3 +°C, a? b*-°Cs a b> + 6Cg b°]

Now by substituting a =v3 and b = V2 we get

(V3 +V2)%-(V3-v2)°=2[6(V3)°>(V2)+ 20 (V3)?(V2)® +6 (V3) (V2)’]

= 2 [54(V6) + 120 (V6) + 24 V6]

=2 (V6) (198)

=396 V6

6. Find the value of

2 2 ol 2 d
[a"—' a"—l) —(a—— a‘—l]

Solution:

Firstly the expression (x +y)* + (x —y)* is simplified by using binomial theorem
(z +y)* =* Coz* +* C12’y +* Caz®y? + Cszy® +* Cuy?

= 2 + 423y + 62%y? + 4zy® + ¢*

(x ol y)4 :4 C0X4 _4 Clxsy +4 C2x2y2 4 C3xy3 +4 C4y4

= x% — 43y + 6x%y? — 4xy® + y*

s+ i+ (x—-y)t =2 (x4 + 6x°%y? + y4)

Putting x = a’ and y = v/a? — 1, we obtain
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(*+ Va"=1) 4 (
=2 (02)4+6(a2)2( a2—1)2+( a2-1)4‘

a’ - va® - 1)4

= 2 [a® + 6a* (a®> —1) + (a® — 1)2]
=2 :a8+6a6—6a4+a4—2a2+1]
= :as + 6a® — 5a* — 24% + 1]
= 2a® + 12a® — 10a* — 4a% + 2

7. Find an approximation of (0.99)° using the first three terms of its expansion.

Solution:

0.99 can be written as

099=1-0.01

Now by applying binomial theorem we get
(0.99)°=(1-0.01)°
=°Co(1)°->C1(1)*(0.01) +°C;(1)® (0.01)?
=1-5(0.01) + 10 (0.01)?
=1-0.05+0.001

=0.951

8. Find n, if the ratio of the fifth term from the beginning to the fifth term from the
. 1
1

41

end in the expansion of [ \E isve6: 1

Solution:
In the expansion (a + b)", if n is even then the middle term is (n/2 + 1) term

4 i u—
n -1 L (V2)* 21" 1 n! JBAn
Cu(2r(F5) =" Carzy 5 = 3= T (V2
n-—4 4/
n 4( 1 —n .. (v3) —n .9, 3 - Gn! : 1
n-4(V2) ( E) = Ot 2 (¥3) Cn-1+2 (3~ (n-4)M ()
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6.4!(11.-—4)!

. B ...
B WHV_JEI

LW W
= (V6)" = 36v6

= 67 = 62

n _ 5
T — A
Sn=4x32=10

Thus the value of n=10

9. Expand using Binomial Theorem

X 2 !
l+——— | . x=0
2 X

Solution:
Using binomial theorem the given expression can be expanded as

(+3)-2]

I 4 3
“l1+2X] -4 1+l] 26l 1ex+ X |2 -4/1+2 8 '—f
\ 2 X 4\ ox L 2 )\ x X
xV 8, x) 24 24 _ 32 16 16
=| 1+ J ——| I+ J +—+ b————+—
L2 X 2 % X vOXT X
4 E
8/ xV & 24 12 16
= |+—] ——(|+l] et 6 — (1)
\ X 2 XX XX

Again by using binomial theorem to expand the above terms we get
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[1+§]4= c, (1) +cC {} [l _ [%j];ﬂc_,[

— 14 4% 6
2

]4

et | o

\+=I>< o
4 8 16

=1+2x+= +'- 4+ ~(2)

13 e (22 o)

I xS
T (3)
2 4 8

From equation 1, 2 and 3 we get
(1x) 2
. 2 0x

1 3 I

I

Y
' oxT o x' 8(, 3x 3 ox'|] &8 24 32 16
=14+2x+ +—4+—=—|l+—+ + e L Bt
22 16 xi 2 4 B) x X XX
3 K] i -
x xR 8 24 32 16
Y N T S e R [ B SOV + S+ —+b-—+—
2 16 x XX XX
16 & 32 16 S
=—+—-——+t—5-M+_—+_—+—-
XN XX 2 2 la

10. Find the expansion of (3x? — 2ax + 3a2)? using binomial theorem.

Solution:

We know that (a + b)® = a3 + 3a%b + 3ab% + b3

Putting a = 3x*> & b = -a (2x-3a), we get

[3x% + (-a (2x-3a))]3

= (3x2)3+3(3x%)%(-a (2x-3a)) + 3(3x?) (-a (2x-3a))? + (-a (2x-3a))?

= 27x% - 27ax*(2x-3a) + 9a’x?(2x-3a)? - a3(2x-3a)?

= 27x® - 54ax® + 81a®x* + 9a?x? (4x%-12ax+9a?) - a3[(2x)? - (3a)® - 3(2x)%(3a) + 3(2x)(3a)?]
= 27x% - 54ax® + 81a%x* + 36a%x* - 108a3x® + 81a*x? - 8a3x® + 27a° + 36a*x? - 54a°x
= 27x% - 54ax>+ 117a%* - 116a3x3 + 117a*? - 54a°x + 27a°

Thus, (3x* — 2ax + 3a?)3

= 27x® - 54ax>+ 117a%* - 116a3x3 + 117a%? - 54a°x + 27a°
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