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Question 1: If n is any integer, then

I8 e cos® (2n + 1)z dz

Solution:
Since cos(2n + 1)(m - x) = cos[(2n + 1) - (2n + 1)x] = -cos(2n + 1)x and

cos?(r -x) = cos?® x

So that f (2a — x) = -f (x), and hence by the property of definite integral
[T e cos® (2n + 1)z do = 0

0 € . = 0.
Question 2: Let f be a positive function. Let

I, = jf Lz f{z(l—z)}dz,
I
= [, f{z(l —2)}dx
when 2k -1 > 0. Then find 11/l>.

Solution:
L= [ ef{z(1—z)}de
= j;kk(l_k_k_'l’)f[(l—k—l-k—x){l—(1—k+k—x]}]d1¢

(Because j: f(z)dz = j: fla+b— x)dzx)

k

= [i , Q—2)f{z(1 —z)}dx

= j;‘ L fz(l—z)}do — J;‘ ceflz(l—z)}de= I, — I

therefore 21, = I, = % =

1
2
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Question 3: Let a, b, ¢ be non-zero real numbers such that
1 ] 2
Jo M +cos’z)(aa? + bz +c)dz = [ (1+ cos®z)(az® + ba + c)da

Then the quadratic equation ax? + bx + ¢ =0 has root(s).

Solution:
ja r)dr = jD .l}d.r—jl z)dzx, where f(z) = (az® + bz + ¢)(1+ cos’z)

If f(x) > 0(< 0)z € (1,2) then J'l z)dz > 0(< 0),
Thus f(x) = (1 + cos®x)(ax? + bx + ¢) must be positive for some value of x in [1, 2] and must be negative
for some value of x in [1, 2].
As (1 + cos®x) > 1 follows that if g(x) = ax? + bx + ¢ then there exist some a, B € (1, 2) such that g (a)>0
and g (B) < 0. Since g is continuous on R, therefore there exists some c between aand Bsuch that g (c) =
0.

Thus ax? + bx + ¢ has at least one root in (1, 2) and hence in (0, 2).

Question 4: The value of

JP cr:rE..ld:C a0

T 14+

Solution:
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I = J'i cos® j'd.l _ .)( T cos’ 1." ﬂrﬁ,“}

1+a

o JT cos,rld:r

o 7 1+a

= I+ I= J cosx(lla_,.—H}I -) dz
= fﬁﬁcoszxdx

2] = 2 [} cos’z.dx = [ (1+ cos2z)dx

2 — [«T]a‘l‘ :5i11221'}[;

= 2]l=7 = I =

ol

Question 5:

f l(m, n) = [, t™(1+t)"dt,

then the expression for | (m, n) intermsof I(m+1,n-1)is
Solution:

I(myn) = [ t™(1+t)"dt

w1 1 1 n—1 gmrl
|:(1 + ) m-i—l:|D - JO ?‘1(1 T t) m—+1 dt

2 _ " m+ 1,mn— 1).

= m+1 m—+1
Question 6: The area bounded by the curvesy = |x| —1andy=-|x| +1is
Solution: The linesarey=x-1,x20

y=-x-1,x<0,y=-x+1,x20, y=x+1,x<0

Area= 4x(1/2x1x1)=
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Question 7: If for a real numbery, [y] is the greatest integer less than or equal to y, then the value of
the integral
3w /2
| [2sinz]dz is
a2
Solution:

We know, -1 <sinx €£1=>-2<2sinx<2

3=

I= [ [2sinz]dz

2

— Jf_)‘_ 2sinz)dz + [ [2sinz]dz + J'_rT [2sinz|dz + j___’_ 2sin z|dx

Question 8: If f(x) = A sin(nx/2) + B, f'(1/2) = V2 and folf(x)dx = % , then find the constants A and B

respectively.
Solution:

f(x) = A sin(nx/2) + B, f'(1/2) =v2 and folf(x)dx = %
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jﬂ {Asm (%) + B} de = 24

|—% cos It + Bz|, = 4
B—- ()= 2= B=10

Therefore, f(x) = A sin (nx/2) => f’(x) = (mMA/2) cos(mx/2)
And f(1/2) = (RA/2)(1/N2) = V2 => TA = 4 => A = 4/nt

A=4/rmtand B=0.

Question 9:
sin| n -
Evaluatej J—LGLT, ,(ne N)
sSm
0
Solution:

2 sin (x/2) (1/2 + cos x + cOS 2X + ......+ COS nX)
=sin(x/2) + 2 sin(x/2) cos x + 2 sin(x/2) cos 2x + ....+ 2 sin(x/2) cos nx
=sin(x/2) + sin(3x/2) — sin(x/2) + sin (5x/2) — sin(3x/2) + ......+ sin(n + %) x — sin(n — %)x

We know, sin(n —%)x = sin(n + %)x

%—|- cosr + cos2xr+ .....+ cosnr = ﬂ;%
Jo ﬂ”—dx— QUD éd$+j0 cos zdx - . j cosnxdx]

sin( )

. T . 0 | osinnz\T __ __
= Z(E—I—sm:c N )0_ .
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Question 10: The sine and cosine curves intersect infinitely many times giving bounded regions of

Definite Integrals

equal areas. Then find the area of one such region.

Solution:

Point of intersection of y = sin x and y = cos x is /4, /4, 51/4.

Since, sin x > cos x on the interval [r/4, 5 /4]

Therefore, area of one such region,

= j_o—f (sinz — cosz) dr —

24/2 sq. unit.

Question 11: The integral below is equal to

Scos2x
(tanz+cotz)? dx

|"'-l—|-'|

|

-
(-]

(1)15/18  (2) 13/32  (3) 13/256  (4) 15/64

Answer: (1)
Solution:
Let| = ‘1 Scos2x dx

Z (tanz+ecotz)?

12

I s
! Rcos2x
— dz
J & sin? x +cos? x 3

7
sinx cos x

Scos2x
¥ = / : dx

2 il
cosxsinx

T Scos2x
I = / dzx

3
sin2x )

|4
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sin® (2z)
8 cos2x x % dax

= f

I = [Z(sin2z cos2z) x sin’(2z) dz

12

.
|a|'|-|-|'l

I= %Jfl_j sindz (1-4%4) dx

I — %j; sindzx da:—% Jfl_T sinlz dz

On solving above integral and putting lower and upper limits, we have

| = 15/128 (Answer!)

Question 12: If f(a+b +1-x) = f(x) V x, where a and b are fixed positive real numbers, then below

expression is equal to

[Px(f () + f(x +1)) dx

(a+b)"a
b-1
a. [, f(x)dx b. [T fO+1) dx
b-1
¢ [, f(x+1)dx d. [0} f(x) dx
Solution:

fa+b+1-x)="f(x) ...(1)
Atx>x+1
f(a+b-x)="f(x+1) ...(2)

From (1) and (2)

1= L [P(a+ ba)[f(z+ 1)+ f(z)] dz .4

Adding equation (4) to given, we have
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b b
2!:[ f(a+b—x+1)dx+ff(x)dx

ia ) (i ]
2."=2f f(x)dx

I = jbf(x)dx

As, x =t+ 1,dx=dt

b-1

I = f(t+ 1)dt
a-1
b=1

I = f(x + 1)dx

a=1

Question 13: Find the value of

1 8 log(1+x)
Jo Ttz dw

Solution:

1 8 log(l4+x)
jD 1427 dx

Put x =tan®, So 8 =tan! x
dé = 1/(1+x?) dx

Now,
Letl= JDE 8log(1 + tanB)df (1)

Lets say, 6 = /4 - 8 because x +y = /4
=>(l+tanx)(1+tany)=2

(1)=>1=mlog2
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