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EXERCISE 15.1

1. Discuss the applicability of Rolle’s Theorem for the following functions on the

indicated intervals:

RD Sharma Solutions for Class 12 Maths Chapter 15
Mean Value Theorems

(i) f(x) =3 + (z — 2)% on [1,3]

Solution:
Given function is

LX) = 3+ (x—2)% o

[1, 3]

Let us check the differentiability of the function f(x).

Now we have to find the derivative of f(x),

P = 2(3 + x-2)3)

z

dl (x—2)=

' __d(3) ( )
=}f{X) T dx + dx

' _ 2, onia
:'f{xj =0+ g{x 2)z

iF&J=§&—@ﬁ

f(x) = —

1
= 3(x-2)=

Now we have to check differentiability at the value of x =2

. . 2
limf(x) = lim T
X—2 K2 3{:{_235

2

limf'(x) =

1
—, X2 3(2-2)3

limf(x) = s

= x—2 3(0)
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limf(x) = undefined
= x—=2

“ fis not differentiable at x = 2, so it is not differentiable in the closed interval
(1, 3).

So, Rolle’s theorem is not applicable for the function f on the interval [1, 3].

(ii) f (x) = [x] for -1 < x £ 1, where [x] denotes the greatest integer not exceeding x

Solution:
Given function is f (x) = [x], — 12x<1 where [x] denotes the greatest integer not

exceeding x.
Let us check the continuity of the function f.

Here in the interval x € [- 1, 1], the function has to be Right continuous at x=1
and left continuous at x = 1.

_ i 09 = lim

S 130 = L B here ho.

lim f(x) = lim1
= x—=1+ h—0

S A =1 )

 J 169 = Jim

111111_f[x) = lim [x]

= x—1-h~ ~, where h>0

lim f(x) = lim0O
= x—=1- h—0

S i® =0

From (1) and (2), we can see that the limits are not the same so, the function is
not continuous in the interval [- 1, 1].

~ Rolle’s Theorem is not applicable for the function f in the interval [- 1, 1].
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(iii) f(x) = sin% for —1<x<1

Solution:

f(x) = 5111( )

Given function is for—1<x=1

Let us check the continuity of the function ‘f* at the value of x = 0.We cannot
directly find the value of limit at x = 0, as the function is not valid at x = 0. So,
we take the limit on either sides or x = 0, and we check whether they are equal

or not.

So consider RHL:

lim f(x) = lim 5111( )
= x—=0 + x—=0 + X

lim sin (;) =k

We assume that the limith—o ke[-1,1]
lim f(x lim 5111( )
=x—0 + (x) = x—0+h , where h>0
1
R 1_1*1011+ f(x) = 1111 sin (h " D)

lim f(x) = 1111 sin (h)

= x—=0 +

lim f(x) =

= x—0 + (1)

Now consider LHL:

lim f(x) = lim 5111(1)

= x—0- x—=0—
lim f(x) = lim 5111(1)
=x—0— x—0— x/, where h>0
1
lim f(x 1111 5111( )
= x—=0— [: ) 0-h
lim f(x 1111 5111( )
= x—0-— ( ) h
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1
lim f(x) = lim—sin (—)

= x—=0— [: ) h—o0 h
lim f(x) = limsin(l)

= x—0— h—=0 h

Sam i) =k )
From (1) and (2), we can see that the Right hand and left — hand limits are not
equal, so the function f" is not continuous at x = 0.

“ Rolle’s Theorem is not applicable to the function ‘' in the interval [- 1, 1].

(iv) f (x) =2x2-=5x+3 on[1, 3]

Solution:

Given function is f (x) = 2x2=5x + 3 on [1, 3]

Since given function f is a polynomial. So, it is continuous and differentiable everywhere.
Now, we find the values of function at the extreme values.

= f(1)=2(1)>-5(1) + 3

=>f(1)=2-5+3

=f(1)=0...... (1)

=f(3)=2(3)>-5(3) + 3

=f(3)=2(9)-15+3

=>f(3)=18-12

= f(3) =6...... (2)

From (1) and (2), we can say that, f (1) #f (3)

~ Rolle’s Theorem is not applicable for the function f in interval [1, 3].

(v) f (x) =x*?on [-1, 1]

Solution:
Given function is f(X) = Xz gp [-1, 1]
Now we have to find the derivative of the given function:

= £ [:X) - dx
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r _ 2.2,y
=}f[:X) = 3){3

() — s
:f(x)—g}{a

F(x) = 5

= 3x3

Now we have to check the differentiability of the function at x= 0.

limf(x) = lim—

= x—0 =043
. 2
limf(x) = I

= *70 3(0)2

limf(x) = undefined

== x—=0

Since the limit for the derivative is undefined at x = 0, we can say that fis not
differentiable at x = 0.

“ Rolle’s Theorem is not applicable to the function ‘¥ on [- 1, 1].

L [—ax+50<x<1
(i) f(x) = { 2%—3,1<x<2

Solution:
f(x _{—4}:4—5,[}2:{21
Given function is 2x—3,1<x=<2

Now we have to check the continuity at x = 1 as the equation of function
changes.

Consider LHL:

lim f(x) = lim —4x + 5

== x—1-— Xx—=1—

:}xlﬂlllf(x) = —4(1) + 5
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lim f(x) = 1

= x—=1-
Now consider RHL:

lim f(x) = lim 2x—3

== x—1 + x—1 +

_ x1_1'1111+ f(x) = 2(0)—3

lim f(x) = —1
== x—=1+ [: )

From (1) and (2), we can see that the values of both side limits are not equal.
So, the function ‘f is not continuous at x = 1.

~ Rolle’s Theorem is not applicable to the function ‘T’ in the interval [0, 2].

2. Verify the Rolle’s Theorem for each of the following functions on the indicated
intervals:
(i) f(x) =x>—8x + 12 on [2, 6]

Solution:

Given function is f (x) =x>*—8x + 12 on [2, 6]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e.,
onR.

Let us find the values at extremes:

=f(2)=22-8(2) +12

=>f(2)=4-16+12

=f(2)=0

= f(6)=62-8(6) + 12

=f(6)=36—-48+12

=>f(6)=0

~ f(2) =1(6), Rolle’s theorem applicable for function f on [2,6].
Now we have to find the derivative of f(x)

Z_
fI[:X) _ dix ::+ 12)

, _ dl[:-:z}_ d(8x) d(12)
=}f (X) T dx dx T dx
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= f'(x)=2x—8
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We have f'(c) =0 € [2, 6], from the above definition

=f'(c)=0
=2c—8=0
=Jc=8

g
c=-
2

==

=C=4€¢[2, 6]

.~ Rolle’s Theorem is verified.

(i) f(x) = x> —4x +3 on [1, 3]

Solution:

Given function is f (x) =x>—4x + 3 on [1, 3]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e.,

on R. Let us find the values at extremes:

= f(1)=12-4(1) +3
=>f(1)=1-4+3
=f(1)=0
=>f(3)=32-4(3)+3
=f(3)=9-12+3
=f(3)=0

~ (1) =1(3), Rolle’s theorem applicable for function ‘¥ on [1,3].

Let’s find the derivative of f(x)

w® —dx
fI(X) _ d(z d‘; +3)

‘-.'z b,
£/(x) = d( }_d{d- ) n d(3)
=

dx dx

f'(x) =2x—-4+0
=>f(x)=2x-4

dx
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We have f'(c) =0, c € (1, 3), from the definition of Rolle’s Theorem.
=f(c)=0

=2c-4=0

=>2c=4

=>c=4/2

=C=2¢€(1,3)

~ Rolle’s Theorem is verified.

(iii) f (x) = (x - 1) (x - 2)? on [1, 2]

Solution:

Given functionis f (x) = (x— 1) (x—=2)?on [1, 2]

Since, given function f is a polynomial it is continuous and differentiable everywhere
that is on R.

Let us find the values at extremes:

=>f(1)=(1-1)(1-2)?

= f (1) =0(1)?

=f(1)=0
=>f(2)=(2-1)(2-2)?
=>f(2)=0°
=f(2)=0

~ f(1) =f(2), Rolle’s Theorem applicable for function ‘f on [1, 2].
Let’s find the derivative of f(x)

. _d{{x—1){x-2)%)
;-.f (x) = —

Differentiating by using product rule, we get

— _ a2
L) = (x-22x 88 4 (x 1) x L&D

= (%) = ((x—2)*x1) +((x—1) x 2 x (x — 2))
=f(x)=x>—ax+4+2(x*—3x+2)

= f'(x) =3x*— 10x + 8

We have f'(c) =0ce (1, 2), from the definition of Rolle’s Theorem.

=f(c)=0
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=3c?—10c+8=0

104,/ (-10)2—(4x3x8)

= 2%3

c = 10+ 100—596
= 6

_10%2
=07 7%
12 g

C=—o0rc=-
=3 6 6

c =2
= 2 € (1, 2) (neglecting the value 2)

~ Rolle’s Theorem is verified.

(iv) f (x) =x (x—1)?>0on [0, 1]

Solution:

Given function is f (x) = x(x —1)? on [0, 1]

Since, given function f is a polynomial it is continuous and differentiable everywhere
that is, on R.

Let us find the values at extremes

= f(0)=0(0-1)?

=f(0)=0
=>f(1)=1(1-1)2
=>f(1)=0°
=f(1)=0

~ f(0) =f (1), Rolle’s theorem applicable for function ‘f on [0,1].
Let’s find the derivative of f(x)

' _ d(x(x-1)%)
;‘-f [:X) o dx

Differentiating using product rule:

' _ 432, dx) dl((x—1)?)
zj_f(x)—(x 1) X — + X .

= f'(x) = ((x = 1)*x1) + (xx2x(x — 1))
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= f'(x) = (x — 1)* + 2(x* — x)

=f(x)=x*—2x+1+2x*—2x

=f(x) =3x*—4x+1

We have f'(c) =0c € (0, 1), from the definition given above.
=f(c)=0

=3c?—4c+1=0

4+,/(—4)2—(4x3x1)

= 2%3
c = a4+416-12
= 6
4‘i'\."=—1-
|: e
= 6
C=-o0rc==-
—
1
cC ==
= 2€(0,1)

“ Rolle’s Theorem is verified.

(v) f (x) = (x*=1) (x—2) on [-1, 2]

Solution:

Given function is f (x) = (x*—1) (x=2) on [- 1, 2]
Since, given function f is a polynomial it is continuous and differentiable everywhere
thatis on R.

Let us find the values at extremes:
=>f(-1)=((-1)°-1)(-1-2)
=>f(-1)=(1-21)(-3)

=f(-1)=(0)(-3)

=f(-1)=0

=f(2)=(22-1)(2-2)

=f(2)=(4-1)(0)

=f(2)=0
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~f(—1)=f(2), Rolle’s theorem applicable for function f on [ — 1,2].
Let’s find the derivative of f(x)

, _d((x*-1)(x-2))
=}f (X) o dx

Differentiating using product rule,

' d{x*- dix—2)
L) = -2 x 2 )&

= f(x) = ((x—2) % 2x) + ([x* = 1) x 1)

=f(x)=2%*—4x+x* -1
f(x)=3x2—4x-1
We have f'(c) =0 c € (-1, 2), from the definition of Rolle’s Theorem
f'(c)=0
3c2—4c-1=0
c=4+V[(-4) - (4x3x-1)]/(2x3) [Using the Quadratic Formula]
c=4+V[16+12]/ 6
c=(4+v28)/6
c=(4+2V7)/6
c=(2+v7)/3=1.5%+V7/3
c=15+Vv7/30r1.5-Vv7/3
So,
c=1.5-Vv7/3sincec € (-1, 2)
~ Rolle’s Theorem is verified.

(vi) f (x) = x (x—4)? on [0, 4]

Solution:

Given function is f (x) = x (x —4)? on [0, 4]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e.,
onR.

Let us find the values at extremes:

= f (0) = 0(0 — 4)?

=f(0)=0

= f(4) = 4(4 - 4)?

= f (4) = 4(0)?

=f(4)=0
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~ f(0) =f(4), Rolle’s theorem applicable for function ‘f on [0,4].
Let’s find the derivative of f(x):

' _d{x(x—4)?)
;‘bf [:X) - dx

Differentiating using product rule

Xd{{x—4]z}

I _ _ 2 d(x)
Z}f(x)—(x 4)><_+ —

dx

= f(x) = ((x = 4)?x1) + (xx2x(x — 4))

= f'(x) = (x — 4)? + 2(x* — 4x)

= f'(x) = x> — 8x + 16 + 2x* — 8x

= f'(x) = 3x* — 16x + 16

We have f'(c) =0 c e (0, 4), from the definition of Rolle’s Theorem.
=f(c)=0

= 3c*-16c+16=0

16+,/(-16)2—(4x3x16)
= 2%3

16+/256—192

C:
= &
164464
c = —
= &
g 24
C=-0rc =—
= 6 6
g
c = -
= 6 € (0, 4)

~ Rolle’s Theorem is verified.

(vii) f (x) = x (x—2)? on [0, 2]

Solution:
Given function is f (x) = x (x — 2)? on [0, 2]
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Since, given function f is a polynomial it is continuous and differentiable everywhere

that is on R.

Let us find the values at extremes:

= f(0) =0(0 - 2)?

=f(0)=0

=f(2)=2(2-2)?

= f(2) = 2(0)?

=f(2)=0

f (0) =f(2), Rolle’s theorem applicable for function f on [0,2].
Let’s find the derivative of f(x)

' _ d(x(x-2)%)
=}f (X) o dx

Differentiating using UV rule,

' _ oz dx) d((x—2)%)
Z}f(x)—(x 2) X — + x =

= f'(x) = ((x— 2)*x1) + (xx2x(x - 2))

= f'(x) = (x — 2)% + 2(x* — 2%)

= f'(x) =x*—4x + 4 + 2x* — 4x

= f'(x)=3x*—8x+4

We have f'(c) =0 c e (0, 1), from the definition of Rolle’s Theorem.

=f(c)=0
=3c?-8c+4=0

8+,/(—8)2—(4x3x4)
= 23

8+.64—48

=}c _ Bi;.'lﬁ
c=12/60r4/6
c=2o0r2/3

So,

c=2/3sincec € (0, 2)

https://byjus.com
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~ Rolle’s Theorem is verified.
(viii) f (x) = x2 + 5x + 6 on [-3, -2]

Solution:

Given function is f (x) = x> +5x + 6 on [- 3, — 2]

Since, given function f is a polynomial it is continuous and differentiable everywhere i.e.,
on R. Let us find the values at extremes:

=>f(-3)=(-3)2+5(-3)+6

=>f(-3)=9-15+6

=f(-3)=0

=>f(-2)=(-2)2+5(-2)+6

=>f(-2)=4-10+6

=f(-2)=0

~ f(—3)=f(-2), Rolle’s theorem applicable for function fon [ - 3, — 2].
Let’s find the derivative of f(x):

x% +5x
£ (X) _ d(: ‘;x + 6)

r _d(x?) | d(sx) | d(e)
:}f[:X)— dx + dx + dx

_f(x)=2x+5+0

=f(x)=2x+5
We have f'(c) =0 c € (— 3, — 2), from the definition of Rolle’s Theorem

=f'(c)=0
=2c+5=0
=2c=-5
L=

=C=-25€(-3,-2)

~ Rolle’s Theorem is verified.

3. Verify the Rolle’s Theorem for each of the following functions on the indicated
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(i) f (x) = cos 2 (x —t/4) on [0, 1t/2]

Solution:

Given function is

f(x) = cos2 (x— E) on [[}g]

We know that cosine function is continuous and differentiable on R.

Let’s find the values of the function at an extreme,

:'f{ﬂ) = EDSE(U—E)
;"f(ﬂ) = EGSE(—E)

- f(0) = cos (— g)

We know that cos (—x) = cos x

1) = cos2(5-7)
L 1) = cos2(3)
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L1G) = cos(3)
RICEE

We getﬂ:ﬂ) - f(E), so there exist a“© (D’ E)such that f'(c) = 0.

Let's find the derivative of f(x)

a(cos2(x-T))

dx

) = —sin(2(x-3)) 5

- f'ix) = —2 sinz(x — E)

L () =

We have f'(c) =0,

:}—251112(12—%) =0

=}': - EE(G’%)

. Rolle’s Theorem is verified.

(i) f (x) = sin 2x on [0, 1t/2]
Solution:

. . . l0.5]
Given function is f (x) =sin2xon L™ 2

We know that sine function is continuous and differentiable on R. Let’s find the
values of function at extreme,

= f(0) =sin2 (0)
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=1 (0) = sin0
=f(0)=0

=}f(%) = sin2 G)
z}f(g) = sin(m)
L) =

m

We haveﬂ:ﬂ) - f(E), so there exista (ﬂ’ E)SUCh that f'(c) = 0.

Let’'s find the derivative of f(x)

f;(X) _ disin2x)

== dx

di(2x)
dx

- f'(x) = cos2x

= f'(x) = 2cos2x
We have f'(c) =0,

=2cos2c=0

T m
€ =3 (o, 5)
~ Rolle’s Theorem is verified.
(iii) f (x) = cos 2x on [-1t/4, /4]
Solution:

M T
Given function is cos 2x on 4’4]

We know that cosine function is continuous and differentiable on R. Let’s find
the values of the function at an extreme,
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Lf(=5) = cos2(=3)
:'f{ﬂ) = cﬁs(—g)

We know that cos (—x) = cos x

=f(0)=0

() - con2(?)

m m m m

We havef(_ E) - f(l), so there exist a“* (_ 4’ E)such that f'(c) = 0.

Let’'s find the derivative of f(x)

: . d{cos2x)
= £ (X) o dx

' I d(2x)
- f'{(x) = —sin 2X——

= f'(x) = — 2sin2x
We have f'(c) =0,

= —25in2c=0

sin2c=0
=2c=0
So,

c=0asc € (-n/4, n/4)
~ Rolle’s Theorem is verified.

(iv) f (x) = e*sin x on [0, 7]

Solution:
Given function is f (x) = €*sin x on [0, 1]
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We know that exponential and sine functions are continuous and differentiable on R.

Let’s find the values of the function at an extreme,
= f (0) = esin (0)

=f(0) = 1x0
=f(0)=0

-, f(m) = eTsin(m)
_ f(m) = e™x0

f(m) =0

We havef(0) = f(“), so there exist aC€(0. D sych that f'{c) = 0.

Let’'s find the derivative of f(x)

. _ d(e®sinx)
= £ [:X) o dx

' s die*) « disinx)
:}f (x) = sinx T

= f'(x) = e" (sin x + cos x)
We have f'(c) =0,

= e(sinc+cosc)=0
=sinc+cosc=0

) 1
—sinc + —cosc = 0
= V2 v 2

. m . T
sin (—) sinc + cos (—) cosc = 0
= 4 4

ﬁcos(c—g) =0

am
_C= TE[:[},TII)

- Rolle’s Theorem is verified.
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(v) f (x) = e* cos x on [-1t/2, t/2]
Solution:

M T
Given function is f(x) = e*cosxon Ll 2’ 2]

We know that exponential and cosine functions are continuous and
differentiable on R. Let’s find the values of the function at an extreme,

_f(-3) = eeos(=5)

() = ezx0

f(m) =0

m m mM

We havef(_ E) - f(E), so there exist a“ (_ 2’ E)such that '(c) = 0.

Let’s find the derivative of f(x)

' . die* cosx)
= f {X) o dx

' . die™) « dlcosx)
Z}f{:{) = Cosx—— + ef——

= f'(x) = e* (—sin x + cos x)
We have f'(c) =0,

= e“(—sinc+cosc)=0
=—sinc+cosc=0

1

_1 .
—sinc + —cosc = 0
=2 V2
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. T . T
—sin (—) sinc + cos (—) cosc = 0
= 4 4

cos(c—kz):[}
= 4
c+- =12
2

= 4

b1 mT T
=353
= & 2 2

.. Rolle’s Theorem is verified.

(vi) f (x) = cos 2x on [0, m]

Solution:

Given function is f (x) = cos 2x on [0, 1]
We know that cosine function is continuous and differentiable on R. Let’s find the values

of function at extreme,
= f(0) = cos2(0)

= f (0) = cos(0)
=f(0)=1

= f () = cos2(™)

= f (1) = cos(2 m)
=>f(n)=1

We have f (0) = f (i), so there exist a ¢ belongs to (0, it) such that f’(c) = 0.
Let’s find the derivative of f(x)

' __ dicosZx)
= f (X) o dx

' I d(2x)
_ f'(x) = —sin 2X——

= f'(x) = — 25in2x
We have f'(c) =0,
= —2sin2c=0
sin2c=0

So,2c=0o0rm
c=0orm/2
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But,
c=mn/2asc€ (0, n)
Hence, Rolle’s Theorem is verified.

sin x
(vii) f(x) = = on 0<x<m

Solution:

sinx

Given function is f(x) = e on[0,7]
This can be written as
= f(x) =e *sinxon [0,T]

We know that exponential and sine functions are continuous and differentiable
on R. Let’s find the values of the function at an extreme,

= f (0) = e ~%in(0)

= f(0) = 1x0

=f(0)=0

_, f(m) = e Tsin(m)

—f(m) = e ™x0

flm) =0

We have f (0) =f (n), so there exist a c belongs to (0, ) such that f'(c) = 0.

Let's find the derivative of f(x)
' _ d(e™¥sinx)
=}f (x) = —
' s die™) _y disinx)
:)f (x) = sink——— + e™* ——

=f(x)=sinx(—e ™) +e " cos x)
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= f(x) =e *(—sinx+cos x)
We have f'(c) =0,
=e “(-sinc+cosc)=0

=—sinc+cosc=0

1 ., 1
——sinc + —cosc = 0
== 2 V2

—sin (E) sinc + cos (E) cosc = 0
= 4 4

CcOS (c + E) =0
= 4

c+ ==

T
= 4 2

b1y
c = IE[D,H)
~ Rolle’s Theorem is verified.

(viii) f (x) = sin 3x on [0, n]

Solution:

Given function is f (x) = sin3x on [0, ]

We know that sine function is continuous and differentiable on R. Let’s find the values
of function at extreme,

= f (0) =sin3(0)

= f(0) =sin0

=f(0)=0

= f () = sin3(m)

= f () =sin(3 m)

=>f(n)=0

We have f (0) = f (1), so there exist a ¢ belongs to (0, it) such that f’(c) = 0.
Let’s find the derivative of f(x)
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f;(X) _ disin3x)

= dx

di3x)
dx

! —
- f'(x) = cos3x
= f'(x) = 3cos3x
We have f'(c) =0,
= 3co53c=0

m
3c = —
= 2

N1
_C= EE{:H,TE)
“ Rolle's Theorem is verified.

(ix) f(x) = e on [-1, 1]

Solution:
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-
Given function is f{(X) = '™ gp [-1,1]

We know that exponential function is continuous and differentiable over R.
Let's find the value of function f at extremes,

:}ﬂ:_]-) = El_{_ljz

_f(—1) = et
= f(-1)=¢
S>f(-1)=1
(1) = e™F
L f(1) = et
=f(1)=e?
=f(1)=1

We gotf (— 1) =f (1) so, there exists a c e (— 1, 1) such that f'(c) = 0.
Let’s find the derivative of the function f:

d(el_xz]
dx
1-x2d(1-x%)
dx

L) =
:)f;{x) =e
S (%) = el™(—2x)
We have f'(c) =0
_el™%(=2¢) = 0
=2c=0

=c=0¢€[-1,1]

“ Rolle’'s Theorem is verified.
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(x) f (x) = log (x*> + 2) —log 3 on [-1, 1]

Solution:

Given function is f (x) = log(x®> + 2) —log3 on [~ 1, 1]

We know that logarithmic function is continuous and differentiable in its own domain.
We check the values of the function at the extreme,

=>f(-1)=log((-1)*+2)-log3

=>f(—1)=log(1+2)-log3

=f(-1)=log3-log3

=>f(-1)=0

=f(1)=log(12+2)-log3

=f(1l)=log(1+2)—log3

=f(1)=log3-log3

=f(1)=0

We have got f (— 1) =f (1). So, there exists a ¢ such that c € (— 1, 1) such that f’(c) = 0.
Let’s find the derivative of the function f,

d{lug{xz + 2}—10g3]

' _
;‘.f(}{)— dx
' _ 1 dEr+2)
:}f(x)_x2+2 dx 0
r . 2x
=}f(X)_ﬂ+2

We have f'(c)=0

2c
=2 c?+2

=2c=0
=c=0e(-1,1)

- Rolle’s Theorem is verified.

(xi) f (x) = sin x + cos x on [0, 1t/2]

Solution:
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. . . l0.5]
Given function is f(x) =sinx+cosxonl "2

We know that sine and cosine functions are continuous and differentiable on
R. Let’s the value of function f at extremes:

= f (0) = sin (0) + cos (0)

=f(0)=0+1

=f(0)=1

z}f(g) = smG) + cos (—)
_f(f)=1+0

15 =1

m

We haw.r'ne-ﬂ:'j:l - f(E). So, there exists a ¢ E(G’E) such that f'(c) = 0.

Let’s find the derivative of the function f.

fF{:K:l _ d{sinxd-; COSK)

= f'(x) = cos x —sin x

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

RD Sharma Solutions for Class 12 Maths Chapter 15

m BYJ U'S Mean Value Theorems

The Learning App

We have f'(c)=0

= Cosc—sinc=0

1 s
—cosc——sinc = 0
=2 V2

. m m .
sin (—) COSC — COS (—) sinc = 0
= 4 4

. Rolle’s Theorem is verified.

(xii) f (x) = 2 sin x + sin 2x on [0, 7]

Solution:

Given function is f (x) = 2sinx + sin2x on [0, ]

We know that sine function continuous and differentiable over R.
Let’s check the values of function f at the extremes

= f (0) = 2sin(0) + sin2(0)

=f(0)=2(0)+0

=f(0)=0

= f (1) = 2sin(m) + sin2(m)

=f(n)=2(0)+0

=f(n)=0

We have f (0) = f (1), so there exist a ¢ belongs to (0, it) such that f’(c) = 0.
Let’s find the derivative of function f.

d(2sinx + sin2x)
'
f'(x) = —

, _ d(2x)
=}f (x) = 2cosx + COS2X—_—

= f'(x) = 2cosx + 2cos2x
= f’(x) = 2cosx + 2(2cos®x — 1)
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= f'(x) =4 cos’x + 2 cos x — 2
We have f'(c) =0,

= 4cos’c+2cosc—2=0

= 2cos’c+cosc—1=0

= 2cos’c+2cosc—cosc—1=0

= 2cosc(cosc+1)—1(cosc+1)=0

= (2cosc—1)(cosc+1)=0

1
cosSC = —orcosc = —1
= 2

m
_C= EE[:G,TII)

. Rolle’s Theorem is verified.

(xiii) F(x) = % _ sin %" on [~1,0]

Solution:

f(x) = g — sin(

Given function is

RD Sharma Solutions for Class 12 Maths Chapter 15
Mean Value Theorems

a)cm [-1,0]

We know that sine function is continuous and differentiable over R.

Now we have to check the values of ‘f' at an extreme

R
LMD = —5=sin(3)
L = —3-(=3)
=f(-1)=0

L 10 = 3—sin ()
_,f(0) = 0—sin(0)

=f(0)=0-0
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=f(0)=0
We have got f (— 1) =f (0). So, there exists a c € (— 1, 0) such that f'(c) = 0.

Now we have to find the derivative of the function f

z}fr(:{) _ d(!—;—sin(%))

dx

2 & dx

RIOEES cos (=) 25

1

- ffix) = =— EEDS (E)

2 &

We have f'(c)=0

I
=
=
%5 ]
—_
o |2
L
|
| wa

_EEBEE
2 2

Cosine is positive between , for our convenience we take the

i1

interval to be 2

- D, since the values of the cosine repeats.

3
We know that = value is nearly equal to 1. So, the value of the c nearly equal to

0.
So, we can clearly say that ce (— 1, 0).

~ Rolle’s Theorem is verified.
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u

bx
iv). f(x) = — — 4 sin’ 0,
(xiv). f(x) - sin” x on | 6

Solution:

- E-ssixon o]
Given function is f(x) T 4sin"x on |0, 6
We know that sine function is continuous and differentiable over R.

Now we have to check the values of function ‘f' at the extremes,

f{[}) = — 4 5in?(0)

= (0) =0-4(0)

=f(0)=0

12 = o game(2)
Li(®) =24
(D) - 1-4()
Li(F) =1-1

_i(3) =0

We haveﬂzﬂ) ( ) So, there exists a c E(H’E) such that f'(c) =

We have to find the derivative of function ‘f.’

d(Z—4sin? x|

_f "(x) = =

f’{x) = ;— 4 x 2sinx x 2

f’{:{) — — 8sinx(cosx)
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' _ 5 -

f'(x) = —— 4(2sinxcosx)
' _ 5 e

f'(x) = —— 4sin2x

We have f'(c)=0

[+ .
——4sin2c = 0
==
. =]
4sin2c = —
= T

\ (5]
sin2c = —
= 4m

& 1

We know an 2

\ 1
sin?c < -
= 2

2c < sin™* (E)
= 2
2c< =
= 6

m

- C<3:E (o, ;)
. Rolle’s Theorem is verified.
(xv) f (x) = 4" on [0, ]

Solution: |
Given function is f (x) = 4™ on [0, 7]

We that sine function is continuous and differentiable over R.

MNow we have to check the values of function ‘f' at extremes

=f(0) =40
= f(0)=4°
=f(0)=1
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=}f{.ﬂ:}=45inn
= f(m)=4°
=f(m)=1
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We have f (0) =f (). So, there exists a c € (0, i) such that f'{c) = 0.

Now we have to find the derivative of ‘f’

, B d{‘l‘simc}
;‘rf [:X) o dx

disinx)
dx

_ (%) = #log4
_ f'(x) = 45™*]og4 cosx
We have f'(c) =0

= 4""|pgdcosc =0

= Cosc=0

T
_C= EE[:[},TE)

~. Rolle’s Theorem is verified.

(xvi) f (x) =x*—5x +4 on [0, /6]

Solution:

Given function is f (x) = x>*—5x + 4 on [1, 4]
Since, given function f is a polynomial it is continuous and differentiable everywhere i.e.,

on R.

Let us find the values at extremes

=f(1)=12-5(1) + 4
=>f(1)=1-5+4
=f(1)=0
=>f(4)=4>-5(4)+4
=f(4)=16-20+4
=f(4)=0

We have f (1) =f (4). So, there exists a c € (1, 4) such that f’(c) = 0.
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Let’s find the derivative of f(x):

%% —5x
fI(X) _ d(: = +4)

= -
£(x) = d(x*)  d(5x) n dii4)
=

dx dx
f(x) =2x-5+0
=f(x)=2x-5

We have f'(c)=0

=f(c)=0
=2c—5=0
= 2c=5
Lo

=C=25¢(1,4)

dx

~ Rolle’s Theorem is verified.

(xvii) f (x) = sin* x + cos* x on [0, /2]

Solution:

T
Given function is f (x) = sin*x + cos*x on [ ’ z]

We know that sine and cosine functions are continuous and differentiable

functions over R.

Now we have to find the value of function ‘f" at extremes

= f (0) = sin* (0) + cos* (0)

= f(0) = (0)*+ (1)*
=f(0)=0+1

=f(0)=1
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E) = sin* (E) + cns”‘(z)
2 2 2

= 1% + 0*

)
)=1+0
)

L M

We haveﬂ:ﬂ) - f(E). So, there exists a ¢ E(G’E) such that f'(c) = 0.

Now we have to find the derivative of the function f.

' _ d(sin*x + cos*x)
= f {:X) o dx
:}f’{:{) = 451113:{@ + 4cos®x

X

dicosx)

= f'(x) = 4sin’xcosx—4cos xsinx

= f'(x) = 4 sin x cos x (sin’x — cos’x)
= f'(x) = 2(2 sin x cos x) (— cos 2x)
= f'(x) = — 2(sin 2x) (cos 2x)

= f'(x) = —sin 4x

We have f'(c) =0

= —sindc=0
= sindc=0

=4c=00rT

=}': - EE(D’S)

- Rolle’s Theorem is verified.

(xviii) f (x) = sin x = sin 2x on [0, n]
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Solution:

Given function is f (x) = sin x —sin2x on [0, 1]

We know that sine function is continuous and differentiable over R.
Now we have to check the values of the function ‘f" at the extremes.
= f (0) = sin (0)—sin 2(0)

= f(0) =0—sin (0)

=f(0)=0

= f (1) = sin(m) — sin2(m)

= f () =0-sin(2m)

=>f(n)=0

We have f (0) = f (). So, there exists a c € (0, i) such that f’(c) = 0.

Now we have to find the derivative of the function ‘f’
' disinx—sinZx)
f'(x) = e

' _ . d(2x)
=}f (x) = cosx COS2K—_—

_, f'(x) = cosx— 2cos2x
= f'(x) = cos x — 2(2cos’x — 1)
= f'(x) = cos x — Acos’x + 2
We have f'(c)=0

= Cosc—4cos’c+2=0

—1+,/(1)F—(4x—4x2)

cosc =
= 2%—4
—14+1+33
cosCc = ———
= -8
—1,—1+y33
c = cos™Y )
= -2

We can see thatc e (0, m)

~ Rolle’s Theorem is verified.

4. Using Rolle’s Theorem, find points on the curve y = 16 — x2, x € [-1, 1], where
tangent is parallel to x — axis.
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Solution:

Given functionisy=16-x% x €[~ 1, 1]

We know that polynomial function is continuous and differentiable over R.
Let us check the values of ‘y’ at extremes

=>y(-1)=16-(-1)

=>y(-1)=16-1

=>y(-1)=15
=>y(1)=16-(1)
=>y(l)=16-1
=y (1)=15

We havey (- 1) =y (1). So, there exists a c € (— 1, 1) such that f'(c) = 0.
We know that for a curve g, the value of the slope of the tangent at a point r is given by
g'(r).
Now we have to find the derivative of curve y
;o d(16—x7)
= dx
=>vy =-2x
We have y’(c) =0
=-2c=0
=c=0€(-1,1)
Valueofyatx=11is
=>y=16-0°
=>y=16
-~ The point at which the curve y has a tangent parallel to x — axis (since the slope of x —
axis is 0) is (0, 16).
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EXERCISE 15.2 PAGE NO: 15.17

1. Verify Lagrange’s mean value theorem for the following functions on the indicated
intervals. In each case find a point ‘c’ in the indicated interval as stated by the
Lagrange’s mean value theorem:

(i) f(x) =x2=1o0n[2, 3]

Solution:
Given f (x) =x*—1on [2, 3]

We know that every polynomial function is continuous everywhere on (-2, o)
and differentiable for all arguments. Here, f(x) is a polynomial function. So it is
continuous in [2, 3] and differentiable in (2, 3). So both the necessary
conditions of Lagrange’s mean value theorem is satisfied.

Therefore, there exist a point c € (2, 3) such that:

: f(3)-f(2
{011
~f(o="2 )
flx)=x*—-1

Differentiating with respect to x
f'(x) = 2x

For f'(c), put the value of x=c in f'(x):
f'(c) =2c

For f (3), put the value of x=3 in f(x):
f(3)=(3)*-1

=9-1

=8

For f (2), put the value of x=2 in f(x):
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f(2)=(2)-1
=4-1

=3

S fe)=f(3)-1(2)
= 2c=8-3

= 2c=5

5
=c=2- €(2, 3)
2
Hence, Lagrange’s mean value theorem is verified.
(ii) f(x) =x3=2x*-=x+3 0on [0, 1]
Solution:

Given f (x) =x3—2x*—=x+30n [0, 1]

Every polynomial function is continuous everywhere on (-oo, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [0, 1] and
differentiable in (0, 1). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied.

Therefore, there exist a point c € (0, 1) such that:

' f(1) -f(0
f(C):—(i_D( }
' f(1) - f(0O

f(x)=x3—2x>-x+3

Differentiating with respect to x
f'(x) =3x>—2(2x) -1

=3x2-4x-1

For f’(c), put the value of x=c in f'(x)
f'(c)=3c?—4c-1

For f (1), put the value of x =1 in f(x)
f(1)=(1)3-2(1)>-(1) +3

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

RD Sharma Solutions for Class 12 Maths Chapter 15

m BYJ U'S Mean Value Theorems

The Learning App

=1-2-1+3

=1

For f (0), put the value of x=0 in f(x)
f (0)=(0)>*-2(0)2—(0) +3
=0-0-0+3

=3

=~ F(c) =f(1) - f(0)
=3c2-4c-1=1-3
=3c2-4c=1+1-3
=3c2-4c=-1
=3c?-4c+1=0
=3c*-3c-c+1=0

= 3c(c—-1)-1(c-1)=0
=(3c—-1)(c-1)=0

1

= L=

e T

= C= EE(D, 1)

Hence, Lagrange’s mean value theorem is verified.
(iii) f(x)=x(x—=1) on [1, 2]

Solution:

Givenf (x) =x(x—1) on [1, 2]

= x> =X

Every polynomial function is continuous everywhere on (-o°, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [1, 2] and
differentiable in (1, 2). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied.

Therefore, there exist a point c € (1, 2) such that:

r f(2) -f(1
frol2 1)
: f(2) - f(1
(-T2
f(x)=x*—x
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Differentiating with respect to x
f'(x)=2x—-1

For f’(c), put the value of x=c in f'(x):
f(c)=2c-1

For f (2), put the value of x = 2 in f(x)
f(2)=(2)?-2

=4-2

=2

For f (1), put the value of x =1 in f(x):
f(1)=(1)*-1

=1-1

=0

=~ (c) =f(2) - (1)

=2c-1=2-0

=>2c=2+1

=>2c=3

3
= C=EE(1, 2)

Hence, Lagrange’s mean value theorem is verified.

(iv) f (x) =x>=3x+ 2 on [-1, 2]

Solution:

Givenf (x) =x*—3x+2o0n[-1,2]

Every polynomial function is continuous everywhere on (-o°, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [- 1, 2] and
differentiable in (— 1, 2). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied.

Therefore, there exist a point ¢ € (-1, 2) such that:

f__r((:)= f(2) -f(-1)

2-(-1)

f(2) - f(-1)
2+ 1
f(2) - f(-1)
3

= fr(-:)=

= f(0)=
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f(x)=x*—3x+2
Differentiating with respect to x
f(x)=2x-3
For f’(c), put the value of x = c in f'(x):
f'(c)=2c-3
For f (2), put the value of x = 2 in f(x)
f(2)=(2)?-3(2)+2
=4-6+2
=0

For f (— 1), put the value of x =— 1 in f(x):

f(-1)=(-1-3(-1)+2

=1+3+2

=6

o f(2)-f(-1

fofR-f(=1)
3

5 3_0—6

= cC—0= 3

=‘r‘2C=T+3

=2c=—2+3

=>2c=1

=>c=%€E(1,?2)

RD Sharma Solutions for Class 12 Maths Chapter 15
Mean Value Theorems

Hence, Lagrange’s mean value theorem is verified.

(v) f(x) =2x2-3x+1o0n][1, 3]

Solution:
Given f (x) =2x*—3x+ 1 on [1, 3]

Every polynomial function is continuous everywhere on (oo, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [1, 3] and
differentiable in (1, 3). So both the necessary conditions of Lagrange’s mean value

theorem is satisfied.

Therefore, there exist a point ¢ € (1, 3) such that:
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; f(3) — f(1
F(c) [:)3—1()

f(x)=2x*-3x+1
Differentiating with respect to x
f'(x) =2(2x) - 3
=4x -3
For f’(c), put the value of x = cin f'(x):
f'(c)=4c-3
For f (3), put the value of x = 3 in f(x):
f(3)=2(3)°-3(3)+1
=2(9)-9+1
=18-8=10
For f (1), put the value of x =1 in f(x):
f(1)=2(1)>-3(1)+1
=2(1)-3+1
=2-2=0
f(3) — f(1)

2

10-0

2

f(o)=

=4c-3 =

4c 10+3
= = —
2

=4c=5+3
=4c=8

8
c=—=2¢€(1, 3
> == 2¢(1, 3)
Hence, Lagrange’s mean value theorem is verified.
(vi) f (x) =x>—2x+4 0on[1, 5]

Solution:
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Given f (x) =x*—2x+4o0on[1,5]

Every polynomial function is continuous everywhere on (-oo, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [1, 5] and
differentiable in (1, 5). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied.

Therefore, there exist a point ¢ € (1, 5) such that:

F(c)=[:?5—1()
RO ©

f(x)=x*—2x+4
Differentiating with respect to x:
f'(x)=2x-2
For f'(c), put the value of x=c in f'(x):
f'(c)=2c-2
For f (5), put the value of x=5 in f(x):
f(5)=(5)?-2(5)+4
=25-10+4
=19
For f (1), put the value of x =1 in f(x)
f(1)=(1)?-2(1)+4
=1-2+4
=3

: f(5) — f(1)
f(o=—"

19-3
4

=2c-2=

2¢C 16+2
= = —
4

=2c=4+2

= 2c=6

6
=c=5= 3e(1, 5)

Hence, Lagrange’s mean value theorem is verified.
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(vii) f (x) =2x-x2on [0, 1]

Solution:

Given f (x) = 2x—x?on [0, 1]

Every polynomial function is continuous everywhere on (-oo, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [0, 1] and
differentiable in (0, 1). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied.

Therefore, there exist a point ¢ € (0, 1) such that:

r f(1) — £(0)
f (c)——l ~o
= f'(c) = f(1) — f(0)
f(x)=2x—x?
Differentiating with respect to x:
f'(x) =2—2x
For f'(c), put the value of x = cin f'(x):
f'(c)=2-2c

For f (1), put the value of x =1 in f(x):
f(1)=2(1) - (1)?

=2-1

=1

For f (0), put the value of x = 0 in f(x):
f (0) = 2(0) - (0)?

=0-0
=0
f'(c) = f(1) — f(0)
=>2-2c=1-0
=>-2c=1-2
>-2c=-1

-1 1
:*C—_—z—EE(D, 1)

Hence, Lagrange’s mean value theorem is verified.
(viii) f(x) =(x=1) (x=2) (x—=3)

Solution:
Givenf(x)=(x—-1)(x—2) (x—3)on [0, 4]
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=(x*=x—=2x+2) (x—3)

=(x*=3x+2)(x=3)

=x>—-3x2+2x—3x*+9x—6

=x3—-6x%>+11x—60n [0, 4]

Every polynomial function is continuous everywhere on (-oo, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [0, 4] and
differentiable in (0, 4). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied.

Therefore, there exist a point ¢ € (0, 4) such that:

{0="D — FO)
:w=()4 (0)

f(x)=x3—6x>+11x—6
Differentiating with respect to x:

f'(x) = 3x2—6(2x) + 11

=3x2-12x + 11

For f'(c), put the value of x = c in f'(x):
f(c)=3c2-12c+11

For f (4), put the value of x = 4 in f(x):
f(4)=(4)3-6(4)*+11(4)-6
=64-96+44-6

=6

For f (0), put the value of x = 0 in f(x):
f(0)=(0-6(0)>+11(0)-6
=0-0+0-6

=—6
fg=® - O

3c’-12c+11=[6-(-6)]/ 4
3¢c2—12c+11=12/4
3¢2-12c+11=3
3¢2-12c+8=0
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We know that for quadratic equation, ax* + bx+c=0

-b+vb? - 4ac
¥ =
2a
-(- 12)iJ[— 12)* - 4x3x8
—c= 2% 3
12+/144 - S6
= C=
6
_12iqﬁ
=LC= 6
c 12+ 443
= - —
6
12 443
;\. — —_—
=% %76
—212"@
=LC= 3
2.3 2.3
=>-C=2+T,2—TEC

Hence, Lagrange’s mean value theorem is verified.

(ix). f(x) = /25 — x2 on [-3, 4]

Solution:
Given

f(x)=y25-%x%20on[ -3, 4]

Here,v 25 - x*>0

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

0 RD Sharma Solutions for Class 12 Maths Chapter 15
m BYJ U S Mean Value Theorems
The Learning App

= 25—x?>0
= x% < 25
=-5<x<5

= /25 - x? has unique values for all xe( - 5, 5)

« f (x) is continuous in [~ 3, 4]

f(x)=(25 —}(2)%

Differentiating with respect to x:

1 @‘1]d(25- x?)

f'(x)==(25-x?) i

M|
—

= F(x):%(ZS - }n:z)_E (=2%)

L F)=—— 2

1
2 (25-x2)2

- 2%
1
2(25-x2)2

-X

\.'25—}(2

= f(x)=

= fi(x)=

Here also,

V25 - x2>0

=—5<x<5
~ f(x) is differentiable in (- 3, 4)

So both the necessary conditions of Lagrange’s mean value theorem is
satisfied. Therefore, there exist a point c € (-3, 4) such that:

f(4) — f(-3)
4-(-3)

f(c)=
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f(4) -f(-3)
4+3
f(4) - f(-3)
7

= f(0)=

= f(0)=

f(x)=(25 - xz)%

On differentiating with respect to x:

-X
f(X)=————
(x) \/25 - x?2

For f'(c), put the value of x = cin f'(x):

25 - ¢

For f (4), put the value of x = 4 in f(x):

fi(c)=

1

f(4)=(25 - 4%)°

= f(4)=(25 - 15)%

= f(4)=(9)%
=f(4)=3

For f (— 3), put the value of x =— 3 in f(x):

1

f(-3)=(25-(-3)°)°
= f(-3)=(25-9)2

L f(-3)=(16)2
=f(-3)=4

f(4) -f(-3)

f(o)= :

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

RD Sharma Solutions for Class 12 Maths Chapter 15
Mean Value Theorems

[gBYJus

The Learning App

3-4
—1 =
d25—c2 7

25-c2 7

=;~—?C=—~.,r25—l:2

Squaring on both sides:

= (-7¢)* = (-2 )
= 49c?=25-¢?
= 50c? =25
25
2_2"
= C =z
1
2_"
= C =3

1
=+—¢(-3,4
wﬁ( )

Hence, Lagrange’s mean value theorem is verified.

(x) f (x) =tanx on [0, 1]

Solution:

Given f (x) =tan "'x on [0, 1]

Tan ! x has unique value for all x between 0 and 1.
~ f(x) is continuous in [0, 1]

f(x)=tan "!x

Differentiating with respect to x:

f(x)=

(x) 1+ %2

x? always has value greater than 0.
=1+x2>0

-~ f (x) is differentiable in (0, 1)

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

[BBYJUS

The Learning App

RD Sharma Solutions for Class 12 Maths Chapter 15
Mean Value Theorems

So both the necessary conditions of Lagrange’s mean value theorem is satisfied.
Therefore, there exist a point c € (0, 1) such that:

f(1) — f(0)
1-0
= f(c) =f (1) - (0)

f(c)=

f(x)=tan"'x

Differentiating with respect to x:

fi(x)=

1+ x2

For f'(c), put the value of x=c in f'(x):

flo=1ia

For f (1), put the value of x=1 in f(x):

f(l)=tan"'1

= f(1)=2

For f (0), put the value of x=0 in f(x):

flo)=tan'0
=f(0)=0

f(c)=1(1)-1(0)
1 mn

142 " 4
Lt _n
1+cc 4
= 4 =n(1+c?)
= 4 = n+ nc?

=-nc’=n-4
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n-4

=}-C2=

-n
4 -1
n

4
=c= ’ﬁ -1 =0.52€(0, 1)

Hence, Lagrange’s mean value theorem is verified.

=}C2=

(xi) f(x) = x + % on [1, 3]

Solution:
Given

f(x)=x +; on[1, 3]

F (x) has unique values for all x € (1, 3)

~ f(x) is continuous in [1, 3]

f(x)=x +; on[1, 3]

Differentiating with respect to x

fOO=1+(-1)(x) "2
1
=f(x)=1- 2

x°—1
=f(x) = 2

2
Here X“#0

= f'(x) exists for all values except 0

~ f (x) is differentiable in (1, 3)
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So both the necessary conditions of Lagrange’s mean value theorem is
satisfied. Therefore, there exist a point c € (1, 3) such that:

f(3) — f(1)
3-1

f(3) - f(1)
2

f(o)=
=f (c)=

1
f(x)=x+—-
()= X+
On differentiating with respect to x:

X2 —1

FOO =

For f'(c), put the value of x=c in f'(x):

c2—1
CE

fi(c)=

For f (3), put the value of x = 3 in f(x):

1
f(3)=3+3

9+1
=>f(3)=%

10
= f(3)="

For f (1), put the value of x =1 in f(x):

1
f()=1+7

=f(1)=2

f(3) - f(1)
2

c?—1 %—2
—1 =
c? 2

= f(0)=
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=2(c°—1) = cz(E—z)

=:~2(C2—l)= CE(

=5 2((:2 —1)=¢c? (%)
= 6(c*—1) =4c?

= 6’ — 6 =4c"
=6cf—4ct=6
=2c*=6

6
2
3

=‘,'C2=

=cl=

=C =:|:~,~;"§E[ -3,4)

Hence, Lagrange’s mean value theorem is verified.
(xii) f (x) =x (x + 4)? on [0, 4]

Solution:

Given f (x) =x (x + 4)? on [0, 4]

=x [(x)?+2 (4) (x) + (4)*]

=x (x? + 8x + 16)

=x3 + 8x% + 16x on [0, 4]

Every polynomial function is continuous everywhere on (-oo, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [0, 4] and
differentiable in (0, 4). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied. Therefore, there exist a point c € (0, 4) such that:

. f(4) — f(0
{ o= = O
=rgc)=“4 (0)
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f(x) = x3 + 8x? + 16x

Differentiating with respect to x:

f'(x) = 3x% + 8(2x) + 16

=3x?+16x + 16

For f'(c), put the value of x = cin f'(x):
f'(c)=3c?+16¢c+ 16

For f (4), put the value of x =4 in f(x):
f(4)=(4)® + 8(4)% + 16(4)

=64 +128 +64

=256

For f (0), put the value of x =0 in f(x):
f (0)= (0)® + 8(0)% + 16(0)

=0+0+0
=0
r f(4) — f(0)
JOERm
256 — 0
= 3c? + 16¢c + 16=T
256
= 3C2+ i16¢c + 16=T

= 3c’+16c+16=64
=3c2+16c+16—-64=0
= 3c*+16c—48=0

For quadratic equation, ax* + bx+c=0

—bxvVb?-4ac
=
2a
—(16)iJ(16}2—4x3x{—48)
—c= 2%3
] -16+/256+576
= 0=
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-16+832
=C=
6
-16+ 813
=C=
6
_ qeﬁaa’ﬁ
“C¢="% 6
_ -8, 413
—c=73 3
_ -8 4413 -8 4413
=:~C—3+ 3 ,3— BEC

Hence, Lagrange’s mean value theorem is verified.

(xiii) f(x) = /x2 — 4 on [2, 4]

Solution:
Given

f(x)=yx2—40on[2, 4]
Here,

VX2 —4>0

=x'—-4>0

=xis4

= f (x) exists for all values expect (— 2, 2)
~ F(x) is continuous in [2, 4]
f(x)=+x2—4

Differentiating with respect to x:

1, >
F(x):% (x2 - 4)(2 ]—d(}(dx Y

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

RD Sharma Solutions for Class 12 Maths Chapter 15

m BYJ U'S Mean Value Theorems

The Learning App

[y

= F{x):%(xz—é)_E(ZX)

2

= P ()= ———

2 (x?—4)z
e
x% —4

Here also,v X2 —4>0

= f'(x) exists for all values of x except (2, — 2)

~ f (x) is differentiable in (2, 4)

So both the necessary conditions of Lagrange’s mean value theorem is

satisfied.
Therefore, there exist a point c € (2, 4) such that:
f(4) — f(2)
4-2
f(4) - f(2)
2

)= x2— 4

On differentiating with respect to x:

f(c)=

= f(0)=

X
FX)=—=
X% —4
For f'(c), put the value of x=c in f'(x):
cC
flo)=——
c?—4

For f (4), put the value of x =4 in f(x):

f(4) = JE
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= f(4) = (16 - 4)%
= f(4)=y12
= f(4)= 2,3

For f (2), put the value of x = 2 in f(x):

f(2) = J;

=f(2) =(4 - 4)%

=f(2)=0
j,f'(,:):w
2
c 2V3-0
= =
I N
-4

=C= {:ﬁ}ﬂ'cz -4

Squaring both sides:

= ()%= (VAWE-4)

=c?=3(c*-4)

=c?=3c"-12

=-2ct=—-12
-12
2
C-=
= -2
=c’=6
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=>c=.6€(2,4)

Hence, Lagrange’s mean value theorem is verified.

(xiv) f (x) =x*+x—10on [0, 4]

Solution:

Given f (x) =x*+x—1o0n [0, 4]

Every polynomial function is continuous everywhere on (-oo, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [0, 4] and
differentiable in (0, 4). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied. Therefore, there exist a point c € (0, 4) such that:

{o="D = F)
- fo="B 1O

f(x)=x*+x-1
Differentiating with respect to x:

f(x)=2x+1
For f'(c), put the value of x = cin f'(x):
f(c)=2c+1

For f (4), put the value of x =4 in f(x):
f(4)=(4)*+4-1

=16+4-1

=19

For f (0), put the value of x =0 in f(x):
f(0)=(0)>’+0-1

=0+0-1

=-1

r f(4) — f(0)
flo=—

19—[—1}

=:~2C+1—T
5 1_20

= C+ 1= )
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Hence, Lagrange’s mean value theorem is verified.

(xv) f (x) = sin x—=sin 2x —x on [0, r]

Solution:
Given f (x) =sin x —sin 2x—x on [0, 1]

Sin x and cos x functions are continuous everywhere on (-o°, o) and differentiable for
all arguments. So both the necessary conditions of Lagrange’s mean value theorem is
satisfied. Therefore, there exist a point c € (0, m) such that:

: f(n) — (0
£ (0= (nil_ui )
:-f'(c):f(”) ; f(0)

f(x)=sinx—sin 2x—x
Differentiating with respect to x:
f(x)=sinx—sin 2x—x

d(2x)
dx
= f(X)=cosx - 2cos2x -1

1

= f'(X)=cos x - cos 2x

For f'(c), put the value of x=c in f'(x):

f(c)=cosc—2cos 2c—1

For f (m), put the value of x =1 in f(x):

f(m)=sinm—sin2n—n

=0-0-m
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=—T
For f (0), put the value of x=0 in f(x):
f (0) = sin 0 —sin 2(0) — 0
=sin0—sin0—-0

=0-0-0

=0

f(c)=

f(n) — f(0)
n

-n-0

=CcosCc-2cos2c-1=

=Cosc—2cos2c—-1=-1

= Cosc—2(2cos’c—1)=—1+1
= Cosc—4cos’c+2=0

= 4cos’c—cosc—2=0

For quadratic equation, ax? + bx+c =0

—bxvb® -4ac
¥ =
2a
—[—1):&\}(—1)2—4x4x(—2)
= Co0s5C= >4
1+1 4 32
=C0sC= —mMmM—
8
1+£./33
= COSC =
a8
1++/33

:~c=cos'1( 5 )E(Uf n)

Hence, Lagrange’s mean value theorem is verified.
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(xvi) f (x) =x3-5x2-3xo0n[1, 3]

Solution:

Given f (x) =x3—5x?—3xon [1, 3]

Every polynomial function is continuous everywhere on (-oo, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [1, 3] and
differentiable in (1, 3). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied.

Therefore, there exist a point ¢ € (1, 3) such that:

: f(3) - f(1
{0=TE= 1D
r f(3) - f(1

f (x) = x3 = 5x* - 3x

Differentiating with respect to x:

f'(x) = 3x>—5(2x) - 3

=3x2-10x-3

For f'(c), put the value of x=c in f'(x):
f'(c)=3c2—10c-3

For f (3), put the value of x = 3 in f(x):
f(3)=(3)>-5(3)*-3(3)

=27-45-9

=-27

For f (1), put the value of x =1 in f(x):
f(1)=(1)*-5(1)*-3(1)

=1-5-3
=—7
fof@ =)
2

-27)-(-7
=>3c2—10c—3=( )2( )

-27+7
=:-3C2—1DC—3=—+

2

- 20

:-3C2—10C—3=T
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= 3c>-10c-3=-10
=3c2-10c-3+10=0
=3c2-10c+7=0
=3c2-7c-3c+7=0
=>c(3c=-7)-1(3c-7)=0
= (3c-7)(c-1)=0

7
=c==,1

3

7
= C= §E(1, 3)

Hence, Lagrange’s mean value theorem is verified.

2. Discuss the applicability of Lagrange’s mean value theorem for the function f(x) =

|x] on[-1,1].
Solution:
Given f (x) = |x| on [-1, 1]

-%, x<0

So f(x) can be defined as = { x, x>0

For differentiability at x =0,

\HD = K'L"E'- f(D—h_)r:F(O)
{Since f(x) = —x, x<0}
-(0-h)-0
= Jim O
= lim h-0
x—0~ =h
= |lim l
x—0" =h
=—1
RHD = KLTfKD—h_);f(O)
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{Since f(x) = x, x>0}

_ (0-h)-0
T x—0" -h
_ -h-=0
_KLHD-I_ -h
= i -h

ML —
-1
LHD = RHD

= f (x) is not differential at x=0

“ Lagrange’s mean value theorem is not applicable for the function f(x) = | x|
on[-1, 1].

3. Show that the Lagrange's mean value theorem is not applicable to the function f(x)
=1/xon[-1,1].

Solution:
1

Given f(x)_x on[-1, 1]

Here,x#0

= f (x) exists for all values of x except 0

= f (x) is discontinuous at x=0

~ f (x) is not continuous in [- 1, 1]

Hence the Lagrange’s mean value theorem is not applicable to the function f (x) = 1/x on

[-1, 1]

4. Verify the hypothesis and conclusion of Lagrange’s mean value theorem for the
function

1
f = 1 < x < 4.,
()= g—qrlsxs
Solution:
Given
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f(x)= on[1, 4]

4x -1
Where 4x — 10

f'(x) has unigue values for all x except ¥

< f(x) is continuous in [1, 4]

f0=2x—1

Differentiating with respect to x:
FOO=(-1)(4x-1)"%(4)
4
(4x -1)°
Here, 4x—1>0

= F(x) =—

f'(x) has unigue values for all x except }

T (x) is differentiable in (1, 4)

RD Sharma Solutions for Class 12 Maths Chapter 15
Mean Value Theorems

So both the necessary conditions of Lagrange’s mean value theorem is
satisfied. Therefore, there exist a point ¢ € (1, 4) such that:

f(4) — f(1)

4-1

f(4) - f(1)
3

f(c)=

=f(Q)=

f(x)=

4x -1
On differentiating with respect to x:

4

F'[:}() =—m

For f'(c), put the value of x=c in f'(x):
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4
(4c-1)°
For f (4), put the value of x=4in f (x):

f(c)=—

W=a@-1

1
= f(4)=1%

For f (1), put the value of x =1 in f(x):

a1

1

1
= f(1)=3

. f(4) -f(1
RO
1
= 4 _15_

C(4c-1)2 3

= -3(4)= (4c-1)° ( % - %)

=-12= {:4(:—1}2( 3_15)

G =

45

-12

— —_ 2 -
=-12=(4¢c-1) ( 25 )
= -12x = (4c-1)°

-12
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45 2
= - 12x — 5= (4c-1)
= (4c—1)*=45

= (4c-1) = £,/45

= (4c-1) =+ 3,/5

+3/5+1
=C= ————
4
3v5+1
Sc= ‘“4 =1.92 €(1, 4)

Hence, Lagrange’s mean value theorem is verified.

5. Find a point on the parabola y = (x — 4)?, where the tangent is parallel to the chord
joining (4, 0) and (5, 1).

Solution:

Given f(x) = (x—4)% on [4, 5]

This interval [a, b] is obtained by x — coordinates of the points of the chord.

Every polynomial function is continuous everywhere on (oo, =) and differentiable for
all arguments. Here, f(x) is a polynomial function. So it is continuous in [4, 5] and
differentiable in (4, 5). So both the necessary conditions of Lagrange’s mean value
theorem is satisfied.

Therefore, there exist a point ¢ € (4, 5) such that:

f(5) — f(4)

5-4

f(5) — f(4)
1

f(c)=

= f(0)=

f(x) = (x—4)?
Differentiating with respect to x:

d(x -4)
dx
=>f(x)=2(x—-4)(1)

fF(x)=2(x-4)
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=>f(x)=2(x—4)

For f’(c), put the value of x=c in f'(x):

f'(c)=2(c—4)

For f (5), put the value of x=5 in f(x):

f(5) = (5-4)
=(1)?
=1

For f (4), put the value of x=4 in f(x):

f(4)=(4-4)?
=(0)

=0
f'(c) = f(5) —f(4)
=2(c-4)=1-0
=2c-8=1
=>2c=1+8

S
=c=5 = 4.5¢(4, 5)
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We know that, the value of c obtained in Lagrange’s Mean value Theorem is nothing but
the value of x — coordinate of the point of the contact of the tangent to the curve which
is parallel to the chord joining the points (4, 0) and (5, 1).

Now, put this value of x in f(x) to obtain y:

y=(x—4)

;"Y— 2—

_ 9-8)\°
;‘-Y— 2
12

9
Hence, the required pointis (E ' 2

1

)
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