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EXERCISE 19.30
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Evaluate the following integrals:
20 +1

1. (@ +1)(z —2) dx

Solution:
Here the denominator is already factored.

So let
2x+1 A B |
x+ DE-2) x+1 * x—z"""(lj
2x + 1 _A{K—2)+B{x+ 1)
"+ DEx-2) &+ DE-2

= 2x+1=A(x—2)+B(x+ 1)...... (i)

We need to solve for A and B. One way to do this is to pick values for x which
will cancel each variable.

Put x = 2 in the above equation, we get
=2(2)+1=A(2-2)+B(2+1)
=3B=5

= B =

LW

Now put x =—1 in equation (ii), we get

=2(-1)+1=A(-1)-2)+B(—-1)+1)

We put the values of A and B values back into our partial fractions in equation
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(i) Now replace this as the integrand. We get
[+ =
+1 x—2/%
1
3
_|_
= J- X +1 X

Split up the integral,

- 5/ el 5/ =l

Let substituteu=x+1=du=dxand z=x—2 = dz = dx, so the above
equation becomes,

-5/ a5/ (e

On integrating we get

| el om

de

1 5
= Elﬂg|u| + 5108|3| + C
Substituting back, we get

1 5
= Elﬂgb{ + 1| + Elﬂg|x—2| + C

The absolute value signs account for the domain of the natural log function
(x>0).
Hence,

2x + 1 q
x+ 1xE-2) x

1
2. / o@D (@ 1)

Solution:

1 5
= 5108|K + 1] + 510g|x—2| + C
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In the given equation the denominator is already factored.

So let
1 A B C |
x(x—2)(x—4) X T x—2 x=a M
1 B Ax—2)(x—4) + Bx(x—4) + Cx(x—2)
- X(x—2)(x—4) x(x—2)(x—4)

=1=A(x—2)(x—4)+Bx(x—4)+ Cx (x—2)...... (ii)

We need to solve for A, B and C. One way to do this is to pick values for x which

will cancel each variable.
Put x = 0 in the above equation, we get

=1=A(0-2)(0—-4)+B(0) (0—4)+C(0) (0-2)

=1=8A+0+0
A 1
A =3

Now put x = 2 in equation (ii), we get

=1=A(2-2)(2-4)+B(2)(2—-4)+C(2)(2-2)

=1=0-4B+0
5 1
= = ——
4

Now put x = 4 in equation (ii), we get

=1=A(4-2)(4—4)+B(4) (4—4)+C(4) (4-2)

=1=0+0+8C
C 1
- +%3

We put the values of A, B, and C values back into our partial fractions in
equation (i) and replace this as the integrand. We get
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”‘H B, € ]d
X Xx—2 Xx—4 X
1 1
=;~J-§+ 4 +

X Xx—2 X
Split up the integral,
o o5 =gl o+ &) =3

~ 8 ) k=2l T 8) [k—al™

Let substitute u=x—4 = du=dxand z =x— 2 = dz = dx, so the above
equation becomes,

- 5 o3/ Elea + 5/ [l

On integrating we get

| |oo] =

4dx

11 11 + 11 + C
> =log|x| - ;log|z| + Slogul

Substituting back, we get

1 1 1
= glﬂglxl—glﬂglx— 2| + gloglx— 4] + C

1
We will take e common, we get

1

= E[loglxl — 2loglx— 2| + loglx — 4| + C]

Applying the logarithm rule we can rewrite the above equation as
1 [1 | X

:. — —
8l °lx—2)

X(x—4)
(x—2)2

+ loglx — 4| + C]

11| | +c
:'gl:}g +

The absolute value signs account for the domain of the natural log function
(x>0).

Hence,
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fx{x— z;{x— H= = B[Ggﬁf zjg] +c

2

T —1
3. / rrr-l o

24+ — 6
Solution:
First we have to simplify numerator, we get
x2+x—1
X2+ x—6

x2 +xXx—6+5
X2 +xXx—6

XE+X—6+ 5
X2 +xXx—6 X2+ xX—6
N 5

x2+ x—6

I
[—

Now we will factorize denominator by splitting the middle term, we get

5

1+ ——r
x2 +x—-6

The above equation can be written as

5

=1+
X2 4+ 3x—2x—6

By taking factors common
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5
X(x+3)—2(x + 3)

)
T RFIE—2)

=1+

=1

Now the denominator is factorized, so let separate the fraction through partial
fraction, hence let

5 A B |

(x + 3)(};—2)_};4—3_'_:{—2 """ ()
5 _A(x—2) + B(x + 3)

T x+3)x-2) (x+3)(x-2)

= 5=A(x—2) +B(x + 3)...... (ii)

We need to solve for A and B. One way to do this is to pick values for x which
will cancel each variable.

Put x = 2 in the above equation, we get
=5=A(2-2)+B(2+3)

=5=0+5B

=B=1

Now put x =— 3 in equation (ii), we get
=5=A(-3)-2)+B((-3)+3)

= 5=—05A
=2A=-1

We put the values of A and B values back into our partial fractions in equation
(i) and replace this as the integrand. We get

f[1+ A, B]d
X+ 3 X—EX

”1+ 1 1](1
= X+ 3 x—2 X

Split up the integral,
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= fldx—fﬁ]dx + J-L%]dx

Let substituteu=x+3 = du=dxand z=x—2 = dz = dx, so the above
equation becomes,

- froce s f s

On integrating we get

=x—log |u| +log |z| +C
Substituting back, we get
=x—log |[x+3|+log |x—2]| +C

Applying the logarithm rule, we can rewrite the above equation as

= ¥ + Ug|}{+3

The absolute value signs account for the domain of the natural log function
(x>0).

Hence,
X“+x—1
J-z—dx—x+lﬂg| |-|—C
X2 +xXx—6

3+4:1:—:1::2

dx
(x 4+ 2)(x — 1)
Solution:
First we simplify numerator, we get

3 + 4x —x°
(x + 2)(x—1)

—(x*—4x—3)
T x4+ x-2
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—(x*+x-5x—-2-1)

X2 +x—2
_—(x2+x—2) Bx + 1
X2 +x—2 X2 +x—2
5x + 1

= -1

* (x + 2)(x—1)

Now the denominator is factorized, so let separate the fraction through partial
fraction, hence let

5x+1 A B |
(x+2)(x—l)_x+2+x—1 """ M

Ex + 1 _A(x—-1) + B(x + 2)
T x+ 2)(x—1)  (x+ 2)(x—1)

=5x+1=A(x—1)+B(x+ 2)...... {ii)

We need to solve for A and B. One way to do this is to pick values for x which
will cancel each variable.

Put x = 1 in the above equation, we get
=5(1)+1=A1-1)+B(1+2)
=b6=0+3B

=B=2

Now put x =— 2 in equation (ii), we get
=5-2)+1=A(-2)-1)+B((—2)+2)
=-9=-3A+0

=A=3

We put the values of A and B values back into our partial fractions in equation
(i) and replace this as the integrand. We get

J-[_l * (x 4—5}{2;:}{1— l)] dx
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j[1+ Sl B]d

- X+ 2 x—1 x

j[1+ S E]d

- X+ 2 x—1 x

Split up the integral,
1 1

:;—J-ldx-l—SJ-L—]dx—l—EJ-L—]dx
+ 2 -1

Let substituteu=x+2 = du=dxand z=x—1 = dz = dx, so the above
equation becomes,

=~ [1ax+ 5 [[Jauw+ 2 [[] ez

On integrating we get

= —x + 3loglu| + 2loglz| + C
Substituting back, we get
= —x + 3loglx + 2| + 2loglx—1]| + C

The absolute value signs account for the domain of the natural log function
(x>0).

Hence,

3 + 4x —x? i
(x+ 2)(x—1) X

2
1
5./“‘"’ R
x2 — 1

= —x + 3loglx + 2| + 2loglx—1] + C

Solution:
First we simplify numerator, we get

x2 4+ 1
X2 —1
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x2—1+ 2
x2—-1
x?—1 N 2
x2—1 x2-1
2
x-1DE+1)
Now the denominator is factorized, so let separate the fraction through partial
fraction, hence let

2 A B

=1+

(x + 1)(x—1)=x+1+x—1 """ )
2 _A(x—1)+B(x+1)
- x+1)x-1)  x+1)(x-1)

= 2= A(x—1) + B(x + 1)...... (ii)

We need to solve for A and B. One way to do this is to pick values for x which
will cancel each variable.

Put x = 1 in the above equation, we get
=2=A(1-1)+B(1+1)

=2=0+2B

=B=1

Now put x =— 1 in equation (ii), we get
=2=A(-1)-1)+B((-1)+1)

=2=—2A+0
=A=-1

We put the values of A and B values back into our partial fractions in equation
(i) and replace this as the integrand. We get

J-[l * (x— 1)?}: + 1)] dx
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= J-[l—i— A + 5 ]dx
x+1 x-—1
= J-[l—i— -1 + L ]dx
x+1 x-—1
Split up the integral,
= J-ldx—J-L%]dx-l— J-L%]dx
+ 1 -1

Let substituteu=x+1=du=dxand z=x—1= dz = dx, so the above
equation becomes,

- froce s [

On integrating we get

= x—loglu| + log|z| + C
Substituting back, we get

= x—log|lx + 1| + loglx—1| + C
Applying the logarithm rule we get

x—1
x+1

=>x—|—lﬁg| |—|—C

The absolute value signs account for the domain of the natural log function
(x>0).

Hence,
IXE“le +1 |X_1|+r:
xZ—1 X T XTIE[T
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