JEE Advanced 2020 Maths | Paper-2 | Code-E m

SECTION1 (Maximum Marks: 18)
e This section contains SIX (06) questions.
e The answer to each question is a SINGLE DIGIT INTEGER ranging from 0 TO 9, BOTH
INCLUSIVE.
e For Each question, enter the correct integer corresponding to the answer using the
mouse and the on-screen virtual numeric keypad in the place designated to enter the

answer.
e Answer to each question will be evaluated according to the following marking scheme:
Full Marks : +3 IfONLY the correct numerical value is entered;
Zero Marks : 0 Ifthe question is unanswered;
Negative Marks : -1 In all other cases.

1. For a complex number z, let Re(z) denote the real part of z. Let S be the set of all

complex numbers z satisfying z* - |z|* = 4 iz2, where i=+-1. Then the minimum
possible value of |z1 —z2|2, where z1,z2€ S with Re(z1) > 0 and Re(z2) <0, is

Answer: 1
Solution:
z* - |z|* = 4iz?
A 2|Z|2 |Z|2 =4iz® 7z = |Z|2

7? (z2 - (2)2 —41) =0

z>=0 or 7* —(2)2 =4

Letz=x+1y

We know

72— (Z)2 = 4i

(x+ iy)z— (x- iy)2 =4j

x* —y* +2ixy — (X2 —y’- ZiXY) =4i
4ixy = 4i

xy=1

Now (z1- z2)? = (x1- X2)% + (y,- ¥,) 2
=X1% + X22 + y12 + y22- 2X1X2- 2y1 Y2
= X12 + X22 + y12 + y22 + 2x1 (-x2) + 2y1(-y2)

Now A.M.> G.M.
(X12 +X22 +Y12 +y22 +X1(_xz)+x1 (_X2)+Y1(_YZ)+Y1(_YZJ) > (Xlz XZZ y12y22X12 X22 ylzy22) 1/8
8
=x12+ x22 +y12 + y22 + 2x1 (-x2) + 2y1 (-y2) 28  xy,=1;%,y,=1
Re(z,)>0
X, >0
i y, >0
(X Y1)
(X2 Y2) - Re(z,)<0
X, <0
y, <0

27t September 2020 |[Mathematics Page | 1

Copyright © Think and Learn Pvt. Ltd.




JEE Advanced 2020 | Paper-2 | Code-E

2. The probability that a missile hits a target successfully is 0.75.In order to destroy the

target completely, at least three successful hits are required. Then the minimum
number of missiles that have to be fired so that the probability of completely
destroying the target is NOT less than 0.95, is .

Answer: 6
Solution:
Given
. 3
P(Hit) =0.75 = " =P(H)
& P(Hitnot) = 0.25 1 P(H)
4

P(target Hit) > 0.95

1 - P (target not hit in n throws) > 0.95

1-"C, (H)" "¢, (H)"".(H)-"C,(H)"" (H)"20.95
(3] (3] 32D (R 00
eosso{ 1 [0

40
[9n2 —3n+2]sE

Now checkn =6

3. Let O be the centre of the circle x2 + y2 = r2, wherer > 75 Suppose PQ is a chord of this

circle and the equation of the line passing through P and Q is 2x + 4y = 5. If the centre
of the circumcircle of the triangle OPQ lies on the line x + 2y = 4, then the value of
ris

Answer: 2
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Solution:

Given,

\\\ja. ............ e
S

1

S1:x2+y2=r2 wherer >75:>C1 =(0,0)

Nowlet S2: x2 +y2+ax+by =0 = sz(%a,_?b)
RAofS1=0&S2=0is PQ

PQ:S1-S2=0

PQ:ax+by+r2=0 ..ccccccevenenns (D

Given PQ: 2x+4y-5=0 .ccccvevrvirenn. (2)

On comparing equation (1) & (2)

a_b_r
2 4 -5
Also centre of Sz liesonx + 2y = 4

—a
=—-b=4 e 4
5 (4)

From equation (3) & (4)

2 2
-5r2=-20
r’=4
r=2
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4. The trace of a square matrix is defined to be the sum of its diagonal entries.If Ais a 2 x
2 matrix such that the trace of A is 3 and the trace of 43 is —18, then the value of the

determinant of A is

Answer: 5
Solution:
a b
Let A= { } ................ (D
c d

=T, (A)=3 (Given)

a+d=3
d=3-a putinequation (1)

{a b }
=A=
c 3-a

Tr(A3) = - 18 (Given)

la bla bia b
A3 =
Ke B—JL 3—a}{c S—J

[a® +bc 3b a b
A3= !
3c  cb+(3-a) |lc 3-a

) =[ a’ +abc+3bc a’b+b’c+9b-3ab ]
3ac+c*b+c(3-a)’ 3bc+cb(3—a)+(3—a)3
Tr (A3) = a3 + abc + 3bc + 3bc + 3bc - abc + (3-a)3=- 18
= a3 + 9bc + (3-a)3=-18
= a3+9bc+27-a3-3.3a(3-a)=-18
= a’-3a+bc=-5 . (2)
Now |A| =a(3 -a)-bc

=3a - a?- bc=5 (From equation (2))
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Al =5

5. Letthe functions f: (-1,1) » Randg: (-1, 1) = (-1, 1)be defined by
f(x) =|2x - 1| + |2x + 1|andg (x) =x - [x],
where [x] denotes the greatest integer less than or equal to x. Let fog: (-1,1) = R be
the composite function defined by (fog)(x) = f(g(x)). Suppose c is the number of
points in the interval (-1,1) at which fog is NOT continuous, and suppose d is the
number of points in the interval (-1,1) at which fog is NOT differentiable.Then the
valueofc+dis _____

Answer: 4
Solution:
f(x) = |2x - 1| + |2x +1]| (Given)
—4x X < _—1
2

1
f(x)=9 2 —<x<-—
x) > 5

4x X>—

g(x) =x-[x] ={x}
—4g(x) g(x)< _—1

Now fog(x)= 2 _71<g(x)<%

400 809>

2 -1<x<—
4{X} —<x<0
fog (x) =
2 0<x<=
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2 —1<x<_—1

4(X+1) %léx<0

fog(x) = 1
2 0<x<=
2
4x 1 <x<1
2
Now check
fog is not continuous atx =0 only =c=1
fog is not differentiable at x = _?1 ,0, % =d=3
c+d=4
! I ! !
12129 12 1
6. The value of the limit
4x/§(sin3x+sinx)

is

lim

Hg (2 sin 2xsin32X +cos SZXJ —(\/E + \/Ecos 2X + oS ?)ij

Answer: 8
Solution:
Using transformation and submultiple angle formula in denominator
] 4\/§(sin3x+sinx)
lim

X

3 cosﬁ—cos7—x+coss—x—x/§.2coszx—cosg—x
2 2 2 2

_ 4\/§(sin3x+sinx)
lmf} 3 5 7
3 cosi—cos—X + cos—x—cos—X —\/E.Zcos2 X
2 2 2 2
. 8\/§sin 2XCOSX
lim

T, . X . . X
X"E251nxsm§+251n3x.51n5—Zx/zcoszx
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8\/§sin 2XCOSX

lim
7 ZSing(sinx +sin3x)— 242 cos? x

16+/2 sinx cos? x

lim ‘. Sin2x = 2sinx cosx

x> ZSing{Z sin 2X.cos x} — 22 cos?x

) 16«/5 sinx
lim

"_’g 2.4sin§sinx - 2\/5

162

1
8.—— 22
2
32 _32_g
8—4 4
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SECTION 2 (Maximum Marks: 24)

¢ This section contains SIX (06) questions.

is(are) the correct answer(s).

e Each question has FOUR options. ONE OR MORE THAN ONE of these four option(s)

e For each question, choose the option(s) corresponding to (all) the correct answer(s).

e Answer to each question will be evaluated according to the following marking scheme:

Full Marks : +4 If only (all) the correct option(s) is(are) chosen;

chosen; both of which are correct;

and it is a correct option;

Partial Marks : +3 Ifall four options is correct but ONLY three options are chosen;

Partial Marks : +2 If three or more options are correct but ONLY two options are

Partial Marks : +1 If two or more options are correct but ONLY one option is chosen

Zero Marks : 0 If none of the options is chosen (i.e. the questions is
unanswered);
Negative Marks : -2 In all other cases.

7. Letb be a nonzero real number. Suppose f = R — R is a differentiable function such that

f(0) = 1. If the derivative f' of f satisfies the equation.

F(x) =)

b? + x*

For all x € R, then which of the following statements is/are TRUE?
(A) If b>0, then fis an increasing function

(B) If b<0, then fis a decreasing function

(C) f(x)f(-x) = 1for allx eR

(D) f(x) - f(-x) = Ofor allx € R

Answer: A,C
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Solution:
Given
f(x
)=
f'(x)_ 1
f(x) b*+x°

On integrating both sides

If'(x)

1
dx = d
f(x) X Ibz +x* x

1 X
/n(f(x))= =tan'| = |[+c
() = — (bj
Putx=0=c=0 '.'f(O): 1 (Given)
Liant(X
(A)f(x) = e® (bJ
v fi(x) = Zf(x)z >0 = f(x) is increasing function
b” +x
f(x)>0VxeR

1 —tan

(C) f(x) f(-x) = e[Btanil[%B_[b 71@]}: ed=1
LiantX “Leant[X
(D) f(x) - f(-x) = €° ) —e® PipgvxeR

8. Let a and b be positive real numbers such that a> 1 and b <a. Let P be a point in the

2 2
first quadrant that lies on the hyperbola X—2—§:1. Suppose the tangent to the
a

hyperbola at P passes through the point (1, 0), and suppose the normal to the
hyperbola at P cuts off equal intercepts on the coordinate axes.Let Adenote the area of
the triangle formed by the tangent at P, the normal at Pand the x-axis. If e denotes the

eccentricity of the hyperbola, then which of the following statements is/are TRUE?
(A) 1<e< \/E
(B) V2 <e<2
(OA=a*
(D)A= b*
Answer: A,D
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Solution:
Normal cuts equal intercepts
SoMi=-1
Mr=1

xsech ytan6 _
a b

1

Equation of tangent at P =

\L Passes through (1, 0)

secO=a

bsec6
atan©

MT:1:>+[ j=1:>b=tan9 ‘ra=secH

b2=2a?(e?-1) = e?-1=sin?0=>e2=1 +sin%0 (.- 0 <0<m/2)
S 1<e<2=1<e<2

Area A = %(AP) (AP) -+ AP = BP

= %[(1 —sec’ 9)2 + (tan2 9)2:| —tan*0=b* " b = tan®

9. Let £R— Rand g: R — R be functions satisfying
flx+y)=f(x) + f(¥) + f(x)f(¥) andf(x) = xg(x)
Forallx,y € R. Iflirrolg(x) =1, then which of the following statements is/are TRUE?

(A) fis differentiable at every x € R

(B) If g(0) = 1,then gis differentiable at every x € R
(C) The derivative f'(1) is equal to 1

(D) The derivative f'(0) is equal to 1

Answer: A,B,D
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Solution:

Given

flx+y)=fxX)+f¥) + (V) crreremrerrernnnnn (1)

f(x)=xg(x) s (2)
Differentiating equation (1) with respect toy

f'(x+ y).1_= f'(y) + f(x) F(y) e (3)
Put y = 0 in equation (3)

“+ From equation (2)

f(x) = xg(x)
differentiating with respect to x
f1(x) =£(0) + f(x)f'(0) evrrrrrrrrernn (4) f'(x) = xg'(X) + g(X) wverrerrns (5)

put x = 0 in equation (5)
we get f'(0) = g(0) =1 (given)
f'(0) = 1 put in equation (4)
f(x)=f(x) +1
f'(x)
1+f(x) -
On integrating both sides

f(x)
We get jmdx :de

=>In(f(x) +1)=X+Crrvvirrrcneenns (6)

Put x = 0 in equation (6)

n (1 +£(0)) =c= c=0 putin equation (6)put x=0 in equation(2)=f(0)=0
1+f(x)=ex

f(x)=ex-1

f(1)=e-1

F(1)=f(1)+1=e-1+1=ef(x)=f(x) +1

F(0)=f(0)+1=0+1=1

f(x) e -1
g(x) = —( ) =—
X X
We have check differentiability at x = 0
e" -1

-1
h

0*) = lim| ————
g'(0%) h

h—0

. (eh—l—hj 1
=lim| ——— |==
h—0 h2 2

€ =29
g'(0-) =lim h
. -1+h 1
lim
h—0 h2 2
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10. Let o, B, v, 0 be real numbers such that a2+ B2+ y2# 0 and o + y = 1.Suppose the point
(3, 2, -1) is the mirror image of the point (1, 0, —1) with respect to the plane ax + By +

vz = 8.Then which of the following statements is/are TRUE?
(AJa+p=2
(B)o-v=3
(C)b+p=4
(D)oa+PB+y=35
Answer: A,B,C
Solution:
Given equation of plane is ax + By + yz =0
1+3 0+2 -1-1

oint is mid point of pp' = , , =(2,1,-1
Qp p pp (2 > 2 j ( )

Since point Q lie on the plane ax + By + yz =0

So2) + B(1) +y(-1) =5
=20+B-y=8 ... (1)
pp' is normal to given plane

C_P Yo (ler)

2 20
> a=2\p=2Ay=0
coat+ty=1 (given)
L20+0=1
= kzl

2

.'.(X=27u=2X%=1,B=27\,=2X%=1,y=0
Now putting value of o, 3, y in Eq. (1) we get.
2(1)+1-0=86 =9d=3

L 0-y=3-0=3

d+Bf=3+1=4

o +B+y=1+1+0=2(#9)
a+Bf=1+1=2
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p(1,0, -1)
/ :Q / X
‘ aX + fy +yz =34
p'(3,2,-1)

8, then which of the following statements is/are TRUE?
(A)a+b=4
(B)a-b=2
(C) The length of the diagonal PR of the parallelogram PQRS is 4
(D) w is an angle bisector of the vectors PQand PS

Answer: A,C

Solution:

S R

a?-bﬁ1

Given
PQ = af+bi
PS=ai-bj

And W=i+]

27t September 2020 |[Mathematics

11. Let a and b be positive real numbers.Suppose W) =al +bj and PS =ai—bj are adjacent
sides of a parallelogramPQRS. Let, iandV be the projection vectors of w :§+jalong

PQ and PS, respectively. If |t | + | V| = |w | and if the area of the parallelogram PQRS is
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W. @| B (? + 3)(a? +bﬁ)‘
PQ| ‘ - ai +bj ‘

=

(a+b)
)5

e/ |

|

a-b

Jaz +b?

—

V-

(i+3)-(af -5}

a?—bﬁ

clul+viHw]
(a+b)+(a-b)

Ja’ +b?
2a=+2Va? +b?

Squaring both side,

=41°% +1?

432 = 2(a? + b?)
2a2 =2b?
a=b

j
b
b

i k
Now, area of parallelogram = |a 0
a 0

= 8= [i(0-0)~j(0-0)+k(-ab—ab)

- \—2ab|2 -8

ab=4=a?2=4 (. a=b)

a=2=b
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a+tb=2+2=4

a-b=2-2=0

Length of diagonal of parallelogram = ‘(a'i\ + bj) + (a? - b'j)‘

PQ +PS = 2ai,2bj # Aw

12. For nonnegative integers s and r, let

s\ s! ifr<s
r) r!(s—r)! ifr>s

For positive integers m and n, let

Where for any nonnegative integer p,

)3 71757

Then which of the following statements is/are TRUE?
(A) (m, n) = (n, m)for all positive integers m, n
(B) (m,n + 1) = (m + 1, n)for all positive integers m, n
(C) (2m, 2n) = 2 (m, n)for all positive integers m, n
(D)(2m, 2n) = ((m, n))?for all positive integers m, n
Answer: A,B,D
Solution:

Given
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f(m,n:p>=§m[n§ 1)

i mc n+i n+p Cpfi |:.‘.(nj:ncr:|
r

i=0

m n+i |n+p
C P .
pn+i-p|p-ijn+p-—p+i

In +i In+p
"\pn+i-pJ{|p—iln+i

=TS

' lpln+i-plp-i

(H%m-% |p-J

P
="Pc, {Z mC.. ”cpi}
i=0

=n+pCp [Mc, "+ ¢ "Gy +e T e ]

V)

T
o

I
Mo
3
0

I
o

I
Mo
3
0

I
o

M'c

Coefficient xPin (1 + x)" (x+1)™
f(m,n,p) = (""Co) (" " "Cp)

g(m,n) _ ‘;2‘ fErr?;nr;]j) A r:Zf; ( n+p(c:+)p(ci+;cp)

p

g(m‘n) — Z m+ncp — 2m+n =7Jn+m
p=0
g(m, n) = g(n,m)
g(2m, 2n) = 22tm+n) = (2m+1)2 = (g(m,n))?

g(m, n+ 1) - 2m+n+1 = 2(m+1)+n:g(m+1’n)
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SECTION 3 (Maximum Marks: 24)

e This section contains SIX (06) questions. The answer to each question is a
NUMERICAL VALUE.

e For each question, enter the correct numerical value of the answer using the mouse
and the on-screen virtual numeric keypad in the place designated to enter the answer.
If the numerical value has more than two decimal places, truncate/round-off the
value to TWO decimal places.

e Answer to each question will be evaluated according to the following marking scheme:
Full Marks : +4 If ONLY the correct numerical value is entered;
Zero Marks : 0 Inall other cases.

13. An engineer is required to visit a factory for exactly four days during the first 15 days
of every month and it is mandatory that no two visits take place on consecutive days.
Then the number of all possible ways in which such visits to the factory can be made by

the engineer during 1-15 June 2021 is

Answer: 495.00
Solution:
To select = 4 days
not selected days = 11 days
gaps =12
2, - 12x11x5x%x9 _ 495
24

14. In a hotel, four rooms are available. Six persons are to be accommodated in these four
rooms in such a way that each of these rooms contains at least one person and at most
two persons. Then the number of all possible ways in which this can be done is

Answer: 1080
Solution:

by grouping
1

/

6— > 1

NNt

6!
x 41
111121212121
__ 720 5,
2x2x2x%x2

=1080
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15. Two fair dice, each with faces numbered 1, 2, 3, 4, 5 and 6, are rolled together and the
sum of the numbers on the faces is observed. This process is repeated till the sum is
either a prime number or a perfect square. Suppose the sum turns out to be a perfect
square before it turns out to be a prime number. If pis the probability that this perfect
square is an odd number, then the value of 14 pis _____

Answer: 8.00
Solution:

Sum is prime =
2(1L,1)
3(1,2)(2,1)
5(2,3)(3,2) (1,4) (41)
7 (1,6) (2,5) (3,4) (4,3) (5,2) (6,1)
11 (5,6) (6,5)
15 5
36 12
Perfect square = 4,9
3 4

P(prime) =

7
P(perfect square) = —
(p q )36
4 (14 4 14\ ( 4
— 4| — || — |+ — — [
36 (36)\36) (36) |36
7 14 7 (14Y( 7
4 x—+| = e T
36 36 36 \36) 36
1 (14)( 1 14Y( 1
Al — ] — || — |+ — — [ eeeenn
36 (36/)\36) (36) |36
1 14 1 (14V(1
7l —4+——x—+] — | | — [+ eorrrems
36 36 36 (36)\36

oot
7

Required probability(p) =

S 14p =14 x §=8
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X

4
16. Let the function f: [0, 1] —R be defined by f(x)= o
+

(a3 B2

Answer: 19.00

Then the value of

Solution:
Given
f:[0,1] >R
4X
f(x) = X g (1)
Replacex > 1 -x
. 4
I
f“"X)'41X+z‘4+2
4X
_ 4
S 442.4
= f(1-x)= 2 (2)
2+ 4
Adding (1) and (2) we get
4* 2
S fx) +f(1-x) = 7 D
LX) +Hf(1-x)=1 3)

So,f(£6j+f[£%]+ ...... f(%%j+f(%%)+f[%%)—f[%)
+f(%)+ ..... +f[%)+ ..... +f(1—%)+f(1—%)+f(l—%}—f(%)
o e R R ) R IR O R B R

(From equation (3))

=1+1+1 +1+f(@j—(lj
19 times 40 2
1 1
=19+ f| = |-f| =
f3)-3)
=19
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17. Let f: R — R be a differentiable function such that its derivative f is continuous and
f(m) = -6.
IfF: [0, n] — R s defined by F(x) :I:f(t)dt ,and if

IO (f’(x)+F(x))cosxdx =2,
Then the value of f(0)is _____
Answer: 4.00
Solution:
Given, F: [0, ] = R

F(x) = 'Xff(t)dt
0

Using Newton Leibniz

F'(%) = f(x) C%{x—f(O)%(O)

N YRR (69 I (1)

'.—';]

(f (X)+F( ))cosx dx=2

f'(x)cosx dX+IF(X)COSXdX 2 e (2)

O —y @

™

jf (x)cosx dx+jF(x)cosxdx =2
Usmg by parts, we get

:>jf (x)cosx dx+(F(x) smx IF(X)smx dx=2
= j f'(x)cosx dx +(F(m).sin(r) - F(0)sin(0)) - j F'(x)sinx dx =2
:'Tff'(x)cosx dx—jff(x)sinx dx=2 ( F'(x):f(x))

0 From (1)

= [(f'(x)cosx—f(x)sinx)dx =2

d

= [—(f(x)cosx)dx =2
X

Ol O3 ©
Q.

= f(x)cosx|;E =2

:[f(n).cos(n) f(0).cos(0 )]

= [(-6)(-1) ~f(0)] = 2 (~f(r)=-56)
= [6-(0)] =
=f(0) =4
27t September 2020 |[Mathematics Page | 20
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18. Let the function f: (0, 7) = R be defined by f{8) = (sinf + cos )2 + (sinf - cos G)*.
Suppose, the function f has a local minimum at 6 precisely when 8 € {Aim, ..., Arm},

where 0 <A1 < -+ <Ar< 1.Then the value of A1+ -+ + Aris
Answer: 0.50
Solution:

Given, f{0) = (sinf + cos 6)2 + (sinf - cos 6)*

= sin20 + cos20+ 2sinf cos 8 + ((sin6 - cos0)?)?2

=1 +sin20 + (sin20 + cos20 - 2sinBcos0)2

=1 +sin26 + (1 - sin20)2

=1 +sin26 + 1+ sin? 20 - 2sin20

=sin% 20 - sin20 + 2

. 1Y 7

= f(0)= (S|n26 - Ej + 2

+0e [0, 7]

.. 20€]0, 2m]

f(0) min. when sin20 = %

5n

~20=L12"
6’6

k1+k2:i+£
12 12

7\41+7\,2:l =0.50
2
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