EXERCISE 13.1

1. Evaluate the following:
(|) | 457

(i) i 528

(iii) 1/ i°®

(iv) i3+ 1/

(V) [I 41+ 1/i 257]

(Vi) (I 77+ 70 4 87 + j 414)3
(Vii)i30+i40+i60

(Viii) i 49+ 68 + 89 4 j 110
Solution:

(I) j 457

Let us simplify we get,
i457 =i (456 +1)
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= 4(114) o i

= (1) x |
=i [since i* = 1]

(ii) i 528

Let us simplify we get,

=1 [since i* = 1]

(iii) 1/ i°®
Let us simplify we get,
1/ i58 - 1/ | 56+2
=1/i%®xi2
=1/ (i) x i?

=1/ i? [since, i* = 1]
= 1/-1 [since, i?

(iv) i3 + 1/ %
Let us simplify we get,
i 37 4 1/i 67 — i36+1 + 1/ i64+3
=i+ 1/i® [since, i* = 1]

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

' RD Sharma Solutions for Class 11 Maths Chapter 13 —
m BYJ U S Complex Numbers

The Learning App

=i+i

=2i
(V) [I 41 4 1/i 257]
Let us simplify we get,
[i 14 1/i 257] — [i40+1 +1/ i256+1]

=[i + 1/i]° [since, 1/i = -1]
=[i-1]
0

(VI) (I 77 + | 70 + | 87 + | 414)3

Let us simplify we get,

(i [ i 70 4 i 87 4 i 414)3= (i(76+1) + i(68+2) + i(84+3) + i(412+2) ) 8
=(i+i2+iB+i)3[sinceiP=—1i,i2=-1]
=(+CD+ED+HED)’
=(-2)°
=_8

(vii) i30+i40 460

Let us simplify we get,

i 30 4 i 40 4 i 60 — i(28+2)+ i40 + i60
— (i4)7 i2 + (i4)10 + (i4)15
=-1+1+1
=1

(Viii) i %9 +§ 68 + j 89 4 j 110

Let us simplify we get,
i 49 4 i 68 4 i 89 4 i 110 — i(48+1) + i68 + i(88+1) + i(116+2)

= (i%2xi + (i + (i9)%xi + (i%)%°xi?

=i+1+i-1

= 2i
2. Show that 1 + it + i? + {%0 js a real number?
Solution:
Given:

1+ i10+ i20+ i30= 1+ i(8+2)+ i20+ i(28+2)
=1+ (i4)2 X 2 + (i4)5 + (i4)7 X 2
=1-1+1-1[since, i*=1,i?=-1]
=0
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Hence , 1 + il + i + i® js a real number.

3. Find the values of the following expressions:
(i) 49 + 68 + {8 + j110
(”) i30 + i80 + ilZO
Gii)i+ic+id+i4
(iv) P+ i+
(V) [i592 + {590 + 588 4 {586 4. {5841 / [582 4 580 . {578 4 {576 4 {574]
(vi)L+i2+i*+i+i8+ .. +i%
(i) @+i)+@1-i)d
Solution:
(i) 9 + 68 + 89 4 jL10
Let us simplify we get,
i49 + i68 + i89 + i110= i (48 +1) + i68 + i(88+1) + i(108+2)
- (i4)12 X |+ (i4)17 + (i4)22 X i+ (i4)27 X j2
=i+1+i-1[sincei*=1,i>°=-1]
=2i
o 49 4 68 + j89 + jL10 = 9j

(ii) i% + 8 + 120
Let us simplify we get,
i30 + i80 + i120 - i(28+2) + i80 + i120
- (i4)7 X 2 + (i4)20 + (i4)30
=—1+1+1[sincei*=1,i?=-1]
i30 + i80 + i120 i- 1

(i) i+ 2+ +i

Let us simplify we get,

i+i+P+it=i+iz+ilxi+ it
=i—1+(1)xi+1[sincei*=1,i>=-1]
=i-1-1+1
=0

Si+i2+id+it=0

(iv) i° + i + it
Let us simplify we get,
i5 + i10 + i15 - i(4+1) + i(8+2) + i(12+3)

- (i4)1xi + (i4)2Xi2 + (i4)3xi3
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- (i4)1xi + (i4)2><i2 + (i4)3xi2xi
=Ixi+1x (1) +1x(-1)xi
=i-1-i
=-1
SP+i0+5=1

(V) [i592 + {590 4 588 4 586 4 {5B4] [ 582 + {580 4+ {578 4 {576 4 j574]
Let us simplify we get,
[i592 + 590 4 588 4 586 4 {5841 / [582 4 {580 4 {578 4 {576 4 {574]
= [i10 (i582 + {580 + {578 + {576 4+ {574) / ({582 4 {580 4 {578 4 {576 4 {574)]
— ;10
=i
=i
— (i4)2 i2
= (1)? (-1) [since i* =1, i? = -1]

=-1
o [i92 + {59 4 {588 4 {586 4 {584] / [{582 4 {580 4 {578 4 {576 4 {574] = -1

(Vi)L+i2+i*+i®+i8+ . +i®

Let us simplify we get,

1+i2+it+i0+i8+ . +i0=1+(-1D)+1+(-1)+1+..+1
=1

R A I R LI R o G|

(vii) (A +i)°+ (@1 -i)

Let us simplify we get,

L+ + @i ={@+D)*P+L-i)*L-10)
={1+i2+2P+ @ +i?2)1-i)
={1-1+2iF+(1-1-2)(1-i)
= (2i)* + (- 2i)(1 i)

8i% + (— 2i) + 2i?

—8i—2i—2[since i¥=—1i,i?=—-1]

-10i-2

—2(1 + 5i)
=-2-10i

S+ +(1-i)=-2-10i
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1. Express the following complex numbers in the standard form a + ib:
H@+1i@+2i

(i) B3+20)/(-2+1)

(iii) 1/(2 + i)?

(iv)(1-D) /(2 +1)

(v) (2 +i)3/ (2 +3i)

(vi) [(1 + 1) (L +V3i)]/ (A - i)
(vii) (2 + 3i) / (4 + 5i)

(viii) (1 -i)2/ (1 -i®)

(ix) (1 + 2i)3

(X) (3=4i)/[(4-2i)(1L+1)]
(xi)

1 2 3 — 44
(1—41' 1—I—i) (5+i)
(xii) (5 +V2i) / (1-2i)
Solution:
() (Q+i)@+20)
Let us simplify and express in the standard form of (a + ib),
(L +10) (1 +2i) = (1+i)(1+2i)
1(1+2i)+i(1+2i)
1+2i+i+2i?
= 1+3i+2(-1) [since, i?= -1]
= 1+3i-2
=-1+3i
=~ The values of a, b are -1, 3.

(i) 3+ 20) /(-2 +1)

Let us simplify and express in the standard form of (a + ib),

B+20)/(-2+1)=[(3+20)/(-2 +1)] x (-2-1) / (-2-1) [multiply and divide with (-2-i)]
= [3(-2-i) + 2i (-2-)]/ [(-2)* - (i)’]

= [-6 -3i — 4i -2i%] / (4-i%)

[-6 -7i -2(-1)] / (4 — (1)) [since, i2=-1]

=[-4-71]/5

=~ The values of a, b are -4/5, -7/5

(iii) 1/(2 + i)?
Let us simplify and express in the standard form of (a + ib),
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12 +i)? = 1/(22 + 2+ 2(2) (i)
=1/ (4 -1+ 4i) [since, i?= -1]
= 1/(3 + 4i) [multiply and divide with (3 — 4i)]
= 1/(3 + 4i) x (3 —4i)/ (3 —4i)]
= (3-4i)/ (32— (4i)?)
= (3-4i)/ (9 — 16i?)
= (3-4i)/ (9 — 16(-1)) [since, i?=-1]
= (3-4i)/25
=~ The values of a, b are 3/25, -4/25

(iv)(Q-) /(@ +1)

Let us simplify and express in the standard form of (a + ib),

A-D/@A+)=(@-0)/@Q+1)x(2-)/(1-i) [multiply and divide with (1-1)]
= (12+i2-2(0)(i)) / (12—

(1+(-1)-2i)/(1-(-1))

-2i/2

= -

~ The values of a, b are 0, -1

(V) (2+i0)3/(2+3i)
Let us simplify and express in the standard form of (a + ib),
(2+0)3/(2+3i) = (22 + i+ 3(2)2(i) + 3(1)?(2)) / (2 + 3i)
= (8 + (i%.i) + 3(4)(i) + 6i%) / (2 + 3i)
= (8 + (-1)i + 12i + 6(-1)) / (2 + 3i)
= (2 +11i)/ (2 + 3i)
[multiply and divide with (2-3i)]
= (2 + 11i)/(2 + 3i) x (2-3i)/(2-3i)
= [2(2-3i) + 11i(2-31)] / (22 - (3i)?)
= (4 — 6i + 22i — 33i%) / (4 — 9i?)
= (4 + 16i — 33(-1)) / (4 — 9(-1)) [since, i?= -1]
= (37 + 16i) / 13
=~ The values of a, b are 37/13, 16/13

(vi) [(1 + i) (L +V3i)]/ (L -i)

Let us simplify and express in the standard form of (a + ib),

[(L+i) (L +V3D)]/ (L -i)=[1A+V3i) + i(1+V3D)] / (1-i)
= (L +\3i+i+3i9)/(1-i)
= (1 + (V3+1)i + V3(-1)) / (1-i) [since, i2= -1]
= [(1-V3) + (1+\3)i] / (2-i)
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[multiply and divide with (1+1i)]
= [(A-V3) + (L+V3)i] / (1-i) x (L+i)/(L1+i)

= [(1-V3) (1+i) + (1+V3)i(1+D)] / (12 - D)
= [1-V3+ (1-V3)i + (1+V3)i + (1+V3)i4] / (1-(-1)) [since, i2= -1]
= [(1-V3)+(1-V3+1+V3)i+(1+V3)(-1)] / 2

= (-2\3 + 2i) / 2
=-\3+i
= The values of a, b are -V3, 1

(vii) (2 + 3i) / (4 + 5i)
Let us simplify and express in the standard form of (a + ib),
(2 + 3i) / (4 + 5i) = [multiply and divide with (4-5i)]
= (2 + 3i) / (4 + 5i) x (4-51)/(4-51)
= [2(4-5i) + 3i(4-5i)] / (4% — (5i)?)
=[8 — 10i + 12i — 15i?] / (16 — 25i?)
= [8+2i-15(-1)] / (16 — 25(-1)) [since, i? = -1]
= (23 +2i)/41
-~ The values of a, b are 23/41, 2/41

(viii) (1 - )3/ (1 -®)
Let us simplify and express in the standard form of (a + ib),
(1-0)3/ (1% =[1%-3(0)% + 3(2)(i)> - i¥] / (1-i%)
=[1-3i+ 3(-1)-i%i] / (1 - (-1)i) [since, i?=-1]
=[-2-3i—(-1)i]/ (1+i)
= [-2-4i] / (1+1)
[Multiply and divide with (1-i)]
= [-2-4i] 1 (1+i) x (1-1)/(1-i)
= [-2(1-i)-4i(1-i)] / (12 - i)
= [-2+2i-4i+4i%] | (1 - (-1))
= [-2-2i+4(-1)] /2
= (-6-2i)/2
=-3-1i
=~ The values of a, b are -3, -1

(ix) (1 + 2i)3
Let us simplify and express in the standard form of (a + ib),
(1+2i)3=1/@1+2i)

= 1/(13+3(1)? (2i)+2(1)(2i)? + (2i)°)

= 1/(1+6i+4i*+8i%)
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= 1/(1+6i+4(-1)+8i%.i) [since, i*= -1]
= 1/(-3+6i+8(-1)i) [since, i*=-1]
= 1/(-3-2i)
= -1/(3+2i)
[Multiply and divide with (3-21)]
= -1/(3+2i1) x (3-21)/(3-2i)
= (-3+2i)/(3% - (2i)?)
= (-3+2i) / (9-4i?)
= (-3+21) / (9-4(-1))
= (-3+2i) /13
-~ The values of a, b are -3/13, 2/13

(X)(B3-4i)/[(4-20)(1L+1)]
Let us simplify and express in the standard form of (a + ib),
(3—-4i)/[(4-2i) (1 +1)]=(3-4i) [4(1+1)-2i(1+i)]
= (3-4i)/ [4+4i-2i-2i?]
= (3-4i)/ [4+2i-2(-1)] [since, i?=-1]
= (3-4i)/ (6+2i)
[Multiply and divide with (6-2i)]
= (3-4i)/ (6+2i) x (6-2i)/(6-2i)
[3(6-2i)-4i(6-2i)] / (6% — (2i)?)
[18 — 6i — 24i + 8i?] / (36 — 4i?)
=[18 — 30i + 8 (-1)] / (36 — 4 (-1)) [since, 2= -1]
= [10-30i] / 40
=(1-3i)/4
=~ The values of a, b are 1/4, -3/4

(xi)

1 2 3 — 4
1 — 44 141 5+

Let us simplify and express in the standard form of (a + ib),
(H-2)E) -Gy 5

() (5)

(G (5D

(=) (&)
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_(—1+90)(3-40)

C (5-3i)(5+i)

_ —1(3-41)+9i(3-1)
" 5(5+i)-3i(5+i)
_ —3+4i+27i-9i°

© 25+5i—15i—3i2

_ —3+31i-9(-1)

T 25-10i-3(-1)
6+31i

"~ 28-10i

[Multiply and divide with (28+10i)]

G6+31i 28+10d

T 28-10i * 28+10i

_ 6(28+100)+31i(28+101)
o 282(10{)2

_ 168+60i+868i+310i°
o 784-100i2

_ 168+928i+310(-1)
T 784-100(-1)

_ 478+928i
" gg4

Therefore value of a, b are 478/884, 928/884.

(xii) (5 +V2i) / (1-V21)
Let us simplify and express in the standard form of (a + ib),
(5 +72i) / (1-V2i) = [Multiply and divide with (1+2i)]
= (5 +32i) / (1-V2i) x (1+V2i)/(1+2i)
= [5(1+2i) + V2i(1+V2i)] / (12— (N2)?)
= [5+5~2i + \2i + 213 / (1 - 2i)
=[5+ 672i + 2(-1)] / (1-2(-1)) [since, i?= -1]
= [3+62i]/3
= 1+ 272i
= The values of a, b are 1, 212

2. Find the real values of x and vy, if

D (x+iy)(2-3i) =4+

(i) Bx-2iy) (2 +i)>=10(1 +1)

(i) (1+1i)x —2i . (2 —3i)y +i .
3+1i 3 —i
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(iv)(A+i) (x+iy)=2-5i

Solution:

() (x+iy)(2-3i) =4+

Given:

(x+iy)(2-3i))=4+i

Let us simplify the expression we get,
X(2-3i)+iy(2-3i)=4+i

2X - 3xi + 2yi- 3yi=4 +i

2X + (-3x+2y)i - 3y (-1) = 4 + i [since, 2= -1]
2X + (-3x+2y)i + 3y = 4 + i [since, i?= -1]
(2x+3y) + i(-3x+2y) =4 +1i

Equating Real and Imaginary parts on both sides, we get
2X+3y = 4... (1)

And -3x+2y = 1... (ii)

Multiply (i) by 3 and (ii) by 2 and add

On solving we get,

6X-6X—-9y +4y =12+ 2

13y =14

y =14/13

Substitute the value of y in (i) we get,
2x+3y =4

2x + 3(14/13) =4

2x =4 — (42/13)

= (52-42)/13
2x = 10/13
x =5/13

x =5/13,y = 14/13
=~ The real values of x and y are 5/13, 14/13

(i) Bx—2iy) (2+1)?>=10(1 +i)
Given:
(3% - 2iy) (2+i)?= 10(1+i)
(3x - 2yi) (22+i%+2(2)(i)) = 10+10i
(3x - 2yi) (4 + (-1)+4i) = 10+10i [since, i?= -1]
(3x - 2yi) (3+4i) = 10+10i
Let us divide with 3+4i on both sides we get,
(3x - 2yi) = (10+10i)/(3+4i)
= Now multiply and divide with (3-41i)
= [10(3-4i) + 10i(3-4i)] / (3% — (4i)?)
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= [30-40i+30i-40i%] / (9 — 16i?)
= [30-10i-40(-1)] / (9-16(-1))
= [70-10i]/25
Now, equating Real and Imaginary parts on both sides we get
3x = 70/25 and -2y = -10/25
x=70/75andy=1/5
x=14/15andy =1/5
=~ The real values of x and y are 14/15, 1/5

(1T+i)x—21 (2—-3i)y +1i
3+1i 3 —1i

=1

(iii)
Given:
(1+ilx—2i (2—-3i)y +1i
3+i . 3-1
((a+dx—21)-0)+((2-30y+)3+))
(3+i)(3-1)
((1+)(3-0)x) - 203 -1)+((2-23DE+i)y ) +()(3+i)

22_;2 =1

{3 —i+3i-i® }x—ﬁ:’+2!’z+{6+2 :'—9:'—3:'2}_}-‘+3:'+:'2
9—-(—-1) =1

(3+2i-(-1))x—6it2(—1)+{6-7i-3(-1))y+3i+(-1)
10 = [since, i=-1]

(4+2i) x-3i-3 + (9-7i)y = 10i
(4x+9y-3) + i(2x-7y-3) = 10i
Now, equating Real and Imaginary parts on both sides we get,
4x+9y-3=0 ... (1)
And 2x-7y-3 =10
2x-7y =13 ... (ii)
Multiply (i) by 7 and (ii) by 9 and add
On solving these equations we get
28x + 18x + 63y — 63y = 117 + 21
46x = 117 + 21
46x = 138
x = 138/46

=3
Substitute the value of x in (i) we get,
4x+9y-3 =0
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9y =-9
y =-9/9
=-1
x=3andy=-1

=~ The real values of x and y are 3 and -1

(iv) (A +1) (x+1iy) =2 -5i
Given:
(L+i)(x+iy)=2-5i
Divide with (1+1) on both the sides we get,
(X +1y) = (2 - 51)/(1+1)
Multiply and divide by (1-i)
= (2 - 51)/(1+i) x (1-D)/(1-)
= [2(1-i) — 5i (1-i)] / (1% - i?)
=[2 - 7i+5(-1)] / 2 [since, i?=-1]
= (-3-7i)/2
Now, equating Real and Imaginary parts on both sides we get
x=-3/2andy =-7/2
=~ The real values of x and y are -3/2, -7/2

3. Find the conjugates of the following complex numbers:
() 4 - 5i

(i) 1/ (3 + 5i)

(i) 1/ (1 +1)

(iv) 3-i)2/ (2 +1i)

M[L+D)2+i)]/(B+1)

(Vi) [B=21)(2+3D]/[(2 +2i) (2-1)]

Solution:

(i) 4 — 5i

Given:

4 —5i

We know the conjugate of a complex number (a + ib) is (a - ib)
So,

~ The conjugate of (4 — 5i) is (4 + 5i)

(i) 1/ (3 + 5i)

Given:

1/ (3 +5i)

Since the given complex number is not in the standard form of (a + ib)
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Let us convert to standard form by multiplying and dividing with (3 — 5i)
We get,

1 1 3—51
=X
I4+5i 3451 3-5i

_ 3-5i
T 32 (5i)2
_ 3-5i

"~ g9-2542

3-51

~ 9-23(-1) [

Since, i2=-1]
3-51
34

We know the conjugate of a complex number (a + ib) is (a - ib)
So,

=~ The conjugate of (3 —5i)/34 is (3 + 5i)/34

i) 1/@+1
Given:
1/(1+1)

Since the given complex number is not in the standard form of (a + ib)

Let us convert to standard form by multiplying and dividing with (1 — 1)
We get,

1 1 1—i
Tei 1+ 1-i
I
122
1
1-(-1) [since, i2 = -1]
1
T2

We know the conjugate of a complex number (a + ib) is (a - ib)
So,

=~ The conjugate of (1-1)/2 is (1+1)/2
(iv) 3-i)2/(2+1i)

Given:

(3-i)2/(2+1i)

Since the given complex number is not in the standard form of (a + ib)
Let us convert to standard form,
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(-2 3%+i%-2(3)(1)
241 2+

_ 9+{-1)-6i
2+ [Since, i2=-1]
g—6i

2+

Now, let us multiply and divide with (2 - 1) we get,
8—-6i 8—6i 2-i

241 241 2-i

g(2—i)—6i{2-1)
= 22_!'2

16—8i—12i+6i°
4-(-1)  [Since, i =-1]
16—20i+6(—1)

=]

_10-20d

= 10/5 — 20i/5

=2 —4i
We know the conjugate of a complex number (a + ib) is (a - ib)
So,
=~ The conjugate of (2 — 4i) is (2 + 4i)

M[A+D)@2+D)]/(3+1)

Given:

[A+D)2+D]/@B+I)

Since the given complex number is not in the standard form of (a + ib)

Let us convert to standard form,
(1+iM2+i) _ 1(2+i)+i(2+i)

3+i 3+i

2+i42i+i?

3+
24+3i+(—1)

3+ [Since, 2 =-1]
143

3+
Now, let us multiply and divide with (3 - 1) we get,
1+31 _ 1431  3-1

3+i 3+ 30

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

' RD Sharma Solutions for Class 11 Maths Chapter 13 —
m BYJ U S Complex Numbers

The Learning App

1(3—i)+3i(3-1)
32_!'2

I—i+9i—3i°

9-(-1)  [Since, i2=-1]
3+8i-3(-1)
10
. 6+81
10
3 4
=-+ —
o o
We know the conjugate of a complex number (a + ib) is (a - ib)

So,
=~ The conjugate of (3 + 4i)/5 is (3 — 41)/5

(Vi) [(3—=2i) (2+3D)]/[(1+2i)(2-1)]

Given:

[(B3-2i) (2+3D]/[(1+2i)(2-10)]

Since the given complex number is not in the standard form of (a + ib)
Let us convert to standard form,

(3-2i)(z+3i) _ 3(2+31)-2i(2+3i)

A+2002-1)  1(2-D+2i(2—0)
_ 6+9i—4i—6i°
T o2—i+4i-242
_ 6+5i-6(—1)
C 2+43i-2(-1)
_ 12+5i
T 443i
Now, let us multiply and divide with (4 - 31) we get,
12451  12+5i  4-3i
4+3i  4+43i  4-3i
_12(4-3i)+5i(4-3)
N 42—(3i)2
_ 48-36i+20i—15i°
N 16-9i2

_ 48-16i-15(-1)
T 16-9(-1)
65 — 162
N 25
We know the conjugate of a complex number (a + ib) is (a - ib)
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=~ The conjugate of (63 - 161)/25 is (63 + 16i)/25

4. Find the multiplicative inverse of the following complex numbers:
(i)1-i

(i) (1 + i V3)?

(i) 4 - 3i

(iv) V5 + 3i

Solution:

(i)1—i

Given:

1-i

We know the multiplicative inverse of a complex number (Z) is Z* or 1/Z
So,

Z=1-1

71— 2
1—1

Let us multiply and divide by (1 + 1) we get,
1 1+i

T 1-i T 1+

1+

C12(i)®
1+i

1= [since, i2 = -1]
. 1+i

2
~ The multiplicative inverse of (1 - i) is (1 +1)/2

(i) (1 + i V3)?

Given:

(1 +iV3)?

Z=(1+iV3)?
=12+ (iV3)2 + 2 (1) (iV3)
=1+3i2+2iV3
=1+ 3(-1) + 2 iV3 [since, i2 = -1]
=1-3+2i\3
=-2+2i\3

We know the multiplicative inverse of a complex number (Z) is Z* or 1/Z
So,
Z=-2+2i3
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https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

' RD Sharma Solutions for Class 11 Maths Chapter 13 —
m BYJ U S Complex Numbers

The Learning App

1
—2 4 2i/3
Let us multiply and divide by -2 - 2 i3, we get
1 —2—24/3i
- —2+2431 T —2-243i

Z—'l

. —2-243i
N {—2]2—{2-,5:'}2
_—2-243i

T 4-1242

_ —2-24/3i

T g-12(-1)

_ —2-243i
16
—1 —iv/3
T8 8
= The multiplicative inverse of (1 + iV3)? is (-1-iV3)/8

(iii) 4 — 3i
Given:
4 —3i
We know the multiplicative inverse of a complex number (Z) is Z or 1/Z
So,
Z=4-3i
7zt 1
4 — 32
Let us multiply and divide by (4 + 31), we get
1 4+31
X

4—-31 4+31

443
T 42_(30)2
443
T 16-9i2
443
T 16-9(-1)

4+31
23

=~ The multiplicative inverse of (4 — 3i) is (4 + 31)/25
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(iv) V5 + 3i

Given:

V5 +3i

We know the multiplicative inverse of a complex number (Z) is Z* or 1/Z

So,

Z=+5+3i

B 1

VB +3i

Let us multiply and divide by (V5 — 3i)
1 V5-3i

V5+3i 4/5-3i

Z—'l

/53
- 2
(V3) —(31)2
_4/5-3i
" 5-gi2
_ /5-3i
~ 5-9(-1)
_ 45-3i
T 14

- The multiplicative inverse of (N5 + 3i) is (\5 - 3i)/14

5. Ifz1=2—-i,zz=1+1i, find
Z1 +2Z2 +1

71 —Zg +1i
Solution:
Given:
Z1=(2—1)and z;=(1 + 1)
We know that, |a/b| = |a| / |b

S0,
zy+zx+1] |z 4z 41|
z,—z, 4l |z -z, +il
_2—ir1+ie]
T |2=i—(1+i)+il
4l
l1-i]
_ 2 4 2
We know, |a +ib| is vVa® +
S0 now,
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V42+02
JIEH(-12

4

y 2
=242

Z,+2.+1

is 2v/2

Zy—Zo+i

6.1fz1=(2-1),z2=(-2 +1), find

(i)Re (ZEZ)
(i)Im (lez_l)

Solution:
Given:
z1=(2-1)andz, = (-2 + 1)

(i)Re

L1743

Z1

We shall rationalise the denominator, we get

2149 2149 El

= *
1 g
(21)%22
217
(2 —d)2 (=2 +1)
| 212 [since, zz = |z|?]
(22 +4% —2x2xd) (=2 +1)
2 — 1|2
(4 —1—44)(—2 +1)
22 + (—1)2
(3 —41)(—2+1)
4+
3(—2+1) —4i(—2 + 1)
441
—6+31+8+4

D
—2+ 11z

)
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. The real value of (zl_zz) is —2

1 5
.. 1
(ii)Im (313_1)
1 1

z:Z: |z1]?

ERLE
_ 1
224 (—1)2
1
T 44+1
_1
=z 1
.. The imaginary value af( — )."s 0
2121

7. Find the modulus of [(L + i)/(L - )] - [( - i)/(L + i)]
Solution:
Given:
[(1+0)/(L-D]-[Q-/(1+10)]
So,
Z=[1+D/@Q-D)]-[@-D/Q+1)]
Let us simplify, we get

= [(1+i) (1+i) — (1-0) (2-D)]/ (12— ?)

= [12 + 2 + 2(1)(i) — (12 + 2 2(1)(i)] / (1 - (-1)) [Since, i2 = -1]

= 4i/2

=2i
We know that for a complex number Z = (a+ib) it’s magnitude is given by |z| = V(a® + b?)
So,
2] = + 22

=2

- The modulus of [(1 + i)/(L - )] - [(L - i)/(L + i)] is 2.

8. If x + iy = (a+ib)/(a-ib), prove that x> + y> =1

Solution:
Given:
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X + iy = (a+ib)/(a-ib)
We know that for a complex number Z = (a+ib) it’s magnitude is given by |z| = V(a% + b?)
So,

la/b| is |a] / |b]
Applying Modulus on both sides we get,
) .1 |a+ib
lx +iy| = —
[xZ ¥ y2 = letibl
VX Ty |la—ib|
yaZ+b?
~ Ja+(-b)?
v ﬂ-z+bz
y aZ+h?

Squaring on both sides we get,
2
(Vxz+y2) =17

xHyi=1
.. Hence Proved.

9. Find the least positive integral value of n for which [(1+i)/(1-1)]" is real.
Solution:
Given:
[(1+1)/(2-D]°
Z = [(1+i)/(2-)]"
Now let us multiply and divide by (1+i), we get
1+i 1+i
T 1T 1w

_ (a+)?
T g2z

_124%+2(0)()
T 1-(-1)
1-1+2i

=i [which is not real]
For n =2, we have
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[(A+)/(1-)]* =12

= -1 [which is real]
So, the smallest positive integral ‘n’ that can make [(1+1)/(1-1)]" real is 2.
=~ The smallest positive integral value of ‘n’ is 2.

10. Find the real values of 0 for which the complex number (1 + i cos 0) / (1 — 2i cos
0) is purely real.
Solution:
Given:
(1+1cosB)/(1—-2icos0)
Z=(1+1cos0)/(1—-2icos0)
Let us multiply and divide by (1 + 2i cos 0)
1+icosd 1+2icos8
1-2icosd 1+2icos8

1{1+2icos8)+icosB(1+2icos8)
12—{2icos8)2

1+2icos@+icosf+2i*cos® @
1-4i%cos? @
1+3icosf4+2{—1)cos®8
1—4(—1)cos® @
1-2 cos® @+ 3icosd
1+4cos® g

For a complex number to be purely real, the imaginary part should be equal to zero.
So,

3cosd

1+4cos28 =0
3cos 0 =0 (since, 1 + 4cos?0 > 1)
cos0=0

cos 6 = cos n/2
0=[2ntl)n]/2,forn€ Z
=2nm /2, forne Z
=~ The values of 0 to get the complex number to be purely real is 2nn + w/2, forn € Z

11. Find the smallest positive integer value of n for which (1+i)"/ (1-i) "2 is a real
number.

Solution:

Given:

(A+i)"/ (1-i)2

Z = (1+i)"/ (1-i)"?
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Let us multiply and divide by (1 - i)?
@)™ (a-i)?
- (1-i)yn-2 X (1-i)2

() x (-
() % (12 + 2 2(1)()

( ) X (1+i%—2i)

(1Z+a +2(1){i)
1-(-1)

(1 1+2!) ){[: 21)
@) x (—2i)

= 1" x (—2i)
= _2jntl
Forn=1,
Z =-2it"t
= -2i?
= 2, which is a real number.
~ The smallest positive integer value of n is 1.

) x (14 (—1) —20)

12. 1 [(1+i)/(1-D)] = [(1-)/(1+D)]2 = x + iy, find (X, y)
Solution:
Given:

[(+i)/(1-D] - [(1-i)/(A+D)P =x + iy
Let us rationalize the denominator, we get

1+i 1+i 3 1-—i 1-i 3 .
(—.x—.) —(—.K—.) =X +1y
1—i 1+i 1+i 1—i “

({11;—!:2 )3 ({113—!:]2) =X+ ijé'

12+ 2 +2(1)(i) 12 4+i2—2(1)(i)
Py (B0
(

1-(-1) 1{1])_I+£:F

3
1- 1+2!) (1 1- 2!) _ J[+l"|é"

-2 -
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P—(-i)*=x+iy

2i8=x+iy

2 =x+iy

2-D)l=x+1y

22i=xX+ 1y

Equating Real and Imaginary parts on both sides we get
x=0andy=-2

=~ The values of x and y are 0 and -2.

13. If (1+i)2/ (2-i) = x + iy, find x +y
Solution:
Given:
(1+i)2 / (2-1) = x + iy
Upon expansion we get,
1242 4+2(10i)
2—i
1+(—1)+2i
2—i
2i .
T X +1y

Now, let us multiply and divide by (2-+1). we get
2+ Ly
2—i 2+ -

=x+1iy

=x +1iy

4i+2i*
22_!'2

=x+1iy

2(—1)+4i
4—(-1)

=x+1y

—2+41 .
—— —x +iy

=]

Let us equate real and imaginary parts on both sides we get,
x=-2/5andy =4/5

SO,

X+y=-2/5+4/5
= (-2+4)/5
=2/5

=~ The value of (x +y) is 2/5
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EXERCISE 13.3

1. Find the square root of the following complex numbers.
(i)—5 + 12i

(i) -7 - 24i

(iii) 1-i

(iv) - 8 - 6i

(v) 8 — 15i

(vi) -11 - 60V-1

(vii) 1 + 4V-3

(viii) 4i

(ix) -i

Solution:

ifb=0va+ib==

(a+\x’az+b2)5+f(—a+v”az+b2)i
2

fb<0,Varh== (“m) _;(—a+m)

2

(i) -5+ 12i

Given:

—5+12i

We know, Z=a+ib

So, V(a + ib) = V(-5+12i)
Here,b >0

Let us simplify now,

i
z

N ey
m5 121 = + | (2T

1
. f 5+ (—5)2+122)\2
N e
v 2 ! ( 2

[Since, b = 0]

|
-+

1 1
(—5+-.,-25+ 144)2 +i (5+-¢'m)1
2 2
[ L 1
—5+/169\z . [5+/160)\2
(o) 1t
2 2
i 1 1
—3+13%\z . f3+13 0%z
(e (2]
2 2

Il
I+

Il
-+
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_—

=

1
18

Gy +i(3

)

= + 45+ i97]

=12

+ 3i]

=~ Square root of (— 5 + 12i) is £[2 + 3i]

(ii) -7 — 24i
Given:

-7 — 24i

We know, Z =

Here, b <0

-7 —
So, V(a + ib) = V(-

24i
7 - 24i)

Let us simplify now,

V=7 — 24i =

|
I+ -+ -+

+

=~ Square root of (
(i) 1 -1

Given:

1-1i

We know, Z = (1 -

(

1

+ (—?+¢T:?ﬁ:f:5ﬁ3)5__i(?+q{—?
2

RD Sharma Solutions for Class 11 Maths Chapter 13 —
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1
12+(—24)%)\2
2

1 1
( T+y49+a?6)§ ?+{49+;?ﬁ)z]

1
Ty 2

62:)

i

7+25

2

)]

(
()i

)]

T+EJ)
az

iz

2

012 _j1612]
3 —4i]

-7~ 24i) is + [3 - 4i]

1)

So, V(a + ib) = V(1 - i)

?+u62:) ]

https://byjus.com
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Here, b <0
Let us simplify now,

1
Vi—i (1@% :_ 5(‘1+w"{1;2+{—1]2)

I
-+

] [Since, b < 0]

Il [

- H
o, L o I
n +

+
Rl P |2
] b=k
—. 13
(RN (=
| s
— |
""_'I‘“ —
[ —
B | |
- =k
kAl +
S [
(=R (=
R +
(=
L
b=
[

() =)

«. Square root of (1 - i) is + [(N(N2+1)/2) — i (N(N2-1)/2)]

(iv) -8 -6i

Given:

-8 -6i

We know, Z = -8 -6i
So, V(a + ib) = -8 -6i
Here,b <0

Let us simplify now,

1

V8—6i=1 (‘9+v'f£—912+{—632)5 _ E(SH-'{—SJZHL—&JZ

2 {

] [Since, b < 0]

1

(—8+-.,-M)E i (Sﬂ'm)
2 2

_ s N
(—3+-,.- 100)5 i (8+~.,.' lﬂﬂ)z
2 2

(e
-]

- [11/-2 —i 91/2]

[N

|
-+

Il
I+

Il
-+

Il
I+
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=+[1-3i]
=~ Square root of (-8 -6i) is = [1 — 3i]
(v) 8 —15i
Given:
8 — 15i

We know, Z =8 — 15i
So, V(a + ib) = 8 — 15i
Here,b <0

Let us simplify now,

VB— 157 =  |(ZEHEEE)

: l i
8+/64+225\2 i(—8+-¢64+225)z
( 2 ) o 2

|
-+

8+'.,. )

|
I+
—_—

I
-+
s

o
ra |+
=
=]
\..___..-*

1
|+
~~
”lm
L
(RN
|
—
—
=)

I
I+
| ! L)
|
|

e
=+ 12 (5-=3i)

[

1
z JI:(—9+,‘;‘92+{—15]3 z

] [Since, b < 0]

—_——

(- “;mf]

- Square root of (8 — 15i) is + 1/v2 (5 — 3i)

(vi) -11 - 60V-1

Given:

-11 - 60V-1

We know, Z = -11 - 60V-1

So, V(a + ib) = -11 - 60V-1
= -11 — 60i

Here, b <0

Let us simplify now,
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1

V—11—60i = + ( 11+,/(—11)2+(-60)2 )T;_ i(ll+w"(—121]z+'i60]z 1
. [Since, b < 0]
11+/121+36001%2 11+121+36001%2
-+ S 1
11+4/3 g 11443721
- |y ]
11+61 ; 11+61
- [(mey (]
-+ |2 -i2y]
= + [25% - i363]
= £ (5-061)
= Square root of (-11 - 60V-1) is * (5 — 6i)
(vii) 1 + 4V-3
Given:
1+47-3

We know, Z = 1 + 4V-3
So, V(a+ib) =1+ 4+-3

=1+ 4(\3) (\-1)
=1+ 43i
Here, b >0
Let us simplify now,
1+ |12+(43)° : —1+ [124(443)2 :
Ji+4/3i=1 ”:J +i| —

[Since, b = 0]

|
-+

_ 1 1
l+-,."m z . —1+'.,.'m z
+1 .
2

|
|+
—
i
+
b |2
s
0
p —
[ 3]
+
—
I
A
|+
=
s
e
(RN
[ S
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- 1 1
£ 1)
2 2

Il
I+
—~
[ e]
| S
[N
-+
o
~——
[ SN
| S
[ENE
—

|
-+

4 + i33]
= i[E + \.-"Ei]
«. Square root of (1 + 4V-3) is % (2 + \3i)

(viii) 4i

Given:

4i

We know, Z = 4i
So, \(a + ib) = 4i
Here,b >0

Let us simplify now,

1
2z

(Zaaz (pZ a2

3 0+ 0% +4 .0+ 0%4+4
i=+||——— | +1

v - ( 2 2

Iy (u+-¢2ﬂ+ 15)1

1
2

] [Since, b = 0]

[

=+2(1+1)
~. Square root of 4i is + \2 (1 + i)

(ix) —i

Given:
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-i

We know, Z = -i
So, V(a + ib) = -i
Here,b <0

Let us simplify now,

=T (oﬁ;m

2

|
-+

I
I+

I
I+

_i'[L_L
|57
=+ 1A2(1-1)

Il
-+
11
T
il P
=]
fo—
I
e

-
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[

i (U+y-'02+{—1]2)5]
2
[Since, b < 0]

«. Square root of —i is + 12 (1 - i)
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PAGE NO: 13.57

1. Find the modulus and argument of the following complex numbers and hence
express each of them in the polar form:

H1+i

(i) V3 +i

(i) 1-i

(iv)(1-i)/(Q+1)

(V) /(1 +1)

(vi) (A +2i)/(1-3i)

(vii) sin 120° — i cos 120°

(viii) -16 / (1 + iV3)

Solution:

We know that the polar form of a complex number Z = x + iy is given by Z = |Z| (cos 6 +
i sin 0)

Where,

12| = modulus of complex number = V(x? + y?)

0 = arg (z) = argument of complex number = tan™ (|y| / |x|)

(i)1+i
Given: Z=1+1i
So now,
1Z] = VO + y?)
=N(1? + 1?)
=1 +1)
=2
6 = tan™ (ly| / |x])
=tan® (1/1)
=tan?t1

Since x > 0, y > 0 complex number lies in 1% quadrant and the value of 0 is 0°<6<90°.
0=nmn/4

Z =2 (cos (n/4) + i sin (n/4))

= Polar form of (1 + i) is V2 (cos (n/4) + i sin (n/4))

(i) V3 +i
Given: Z=3 +i
So now,
1Z] =N + y?)
= V(B3 + 17
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=V@B+1)
=4
=2
0 =tan™ (lyl / X))
=tan (1/43)
Since x > 0, y > 0 complex number lies in 1% quadrant and the value of 0 is 0°<6<90°.
0= n/6
Z = 2 (cos (n/6) + i sin (w/6))
= Polar form of (V3 + i) is 2 (cos (n/6) + i sin (n/6))

(i) 1 - i
Given: Z=1-1i
So now,
2] = V(2 + y?)
=12+ (-1)?)
=1 +1)
=2
0 =tan (y| / [x))
=tan® (1/1)
=tan?t 1
Since x > 0, y < 0 complex number lies in 2" quadrant and the value of 0 is -90°<0<0°.
0 = -n/4
Z =2 (cos (-n/4) + i sin (-n/4))
=2 (cos (n/4) - i sin (n/4))
« Polar form of (1 - i) is V2 (cos (n/4) - i sin (n/4))

(iv)(1-1)/(1+1)
Given: Z=(1-1)/(1+1)
Let us multiply and divide by (1 - 1), we get

. 1-i 1-i
B 1+i 1-i
(-
o122

124+ -2(1)()
T 1-(-1)
_1+(-1)-2i
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So now,
2] = V(2 + y?)
=V(0? + (-1))
=0 + 1)
=1
tan™ (lyl / X))
tan™t (1/0)
= tan oo
Since x > 0, y < 0 complex number lies in 4" quadrant and the value of 0 is -90°<0<0°.
0 =-n/2
Z =1 (cos (-n/2) + isin (-n/2))
=1 (cos (n/2) - i sin (n/2))
~ Polar formof (1 -1i) /(1 +1) is 1 (cos (n/2) - i sin (n/2))

0

(v) /(1 +1)
Given: Z=1/(1+1)
Let us multiply and divide by (1 - i), we get

1 1-i

o 1+i 1-i

So now,
2] =N + y?)
=V((1/2) + (-1/2)?)
=(1/4 + 1/4)
=(2/4)
=12
0 =tan™ (lyl / |X|)
=tan? ((1/2) / (1/2))
=tan'1
Since x > 0, y < 0 complex number lies in 4" quadrant and the value of 0 is -90°<0<0°.
0=-n/4
Z = 1IN2 (cos (-n/4) + i sin (-n/4))
= 12 (cos (n/4) - i sin (n/4))
= Polar form of 1/(1 + i) is 1/N2 (cos (n/4) - i sin (n/4))
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(vi) (1 +2i)/ (1 -3i)
Given: Z=(1+2i)/(1-3i)
Let us multiply and divide by (1 + 3i), we get
1+2i 1+31i
1-3i 7 1431
1(1+30)+2i(1+30)
T 12 (@)
1+3i+2i+6i°
- 1-9i2
1+5i+6(—1)
T 1-9(-1)
—345i
10
—1+i
2
So now,
2] =N + y?)
=((-1/2)2 + (1/2)?)
=V(1/4 + 1/4)
=(2/4)
=112
0 = tan™ (lyl / [x|)
=tan? ((1/2) / (1/2))
=tan?t1
Since x < 0, y > 0 complex number lies in 2" quadrant and the value of 0 is 90°<0<180°.
0 = 3n/4
Z = 1IN2 (cos (3n/4) + i sin (3n/4))
= Polar form of (1 + 2i) / (1 — 3i) is 172 (cos (3n/4) + i sin (3n/4))

(vii) sin 120° —i cos 120°
Given: Z =sin 120° —i cos 120°
=3/2 —i (-1/2)
=3/2 +i (1/2)
So now,
1Z] = NOE + y?)
= V((V3/2) + (1/2)?)
=(3/4 + 1/4)
= (4/4)
1

1
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0 =tan (y|/ [x))
=tan ((1/2) / (N3/2))
= tan (1/7/3)
Since x > 0, y > 0 complex number lies in 1% quadrant and the value of 0 is 0°<6<90°.
0 =n/6
Z =1 (cos (n/6) + i sin (n/6))
= Polar form of ¥3/2 + i (1/2) is 1 (cos (n/6) + i sin (n/6))

(viii) -16 / (1 + iV3)
Given: Z =-16 / (1 + iV3)
Let us multiply and divide by (1 - iV3), we get
-16 1—i4/3
- 1+:'-.,."§ 1—:'-.,."§
_ —16+i1643
N 12—{!"..."5}2
—16+i16+3
R EETE

—16+i1643
1-3({-1)
—16+i16+/3
e
=-4+i4\3
So now,
2] =N + y?)
=((-4)? + (4\3)?)
= (16 + 48)
=(64)
=8
0 = tan™ (ly| / |x])
= tan™ ((4V3) / 4)
= tan™ (\3)
Since x < 0, y > 0 complex number lies in 2" quadrant and the value of 0 is 90°<0<180°.
0 =2n/3
Z =8 (cos (2n/3) + i sin (2n/3))
= Polar form of -16 / (1 + iN3) is 8 (cos (2x/3) + i sin (2n/3))

2. Write (i%°)® in polar form.
Solution:

Given: Z = (i?°)®
— js

https://byjus.com


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

U, RD Sharma Solutions for Class 11 Maths Chapter 13 —
m BYJ S Complex Numbers

The Learning App
=i
— (i2)37. i
= (-1)%. |
= (-1). |
=-i
=0-i
So now,
1Z] = NOE + y?)
=V(0%+ (-1)?)
=0+ 1)
=1
tan™ (ly] / [x])
tan™t (1/0)
= tan oo
Since x > 0, y < 0 complex number lies in 4" quadrant and the value of 0 is -90°<0<0°.
0 =-n/2
Z =1 (cos (-n/2) + i sin (-n/2))
=1 (cos (n/2) - i sin (n/2))
=~ Polar form of (i%°)% is 1 (cos (n/2) - i sin (n/2))

0

3. Express the following complex numbers in the form r (cos 0 + i sin 0):
l+itana

(i) tan o —i

(i) 1 —sina +icos a

(iv) (1 - 1)/ (cos /3 + i sin @/3)

Solution:

()l+itana

Given:Z=1+itana

We know that the polar form of a complex number Z = x + iy is given by Z = |Z| (cos 6 +
I sin 0)

Where,

|Z| = modulus of complex number = V(x? + y?)

0 = arg (z) = argument of complex number = tan™ (|y| / |x|)

We also know that tan o is a periodic function with period =.

So a is lying in the interval [0, n/2) U (n/2, «t].

Let us consider case 1:
a € [0, n/2)
So now,
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2] = r=Npe +y?)
= V(12 + tan? )
= V( sec? o)
= |sec a| since, sec a. is positive in the interval [0, ©/2)
0 = tan™ (lyl / [x])
=tan (tan o/ 1)
= tan (tan o)
= a since, tan a is positive in the interval [0, 7/2)
=~ Polar formis Z = sec o (cos o + 1 Sin o)

Let us consider case 2:
a € (n/2, n]
So now,
2] = r = e +y?)
= V(12 + tan? )
= ( sec? o)
= |sec q|
= - sec o, since, sec o is negative in the interval (n/2, x]
0 = tan™ (ly| / [x])
tan? (tan o / 1)
tan? (tan o)
-1 + a Since, tan a is negative in the interval (n/2, x]
0 = -m + a [since, 0 lies in 4" quadrant]
Z =-sec a (cos (a - ) + isin (o - 7))
=~ Polar form is Z = -sec a (cos (o - ©) + i sin (o - 7))

(i) tan o — i

Given: Z=tano — i

We know that the polar form of a complex number Z = x + iy is given by Z = |Z| (cos 6 +
I sin 0)

Where,

|Z| = modulus of complex number = V(x? + y?)

0 = arg (z) = argument of complex number = tan™ (|y| / |x|)

We also know that tan o is a periodic function with period =.

So a is lying in the interval [0, n/2) U (n/2, «t].

Let us consider case 1:
a € [0, n/2)
So now,
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12 = r =2 +y?)
= (tan? o + 12)
= V( sec? o)
= |sec a| since, sec a. is positive in the interval [0, ©/2)
=sec o,
0 =tan (ly| / [x])
= tan (1/tan o)
= tan (cot o) since, cot a is positive in the interval [0, n/2)
= a - m/2 [since, 0 lies in 4™ quadrant]
Z =sec a (cos (o - m/2) +isin (a - ©/2))
=~ Polar form is Z = sec a (cos (o - ©/2) + i sin (o - w/2))

Let us consider case 2:
a € (n/2, m)
So now,
2= r=NE +y?)
= (tan? o + 12)
= ( sec? o)
= |sec q|
= - sec o since, sec o is negative in the interval (n/2, n]
0 = tan™ (ly| / [x)
= tan? (1/tan a)
= tan (cot a)
= n/2 + o since, cot a IS negative in the interval (n/2, «]
0 = /2 + o [since, 0 lies in 3" quadrant]
Z =-sec a (cos (n/2 + a) + isin (n/2 + a))
=~ Polar form is Z = -sec a (cos (n/2 + a) + i sin (/2 + o))

(ili) 1 —sina+icosa
Given: Z=1-sino +1cos a
By using the formulas,
Sin0+cos?H=1
Sin20=2sin 6 cos 0

Cos 206 = cos? 0 —sin® 0

So,

z = (sim2 (%) + cos? G; — 2sin (%] cos (%D +i t:msz (%) — sin? (g))
= (CGS G) — sin (g)) +1 (n:c:rsE (%) — sin? (g):l
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We know that the polar form of a complex number Z = x + iy is given by Z = |Z| (cos 6 +

I sin 0)
Where,
|1Z| = modulus of complex number = V(x? + y?)

0 = arg (z) = argument of complex number = tan? (ly| / x|)
Now,

|z| = /(1 — sina)? + cos2a

=1 +sinZa — 2sina + cosZa
=+/1+1—2sina
= /(2)(1 - sina)

= J(z) (51112 G) + cos? G) — 2sin G) cos GD
= @ (cos(%) s (%))

= [V2(cos(3) —sin (3))

et [ (D07)
o ((m(;)_m@)
B b))
(cor(@)-sm(2)

=tan~?! (tan (E + E))
4 2

We know that sine and cosine functions are periodic with period 2n
Here we have 3 intervals:

0<a<m/2

/2 <o < 3n/2

3n/2<a<2n
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Let us consider case 1:

In the interval 0 < a < n/2

Cos (a/2) > sin (0/2) and also 0 < /4 + a/2 < 7/2
So,

1= (e ) -sm 2)]
- (3 cos(2) - ()
6 = tan~* (tan (£ +3))

= /4 + /2 [since, O lies in 1 quadrant]
= Polar form is Z = V2 (cos (a/2) — sin (0/2)) (cos (n/4 + a/2) + i sin (n/4 + a/2))

Let us consider case 2:

In the interval n/2 < o < 3n/2

Cos (a/2) <sin(o/2) and also t/2 < /4 + a/l2 <=
So,

- N2 cos(9) ~sn (2)
-~ (cos(&) - (9)
2 (an(9) cos(9)

o =t (in(5+9)

=m—[n/4 + w2] [since, 8 lies in 4% quadrant]
=3m/4 - a2
Since, (1 - sin o) > 0 and cos a < 0 [Z lies in 4™ quadrant]
= a/2 - 3n/4
= Polar form is Z = -\2 (cos (a/2) — sin (a/2)) (cos (a/2 - 3n/4) + i sin (a/2 - 3n/4))

Let us consider case 3:

In the interval 3n/2 <o <2n

Cos (a/2) < sin (a/2) and also < /4 + a/2 < 5n/4
So,
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|z| = |\."E (ms G) —sin GD'
= —\2 (cus G) —sin GD
=2 (sin G) —cos G))

0 = tan (tan (n/4 + 0/2))

=1 — (n/4 + 0/2) [since, O lies in 1st quadrant and tan’s period is 7]
=0/2 - 3n/4

= Polar form is Z = -V2 (cos (a/2) — sin (a/2)) (cos (o/2 - 3n/4) + i sin (/2 - 3n/4))

(iv) (L - 1)/ (cos m/3 + i sin 7/3)
Given: Z=(1-1)/(cos n/3 + i sin 1/3)
Let us multiply and divide by (1 - iV3), we get

1-i

Z=1Tim

1
_+_
2 2
1-i 1—:'-..."§
1+!".,."§ 1—!".'.@
1+!'z',."§—!'{ 1+'.,.'l§}
1-i%3
(1+{—'.,."§}—!'|[1+'.,."§})
1-(-3)
. {1—'.,.'5]—!'{ 1+'.,."§}
=2 X :
{1—y"§}—!'{l+'.,."§}
2

We know that the polar form of a complex number Z = x + iy is given by Z = |Z| (cos 6 +
I sin 0)

Where,

|Z| = modulus of complex number = V(x? + y?)

0 = arg (z) = argument of complex number = tan™ (|y| / |x|)
Now,

- [T

_ J 14+3—24/3+14+24+243
o 4

=2X

=2 X
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l+»3
8 =tan?! (

= tan‘l( )
— tan‘l( EJ’ é;{

1+3+24/3
1-3

— 4+243
=tan~?! (—)
2

; [ibf

r.u'l

Lu'l

)

1+ '.,.'_]I

)

=tan~?! (

Since x < 0, y < 0 complex number lies in 3" quadrant and the value of 0 is 180°<0<-90°,

=tan (2 + \3)
=-Tn/12
Z =2 (cos (-7n/12) + i sin (-7n/12))
=2 (cos (7n/12) - i sin (7n/12))
= Polar form of (1 - i) / (cos n/3 + i sin 1/3) is V2 (cos (7n/12) - i sin (7n/12))

4. If z; and z are two complex number such that |z1| = |z2| and arg (z1) + arg (22) = =,

then show that Z1 = —Z2
Solution:

Given:

|z1| = |z2| and arg (z1) + arg (z2) ==
Let us assume arg (z1) = 0

arg(zz)=mn-06
We know that in the polar form, z = |z| (cos 6 + i sin 0)
Z1=|za| (cos O +isin Q) ............. (1)

Z2=z2| (cos (m - 0) + i sin (x - 0))
= |z2| (-cos 6 + i sin B)
= - |zz| (cos B — i sin 0)
Now let us find the conjugate of
Zr= -z (cos B +isind) ...... (ii) (since, |22 = |22))
Now,
21/ Z2 = [|z4] (cos O + i sin 0)] / [-|z| (cos O + i sin 0)]
= - |z1| / |z2] [Since, |z1| = |z2]]
=-1
When we cross multiply we get,
1= - 272
Hence proved.
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5. If z1, z2 and z3, z4 are two pairs of conjugate complex numbers, prove that arg

(z1/z4) + arg (z2/z3) = 0

Solution:

Given:

7y =12

£y — £y

We know that arg (z1/z2) = arg (z1) — arg (z2)

S0,

arg (z1/z4) + arg (22/z3) = arg (1) —arg (zs) + arg (z2) —arg (z3)
= arg (%) —arg (z4) + arg (z2) — arg (%)
= [arg (z2) + arg (£2)] — [arg (z2) + arg (%)]
=0 -0 [since, arg (z) + arg (Z) = 0]
=0

Hence proved.

6. Express sin /5 +i (1 — cos 7/5) in polar form.
Solution:
Given:
Z=sinn/5+1(1—cos n/5)
By using the formula,
sin 26 =2sin 6 cos 6
1- cos 20 = 2sin? 0
So,
Z = 2 sin n/10 cos n/10 + i (2 sin? n/10)
=2 sin ©/10 (cos /10 + i sin /10)

=~ The polar form of sin /5 + i (1 — cos @/5) is 2 sin ©/10 (cos ©/10 + i sin w/10)
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