BYJ U.S RD Sharma Solutions for Class 11 Maths Chapter 7 — Values of
m Trigonometric Functions at Sum or Difference of Angles

The Learning App

EX

ERCISE 7.1 PAGE NO: 7.19

1. If sin A = 4/5 and cos B = 5/13, where 0 <A, B < 7/2, find the values of the
following:
(i) sin (A + B)
(ii) cos (A + B)
(iii) sin (A - B)
(iv) cos (A -B)
Solution:
Given:
sin A =4/5and cos B =5/13
We know that cos A = V(1 - sin? A) and sin B = V(1 - cos? B), where 0 <A, B < /2
So let us find the value of sin A and cos B
cos A = V(1 -sin? A)
= (1 - (4/5)?)
= (1 - (16/25))
=((25 - 16)/25)
=(9/25)
=3/5

sin B = V(1 - cos? B)
=(1 - (5/13)%)
= V(1 - (25/169))
= V(169 — 25)/169)
= \(144/169)
=12/13

(i) sin (A + B)
We know that sin (A +B) = sin A cos B + cos A sin B
So,
sin (A +B) =sin A cos B + cos Asin B
=4/5 x 5/13 + 3/5 x 12/13
= 20/65 + 36/65
= (20+36)/65
= 56/65

(i) cos (A + B)

We know that cos (A +B) = cos A cos B —sin Asin B
So,
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cos (A +B)=cos AcosB-sin AsinB
= 3/5x 5/13 — 4/5 x 12/13
= 15/65 — 48/65
=-33/65

(iii) sin (A —B)
We know that sin (A - B) =sin A cos B —cos A sin B
So,
sin(A-B)=sin AcosB-cos AsinB
=4/5 x 5/13 — 3/5 x 12/13
= 20/65 — 36/65
=-16/65

(iv) cos (A—B)
We know that cos (A -B) = cos A cos B +sin Asin B
So,
cos (A -B) =cos Acos B +sin Asin B
=3/5 x 5/13 + 4/5 x 12/13
= 15/65 + 48/65
= 63/65

2. (a) If Sin A =12/13 and sin B = 4/5, where ©/2<A <& and 0 <B < /2, find the
following:

(i) sin (A + B) (ii) cos (A + B)

(b) If sin A =3/5, cos B =-12/13, where A and B, both lie in second quadrant, find
the value of sin (A +B).

Solution:

(a) Given:

Sin A = 12/13 and sin B = 4/5, where n/2<A <m and 0 <B < r/2

We know that cos A = - V(1 - sin? A) and cos B = V(1 - sin? B)

So let us find the value of cos A and cos B

cos A =-(1-sin? A)

- V(1 - (12/13)?)

- V(1-144/169)

~((169-144)/169)

- V(25/169)

- 5/13
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cos B = V(1 - sin? B)
=~(1 - (4/5)%)
= (1-16/25)
= ((25-16)/25)
=V(9/25)
=3/5
(i) sin (A +B)
We know that sin (A + B) =sin A cos B + cos A sin B
So,
sin (A +B) =sin A cos B + cos Asin B
=12/13 x 3/5 + (-5/13) x 4/5
= 36/65 — 20/65
= 16/65

(i) cos (A + B)

We know that cos (A +B) = cos A cos B —sin Asin B
So,

cos (A +B) =cos A cos B —sin Asin B

-5/13 x 3/5 —12/13 x 4/5

-15/65 — 48/65

- 63/65

(b) Given:
sin A = 3/5, cos B =—-12/13, where A and B, both lie in second quadrant.
We know that cos A = - V(1 - sin? A) and sin B = V(1 - cos? B)
So let us find the value of cos A and sin B
cos A =-(1-sin? A)
=- (1 - (3/5)?)
- V(1- 9/25)
- V((25-9)/25)
- \(16/25)
- 4/5

sin B = V(1 - cos? B)
= V(1 - (-12/13)%)
= (1 - 144/169)
= V((169-144)/169)
= (25/169)
= 5/13
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We need to find sin (A + B)

Since, sin (A + B) =sin Acos B + cos Asin B
= 3/5 x (-12/13) + (-4/5) x 5/13
= -36/65 — 20/65
= -56/65

3. If cos A =—24/25 and cos B = 3/5, where n <A < 3n/2 and 37/2 <B < 2=, find the
following:

(i) sin (A + B) (ii) cos (A + B)

Solution:

Given:

cos A =—24/25 and cos B = 3/5, where n <A < 3n/2 and 37/2 <B <2=n
We know that A is in third quadrant, B is in fourth quadrant. So sine function is negative.
By using the formulas,

sin A =-+(1 - cos? A) and sin B = -\(1 - cos? B)

So let us find the value of sin A and sin B

sin A=-(1-cos?A)

- V(1-(-24/25)?)

- V(1-576/625)

- V((625-576)/625)

- \(49/625)

-7125

sin B = -\(1 - cos? B)
= - V(1-(3/5)%)

= - \(1-9/25)

- V((25-9)/25)

- V(16/25)

- 4/5

(i) sin (A + B)

We know that sin (A + B) =sin A cos B + cos Asin B
So,

sin (A +B) =sin Acos B +cos AsinB

7125 x 3/5 + (-24/25) x (-4/5)

-21/125 + 96/125

75/125

=3/5
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(ii) cos (A + B)
We know that cos (A + B) =cos A cos B—-sin Asin B
So,
cos (A +B)=cosAcosB-sinAsinB
= (-24/25) x 3/5 — (-7/25) x (-4/5)
=-72/125 — 28/125
-100/125
- 4/5

4. If tan A =3/4, cos B = 9/41, where <A < 3n/2 and 0 <B < x/2, find tan (A + B).
Solution:
Given:
tan A = 3/4 and cos B = 9/41, where n© <A < 3n/2 and 0 <B < n/2
We know that, A is in third quadrant, B is in first quadrant.
So, tan function And sine function are positive.
By using the formula,
sin B = V(1 - cos? B)
Let us find the value of sin B.
sin B = V(1 - cos? B)
= V(1- (9/41)?)
= V(1- 81/1681)
= ((1681-81)/1681)
= (1600/1681)
=40/41

We know, tan B = sin B/cos B
= (40/41) / (9/41)
= 40/9
So, tan (A + B) =(tan A +tan B) / (1 — tan A tan B)
= (3/4 + 40/9) / (1 — 3/4 x 40/9)
(187/36) / (1- 120/36)
(187/36) / ((36-120)/36)
(187/36) / (-84/36)
=-187/84

5. 1f sin A=1/2, cos B =12/13, where n/2<A <7 and 3n/2 <B < 2=, find tan(A - B).
Solution:

Given:

sin A =1/2, cos B =12/13, where n/2<A <m and 3n/2 <B <2n
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We know that, A is in second quadrant, B is in fourth quadrant.

In the second quadrant, sine function is positive, cosine and tan functions are negative.
In the fourth quadrant, sine and tan functions are negative, cosine function is positive.
By using the formulas,

cos A =- V(1 -sin? A) and sin B = -\(1 - cos? B)

So let us find the value of cos A and sin B

cos A =-(1-sin? A)

-N(1 - (112)3)

-\(1- 1/4)

- V((4-1)14)

-(3/4)

~3/2

sin B = -(1 - cos? B)
= - \(1-(12/13)3)
= - \(1- 144/169)
= - V((169-144)/169)
= - \(25/169)
=-5/13

We know, tan A =sin A/ cos A and tan B=sin B/ cos B
tan A = (1/2)/( -V3/2) = -1/N3 and
tan B = (-5/13)/(12/13) = -5/12

So, tan (A-B) =(tan A—tan B) / (1 + tan A tan B)
= ((-1~3) = (-5/12)) / (1 + (-1/\3) x (-5/12))
= ((-12+5V3)/12¥3) / (1 + 5/12~3)
= ((-12+5V3)/1243) / ((12+3 + 5)/12+3)
= (5V3-12)/ (5 + 12V3)

6. If sin A = 1/2, cos B = V/3/2, where n/2<A <7 and 0 <B < /2, find the following:
(i) tan (A + B) (ii) tan (A - B)

Solution:

Given:

Sin A = 1/2 and cos B = V3/2, where n/2 <A < m and 0 <B < 7/2

We know that, A is in second quadrant, B is in first quadrant.

In the second quadrant, sine function is positive. cosine and tan functions are negative.
In first quadrant, all functions are positive.

By using the formulas,
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cos A =- (1 - sin? A) and sin B = V(1 - cos? B)
So let us find the value of cos A and sin B

cos A =-(1-sin? A)

=- V(1 - (1/2)?

-V(1- 1/4)

-V((4-1)/4)

-\(3/4)

\3/2

sin B = V(1 - cos? B)
=(1-(\N3/2)?)
=(1- 3/4)
= ((4-3)/4)
=(1/4)
=1/2

We know, tan A =sin A/ cos A and tan B =sin B/ cos B

tan A = (1/2)/( -V3/2) = -1/N3 and

tan B = (1/2)/(N3/2) = 1N3

(i) tan (A + B) = (tan A + tan B) / (1 — tan A tan B)
= (-3 + 1A3) / (1 — (-1N3) x 1~3)
=0/(1+1/3)
=0

(i)tan (A-B)=(tan A—tanB) / (1 + tan A tan B)
= ((-1N3) = (AN3)) 1 (1 + (-1N3) x (1N3))
= ((-2N3) 1 (1 - 1/3)
= ((-2IN3) / (3-1)/3)
= ((st) /2/3)
=-43

7. Evaluate the following:

(i) sin 78° cos 18° — cos 78° sin 18°
(ii) cos 47° cos 13° - sin 47° sin 13°
(iii) sin 36° cos 9° + cos 36° sin 9°
(iv) cos 80° cos 20° + sin 80° sin 20°
Solution:

(i) sin 78° cos 18° — cos 78° sin 18°
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We know that sin (A - B) =sin A cos B — cos A sin B
sin 78° cos 18° — cos 78° sin 18° = sin(78 — 18) °
=sin 60°
=32

(i) cos 47° cos 13° - sin 47° sin 13°
We know that cos A cos B —sin A sin B =cos (A + B)
cos 47° cos 13° - sin 47°sin 13° = cos (47 + 13) °

= cos 60°

=1/2

(iii) sin 36° cos 9° + cos 36° sin 9°
We know that sin (A +B) =sin A cos B + cos Asin B
sin 36° cos 9% + cos 36° sin 9° =sin (36 + 9) °

=sin 45°

= 112

(iv) cos 80° cos 20° + sin 80° sin 20°
We know that cos A cos B + sin A sin B =cos (A - B)
cos 80° cos 20° + sin 80° sin 20° = cos (80 - 20) °

= cos 60°

=%

8. If cos A =-12/13 and cot B = 24/7, where A lies in the second quadrant and B in
the third quadrant, find the values of the following:
(i) sin (A + B) (ii) cos (A + B) (iii) tan (A + B)
Solution:
Given:
cos A =-12/13 and cot B = 24/7
We know that, A lies in second quadrant, B in the third quadrant.
In the second quadrant sine function is positive.
In the third quadrant, both sine and cosine functions are negative.
By using the formulas,
sin A =(1 - cos? A), sin B = - 1/\(1 + cot? B) and cos B = -(1 - sin? B),
So let us find the value of sin A and sin B
sin A =+(1-cos? A)
= (1 - (-12/13)?)
= (1 - 144/169)
= V((169-144)/169)
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= (25/169)
=5/13

sin B = - 17(1 + cot? B)
= - 1N(1 + (2417)?)
= - 1N(1 + 576/49)
-1N((49+576)/49)
-1N(625/49)
-1/(2517)

-7/25

cos B = -V(1 - sin? B)

= N(1-(-7/25)%)

-\(1-(49/625))

\((625-49)/625)

-\(576/625)

-24/25

So, now let us find

(i) sin (A + B)

We know that sin (A + B) =sin A cos B + cos A sin B
So,

sin (A +B) =sin A cos B + cos Asin B

5/13 x (-24/25) + (-12/13) x (-7/25)
-120/325 + 84/325

-36/325

(i) cos (A + B)
We know that cos (A + B) =cos A cos B-sin Asin B
So,
cos (A +B)=cosAcosB-sinAsinB
=-12/13 x (-24/25) — (5/13) x (-7/25)
= 288/325 + 35/325
= 323/325

(iii) tan (A + B)

We know that tan (A + B) =sin (A+B) / cos (A+B)
= (-36/325) / (323/325)
=-36/323
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9. Prove that: cos 7a/12 + cos /12 = sin 57/12 — sin ©/12
Solution:

We know that, 7n/12 = 105°, ©/12 = 15°; 5n/12 = 75°

Let us consider LHS: cos 105° + cos 15°

cos (90° + 15°) + sin (90° - 75°)

-sin 15° + sin 75°

sin 75° - sin 15°

= RHS

~ LHS = RHS

Hence proved.

10. Prove that: (tan A + tan B) / (tan A —tan B) =sin (A + B) / sin (A - B)
Solution:
Let us consider LHS: (tan A + tan B) / (tan A — tan B)

tanA + tanB _ 5 + 22

tanA — tanB ~ SsinA __ sinB
cosA cosB

s5inA cosB + cosA sinB
_ cosA cosB

5inA cosB — cosA sinB
cosA cosB
We know that sin (A +B)=sin Acos Bt cos Asin B
_sin(A+ B)
~ sin(A— B)
= RHS
~ LHS =RHS

Hence proved.

11. Prove that:

(i) (cos 11° + sin 11°) / (cos 11° —sin 11°) = tan 56°

(i) (cos 9° + sin 9°) / (cos 9° — sin 9°) = tan 54°

(iii) (cos 8° —sin 8°) / (cos 8° + sin 8°) = tan 37°

Solution:

(i) (cos 11° + sin 11°) / (cos 11° —sin 11°) = tan 56°

Let us consider LHS:

(cos 11° + sin 11°) / (cos 11° —sin 11°)

Now let us divide the numerator and denominator by cos 11° we get,

(cos 11° + sin 11°) / (cos 11° —sin 11°) = (1 + tan 11°) / (1 — tan 11°)
= (1 +tan 11°) / (1- 1xtan 11°)
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= (tan 45° + tan 11°) / (1 — tan 45° x tan 11°)

We know that tan (A+B) = (tan A + tan B) / (1 — tan A tan B)
So,
(tan 45° + tan 11°) / (1 —tan 45° x tan 11°) = tan (45° + 11°)
= tan 56°
= RHS
.~ LHS = RHS
Hence proved.

(i) (cos 9° + sin 9°) / (cos 9° — sin 9°) = tan 54°

Let us consider LHS:

(cos 9° + sin 9°) / (cos 9° — sin 99)

Now let us divide the numerator and denominator by cos 9° we get,

(cos 9° + sin 9°) / (cos 9° —sin 9°) = (1 + tan 9°) / (1 — tan 9°)
=(1+tan9°) /(1 -1 x tan 9°)

= (tan 45° + tan 9°) / (1 — tan 45° x tan 9°)

We know that tan (A+B) = (tan A + tan B) / (1 — tan A tan B)
So,
(tan 45° + tan 9°) / (1 — tan 45° x tan 9°) = tan (45° + 9°)
= tan 54°
= RHS
~ LHS = RHS
Hence proved.

(iii) (cos 8° —sin 8°) / (cos 8° + sin 8°) = tan 37°
Let us consider LHS:
(cos 8° —sin 8°) / (cos 8° + sin 8°)
Now let us divide the numerator and denominator by cos 8° we get,
(cos 8° —sin 8°) / (cos 8° + sin 8°) = (1 —tan 8°) / (1 + tan 8°)
= (1-tan 8°/ (1 + 1xtan 8°)

= (tan 45° —tan 8°) / (1 + tan 45° xtan 8°)

We know that tan (A+B) = (tan A + tan B) / (1 — tan A tan B)
So,
(tan 45° —tan 8°) / (1 + tan 45° xtan 8°) = tan (45° — 8°)
= tan 37°
= RHS
~ LHS = RHS
Hence proved.
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12. Prove that:

O _ - -

sin (E — .r) ms[g + 1) + ms[a T) sm[g +r)=1

(i) /3
T iy 4 T 3

sm(j +7) ms(g +7) —LEIS(?-FT] sin (5] +7) = 5

(iii) , ;

sm[g —5) ms[g—l—u]—i—ms[g—u] sm[g +5)=1

Solution:

(i)

] (?I_ ) ['i'l_ " j| " [F
Stk | — — @) cosl — ok Cos
3 ]

L p)sin(=+1)=1
2 zjlsm[ﬁ r)

Let us consider LHS:
sin (3 1) ms[ﬁ r) ws[g
We know that sin (A +B)=sinAcosB+cos AsinB

1]31?1[5 r)

n (5 =) cos(Z +a) + cos
S| — — 0 ) COs T oS
3 ]

w|:1

= sin 90°
= RHS
~ LHS = RHS
Hence proved.
(ii)
o T 47 LT u’ﬁ
sm[E +7) ms[g +7) —ms[?—i—ﬂ sin [E +7) = -

Let us consider LHS:

4 4 i
sm[?—!—ﬂ ms[g + 7)) —cos | gl + 7) sin [é—i—?}l
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We know that sin (A - B)=sin A cos B—cos Asin B

S0,
(T +T)cos (5 +7) —cos (o +T) sin (5 +7)_ (4T 7T
sin ?-I— COS a—i— — COS ?-I— 51n 5—!— =Siﬂ[?+'?—§ —T]
N 1y
= Sm[?]
= sm[ij
= sin 60°
=+3/2
= RHS
~ LHS =RHS
Hence proved.
(i)
sm[g—ﬂ_ —5) cas[i—i—.ﬁ] —|—r:n:::3|[ﬁ — 5) sin[I—i—S] =
8 8 8 8 B
Let us consider LHS:
AT T AT T
sin [E —5) ms[g +5) + ms[g — B) sin [§ +5)
We know that sin (A +B)=s5inAcosB+cos AsinB
AT T AT iy — —
sm[g —5) ms[g-l—'ﬁ] —|—ms[g— 5) sm[§+aj= Sm[g_g” 54 % +5)
AT+
= Sm:ﬂ_g )
= SIH[E]
= SIH[E]
=sin 90°
=1
= RHS
~ LHS =RHS

Hence proved.

13. Prove that: (tan 69° + tan 66°) / (1 — tan 69° tan 66°) = -1

Solution:
Let us consider LHS:
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(tan 69° + tan 66°) / (1 — tan 69° tan 66°)
We know that, tan (A + B) = (tan A + tan B) / (1 — tan A tan B)
Here, A = 69° and B = 66°

So,
(tan 69° + tan 66°) / (1 — tan 69° tan 66°) = tan (69 + 66)°
= tan 135°
= - tan 45°
=-1
= RHS
~ LHS = RHS

Hence proved.

14. (i) If tan A =5/6 and tan B = 1/11, prove that A + B =n/4
(if) If tan A = m/(m-1) and tan B = 1/(2m - 1), then prove that A — B = n/4
Solution:
(i) If tan A =5/6 and tan B = 1/11, prove that A + B = /4
Given:
tan A=5/6 and tan B = 1/11
We know that, tan (A + B) = (tan A + tan B) / (1 — tan A tan B)
= [(5/6) + (1/11)]/ [1 — (5/6) x (1/11)]
= (55+6) / (66-5)
=61/61
=1
= tan 45°or tan /4
So, tan (A + B) =tan n/4
~(A+B)=n/4
Hence proved.

(if) If tan A = m/(m-1) and tan B = 1/(2m — 1), then prove that A — B = n/4
Given:

tan A = m/(m-1) and tan B = 1/(2m — 1)

We know that, tan (A - B) = (tan A - tan B) / (1 + tan A tan B)

M 1

. m—1 2m—1
T M 1
1+ m—1 X 2m—1

=@2m? -m-m+1)/(2m?-m-2m+ 1+ m)
=(2m?-2m+ 1)/ (2m?-2m+ 1)

=1

= tan 45° or tan n/4

So, tan (A - B) =tan n/4
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~(A-B)=mn/M4
Hence proved.

15. prove that:

(i) cos? m/4 - sin? /12 = \3/4

(i) sin(n + 1) A—sin’nA =sin (2n + 1) Asin A
Solution:

(i) cos? w/4 - sin? /12 = \3/4

Let us consider LHS:

cos? m/4 - sin? /12

We know that, cos?A —sin?B = cos (A + B) cos (A — B)
So,

cos? m/4 - sin? n/12 = cos (n/4 + n/12) cos (n/4 — n/12)
= C0S 4n/12 cos 2m/12

cos m/3 cos m/6

=1/2 x\3/2

=3/4

= RHS

. LHS = RHS
Hence proved.

(ii) sin?(n + 1) A —sin?nA =sin (2n + 1) Asin A

Let us consider LHS:

sin?(n + 1) A —sin’nA

We know that, sin?A — sin? B = sin (A + B) sin (A — B)

Here, A=(n+1) Aand B =nA

So,

sin?(n+ 1) A—sinn A=sin ((n + 1) A + nA) sin ((n + 1) A —nA)
=sin (nA +A + nA) sin (nA +A —nA)
=sin (2nA +A) sin (A)
=sin(2n+1) Asin A
= RHS

s~ LHS = RHS

Hence proved.

16. Prove that:
) -
stn(A+ B)+sin{A—B)

: - = tan A
cos(A+ B)+cos(A— B)
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(i)
sin (A — B) N sin (B — C) N sin (C'— A)
ros A cos B ros B cosC cosC cos A
(iii)
sin (A — B) N sin (B — C) N sin (C'— A)
sindsinB sin B sinC sinC' sin A

(iv) sin? B = sin? A + sin? (A-B) — 2sin A cos B sin (A - B)
(v) cos? A + cos® B — 2 cos A cos B cos (A +B) =sin?(A + B)
(vi)
tan (A + B) tan’A — tan’ B
cot(A—B) 1 —tan?Atan’B
Solution:
(i)
sin (A + B) + sin (A — B)
cos(A+ B) +cos(A— B)
Let us consider LHS:
sin (A + B) + sin(A — B)
cos (A + B) + cos(A— B)
We know that sin (A+B)=sin Acos B+cosAsinBandcos(A+B)=cos A
cos Bxsin AsinB

sin (A + B) + sin(A — B)

cos (A + B) + cos(A— B)
sinAd cosB + cosA sinB + sinA cosB — cosA sinB

= tanA

rosd cosBE — sind sinB + cosA cosB + sind sinB
B 2sinA cosB

" 2c0sA cosB
=tan A
= RHS
~ LHS = RHS
Hence proved.

(if)
sin (A — B) | sin (B —C) | sin (C'— A)

ros A cos B cos B cosC cosC cos A
Let us consider LHS:
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sin (A — B) N sin (B — ') N sin (C'— A)
cos A cos B ros B cos C' cosC' cos A
We know that, sin (A —B) =sin A cos B —cos A sin B|
sin (A — B) . sin (B — ') N sin (C'— A)
cos A cos B ros B cos (' cos (' cos A

sinAcosB —rosAsinB sinBeosC — cosB sinC' sinC' cosA — cosC' sin A

rosA cosB cosB cos(C’ cosC' cosA

_ sinAcosB  cosAsinB _ sinB cosC  cosBsinC  sinC cosA  cosC sinA

cosA cosB  cosAcosB " cosB cosC  cosB cosC ' cosC cosA  cosC cosA
=tan A-tanB +tan B-tan C + tan C —tan A

=0

= RHS

~ LHS = RHS
Hence proved.
(iii)

n(A -85 n (6 —C n (C'— A
sin ( ]l+3m[ ]+Sm[ ]—[]

sin Asin B sin B sin (' sinC'sin A
Let us consider LHS:

sin (A — B) . sin (B — ) . sin (C'— A)

sin Asin B sin B sin sin ' sin A

We know that, sin (A—B)=sin A cos B—cos Asin B

sin (A — B) . sin (B — ) . sin (C'— A)

sin Asin B sin B sin sin ' sin A

__sinA cosB — cosAsinB  sinB cosC — cosB sinC _sinC cosA — cosC sinA
B sinA sinB sinB sinC sinC sinA

_ sinAcosB  cosA sinB . sinB cosC  cosB sinC | sinC cosA  cosC sinA
~ sinAsinB  sinAsinB ' sinB sinC sinBsinC ~ sinC sinA  sinC sinA
= cotB — cotA + cot C — cotB + cotA —cot C
=0
= RHS
~ LHS = RHS
Hence proved.

(iv) sin? B = sin? A + sin? (A-B) — 2sin A cos B sin (A - B)
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Let us consider RHS:

sin?A + sin? (A -B) — 2 sin A cos B sin (A - B)

sin?A + sin (A -B) [sin (A —B) — 2 sin A cos B]

We know that, sin (A —B) =sin A cos B —cos A sin B
So,

sinA + sin (A -B) [sin A cos B — cos A sin B — 2 sin A cos B]
sinA + sin (A -B) [-sin A cos B — cos A sin B]

sin?A —sin (A -B) [sin A cos B + cos A sin B]

We know that, sin (A +B) =sin A cos B + cos A sin B
So,

sin?A —sin (A — B) sin (A + B)

sin? A —sin? A +sin’B

sin’B

= LHS

s~ LHS = RHS

Hence proved.

(v) cos? A + cos?> B — 2 cos A cos B cos (A + B) =sin? (A + B)
Let us consider LHS:

cos?A + c0s?B — 2 cos A cos B cos (A +B)

cos?A + 1 —sin?B - 2 cos A cos B cos (A +B)

1 + cos?A —sin’B - 2 cos A cos B cos (A +B)

We know that, cos?A — sin’B = cos (A +B) cos (A —B)
So,

1 + cos (A +B) cos (A -B) - 2 cos A cos B cos (A +B)
1 + cos (A +B) [cos (A —B) — 2 cos A cos B]

We know that, cos (A - B) = cos A cos B + sin A sin B.
So,

1+ cos (A +B) [cos A cos B + sin A'sin B—2 cos A cos B]
1+ cos (A +B) [-cos A cos B + sin A sin B]

1 —cos (A +B) [cos A cos B —sin A sin B]

We know that, cos (A +B) = cos A cos B —sin A sin B.
So,

1—cos?(A + B)

sin? (A + B)

= RHS

~ LHS = RHS

Hence proved.
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(Vi)

tan (A + B) tan’A — tan® B

cot(A—B) 1 —tan?Atan’B

Let us consider LHS:
tan (A + B)
cot (A — B)
We know that,
tanA L+ tan B

tan(A+ B) =

( ) 1+ tanAtanB

tanA + tan B
tan (A + B) __ 1-tanAtan B
1 o 1
taﬂ‘ (A_ B} :-?n:'.]ﬂ 7 r:.fl’?

_ tanA+tanB y tanA — tan B
1—tanAtanB 1+ tanAtanB
We know that, (X +v) (x —y) =x2 — y?
S0,
tanA+tanB  tanA—tanB  tan°A — tan’B
1_tanAtanB 1+tanAtanB 1 — tan?A tan’B
=RHS

~ LHS = RHS
Hence proved.

17. Prove that:

(i) tan 8x — tan 6x — tan 2x = tan 8x tan 6x tan 2x

(if) tan w/12 + tan n/6 + tan A/l2 tan /6 = 1

(iii) tan 36° + tan 9° + tan 36°tan 9°=1

(iv) tan 13x — tan 9x — tan 4x = tan 13x tan 9x tan 4x
Solution:

(i) tan 8x — tan 6x — tan 2x = tan 8x tan 6x tan 2x

Let us consider LHS:

tan 8x — tan 6x — tan 2x

tan 8x = tan(6x + 2x)

We know that, tan (A + B) = (tan A + tan B) / (1 — tan A tan B)

So,
tan 8x = (tan 6x + tan 2x) / (1 — tan 6x tan 2x)
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By cross-multiplying we get,

tan 8x (1 —tan 6x tan 2x) = tan 6x + tan 2x
tan 8x — tan 8x tan 6x tan2x = tan 6x + tan 2x
Upon rearranging we get,

tan 8x — tan 6x — tan 2x = tan 8x tan 6x tan 2x
= RHS

~ LHS =RHS

Hence proved.

(i) tan /12 + tan /6 + tan /12 tan /6 = 1
We know,

/12 =15° and n/6 = 30°

So, we have 15° + 30° = 45°

Tan (15° + 30°) = tan 45°

We know that, tan (A + B) = (tan A + tan B) / (1 — tan A tan B)
So,

(tan 15° + tan 30°) / (1 — tan 15° tan 30°) =1
tan 15° + tan 30° =1 —tan 15° tan 30°
Upon rearranging we get,

tan15° + tan30° + tan15° tan30° = 1

Hence proved.

(iii) tan 36° + tan 9° + tan 36°tan 9° =1
We know 36° + 9° = 45°

So we have,

tan (36° + 9°) = tan 45°

We know that, tan (A + B) = (tan A + tan B) / (1 — tan A tan B)
So,

(tan 36° + tan 9°) / (1 —tan 36°tan 9°) = 1
tan 36° + tan 9° = 1 —tan 36° tan 9°
Upon rearranging we get,

tan 36° + tan 9° +tan 36°tan 9° =1
Hence proved.

(iv) tan 13x — tan 9x — tan 4x = tan 13x tan 9x tan 4x

Let us consider LHS:

tan 13x — tan 9x — tan 4x

tan 13x = tan (9x + 4x)

We know that, tan (A + B) = (tan A + tan B) / (1 — tan A tan B)
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So

tan 13x = (tan 9x + tan 4x) / (1 — tan 9x tan 4x)
By cross-multiplying we get,

tan 13x (1 — tan 9x tan 4x) = tan 9x + tan 4x

tan 13x —tan 13x tan 9x tan 4x = tan 9x + tan 4x
Upon rearranging we get,

tan 13x — tan 9x — tan 4x = tan 13x tan 9x tan 4x
= RHS

~ LHS = RHS

Hence proved.
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EXERCISE 7.2 PAGE NO: 7.26

1. Find the maximum and minimum values of each of the following trigonometrical
expressions:

(i) 12 sin X — 5 cos X

(i) 12cosx +5sinx + 4

(iii) 5 cos x + 3 sin (/6 - X) + 4

(iv)sinx—cosx +1

Solution:

We know that the maximum value of A cos o + B sin a + C is C + V(A2 +B?),

And the minimum value is C - \(a? +B?).

(i) 12 sin x — 5 cos x

Given: f(x) = 12 sin X — 5 cos x

Here, A=-5,B=12andC=0

~V((-5)2 + 122) <12 sin x — 5 cos X < V((-5) + 122

~(25+144) <12 sin x — 5 cos x < V(25+144)

V169 < 12 sin x — 5 cos x < V169

-13<12sinx-5cosx <13

Hence, the maximum and minimum values of f(x) are 13 and -13 respectively.

(i) 12 cos x + 5sin x + 4

Given: f(x) =12 cosx +5sinx + 4

Here, A=12,B=5andC=14

4-N(122+5%) <12cosx +5sinx +4 < 4+ (122 + 5?)

4 -\(144+25) <12 cos X + 5sin X + 4 < 4 + \(144+25)

4 -\169 <12 cosx +5sinx +4 <4 + 169

-9<12cosx+5sinx+4<17

Hence, the maximum and minimum values of f(x) are 17 and -9 respectively.

(ili) 5cos x + 3 sin (/6 - X) + 4
Given: f(X) =5 cos x + 3 sin (/6 - X) + 4
We know that, sin (A - B) =sin A cos B —cos A sin B
f(X) =5 cos x + 3 sin (7/6 - X) + 4
=5 co0s x + 3 (sin /6 cos X — €os w/6 Sin X) + 4
=5¢0s X + 3/2 cos x - 3V3/2 sin x + 4
=13/2 cos x - 3\3/2 sin x + 4
So, here A =13/2,B=-33/2,C=4
4 - \[(13/2)2 + (-3/3/2)2] < 13/2 cos x - 3V3/2 sin x + 4 < 4 + [(13/2)2 + (-33/2)?]
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4 -\[(169/4) + (27/4)] < 13/2 cos x - 3V3/2 sin x + 4 < 4 + \[(169/4) + (27/4)]
4-7<13/2cosx-3V32sinx+4<4+7
-3<13/2cosx-3V3/2sinx+4<11

Hence, the maximum and minimum values of f(x) are 11 and -3 respectively.

(iv)sinx—cosx +1

Given: f(x) =sinx —cos x + 1

So,here A=-1,B=1Andc=1

1-[(-1)?+ 19 <sinx—cos x + 1 <1 +V[(-1)2 + 17]

1-V(1+1) <sinx—cos X + 1 <1 +(1+1)

1-V2<sinx—cosx+1<1+12

Hence, the maximum and minimum values of f(x) are 1 + V2 and 1 - 2 respectively.

2. Reduce each of the following expressions to the Sine and Cosine of a single
expression:

(i) V3 sin x — COS X

(if) cos x —sin x

(iii) 24 cos x + 7 sin x

Solution:

(i) V3 sin x — €OS X

Let f(x) = V3 sin x — c0S X

Dividing and multiplying by V((V3)2 + 1) i.e. by 2

f(x) = 2(V3/2 sin x — 1/2 cos X)

Sine expression:

f(x) = 2(cos 7/6 sin X — sin /6 cos X) (since, V3/2 = cos /6 and 1/2 = sin n/6)
We know that, sin A cos B —cos A sin B =sin (A —B)

f(X) = 2 sin (X - n/6)

Again,

f(x) = 2(V3/2 sin x — 1/2 cos X)

Cosine expression:

f(X) = 2(sin «/3 sin X — cos ©/3 cos X)

We know that, cos A cos B —sin A sin B = cos (A + B)
f(x) = -2 cos(n/3 + X)

(i) cos x —sin X

Let f(x) = cos X —sin x
Dividing and multiplying by V(12 + 1?) i.e. by V2,
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f(x) = V2(1/N2 cos x — 12 sin X)

Sine expression:

f(x) = V2(sin m/4 cos x — cos m/4 sin X) (since, 1/\2 = sin ©/4 and 1/N2 = cos n/4)
We know that sin A cos B — cos A sin B =sin (A — B)

f(x) = V2 sin (/4 - X)

Again,

f(x) = V2(1/72 cos x — 1/V2 sin x)

Cosine expression:

f(X) = 2(cos n/4 cos X — sin ww/4 sin X)

We know that cos A cos B —sin A sin B = cos (A + B)
f(X) = V2 cos (n/4 + X)

(iii) 24 cos x + 7 sin X

Let f(x) =24 cos X + 7 sin x

Dividing and multiplying by V((N24)? + 72) = V625 i.c. by 25,
f(X) = 25(24/25 cos x + 7/25 sin x)

Sine expression:

f(x) = 25(sin o cos X + cos a sin X) where, sin a = 24/25 and cos a = 7/25
We know that sin A cos B + cos A sin B =sin (A + B)

f(x) = 25 sin (a + Xx)

Cosine expression:

f(X) = 25(cos a cos X + sin a sin X) where, cos a = 24/25 and sin o = 7/25
We know that cos A cos B + sin A sin B = cos (A - B)

f(x) = 25 cos (a - X)

3. Show that Sin 100° — Sin 10° is positive.

Solution:

Let f(x) = sin 100° —sin 10°

Dividing And multiplying by V(12 + 12) i.e. by V2,

f(x) = V2(1/42 sin 100° — 1/42 sin 10°)

f(x) = V2(cos /4 sin (90+10)° — sin w/4 sin 10°) (since, 1/N2 = cos /4 and 1/72 = sin n/4)
f(x) = V2(cos w/4 cos 10° — sin /4 sin 10°)

We know that cos A cos B —sin A sin B = cos (A + B)

f(x) = V2 cos (n/4 + 10°)

« f(x) =2 cos 55°
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4. Prove that (243 + 3) sin x + 2V3 cos x lies between — (2V3 + V15) and (2V3 + V15).
Solution:

Let f(x) = (2V3 + 3) sin x + 2V3 cos x

Here, A=2V3,B=2V3+3and C =0

- V[(2V3)2 + (243 + 3)] < (2V3 + 3) sin x + 23 cos x < V[(2V3)2 + (2V3 + 3)?]
- V[12+12+9+12+3] < (2V3 + 3) sin x + 2V3 cos x < V[12+12+9+12+3]

- V[33+123] < (2V3 + 3) sin x + 23 cos x < V[33+12+3]

- V[15+12+6+12V3] < (2V3 + 3) sin x + 2V3 cos x < V[15+12+6+123]

We know that (12V3 + 6 < 121/5) because the value of V5 - \3 is more than 0.5
So if we replace, (12V3 + 6 with 12v5) the above inequality still holds.

So by rearranging the above expression V(15+12+12V5)we get, 23 + V15

- 243 + V15 < (2V3 + 3) sin x + 2V3 cos x < 2V3 + V15

Hence proved.
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