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XERCISE 19.20

Evaluate the following integrals:
x2 +x+1
1. ——————d=x

xl —x
Solution:
x° +x+l
= fEey
Given x%—x

J~ P(x)

Expressing the integral swz+b~:+c

x2+x+1
(x—1)x

2x+1
=:-J-{{X Dx + 1)dx

J’E)H—ld +J’1d
= -1 X X

J‘ 2x+1
(x—1)x

dx

Consider

By partial fraction decomposition,

2x+1 A B

= +
:}{x—l)x x—1 x

= 2x+1=Ax+B(x—1)
= 2X+1=Ax+DBx—B
=2x+1=(A+B)x—B
“B=-landA+B=2

SA=2+1=3

- 2x+1 3 1
Thus, (x—1)x x—1 x
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J’ 3 ld
ﬁ —_——
{x—l X) X
1 1
=:-3J- dX—J-—dX
Xx—1 X
fidx
Substitute u=x—1 = dx = du.
1 1
=:-J- dX=J-—du
x—1 u

1
We know that IEdX =loglx| + ¢

Consider

1
J-Edu = log|u| = log|x — 1|

Then,

3f1d fld—31| 1] fld
= x—1% XK_{:DgX ) &

= 3(loglx — 1|) — logx|

f 2 dx = 3(loglx — 1) — loglx|
Then,

Ex+1d+J-1d 3(log| 1) 1||+J-1d
# = —_— —_

x—Dx X 0g|X oglx X
We know that J 1 dx=x+¢

P ax+ [ 1 dx= 3(loglx— 11) ~ loglx] + x+
AT X = SUloglX oglx| +x+c

I = f 2 +x+1
S x2 —x

dx = —log|x| + x+ 3(loglx— 1]) +¢

2
—1
2./$dm
24+ ax —6
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Solution:
__J~xz+x—1
Consider x? +X—6
J‘ P(x)
Expressing the integral © ax®+bx+c

letx*+x—1=x*+Xx—6+5

dx = [ Q(x)dx + [ ——
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Rix)
ax?+bx+c

J’xz-l—x—ld J’ xz—l—x—6+
= | ————dx =
X2+x—6 X2+x—6

5
:J-(x2+x—6+1)dx
(ot [14
B 2+x—6/" X

J" 1
Consider ¥ x2+x—-6

Factorizing the denominator,

1 1
= J-xz +x—6dX=J-(x—2)(x+3)dX

By partial fraction decomposition,

1 A B

= — 1
(x—2)(x+3) x—2 x+3

=1=A(x+3)+B(x—2)

=1=Ax+3A+Bx—2B
=(A+B)x+ (3A—-2B)
= ThenA+B=0..(1)
And3A-2B=1..(2)
Solving (1) and (2),
2x(1)>2A+2B=0
1x(2)>3A-2B=1
5A=1
~A=1/5

d
x?+x—6) .
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Substituting A value in (1),
=A+B=0

=1/5+B=0

“B=-1/5

1 1 1

Thus, G=2)(+3) T 5(x-2) 5(x+3)

lf oy lf 1
“5)x—2%"5)x+3%

letx—2=u—>dx=du

And x+ 3 =v = dx=dv.

1J’1d 1J’1Id
=}5 uu 5 vv

1
We know that IZdX =log|x| + c

1 1
= loglu| - ¢loglv]
1 1
= Eloglx— 2| — Elnglx + 3|

1
= E{lﬁglx — 2| —loglx+3|)

Then,

1 1
= SJ-(m) dX+J-1dX= E(E(lnglx—zl—lnglx+ 3|))+J-1dx

We know that J 1 dx=x+¢

= (loglx — 2| —log|x+ 3|) +x+c

Z —
=2 1dx=—lﬂglx+3|+x+lnglx—2|+|:

%2 +x—6

Orl=log|(x-2)/(x+3)] +x+c
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(1 —=a?)
x(l — 2x)

1-x*
Given =] (1-2x)x
e |
Rewriting, we get = =(2x-1)
P(x) R(x)
Expressing theintegralfa‘chbwcdx_jQ(X)dK+f wz+bw+cdx
= | G 3)°
= | — = S
x(2x—1D & x(2x—1) 2/
IJ- X~ 2 dx + 1J-ld
X(2x—1) x X
x—2
Consider © x(2x-1)

By partial fraction decomposition,

X—2 H+ B
= —_ =
x(2x—1) x 2x-—1

=x—2=A(2x—1) + Bx
=X—2=2Ax—A+Bx
=x—2=(2A+B)x—A
“A=2and2A+B=1

ZB=1-4=-3

- x—2 _
x{Ex—l]_

2

X

3
2x—1

Thus,

ﬁfﬁ_

¥ 2x—1
1

=:-2J-—dx—3J-
X

)dx

1

d
x—1
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Consider f x

We know that

1
= J-de = log|x|

And consider

fdx

1
f Ex—ldx
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loglx| + c

letu=2x—1->dx=1/2du

[
= —
x—1

We know that

IJ’IE1
2J u !
fid)::lnglxl—l— C

lﬁglzx— 1|

f 1ﬂrglul
= —

Then,

2

J- 72 4 zfld 3J- L 4
= I — = — —_
X(2x—1) X X X 2x—1 X

= 2(log|x) - 3(

Then,

J’ x—1 i
= | — -
x(2x—1) x=

3l

X(2x— 1)

log|2x — 1|
2

X—2 1
dx + = J-ldx

1 log|2x — 1]
- E(E{Mglxlj - 3(7)) [ 1ax

We know that J 1 dx=x+¢

3log|2x — 1|
log|x| — +=+
= log|x| 2 S+
I 1 —x? i 3]0g|2};—1|+1 ||+;.;+
T (1-2x)x X= 4 OgiXIToT¢
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2
1
4./ Tl e
x?2 — hx + 6

Solution:

1

u=x>—56x+6—-=dx= du

Let 2%—5
2x—5 J’EX—E 1 q
(X2—5%+6) u 2x—5 "

1
= J-—du
u
1
We know that IEdX =log|x| + ¢

1
= J-Edu = log|u| = log|x* — 5x + 6|

f 1

x*—5x+6

Now consider

1 1
——dx = J- d
:}J-X?—EX+6 Tl x-3yx-2"
By partial fraction decomposition,

1 A N B
—1 =
(x—3)(x—2) x—-3 x—2

=1=A(x—2)+B(x—3)
=1=Ax—2A+Bx—3B
=1=(A+B)x—(2A+ 3B)
=A+B=0and2A+3B=-1

Solving the two equations,

= A+B=0
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36=-1

B=1

MAB=-1landA=1

-
f

Consider

1

1

x— 3)1{3— zjdxzf(x— 3 x—2

1':1 J’ld
X—3X X—EX

fédx

letu=x—3 > dx=du

-|

We know that

-

1 d—J-ld
x—3 %7 )™

f%dx = log|x| + ¢

1
Edu = log|u| = log|x — 3|

1
Similarly | 729X

letu=x—2 > dx=du

-|

We know that

-

1 d—J-ld
x—2 57 ) ™

f%dx =log|x| + ¢

1
Edu = log|u| = log|x — 2|

Then,

-]

1

. 1
X2 —5x+6 K_J-(x—3)(x—2)

=log|lx— 3| — log|x — 2|

)
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- [ 5 [
“ ) x—3% x—2%
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f x=1 . 1(_2x-5 +3f 1
= | — dx =-— i
X2—5x+6 2] (x2—5%x+6) "~ 2)x2—5x+6

1 3
= E{loglxz —5x+6|)+ E(loglx —3| —log|x—2)

log|x? — 5x + 6| . 3loglx— 3| 3loglx — 2|
- 2 2 2

Then,

f SR 5f x—1 d+f1d
= | — = - -
X2 —5x+6 X X2—5x+6 X X

We know that J 1 dx=x+c¢

5[ x—1 d+J-1d
# —_—
X2—5X+6X X

5log|x® — 5x + 6] N 15loglx — 3| 15loglx —
B 2 2 2
Sloglx— 2|log|x—3| 15loglx— 3| 15loglx— 2|
= > + > - > X+

=x—5log|lx— 2|+ 10loglx — 3| +¢c

1 f X+ 5loglx — 2| + 10loglx — 3| +
== —_— X =X — Q00| X — oY — C
X2 —5x+6 g g

2
o. / dx
2 4+ Tx + 10

Solution:

X
1= X
Given ®2 +Tx+10

R(x)

ax?+bx+c

P(x) B
Expressing the integral I ax?+bx+c dx = J Q(x)dx + J

2 _ _
dx = +1)d
:}J-XE—I—?X-I—IID X f(x2+?x+1n )ax
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J- 7X + 10
N X2+ 7x+ 10

dX-I—J-]_dX

j Tx+10
Consider ¥ x2+7x+10

29

7
et X+H10=7 (2x+7) =7 and split,

L
7(2x+ 7)
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J’ Tx+ 10

29
) dx

X = -
x2+7x+10 J- (E(XE +7x+10) 2(x%2+7x+10)

2x+7 29 1

7
= - d
ZJ-X?+?X+1D X7

J" 2x+7
Consider ¥ x2+7x+10

1

U=x>+7x+10 - dx = du
Let 2x+7
J’ 2x+7 d J’EX-I—? 1
—1 =
(x2+ 7x+ 10) u 2x+7 0

1
=J-—du
u

1
We know that J Ldx = log|x| + ¢

1
= J-Edu = 10g|u| = 10g|XE + 7x+ 1ﬂ|

1
) —dx
Now CDHSIdEF‘[xz+?x+1D

1 1
dx = J- d
:"J-x2+?x+1ﬂ Tl xr)x+s T
By partial fraction decomposition,

1 A N B
T X+2)(x+5) x+2 x+5

=1=A(x+2)+B(x+5)
= 1=Ax+2A+Bx+5B

d
XZ+7xF 10
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= A+B=0and 2A+5B=1
Solving the two equations,
=2A+2B=0

2A+5B=1

-3B=-1

~B=1/3and A=-1/3

ﬁf&+zkw5ﬁxzf@éj@+3@i®%m

17 1 d+1f 1.
T3 x+29% 73 ) k45

fi %
Consider ¥ x+2

letu=x+2 > dx=du

1 1
=>J- dX=J-—du
x+2 u

f%dx = loglx| + ¢

We know that

1
= J-Edu = loglu| = log|x + 2|

[ 2dx
Similarly & x+s

letu=x+5->dx=du

1 1
=}J- dX=J-—du
XxX+5 u

fidx = log|x| + ¢

We know that

1
= J-Edu =log|u| = log|x + 5|
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Then,

1 10 1 17 1
j’J-xE+?x+ 1ndx:f{x+2)(x+5)dx:_Efx+zdx+§fx+ 5 &

B —log|x + 2| . log|x + 5|

3 3
Then,
J’ X+ 10 dX=EJ- 2x+7 dX—E 1 dx
X2 +7x+ 10 2) x2+7x+ 10 2 Jx2+7x+10
= —(lnglx + 7x+10]) — %(_lﬁglg—i_ 2l + lﬁgb;-l— il
B 7log|x®+ 7x + 10| . 29log|x + 2| B 29log|x + 5|
2 6 6

Then,

J’ x? ; J’ 7x+ 10 : +J-1d
Tl 10T x0T X
We know that J/ 1 dx=x+¢

Jx + 10
=)—J- dX-I—J-]_dX

X2+ 7x+ 10
—7log|x*+ 7x+ 10| 29log|lx+2| 29log|x+ 5|
= — + +X+c
2 6 6
Hence,
X +2
I-x——lng|x +?x+1tl|+—lu:ug +cC
X +5
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