JEE Main 2021 (July) Paper

(Memory Based)

Date of Exam: 20 july 2021
Time: 9:00 a.m.-12 a.m.
Subject: Mathematics

1. The mean of 6 numbers is 6.5 and its variance is 10.25. If 4 numbers are 2, 4, 5 and 7, then find
the other two.

Solution:
Let a and b be the other two numbers.
X =6.5
a+b+2;—4+5+7 — 65
=>a+b=21 --(i)
0% =10.25

a’+b%+4+16+25+49
=

- — (6.5)? = 10.25
= a?+b?=221 --(ii)
On solving (i) and (ii),
a=10,b=11lora=11,b =10

2. Find the coefficient of x?°%in (1 — %)% (x? + x + 1)1°°

Solution:

(1 _ x)1°1(x2 +x + 1)100

=(1—x)(1—x)1x2 + x + 1)100

= (1 x)(1 — x3)100

— (1 — x3)100 _ (1 — x3)100

First term will not have x2°°.

Coefficient of x>5%4s —1 X coefficient of x2°° in (1 — x3)29°
=-1(— 100Css) N 100Css

3. Ifd,b, ¢ are three mutually perpendicularvectors equally inclined to @ + b + ¢ at angle 6, then
find the value of 36 cos? 20

Solutiorl:

d-b=b-c=C-d=0
(@+b+¢)-(@+b+8)=|a+b+e|
s lal2+ |5 e =a+b+e|
Now,d-(&+5+5)=|&||&+5+c| cos 6
:|&|2=|&I|&+B+5|c059

= |al = |d+5+5|c059
Similarly, |B| = |d+5+5| cos@, |c| = |&+E+5| cos 8
23la+b+¢| cos?0=a+h+é|

1 2
= cos?0 =+ :>36c05229=36-(2>< —1) —4

W
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sinx — e”, x<0
4. Iff(x) = {a +[—x], 0 <x <1 iscontinuous in (—, 1], find the value of a + b.
2x — b, x=>1
Solution:
sinx — e”, x<0
f(x)={a+[—x], 0<x<1
2x — b, x=>1
fA)=a+(-1)=a-1
faat)y=2-»
faA7)=£0a"
>a—-1=2-b
>a+b=3

5. The number of solutionsof tan™ ! \/x(x + 1) +sin"'Vx2 +x + 1 = gis

Solution:
tan"! /x(x+ 1) +sin"IvVxZ+x+1= %
s tan lx(x+1) = g —sinTVx2+x +1
=>tan"1{x(x+1) =cos Va2 +x +1 Jx(x+1)
-1 1 _ -1 2
= CO0S m—cols vxe+x+1
2 _
= Vx +x+1—m
>x2+x+1=1
=>x(x+1)=0=>x=0,—-1 1

~ Number of solutions is 2.

6. There are 6 batsmen, 7 bowlers and 2 wickets keepers: Find the number of ways of forming a
team of 11 players having at least 4 batsmen, at least 5 bowlers and at least 1 wicket keeper.

a. 567 b. 525
c. 462 d. 777
Solution:

Team Size = 11 players

Case 1: 4 batsmen & 5 bowlers & 2 wicket keepers
= 6, X 7Cs X 2C, = 22 x Z2x1 <315

Case 2: 4 batsmen & 6 bowlers & 1 wickets keeper
> 60, x 7Cex 20, =227 x 2 =210
Case 3: 5 batsmen & 5 bowlers & 1 wickets keepers
> 6C5 X 7C5 X 20, = 6 X 22X 2 = 252

So total number of ways = 315 + 210 + 252 = 777
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7. All the letters of the word EXAMINATION are arranged. Find the probability that ‘M’ is at the 4

position.
2 1
a. — —
11 11
4 8
ch = —
11 11
Solution:
EXAMINATION
Letterss AA II NN ETOXM
Total possible words
n(S) - (2])3
Now when M is at 4™ position
_ 10!
n(E) = Gy
th yosition MF iR L
P (M is at 4*" position ) = . _2km
1 1,120
8. Find the number of integral terms in the expansion of (41 + 56 )
a. 1 b. 21
c. 20 d 11
Solution:
20-1r T
T,.1 = 2°C, 4 « - 56
= 1200, 273 .56

For integral terms, r should be even and multiple of 6
i.e., 7 should be a multiple of 6.
rcanbe0,6,12,...,120

=~ Total number of integral terms =21

X+2
9. lflirr(1){2 — cos x Vcos Zx} * = e thena = ?
X—

Solution:
X+2

lim{Z — cos xVcos Zx}"_2 =e* (1% form)
llm{l cos x+/CoS 2X} X (x+2)

= e a

=e
. 1— cos? x (cos 2x) x+2
= ealcll;%{ 1+ cosxycos2x } x ( 2 )

Il
Q
3]

1— cos? x (1-2sin x)}x(x+2)

= ex—n){ 1+ cosxvVcos2x

1- cos? x +2sin? xcosZ x (x+2)
= ex—»o 1+ cosxvcos2x

sin? x (2 cos? x + 1)} o (ﬂ)

ex—> 1+ cosxycos2x x2

llm{sm X (2cos? x+ 1)

= ex—0 1+ cosxycos2x
2 x2 a 3 a

Settrt T =ef e’ =e*s5a=3

}x (x+2) — o
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Evaluate f_11 log(V1 —x + V1 + x)dx

Solution:

f=x) = f(x)

= f is even.

Gl =7 fol log(V1—x+vV1+x)dx --(1)
We will solve by integration by parts.

Letu =In(vV1—x++v1+x)
e

= i & = i Zai

_AWTET) A GEED 1fp 1
T 4x Vi—x2 dx = 2x  J1—x? G = 2x (1 Vl—xz) dx
I = zfollog(\/l —x+V1+x)dx

1 1
I=2xIn(VI—x + I+ o)l fy (1= ) dx

I=2xIn(vV1—x+VI+x)|§ =(x—sin"tx)[}
I=2In(2)-(1-3)

The logical equivalence of the Boolean expression ~(p A ~q) V (g V ~p) is

Solution:
~eA~q)V(QV~Dp)
(~pvVq@)V(@qV~p)
~pVq

=p-q

Consider the curve y? = 2x and point A(2, 2). If the normal at A intersects the curve again at

point B and the tangent at A intersects the x-axisat C, then area of AABC is

Solution:
Equation of tangent at A

YY1 =X+ X
>2y=x+2

Tangentat A intersects the x-axisat C A(2,2)

c(~2,0)

A

Equation of normal at A C
y+2x=6
Solving normal equation with y? = 2x, we get B G, —3)

So, area will be % X AC X AB v

1 25 25
—EXZ\/EX /T-}_ZS_?
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If for vectors Aand B, A - B = |A X B|, then |A — B| is

a) \/AZ + B2,/2(AB) b) JAZ + B2 — .[2(AB)
9) \/(A2+BZ—\/§AB) d) \/(A2+BZ+\/7AB)
Solution:

A-B=|AXB| = cosf =sinf

= tanf =1

6="

4
|A—B|>?=A4%>+B?>—-2A-B
= A% 4+ B% — 24B cos (E)

4
= A% + B2 —\2AB

= |4 - B| :\/(A2+BZ—\/§AB)

If the roots of the quadratic equation x? + 3%/4x + 3/2 = 0 are a and 8, then the value of
a96(a12 _ 1) dL ﬁ96(ﬁ12 _ 1)

a) 50-3%* b) 51-3%*
c) 52-3% d) 104-3%*
Solution:

Sol. x? + 32 = —31/4x

= x* 43 = —31/2x2

= x®+9 + 6x* =3x*

=>x849+3x* =0

~a®=-9—3a*

and a*? = —9a* — 3a® = —9a* — 3(-9 — 3a*) = 27

Similarly, g2 = 27

a’®(al? — 1) + B%°(B*? — 1) = (27)8.26 + (27)%.26 = 52.3%*

In AABC,if AB=5, 2B = cos™ ! (g) and the radius of circumcircle of triangle is 5. Then the area
of AABC is

a) 6483 b) 3+43
) 3+8V3 d) 6+43
Solution:

3 . 4
cosB:§=>smB=§,R=5

b =2RsinB =8
AB=c=5
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By cosine rule,
a?+c?-p? 3

coOSsB=———=-
2ac 5
a’+25-64 3
2a(5) 5

= a%* -39 =6a
=>a2—6a—-39=0

=>a=@ =>a=3+4V3

A=2X=6+8V3

If the shortest distance between the linesr, = ai + 2j + 2k + A(i — 2j + 2k),A € R,a > 0 and
r,=—4i—k+ u(3i —2j— ZE), 1 € Ris 9, then the value of a is

a. 2 b. 4
6 d. V6
Solution:

(@ —a) . (b X by)
| b2 xby]
{((a+ri+25+3K) (81+8)+4R)}
V64+64+16
= |(a+4) X 8+ 16 + 12|=108
> (a+4)x8=80 (va>0)

>0a=6

Shortest distance =

Let y = mx + ¢, m > 0 be the focal chord of y?> = —64x which is tangent to (x + 10)% + y? = 4.

Then the value of 4v/2(m + c) is equal to
Solution:
Focus of parabola is (—16, 0)
So,—1l6m+c=0=c=16m... (1)
Now slope form of tangent to the circle is given by
y =m(x+10) £ 2vV1 + m?
W c=10m+2V1 +m? ... (ii)
So, from (i) and (ii)
16m = 10m + 2V1 + m?

1

2 _ 2 _
>9Im“=14+m =>m—2\/E
N8l
22

“ 42 (m+c) =34

=>c=16m =
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18. A continuous differentiable function f(x) is increasing in (—00, g) and decreasing in @, 00). Then

3.
X ==is

2
a) point of local maxima b) point of local minima
¢) point of inflection d) None of these
Solution:

Roughly graph of f(x) can be drawn as /\

3
3. : . =
Thus x = > isapoint of local maxima. 2

3 , 1-2Z
19. If z and w are complex numbers such that |zw| = 1, arg(z) — arg(w) = 7” then find arg (1+3j‘2

i T
a) Z b) —'Z

3m 3m
C) j; d) -j;
Solution.

. 10(p_3"
Letz = re®® andw:;e(‘9 2)
g _3m
Then 1-2Zw _ 1—21”3_19-%31(9 2 )
1+3Zw 1+37"€_i9'% ei(9—37n)

(3
_ 1-2¢(-%) _1-2i

- . 3T\ .
1+3el(—7) 1+3i
1 1.
=—=—=i
2 2
1 1.\ _ 3m
arg\=3 2=~ %

20. If an invertible function f (x) is defined as f(x) = 3x — 2, g(x) is also an invertible function
such that f7(g7*(x)) = x — 2, then g(x) is

x—8 x+8
Q) 3= b) ==

x—3 x+3
) d =
Solution:

Yo7 () =x-2

= f(x—2)=g"1(x)
=>3(x—-2)—-2=g1x)
=3x—-8=g"1(x)

=g 1(x)=3x—8

orx =3g(x)—8

x+8

L g(x) = e
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21. The probability of selecting integers a € [—5,30], such that x? + 2(a + 4)x — 5a + 64 > 0 for
allx € Ris:

Solution:
x2+2(a+4)x — (5a—64) >0
D<O0
~4(a+4)*>+4(5a—64)<0
=>a’+13a—-48<0
=>(@+16)(a—3)<0

So,a € (—16,3)

Total integers are 18

~Probability = g

1
2

22. Iffoa e* ¥ldx = 10e = 9, then the value of 'a’ is (where [- ] is greatest integer function)

a) 9+In2 b) 10+1n2
c) 10 d) 9
Solution:

Leta=K+1,0<1<1

foae{x}dx = fOKe{x}dx + fIfHe{x}dx
= Kfolexdx +f0/1exdx
=Kle—1)+E*-1)
=(Ke+et)—(K+1)

Given, foaex‘[x]dx =10e —9

= (Ke+e*)— (K +1)=10e -9
=>K=10ande’=11-9=2

=>A=1In2
~a=10+1n2
1, =]
23. a;j ={—x, li—jl=1A= [aif]3><3 f(x) = Det(A). Then find the sum of local maximum

2x + 1, otherwise

and minimum values of f (x).

20 20
a) ; b) —2—7
88 88
C) E d) —E
Solution:
1 —x 2x+1
fx)=| —x 1 —x | =4x3—4x? — 4x

2x+1 —x 1

20™ July (Shift-1) Page | 8

A




JEE Main 2021 (July) Paper

f'(x) =4(3Bx?-2x-1)
£ =4G—1)(x+3)
Af()=4—4—4=—4

1\ -4 4 4  —4-12+436 _ 20
f(-3)=m-sts="nr =0
20, _20-108 _ 88
7 v = m

24. Find the coefficient of a®b*c® in (ab + bc + ca)®.

a) 60 b) 45
c) 40 d) 90
Solution:

6!
(ab + bc + ca)® = Z T (ab)? (bc)4(ca)"
p+q+r=6p' T

6!
= Z aP T pp+a -+

Iq'r!
p+q+r=6p 1

For a®b*c®, we need

p+r=3
ptq=4
q+r=5

Solvingwe get,p = 1,q =3,r =2

6!

11312! = 60.

- Co-efficient of a®b*c® in(ab + bc + ca)® is

d

1 1
25. x_z.tanz = ytan%+ X, y(E) 2 g. Area bounded by x = 0,x = Y= y(x).

d

Solution:

d
xZ . tanZ = ytanz+x
dx x X

» P tan (X) = %tan G) +1

dx X
Lety = vx

d dv
2 —ptx=
dx

(v+x%)tanv =vtanv+1

dv
=>v+xa=v+cotv
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dv _ dx

cotv X

dx
= tanvdv =—

—log|cos v| = log |cx|

—CosV = ¢x
= —1
~y=xcos lx
1/V2 -1 1
Jo" " xcos x=c(m—1)
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