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( ) 2 2 4f x   

f R – [2]

f R – [4]

PRACTICE PROBLEMS

I.

(i)
3

( )
1

x

f x
x




Ans: R – {–1}

(ii) 2( ) 25f x x  Ans: R – (–5, 5)

(iii) ( ) [ ]f x x x  Ans: R

(iv) ( ) [ ]f x x x  Ans: Z

(v) 2

1
( )

6 5
f x

x x


 
Ans: R – {1, 5}

(vi) 2 2

1
( ) ( 0)f x a

x a
 


Ans: R – [–a, a]

(vii) ( ) ( 2)( 3)f x x x   Ans: R – (–2, 3)

(viii) ( ) ( )( )     (0 )f x x x        Ans: [ , ]x  

(ix) ( ) 2 1f x x x    Ans: [–1, 2]

(x)
2

2

1
( ) 1

3 2
f x x

x x
  

 
Ans: R – [–1, 2]

II.

(i) 29 x Ans: [3, )

= {(4,5) (5,6) (6,-4)}, g = {(4,-4) (6,5) (8,5)]f

(i) f g (ii) f g (iii) 2 4f g (iv) 4f  (v) fg

(vi) /f g (vii) | |f (viii) f (ix) 2f (x) 3f  

f A = {4, 5, 6}

g B = {4, 6, 8}

f g A B  = [4, 6]

(i) {(4,5 4), (6, 4 5)} {(4,1)(6,1)}f g     

(ii) {(4,5 4), (6, 4 5)} {(4,9)(6, 9)}f g      
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(iii) 2 f A = {4, 5, 6}

4g B = {4, 6, 8}

 2 {(4,10), (5,12), (6, 8)}f  

 4g {(4, 16),  (6, 20),  (8, 20)}  

2 4f g  = [4, 6]

2 4f g = {(4, 10–16), (6, –8+20)} = {(4, –6), (6, 12)}

(iv) f + 4 A = {4, 5, 6}

f + 4 = { (4, 5+4), (5, 6+4), (6, –4+4)}

= {(4, 9), (5, 10), (6,0)}

(v) f g  AB = {4, 6}

f g  = { (4, (5)(–4)), (6, (–4)(–5))}

= {(4, –20), (6, 20)}

(vi)
f

g
 = {4, 6}

5 4
4, 6,

4 5

     
    

   

(vii) | f |  A = {4, 5, 6}

| f | = {(4, 5), (5, 6), (6, 4)}

(viii) f  {4,5}

{(4, 5),  (5, 6)}f 

(ix) 2 A = {4, 5, 6}f 

2 {(4, 25), (5, 36), (6, 16)}f 

(x) f 2 3 A = {4, 5, 6}f 

3 {(4, 125), (5, 216), (6, -64)}f 

2( )f x x ( )  | |g x x

(i) f + g (ii) f – g (iii) fg (iv) 2f (v) f 2 (vi) f + 3

f(x) = x2

g(x) = |x| = 
,     0

   0

x x

x x



 

f = g = R R.

(i) (f + g)(x)  = f(x) + g(x) = x2 + |x| = 

2

2

,   0

   0

x x x

x x x

  


 
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(ii) (f – g((x) = f(x) – g(x) = x2 – |x| = 

2

2

,   0

   0

x x x

x x x

  


 

(iii) ( fg) (x) = f(x)g(x) = x2|x| = 

3

3

  0

  0

x x

x x

 




(iv) (2f) x = 2f(x) = 2x2

(v) f 2(x) = (f(x))2 = (x2)2 = x4

(vi) ( f + 3)(x) = f(x) + 3 = x2 + 3

,f g ( ) 2 1f x x  2( )g x x

(i) (3f – 2g) x (ii) (fg)(x) (iii) ( )
f

x
g

 
  
 

(iv) (f + g + 2) (x)

( ) 2 1f x x  2( )g x x

 ( ) ( ) ( )f g x f x g x   

(i) 23 ( ) 2 ( )  3(2 -1) -  2( )f x g x x x 

26 3 2x x  

22 6 3x x   

(3f – 2g) x 22 6 3x x   

(ii) ( )( ) ( ). ( )fg x f x g x

2(2 1)( )x x  3 22x x 

(iii) 2

( ) 2 1

( )

f f x x
x

g g x x

  
   

 

(iv) ( 2) ( ) ( ) 2f g x f x g x    

22 1 2x x   

2 2 1x x  
2( 1)x 

{(1, 2)(2, 3)(3, 1)}f   

(i) 2 f (ii) 2 f (iii) f (iv) 2f

{(1, 2)(2, 3)(3, 1)}f   

f A = {1, 2, 3}

(i) 2f = {(1,4) (2,–6) (3,–2)}

(ii) 2+f = {(1, 2+2) (2, –3+2) (3, –1+2) }

2+ f = {(1,4) (2,–1) (3,1) }

(iii) f  = {(1, 2 )}

(iv) 2f = {(1,4) (2,9) (3,1)}
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3

1 2 4
A =

3 0 6

 
 

 

1 2
B =

4 3

 
 

 

m n m   n m n m 

n

2 2

1 1

0 4


 
 
 

3 3

2 0 1

4 1 2

7 6 9


 
 


 
  

A = [a
ij
] n a

11
, a

12
 .... a

nn
 

2 0 1

4 1 2

7 6 9

 
 


 
  

i = j 
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A  A 

Tr(A) 

A = [a
ij
] n 

 
1

A
n

r ij
i

T a





2 0 1

4 1 2

7 6 9

 
 


 
  

A    A 2 1 9 10rT     

0 0

0 2

 
 
 

2 0 0

0 1 0

0 0 1

 
 


 
  

k 

2 0

0 2

 
 
 

0 0

0 0

 
 
 

1 0 0

0 1 0

0 0 1

 
 


 
  

2 2

1 0

0 1


 
 
 

3 3

1 0 0

0 1 0

0 0 1


 
 
 
  
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O

2 2

0 0

0 0


 
 
 

3 2

0 0

O 0 0

0 0


 
 


 
  

 1 3
1 3 2




3 1

2

1

3


 
 
 
  

A = [a
ij
] i > J a

iJ
 = O A 

A i < J a
ij

= 0 A 

2 4 0

0 3 2

0 0 1

 
 


 
  

3 1

0 4

 
 
 

1 0 0

0 1 0

2 0 1

 
 
 
  

1 0

2 3

 
 
 

A, B A, B 
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A = 
11 12 13

21 22 23

a a a

a a a

 
 
 

,  B = 
11 12 13

21 22 23

b b b

b b b

 
 
 

i = 1, 2, 3,   j = 1, 2, 3 a
ij
 = b

ij 

A, B
 

A, B
 

A, B
 

A, B
 

A + B
 

A + B A, B 

A m   n k A  k 

m   n  A  k kA

A = [a
ij
] 

m n
  KA = [ka

ij
]

m n
 

A, B  

(i)    ( A) = ()A =  ( A)

(ii)   (+ )A =  A + A

(iii)   OA = O

(iv)   O = O

(v)   (A + B) = A + B

1. A = 
1 3

4 2

 
 
 

B = 2 1

3 5

 
 

 
, X = 1 2

3 4

x x

x x

 
 
 

 A + B = X x
1
, x

2
, x

3
, x

4

A = 
1 3

4 2

 
 
 

, B = 
2 1

3 5

 
 

 
, X = 

1 2

3 4

x x

x x

 
 
 

A + B = X
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= 
1 3

4 2

 
 
 

+
2 1

3 5

 
 

 
 = 

1 2

3 4

x x

x x

 
 
 

= 
1 4

7 3

 
 

 
 = 

1 2

3 4

x x

x x

 
 
 

 

1

2

3

4

1

4

7

3

x

x

x

x







 

2. A = 

1 2 3

1 2 4

2 1 3

  
 
 
  

B = 

1 2 5

1 2 2

1 2 3

 
 
 
  

, C = 

2 1 2

1 1 2

2 0 1

 
 
 
  

A + B + C

A = 

1 2 3

1 2 4

2 1 3

  
 
 
  

B = 

1 2 5

1 2 2

1 2 3

 
 
 
  

, C = 

2 1 2

1 1 2

2 0 1

 
 
 
  

A + B + C = 

   

 

 

1 1 2 2 2 1 3 5 2

1 0 1 2 2 1 4 2 2

2 1 2 1 2 0 3 3 1

          
 
       

 
        

               = 

2 3 10

2 1 8

5 1 1

  
 
 
  

3. A = 

3 2 1

2 2 0

1 3 1

 
 


 
  

B = 

3 1 0

2 1 3

4 1 2

  
 
 
  

, X = A + B X

X = A + B

X = 

3 2 1

2 2 0

1 3 1

 
 


 
  

 + 

3 1 0

2 1 3

4 1 2

  
 
 
  

X = 

   

 

3 3 2 1 1 0

3 2 2 1 0 3

1 4 3 1 1 2

      
 
    

     

= 

0 1 1

4 1 3

5 2 3

 
 


 
  
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4.
3 2 8

2 6

x y

z

  
 
 

= 
5 2

2 4a

 
 
  

 x, y, z, a 

3 2 8

2 6

x y

z

  
 
 

= 
5 2

2 4a

 
 
  

x– 3 = 5 x = 5 + 3 = 8  8x 

2y – 8 = 2 2y = 2+ 8 = 8

2y = 10

y = 
10

2
5   5y 

z + 2 = –2 z = –2–2 = 4  4z  

6  = a – 4  a = 6 + 4   10a 

5.

1 2 5

0 1 7

1 0 5

x y

z

a

  
 


 
  

= 

1 2 3

0 4 7

1 0 0

 
 
 
  

x, y, z, a 

1 2 5

0 1 7

1 0 5

x y

z

a

  
 


 
  

= 

1 2 3

0 4 7

1 0 0

 
 
 
  

x– 1 = 1 x = 1 + 1 = 2  2x 

5 – y = 3 y = 5 – 3 = 2  2y 

z– 1 = 4 z = 4 + 1 = 5  5z 

a– 5 = 8  5a 

6. A = 

1 3 5

2 1 5

2 0 1

 
 


 
  

 A

A = 

1 3 5

2 1 5

2 0 1

 
 


 
  

A = 1 + (–1) + 1 = 1
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7. A =  

0 1 2

2 3 4

4 5 6

 
 
 
  

, B = 

1 2 3

0 1 0

0 0 1

 
 
 
  

B – A, 4A-5B 

A =  

0 1 2

2 3 4

4 5 6

 
 
 
  

, B = 

1 2 3

0 1 0

0 0 1

 
 
 
  

B – A =  

1 2 3

0 1 0

0 0 1

 
 
 
  

– 

0 1 2

2 3 4

4 5 6

 
 
 
  

    B – A = 

1 1 1

2 2 4

4 5 5

 
   
 
   

4A – 5B = 

0 1 2

2 3 4

4 5 6

 
 
 
  

–5 

1 2 3

0 1 0

0 0 1

 
 
 
  

0 4 8

8 12 16

16 20 24

 
 
 
  

 – 

5 10 15

0 5 0

0 0 5

 
 
 
  

4A – 5B = 

5 6 7

8 7 16

16 20 19

  
 
 
  

8. A =
1 2 3

3 2 1

 
 
 

, B = 
3 2 1

1 2 3

 
 
 

 3B – 2A

A =
1 2 3

3 2 1

 
 
 

2A = 
2 4 6

6 4 2

 
 
 

B = 
3 2 1

1 2 3

 
 
 

 3B = 
9 6 3

3 6 9

 
 
 

3B – 2A = 
9 6 3

3 6 9

 
 
 

 – 
2 4 6

6 4 2

 
 
 

       = 
7 2 3

3 2 7

 
 
 
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9. A = 
0

0

i

i

 
 

 
A  2= –I i2 = –1

A = 
0

0

i

i

 
 

 

AA =  
0

0

i

i

 
 

 


0

0

i

i

 
 

 

A2 = 

2

2

0 0 0

0 0 0

i

i

  
 
   

 = 
1 0

0 1

 
 

 

A2 = – 
1 0

0 1

 
 
 

  2A I 

10. A =
4 2

1 1

 
 
 

A2 

A2 =  
4 2

1 1

 
 
 


4 2

1 1

 
 
 

     =  
 

 

16 2 8 2

4 1 2 1

   
 
      

A2 =  
14 10

5 1

 
 
  

11. A = 
0

0

i

i

 
 
 

A2 

  A2 =   
0

0

i

i

 
 
 

  
0

0

i

i

 
 
 

A2 = 

2

2

0 0 0

0 0 0

i

i

  
 
   

 A2 =   
1 0

0 1

 
 

 
  2A I 
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12. A = 
2 4

1 k

 
 
 

A2 = k

A = 
2 4

1 k

 
 
 

A2 =  A   A =
2 4

1 k

 
 
 

  
2 4

1 k

 
 
 

A2 =  

 

  2

4 4 8 4

2 4

k

k k

   
 
      

A2 =  2

0 8 4

2 4

k

k k

 
 
     

A2 = 0

2

0 8 4

2 4

k

k k

 
 
     

 = 
0 0

0 0

 
 
 

8 + 4k = 0

      4k = – 8

      k = 
8

4


= – 2           k =  – 2

13. A =

2 1

5 0

1 4

 
 
 
  

 , B = 
2 3 1

4 0 2

 
 
 

 2A+B1 3B1–A   

A =

2 1

5 0

1 4

 
 
 
  

 , B = 
2 3 1

4 0 2

 
 
 

2A = 2 

2 1

5 0

1 4

 
 
 
  

 = 

4 2

10 0

2 8

 
 
 
  
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B = 
2 3 1

4 0 2

 
 
 

 B1 =  

2 4

3 0

1 2

 
 
 
  

2A + B1 =  

4 2

10 0

2 8

 
 
 
  

+

2 4

3 0

1 2

 
 
 
  

 = 

6 6

13 0

1 10

 
 
 
  

3B1  =  3   

2 4

3 0

1 2

 
 
 
  

 = 

6 12

9 0

3 6

 
 
 
  

3B1 – A =   

6 12

9 0

3 6

 
 
 
  

 – 

2 1

5 0

1 4

 
 
 
  

 = 

4 11

4 0

4 2

 
 
 
  

14. A = 
2 4

5 3

 
 
 

A+A1 , AA1 

A = 
2 4

5 3

 
 
 

A1 =
2 5

4 3

 
 
 

A+A1 = 
2 4

5 3

 
 
 

+ 
2 5

4 3

 
 
 

 = 
4 9

9 6

 
 
 

AA1 =  
2 4

5 3

 
 
 

2 5

4 3

 
 
 

AA1 = 
4 16 10 12

10 12 25 9

   
 
   

AA1 = 
20 22

22 34

 
 
 

A1 = A A 

A = 

1 2 0

2 3 1

0 1 4

 
 

 
 
  
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A1 = –A A 

0 1 2

1 0 4

2 4 0

 
 

 
  

15. A1 =

1 2 3

2 5 6

3 7x

 
 
 
  

x 

A=

1 2 3

2 5 6

3 7x

 
 
 
  

,  AA1= 

1 2 3

2 5

3 6 7

x

 
 
 
  

1A A

1 2 3

2 5

3 6 7

x

 
 
 
  

= 

1 2 3

2 5 6

3 7x

 
 
 
  

6x 

16. A=

0 2 1

2 0 2

1 0x

 
 
 
 
  

x 

= 1A A 

0 2 1

2 0

1 2 0

x

  
 
 
  

 = – 

0 2 1

2 0 2

1 0x

 
 
 
 
  

0 2 1

2 0

1 2 0

x

  
 
 
  

 = 

0 2 1

2 0 2

1 0x

  
 
 
  

 2x 
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17. A=
cos sin

sin cos

 

 

 
 
 

AA1 = AA1A–I

A=
cos sin

sin cos

 

 

 
 
 

A1= 
cos sin

sin cos

 

 

 
 
 

AA1 = 
cos sin

sin cos

 

 

 
 
 

cos sin

sin cos

 

 

 
 
 

       =  

2 2cos sin cos sin     sin cos

sin



 cos cos  2 2sin sin cos  

 
 
   

 =   
1 0

0 1

 
 
 

 = I

         AA1 =  
cos sin

sin cos

 

 

 
 
 

 
cos sin

sin cos

 

 

 
 
 

        = 

2 2cos sin cos sin     sin cos

sin



 cos cos  2 2sin sin cos  

 
 
   

=   
1 0

0 1

 
 
 

 = I   1 1AA A A I  

1. A =

0 1 2

1 2 3

2 3 4

 
 
 
  

 , B = 

1 2

1 0

2 1

 
 

 
  

AB, BA  

AB = 

3 3

0 1 2

1 2 3

2 3 4


 
 
 
  

 

3 2

1 2

1 0

2 1


 
 

 
  

 = 

0 1 4 0 0 2

1 2 6 2 0 3

2 3 8 4 0 4

    
 
    

 
      

AB = 

3 2

5 5

7 8

 
 


 
  
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BA = 

3 2

1 2

1 0

2 1


 
 

 
  

  

3 3

0 1 2

1 2 3

2 3 4


 
 
 
  

B A BA 

2. A = 

1 2 3

2 3 1

3 1 2

 
 


 
  

 B = 

1 0 2

0 1 2

1 2 0

 
 
 
  

  

A, B AB, BA 

AB = 

3 3

1 2 3

2 3 1

3 1 2


 
 


 
  

  

3 3

1 0 2

0 1 2

1 2 0


 
 
 
  

= 

1 0 3 0 2 6 2 4 0

2 0 1 0 3 2 4 6 0

3 0 2 0 1 4 6 2 0

      
 
     

 
         

= 

4 4 2

1 1 10

1 5 4

 
 
 
   

BA = 

1 0 2

0 1 2

1 2 0

 
 
 
  

  

1 2 3

2 3 1

3 1 2

 
 


 
  

=  

1 0 6 2 0 2 3 0 4

0 2 6 0 3 2 0 1 4

1 4 0 2 6 0 3 2 0

       
 
     

 
        

=  

3 3

5 0 7

4 5 3

5 4 1


 
 

 
  

AB  BA AB, BA 
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3. A =

3 3

1 2 2

2 1 1

2 2 1


 
 
 
  

A2 – 4A – 5I = 0 

A =

1 2 2

2 1 1

2 2 1

 
 
 
  

A2 =  

1 2 2

2 1 1

2 2 1

 
 
 
  

  

1 2 2

2 1 1

2 2 1

 
 
 
  

=  

1 4 4 2 2 4 2 4 2

2 2 4 4 1 4 4 2 2

2 4 2 4 2 2 4 4 1

      
 
     

 
       

=  

9 8 8

8 9 8

8 8 9

 
 
 
  

4A = 4 

1 2 2

2 1 2

2 2 1

 
 
 
  

 = 

4 8 8

8 4 8

8 8 4

 
 
 
  

5I  = 4  

1 0 0

0 1 0

0 0 1

 
 
 
  

= 

5 0 0

0 5 0

0 0 5

 
 
 
  

A2 – 4A – 5I

= 

9 8 8

8 9 8

8 8 9

 
 
 
  

 – 

4 8 8

8 4 8

8 8 4

 
 
 
  

 –

5 0 0

0 5 0

0 0 5

 
 
 
  

= 

0 0 0

0 0 0

0 0 0

 
 
 
  

A2 – 4A – 5I = 0
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4. A = 
1 2 3

4 2 5

 
 
 

 , B = 

2 3

4 5

2 1

 
 
 
  

AB, BA  

AB 

A = 
2 3

1 2 3

4 2 5


 
 
 

 , B = 

3 2

2 3

4 5

2 1


 
 
 
  

AB 

BA 

 AB = 
1 2 3

4 2 5

 
 
 

   

2 3

4 5

2 1

 
 
 
  

AB =  
2 8 6 3 10 15

8 8 10 12 10 5

    
 
      

 = 
0 8

10 3

 
 
 

BA =  

2 3

4 5

2 1

 
 
 
  

  
1 2 3

4 2 5

 
 
 

        =  

2 12 4 6 6 15

4 20 8 10 12 25

2 4 4 2 6 5

    
 
   

 
     

 = 

10 2 21

16 2 37

2 2 11

 
 

 
   

AB   BA = A , B 

5. A =

3 0 0

0 3 0

0 0 3

 
 
 
  

A4 

A =

3 0 0

0 3 0

0 0 3

 
 
 
  

= 3 

1 0 0

0 1 0

0 0 1

 
 
 
  
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A4 =

4
1 0 0

3 0 1 0

0 0 1

  
  
  
    

 = 34 

4
1 0 0

0 1 0

0 0 1

 
 
 
  

    A4 = 81 

1 0 0

0 1 0

0 0 1

 
 
 
  

 = 

81 0 0

0 81 0

0 0 81

 
 
 
  

6. A =

1 1 3

5 2 6

2 1 3

 
 
 
    

A3 

A =

1 1 3

5 2 6

2 1 3

 
 
 
    

A2 =

1 1 3

5 2 6

2 1 3

 
 
 
    

  

1 1 3

5 2 6

2 1 3

 
 
 
    

=  

1 5 6 1 2 3 3 6 9

5 10 12 5 4 6 15 12 18

2 5 6 2 2 3 6 6 9

      
 
     

 
          

 = 

0 0 0

3 3 9

1 1 3

 
 
 
    

A3 = A2 A = 

0 0 0

3 3 9

1 1 3

 
 
 
    



1 1 3

5 2 6

2 1 3

 
 
 
    

A3 = 

0 0 0 0 0 0 0 0 0

3 15 18 3 6 9 9 18 27

1 5 6 1 2 3 3 6 9

      
 
     

 
          

 = 

0 0 0

0 0 0

0 0 0

 
 
 
  

7. A = 

1 2 1

0 1 1

3 1 1

 
 


 
  

A3–3A2–A–3I I 
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A = 

1 2 1

0 1 1

3 1 1

 
 


 
  

A2 = A   A = 

1 2 1

0 1 1

3 1 1

 
 


 
  



1 2 1

0 1 1

3 1 1

 
 


 
  

A2 = 

1 0 3 2 2 1 1 2 1

0 0 3 0 1 1 0 1 1

3 0 3 6 1 1 3 1 1

       
      
 
        

 = 

4 5 4

3 2 2

6 8 5

 
 
 
 
  

A3 = A2   A = 

4 5 4

3 2 2

6 8 5

 
 
 
 
  



1 2 1

0 1 1

3 1 1

 
 


 
  

A3 = 

4 0 12 8 5 4 4 5 4

3 0 6 6 2 2 3 2 2

6 0 15 12 8 5 6 8 5

       
 
       
 
        

A3 = 

16 17 13

9 10 7

21 25 19

 
  
 
  

3A2 = 3

4 5 4

3 2 2

6 8 5

 
 
 
 
  

 = 

12 15 12

9 6 6

18 24 15

 
 
 
 
  

3I  = 3 

1 0 0

0 1 0

0 0 1

 
 
 
  

= 

3 0 0

0 3 0

0 0 3

 
 
 
  

A3 –3A2–A–3I

 = 

16 17 13

9 10 7

21 20 19

 
 
 
 
  

 – 

12 15 12

9 6 6

18 24 15

 
 
 
 
  

–

1 2 1

0 1 1

3 1 1

 
 


 
  

–

3 0 0

0 3 0

0 0 3

 
 
 
  
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 = 

3 3

0 0 0

0 0 0

0 0 0


 
 
 
  

= 0

 3 2A 3A A 3I 0   

8. I = 
1 0

0 1

 
 
 

, E = 
0 1

0 0

 
 
 

 (aI+bE)3 = a3I + 3a2bE I 

LHS = (aI + bE)3

=  

3
1 0 0 1

0 1 0 0
a b
    

    
    

=  

3
0 0

0 0 0

a b

a

    
    

    
 = 

3

0

a b

a

 
 
 

2

0

a b

a

 
 
 

= 
0

a b

a

 
 
 

  
0

a b

a

 
 
 

= 

2

2

0

0 0 0

a ab ba

a

  
 
   

 = 

2

2

2

0

a ab

a

 
 
  

3

0

a b

a

 
 
 

= 

2

0

a b

a

 
 
 

  
0

a b

a

 
 
 

=

2

2

2

0

a ab

a

 
 
  


0

a b

a

 
 
 

L.H.S. = 

3 2 2

3

0 2

0 0 0

a a b a b

a

  
 
   

= 

2 2

3

3

0

a a b

a

 
 
  

R.H.S. = a3I + 3a2bE

             = a3 
1 0

0 1

 
 
 

+ 3a2b 
0 1

0 0

 
 
 

= 

3

3

0

0

a

a

 
 
  

+

20 3

0 0

a b 
 
  

 = 

3 2

3

3

0

a a b

a

 
 
  

    L.H.S. = RHS

         
3 3 2I E I 3 Ea b a a b  
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9. –
2


 

2

2

cos cos sin

cos sin sin

  

  

 
 
  

2

2

cos cos sin

cos sin sin

  

  

 
 
  



2

2

cos cos sin

cos sin sin

  

  

 
 
  

2

2

cos cos sin

cos sin sin

  

  

 
 
  



2 2 2 2

2 2 2 2

cos cos cos sin cos sin cos cos sin cos sin sin

cos sin cos sin cos sin cos sin cos sin sin sin

           

           

     
 
       

–
2




2




cos = cos
2




 
 

 
= –sin

sin  = sin
2




 
 

 
= cos

=   

2 2 2 2 2 2

2 2 2 2

sin cos sin cos sin cos sin sin cos sin

sin cos cos cos cos sin sin cos cos sin cos sin

         

           

  
 
    
 

= 
0 0

0 0

 
 
 

3 2

6 4

 
 
 

3 2

6 4

 
 
 

A 

A AdjA 

A I AB = BA = I B

A 
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10. A = 

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c

 
 
 
  

  A   A–1 = 
AdjA

det A

A =  

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c

 
 
 
  

AdjA =  

1 2 3

1 2 3

1 2 3

A A A

B B B

C C C

 
 
 
  

A . AdjA = 

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c

 
 
 
  

   

1 2 3

1 2 3

1 2 3

A A A

B B B

C C C

 
 
 
  

1 1 1 1 1 1 1 2 1 2 1 2 1 3 1 3 1 3

2 1 2 1 2 1 2 2 2 2 2 2 2 3 2 3 2 3

3 1 3 1 3 1 3 2 3 2 3 2 3 3 3 3 3 3

A B C A B C A B C

A B C A B C A B C

A B C A B C A B C

a b c a b c a b c

a b c a b c a b c

a b c a b c a b c

      
 

      
       

=

det A 0 0

0 det A 0

0 0 det A

 
 
 
  

 = det A  

1 0 0

0 1 0

0 0 1

 
 
 
  

=  det A . I

det A   0 

A.(AdjA) = det A . I

AdjA
A I

det A

 
 

 

AdjA
A I

det A

 
  

 

B = 
AdjA

det A
  AB = BA = I

A A–1 = B  = 
AdjA

det A
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1. A = 

1 3 3

1 4 3

1 3 4

 
 
 
  

 

A = 

1 3 3

1 4 3

1 3 4

 
 
 
  

detA = 1 (16 – 9) – 3 (4 – 3) + 3 (3 – 4)

= 7 – 3 – 3 = 1  0

A B B = 

7 1 1

3 1 0

3 0 1

  
 

 
  

Adj A = BT = 

7 3 3

1 1 0

1 0 1

  
 

 
  

A–1 = 
AdjA

det A
   = 

7 3 3

1 1 0

1 0 1

  
 

 
  

  det A = 1

2. A = 

1 2 1

3 2 3

1 1 2

 
 
 
  

A = 

1 2 1

3 2 3

1 1 2

 
 
 
  

det A  = 1 (4 – 3) – 2 (6 – 3) + 1 (3 – 2)

           = 1 – 6 + 1 = –4  0

A A B 
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A B =  

1 3 1

3 1 1

4 0 4

 
 

 
  

Adj A = BT = 

1 3 4

3 1 0

1 1 4

 
 

 
  

A–1 = 
AdjA

det A
 = 

1 3 4
1

3 1 0
4

1 1 4

 
 

 
  

A–1 = 

1 3
1

4 4

3 1
0

4 4

1 1
1

4 4

 
  
 
 
 
 
  
  

3. A =  

1 2 3

0 1 4

2 2 1

 
 


 
  

(A')–1 

A =  

1 2 3

0 1 4

2 2 1

 
 


 
  

A1 =  

1 0 2

2 1 2

3 4 1

 
 
 
 
  

del (A1) = 1 (–1–8) + 0 – 2 (–8+3)

                   –9 + 0 + 10 = 1   0

A1 = 

9 8 5

8 7 4

2 6 1

  
 
 
 
    
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A1 = 

9 8 2

8 7 6

5 4 1

   
 
 
    

4. A =

1 2 2

2 1 2

2 2 1

   
 


 
  

adjA = 3A1 A–1 

A = 

1 2 2

2 1 2

2 2 1

   
 


 
  

A1 = 

1 2 2

2 1 2

2 2 1

 
 
 
 
   

3A1 = 3 

1 2 2

2 1 2

2 2 1

 
 
 
 
   

3A1 =  

3 6 6

6 3 6

6 6 3

 
 
 
 
   

A = 

3 6 6

6 3 6

6 6 3

   
 


 
  

AdjA = 

3 6 6

6 3 6

6 6 3

   
 


 
  

 = 

3 6 6

6 3 6

6 6 3

 
 
 
 
   

 Adj A = 3AT

det A = – 1 (1–4)  + 2 (2+4) – 2 (–4–2)

         = 3 + 12 + 12 = 27  0

A–1 = 
AdjA

det A
 = 

1

27

3 6 6

6 3 6

6 6 3

 
 
 
 
   
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A–1 =  

3 6 6

27 27 27

6 3 6

27 27 27

6 6 3

27 27 27

 
 
 
  
 
 
 
  

 = 
1

9

1 2 2

2 1 2

2 2 1

 
 
 
 
   

A = 

3 6 6

9 9 9

6 3 6

9 9 9

6 6 3

9 9 9

 
 
 
 
 
 
  
  

AdJ  A = 

3 6 6

9 9 9

6 3 6

9 9 9

6 6 3

9 9 9

 
 
 
 
 
 
  
  

= 

3 6 6

9 9 9

6 3 6

9 9 9

6 6 3

9 9 9

 
 

 
 
 
 
  
  

A–1 = 
A A

A

dj

del
= 

3 6 6

9 9 9

6 3 6

9 9 9

6 6 3

9 9 9

 
 

 
 
 
 
  
  

LHS = A–1 = 

1 2 2

3 3 3

2 1 2

3 3 3

2 2 1

3 3 3

 
 

 
 
 
 
  
  

 1 1A A 
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5. 3A = 

1 2 2

2 1 2

2 2 1

 
 


 
   

  A–1 = AAT 

3A = 

1 2 2

2 1 2

2 2 1

 
 


 
   

A = 

1 2 2
1

2 1 2
3

2 2 1

 
 


 
   

AA1 = I  A–1 = A1

A1 = 

1 2 2
1

2 1 2
3

2 2 1

 
 
 
   

A×AT = 

1 2 2 1 2 2
1 1

2 1 2 2 1 2
3 3

2 2 1 2 2 1

   
   

 
   
         

          = 

1 4 4 2 2 4 2 4 2
1

2 2 4 4 1 4 4 2 2
9

2 4 2 4 2 2 4 4 1

       
 

      
 
         

          = 

9 0 0 1 0 0
1

0 9 0 0 1 0 I
9

0 0 9 0 0 1

   
   

 
   
      

AA1 = I

A–1 = A1

a
1
x + b

1
y + c

1
z = d

1

a
2
x + b

2
y + c

2
z = d

2

a
3
x + b

3
y + c

3
z = d

3 
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 A = 

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c

 
 
 
  

  

 D = 

1

2

3

d

d

d

 
 
 
  

AX = D X =

x

y

z

 
 
 
  

 A =  

1 1 1

2 2 2

3 3 3

a b c

a b c

a b c

x = 

1 1 1

2 2 2

3 3 3

a x b c

a x b c

a x b c

C
1
   C

1
 + yC

2
 + zC

3
 

x = 

1 1 1 1 1

2 2 2 2 2

3 3 3 3 3

a x b y c z b c

a x b y c z b c

a x b y c z b c

 

 

 
= 

1 1 1

2 2 2

3 3 3

d b c

d b c

d b c

 
1
 = 

1 1 1

2 2 2

3 3 3

d b c

d b c

d b c
x = 

1




2
 =

1 1 1

2 2 2

3 3 3

a d c

a d c

a d c
y = 

2




3
 = 

1 1 1

2 2 2

3 3 3

a b d

a b d

a b d
y = 

3



1

x


= 

2

y


 = 

3

z


 = 

1


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AX = D A A–1 

AX = D    AA–1 (AX) = A–1D

 (A–1A) X = A–1D

                              I X = A–1D

X = A–1D x, y, z 

6.

3x + 4y + 5z = 18, 2x – y + 8z = 13   5x – 2y + 7z = 20

3x + 4y + 5z = 18,

2x – y + 8z = 13

5x – 2y + 7z = 20

A = 

3 4 5

2 1 8

5 2 7

 
 


 
  

 X = 

x

y

z

 
 
 
  

  D =  

18

13

20

 
 
 
  

AX = D 

 = det A = 

3 4 5

2 1 8

5 2 7

 
 


 
  

    = 3 (–7+16) – 4 (14–40) + 5 (–4+5)

    = 3 (9) – 4 (–26) + 5 (1)

    = 27 + 104 + 5 = 136  0


1
 = 

18 4 5

13 1 8

20 2 7




  = 408


2
 = 

3 18 5

2 13 8

5 20 7
  = 136
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
3
 = 

3 4 18

2 1 13

5 2 20




  = 136

x =
1


 =

408

136
 = 3

y = 
2


= 

136

136
=1

z = 
3


=

136

136
= 1

3, 1, 1x y z  

7.

(i) 5x – 6y + 4z = 15,  7x + 4y – 3z = 19,  2x + y + 6z = 46

(i) 5x – 6y + 4z = 15,

7x + 4y – 3z = 19,

2x + y + 6z = 46

det A = 

5 6 4

7 4 3

2 1 6

 
 


 
  

,  D = 

15

19

46

 
 
 
  

 X =  

x

y

z

 
 
 
  

det A =  =

5 6 4

7 4 3

2 1 6

 
 


 
  

  =5(24 + 3) + 6 (42 + 6) +4 (7–8)

= 135 + 288 – 4

                   = 419   0

 
1
 = 

15 6 4

19 4 3

46 1 6




 = 1257


2
 = 

5 15 4

7 19 3

2 46 6


 = 1676
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
3 
= 

5 6 15

7 4 19

2 1 46



 = 2514

x =
1


 =

1257

419
 = 3

y = 
2


= 

1676

419
=4

z = 
3


=

2514

419
= 6

 3, 4, 6x y z  

8. x + y + z = 1

2x + 2y + 3z = 6

x + 4y + 9z = 3

A = 

1 1 1

2 2 3

1 4 9

 
 
 
  

 , D = 

1

6

3

 
 
 
  

 , X =  

x

y

z

 
 
 
  

det A =  = 

1 1 1

2 2 3

1 4 9
 = 1(18 – 12) – 1 (18 –3) +1 (8 – 2)

 = 6 – 15 + 6 = –3   0


1
 = 

1 1 1

6 2 3

3 4 9
 = –21


2
 = 

1 1 1

2 6 3

1 3 9
 = 30



42 Basic Learning Material

TSBIE


3 
= 

1 1 1

2 2 6

1 4 3
 = –12

x =
1


 =

21

3




 = 7

y = 
2


= 

30

3
= –10

z = 
3


=

12

3




= 4

 7, 10, 4x y z   

9. x – y + 3z = 5

4x + 2y – z = 0

–x + 3y + z = 5

A =

1 1 3

4 2 1

1 3 1

 
 


 
  

  , D= 

5

0

5

 
 
 
  

 , X = 

x

y

z

 
 
 
  

det A =  = 

1 1 3

4 2 1

1 3 1






 = 1(2 + 3) + 1 (4 –1) +3 (12 + 2)

= 5 + 3 + 42 = .50   0


1
 = 

5 1 3

0 2 1

5 3 1




 = 0


2
 = 

1 5 3

4 0 1

1 5 1




 = 50


3 
= 

1 1 5

4 2 0

1 3 5




 = 100
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x =
1


 =

0

50
 = 0

y = 
2


= 

50

50
= 1

z = 
3


=

100

50
= 2

 0, 1, 2x y z  

10. x + y + z = 9

2x + 5y + 7z = 52

2x + y – z = 0

A =

1 1 1

2 5 7

2 1 1

 
 
 
  

  , D= 

9

52

0

 
 
 
  

 , X = 

x

y

z

 
 
 
  

det A =  = 

1 1 1

2 5 7

2 1 1
 = 1(–5 – 7) – 1 (–2 –14) +1 (2 – 10)

= –12 + 16 – 8 = –4   0

     = –4


1
 = 

9 1 1

52 5 7

0 1 1
 = –4


2
 = 

1 9 1

2 52 7

2 0 1
 = –12


3 
= 

1 1 9

2 5 52

2 1 0
 = –20
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x =
1


 =

4

4




 = 1

y = 
2


= 

12

4




= 3

z = 
3


=

20

4




= 5

 1, 3, 5x y z   

11.

i) 3x + 4y + 5z = 18, 2x – y – 8z = 13, 5x – 2y + 7z = 20

3x + 4y + 5z = 18

2x – y – 8z = 13

5x – 2y + 7z = 20

AX = D 

A = 

3 4 5

2 1 8

5 2 7

 
 


 
  

 , X =

x

y

z

 
 
 
  

  ,  D = 

18

13

20

 
 
 
  

det A =  = 

3 4 5

2 1 8

5 2 7




 = 3(–7 + 16) – 4 (14 –40) +5 (–4 + 5)

= 27 + 104 + 5 = 136   0

A = 

9 26 1

38 4 26

37 14 11

 
 
 
 
   

Adj A =  

9 38 37

26 4 14

1 26 11

 
 

 
 
  

X  = A–1 D

X = 
AdjA

det A

 
 
 

 .D
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=  
1

136
 

9 38 37

26 4 14

1 26 11

 
 

 
 
  

 

18

13

20

 
 
 
  

=  
1

136
 

408

136

136

 
 
 
  

X = 

3

1

1

 
 
 
  

 3, 1, 1x y z  

12. 2x – y + 3z = 9

x + y + z = 6

x – y + z = 2

A = 

2 1 3

1 1 1

1 1 1

 
 
 
  

 , X =

x

y

z

 
 
 
  

  ,  D = 

9

6

2

 
 
 
  

1AX D X A D  

det A =  = 

2 1 3

1 1 1

1 1 1




 = 2 (1 + 1) + 1 (0 – 0) +3 (–1 – 1)

= 4 – 6 = –2   0

A = 

2 0 2

2 1 1

4 1 3

 
 
 
 
  

Adj A = 

2 2 4

0 1 1

2 1 3

  
 


 
  

X = A–1 D
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   = 
AdjA

det A

 
    . D

X = 

2 2 4 9
1

0 1 1 6
2

2 1 3 2

    
   

 
   
      

X = 
1

2
 

2

4

6

 
 

 
  

X = 

1

2

3

 
 
 
  



x

y

z

 
 
 
  

=

1

2

3

 
 
 
  

 1, 2, 3x y z   

13. x + y + z = 1

2x +2 y +3 z = 6

x + 4y + 9z = 3

A = 

1 1 1

2 2 3

1 4 9

 
 
 
  

 , X =

x

y

z

 
 
 
  

  ,  D = 

1

6

3

 
 
 
  

1AX D X A D  

det A =  

1 1 1

2 2 3

1 4 9
 = 1 (18 – 12) – 1 (18 – 3) +1 (8 – 2)

= 6 – 15 + 6 = –3   0

del A   0 = –3

A = 

6 15 6

5 8 3

1 1 0

 
 
 
 
  
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Adj A = 

6 5 1

15 8 1

6 3 0

 
 
 
 
  

X = A–1 D

 X = 
AdjA

det A

 
    . D

X = 

6 5 1 1
1

15 8 1 6
3

6 3 0 3

   
   

   
   
      

x

y

z

 
 
 
  

 = 
1

3
  

21

30

12

 
 
 
  

= 

7

10

4

 
 

 
  

 7, 10, 4x y z   

14. 2x – y + 3z = 8

–x +2y +z = 4

3x + y – 4z = 0

A = 

2 1 3

1 2 1

3 1 4

 
 

 
  

 , X =

x

y

z

 
 
 
  

  ,  D = 

8

4

0

 
 
 
  

1AX D X A D  

det A =  

2 1 3

1 2 1

3 1 4







 = 2 (–8 – 1) + 1 (4 – 3) +3 (–1 – 6)

= –18 + 1 – 21 = –38   0

del A = –38   0

A = 

9 1 7

1 14 5

7 5 3

   
 
  
 
   
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Adj A = 

9 1 7

1 14 5

7 5 3

   
 
  
 
   

X = A–1 D

 X = 
A JA

det A

d 
 
 

 . D

X = 

9 1 7 8
1

1 14 5 4
38

7 5 3 0

     
   

   
   
       

X = 

76 1
1

76 1
38

76 1

   
   

  
   
      

x

y

z

 
 
 
  

=  

1

1

1

 
 
 
  

 1, 1, 1x y z   

Practise Problems

1. A = 

3 3 4

2 3 4

0 1 1

 
 


 
  

A–1 = AA3 

(i)  2x – y + 3z = 9, x + y + z = 6,  x – y + z = 2

(ii) 2x – y + 3z = 8,  –x + 2y + z = 4,  3x + y – 4z = 0

(iii) 2x – y + 8z = 13,  3x + 4y + 5z = 18,  5x – 2y + 7z = 

(i)  x + y + z = 1, 2x + 2y + 3z = 6,  x + 4y + 9z = 3

(ii) x – y + 3z = 5,  4x + 2y – z = 0,  –x + 3y + z = 5

(iii) x + y + z = 9,  2x + 5y + 7z = 52,  2x + y – z = 
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4

'O', 'P' 'O' 'P'

OP 'O' 'P'

O (o,o,o) P (x,y,z) r

OP
2 2 2OP r x y z   

AB = OB - OA = B A 

P (x,y,z) OP = r, X, Y, Z

, ,   Cos , Cos , Cos   r

l, m, n 

l = Cos

m = Cos

n = Cos

P x,y,z (lr,mr,nr) l,m,n

lr, mr,nr r

a,b,c 

a = lr

b = mr

c = nr

l2 + m2 + n2 = 1
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e

a a

a
a = 

a



0

0 

a = 
a

a



a a

a a

a AB a BA 

AB AB

a b a b 



A, B, C AB = λBC 

a
1
i + a

2
j + a

3
k b

1
i + b

2
j + b

3
k 

31 2

1 2 3

aa a

b b b
 

A, B, C, D AD AB ACx y   x, y 

AB = a
1
i + b

1
j + c

1
k

AC  = a
2
i + b

2
j + c

2
k

AD = a
3
i + b

3
j + c

3
k

A B
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AB , AC AD   A, B, C, D 

1 1 1

2 2 2

3 3 3

a   b   c

a   b   c  = 0

a   b   c



ABC AB , BC AC

AC = AB  + BC

a

b a b

(i) a b  = b a

(ii)    a b c a b c    

(iii) a 0 0 a a   

0

a, b

(i) a b   a b  

(ii) a b   a b  

a b

a b A, B AB  P  m : n 

P 
mb + na

m + n

1 2 3,  ,   ....... na a a a x
1
, x

2
, x

3
 ..... , x

n 

1 1 2 2 3 3 +  +.......  n nx a x a x a x a  1 2 3,  ,   .......,  na a a a

 A a b

r = a + tb t   R

A B

C

a
b+b

a
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 A a B(b)

r = (1-t)a + tb t   R

 A a b, c

r = a + tb sc t , s  R

 A a B(b) c

r = (1-t) a + tb sc t , s  R

 A a B(b)   C c

r = (1-t-s) a  + tb sc t , s R

VERY SHORT ANSWER TYPE QUESTIONS

a = 2i + 3j + k

a = 2i + 3j + k

2 2 2a 2 3 1 4 9 1 14      

 a
a

a = 
a

 2 3

14

i j k 


 2 3 1
 

14 14 14
a i j k   

2 3a i j k   b 3i j  ba 

2 3a i j k  

b 3i j 

ba   = i + 2j + 3k + 3i + j

 ba   = 4i + 3j + 3k

2 2 2a + b 4 3 3 16 9 9 34      

 a + b
a + b

a + b

4 3 3

34

i j k 


1
(4 3 3 )

34
i j k  

2 2 5a i j k   b 2 3i j k  

2 2 5a i j k   b 2 3i j k  
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ba   = 2i + 2j – 5k + 2i + j + 3k

ba   = 4i + 3j – 2k

2 2 2a + b 4 3 ( 2) 16 9 4 29       

a, b

a + b

a + b

4 3 2

29

i j k 


2 4 5a i j k   b i j k   c 2j k  a b c 

2 4 5a i j k  

b i j k  

c 2j k 

a + b + c  = (2i + 4j – 5k) + (i + j + k) + (j + 2k)

a + b + c  = 3i + 6j – 2k

a + b + c  2 2 23 6 ( 2) 9 36 4 49 7        

 a + b + c

(a + b + c)

a + b + c
 

(3i + 6j - 2k)

7
 

A, B, C –2i + j – k,  –4i + 2j + 2k, 6i – 3j – 13k

AB AC 

'O' 

OA = –2i + j – k

OB = –4i + 2j + 2k

OC = 6i – 3j – 13k

 AB = OB – OA = (–4i + 2j + 2k) – (–2i + j – k)

= –4i + 2j + 2k + 2i – j + k

 AB = –2i + j + 3k

 AC = OC – OA = (6i – 3j – 13k) – (–2i + j – k)

= 6i – 3j – 13k + 2i – j + k

= 8i – 4j – 12k
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AC = –4(–2i + j + 3k)

AC = –4. AB AB 2 3i j k     

 – AB = AC

AB =
1

4
 AC

 AB =  AC  =
1

4


OA i j k   AB 3 2i j k   BC 2 2i j k   CD 2 3i j k   OD

OA i j k  

AB 3 2i j k  

BC 2 2i j k  

CD 2 3i j k  

OA AB BC CD OD   

OD OA AB BC CD   

= (i + j + k) + (3i – 2j + k) + (i + 2j – 2k) + (2i + j + 3k)

 OD = 7i + 2j + 3k

a = i + j – 2k

r = a = i + j – 2k 

r = xi + yj + zk a, b, c

x, y, z a = 1, b = 1, c = –2 

 l, m, n 

2 2 21 1 ( 2) 1 1 4 6r        

1

6

a
l

r
 

1

6

b
m

r
 

2

6

c
n

r


 


1 1 2

, ,
6 6 6

 
 
 
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–3i + 4j + k,   i + 8j + 6k  ,   

–3i + 4j + k,   i + 8j + 6k 

3 4

8 6






 


3 1

2 6






 


3 1

2




1

2 6




 2( 3)   2 6(1) 

 6  
6

3
2

  

 3  6  

2i + 3j + k 4i – 2j + 3k 

a  = 2i + 3j + k

b  = 4i – 2j + 3k

a  b

r = a + tb t   R

r  = (2i + 3j + k) + t(4i – 2j + 3k)

 r  = (2 + 4t)i + (3–2t)j + (1+3t)k

OABC OA = a OC = c BC

OABC 

OA = a

OC = c  AB = c

 OB - OA c

 OB = c OA

 OB = c a

 OB = a c

 BC r = (1-t)c  t (a c)  t   R

 r = (1-t+t)c  t a

 r = c  t a
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2i + j + 3k, –4i + 3j – k 

a  = 2i + j + 3k

b  = –4i + 3j – k 

a , b  

r = (1-t)a  tb t   R

 r  = (1 – t) (2i + j + 3k) + t(–4i + 3j – k)

 r  = (2 – 2t – 4t)i + (1 – t + 3t)j + (3 – 3t – t)k

 r  = (2 – 6t)i + (1 + 2t)j + (3 – 4t)k

 r  = 2(1 – 3t)i + (1 + 2t)j + 3(3 – 4t)k

i – 2j + 5k, –5j – k, –3i + 5j 

a  = i – 2j + 5k

b  = –5j – k

c  = –3i + 5j 

a , b , c  

r = (1-t-s)a tb sc  t, s   R

 r  = (1 – t – s) (i – 2j + 5k) + t(–5j – k) + s(–3i + 5j)

a  = 0.i + 0.j + 0.k = 0

b  = 0.i + 5j + 0.k = 5j

c  = 2.i + 0.j + 1.k = 2i + k

a , b , c

r = (1-t-s)a tb sc  t , s   R

 r  = (1 – t – s) 0  + t(5j ) + s(2i + k)

 r  = (5t)j + s(2i + k)

SHORT ANSWER TYPE QUESTIONS

A(2i – j + k), B(i – 3j – 5k), C(3i – 4j – 4k)

 O  

OA  = 2i – j + k

OB  = i – 3j – 5k

OC  = 3i – 4j – 4k
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 AB  = OB  – OA  =  (i – 3j –5k) – (2i – j + k)

       = (1–2)i + (–3+1)j + (–5–1)k

AB  = –i – 2j – 6k

 AB  = 2 2 2( 1) ( 2) ( 6) 1 4 36 41        

BC  = OC  – OB  =  (3i – 4j –4k) – (i – 3j – 5k)

BC  = (3 – 1)i + (–4 + 3)j + (–4 + 5)k = 2i – j + k

BC  = 2 2 22 ( 1) 1 4 1 1 6      

CA  = OA  – OC  =  (2i – j + k) – (3i – 4j – 4k)

CA  = (2 – 3)i + (–1 + 4)j + (1 + 4)k = –i + 3j + 5k

CA  = 2 2 2( 1) 3 5 1 9 25 35      

2
2 2 2AB ( 41) ( 6) ( 35)  


2 2 2

AB BC CA 

 A, B, C

3i + 5j + 2k, 2i – 3j – 5k, –5i – 2j + 3k 

ABC AB  = 3i + 5j + 2k

BC  = 2i – 3j – 5k

CA  = – 5i – 2j + 3k

AB  = 2 2 23 5 2 9 25 4 38     

BC  = 2 2 22 ( 3) ( 5) 4 9 25 38       

CA  = 2 2 2( 5) ( 2) 3 25 4 9 38       

 AB BC CA  ABC

a , b , c  

(i) -a + 4b - 3c , 3a + 2b - 5c , 3a + 8b - 5c , 3a + 2b + c

(ii) 6a + 2b - c , 2a  - b + 3c , a + 2b - 4c , 12a - b - 3c

"O" A, B, C, D 
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OA  = -a + 4b - 3c

OB  = 3a + 2b - 5c

OC  = -3a + 8b - 5c

OD  = 3a + 2b + c

AB  = OB  – OA  = 3a + 2b - 5c ) – -a + 4b - 3c ) = 4a - 2b - 2c

AC  = OC  – OA  = 3a + 8b - 5c ) – -a + 4b - 3c ) = -2a + 4b - 2c

AD  = OD  – OA  = -3a + 2b + c ) – -a + 4b - 3c ) = -2a - 2b + 4c

A, B, C, D 

4  -2  -2

-2  4  -2 0

-2  -2  4

 

4  -2  -2

-2  4  -2 4(16 4) 2( 8 4) 2(4 8)

-2  -2  4

      

= 4(12) + 2(–12) – 2(12)

= 48 – 24 – 24

= 0

 A, B, C, D 

A, B, C, D AB, AC, AD

AB AC + yADx 

x, y 

 4a - 2b - 2c (-2a + 4b - 2c) (-2a - 2b + 4c)x y 

 4a - 2b- 2c + 2a  - 4b  + 2c 2a  + 2b  - 4c 0x x x y y y 

 (4+2x+2y)a + (-2-4x+2y)b + (-2+2x-4y)c 0

a , b , c  

4 + 2x  + 2y = 0 .............(1)

–2 – 4x + 2y = 0 .............(2)

–2 + 2x – 4y = 0 .............(3)

   2x + 2y + 4 = 0

– 4x + 2y – 2  = 0

         +    –       +          .

  6x        + 6  = 0
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x = –6/6 = –1

x = –1

4 + 2 (–1) + 2y = 0

4 – 2 + 2y = 0

2 + 2y = 0

2y = –2

y = –2 / 2 = –1

x = –1, y = –1

AB, AC, AD

 A, B, C, D



(ii) "O" A, B, C, D 

OA  = 6a + 2b - c

OB  = 2a  - b + 3c

OC  = -a + 2b - 4c

OD  = 12a - b - 3c

AB  = OB  – OA  = 2a  - b + 3c ) – 6a + 2b - c ) = -4a - 3b + 4c

AC  = OC  – OA  = a + 2b - 4c ) – 6a + 2b - c ) = -7a - 3c

AD  = OD  – OA  = 12a - b - 3c ) – 6a + 2b - c ) = 18a - 3b - 2c

A, B, C, D 

-4    -3   4

-7    0   -3 0

-18  -3  -2

 

-4    -3   4

-7    0   -3 4(0 9) 3(14 54) 4(21 0)

-18  -3  -2

      

=  36 + 3(–40) + 4(21)

= 36 – 120 + 84

= 120 – 120

= 0

 A, B, C, D

i, j, k 4i + 5j + k, –j–k, 3i +9 j + 4k,

–4i + 4j + 4k 
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"O" A, B, C, D 

OA  = 4i + 5j + k

OB  = –j – k

OC  = 3i + 9j + 4k

OD  = –4i + 4j + 4k

AB  = OB  – OA  = (–j – k) – (4i + 5j + k) = –4i – 6j – 2k

AC  = OC  – OA  = (3i + 9j + 4k) – (4i + 5j + k) = –i + 4j + 3k

AD  = OD  – OA  = (–4i + 4j + 4k) – (4i + 5j + k) = –8i – j + 3k

A, B, C, D 

-4    -6   -2

-1     4    3 0

-8    -1   3

 

-4    -6   -2

-1     4    3 4(12 3) 6( 3 24) 2(1 32)

-8    -1   3

       

=  –4(15) + 6(21) – 2(33)

= –60 + 126 – 66

= – 126 + 126

= 0

 A, B, C, D

a , b , c  

(i) a - 2b + 3c , 2a + 3b - 4c , 7b  + 10c

(ii) 3a - 4b + 3c , 4a + 5b - 6c ,  4a 7b + 6c

(i) 'O' A,B, C 

OA  = a  - 2b + 3c

OB  = 2a + 3b - 4c

OC  = -7b  + 10c

AB  = OB  – OA  = 2a + 3b - 4c) – a  - 2b + 3c ) = a + 5b - 7c ......(1)

BC  = OC  – OB  = 7b  + 10c ) – 2a + 3b - 4c) = -2a  - 10b + 14c

BC   =  -2(a + 5b - 7c)

BC   =  –2 AB    [  from (1)]

 BC   =  2 BA
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 A, B, C

(ii) 'O' A,B, C 

OA  = 3a - 4b + 3c

OB  = 4a + 5b - 6c

OC  = 4a - 7b + 6c

AB  = OB  – OA  = 4a + 5b - 6c ) – 3a - 4b + 3c ) = 7a + 9b - 9c

BC  = OC  – OB  = 4a 7b + 6c ) – 4a + 5b - 6c = 8a  - 12b + 12c

AB       BC   

A,B, C 

3i–2j–k, 2i+3j–4k,–i+j+2k, 4i+5j+k 

146

17



'O'' A,B,C,D 

OA  = 3i – 2j – k

OB  = 2i + 3j – 4k

OC  = –i + j + 2k

OD  = 4i + 5j +  k

 AB  = OB  – OA  = (2i + 3j – 4k) – (3i – 2j – k) = –i + 5j – 3k

AC  = OC  – OA  = (–i + j + 2k) – (3i – 2j – k) = –4i + 3j + 3k

AD  = OD  – OA  = (4i + 5j +  k) – (3i – 2j – k) = i + 7j + ( +1)k

A, B, C, D 

-1    5   -3

-4    3    3 0

1     7   +1

 

–1[3( +1) – 21] – 5[–4( +1) – 3] – 3[–28–3] = 0

–1(3 +3–21) – 5(–4 –4–3) – 3(–31) = 0

–1(3 –18) – 5(–4 –7) + 93 = 0

–3  + 18 + 20  + 35 + 93 = 0

17  + 146 = 0

17  = – 146

    = 
146

17


2i + 4j + 2k, 2i + 3j + 5k  3i – 2j + k 

2i + j + 3k, 4i – 2j + 3k 
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a  = 2i + 4j + 2k

b  = 2i + 3j + 5k

c  = 3i – 2j + k 

  a , b  c

r  = (1– t)a  + t b  + s c ,     t, s   R

r  = (1– t) (2i + 4j + 2k) + t(2i + 3j + 5k) + s(3i – 2j + k)

r  = (2 – 2t + 2t + 3s)i + (4 – 4t + 3t – 2s)j + (2 – 2t + 5t + s) k

r  = (2 + 3s)i + (4 – t – 2s) j + (2 + 3t + s) k ............................... (1)

p  = 2i + j + 3k

q  = 4i – 2j + 3k

p , q

r  = (1– x) p   + x q , x   R

r  = (1 – x) (2i + j + 3k) + x(4i – 2j + 3k)

r  =  (2 – 2x + 4x)i + (1 – x – 2x) j + (3 – 3x + 3x)k

r  = (2 + 2x)i + (1 – 3x) j + 3k ...................................(2)

i, j, k 

 2 + 3s = 2 + 2x   2x – 3s = 0. .............................(3)

4 – t – 2s = 1 – 3x   3x – 2s – t = –3 ..........................(4)

2 + 3t + s = 3   s + 3t = 1

  3t = 1 – s    t = 
1 - s

3

't'

 3x – 2s – 
1 - s

3

 
 
 

 = –3

9x – 6s – 1 + s = –9

 9x – 5s = –8 .........................(5)

(2x – 3s = 0) × 5  10 x – 15s = 0

(9x – 5s = –8) × –3  –27x + 15s = 24

__________________

–17x           = 24

x = 
24

17


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x =
24

17



r  = 
24 24

2 2 1 3 3
17 17

i j k
        

         
      

r  = 
48 72

2 1 3
17 17

i j k
   

      
   

r  = 
34 48 17 72

3
17 17

i j k
    

    
   

 r  = 
14 89

3
17 17

i j k


 


14 89

, ,3
17 17

 
 
 

4i – 3j – k, 3i + 7j – 10k, 2i + 5j – 7k 

i + 2j – 3k 

a  = 4i – 3j – k, b  = 3i + 7j – 10k, c  =  2i + 5j – 7k,  d  = i + 2j – 3k

a , b , c  

r  = (1 – t – s)a  + t b   + s c t, s   R

r  = (1 – t – s) (4i – 3j – k) + t (3i + 7j – 10k) + s(2i + 5j – 7k)

d  

i + 2j – 3k = (1 – t – s) (4i – 3j –k) + t(3i + 7j – 10k) + s(2i + 5j – 7k)

i + 2j – 3k = (4 – 4t – 4s + 3t + 2s)i + (–3 + 3t + 3s + 7t + 5s)j + (–1 + t + s – 10t – 7s)k

i + 2j – 3k = (4 – t – 2s)i + (–3 + 10t + 8s)j + (–1 – 9t – 6s)k

i, j, k

4 – t – 2s = 1  t + 2s = 3 ................(1)

–3 + 10t + 8s = 2 10t + 8s = 5 ................(2)

–1 – 9t – 6s = –3  9t + 6s = 2 ................(3)

(t + 2s = 3) × –4  –4t – 8s = –12

10t + 8s = 5  10t + 8s = 5

––––––––––––––––––

6t           = –7

  t = 
7

6


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t + 2s = 3

7

6


 + 2s = 3

2s =  
7 18 7

3
6 6


 

2s = 
25

6
   s = 

25

12

LHS = 9t + 6s

= 9
7

6

 
 
 

 + 6
25

12

 
 
 

 = 
21 25

2 2


  = 

21 25

2

 
 = 

4

2
= 2 = R.H.S.

  t = 
7

6


, s = 

25

12

d  a , b , c  

a , b , c  6a - 4b + 4c - 4c a - 2b - 3c

a + 2b - 5c –4c 

r  = (1 – t) ( - 4c ) + t (6a - 4b + 4c ), t   R

r  = (6t)a  + (–4t) b  + (–4 + 4t + 4t)c

r  = (6t)a  + (–4t) b  + (8t –4)c ...............(1)

r  = (1 – s) ( a - 2b - 3c ) +  s(a + 2b - 5c ), s   R

r  = (–1 + s + s)a  + (–2 + 2s + 2s) b  + (–3 + 3s – 5s)c

r  = (2s – 1)a  – (4s – 2) b  + (–2s – 3) c ...............(2)

a , b , c  

6t = 2s – 1  6t – 2s = –1 ..............(3)

–4t = 4s – 2  4t + 4s = 2   2t + 2s = 1 ...............(4)

8t – 4 = –2s – 3  8t + 2s = 1 ...............(5)

6t  – 2s = –1

2t + 2s =  1

________

8t        = 0   t = 0
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2t + 2s = 1

2(0) + 2s = 1

2s = 1  s = 
1

2

t = 0, s = 
1

2

  t = 0  s = 
1

2
 

–4c  

a , b , c  r = 2a + b + t(b - c)

r = a + x(b + c) + y (a + 2b - c)

r = 2a + b + t(b - c)

r = a + x(b + c) + y (a + 2b - c)

2a + b + t(b - c) = a + x(b + c) + y (a + 2b - c)

2a + (1+t)b - tc (1+y)a + (x+2y)b + (x-y)c

a , b , c  

2 = 1 + y  y = 2 – 1 = 1   y = 1

1 + t = x + 2y   1 + t = x + 2(1)   t – x = 1 ..............(3)

–t = x – y   –t = x – 1   t + x = 1 ............ (4)

t – x = 1

t + x = 1

_______

2t     = 2

t = 1

t + x = 1

1 + x = 1     x = 1 –1

                       x = 0

   t = 1 x = 0, y = 1 

 2a + 2b - c

*****
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5

Vector Products

a b  a b

a b

a .b  =  0, a , b  0

= a b Cos ,  a 0 b   a b ''

Note:

(i) a . b

(ii) a , b  

a .b  > 0

a .b  = 0

a .b  < 0

(iii) = 00 

a .b  = a b

a .b  = a a

a .b  = 
2

a

a  = AB

b  = CD

C, D AB 

P, Q 
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PQ a b

PQ a b

a  b  2

(b.a)a

a

b .a

a

b  a
2

(a .b)b

b

a . b

b

a , b  

(i) a .b  =  b.a

(ii) (l a ) . b  = a  .(l b ) = l(a , b ) = l   R

(iii) (l a ) . (m b ) =  lm ( a . b ), = l, m   R

(iv) (– a ) . ( b ) = a . (– b ) = – (a . b )

(v) (– a ) . (– b ) = a . b

Note: i, j, k

i.i = j.j = k. k = 1

i.j = j. k = k. i = 0

 a  = a
1
i + a

2
j + a

3 k

b  = b
1
i + b

2
j + b

3 k  

a . b  = a
1
b

1
 + a

2
b

2
 + a

3
b

3

Note: (i)  a , b ''

1 a.b
Cos

a b


 
  
 
 

1 1 1 2 2 3 3

2 2 2 2 2 2

1 2 3 1 2 3

a b a b a b
Cos

a a a b b b


  
  
     
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(ii) a , b   a
1
b

1
 + a

2
b

2
 + a

3
b

3
 = 0

a , b  n a , b  

(a , b , n  a  b a b Sinn 

a  b a , b

a , b  a , b  a  b

0

Note:

(1) a , b  

a  b a , b  a b Sin

(2) a  b  = –( b  a )

(3) (–a)  b  = a  (– b ) = –(a  b ) = b  a

(4) (– a ) (– b ) = a  b

(5) ( l a ) ( b ) = l( a  b ) = a  (l b ), l   R

(6) (l a ) (m b ) = lm( a  b ), l, m   R

(7) a  ( b  + c ) = a  b  + a   c

(8) ( a + b )   c  = ( a  c ) + ( b   c )

(9) (i, j, k)

(i) i   i = j   j = k  k = 0

(ii) i   j = k, j   k = i, k   i = j

a = a
1
i + a

2
j + a

3
k

b = b
1
i + b

2
j + b

3 k

a  b  = 31 2

1 2 3

i     j    k

a   a   a

b   b   b

a , b  

 
22 2 2

a b a b a b   

ABC

=  
1

AB AC
2

 =  
1

BC BA
2

  =   
1

CA CB
2


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ABC A, B, C a , b , c ABC

=  
1

b × c + c × a + a × b
2

ABC = 
1

b × c + c × a + a × b
2

ABC AC BD

(i) =  
1

AC BD
2



(ii) ABCD = 
1

AC BD
2



(iii) a , b  

= a  b

a b

a , b  

= 
(a b)

a b






a  = 6i + 2j +3k , b = 2i – 9j + 6k a . b  a , b  

Sol: a  = 6i + 2j +3k , b = 2i – 9j + 6k 

a . b  = a
1
b

1
 + a

2
b

2
 + a

3
b

3
 & a  = 2 2 2

1 2 3a a a 

a . b  = 6(2) + 2(–9) + 3(6) = 12 – 18 + 18 = 12

a 36 4 9 49 7    

2 2 2b 2 ( 9) 6 4 81 36 121 11        

 
a . b

Cos
a b

 
= 

12

7 11
 = 

12

77

1 12
Cos

77

  
   

 
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a  = i + 2j – 3k , b = 3i – j + 2k a + b a – b

a  + b  =  i + 2j – 3k + 3i – j + 2k = 4i + j – k

a  – b  =  (i + 2j – 3k) – (3i – j + 2k) = –2i + 3j – 5k

( a  + b ) . (a  – b ) =  4(–2) + 1(3) + (–1)(–5)

= –8 + 3 + 5

= 0 [  a . b  = 0   a    b ]

  a  + b    a  – b

a  = i – j – k , b = 2i – 3j + k a  b

Sol: a  b = 2

(b.a)a

a

b . a

a

b . a  = (2i – 3j + k) . (i – j – k)

= 2(1) + (–3)(–1) + 1(–1)= 2 + 3 – 1 = 4

a  = 2 2 2(1) ( 1) ( 1)     = 1 1 1   = 3

 2

(b.a)a

a
 = 2

4(i j k)

( 3)

 
 = 

4(i j k)

3

 

4

3

4

3

i – 3j + 5k,  2i – j – k 

Sol: a , b  a . b  = 0

  ()(2) + (–3)(–) + 5(–1) = 0

22  + 3 – 5 = 0

22 + 5 – 2 – 5 = 0

(2 + 5) ( – 1) = 0

2 + 5 = 0 (or)  – 1 = 0

= 
5

2


; (or) = 1
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ÿ ¿£ | Ÿ̃Tq + ý Ë Âs + & ƒT ¿£s �’\  e T< óŠ«¿ÃD +  

Sol:

OA = i; OB = j; OC = k 

OF GC

OF  = OA + AD + DF

= i + k + j

= i + j + k

GC  = GB BO OC 

= –i – j + k

 

Cos = 

OF,GC

OF GC
= 2 2 2 2 2

2

1( 1) 1( 1) 1(1)

1 1 1 ( 1) ( 1) 1

   

     
 = 

1 1 1

3. 3

 

ABCD AB = 3i – 2j + 2k, AD = i – 2k 

Sol: AC  =  AB  + BC

= 3i – 2j + 2k + i – 2k

= 4i – 2j

BD  = BA + AD

= –3i + 2j – 2k – i – 2k

= –2i + 2j – 4k

AC , BD  

Cos = 

AC.BD

AC  BD  = 2 2 2 2 2

4( 2) ( 2)2 0( 4)

4 ( 1) ( 2) 2 ( 4)

    

     

Cos =
8 4

16 4 4 4 16

 

  
 = 

12

20 24


 = 

12

5 4 6 4



 
 = 

12

30


 = 

3

10. 3



Cos = 
3

10



4x – 12y – 3z – 7 = 0 A = (2, –1, –4) 

Sol: 4x – 12y – 3z – 7 = 0 4i – 12j – 3 k

P = xi + yj + zk

AP  n

O

C D

E F

G

A X

B
Y

Z
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 OP  OA . n  = 0

[(x – 2)i + (y + 1)j + (z + 4) k ] . (4i – 12j – 3 k ) = 0

4(x – 2) – 12(y + 1) – 3(z + 4) = 0

4x – 12y – 3z – 8 – 12 – 12 = 0

4x – 12y – 3z – 32 = 0

i + 2j + 3k, 3i – j + 2k 

Sol: a = i + 2j + 3k, b  = 3i – j + 2k

a . b  = 1(3) + 2(–1) + 3(2) = 3 – 2 + 6 = 7

a  = 2 2 21 2 3   = 1 4 9   = 14

b  = 2 2 23 ( 1) 2    = 9 1 4   = 14

a , b    Cos = 

a . b

a  b

Cos = 
7

14. 14
 = 

7

14
 = 

1

2
 =  Cos600

 =  600

2i + j – k;   4i – 2j + 2k 

Sol:  a  = 2i + j – k; b  = 4i – 2j + 2 k

a , b  a . b  = 0

  2(4) + (–2) + (–1)(2) = 0

8 – 2 – 2 = 0

2 = 6

= 3

 i – j + 2k, 8i + 6j – k

Sol:  a  = i – j + 2k; b  = 8i + 6j – k

a , b  a . b  = 0

  1(8) + (6) + 2(–1) = 0

 8 – 6 – 2 = 0

6 = 6

 = 1
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e
1
, e

2
   1 2

1
e e

2
  = Sin 

Sol: 1e  = 1; 2e  = 1

Cos = 
1 2

1 2

e .e

e e  = 
1 2e .e

1 2

1
e e

2
  = Sin

1 2e e  = 2Sin

2

1 2e e  = 4Sin2
2

a a . a

 1 2 1 2e e . e e    = 4Sin2 e
1
.e

2 
= 

2

1e

2

1e  – e
1
.e

2
 – e

2
.e

1
 + 

2

2e = 4Sin2 a.b = b.a

1 – 2 e
1
.e

2
 + 1 = 4Sin2

2 – 2Cos = 4Sin2   e
1
.e

2 
= Cos

2(1–Cos) = 4Sin2

2(Sin2/2) = 4Sin2   1–Cos2A = 2Sin2A

Sin2/2 = Sin2

 
1

2

a  = 2i + 2j – 3k , b = 3i – j + 2k 2 a + b a + 2 b

Sol: 2 a + b  = 2(2i + 2j – 3k) + 3i – j + 2k = 7i +3j – 4k

a + 2 b  = 2i + 2j – 3k + 2(3i – j + 2k) = 8i + k



Cos = 

(2a b) (a 2b)

2a b a 2b

 

 


 = 2 2 2 2 2

7(8) 3(0) ( 4)(1)

7 3 ( 4) . 8 1

  

  

= 
56 4

49 9 16. 64 1



  
 = 

52

74. 65

= Cos–1

52

74. 65

 
 
 
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a + b  + c   = 0, a  = 3, b  = 5, c  = 7 a , b

Sol: a + b  = – c

( a + b )2 = (– c )2

( a + b ).(a + b ) = c . c

2 2 2

a a b b a b c     

2 a b Cos = 15

2(3)(5)Cos = 15

Cos
1

2
 = Cos600

= 600

a , b , c b  + c , c  + a , a + b   |a| = 2,

| b | = 3 |c | = 4, a + b  + c  

Sol: a r  ( b + c )   a . ( b + c ) = 0

a . b + a . c  = 0

b r  ( c + a )   b . ( c + a ) = 0

b . c + b . a  = 0

c r  ( a + b )   c . ( a  + b ) = 0

c . a  + c . b  = 0

a . b  + a . c  + b . c + b . a  + c . a  + c . b   = 0

2 ( a . b  + b . c  + c . a ) = 0

|a + b + c |2  = (a + b + c ). (a + b + c )

= |a|2 + a.b + a.c + b.a + |b|2 + b.c + c.a + c.b + |c|2

= |a|2 + |b|2 + |c|2 + 2(a.b + b.c + c.a)

= 22 + 32 + 42 + 2(0)

= 4 + 9 + 16

= 29

  |a + b + c | = 29

Sol OA = 5i – j + k

OB = 7i – 4i + 7k
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OC = i – 6j + 10k

OD = –i – 3j + 4k

AB OB OA   = 2i – 3j + 6k

BD OD OB   = –8i + j – 3k

AC OC OA   = –4i – 5j + 9k

BC = OC – OB = –6i – 2j + 3k

CD = OD – OC = –2i + 3j – 6k

DA = OA – OD = 6i + 2j – 3k

AB 4 9 6 7   

BC 36 4 9 7   

CD 4 9 36 7   

DA 36 4 9 7   

BD 64 1 9 74   

AC 16 25 81 122   

i.e,  AB BC CD DA    & BD   ACAC

ABCD 

a = 2i – 3j + 5k, b  = –i + 4j + 2k a   b a , b

Sol: a   b  = 

i    j   k

2  -3  5

-1  4  2

= i
-3  5

-1  2
 – j

2  5

-1  2
 + k

2  -3

1   4

= i(–6 – 20) – j(4 + 5) + k(8 – 3)

= –26i – 9j + 5k

a , b  

= 

a b

a b






= 2 2 2

( 26i 9 j 5k)

( 26) ( 9) 5

  


   
 = 

( 26i 9 j 5k)

782

  

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 a = 2i – 3j + 5k, b = –i + 4j + 2k (a + b)   ( a – b ) a + b , a – b

a + b  = i + j + 7k; a – b  = 3i – 7j + 3k

a + b )   ( a – b ) = 

i    j    k

1   1   7

3  -7   3

= i(3 + 49) – j(3 – 21) + k(–7 – 3)

= 52i + 18j – 10k

| a + b )   ( a – b )| = 2 2 2(52) (18) ( 10)   = 2 2 24[(26) (9) 5 ] 2 782  

a + b , a – b  

= 

   
   

a b a b

a b a b

  


  

= 2 2 2

(52i 18j 10k)

( 26) ( 9) 5

 


   

= 
(26i 9 j 5k)

782

 


 a  = 2i – 3j, b  = 3i – k 

Sol: a b

a b  = 

i    j   k

2  -3  0

3   0  -1

= i(3 – 0) – j(–2 – 0) + k(0 + 9)

= 3i + 2j + 9k

a b = 2 2 23 2 9 

= 9 4 81 

= 94

a  = i + 2j + 3k, b  = 3i + 5j – k 

Sol:
1

2
a b
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a b  = 

i    j   k

1   2   3

3   5  -1

         = i(–2 – 15) – j(–1 – 9) + k(5 – 6)

         = –17i + 10j – k

a b = 2 2 2( 17) (10 ( 1)   

           = 289 100 1 

           = 390


1

a b
2

 
1

2
390

                                                   = 
390

2

 a = 2i – j + k, b = 3i + 4j – k  Sin

Sol: Sin

a b

a  b



a b  = 

i     j    k

2   -1   1

3    4  -1

= i(1– 4) – j(–2 – 3) + k(8 + 3)

= –3i + 5j + 11k

2 2 2a  b ( 3) 5 11 9 15 121 155        

2 2 2a 2 ( 1) 1 4 1 1 6       

2 2 2b 3 4 ( 1) 9 16 1 26       

Sin
155

6. 26


155

156

a = 2i + j – 2k, b = i + j a.c = c  c - a  = 2 2 ,  a b c 

c  a b c 
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Sol:
2 2 2a 2 1 ( 2) 4 1 4 3       

2 2b 1 1 2  

c a 2 2 

 
22

c a 2 2 

2 2

c a 2(c . a) 8  

2

c 9 2 c 8  

2

c 2 c 1 8  

 
2

c 1 0 

c 1

  0a b c  a b c .Sin30   

1
a b (1)

2


= 
1

a b
2

 ...........(1)

a b  = 

i     j    k

2    1   -2

1     1   0

= i(0 + 2) – j(0 + 2) + k(2 – 1)

= 2i – 2j + k

a b  = 4 4 1   = 3

(1)    a b c   = 
1

(3)
2

 = 
3

2

a  = 2i + 5j – k, b  = i – 4j + 5k, c  = 3i + j – k a , b  

c 

Sol:  =  a b 

a b  = 

i     j     k

4    5   -1

1    -4   5
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= i(25 – 4) – j(20 + 1) + k(–16 – 5)

= 21i – 21j – 21k

  = (21i – 21j – 21k)

= 21(i – j – k)

 c = 21

21 (i – j – k) . (3i + j – k) = 21

21 (3 – 1 + 1) = 21

21   3   = 21

 = 
1

3

  = 
1

2
3

 
 
 

 (i – j – k)

= 7(i – j – k) = 7i –7j – 7k

a  |a   i|2 + |a    j|2 + |a   k|2 = 2|a|2 

Sol: a =  xi + yj + zk a = 2 2 2x y z 

a   i = 

i     j     k

x    y    z

1    0    0

= i(0 – 0) – j(0 – z) + k(0 – y)

= zj – yk

2 2a  i z y  

2 2a  j z x  

2 2a  k x y  

 
2 2 2

a  i a  j a  k    

= z2 + y2 + z2 + x2 + x2 + y2 = 2(x2 + y2 + z2)

= 2.  
2

2 2 2x y z 

= 2| a |2
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a  = 2i – j + k, b  = i – 3j – 5k a b

Sol: a b  = 

i     j     k

2   -1    1

1   -3   -5

         = i(5 + 3) – j(–10 – 1) + k(–6 + 1)

         = 8i + 11j – 5k

  a × b  = 2 2 28 11 ( 5)  

                 = 64 121 25 

                 = 210

a  = 2i – 3j + k, b  = i + 4j – 2k  a b    a b

Sol: a b = 3i + j – k

a b  = i – 7j + 3k

 a b    a b = 

i     j     k

3    1   -1

1   -7    3

= i(3 – 7) – j(9 + 1) + k(–21 – 1)

= –4i – 10j – 22k

2p
4i + j + pk

3
i + 2j + 3k p 

Sol: a  = a
1
i + a

2
j + a

3
k, b  = b

1
i + b

2
j + b

3
k 

31 2

1 2 3

aa a
 =  = 

b b b

   
4

1
 = 

2 / 3

2

p
 = 

3

p

4 = 
3

p

  p = 12

i + j + k, 2i + j + 3k 

Sol: a , b   = 

(a b)

a b





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a b  = 

i     j     k

1    1    1

2    1    3

                = i(3 – 1) – j(3 – 2) + k(1 – 2)

                = 2i – j – k

  a × b  = 2 2 22 ( 1) ( 1)   

                 = 4 1 1  = 6

  =
(2i - j - k)

±
6

a  = 2j – k, b  = –i + k 

Sol: a × b

a b  = 

i     j     k

0    2   -1

-1   0    1

                = i(2 – 0) – j(0 – 1) + k(0 + 2)

                = 2i + j + 2k

  a × b  =  2 2 22 1 2 

                  = 4 1 4  =  3

A(1, 2, 3), B(2, 3, 1), C(3, 1, 2) 

Sol: OA = i + 2j + 3k

OB = 2i + 3j + k

OC = 3i + j + 2k

AB = OB - OA  = i + j – 2k

AC = OC - OA  = 2i – j – k

i    j    k

AB AC  1   1   -2

2   -1  -1

 

               = i(–1 –2) – j(–1 + 4) + k(–1 – 2)

               = –3i – 3j – 3k

AB AC  = 9 9 9   = 27  = 3 3
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1
AB AC

2


                               =  1
3 3

2

                               = 
3 3

2

a  = 2i + j – k, b  = – i + 2j – 4k, c  = i + j + k  a  b  b  c

Sol: a b  = 

i     j    k

2   1   -1

-1  2   -4

 = i(–4 + 2) – j(–8 – 1) + k(4 + 1)

 = –2i + 9j + 5k

b c  = 

i      j     k

-1   2    -4

1     1     1

 = i(2 + 4) – j(–1 + 4) + k(–1 – 2)

 = 6i – 3j – 3k

 a  b  b  c = (–2i + 9j + 5k) . (6i – 3j – 3k)

= (–2)(6) + (9)(–3) + (5)(–3)

= –12 – 27 – 15

= – 54

P(1, –1, 2), Q(2, 0, –1), R(0, 2, 1) 

Sol: OP = i – j + 2k; OQ = 2i – k; OR = 2j + k

PQ = OQ – OP = i + j – 3k

PR = OR – OP = –i + 3j – k

PQ   PR = 

i      j     k

1     1    -3

-1   3     -1

= i(–1 + 9) – j(–1 – 3) + k(3 + 1)

= 8i + 4j + 4k

= 4(2i + j + k)
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|PQ   PR| = 4 4 1 1   = 4 6

 = 
(PQ PR)

±
PQ PR





= 
4(2i + j + k)

±
4 6

= 
(2i + j + k)

±
6

a 13 b  = 5 a . b = 60 a × b

Sol: a × b 2 = 
2

a
2

b –  
2

a.b

      = (13)2(5)2 – (60)2

      = 4225 – 3600 = 625

  a × b  = 25

a  = 2i + 3j + 4k, b  = i + j – k, c  = i – j + k  a × b × c

a  

Sol: b c  = 

i     j     k

1    1    -1

1   -1     1

  = i(1 –1) – j(1 + 1) + k(–1 – 1)

  = –2j – 2k

 a × b × c = 

i     j     k

2    3    4

0   -2   -2

    = i(–6 + 8) – j(–4 – 0) + k(–4 – 0)

    = 2i + 4j – 4k

  a × b × c . a  = (2i + 4j – 4k). (2i + 3j + 4k)

    = 2(2) + 4(3) +(–4)(4)

    = 4 + 12 – 16

    = 0

 a × b × c a
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a  = 7i – 2j + 3k, b  = 2i + 8k, c  = i + j + k a  b a  × c  a × b × c

Sol: a b = 

i     j    k

7   -2   3

2    0   8

= i(–16 – 0) – j(56 – 6) + k(0 + 4)

= –16i – 50j + 4k

a c = 

i      j     k

7    -2    3

1     1     1

= i(–2 – 3) – j(7 – 3) + k(7 + 2)

= –5i – 4j + 9k

b  + c = 2i + 8k + i + j + k

= 3i + j + 9k

 a × b + c = 

i      j     k

7    -2    3

3     1    9

   = i(–18 – 3) – j(63 – 9) + k(7 + 6)

   = –21i – 54j + 13k ..................(1)

a  b + a  × c = –16i – 50j + 4k + (–5i – 4j + 9k)

= –21i – 54j + 13k ..................(2)

 a × b + c =  a  b +  a  c



b  = i + j + k, c  = j – k a  b = c a.b 3  b

Sol: b  = b
1
i + b

2
j + b

3
k 

a  b = c

1 2 3

i     j     k

1    1     1

b   b   b
 = j – k

i(b
3
 – b

2
) – j(b

3
 – b

1
) + k(b

2
 – b

1
) = j – k
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 b
3
 – b

2
 = 0; b

1
 – b

3
 = 1; b

2
 – b

1
 = –1

b
3
 = b

2
 = k ( 

b
1
 – k = 1 k – b

1
 = –1

b
1
 = 1 + k; b

1
 = k + 1

a . b  = 3

(i + j + k). (b
1
i + b

2
j + b

3
k) = 3

b
1
 + b

2
 + b

3

k + 1 + k + k = 3

3k = 2

k = 
2

3

 
1b 

2 5
1

3 3
 

 1b  = 
5 2 2

i + j + k
3 3 3

= 
1

3
(5i + 2j + 2k)

a , b , c a  b , c  b , c

π

3
a + b + c

Sol: a  = b  = c = 1

a  b   a . b  = 0

a  c   a . c  = 0

2

a + b + c  = 
2

a + 
2

b + 
2

c  +  2 a . b + b . c + c . a

     = 1 + 1 + 1 + 
π

2 0 + b c  Cos  + 0
3

 
 
 

     = 1 + 1 + 1 + 
1

2 1.1.
2

 
 
 

     = 1 + 1 + 1 + 1

     = 4

  a + b + c = 2
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a  = 3i – j + 2k, b  = –i + 3j + 2k, c  = 4i + 5j – 2k, d  = i + 3j + 5k, (i)    a b c d  

(ii)    a b c - a d .b  

Sol: a b = 

i     j    k

3   -1   2

-1   3   2

= i(–2 – 6) – j(6 + 2) + k(9 – 1)

= –8i – 8j + 8k

c d = 

i     j    k

4    5  -2

1    3   5

= i(25 + 6) – j(20 + 2) + k(12 – 5)

= 31i – 22j + 7k

(i)    a b c d   = 

i      j    k

-8   -8   8

31 -22  7

= i(–56 + 176) – j(–56 – 248) + k(176 + 248)

= 120i +304j + 424k

 a b c    = (–8i – 8j + 8k).(4i + 5j – 2k)

= (–8)(4) + (–8)(5) + (8)(–2)

= –32 – 40 – 16

= –88

 a d   = 

i      j    k

-8   -8   8

31 -22  7

= i(–5 – 6) – j(15 – 2) + k(9 + 1)

= –11i – 13j + 10k

 a d b   = (–11i – 13j + 10k). (–i + 3j + 21k)

= (–11)(–1) + (–13)(3) + 10(2)

= 11 – 39 + 20

= –8
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     a b c - a d .b    = –88 – (–8)

= –88 + 8

= –80

 a = (1, –1, –6), b  = (1, –3, 4), c  = (2, –5, 3) (i)  a a c  (ii)  a b c  (iii)

 a × b c

Sol: b c = 

i     j    k

1   -3   4

2   -5   3

= i(–9 + 20) – j(3 – 8) + k(–5 + 6)

= 11i + 5j + k

 a b c   = (i – j – 6k) . (11i + 5j + k)

= 1(11) + (–1)(5) + (–6)(1)

= 11– 5 – 6

= 0

 a b c    = 

i      j    k

1   -1   -6

11  5    1

= i(–1 + 30) – j(1 + 66) + k(5 + 11)

= 29i – 67j + 16k

a b = 

i     j    k

1   -1  -6

1   -3   4

= i(–4 – 18) – j(4 + 6) + k(–3 + 1)

= –22i – 10j – 2k

 a b c    = 

i          j     k

-22   -10   -2

2      -5      3

    = i(–30 – 10) – j(–66 + 4) + k(110 + 24)

    = –40i + 62j + 130k



88 Basic Learning Material

TSBIE

 a = i – 2j + k, b  = 2i + j + k, c  = i + 2j – k  a b c  ,  a b c 

Sol: a b = 

i     j    k

1   -2   1

2    1   1

= i(–2 – 1) – j(1 – 2) + k(1 + 4)

= –3i + j + 5k

 a b c   =  

i     j    k

-3  1    5

1    2  -1

  = i(–1 – 10) – j(3 – 5) + k(–6 – 1)

  = –11i + 2j – 7k

 a b c   = 2 2 2( 11) 2 ( 7)   

    = 121 4 49 

    = 174

b c = 

i     j    k

2    1   1

1    2  -1

= i(–1 – 2) – j(–3 – 1) + k(4 – 1)

= –3i + 3j + 3k

 a b c    = 

i      j    k

1   -2    1

-3   3    3

= i(–6 – 3) – j(3 + 3) + k(3 – 6)

= –9i – 6j – 3k

a = i – 2j – 3k, b  = 2i + j – k, c  = i + 3j – 2k  a b c       a b c  

Sol: a b = 

i     j    k

1   -2  -3

2    1  -1

= i(2 + 3) – j(–1 + 6) + k(1 + 4)

= 5i – 5j + 5k
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 a b c   =  

i     j    k

5   -5   5

1    3  -2

   = i(10 – 15) – j(–10 – 5) + k(15 + 5)

   = –5i + 15j + 20k ................(1)

b c = 

i     j    k

2    1  -1

1    3  -2

= i(–2 + 3) – j(–4 + 1) + k(6 – 1)

= i + 3j + 5k

 a b c    = 

i      j    k

1   -2   -3

1    3    5

   = i(–10 + 9) – j(5 + 3) + k(3 + 2)

   = –i – 8j + 5k ................(2)

 a b c       a b c  

*****
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6

Trignometric Rations upto Transformation

ABC ‘’ ‘’ x y

z

Sin = 
x

z

Cos = 
y

z

tan =
x

y

Cosec = 
z

x

Sec = 
z

y

Cot =
y

x

1) 
Sin

tan   =  
Cos





2) 

Cos
Cot   =  

Sin





` 3) 

1
Sec   =  

Cos



4) 

1
Cos   =  

Sec




5) 
1

Sin   =  
Cosec




6) 
1

Cosec   =  
Sin






1) Cos2 + Sin2 = 1

Cos2 = 1 – Sin2

Sin2 = 1 – Cos2

2) Sec2 – tan2 = 1

Sec2 = 1 + tan2

tan2 = Sec2  – 1

B

A

C


x

y

z
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3) Cosec2 – Cot2 = 1

Cosec2 = 1 + Cot2

Cot2 = Cosec2 – 1


030

6


 045

4


 060

3


 090

2




sin 
1

2

1

2

3

2
1

cos 
3

2

1

2

1

2


tan 
1

3
 3 

cot  3 
1

3


cosec   2
2

3


sec 
2

3 2  

II 
2


 

 
  

 

Sin, Cosec

(Sugar)

I 0
2




 
   

(Add)

(To)

III 
3

2


 
 

  
 

tan, cot 

(Coffee)

IV 
3

2
2

 
   


 

Cos, Sec

1800

2700 3600

900

y

x
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 Sin Cos tan

n –  (–1)n+1Sin (–1)nCos –tan

n  +  (–1)nSin (–1)nCos tan

(2n+1)
2


 –  (–1)nCos (–1)nSin Cot

(2n+1)
2


 + (–1)nCos (–1)n+1Sin –Cot

–
2

n
 ± (nZ)

(i) 'n'

(ii) 'n' 

Sin   Cos tan   Cot Sec   Cosec

(iii)
2

n
 +  

Sin(–) = –Sin, Cos(–) = Cos;  tan (–) = –tan

Cot(–) = –Cot, Sec(–) = Sec; Cosec(–) = – Cosec

Sinx 2

Cosx 2

tanx 

Sin Cos [–1, 1]

tan Cot R

Sec Cosec [ , –1]   [1,  ]

Add Sugar To Coffee

All Trignometric
Sin

Cosec
ve






tan

Cot
ve






Cos

Sec
ve





functions are +ve

Cos

tan

Cot

Sec

ve









Sin

Cos

Sec

Cosec

ve









Sin

Cosec

tan

Cot

ve








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* A, B 

i) Sin(A + B) = SinACosB + CosASinB

ii) Sin(A – B) = SinACosB – CosASinB

iii) Cos(A + B) = CosACosB – SinASinB

iv) Cos(A – B) = CosACosB + SinASinB

* (A + B), A – B, A, B
2



tanA + tanB
tan(A+B) = 

1 - tanAtanB

tanA - tanB
tan(A - B) = 

1 + tanAtanB

* A, B, A + B, A – B 

CotACotB - 1
Cot(A + B) = 

CotB + CotA

CotACotB + 1
Cot(A - B) = 

CotB - CotA

* A, B, C   R

Sin(A+B+C) =  (SinACosBCosC) – SinASinBSinC

Cos(A + B + C) = CosACosBCosC –  (CosASinBSinC)

* 

1. Sin2 = 2SinCos, Sin = 2Sin/2Cos/2

= 2

2 tan

1 tan




= 2

2 tan
2

1 tan
2





2. Cos2 = Cos2 – Sin2 Cos = Cos2 /2 – Sin2 /2

= 1 – 2 Sin2 = 1 – 2Sin2/2

= 2Cos2 –1 = 2Cos2 /2 – 1

3. tan2 = 2

2 tan

1 tan




tan = 2

2 tan
2

1 tan
2





4. Cot2 = 

2Cot  - 1

2Cot




Cot = 

2Cot   1
2

2Cot
2

 


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5. 1 + Cos2 = 2Cos2 1 + Cos = 2Cos2 /2

6. 1 – Cos2 = 2Sin2 1 – Cos = 2 Sin2/2

7. Sin = 
1 2

2

Cos 
 Sin/2 = 

1

2

Cos


8. Cos = 
1 2

2

Cos 
 Cos/2 = 

1

2

Cos


9. tan = 
1 2

1 2

Cos

Cos









tan/2 = 

1

1

Cos

Cos










* Sin3 = 3Sin – 4Sin3

Cos3 = 4Cos3 – 3Cos

tan3 = 

3

2

3tan tan

1 3tan

 







Cot3 = 

3

2

3

1 3

Cot Cot

Cot

 







* Sin(A + B) + Sin(A – B) = 2SinACosB

* Sin(A + B) – Sin(A – B) = 2CosASinB

* Cos(A + B) + Cos(A – B) = 2CosACosB

* Cos(A – B) – Cos(A + B) = 2SinASinB

* SinC + SinD = 2Sin
C + D

2

 
 
 

Cos
C - D

2

 
 
 

* SinC – SinD = 2Cos
C + D

2

 
 
 

Sin
C - D

2

 
 
 

* CosC + CosD = 2Cos
C + D

2

 
 
 

Cos
C - D

2

 
 
 

* CosC – CosD = –2Sin
C + D

2

 
 
 

Sin
C - D

2

 
 
 
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i. C os315
0  = Cos(3600 – 450 ) = Cos450 = 

1

2

ii. Cot(–3000) = –Cot3000 = –Cot(360 – 600) = –Cot (–600) = 
1

3

iii. Sin
5

3

 
 
 

 = Sin 2
3




 
 

 
 = –Sin

3


 = – 

3

2

2. Cos2450 + Cos21350 + Cos22250 + Cos23150 

Sol: Cos2450 + Cos21350 + Cos22250 + Cos23150

= Cos2450 + Cos2(180–450) + Cos2(180+450) + Cos2(360–450)

= Cos2450 + Cos2450 + Cos2450 + Cos2450

= 

2 2 2 2
1 1 1 1

2 2 2 2

       
         

       

= 
1 1 1 1

2 2 2 2
    = 2

3. Cot
π

20
. Cot

3π

20
. Cot

5π

20
. Cot

7π

20
. Cot

9π

20
 

Sol: Cot
π

20
. Cot

3π

20
. Cot

5π

20
. Cot

7π

20
. Cot

9π

20
 = Cot90. Cot270. Cot450.Cot630.Cot810

Cot90.Cot270.Cot(900 – 27). Cot(900 – 90)

= Cot90.Cot270.tan270.tan90  = 1

Sin3300.Cos1200 + Cos2100.Sin3000 

Sol: Sin3300.Cos1200 + Cos2100.Sin3000

= Sin(360 – 300) Cos(180 – 600) + Cos(180 + 300) Sin(360 – 600)

= (–Sin300) (–Cos600) + (–Cos300)(–Sin600)

=
1

2
. 

1

2
+ 

3

2
. 

3

2
 = 

1

4
 + 

3

4
 = 1

Sin + Cosec = 2, n   z Sinn + Cosecn 

Sol: Sin + Coses = 2

Sin α  + 
1

Sinα
 = 2

 Sin2 + 1 = 2Sin
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 (1 – Sin)2 = 0

 1 – Sin = 0

 Sin = 1     = 900

  Sinn α  + Cosecn α  = Sinn900 + Cosecn900  = 1n + 1n = 1 + 1 = 2



(i) x = a Cos3 ; y = bSin3

Sol:
x

a
 = Cos3

y

b
 = Sin3

Cos  = 

1/3
x

a

 
 
 

Sin  = 

1/3
y

b

 
 
 

  Cos2 + Sin2 = 1



2 /3
x

a

 
  

 + 

2 /3
y

b

 
  

 = 1

ii. x = a(Sec  + tan ); y = b(Sec  – tan )

xy = ab(Sec2  – tan2 )

= ab(1)

xy = ab

i) Cos(3x + 5) + 7

f(x) = Cos(3x + 5) + 7

p 2

|a| 3




ii) tan5x

f(x) = tan5x

5



iii)
4 9

Cos
5

x  
 
 

f(x) = 
4 9

Cos
5

x  
 
 

 = 
2

4 / 5


 = 

10

4


 = 

5

2


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 Sin  = 
1

3
 a) Cos  b) Cot 

Sol: Sin  = 
1

3
  < 0; 

, 

a) Cos = 
8

3
b) Cot = 8

0 0

2 21 1
82 22

2 2
Sin Sin

Sol:

0 0

2 21 1
82 22

2 2
Sin Sin  = Sin2A – Sin2B Put A = 

0
1

82
2

; B = 

0
1

22
2

= Sin(A + B) Sin(A – B)

= Sin1050 . Sin600

= Sin(90 + 150) Sin600

= Cos150 . Sin600

= 
3 1 3

.
22 2



= 
3 3

4 2



10. Cos2

0
1

112
2

– Sin2

0
1

52
2

Sol: A =

0
1

112
2

; B = 
0

1
52

2

Cos2

0
1

112
2

 – Sin2

0
1

52
2

 = Cos2A – Sin2B

= Cos(A + B).Cos(A–B)   Cos(1650) .Cos600

= Cos(180 – 150) . Cos600

= –Cos150.Cos600

= –
3 1 1

22 2

   
     

= –
3 1

4 2

 
  
 

–1
3

8
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3Cosx + 4Sinx 

Sol: f(x) = 3Cosx + 4Sinx

f = 2 2c - a +b

  = 2 20 - 4 + 3

  = – 25

  = – 5

f = 2 2c + a +b

  = 2 20 + 4 + 3

  = 25

  = 5

Sin2x – Cos2x 

Sol: f(x) = Sin2x – Cos2x

f = 2 2c - a +b

  = 2 2- 1 + (-1)

  = – 2

f = 2 2c + a +b

  = 2 21 + (-1)

  = 1 1

  = 2

7Cosx – 24Sinx + 5 

Sol: f(x) = 7Cosx – 24Sinx + 5

f = 2 2c - a +b

  = 2 25- ( 24) + 7

  = 5 576 49 

  = 5 625

  = 5 – 25

  = – 20
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f = 2 2c + a +b

  = 5 625

  = 5 + 25

  = 30

0tan20  = P

0 0

0 0

tan610  + tan700

tan 560 tan 470

2

2

1 - P
=

1 + P

Sol:

0 0

0 0

tan610  + tan700

tan 560 tan 470
=

0 0 0 0

0 0 0 0

tan(360 +250 ) + tan(360 +340 )

tan(360 +200 ) - tan(360 +110 )

         = 

0 0

0 0

tan250  + tan340

tan200  - tan110

         = 

0 0 0 0

0 0 0 0

tan(270 - 20 ) + tan(360 - 20 )

tan(180 +20 ) - tan(90 +20 )

         = 

0 0

0 0

cot20  - tan20

tan20  + Cot20

         = 

1
 - p

p

1
p + 

p

 = 

2

2

1 - p

1 + p

tan sec 1 1 sin

tan sec 1 cos

  

  

  


 

Sol: LHS = 
tan sec 1

tan sec 1

 

 

 

 

       = 

2 2tan  + sec  - (sec  - tan )

tan  - sec  + 1

   

 

       = 
(tan  + sec )(1 - sec  + tan )

(tan  - sec  + 1)

   

 

       = tan + Sec

       = 
sin 1

 + 
cos cos



 

       = 
1+ sin

cos




 = RHS

(1 + Cot – Cosec) (1 + tan + Sec) = 2 

Sol: LHS = (1 + Cot – Cosec) (1 + tan + Sec)
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        = 
cos 1 sin 1

1 1
sin sin cos cos

   
         

 

   

        = 
sin  + cos  1 cos sin  + 1

sin cos

    
      

   

 

        = 
 

2
sin  + cos - 1

sin  cos

 

 

        = 

2 2sin  + cos  + 2sin cos  - 1

sin  cos

   

 

        = 
1+ 2sin cos  - 1

sin  cos

 

 

        = 
2sin cos  

sin  cos

 

 

        = 2 = RHS

tan

0 0

0 0

Cos11  + Sin11

Cos11  - Sin11
 

Sol: tan

0 0

0 0

Cos11  + Sin11

Cos11  - Sin11

       = 

0
0

0

0
0

0

Sin11
Cos11  1 + 

Cos11

Sin11
Cos11  1 - 

Cos11

 
 
 

 
 
 

       = 

0

0

1+ tan11

1-tan11

       = tan(450  + 110)

       = tan560

       = tan(180 + 560)  = tan2360

       = = 2360

0 0

0 0

Cos9  + Sin9

Cos9  - Sin9
0= Cot36

Sol: LHS = 

0 0

0 0

Cos9  + Sin9

Cos9  - Sin9

        = 

0

0

1 + tan9

1 - tan9
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        = tan(450  + 90)

        = tan540

        = tan(90 – 360)

        = Cot360 = RHS

A + B = 
4


(1 + tanA) (1 + tanB) = 2 

Sol: A + B = 450

= tan(A + B) = tan450 = 1

= 
tanA + tanB

 = 1
1 - tanAtanB

= tanA + tanB = 1 – tanAtanB

= tanA + tanB + tanAtanB = 1 ...............(1)

  (1 + tanA) (1 + tanB) = 1 + tanA + tanB + tanAtanB = 2  

2 2 22 2 3
cos  + cos  +  + cos  = 

3 3 2

   
      

 
  

Sol:
2 22 2

cos  +  + cos
3 3

 
 

   
      

= cos2(120 + ) + cos2 (120 –)

= cos2(60 + ) + cos2 (60 – )

= (cos600cos – sin600sin)2 + (cos600cos + sin600sin)2

= 2[cos2600cos2 + sin2600sin2]

[  (a + b)2 + (a – b)2 = 2(a2 + b2)]

= 

22

2 21 3
2 Cos θ + Sin θ

2 2

   
          

= 
2 21 3

2 Cos θ + Sin θ
4 4

 
 
 

= 
2 22

Cos θ + 3Sin θ
4
  

= 
2 21

Cos θ + 3Sin θ
2
  

= LHS = Cos2 + 
1

2
Cos2 + 

3

2
Sin2
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= 
3

2
Cos2 + 

3

2
Sin2

= 
3

2
(Cos2 + Sin2)  = 

3

2
 = RHS

Sinα Cosα
 = 

a b
aSin2 α  + bCos2α  = b 

Sol:
Sinα Cosα

 = 
a b

 = k

Sin α  = ak, Cos α  = bk

LHS = aSin2 α  + bCos2 α

        = a(2Sin α Cos α ) + b(1 – 2Sin2 α )

        = a[2(ak)(bk)] + b[1–2(ak)2]

        = 2a2bk2 + b – 2a2bk2

        = b = RHS

22.
0 0

1 3
  4

sin10 cos10
   

Sol: LHS = 
0 0

1 3
 - 

Sin10 Cos10

       = 
0 0

0 0

Cos10 - 3Sin10

Sin10 Cos10

       = 
 

0 0

0 0

1 3
2 Cos10 - Sin10

2 2

1
2Sin10 Cos10

2

 
 
 

       = 

0 0 0 0

0

4 Sin30 Cos10 - Cos30 Sin10

Sin20

  

       = 

0 0

0

4Sin(30  - 10 )

Sin20

       = 

0

0

4Sin20

Sin20

       = 4 = RHS
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ABC
A 5

tan  = 
2 6

B 20
tan  = 

2 37

C 2
tan  = 

2 5

Sol: A + B + C = 1800

A + B
tan

2

 
 
 

 = 
C

tan 90
2

 
 

 

       = 
A B

tan
2 2

 
 

 
 = 

C
Cot

2

       = 

A B
tan tan

2 2
A B

1  tan tan
2 2




 =  

C
Cot

2

       = 

5 20

6 37
5 20

1- 
6 37



.

= 
C

Cot
2

       

185 120

222
222 100

222



  = 
C

Cot
2

       
305

122
 = 

1

C
tan

2

       
C

tan
2

 = 
122

305
 = 

2

5

       
C

tan
2

  = 
2

5

Cos2
π

8
 + Cos2

3π

8
 + Cos2

5π

8
 + Cos2

7π

8
 = 2 

Sol: LHS = Cos2
π

8
+ Cos2

3π

8
 + Cos2

5π

8
 + Cos2 

7π

8

        = Cos2
π

8
+ Cos2

3π

8
+ Cos2

3π
π - 

8

 
 
 

 + Cos2 
π

π - 
8

 
 
 

        = Cos2
π

8
 +  Cos2

3π

8
 +  Cos2

3π

8
 + Cos2

π

8
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        = 
2 2π 3π

2 Cos  + Cos
8 8

 
 
 

        = 
2 2π π π

2 Cos  + Cos
8 2 8

  
  

  

        = 
2 2π π

2 Cos  + Sin
8 8

 
 
 

       = 2(1) = 2 = RHS

25.
2 3 4 5

Sin .Sin .Sin .Sin
5 5 5 5 16


   

 

Sol: LHS = 
2 3 4

Sin .Sin .Sin .Sin
5 5 5 5

   

       = Sin360 . Sin720 . Sin1080 . Sin1440

       = Sin360 . Sin(90–180) . Sin(90+180). Sin(180–360)

       = Sin360 . Cos180 . Cos180. Sin360

       = Sin2360 . Cos2180

       = 
10 2 5 10 2 5

.
16 16

 

       = 
100 20

16 16




 = 

80

16 16
 = 

5

16
 = RHS

26.
3 7 9 1

1 + Cos 1 + Cos 1 + Cos 1 + Cos
10 10 10 10 16

       
              

   

Sol: LHS = 
3 7 9

1 + Cos 1 + Cos 1 + Cos 1 + Cos
10 10 10 10

       
              

   

        = 
π 3π 3π π

1 + Cos 1 + Cos 1 + Cos π - 1 + Cos π - 
10 10 10 10

        
        
        

        = 
3 3

1 + Cos 1 + Cos 1  Cos 1  Cos
10 10 10 10

       
               

   

        = 
2 2 3

1  Cos 1  Cos
10 10

   
       

 

        = 
2 2π 3π

Sin Sin
10 10

        = Sin2180 . Sin2540

        = 

2 2

5 1 5 1

4 4

    
      
   
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        = 

  
2

5 1 5 1

16 16

  
 
 
 

        = 

2(5 1)

16 16




 = 

16

16 16
 = 

1

16
 = RHS


3

Cosα = 
5

5
Cosβ = 

13

(i) 
2 α - β 1

Sin
2 65

 
 

 
, (ii)  

2 α + β 16
Cos =

2 65

 
 
 

Sol:
3

Cos  = 
5


5

Cos  = 
13



4
Sin  = 

5


12
Sin  = 

13


(i)
2 α - β

2Sin
2

 
 
 

 = 1 – Cos ( 2Sin2   = 1 – Cos2

[CosCos + SinSin]

1 – 
3 5 4 12

. .
5 13 5 13

 
 

 

1 – 
15 48

65 65



65 15 48

65

 


65 63

65


 = 

2

65

  
2 α - β 1

Sin
2 65

 
 

 

(ii)
2  + 

2Cos
2

 
  

 
 = 1 + Cos ( 2Cos2   = 1 + Cos2

CosCos – SinSin

1 + 
3 5 4 12

. .
5 13 5 13

 
 

 

4 5

3


12 13

f


5
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1 + 
15 48

65 65



65 15 48

65

 


80 48

65




2 α - β

2Cos
2

 
 
 

 = 
32

65

      
2 α + β 16

Cos =
2 65

 
 
 

A, B, C 

Sin2A + Sin2B + Sin2C = 4 SinASinBSinC

Sol: LHS = Sin2A + Sin2B + Sin2C

        = 2Sin(A + B)Cos(A – B) + Sin2C

        = 2SinC Cos(A – B) + 2SinCCosC

        = 2SinC [Cos(A–B) + CosC]

        = 2SinC [Cos(A – B) – Cos (A + B)]

        = 2SinC [2SinASinB]

        = 4SinASinBSinC

        = RHS

Cos2A – Cos2B + Cos2C = 1 – 4SinACosBSinC 

Sol: Cos2A – Cos2B + Cos2C

= –2Sin(A + B)Sin(A – B) + Cos2C

= –2SinCSin(A – B) + 1 – 2Sin2C

= 1 – 2SinC [Sin(A – B) + SinC]

= 1 – 2SinC[Sin(A – B) + Sin(A + B)]

= 1 – 2SinC[2SinACosB]

= 1 – 4SinACosBSinC

A, B, C 

SinA + SinB – SinC = 4Sin
A

2
. Sin

B

2
. Cos

C

2

Sol: LHS = SinA + SinB – SinC
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        = 
(A + B) A - B

2Sin Cos  - SinC
2 2

        = 
C A-B C C

2Cos Cos - 2Sin Cos
2 2 2 2

A + B 180 - C
Sin = Sin

2 2

    
    
    



        = 
C A - B C

2Cos Cos - Sin  
2 2 2

 
 
 

 C  C
Sin 90 Cos

2 2

  
   

  


        = 
C A - B A + B

2Cos Cos - Cos  
2 2 2

 
 
 

 C A + B
Sin  = Sin 90-

2 2

  
  
  



        = 
C A B

2Cos Sin . Sin  
2 2 2

 
 
 

      
= 

 A + B
Cos

2

 
 
 

        = 
A B C

4Sin Sin Cos
2 2 2

        = RHS

31. CosA + CosB – CosC = –1 + 4 
A B C

Cos  Cos  Sin
2 2 2

Sol: LHS = CosA + CosB – CosC

       = 
A+B A-B

2Cos  Cos  - CosC
2 2

   
      

       = 
2C A - B C

2Sin Cos  - 1 - 2Sin  
2 2 2

 
 
 

       = 
2C A - B C

2Sin Cos  - 1 + 2Sin  
2 2 2

       = 
C A - B C

-1 + 2Sin Cos  + 2Sin  
2 2 2

 
 
 

       = 
C A - B A + B

-1 + 2Sin Cos  +Cos  
2 2 2

 
 
 

       = 
C A B

-1 + 2Sin 2Cos  .Cos
2 2 2

 
 
 

       = 
A B C

-1 + 4Cos Cos Sin
2 2 2
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A, B, C Sin2A + Sin2B – Sin2C = 2SinA SinB CosC 

Sol: LHS  = Sin2A + Sin2B – Sin2C

         = 1 – Cos2A + Sin2B – Sin2C

         = 1 – (Cos2A – Sin2B) – Sin2C

         = 1 – Cos(A + B) Cos (A – B) – 1 + Cos2C

         = CosCCos(A – B) + Cos2C

         = CosC [CosC + Cos(A – B)]

         = +CosC [Cos(A – B) – Cos(A + B)]

         = CosC [2SinASinB]

         = 2SinASinBCosC

         = RHS

A, B, C Cos2A + Cos2B – Cos2C = 1– 2SinA SinB CosC

Sol: LHS  = Cos2A + Cos2B – Cos2C

         = Cos2A + 1 – Sin2B – Cos2C

         = 1 + (Cos2A – Sin2B) – Cos2C

         = 1 + Cos(A + B) Cos (A – B) – Cos2C

         = 1 – CosC.Cos(A – B) – Cos2C

         = 1– CosC [Cos(A – B) + CosC]

         = 1 – CosC [Cos(A – B) – Cos(A + B)]

         = 1 – CosC [2SinASinB]

         = 1 – 2SinASinBCosC

         = RHS

*****
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9

Hyperbolic Equations

x R Sinh
2

x xe e
x




x R Cosh
2

x xe e
x




x R tanh
x x

x x

e e
x

e e










x R – {0} Coth
x x

x x

e e
x

e e










x R
2

Sech
x x

x
e e




x R - {0}
2

Cosech
x x

x
e e




Note:

1)

0 0 1 1 2
Cosh(0) 1

2 2 2

e e 
   

2)

0 0 1 1 0
Sinh(0) 0

2 2 2

e e 
   

3)

( )

Sinh( - ) Cosh
2 2

x x x xe e e e
x x

   
  

f(-x) = f(x)

Coshx 

(4)

( )

Sinh( - )
2 2

x x x xe e e e
x

   
   = 

2

x xe e 
 
 

 = –Sinhx

f(–x) = –f(x) Sinhx 
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  Rx  Cosh2x - Sinh2x = 1

  Rx  1–tanh2x = Sech2x

  Rx  Coth2x - 1 = Cosech2x

(i) Sinh(x + y)  = Sinhx Coshy + Coshx Sinhy

(ii) Sinh(x – y)  = Sinhx Coshy – Coshx Sinhy

(iii) Cosh(x + y) = Coshx Coshy + Sinhx Sinhy

(iii) Cosh(x – y) = Coshx Coshy – Sinhx Sinhy

  Rx 

(i) Sinh2x = 2SinhxCoshx = 2

2 tanh

1 tanh

x

x

(ii) Cosh2x  = 2Cosh2x - 1

1 + 2Sinh2x

2

2

1 tanh

1 tanh

x

x





Cosh2x + Sinh2x

,   Rx y 

(i) tanh(x + y) = 
tanh tanh

1 tanh tanh

x y

x y





(ii) tanh(x - y) =  
tanh tanh

1 tanh tanh

x y

x y





  Rx 

(i) tanh2x = 2

2 tanh

1 tanh

x

x

(ii) Coth2x = 

2Cot h 1

2Coth

x

x



  Rx 

1 2Sinh log ( 1)ex x x   

[1, ]x 

1 2Cosh log ( 1)ex x x   

[ 1,1]x 

1 1 1
tanh log

2 1
e

x
x

x

  
  

 



Maths-IA 111

TSBIE

PROBLEMS

3
Sinh

4
x  Cosh(2x), Sinh(2x) 

Sol: Cosh2x = 1 + Sinh2x

= 1 + 

2
3

4

 
 
 

= 1 + 
9

16

=  
25

16

Coshx =  
5

4

Cosh2x = Cosh2x + Sinh2x

= 

2 2
5 3

4 4

   
   

   

= 
25 9

16 16


= 
34 17

16 8


Sinh2x = 2SinhxCoshx = 
3 5

2
4 4

  
  
  

= 
15

8

Sinhx  = 3 log (3 10)ex  

Sol: Sinhx = 3

x  = Sinh-1(3)

= 2log (3 3 1)e   Sinh-1x = 2log ( 1)e x x 

log (3 10)ex  

  Rn 

(i) (Coshx - Sinhx)n = Cosh(nx) – Sinh(nx)

(ii) (Coshx + Sinhx)n = Cosh(nx) + Sinh(nx) 

Sol: (Coshx - Sinhx)n = 
2 2

n
x x x xe e e e   

 
 

= 
2

n
x x x xe e e e    

 
 
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= 
2

2

n
xe 

 
 

= e-nx

=  
2 2

nx nx nx nxe e e e     
   

   

= Cosh(nx) - Sinh(nx)

(ii) (Coshx + Sinhx)n = 
2 2

n
x x x xe e e e   

 
 

= 
2

n
x x x xe e e e    

 
 

= 
2

2

n
xe 

 
 

= enx

=  
2 2

nx nx nx nxe e e e     
   

   

= Cosh(nx) + Sinh(nx)

Rx Cosh4x – Sinh4x = Cosh(2x) 

Sol: Cosh4x – Sinh4x = (Cosh2x + Sinh2x) (Cosh2x – Sinh2x)

= Cosh(2x) (1)

= Cosh(2x)

-1 1 1
Tanh log 3

2 2
e

 
 

 

Sol:  
-1 1 1

Tanh log
2 1

e

x
x

x

 
  

 

-1

1
1

1 1 2Tanh log
12 2

1
2

e

 
  

   
   

 

   = 
1 3/ 2

log
2 1/ 2

e

 
 
 

   = 
1

log 3
2

e
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10

ABC BC = a, CA = b, AB = c

a + b + c = 2S   S = 
a + b + c

2

Sine ABC

a b c
 =  =  = 2R

SinA SinB SinC

R – ABC

Cosine a2 = b2 + c2 – 2bc CosA

b2 = c2 + a2 – 2ca CosB

c2 = a2 + b2 – 2ab CosC

CosA = 

2 2 2b  + c  - a

2bc
; CosB = 

2 2 2c  + a  - b

2ca
; CosC = 

2 2 2a  b - c

2ab



a = bCosC + cCosB

b = cCosA + aCosC

c = aCosB + bCosA

OR

B - C
tan

2

 
 
 

= 
b - c

b + c

 
 
 

A
Cot

2

A - B
tan

2

 
 
 

 = 
a - b

a + b

 
 
 

C
Cot

2

C - A
tan

2

 
 
 

 = 
c - a

c + a

 
 
 

B
Cot

2

A

B C

bc

a
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A
Sin

2
 = 

(s - b)(s - c)

bc
; 

B
Sin

2
 = 

(s - a)(s - c)

ac
; 

C
Sin

2
 = 

(s - a)(s - b)

ab

A
Cos

2
 = 

s(s - a)

bc
; 

B
Cos

2
 = 

s(s - b)

ac
; 

C
Cos

2
 = 

s(s - c)

ab

A
tan

2
 = 

(s - b)(s - c)

s(s - a)
; 

B
tan

2
 = 

(s - a)(s - c)

s(s - b)
; 

C
tan

2
 = 

(s - a)(s - b)

s(s - c)

7. ABC  = 
1

2
bcSinA = 

1

2
caSinB = 

1

2
abSinC

 = s(s - a)(s - b)(s - c)  = 2R2SinASinBSinC.

8.
A

tan
2

 = 
(s - b)(s - c)

Δ
; 

B
tan

2
 = 

(s - a)(s - c)

Δ
; 

C
tan

2
 = 

(s - a)(s - b)

Δ

A
Cot

2
 = 

s(s - a)

Δ
; 

B
Cot

2
 = 

s(s - b)

Δ
; 

C
Cot

2
 = 

s(s - c)

Δ

9. r = 
s


; r

1
 = 

s - a


; r

2
 = 

s - b


; r

3
 = 

s - c



r 

r
1
, r

2
, r

3
 

10. r = 
s


 = 4R

A
Sin

2

B
Sin

2

C
Sin

2

11. r
1
 = 

s - a


 = 4R

A
Sin

2

B
Cos

2

C
Cos

2
 = S

A
tan

2

12. r
2
 = 

s - b


 = 4R

A
Cos

2

B
Sin

2

C
Cos

2
 = S

B
tan

2

13. r
3
 = 

s - c


 = 4R

A
Cos

2

B
Cos

2

C
Sin

2
 = S

C
tan

2

14. 2  = rr
1
r

2
r

3

15.
1 2 3

1 1 1 1

r r r r
  

ΔABC

ABC a = 3, b = 4 SinA = 
3

4 B
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Sol: Sine
a b

 = 
SinA SinB

aSinB = bSinA

SinB = 
bSinA

a
= 

3
4

4

3

 
 
   = 1 ( b = 4; a = 3; SinA = 

3

4
)

SinB = 1 = Sin900

B = 900

a = 26 cm; b = 30 cm CosC = 
63

65
c 

Sol: c2 = a2 + b2 – 2abCosC

c2 = (26)2 + (30)2 – 2(26)(30)
63

65

 
 
 

( a = 26 cm; b = 30 cm,

CosC = 
63

65
)

   = 676 + 900 – 1512 = 64

c2 = 64

c = 8

(b + c)CosA + (c + a)CosB + (a + b)CosC = a + b + c 

Sol: LHS = (b + c)CosA + (c + a)CosB + (a + b)CosC

= bCosA + cCosA + cCosB + aCosB + aCosC + bCosC

= (aCosB + bCosA) + (bCosC + cCosB) + (cCosA + aCosC)

= c + a + b 
= a + b + c = RHS

  (b + c)CosA + (c + a)CosB + (a + b)CosC = a + b + c

2C B
bCos  + cCos  = S

2 2



Sol: LHS = 
2C B

bCos  + cCos
2 2



        = 
s(s - c) s(s - b)

b  + c
ab ac

   
   
   

        = 
s(s - c)

a
+  

s(s - b)

a
 = 

s

a
[s – c + s – b] = 

s

a
[2s – b – c]

        = 
s

a
[a + b + c – b – c]

        = 
s

a
[a] = S = RHS
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 2C B
bCos  + cCos  = S

2 2



a CosA
 + 

bc a
= 

b CosB
 + 

ca b
 = 

c CosC
 + 

ab c
 

Sol:
a CosA

 + 
bc a

= 

2 2 2b  + c  - a

2bca
 + 

bc a

 
 
  

2 2 2b  + c a
CosA

2bc


 )

= 

2 2 2a b  + c  - a
 + 

bc 2abc
 = 

2 2 2 22a  + b  + c  - a

2abc
 = 

2 2 2a  + b  + c

2abc

b CosB
 + 

ca b
= 

2 2 2a  + b  + c

2abc

c CosC
 + 

ab c
= 

2 2 2a  + b  + c

2abc


a CosA

 + 
bc a

= 
b CosB

 + 
ca b

 = 
c CosC

 + 
ab c

CosA

a
 + 

CosB

b
 + 

CosC

c
 = 

2 2 2a  + b  + c

2abc

Sol: LHS = 
CosA

a
 + 

CosB

b
 + 

CosC

c

= 

2 2 2b  + c  - a

2bc

a

 
 
   + 

2 2 2c  + a  - b

2ca

b

 
 
   + 

2 2 2a  + b  - c

2ab

c

 
 
  

= 

2 2 2b  + c  - a

2abc
 + 

2 2 2c  + a  - b

2abc
 + 

2 2 2a  + b  - c

2abc

= 

2 2 2 2 2 2 2 2 2b  + c a  c b a a b c

2abc

      
 = 

2 2 2a + b c

2abc


 = RHS


CosA

a
 + 

CosB

b
 + 

CosC

c
 = 

2 2 2a  + b  + c

2abc

2 2C A
aSin  + cSin

2 2
s, a, b, c 

Sol:
2 2C A

aSin  + cSin
2 2

= 
(s - a)(s - b) (s - b)(s - c)

a  + c
ab bc

   
   
   
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= 
(s - a)(s - b) (s - b)(s - c)

b b


= 
s - b

[s - a + s - c]
b

 = 
s - b

[2s - a  - c]
b

 = 
s - b

[a + b + c - a  - c]
b

= 
s - b

[b]
b

 = s – b

  
2 2C A

aSin  + cSin
2 2

= s – b

2A B C s
Cot Cot Cot

2 2 2
  



Sol: LHS = 
A B C

Cot Cot Cot
2 2 2
 

= 
s(s - a)

Δ
+ 

s(s - b)

Δ
+ 

s(s - c)

Δ
 = 

s
[s - a + s - b + s - c]



=  
s

[3s - (a + b + c)]


 = 
s

[3s - 2s]


= 
s

.[s]


 = 

2s


 = RHS



2A B C s
Cot Cot Cot

2 2 2
  



A
tan

2
 +

B
tan

2
+

C
tan

2
= 

2bc + ca + ab - s



Sol: LHS = 
A

tan
2

 +
B

tan
2

+
C

tan
2

= 
(s - b)(s - c) (s - a)(s - c) (s - a)(s - b)

 
  

= 

2 2 2s  - s(b + c)+ bc + s  - s(a + c) + ac + s  - s(a + b) + ab



= 

23s  - 2s(a + b + c) + ab + bc + ca


 = 

2ab bc + ca  - s


 = RHS


A

tan
2

 +
B

tan
2

+
C

tan
2

= 

2bc + ca + ab - s



a
Sinθ = 

b + c

2 bc A
Cosθ = Cos

b + c 2


Sol:
a

Sinθ = 
b + c
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Cos2 + Sin2 = 1

Cos2 = 1 – Sin2 = 1 – 

2
a

b + c

 
 
 

[  (1) ]

= 

2

2

a
1 - 

(b + c)
 = 

2 2

2

(b + c) a

(b + c)


 = 2

(b + c + a) (b + c - a)

(b + c)

= 2

2s (2s - a - a)

(b + c)
 = 2

2s . 2(s - a) bc
.

bc (b + c)

Cos2 = 2

4s(s - a) bc
.

bc (b + c)
 = 

2

2

A bc
4Cos .

2 (b + c)

  
2 bc A

Cosθ = Cos
b + c 2



a = (b + c)Cos Sin
2 bc A

Cos
b + c 2



Sol: a = (b + c)Cos Cos = 
a

b + c

Sin2 + Cos2
 

 = 1

Sin2 = 1 – Cos2
 

 = 1 – 

2
a

b + c

 
 
 

 = 1 –  

2

2

a

b + c
 = 

 

 

2 2

2

b + c - a

b + c

= 
   

 
2

b + c + a - b + c - a

b + c
 = 

   

 
2

2s - 2s - a - a

b + c
 = 

   

 
2

2s - 2 s - a

b + c

= 
 

2

s s - a bc
4. .

bc (b + c)
= 

2

2

A bc
4.Cos .

2 (b + c)

Sin2 = 4 2

bc

(b + c)
.

2 A
Cos

2

   Sin
2 bc A

Cos
b + c 2

a = (b – c) Sec  tan
2 bc A

Sin
b - c 2

Sol: a = (b – c) Sec  Sec
a

b - c
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tan2 = Sec2 – 1 = 

2
a

b - c

 
 
 

– 1

tan2 =  

2 2

2

a  - (b - c)

b - c
 =  

2

(a + b - c) (a - b + c)

b - c

=  
2

2(s - c). 2(s - b)

b - c   =   
2

4(s - c)(s - b) bc
.

bc b - c

tan2 =  
2

2

bc A
4 Sin

2b - c

  tan
2 bc A

Sin
b - c 2

  tan
2 bc A

Sin
b - c 2

CotA + CotB + CotC = 

2 2 2a  + b  + c

4Δ

Sol: CotA + CotB + CotC = CotA  = 
CosA

SinA


= 

2 2 2b + c - a

2bc

SinA

  
  
  

 
 
 


= 

2 2 2b + c - a

2bcSinA

 
 
 



= 

2 2 2b + c - a

4
 [

1
Δ = bcSinA

2
 ]

= 

2 2 2b + c - a

4
 + 

2 2 2c + a - b

4Δ
 + 

2 2 2a + b - c

4

= 

2 2 2 2 2 2 2 2 2b  + c - a  + c  + a - b  + a  + b  - c

4Δ
 = 

2 2 2a  + b  + c

4Δ
 = RHS

CotA + CotB + CotC = 

2 2 2a  + b  + c

4Δ

ABC
1 1 3

+
a + c b + c a + b + c

 0C = 60

Sol:
1 1 3

+
a + c b + c a + b + c



b + c + a + c

(a + c)(b + c)
= 

3

a + b + c
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(a + b + 2c) (a + b + c) = 3(a + c) (b + c)

a2 + ab + ac + ba + b2 + bc + 2ac +2bc + 2c2 = 3 [ab + ac + bc + c2]

a2 + b2 – c2 = ab

2abCosC = ab 
2CosC = 1

CosC = 
1

2
 = Cos600

 0C = 60

ABC aCosA = bCosB 

Sol: aCosA = bCosB

2RSinACosA = 2RSinBCosB Sine 

Sin2A = Sin2B = Sin(180 – 2B)

2A = 2B 2A = 180 – 2B

A = B A = 90 – B

A = B A+ B = 900

  a = b 0C = 90

 ABC

a : b : c = 7 : 8 : 9 CosA : CosB : CosC 

Sol: a : b : c = 7 : 8 : 9

a

7
 = 

b

8
 = 

c

9
 = k

a = 7k; b = 8k; c = 9k

CosA = 

2 2 2b + c  - a

2bc
 = 

2 2 264k + 81k  - 49k

2(8k)(9k)
 = 

2 

2

96k

144k
 = 

2

3

CosB = 

2 2 2a + c  - b

2ac
 = 

2 2 249k + 81k  - 64k

2(7k)(9k)
 = 

2 

2

66k

126k
 = 

11

21

CosC = 

2 2 2a + b  - c

2ab
 = 

2 2 249k + 64k  - 81k

2(7k)(8k)
 = 

2 

2

32k

112k
 = 

2

7

 CosA : CosB : CosC = 
2

3
 : 

11

21
 : 

2

7
 = 

2 7

3 7

 
 

 
 : 

11

21
 : 

2 3

7 3

 
 

 

CosA : CosB : CosC = 14 : 11 : 6
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ABC P
1
, P

2
, P

3 2 2 2

1 2 3

1 1 1 CotA+CotB+CotC

ΔP P P
  

Sol: ABC AD, BE, CF

AD = P
1
, BE = P

2
, CF = P

3

  = 
1

2
BC   AD = 

1

2
CA    BE = 

1

2
AB   CF

  = 
1

2
a.P

1
 = 

1

2
b.P

2
 = 

1

2
c.P

3

  P
1
 = 

2

a


 ; P

2
 = 

2

b


; P

3
 = 

2

c



2 2 2

1 2 3

1 1 1

P P P
   = 

2 2 2

2 2 2

a b c

4 4 4
 

  
 = 

2 2 2

2

a b c

4

 



= 

2 2 21 a b c

4

  
 

  
 =  

1
CotA + CotB + CotC





 2 2 2

1 2 3

1 1 1 CotA+CotB+CotC

ΔP P P
  

aCotA = 2(R + r)

Sol: LHS = aCotA  = 
CosA

2RSinA
SinA

  = 2RCosA
= 2R (CosA + CosB + CosC)

= 
A B C

2R 1 + 4Sin Sin Sin
2 2 2

 
 
 

CosA + CosB + CosC = 
A B C

1 + 4Sin Sin Sin
2 2 2

= 
A B C

2 R + 4RSin Sin Sin
2 2 2

 
 
 

= 2[R + r]

 aCotA = 2(R + r)
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r(r
1
 + r

2
 + r

3
) = ab + bc + ca – s2 

Sol: LHS = r(r
1
 + r

2
 + r

3
) = 

Δ Δ Δ Δ

s s - a s - b s - c

 
  

 

= 

2Δ (s - b)(s - c) + (s - a)(s - c) (s - a)(s - b)

s (s - a)(s - b) (s - c)

 
 
 

= 

2 2 2 2

2

Δ [s  - s(b + c) + s  - s(a + c) + s  - s(a + b) + bc + ac + ab]



= 3s2 – 2s(a + b + c) + ab + bc + ca

= 3s2 – 2s(2s) + ab + bc + ca

= ab + bc + ca – s2 = RHS

  r(r
1
 + r

2
 + r

3
) = ab + bc + ca – s2

ABC r
1
 + r

2
 + r

3
 – r = 4R 

Sol: r
1
 + r

2
 + r

3
 – r

= 4R
A

Sin
2

B C
Cos Cos

2 2
+ 4R

A B
Cos Sin

2 2

C
Cos

2
 + 4R

A B
Cos Cos

2 2

C
Sin

2

– 4R
A

Sin
2

B
Sin

2

C
Sin

2

=  
C A B A B

4RCos  Sin Cos  + Cos Sin
2 2 2 2 2

 
 
 

 + 
C A B A B

4RSin Cos Cos  - Sin Sin
2 2 2 2 2

 
 
 

= 
C A B

4RCos Sin  + 
2 2 2

 
 
 

 + 
C A B

4RSin Cos  + 
2 2 2

 
 
 

=  
C A+B

4RCos Sin
2 2

 
 
 

 + 
C A+B

4RSin Cos
2 2

 
 
 

= 
A+B C

4RSin  + 
2 2

 
 
 

  = 
A+B+C

4RSin
2

 
 
 

 = 4RSin
2

 
 
 

= 4R(1) = 4R = RHS

 r
1
 + r

2
 + r

3
 – r = 4R

ABC r + r
1
 + r

2
 – r

3
 = 4RCosC 

Sol: LHS = r + r
1
 + r

2
 – r

3

4R
A

Sin
2

B
Sin

2

C
Sin

2
+ 4R

A
Sin

2

B
Cos

2

C
Cos

2
 + 4R

A
Cos

2

B
Sin

2

C
Cos

2

– 4R
A

Cos
2

B
Cos

2

C
Sin

2
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=  
A B C B C

4RSin  Sin Sin  + Cos Cos
2 2 2 2 2

 
 
 

 + 
A B C B C

4RCos Sin Cos  - Cos Sin
2 2 2 2 2

 
 
 

= 
A B C

4RSin Cos  - 
2 2 2

 
 
 

 + 
A B C

4RCos Sin  - 
2 2 2

 
 
 

=  
A B - C A B - C

4R Sin Cos Cos Sin
2 2 2 2

    
    

    

= 
A B-C

4R.Sin  + 
2 2

 
 
 

  = 
A + B - C

4RSin
2

 
 
 

= 
π - C - C

4RSin
2

 
 
 

 = 
π 

4RSin - C
2

 
 
 

= 4RCosC = RHS

 r + r
1
 + r

2
 – r

3
 = 4RCosC

1

1 1

r r

 
 

  2

1 1

r r

 
 

  3

1 1

r r

 
 

 
= 3 2 2

abc 4R

Δ r s


Sol:
1

1 1

r r

 
 

  2

1 1

r r

 
 

  3

1 1

r r

 
 

 

= 
s s - a

 - 
Δ Δ

 
 
 

s s - b
 - 

Δ Δ

 
 
 

s s - c
 - 

Δ Δ

 
 
 

 = 
s - s + a

Δ

 
 
 

s - s + b

Δ

 
 
 

s - s + c

Δ

 
 
 

= 
a b c

Δ Δ Δ

   
   
   

 = 3

abc

Δ
 = 3

4R

Δ


 = 2

4R

Δ

abc
  = , abc = 4R

4R

 
  

 


= 2

4R

(rs)
 = 2 2

4R

r s

1

1 1

r r

 
 

  2

1 1

r r

 
 

  3

1 1

r r

 
 

 
= 3 2 2

abc 4R

Δ r s


1r 3
 = 

(s - b)(s - c) r
   

Sol: LHS = 
1r  

(s - b)(s - c)
 =  

(s - a)(s - b)(s - c)


 1

Δ
 r  = 

s-a

 
 
 


         = 
2

s



 
 
 


2 s(s - a)(s - b)(s - c)   

= 2

sΔ

Δ
  =  

s


  = 

s s s 3s

Δ
  

  
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= 
s 1 3

3 3
r r

   
    

   
 = RHS


1r 3

 = 
(s - b)(s - c) r



CosA + CosB + CosC = 1 + 
r

R

Sol: LHS = CosA + CosB + CosC = 
A + B A - B

2Cos Cos  + CosC
2 2

   
   
   

= 
2C A - B C

2Sin Cos + 1 - 2Sin
2 2 2

 
 
 

A + B C A B C
90 , Cos sin

2 2 2 2

   
    

  


= 
C A - B C

1 + 2Sin Cos  - Sin
2 2 2

  
  
  

= 
C A - B A + B

1 + 2Sin Cos  - Cos
2 2 2

    
    
    

= 
C A B

1 + 2Sin 2Sin Sin
2 2 2

 
 
 

= 
A B C

1 + 4Sin Sin Sin
2 2 2

= 

A B C
 4Sin Sin Sin

2 2 21 +
R

 = 1 +
R

r
 = RHS

CosA + CosB + CosC = 1 + 
r

R

2 2 2A B C
Cos  + Cos  + Cos

2 2 2
= 2 +

2R

r

Sol:
2 2 2A B C

Cos  + Cos  + Cos
2 2 2

 = 
2 2 2A B C

Cos  + 1 - Sin  + Cos
2 2 2

= 
2 2 2A B C

1 + Cos  - Sin  + Cos
2 2 2

 
 
 

 = 
2A + B A - B C

1 + Cos Cos  + Cos
2 2 2

   
   
   

= 
2C A - B C

1 + Sin Cos  + 1 - Sin
2 2 2

 
 
 

A + B C
 = 90 - 

2 2

A + B C
Cos  = Sin

2 2

 
 
 

  
    


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= 
2C A - B C

2 + Sin Cos  - Sin
2 2 2

  
  
  

= 
C A - B A + B

2 + Sin Cos  - Cos
2 2 2

    
    
    

= 
C A B

2  +  S i n 2 S i n S i n
2 2 2

 
 
 

= 
C A B

2 + Sin 2Sin Sin
2 2 2

 
 
 

 = 
A B C

2 + 2Sin Sin Sin
2 2 2

=  

A B C
(2R) . 2Sin Sin Sin

2 2 22 + 
2R

 = 

A B C
4RSin Sin Sin

2 2 22 + 
2R

=  2 +
2R

r
 = RHS


2 2 2A B C

Cos  + Cos  + Cos
2 2 2

= 2 +
2R

r

ABC A, B, C P
1
, P

2
, P

3
 

(i) 
1 2 3

1 1 1 1
 +  +  = 

P P P r
 (ii) 

1 2 3 3

1 1 1 1
 +  -  = 

P P P r
  (iii) P

1
 P

2
 P

3
 =  

2 3

3

(abc) 8

8R abc




Sol: ABC

AD = P
1
, BE = P

2
, CF = P

3

  = 
1

2
 a. P

1
 = 

1

2
 b.P

2
 = 

1

2
c.P

3

2  = aP
1
, 2  = bP

2
 ; 2  = cP

3

P
1
 = 

2

a


 ; P

2
 = 

2

b


; P

3
 = 

2

c



(i)
1 2 3

1 1 1
 +  + 

P P P
 = 

a b c
+ +

2Δ 2Δ 2Δ
 =  

a + b + c

2Δ
= 

2s

2Δ
 = 

s

Δ
 = 

1

r

(ii)
1 2 3

1 1 1
 +  - 

P P P
 = 

a b c
+

2Δ 2Δ 2Δ
  = 

a + b - c

2Δ
= 

2s - c - c

2Δ
 = 

2(s - c)

2Δ
 = 

s - c 

Δ
 = 

3

1

r

(iii) P
1
 P

2
 P

3
 = 

32Δ 2Δ 2Δ 8Δ
×

a b c abc
 

= 

3
abc

8
4R

abc

 
 
   = 

 

 

3

3

8 abc

64R abc
 = 

 
2

3

abc

8R
 P

1
 P

2
 P

3
 =  

2 3

3

(abc) 8

8R abc




A

B C

c b

a
D

EF
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a = 13, b = 14, c = 15 R = 
65

8
, r = 4, r

1
 = 

21

2
, r

2
 = 12 r

3
 = 14

Sol: a = 13, b = 14, c = 15

2s = a + b + c = 13  + 14 + 15 = 42

s = 21

2  = s(s – a) (s – b) (s – c) = 21 ( 21 – 13) (21 – 14) (21 – 15)

      = (21) (8) (7) (6)

  = 21 8 7 6    = 7 3 2 2 2 7 2 3        = 7   3   2   2 = 84

  = 84

R = 
abc

4Δ
 = 

13.14.15

4.84
 = 

65

8

r = 
Δ

s
 = 

84

21
 = 4

r
1
 = 

Δ

s - a
 = 

84

21 - 13
  =  

84

8
 = 

21

2

r
2
 = 

Δ

s - b
 = 

84

21 - 14
  =  

84

7
 = 12

r
3
 = 

Δ

s - c
 = 

84

21 - 15
  =  

84

6
 = 14

  R = 
65

8
, r = 4, r

1
 = 

21

2
, r

2
 = 12, r

3
 = 14

r
1
 = 2, r

2
 = 3, r

3
 = 6 r

 
= 1 a = 3, b = 4, c = 5 

Sol: r
1
 = 2, r

2
 = 3, r

3
 = 6, r

 
= 1

2 = r r
1 
r

2 
r

3
 = (1)(2)(3)(6) = 36

 = 6

r = 
Δ

s
    s = 

r


 = 

6

1
 = 6

s = 6

r
1
 = 

Δ

s - a
   s – a = 

1r


 = 

6

2
 = 3

s – a = 3

6 – a = 3

a = 3

r
2
 = 

Δ

s - b
   s – b = 

2r


 = 

6

3
 = 2
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s – b = 2  6 – b = 2

b = 4

r
3
 = 

Δ

s - c
   s – c = 

3r


 = 

6

6
= 1

6 – c = 1

c = 5

  a = 3, b = 4, c = 5

ABC r
1
 = 8, r

2
 = 12, r

3
 = 24 a, b, c 

Sol. r
1
 = 8, r

2
 = 12, r

3
 = 24

1 2 3

1 1 1 1

r r r r
    = 

3 2 1

24

 
 = 

6

24
 = 

1

4

r = 4

2  = r r
1 
r

2 
r

3 
 = (4)(8)(12)(24) = 4   8   12   12   2 = 12   8   12   8

  = 12   8 = 96

  = 96

  = rs    s = 
r


 = 

96

4
 =24

s = 24

r
1
 = 

Δ

s - a
   s – a = 

1r


 = 

96

8
 = 12

s – a = 12

24 – a = 12 a = 12

r
2
 = 

Δ

s - b
   s – b = 

2r


 = 

96

12
 = 8

s – b = 8

24 – b = 8

b = 16

r
3
 = 

Δ

s - c
   s – c = 

3r


 = 

96

24
= 4

s – c = 4

24 – c = 4

c = 20

  a = 12, b = 16, c = 20

2 2 2 2

1 2 3

1 1 1 1

r r r r
   = 

2 2 2

2

a + b + c


 

Sol: 2 2 2 2

1 2 3

1 1 1 1

r r r r
    =  

2 2 2 2

2 2 2 2

s (s - a) (s - b) (s - c)
  

   
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= 
2 2 2 2

2

1
s  + (s - a)  + (s - b)  + (s - c)  

= 
2 2 2 2 2 2 2

2

1
s  + s + a  -2as + s  + b  - 2bs + s + c 2cs  

= 
2 2 2 2

2

1
4s  -2s (a + b + c) + a  + b  + c  

= 
2 2 2 2

2

1
4s  -2s (2s) + a  + b  + c  

= 

2 2 2

2

a  + b  + c


 = RHS

 2 2 2 2

1 2 3

1 1 1 1

r r r r
   = 

2 2 2

2

a + b + c



31 2
rr r

 +  + 
bc ca ab

= 
1 1

 - 
2Rr

Sol: LHS = 
31 2

rr r
 +  + 

bc ca ab
=  1 2 3

1
[ar  + br  + cr ]

abc

= 1

1
ar

abc
 = 

1 A
2RSinA . stan  

abc 2


= 

ASin1 A A 22R. 2Sin Cos  s  
Aabc 2 2 Cos

2

  = 
21 A

.s 4RSin  
abc 2



= 
24RS A

Sin  
abc 2

  = 
s 1-CosA

 
2


abc

4R

 
  

 


= 
1 1 - CosA 1 - CosB 1 - CosC

 +  + 
2 2 2r

 
 
 

= 
1 1 - CosA + 1 - CosB + 1 - CosC

2r

 
 
 

 = 
1 3 - (CosA + CosB + CosC)

2r

 
 
 

=  
1

3 - (CosA + CosB + CosC)
2r

A B C
CosA + CosB + CosC 1 4Sin Sin Sin

2 2 2

 
  

 


= 
1 A B C

3 - 1+4Sin Sin Sin
2 2 2 2r

  
  
  

=  
1 A B C

2 - 4Sin Sin Sin
2 2 2 2r

 
 
 

= 

A B C
4Sin Sin Sin

2 2 2 2

2 2r r
 = 

A B C
4RSin Sin Sin

1 2 2 2

2 Rr r
  = 

1

2 R

r

r r


= 
1 1

 - 
2Rr

 RHS
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