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. Application of Derivatives is}

Derivative is defined as the rate of change of one quantity with respect to another.

Here, it is used to calculate

\ 4

Tangent and Normal

Rate measure Maxima and Minima

to a curve :
of a function

\4

\4

functions



- Derivative as Rate of Change

If y is a function of x, then small change in x has a small change in y.

A
Rate of change of 'y w.r.t'x’ = ﬁ )

where Ax — changein 'x'and Ay — changein'y’.

As Ax — 0, rate of change becomes instantaneous.

i A d
Ax—0 Ax dx




lllustration ' D

If the radius of a circle is increasing at a uniform rate of 2 cm/s , find the rate
of increase of area of circle, at the instant when the radius is 20 cm.

Solution:

Let us consider A to be the area of circle having radius r.

. dr
Given,— = 2 cm/s and forr = 20 cm , g _ 3
dt

As A is the area of circle = A = 712

Differentiating w.r.t time 't’, we get,

dA dr dA_ 2
E—ana—ZnXZOXZ: d—t—80ncm /s



 lllustration JEE Main - 2019 (April)  f5g
‘A 2 m ladder leans against a vertical wall. If the top of the ladder begins to

slide down the wall at the rate of 25 cm/s., then the rate (in cm/s) at which
the bottom of the ladder slides away from the wall on the horizontal ground
when the top of the ladder is 1 m above the ground is :

la. 25/v3 | b. 25V3 c. 25 |d. 25/3

Let the ladder touch the wall y meter above the ground and
the distance between ladder and wall be x meter on the
ground.

% = —25cm/s = —0.25m/s

[Distance is decreasing with time]

Wheny = 1m, & —9
dt




In triangle ABC, At any instant, x* + y* = 4, wheny = 1,x = /3.
Differentiating w.r.t time 't’, we get,

2x—+ 2y ” =0,

Substitutingﬂ =—0.25, y=1,x= NERE get,

dx _ 0.25 /S__scm/s
dt 3 V3

Rate at which bottom of ladder slides is \2/_; cm/s.

Hence, option (a) is the correct answer.



[llustration

x belongs to

a. (2, ) |b. (=2,2) lc. (=2,2)-{0} |d. (0,)

Solution:
x3 =12y
2dx _ 1o dy dy _ 3x%dx : N . It
3x i 12 - > e [Differentiating w.r.t 't']
dx 8% |%
de| " |de| 7 e S .
dt i |
2 2
> 2| <123 <1 (x—2)(x +2) < 0. Hence, | x € (=2,2)

Hence, option (b) is the correct answer.

o)

On the curve x3 = 12 y, abscissa changes at a faster rate than the ordinate, then'



lllustration JEE Main - 2019 (April) T
I A water tank has the shape of an inverted right circular cone , whose semi —

. . _1 (1 : o .
vertical angle is tan™! (E) . Water is poured into it at a constant rate of 5

m3 /min. Then the rate (in m/min ), at which the level of water is rising at
the instant when the depth of water in tank is 10 m is:

1 1 2 d 1
a. — o c. & . gl
L 51 \ﬁ 1571 L T L 10w
Solution:
<_ E—
4 Let volume of water inside the inverted
right circular cone be V. T
av
- —1 (1) 2 _ 3 ;
- OJ=tan (5) ar = oM /min h 0
dh

— When h = 10m,— =7?
dt

S}



We know, V = %mﬂzh

r h
r
tanf =->-=-=1r=7
h 2 h 2
1 _h3
V== —
37 4

Differentiating w.r.t. ‘t’, we get,

dv _ mh?dh
dt 4 dt
__100mdh __ dh

1 :
= 5= = — =— m/min
4 dt ~dt 5w

Hence, option (a) is the correct answer.



lllustration JEE Main - 2020 (Sept) | D

I If the surface area of a cube is increasing at a rate of 3.6 cm?/sec, retaining
its shape, then the rate of change of its volume (in cm?3 /sec), when the
length of a side of the cube is 10 cm, is :

Bt |b. 20 lc. 10 149

Solution:

Let the surface area of the cube is S and Volume be V.

. ds
Given, — = 3.6 cm? /sec

y

d
When a = 10 Cm,thend—‘:=? =



S = 6a?

Differentiating both the sides w.r.t time 't’, we get,
as da

E = 12a X E

da da
3.6 =12 X 10 X it 0.03 cm/sec

V=a’

Differentiating both the sides w.r.t time 't’, we get,
W _ 3424

dt dt

% =3 % (10)? x 0.03 = % =9 cm3/sec

Hence, option (d) is the correct answer.




Illustration JEE Main - 2019 (April)
| A spherical iron ball of 10 c¢m radius is coated with a layer of ice of uniform

thickness that melts at a rate of 50 cm3 /min. When the thickness of ice is

5 cm, then the rate ( in cm/min.) at which the thickness of ice decreases, is:

L b. =2 . L d 1
\_Cl 181 L \i 36T L 541

61

Solution:

Let volume and uniform thickness of ice be IV
and r, respectively.

: : dv :
Given, melting rate b 50 cm3 /min

- —
L y



The radius of the spherical ball is 10 cm.
Now, volume of ice V = gn(lo +7)3 — gn(10)3

Differentiating w.r.t time ‘t’, we get,

av d
- = 4m(10 +7)? —
_ 2 dr
50 = 41 (15) "

2 50

dt  4m(15)(15)

dr_ 1 ] |
|5—Ecm/mm

Hence, option (a) is the correct answer.

gn(lo +7)3

rem



| lllustration D
The rate of increase of length of the shadow of a man 2m height, due to a lamp |

at 10m height, when he is moving away from it at the rate of 2 ;’1 is :

Solution:

Let "x" be the distance between pole and
the man, "y" be the length of the shadow
and @ is the angle made by shadow as
shown in figure.




dx m

2t = % 50c (given)

0 =2 [Clearly, both triangles ABC and PQC are similar with AAA rule
x+y Y . : ; :

= Corresponding sides of these triangle will be proportional ]
= 8y = 2x

d dx
=>8=L=2—
dt dt

wy _ 2
:dt_4(2)

dy 1m
dt_Zsec



, ;Eoproximation

Consider a curve y = f(x) with two points
A, B as shown in the figure.

B (%o + h, f(xo + h))

-

Ash—>0 Y_cey | e |
ax 1Y ~NBLGo o))

4
v
S

/ BERT fx+h)—f(x)

Approximate change in value of 'f’

f(xo + h) = f(xo) + h. f'(x0)




lllustration D
'Use differential to find approximate value of v25.2..

8- 5.02 |b. 5.01 lc. 5.03 |d. 5.04

Solution:

Let f(x) =+/x,xy =25,h=0.2

1

f'(x) = 2vx

£(25.2) = f(25 + 0.2) = f(25) + 0.2 - f'(25) lf(xo +h)=f(xo) +h- f’(xo)J

=252 =5+ 0.2 (110)
V25.2 = 5.02

Hence, option (a) is the correct answer.




| Illustration

The approximate value of tan 44° is (take m = 22/7).

la. 0782 |b. 0965  [c. 0873

Solution:

Let f(x) = tanx, xqg = 45° h = —1°

f'(x) =sec’x

l F(xo + 1) =f (x0) + h. f’(xO)J
= tan 44°=tan 45° + (—1°).sec? 45°

z1+(1‘?10><§).2

tan 44° = 0.965

Hence, option (b) is the correct answer.

\_d. 0.999
180° = m radians
= h = 2T radians
180

V,



Summary Sheet

Derivative is defined as the rate of change of one quantity with respect
to another.

If y is a function of x, then small change in x has a small change in y.

A
Rate of change of 'y w.r.t 'x’' = é :

Approximate change in value of ‘f'is f(xq + h)=f(xg) + h. f'(xp).

°
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" Tangent and Normal o

Let y = f(x) be a curve and there is a point P(x4,y;) on it.

Slope of Tangent at point P Y y=fx)
_ (%Y o g r
(dX)(xLJﬁ) =m = tanf = f(x)
P(xy,y1)
- Equation of Tangent T :
( By point-slope form) ) _% ,
0 X

l(y—y1)=m(x—x1)lj Y




" Tangent and Normal o

Let y = f(x) be a curve and there is a point P(x4,y;) on it.

Slope of Normal at point P

v y=fx)

. 1 — (E) — i A N
—  /d _ d m

(d_z)(xl, ) Y (x1,51) T

- Equation of Normal N : P(xy, y1)
( By point-slope form)
1 Y @ X
=y =——(x—x) |




_;@gent and Normal

Note:

The point P(xq, y,) will satisfy the equation of the curve, the equation of the

tangent and the equation of the normal.

Y y = f(x)
T
P(xy,y1)
N
< > X
0




" Tangent and Normal O

Note:
If the tangent at any point P on the curve is parallel to the X - axis,

d :
then =~ = 0 at point P.
dx

Y
y=f) Here, tangent T to the curve is parallel
< \ . T to the X — axis.
d
Plxuyy) Hence, Slope = d—i: = tan0S =10
< . ¢
0




" Tangent and Normal O

Note:

If the tangent at any point P on the curve is parallel to the Y — axis,

dy dx :
then _, T oor e 0 at point P.

N
>

Here, tangent T to the curve is

. perpendicular to the X — axis.

d
 P(x1,y1) Hence, Slope = d—z = tan90°% - o

A
A 4
S




_L@gent and Normal

°

Note: If the tangent at any point P on the curve makes equal and positive intercepts

dy

on the coordinate axes, then e —1 at the point P.

X

Proof: Let the tangent to a curve make equal intercepts
a on positive coordinate axes.

Equation of tangent is:
“t+Z=1=x+y=a
a a

Coefficient of x

Y

|

y=fx)

P(xy,y1)

Now, Slope of the tangent (m) = Coefficient of ¥

!
dy

=—==-1  (~ Slope =

dy )
dx

dx




_ffaﬁgentandlﬂonnal

Note:

If the tangent at any point P on the curve is equally inclined to both the axes,

then % = +1 at the point P.

A y=fXx)

A

dx

Y
y=1e 1
X
P(x1rY1)
«— > X
s 0
T — =41 \%

For the tangent, intercepting
the negative X-axis and

: . d
negative Y-axis, d—z = -1

And for the tangent,
intercepting the positive X-axis

: . d
and negative Y-axis, d—z =



| lllustration D
Find slope of tangent & normal to the curve y = x3 — 3x, at the point (2, 2).

Solution:

Given curve, y = x3 — 3x

Differentiating w.r.t x at point (2,2), we get,

(%) = (3X2 — 3)(2, 2) = 9

(2,2)
We know that, slope of tangent at point (x{,y;) = (?)
% (xlryl)
: _ (dy B
= Slope of tangent at point (2,2) = (dx)(Z’ - 9

1

(o=

And slope of normal at point (2,2) = —



| lllustration 3

X" =X
Find equation of tangent and normal to the curve Y = 7% at the point x = 1. L '

Solution:
: x3—x (ﬂ) =z
Given curve,y = —— ax) 10y 2
13-1 dy

2) — 43 _
y(L+x%) =x" —x = Slope of the tangent is 1 and slope
Differentiating w.r.t x, we get, of normal is —1.

Now, by using point slope form, we get,

d
d_z(l +x%) + y(2x) = 3x% — 1 Equation of tangent: ¥y = x — 1

d 3x2—1—2x
R y= Yy

Equation of normal : y = —(x —.1)
dx 1+ x?




lllustration JEE Main — 2020 (Sept) | 0 |
Which of the following points lie on the tangent to the curve '

x*eY + 2,/y + 1 = 3, at the point (1,0) ?

la.22) |b.(-26) [c.(-24)  |d.(26)

Solution:

Given curve, x*eY + 2, /y+1 =3

Differentiating w.r.t x, we get,
1 '

3,Y 4,V A, —
4xe+xey+\/m.y 0

—4x3eY

<x4e3’ + 1 )
Jy +1

!

=Yy =




—4 x 13 x e°
On substituting point (1,0) , we get y' = = —2

1
1%e% +
(e 73)

= Slope of the tangent to the given curve at the point (1,0) is —2

= Equation of tangent by point slope formis: (y — 0) = —2(x — 1)
=>2x+y=2

Among the given points only (—2, 6) satisfies the above equation.

So, option (b) is the correct answer.



| lllustration JEE Main — 2020 (Sept) | D
If the tangent to the curve y = x + sin y, at a point (a, b) is parallel to the ,

line joining points (O,g) and G, 2) , then:

la.b=a &.b=%+a ic. |b—al=1 |d. |la+b|=1

Solution:

Given curve, y = x + siny

3
L : B 1 > _
Slope of line joining points (0, 2) and (2,2) = _;—_ e 1 (1)
On differentiating the curve y = x + sin y, we get,
dy dy
a =1+ CosYy a

> (Z—";)(a’b) =1+ cosh .(Z—z)(a’b) e (i)



From (i) and (ii)
1=1+cosh (1)

=>cosb=0=>b=+—>=sinb = +1

N S

Also,b =a + sinb
=>|b—al=1

So, option (¢) is the correct answer.



| Illustration JEE Main — 2020 (Jan) ey
The length of the perpendicular from the origin on the normal to the curve, D

x? + 2xy — 3y? = 0, at the point (2,2) is :

a. 2 |b.V2 lc. 2V2 d. 42

Solutioi

Given curve, x*+ 2xy —3y* =0 We know,

Differentiating w.rt x, we get, Length of the perpendicular from origin
2x + 2y + 2xy' —6yy' =0, onax +by+c=0is \/ﬁ.
=>Y'2n=1 | i

=~ Length of the perpendicular from origin

—4 =2\/§

= Slope of normal at (2,2) = —1 _ o A
onx+y—4=0is ‘m
So, option (¢) is the correct answer.

Equation of normal : y — 2 = —(x — 2)
>x+y—4=0



| [llustration
um ot Intercepts o € tangent at any point to e curve
Sum of intercepts of the tangent at int to th 5

Vx + /¥y = +/a, on the coordinate axes is :

a. a |b. 2V/a c. Va |d. 2a
Solution: 1 1 dy
I Given curve, \Xx + =+a = + =0
VIHNY = e 2vx 2 ydx
- (Q) __¥n
dx (xlryl) \/x_l

Hence, Slope of the tangent
at the point P(xq,y;) is L
VX1

. Equation of tangent :
Y=y = —% (x —2x1) ... ()

< X

A

74




On substituting y = 0 in the equation (i) , we get,
X = X1 +X1\)1
- X-intercept, X, . = x, + VI = VX (Vxr +/71) = VxWa

On substituting x = 0 in the equation (i) , we get,
Yy =y1 tVxivn
~Y-intercept, v, ., = y; +/x1\/y1 = VWL + VAL = Vyva

Xint.+1/int.=\/a(\/x_1+\/ﬂ) =+ax+a=a

So, option(a) is the correct answer.



Illustration

. . 2 2
Find the equation of tangent and normal to the curve x = 131;2’
2at3 : : 1
Y = Tz at the point for which t = .
Solution:
I __ 2at? _ 2at?®
T 14t2 1+t2
Differentiating w.r.t. t, we get, Differentiating w.r.t. t, we get,
d 1+t2)2t—t2(2t 2)(3t?)-t3
_x:2a(+) (2t) v _ 5, (1+t2)(3t%)-t3(2¢t)
dt (1+t2)2 dt (1+t2)2
__ Aat _ 2at*(3+t?)
(1 4+ t2)? T (1 +t2)2
%| . 32_61 dy N 26a
dt t=% 25 dt t=% - 25



d 26a =
AtL =2, dx B2 16
25
z 3
_ 2a(3) _ 2a _ 2a(3)
X1 = 12—5andy1_ =
1+(3) 1+(3)
~ Equation of tangent: y —¢=— (x—¢
And tion of I a_ 16 2a
nd equation of normal: ==l

a
5



Summary Sheet

Equation of tangent at the point P(x4,y;) to the curve y = f(x) is given by
vy —y1) =m(x — x;)
Where m is slope of the tangent.
Equation of normal at the point P(x4,y;) to the curve y = f(x) is given by

1
(y—y1) = —E(X — X1)
If the tangent at any point P on the curve is parallel to the X - axis, then
% = 0 at the point P.

If the tangent at any point P on the curve is parallel to the Y — axis, then

dy dx g
o > o Y 0 at the point P.

If the tangent at any point P on the curve makes equal and positive

: : d :
intercepts on the coordinate axes, then d—i = —1 at the point P.
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. -Tangent and Normal {
2l y=rf

Let’s say Line T is tangent to a curve T

y = f(x)

: : : (x, y)
On solving tangent line with curve,

we will get an equation which has
repeated roots.

0

Note:

When the curve is a 2% degree polynomial, then the resulting equation
(obtained by solving the tangent line with curve ) will have two equal roots i.e.,

the discriminant will be zero.



| Illustration
If tangent at point (2,8) on the curve y = x3 meets the curve again at Q.

Then the co-ordinates of point Q is

| a.(=4,-64) | b.(0,0) lce.(LD) | d. (4,64)

Solutiol

Given curve, y = x3 Y y =
By differentiating w.r.t to x, we get,

y' = 3x? ( ) Pm):x
V(28 = 12

Equation of tangent : (y — 8) = 12(x — 2) Q(x1, y1) |




=
Equation of tangent : 12x —y = 16 --- (i) A o
Solving with the curve we get,

P(2,8)
12X - 16 — X3 2 < 4 > X
=>x3—12x+16=0 2
Q(x1, 1)
xl A 4

We get repeated roots at P(2,8) as it is tangent point.
By theory of equation, x; + x, + x5 = _S > x +24+42=02x, =—4

Subsituting in (i), gives y;,= —64 = ( : (=4, —64) |
| _

Hence, option (a) is the correct answer.



lllustration
If line joining points (0,3) & (5, —2) is a tangent to the curve
y = x—:l . Then the value of c is :

[3—2 [25 15—4 Lg4

Solution:

Equation of line joining points(0,3), (5, —2) is given by

3-(-2)
(y—3) = (x=0) > x+y=3
Solving with the curve, y = x+ 1

c
>3 —x=—
x+1

=>x2—-2x+c—3=0

Since the curve has repeated roots, D = 0

=4—-4(c-3)=0 =>I_c — 4 | Hence, option (d) is the correct answer.

—_— 74



. - Equation of Tangent and Normal From External Point

Tangent is drawn from the point Q(a, b)
to the curve y = f(x).

Let P(xq, y1) be the point of contact.

Then, slope of tangent at point P = mpy = my <

&)y 22 ~f
ax/ (x1,y1) X1—d

%/—J

Slope of tangent (my)

Equation of tangent will be:l y—y1) = mr(x — x1)J




Equation of Tangent and Normal From External Point

Slope of normal my is given by,

—= (=)
(ﬂ = \x—c

dx)(xw/ﬂ

y=fX)

Equation of normal will be: l Y —y1) = my(x — xl)lj




| lustration B
The equation of tangent drawn to the curve xy = 4 from point (0,1) is :

1
\_a.y—5=—g(x+8) \_b_y_
1 1
L€ y+5——E(x—8) \_d y —
Solution:

Let P (t, %) be a point on curve xy = 4
Differentiating xy = 4, we get,




é—l Y
Slope of PQ = tT

N
>

= _A !
A
t =28 1
=10 = =S My = — —
T 16

: 4, . 1
Point P(t, ?) will be (8, E) :

So, equation of tangentis : 4, _ =1 (= 8)I
| 2 16

Hence, option (b) is the correct answer.



lllustration JEE Main — 2020 (Jan) | B
| Let the normal at a point P on the curve y? — 3x% + y + 10 = 0 intersect

the Y — axis at (O, %) If m is the slope of the tangent at P to the curve, then

|lm| is equal to

Solution:
Let P = (xq, Y1)
y? —3x?+y+10=0..(1)

Differentiating w.r.t. x, we get,

2yy' —6x+y' =0
’ _ 6X1 <
=Y Gy = 1+ 2y,

3
>~ V1 1+2y
So,2— = — :
—X1 6x1




=9—-6y;,=1+2y; 2y =1
By Substituting the value of y; = 1 in equation (1),
12 -3x7+1+10=0
>3x{=12=>x; = +2

/ __ 6bXx1 =1 =
y (xllyl) a 1+2y1’ yl ’xl iz

50, Y (x,y) = TA=Mm

| |m| = 4‘_ \



| Illustration
Find equation(s) of tangent to the curve y = (x + 1)3,

drawn from the origin.

lay=x |by=0 |cy=3x |dy=3Tx

Solution: d
y=(x+1)°
Differentiating w.r.t x, we get, y = (x+ 1) Q(xy, 1)
y’(xl,yl) = 3(x, + 2. (D) )

’ (-1,0) | P(0,0)
y (xl'yl) - mPQ




— 3(3(1 + 1)2 = ==
X1
y=(x+ 1)3 Q(x1,y1)
= 3(x; + 1) =@ {Asy = (x+1)°}
1
< > X
= x, = _15 (—1,0) | P(0,0)
1
xl - _1 xl = E 2
27
y1 =0 1= 75
/ / — 2
Y10 = 0 Y G5 T
) | B |
Equation of tangent : y =0 | Equation of tangent 5 % X

Hence, option(b) and (d) are the correct answers.



- Length of Tangent, Normal,Sub-Tangent & Sub-Normal

Let the curve be y = f(x) and at a point P on
the curve, tangent and normal are drawn.

&(ﬂ

=m =tané
dx) (x1,¥1)




.;Tength of Tangent

[
>

y=f()

[25)

In APST ,sin@ = —
PT

= P = |y,|
\

cosec @

1
tanZ 6

1+

, 1
Ly = |yq] 1+W J

8]

Length of tangent is the length of segment PT of

the tangent between point of contact and X-axis.



. -Length of Sub-Tangent

gANs

y = f(x) Length of sub-tangent is the projection of
segment PT along X-axis (ST).

In APST , tan @ = =

ST

|y1l
@ P(xy, = ST =
> i (%1, 1) tan O
\ z | l Lsr = |5 J




. Length of Normal i)

v y = £ Length of normal is the length of segment PN

of the normal intercepted between point of

contact & X-axis.

P3

In APSN , cos 0 = —
PN

= PN = |y,|sec8

= PN = |y1|\/1 + tan? 6

\ Ly = |Y1|V1+m2J




. -Length of Sub-Normal
=B

y=f()
Length of sub-normal is the projection of
segment PN along X-axis (SN).
X Py InAPSN, tanf =—= = SN = |y;| tan @
( T, lLSN = |y;.m| J
| N\, 2




lllustration
Find length of sub-tangentto curve y = x3 — 3x% + x atx = —1

Solution:

y=x3—3x%+x

Differentiating w.r.t. x, we get,

>y =3x?—-6x+1

=y’ =m=3(-1D*+6+1=10
x=—1

x1 = _1 'yl = _5

|

m

1
L — —
ST 2



| Hlustration .

For the curve y = bea, length of sub-normal at the point (x1,y,) is :

(y1)? b
|a.|ay]| Lb. % Lc. T;l Ld. ;()’1)3|
Solution:

x
y = bea

Differentiating w.r.t. x, we get,

X1
2

’ _ _b
z)’lx:xl—m—ae a

Ly = |ly1.m|

_ o?
| la|

Hence, option (c) is the correct answer.



Summary Sheet

Length of Tangent = L = |y{| |1+ #

Y1

m

Length of Sub-tangent = L¢r =

Length of Normal = Ly = |y;|V1 + m?

Length of Sub-normal = L¢y = |y;.m|



B BYJU'S Classes

Application of Derivatives
Angle between two curves



<KL

Road Map “ B

' Illustrations

-~ Shortest Distance Between Two

A ‘,” Curves
> 4

~ \Orthogonal Curves

~
\'
\
S

~
N

Angle Between Two Curves




| ..Angle Between Two Curves = 0

Lety = f(x) and y = g(x) be two curves,
then angle between them is defined as
angle between their tangents at their point y = g(x)

of intersection. * >X
At point P(Xl,yl), Y

g t y=f(
Slope of tangent for f(x) : m; = — (f(x))

dx myq
Slope of tangent for g(x) : m, = % 1€3) \< P(x1,¥1)

_ y =g iz

ltan@ = ‘ﬁlmlmnfz (For acute angle) Vl « - X




lllustration D
| Curves y = sinx & y = cos x, intersect at infinite points. Find angle between

y y
them at one such point of intersection.

Solution:
Let one such point be P (E i) Y
P 4’2 N
(8
. 4_’\/5
Let the slope of the tangent at point P y = COSX =
to the curve y = sinx be m;. / Y Sl
< » X
d
2 — cosx
dx

T
Atx=Z=>m1=

NIl



Let the slope of tangent at point P to the curve y = cos x be m,.

d .

—y= —SIn x

dx %
4 1

Atx=Z:m2=—ﬁ y=007

A

Now, angle between both the curves

is given by tan @ = 212 |
1+mimy
1 1
V2V Ny |
= tanf = - = tan 6 = 2+/2 =>9=tan‘1(2\/§)
_1 | N




lllustration JEE Main-2019 (Jan)

| If @ denotes the acute angle between the curves, y = 10 — x? and | B
y = 2 + x? at a point of their intersection, then |tan 8] is equal to:
a. — h. & c. 4 €
17 " 15 9 17
Solution:

A

Let point of intersection of both the curves to

Y _
R y=2+x" pe(x,y)
Now, for point of intersection, we have,
Q P 10 — x% = 2 + x°

— 50 = 00

Let P: (2,6),Q: (—2,6)

N
4




At point P (2, 6) At point P(Z, 6) U

Slope of tangent fory = 2 + x? is Slope of tangent for y = 10 — x? is
dy _
d @ _ _ —
y—2X$m1 =+4 dx 2x = U 3= 4
dx
Given, the acute angle between two given curvesis 8: tan 8 = ‘ 1z
1+m1m2
_|4-(-4) N |£| Y
8
|tan @ | = —
15 Q(—2,6) P(2,6)
< » X
From symmetry, the angle between the curves / \
at Q(—2, 6) is also the same. y = 16 i
Hence, option (b) is the correct answer




-7 - Orthogonal Curves %]

Two curves are said to be orthogonal to each other, if angle between them is 90°
at their point of intersection.

For a circle centered at the origin (0,0), all
the lines passing through the origin will act
as normal.




iy fl\.lote:

At the points of intersection of the curves y = f(x) & y = g(x), we observe
that angle between the tangents is not 90°. Hence these are not orthogonal
curves. For orthogonality, the angle between the curves is 90 at every point of
intersection.

A




lllustration
If the curves y2 = 6x & 9x2 + by? = 16 intersect each other at right

angles, then the value of b is :

a. 4 b. % c. 6 d.

Solution:

NN

Let point of intersection of both the curves to be: P(x4, 1)

y12 - 6x1 tee (l) 9x12 Sl bylz = 16:-: (ll)

. d 3 3
Now, slope of tangent to the curve y? = 6x is d—z ot = My = -

y 9x 9x4

Slope of tangent to the curve 9x? + by =16 is Zx i > Mmy,=———

JEE Main-2018 (Jan)

°



. 9x
Since, curves are orthogonal = —. —— = —1
yi by

27x1 —_ bylz (lll)

After substituting y# = 6x,in equation (iii), we get
27x1 = 6bx1

(@)

Hence, option (b) is the correct answer



/» .Shortest Distance Between Two Curves KB\

Shortest distance between two continuous, differentiable & non — intersecting
curves occurs along the common normal.
y = f(x)

Steps to find shortest distance:

1. Find the slopes (mp, mg) of normals at

pointsP&Q. R -
2. Apply the condition mp = my = mpg to ¢
get points P and @

3. Find the shortest distance PQ using
distance formula




| llustration =N
The shortest distance between curves y? = 8x and y? = 4(x — 3) is D

a.\?2 b. 24/2 c. 3v2 d. 4\2

Solution:

Any point on the curve (y — )% = 4a(x — @) in the ‘ """(/2/1;‘1/2,41:1)

parametric form will be (at? + a, 2at + B)

»

# ,P(tzz + 3,2t2)

3.0) i
y? =4(x—3)

Here, we get slope mp using two point form y? = 8x
2t,—4t,

t2+3-2t2

Let Slope of normal at point Q to be m, on curve y? = 8x

1 —2XA4t
SMg = — 7 = — - =ty

(@)q °

. Parametric coordinates on curve P and Q will be 0.0
(t,2 + 3,2t,) and (2t,2, 4t,) respectively

me —




Slope of normal at P to be mp on curve Using condition, mp = my = mpq |

2=4(x—3 2t, —4t
Y (_ )1 _ =2X2t, We get, —t; = —t; = " z+23_2; 2
SMp =@y =T, C b *
(dx)p
-2t
= -1 = 3-t,2

>3t —t3=2t2t° -t =0=2t;(, —D(t; +1)=0=1¢t;, =0,1,-1
Fort; =0;P =(3,0), Q =(0,0) = PQ =3

Fort, = 1,P = (4,2), Q0 = (2,4) = PQ =2V2

Fort, = —1;P = (4,—2), Q = (2,—4) = PQ =2V2

Shortest distance = 2v/2

Hence, option (b) is the correct answer



| Shortest Distance Between Two Curves if one Curve is a Line | B

Steps to find shortest distance:

a 1. Find the slope of tangent (mp) at point P

a
:mL:——

N 2. Apply the condition m 3

p

Line L:ax + by +c =0 to get the point P

I_S.D.

P(x1,51) b= F ) 3. Find shortest distance which is distance
of point P from the line.

ax1+byq+c

S.D.=
V a?+b?




|IIIustration JEE Main-2019 (April) | D
The shortest distance between the line y = x and the curve y? = x — 2 is :

7 b 7 EEY
Solution:
A
Given, the line y = x and the curve y? = x — 2 I
/2
.

Let us consider the point P(x4,y;) lies on the P(x1,y1)
curve y% = x — 2 « ~ >X
=Sy =x; — 2 (i) 2

1 1 / y2=x-—2

dy

Slope at point P = (E) = % 3 , |
P 1



Slope of tangent at point P = Slope of liney —x = 1

1 _1 ) : (21
_=1:>y1—2:>x1—450,p0|ntP-(4:2)

Now, shortest distance between point P and line

y = x, using following formula
__ |laxq+by;+c
5:D.= Va2+b? J
2 4 .
Weget, S.D.= |2+2—
get, S5.D.=1ne
|

. . a
Shortest distance = G

Hence, option (a) is the correct answer




“ Shortest Distance Between Two Curves if one Curve is a Circle

Let us consider a normal at point P on the curve y = f(x), the normal will
pass through the center C of the circle.

Steps to find shortest distance:

C 1. Find point P using m,, = m¢p; where

m,, = slope of normal at P

2. Find Shortest distance = |PC — r|




| Illustration

°

2
. . 5 1
Find shortest distance between the curves y% = x3 and x* + (y — 5) ==
a. 1 b. 1 c. Y13 d. Y3_1
2 3 3
Solution:
For the curve y% = x3 , let us consider Y
2 4
parametric coordinates of point P be (t%,t3) 24 <y _§> =%
. 1
Slope of normal at point P = — c
(&)» ols/3)
1 1 2
— —? s —? —_ —a y P(tz,t3)
2y 2t3 )y
. . 2
Equation of normal PCis:y — t3 = ——(x - t2)

5 5 2t
Normal passes through (0, 5) == t3 = =




3t34+2t—-5=0 =2 (t—-1@Bt>*+3t+5)=0

> ({t—-1)=03t>+3t+5)=0

3t2 + 3t + 5 has no real roots as the discriminant is less than zero
%

7

Fort=1 ,P= (1,1)

V13
3

2
:PC=J1—02+ 1-2) =
(1-02+(1-3) e

: : : 1
Shortest distance between point P and circle = |PC — 5 |

5
2 —_—— =
X +<y 3>

Gc

<«

V13

1
3 2

Hence, option (d) is the correct answer



Illustration

The shortest distance between the curvesy = Inxandy = e* is :

a.\2

Solution:

b. 2v2

A

c. 3v2 d. 42

Clearly, The curves e* & In x are inverse of each
other.

So, they are symmetric about y = x line.

Thus, the common normal to these curves is
perpendicular to the liney = x.



Let any point on the curve y = In x be P(x4,In x;).

1 1

Slope of normalatP = — == —4 = —x4
@) =
= —x; = —1[slope of normal to line y = x]

:x]_:l, y]_:O

Distance of the point (1,0) from the line
. |1-0] 1
Y= =T T

Shortest distance between the curve is

A

1
_ZX\/_E_\/Q

Hence, option (a) is the correct answer




% Summary Sheet

O Two curves are said to be orthogonal to each other, if angle between them
is 90° at their point of intersection.

d Shortest distance between two continuous, differentiable & non —
intersecting curves occurs along the common normal.

3 For orthogonality, the angle between the curves is 90° at every point of
intersection.
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. - Common Tangents

Lety = f(x) & y = g(x) have a common tangent T as shown below:

Y

A

P(x1,y1)

——

. y=f()

/

Here, tangent to the curve y = f(x) at
point P(x4,y1), tangent to the curve

Q(x2,¥2) % :Iy N g(X) at pOint Q(xZ; yZ) is the same
ine.

y=9x) df _dg

A

— = Mp
AX(xy,y0)  AX(xp,3,) ¢

For some given curves, condition for existence of tangents /normal can also be
applied to get the common tangent/normal.



| Illustration JEE Main — 2019 (April)
The equation of common tangent to the curves y? = 16x and xy = —4, is: O

A x—y+4=0 | b.x+y+4=0

c.x—2y+16=0 d2x—y+2=0

Solution: Y

We know, line y = mx + % is tangent to the parabola y* = 4ax.
s Liney = mx + % is tangent to y* = 16x, m € R

For it to be tangent to curve xy = —4,

. 4
On substituting y = mx + —, we get

4
x(mx+—)= 4 smx?+Z4+4=0
m m



Line touches the curve onlyif, D =0
= b?—4ac=0

42
ﬁ(g) —4xmx4=0
= 1—62—16m=0

m

>m3—1=0

>(m-1D(mM?*+m+1)=0

>m=1asmeNR

On substitutingm = 1iny = mx + %, we get

Equation of common tangent: y = x + 4

So, option (a) is the correct answer.




Illustration

Find the equation of a tangent line touching both branches of the function: B
2
—x°,x <0
.o —
/) {x2+8,x20
Solution:

The given function can be plotted as shown.

2
Slope of tangent at point P = (@) = 2x4
x (%1,¥1)
: d (-x?)
Slope of tangent at point Q = ( ™ ) = —2X,
(%2,52)

Slope of the line joining P(x{, x1% + 8)
X12+8+xZ2

X1—X2

and Q(xz, —x2%) = mpq =




mp = mQ = mPQ

y) y)
X1“+8+x
— 2x1= _sz — 2
X1—X2
2 2 (0,8)
X1“+8+x
= x, = —X, and 2x, = =2 2
1 y) 1 o
0) (xz,—xzz) 0
_ 2X12+8
= 2X1= 9
— a2
= 20 9= 8 = wli=" (- x> 0) y=—x

On substituting x = 2 inthecurvey = x? + 8, wegety = 12 = y, = 12

Now, equation of tangent at the point (2,12): (y — 12) = 4(x — 2)

>y=4x+4



. “Mean Value Theorems )

~ "Rolle’s Theorem : Let f be a real — valued function defined on the closed interval

4 |a, b] such that:
flle)=0

(i) f(x) is continuous in the closed interval [a, b].
(ii) f(x) is differentiable in the open interval (a, b).

.x i) f(a) = f(b)
Then there exists at least one ¢ € (a, b), such that

f1(c)=0.

f(a)

A

Geometrically, there will be at least one ¢ € (a, b), where tangent will be parallel

to X—auxis.



" Note:
Also, we can say that between any two real consecutive roots of f(x) = 0 there

will be at least one root of f'(x) = 0.

Y

A

fie)=0

‘7:? f(a):f(b):()
- bv/’x

A




llustration
Verify Rolle's theorem for function f(x) = x? — 4x + 3, x € [0,4].

Solution: f(x) = x* —4x + 3, x € [0,4]

We can see that f(x) is a polynomial function.

So, f is continuous and differentiable in [0,4] & (0,4) respectively.
f(0)=0-0+3=3
f(4) =42—16+3=3:>f(0) = f(4)

According to Rolle’s Theorem, there exists at least 3 = :
one cin (0,4) such that f'(c) = 0. i

= (d(xz““‘”))xzc =0=>2c—4=0 RN

dx
=>c=2 € [0,4] Thus, RoIIe's theorem is verified.



| Hllustration JEE Main — 2020 (Sept) ’B
For all twice differentiable functions f : R - R, with f(0) = f(1) = f'(0) = 0.

| a. f""(x) =0, forsomex € (0,1) \_b ") =0

L c. f"(x) # 0, atevery pointx € (0,1) | ¢ f"(x) =0, atevery point x € (0,1)

Solution:  Given, f(0) = f(1) =0

Hence, Rolle’s theorem can be applied to the function f(x) in the interval (0,1)
By Rolle’s theorem , f'(c;) = 0,where ¢; € (0,1)

Applying Rolle’s theorem for y = f'(x)

Y

continuous & differentiable (- f is twice differentiable)



e}
F1(0) = f'(c1) = 0

Hence, Rolle’s theorem can be applied to the function f'(x) in the interval (0,1).

By Rolle’s theorem f''(c,) = 0, for some ¢, € (0, c;)

= ¢, €(0,1)

~ f"(x) = 0, for some x € (0,1)

So, option (a) is the correct answer.



| lllustration AIEEE - 2004 B
If f(x) =x%Inx,and f(0) = 0. If Rolle's theorem can be applied to f in

[0,1], then value of a can be :

1
| a.—2 \_b —1 1 ¢ 0 \_d 7
Solution: f(x) = x%Inx

Since, Rolle’s theorem can be applied in the given interval.

= f is continuous and differentiable
= £(0) = lim f(x)
x—-0t

= lim x%lnx =0
x—0t



lim xIlnx =0
x—0t

When x = 0%, lnx —» —oo. For the limit to exist, x% In x must be of 0 X co form.
Case 1l:a < 0: x%Inx is of oo X oo form, so limit does not exist.

Case2:a = 0: x%Inxisof 1 X oo form, so limit does not exist.

Case3:a > 0: x*Inx is of 0 X oo form, so limit may exist.

g ] In x ; 1/x
lim x*lnx = lim — = lim —/_ —
x—0% x—0t x~%  xoot —axTe!

( Applying U'Hospital’s rule )
(04

= lir(r)1+x—a=0:>a>0
X— _

So, option (d) is the correct answer.



Illustration
| If f be a continuous function on [0,1], differentiable in (0,1) such that

f(1) = 0, then there exists some ¢ € (0,1), such that :

1. cf'(c)—flc)=0 \_b f'(c)+cf(c)=0

(€ [ =cflc)=0 ld. cf'©+f(©)=0
Solution: et g(x) = xf (x) ( By hit and trial )

Then g(x) is continuous in [0,1] and differentiable in (0,1).
Also, g(0) = g(1) =0

So, by Rolle’s theorem, g'(c) = 0 forsome cin (0,1)
=cf'(c)+f(c)=0 (v g'(x) =xf"(x) + fx))

So, option (d) is the correct answer.



| lllustration
If a + b + ¢ = 0, then the quadratic equation 3ax? + 2bx + ¢ = 0,
has

| @At least one root in (0, 1) \_b Onerootin [2,3] and the otherin (=2, —1)

| C Imaginary roots ui At least one root in (1, 2)

Solution: et f(x) = 3ax? + 2bx + cand g(x) = [ f(x),

g(x) =ax®+bx*+cx+d - Continuous and Differentiable
g(0)=d
gD =a+btct+d =q [ IO =9D



Hence, conditions for Rolle’s theorem is satisfied.

~g'(x)=0in(0,1)

= f(x) = 0, at least once in (0, 1). Hence the quadratic 3ax? + 2bx + ¢ = 0 has at
least one rootin (0, 1).

So, option (a) is the correct answer.



=

Summary Sheet

Let y = f(x) and y = g(x) have a common tangent, and the common
tangent touches the graphs of f (x) and g(x) at points P(x4,y;) and
Q(x,,y,) respectively, then,

df _dyg

— = Mp
AX(xyy0)  AX(xp,3) N

Rolle’s Theorem :
Let f be a real —valued function defined on the closed interval [a, b] such that:

(i) f(x) is continuous in the closed interval [a, b],
(ii) f(x) is differentiable in the open interval (a, b) and

(i) f(a) = f(D).

Then there exists at least one ¢ € (a, b), such that f'(c) = 0.



B BYJU'S Classes

Application of Derivatives
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Observe the motion of biker for first 10 seconds for
which displacement-time graph is shown next.




Displacement (meter)  Displacement-Time graph =e
o eer) PP g O

Total
distance

I

1 1 1 | -l -

o W1 24 394 5 & 7hnsiicNNich

Time (seconds) Total time
The idea of Lagrange’s Mean Value Theorem says that in continuous and differentiable curve slope of the
chord joining initial and final points of the curve is equal to the slope of tangent of the curve on at least
one points. "

-

=%



‘Lagrange’s Mean Value Theorem (L.M.V.T) ’B*

If a function f(x),

(i) Is continuous in the closed interval [a, b]
(ii) Is differentiable in the open interval (a, b)

then, there exists at least one ¢ € (a, b), such that:

l f1(e) = %Vl ‘

Geometrically, there exists at least one ¢ € (a, b), where
tangent is parallel to line joining points A & B.

A

<




-
.

‘Lagrange’s Mean Value Theorem (L.M.V.T.)

| P@‘: v
Let A(a, f(a)) and B(b, (b)) be the points on the £ B(b, (b))
taken curve y = f(x)

Let g(x) be the secant line to f (x) passing

through A, B. ) - F(@ | . :
AN, ' B
~g(x) = fla) = h—q (x—a) y f —re 'b > X

A(a, f(a

{y —y1 =m(x — x1)}

b)) —
- 900 =TT D 64 f@

Let h(x) = f(x) — g (x)

b) —
= G~ heo = LD oy 4 )

b= |
) ) — {f ) f(a)}

b—a



Now, h(a) = 0,h(b) = 0, {h(x) passing through (a, f(a) and (b, f(b)}
h(x) is continuous on [a, b] and differentiable on (a, b).

. Rolle’s theorem is applicable

b) —
= W = fn - LT

-~ There exists at least one ¢ € (a, b), such that h'(c) = 0

= f’(C) . fb)—f(a) —0

b—a
! b)-
> f'(e) = 20 ;_f“j

Hence, L.M.V.T. is proved.




| lllustration
Verify L.M.V.T for the function f(x) = —x% + 4x + 5,x € [—1,1]

Solution:

Given, f(x) = —x*> + 4x + 5
fl(x) =—-2x+4
Since f(x) is a polynomial function.
= f(x) is continuous and differentiable in [—1,1] & (—1,1) respectively.

/ . f(b)-f(a)
o) o

o e+ 4 — FO-f(=D) _ C1PH+41)+5)—(=(=1°)+4(-1)+5)) _ 8-0
— =) W (=) o2

= -2c+4=4>c=0€[-11]

Thus, L.M.VT. is verified.




| lllustration JEE Main — 2020 (Jan) |

The value of ¢ in the Lagrange’s mean value theorem for the function
f(x) =x3—4x%*+8x + 11,whenx € [0,1] is:

_ _ V5 2
L. Q \_b 4_‘/7 |£ 43—5 \_d 3

3
Solution: f'(x) = 3x* — 8x + 8

Since f(x) is a polynomial function.

f(x) is continuous and differentiable in [0,1] & (0,1) respectively.
[0)-1@ _ fA)-fO) _ (A-4+8+11)—(0+11)

By LMVT f'(c) =

b-a 1-0 =10
=3c*—8c+8=5=3c2-8c+3=0
B I
= c = 8127 _ 4dV7 o= 4-v7 | Hence, option (b) is the correct answer.

6 3 | 3

=%

0



Hlustration
In [0,1] Lagrange’s mean value theorem is not applicable to :

[y |

la. f(x) =5 12 , 21 [b. fo) =15 **0
K(z‘ ) x=; 1,x=0

lc. &) =x|x] |d. f) = |x]

Solutiy: L4 f(%_) =f(%) = f(l+) = 0 = f is continuous

2

/(3 )= -1 and s’ (;) ——2(:-3)=0

=~ f is not differentiable at% € (0,1).

. L.LM.V.T is not applicable for thus function in [0,1].

IIT JEE - 2003

e}



\ﬁ sizx’xio D

flx) =
1, x=0
sin x sin x
f(O) 1 er(I)l"' X hll)%l— X 1

L.H.L=f(0)=R.H.L = fiscontinuous

sin(h) £(0) sm}gh) w o
/(0+) = lim w = lim (h) _ lim L . h _§+§ sy )
f ~ hs0t  h h—0+ h h—0+ h = hll)rgl+ - —0
sin(—h) sin(h) 1 4N
pem-ro GOy, B h—t = h
f'(07) = lim = lim = lim = . 37 T /e
e . i A, - h—0% —h?

= f is differentiable

= L.M.V.T. is applicable



C. f(x)=x|x| |d. f(x) = |x]
Y
f(x) = x%,x 20 I
—x%,x <0
fO) =0 [fipxt=0 i —x"=0
L.H.L=f(0)=R.H.L = fiscontinuousatx =0 ' < . > X
flx) =4 2ox =0 : )
—2x,x <0 . f(x) = |x| is continuous everywhere

fl(0+) = hll)%l-l_z_x =0

We can see from the graph,

£/(07) = lim —2x =0 " f(x) = x is differentiable ¥ x € (0,1)
h—-0% I

= f(x) is differentiable at x = 0
= L.M.V.T. is applicable.

= L.M.V.T. is applicable.

Hence, option (a) is the correct -
answetr.



lllustration . p—
JEE Main — 2020 (Sept
Let f be a twice differentiable function on (1,6). (P O

If f(2)=8,f'(2) =5,f'(x)=1and f""(x) >4,V x € (1,6), then :

a. f(5)+f'(5) =28 1b. f(5)+f'(5) <26

c. f5)+f7(5) =20 d. f(5) <10
_Solution: Given: f(2) =8,f'(2) =5,
f'(x)=1and f""(x) =2 4,Vx € (1,6)

Given, f(x) is a twice differentiable function on (1,6).

Hence L.M.V.T is applicable for x € (1,6).



There exists at least one ¢ € (a, b), such that

/ b)-

b—a

f(x) = fG)-f2) _ f(5)-8

5-2 5-2

ff(x) =1

f(5)-8
S

= f(5) =211 - (i)

= >1

£ (x) = 'G)-f'(2) > 4
5—2

= '(5) = 17 - (i)

Adding (i) & (ii)
VoYY

Hence, option (a) is the correct answer.



| lllustration
Which of the following is true ?

1 tan~! b—tan"la 1 tan~! b—tan Y a

| A =< — <— b2,|f0<a<b \_ e = <1+ — if0<a<b
_1b— — 1b 1 1 )
|£. tan b_';an a __ = bz,lf0<a<b \_d tan~ a=1+a2,1f0<a<b

Solution: | ¢ f(x) =tan"1x,x € [a,b]

1
f,(x)=1+x2

f(x) is continuous in [a, b]| and differentiable in (a, b).

By LMV, f'(c) = %, ¢ € [a,b]
1  tan"'b-tan"la

1+c2 b—a




a<c< b
= a? < c? < b?
— | L gk = el = L LA

1 1 1
2 < < 2
1+b 1+c?2 1+d

1 -1 5 -1 |
S < tan - b—tan™ " a 1
| 1+b? b—a 1+a?

Hence, option (a) is the correct answer.



. -Cauchy’s Mean Value Theorem

Also known as the extended mean value theorem, is a generalization of the
mean value theorem.

It states that if the functions f(x) and g(x) are both continuous on the closed
interval [a, b] and differentiable on the open interval (a, b), then there exists
some ¢ € (a, b), such that

f'(c) _ f)=f(@)
g'(c) gb)-g(a)




Illustration JEE Main - 2014 | B
| If f and g are differentiable functions in (0, 1) satisfying f(0) = 2 = g(1),

g(0) =0and f(1) = 6, then for some c € (0,1) :

a.f'(©)=4g'(0) | b. f'(c) = 2g'(c)
| c.2f"(c) = g'(c) | d.2f"(c) = 3g'(c)
Solution:
(- : f'(c) _ f)—f(a)
By Cauchy’s theorem 7@ 9®)-g@) for some c € (1,2)

F'@ _ fW-fO L F1©_62 _ 5 L i) =g
@ g-g@  g@©  2-0 =) =29'(c)

Hence, option (b) is the correct answer.



| lllustration -
Prove that equation cosx = — (sm 2 — sin 1) has at least one root in (1,2).

Solution: (sin2 —sin1l) = f(z) - f(1)

This clearly tells f(x) =sinx = f'(x) = cosx

g'(c) should be variable = g(x) = x3 = g'(x) = 3x?

Since the functions f(x) and g(x) are both continuous on the closed interval
[a, b] and differentiable on the open interval (a, b), there exists some ¢ € (a, b),
such that:

f'©  fn)-f(a)

7@ gb)—g@’ forsomec € (1,2)
cosc _ f(2)-f(1) _ sin2-sin1
3¢2  g(2)-g(1)  23-13

3¢? , . :
= coSC = 7(sm2 —sin1)
|




;’ Summary Sheet

« Lagrange’s Mean Value Theorem (L.M.V.T)

If f(x) is continuous and differentiable in [a, b] & (a, b) respectively
then , there exists at least one ¢ € (a, b), such that:

l f’(C) _§ f(bb)__C]:(a)J

« Cauchy’s Mean Value Theorem

If the functions f(x) and g(x) are both continuous and differentiable in
la, b] & (a, b), then there exists some ¢ € (a, b), such that:

f'(c) _ f)-f(@
g'(c) gb)-g(a)
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Y “Monotonocity )

O A function f is said to be monotonic if it is either increasing or decreasing in
it’'s domain.

Let us take a few examples of increasing functions.

f(x) =e* f(x)=tanx,x€(0,§) f(x)=2x+3
Y Y Y
A : o | A
< g 7 ) =T T =® > X « > X
0 Ak
v A M




. ‘Monotonocity
Now, let us take a few examples of decreasing functions.

f(x)=e* f(x) = cot™1x

Y Y

‘r AT[

|

A

f) = —x°

v



. -Monotonocity )
[ A function which is increasing as well as decreasing in its domain is called a

non-monotonic function.

For example,

f(x) =sinx f(x)=ax?*+bx+c,a+0 f(x) = |x|
y y 4

A A




. -Monotonicity at a Point

A function f is said to be strictly increasing at a point x = q,

fa—h<a<a+hthenf(a—h) < f(a) < f(a+h)as h- 07 ie,
If, Left neighbourhood value < Value at that point < Right neighbourhood value, then
f is said to be strictly increasing at x = a.

»

<

A

f(a+h)

f(a)

»

<

i a—h a a+h
Function is continuous
and differentiable at x = a

\4

a—h a ath
Function is continuous,
non differentiable at x = a

v

a+h
Function is discontinuous
atbx = a=="



. ‘Monotonicity at a Point (using derivatives)
. .Let f be a differentiable function at point x = a

If f'(a) > 0, then function is increasing at x = a.

Example: Check monotonicity of function f(x) = 3x — 2,at x = 0.

_Solution: As f(x) is a linear polynomial, f(x) is differentiable everywhere
AY
Given, f(x) = 3x — 2,
y=3x—2 f'(x)=3
: A v f'(x)>0

=~ fisincreasingatx = 0



. ‘Monotonicity at a Point °

A function f is said to be strictly decreasing at a point x = q,

fa—h<a<a+h,thenf(a—h)>f(a)>f(a+h)ash- 0% ie,
If, Left neighbourhood value > Value at that point > Right neighbourhood value, then f is
said to be strictly decreasing at x = a.

Y
Y A
T \ fla—h)
| f(a+h) e s f(@)
. L \fa+n
< ! : : > X < — : : i =l
a—h a a+h a—h a a+h X
Function is continuous Function is continuous, Function is discontinuous -

and differentiable at x = a non differentiable at x = a at x.=ta



. ‘Monotonicity at a Point (using derivatives)
. .Let f be a differentiable function at point x = a

If f'(a) < 0, then function is decreasing at x = a.

Example: Check monotonicity of function f(x) = x? — 2x — 3,at x = —1.

_Solution: As f(x) is a quadratic polynomial, f (x) is differentiable everywhere.
1Y Given, f(x) = x? — 2x — 3,
fi(x) =2x—2
fil(-1)=-2-2=—4
“f(=1) <0

=~ fis decreasing at x = —1

A
v
S

(=1,0)




Monotonicity at Boundary points %)

Note: |f x = a is a boundary point, appropriate one — sided inequality is
applied to check monotonicity.

[
»

»

|

v \4

At the left boundaryi.e., x = a,ifa<a+ h
then, if f(a) < f(a + h) ash —» 0", we can
say that function is increasing at x = a.

At the right boundaryi.e. x = a,ifa—h <a
then, if f(a — h) > f(a) as h - 0", we can say
that function is decreasingat x = a. -

A
v
S
A



Illustration

A person goes for trekking and the path taken by him is represented in the form of a
graph as shown below. Identify the monotonicity of f(x) at x =—6,5,13,18,24

Y
®
10
y = f(x)
o o
5 ® e
[ ]
°
1 )
< > X
) —1 1 5 10 15 20



SAESEIEN (6 + h)S B

Solution: o
B Monotonicity of f(x) atx = —6 f(x) decreasing at x = —6
' » “f(5—h) < f(5) <f(5+h),
Monotonicity of f(x) atx = 5 f(x)increasingatx = 5
e
10
y=fx)
@ °
o
5 o e
°
®
1 o
< > X
e ~1 |1 5 10 15 20




Monotonicity of f(x) atx = 13

Monotonicity of f(x) atx = 18
14

+ f(13 — h) > f8R=f(13 + hY), B
f (x) is neither increasing nor decreasing at x = 13

v f(18—h) < f(18) > f(18 + h),
f (x) is neither increasing nor decreasing at x = 18

| T Neither increasing nor decreasing
10
f(x)
® @
([ J
5 o} °
D
o
1 ®
< > X
-5 =1l 14 5 10 13 15 18 20




. _ v f(24—h) > f(24) > f(24 + h),
Monotonicity of f (x) at x = 24 £(x) Is decte RN |

10
f(x)

e Decreasing
- ®

L _

" o
o

1 [




. ‘Monotonicity at a Point
1 If f'(a) = 0, then examine the sign of f'(x) on the left neighbourhood
and the right neighbourhood of a,
i) If f'(a™) and f'(a™) are both positive, then function is increasing at x = a.

Example: Check the monotonicity of f(x) = x3atx =0
IKY

f'(x) = 32 o
Sign scheme for f'(x) atx =0 « > X
0
+ | +
< I >
x=0

Since f'(0%) and f'(07) are both positive, hence function is increa;'sing at =10



. Monotonicity at a Point ko)

1 If f'(a) = 0, then examine the sign of f'(x) on the left neighbourhood
and the right neighbourhood of a,

i) If f'(a*) and f'(a™) are both negative, then function is decreasing at x = a.

Example: Check the monotonicity of f(x) = —x3atx = 0 .
t
f'(x) = =3x
Sign scheme for f'(x) atx = 0 S >X
= — b y=—x>

x=0 v

 f'(0%) and f'(07) are both negative, hence function is decreasing at x = 0.



. Monotonicity at a Point ko)

1 If f'(a) = 0, then examine the sign of f'(x) on the left neighbourhood
and the right neighbourhood of a,

iii) If f'(a*) and f'(a™) are of opposite sign, then function is neither increasing

nor decreasing at x = a. y
A

Example: Check the monotonicity f(x) = x%atx = 0

f'(x) =2x y = 22
Sign scheme of f'(x)atx =0

) _ I + R < > X
« , > 2

x=0

f'(0%) and f'(07) are of opposite sign, then function is neither increasing nor decreasing at x = 0.



. - Monotonicity at a Point

1 If f'(a) = 0, then examine the sign of f'(x) on the left neighbourhood

and the right neighbourhood of a,

iii) If f'(a*) and f'(a™) are of opposite sign, then function is neither increasing

nor decreasing at x = a.
Example: Check the monotonicity of y = sinx at x = o

y' = cosx

y =sinx

A 4

_I_

A

v
i ; >

T
2

+ —_
f! (g ) and f' (g ) are of opposite sign, hence function is

neither increasing nor decreasing at x = -

Sign scheme of y' . |
P —




| llustration

Check monotonicity of the function: f(x) = (x —1)3,atx =1

Solutlon D) Given, f(x) = (x — 1)3
f'(x) =3(x — 1)

Nowatx =—1,f'(1) =0

+ +

A 4

A

x =1

v f'(1%) and f'(17) are both positive,
Thus, function is increasing at x = 1.

y=(x-1°

A

Note:

Y From the graph we can

clearly see that f(x) is
strictly increasing at the

pointx =1




| Illustration

Check the monotonicity of f(x) = —Inx + tan~! x, about x = e:
Solution:
Given: f(x) = —Inx +tan 1 x
. 1 1 v (=1 —e? + e) is negative &
) =-2+15 e(1+ e?) is positive.
I/ _ _l 1 /
f'(e) = e Hence, f'(e) < 0

—1—e24e = f(x) is decreasing at x = e.

f( )= e e(1+e?)



lllustration
Find the complete set of values of a for which the function :

/x—Z;x<1

fx)=<a;x=1 is strictly increasingat x = 1

x+1:x>1

|a. a€ (—,2] \_b a € [—1,2]

C. a€[-1,) |d. a€(-12)



Solution:

Step 1:

Draw the graphsof y = x —2andy = x* + 1

Step 2: _
x—2:x<1

For, obtaining f(x) = < a;x=1

x’+1:x>1

remove the undesirable portion from the graph.

A

B




/x—2;x<1

Hence, the graphfor f(x) = < a;x =1 is drawn below.
y x2+1:x>1
y=x+1 For f(x) to be increasing at x = 1,
fFA7) <f() <f(A7)
2
fA7) <a<f(")
1
« . —-1<a<?2
) 0 1 " X N
/ @€ [—1,2]
_2 )
/ Hence, option (b) is the correct answer.

—%



. Monotonicity in an Interval
Ihcreasing functions :

A function f is said to be increasing/non — decreasing in a set S of its domain
ifol,xz € S, X1 < ) :>f(x1) Sf(Xz)

" From the graph, we can see that x; < x5,

J flx) < fxy)

/ ; ; i From the graph, we can see that x, < x;

T m e Fx) = £(x5)




A

Increasing functions :

Example:

x; < X3 = f(x1) < f(xp)

A
'\\

Yy
2
1 &—O
< \ 4 O >
-2 -1 (0 1
o0 _1
v —2



.~ Monotonicity in an Interval sy

Strictly increasing functions:

A function f is said to be strictly (monotonically) increasing in a set S of its domain,
ifVx,x, €S, %< x,= fxy) < flxy)

y=f(x) From the graph, we can see that X1 < X

/ fxn) < f(x2)




Strictly increasing: x; < x, = f(x1) < f(x3)

Example:
Y
Y A
A
1
P o _,./
) 5 *x > X
I A 4
y = x3 y — ex

A




. - Monotonicity in an Interval

Decreasing function:

A function f is said to be decreasing/non-increasing in a set S of its domain,

ifVx,x, €S,

x1 < x3 = f(x1) = f(x2)

From the graph, we can see that x; < x3
f(x1) > fx3)

From the graph, we can see that x; < x,

flx) = fxz)

¥:

A

X1 Xy




Decreasing functions: x; < x, = f(x1) = f(x3)

Example:
Y

A

A

[
»

y =logpi1x

A




. -~ Monotonicity in an Interval

.Strictly decreasing functions :
A function f is said to be strictly (monotonically) decreasing in a set S of its

domain, if Vxi,x, € §, x; < x, = f(x1) > f(xy)

y=f) ‘

»

From the graph, we can see that x; < x,

= fx1) > f(x3)

A

| I :X
X1 \




Strictly decreasing functions :x; < x, = f(x1) > f(xy)

v

Example:
\‘
0

cotx

y:



| lllustration JEE Main — 2020 (Jan) B
Let f be any function on [a, b] and twice differentiable on (a, b). If for all

x € (a,b),f'(x)>0,f"(x) <0,thenforanyc € (a, b),w is greater than :

f(b)—f(c)
a. c—a b. b—c c. b+c d.
[ [ = 1
b—c c—a b—a
Solution:
Step 1:

Applying L.M.V.T in the interval (a, ¢), we obtain,

flc) = f(a)
,a

c—a

f'(a) =

<a<c- (i)



Step 2:

Now, applying L.M.V.T in the interval (¢, b) , we obtain
f) = £(©)
b—c

Also f"(x) < 0 = f'(x) is decreasing
Hence, f'(a) > f'(B)
N f(c)—f(a) S fb) — () Using (i) & (ii)

c—a b—c
. |
fe)=f(la) c—a
WIORIGHRT

f'B) = ,c< B < b (ii)

Hence, option (a) is the correct answer.



Summary Sheet
A function f is said to be monotonic if it is either increasing of decreasing in its entire domain.
A function which is increasing as well as decreasing in its domain is called non-monotonic.

A function f is said to be strictly increasing ata pointx = a,ifa—h<a<a+ h,and
fa—h) < f(a) < f(a+h),as h- 07,

If f'(a) > 0, then function is increasingatx = a .

A function f is said to be strictly decreasing at a pointx = a,ifa—h<a<a+h,and
f(a—h) > f(a) > f(a+ h),ash - 0%,

If f'(a) < 0, then function is decreasing at x = a.

If x = ais a boundary point, appropriate one — sided inequality is applied to check monotonicity. |



_ ?’ Summary Sheet | B

« Iff'(a*) and f'(a™) are both positive, then function is increasing at x = a.

If f'(a™) and f'(a™) are both negative, then function is decreasing at x = a.
« Iff'(a™)and f'(a™) are of opposite signs, then function is neither increasing nor decreasing at x = a.

* Afunction f is said to be increasing/non — decreasing in a set S of its domainif V x{,x, € S,
x1 < X3 = fx1) < f(xp)

e Afunction f is said to be strictly (monotonically) increasing in a set S of its domain,
ifol,xz (S S,x1 < Xy = f(xl) < f(xZ)

* Afunction f is said to be decreasing/non —increasing in a set S of its domainif V x;,x, € S,
x; < x3 = f(x1) = f(x2)

e Afunction f is said to be strictly (monotonically) decreasing in a set S of its domain,
ifol,xz (S S,x1 < X2 =>f(x1) >f(x2)

>



B BYJU'S Classes

Application of Derivatives
Monotonicity of Differentiable Functions
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. -Monotonicity for Differentiable Functions

If f is continuous and differentiable function in its entire domain, then

© f'(x) >0,Vx €Dy
= f is strictly (monotonically) increasing.
© f'(x) <0,VxE€ED

= f is strictly (monotonically) decreasing.



- ‘Monotonicity for Differentiable Functions 0

'Iff is continuous and differentiable function in its entire domain, then

f'(x) =0
| ' |

f isincreasing f is strictly increasing
(If equality occurs at discrete point(s))

(If equality occurs in an interval)

Y f@) =5 f) =% 5 f'(x) = 327 b oy

fl(x)=0=>3x%2=0
'5 =>x=0 J
f'(x)=0,foronlyx=0  * > X
> X p
WY f (x) is strictly increasing r

fi(x) =0,V x €ER




- -Monotonicity for Differentiable Functions o

If'f is continuous and differentiable function in its entire domain, then

f'(x) <0
|
l l
f is decreasing f is strictly decreasing
(If equality occurs in an interval) (If equality occurs at discrete point(s))
fx) =—x° = f'(x) = —3x7
K f(X) = _5 ! . 2 _ r
f'(x) =0= —-3x°=0 F(x) = —x8
>x=0
» X
! f'(x) =0, foronlyx =0 k
0_5 f (x) is strictly decreasing - A'),(




. Hllustration AIEEE - 2001 A
If function f(x) = xe*(1=%) then f(x) is: | L

1
|- increasing on [_E ) 1] \ﬁ decreasing on R
C. ; i d. d ' _1 1
€+ increasing on R (& decreasingon |~
Solution:

flx) = xe*1=9)
f'(x) = x(1 — 2x)e*(17%) 4 ¢¥(1=%)
For f(x) to be increasing, f'(x) = 0

= (x(1—2x) + 1)e*@=%) >0



= (x(1=2x) + e 2 0 For f(x) to be decreasing, f'(x) <0 B

= (x — 2x2 + 1)e*1=0) > 0 = (x(1—2x) + De*17) < 0
= (x —2x2 + 1D)e*0=%) < @
{As e*(17%) > 0 vx € R} .
>2x2—x—1>0 {Ase*1™ > 0vx € R}
>2x°—x—1<0
=>2x+1)x—-1)=0
=>2x+1)x—-1)<0
T
+ : —_ | 1 R ) ! 1
' | ' 1 1
L 1 - =
z |
1
= x € [_ 1] :>|XE(—OO,—E] U [1,00)

|
We can see that — E& 1 are included in both the increasing and decreasing intervals

Hence, option (a) is the correct answer.



| lHlustration e JEE Main — 2020 (Jan)
Let f(x) = x cos~1(—sin|x|),x € [_E’E] , then which of the following is

true ?

G.
(o
(¢))
(@)

-
M
Q)
0,
>
0Q
.
I
E
O

N—’
Q)
>
(@oh
=
(@)

-
M
Q)
”,
>
0Q
=

VR

p

S E

N—’

a.
_.
(@]

-
M
Q)
¥,
>
oQ
.
I
E
O

N’
Q)
>
O
O
M
(@]

-
M
Q)
%}
>
0Q
=

VR

p

S E

N—”’

o



Solution:

f(x) = xcos™(—sin|x]|),x € [—%,%

2

= f(x) =< ) ]
xG+x)O<xS—
2
(T _ 2%, —Tee B 0

S FG) =<
E+2x, 0<x<=
\2 2

JIA

f'(0) =5

|=<

/x(

\x(

s
2

T
2

. _1 . 7-[
— — sin™ ~(sin x) ,—ESxS
— —sin~ (- sinx)),O <x <

. =1 -1 Tt
SIN "X+ CoS X = —

sin"!(sinx) = x,x € [

[
2

0

T 1T

2 2



:fu(x) — <

f(x) <0in (—g, O) = f'(x) is decreasing in (—%, 0)

f"(x) >0in (O, %) = f'(x) is increasing in (0, %)

N . m , S T
- f (x) is decreasing in ( o 0) and increasing in (0» 2)

Hence, option (c) is the correct answer.



lllustration
Find the set of values of a and b, for which the function

f(x) = sin? x + sin 2x + ax + b, is monotonically increasing ?

Solution:

f(x) =sin®x +sin2x +ax + b

f'(x) =2sinx -cosx +2cos2x+ a

f'(x) =sin2x+2cos2x +a

We learnt that f(x) is monotonically increasing for f'(x) = 0, if equality
occurs at discrete point(s)



=>sin2x+2cos2x+a=0

We know,

— A2 + B2 < Acosx + Bsinx < /A2 + B2
— V12 + 22 <sin2x + 2cos2x < V12 + 22

a—\/ggsin2x+2C052x+aSa+\/§
vsin2x +2cos2x+a=0
=>a—\/§20

aaZx/E,bE]RI



-~ Composite Function Monotonicity

"." Case 1: When both the functions are monotonically increasing.

f(x) g(x) flg) | 9(f®) | F(fx) | g(g)
ML MLI. ML ML ML MLI.
For f(g(x))

If x; < x5 = g(xy) < g(xy) as g(x) is monotonically increasing function

= f(g(x1)) < f(g(xy)) as f(x) is monotonically increasing function

= f(g(x)) is monotonically increasing function

Similarly, f(f(x)) and g(g(x)) are also monotonically increasing function

Example: f(x) =x+2,g(x) =Inx

As f(x) and g(x) are monotonically increasing function

= f(g(x)) = Inx + 2 is monotonically increasing function




Composite Function Monotonicity

' .C,aise 2: When both the functions are monotonically decreasing function

f(x)

g(x)

f(g(x))

g(f(x))

f(f ()

g(g(x))

M.D.

M.D.

M.l.

M.l.

M.l

M.l.

If x; < x, = f(x1) > f(xy) as f(x) is monotonically decreasing function

= g(f(x1)) < g(f(xy)) as g(x) is monotonically decreasing function

= g(f (x)) is monotonically increasing function
Similarly, f(g(x)), f(f(x)) and g(g(x)) are also monotonically increasing function
Example: f(x) = —x,g(x) = e™*

As f(x) and g(x) are monotonically decreasing function

= g(f(x)) = e=(*® = e* is monotonically increasing function




Composite Function Monotonicity O

*
*
=

“Case 3: When one is monotonically increasing and other is monotonically decreasing function

f(x) g(x) flg) | 9(f®) | F(fx) | g(g)

M.I. M.D. M.D. M.D. M.I. M.I.

If x; < x, = g(x1) > g(x,) as g(x) is monotonically decreasing function
= f(g(x1)) > f(g(xy)) as f(x) is monotonically increasing function

= f(g(x)) is monotonically decreasing function

Similarly g(f(x)) is also monotonically decreasing function

Example: f(x) =Inx,g(x) = —x
As f(x) and g(x) are monotonically increasing and decreasing function respectively

=>g(f(x)) = — In x is monotonically decreasing function



Composite Function Monotonicity O

*
*
=

“Case 3: When one is monotonically increasing and other is monotonically decreasing function

f(x) g(x) flg) | 9(f®) | F(fx) | g(g)

M.I. M.D. M.D. M.D. M.I. M.I.

If x; < x, = g(xq1) > g(x,) as g(x) is monotonically decreasing function
= g(g(xl)) < g(g(x,)) as g(x) is monotonically decreasing function

=g (g(x)) is monotonically increasing function

= Similarly f (f(x)) is also monotonically increasing function



lllustration JEE Main — 2019 (April) | D
Let f(x) = e* —x and g(x) = x* — x. Then the set of all x € R, where the

function h(x) = (fog)(x) is increasing is :

L=3lvl )

:O, %] U |[1,00)

14- [0,0)

=

c. -2,0]u 1,00

B

Solution:

f(x) =e*—xand g(x) = x? —x

flix) =e*—-1 g'(x)=2x—-1



h(x) = (fog)(x) = f(g(x)) = h' (x) = f'(g(x)).g'(x) '
= h' (x) = f’(g(x)) g (x)>0 {Ash(x) = (fog)(x) isincreasing function}
= (e¥*-1).2x—1) = 0

N

.
x4 —x=0
— + - +
0 1 1
2
1 |
nXE [O 'S U [1,0) Hence, option (d) is the correct answer.




=

Summary Sheet

If f is continuous and differentiable function in its entire domain, then

* f'(x) >0,Yx €Df = fis strictly (monotonically) increasing

* f'(x) <0,Vx €Df = fisstrictly (monotonically) decreasing

Composite Function Monotonicity:

f(x) 9x) | flg@) | g(f@) | FFx) | g(g@)
M.I. M.I. M.I. M.I. M.I. M.I.
M.D. M.D. M.l. M.I. M.I. M.I.
M.I. M.D. M.D. M.D. M.I. M.I.




B BYJU'S Classes

Application of Derivatives
Inflection Point of a Curve



KL

Road Map I

\

L Point of Inflection

~. Monotonicity and Curvature of a curve and its Inverse
~

“
-
Y

Concavity/Convexity of a curve




lllustration
If fogoh(x) is an increasing function, then which of the following

is not possible ?

@ f(x),g(x)and h(x) are increasing.

b. f(x),g(x) are decreasing and h(x) is increasing.

c. f(x),g(x)andh(x) are decreasing.

\_d. f(x), g(x) are increasing and h(x) is decreasing.

Solution:

fogoh(x) is an increasing function
Let p(x) = fogoh(x)



: Optlon a: f(x),g(x) and h(x) are increasing. D

| Slnce f(x), g(x) and h(x) are increasing, we have, f'(x) =20, g'(x) = 0 and
h'(x) =0

=p'(0) = £ (g(h®)) - g'(h(x)) - h'(x) 2 0
= p(x) i.e, fogoh(x) is an increasing function which is in accordance with question.
Option b: f(x), g(x) are decreasing and h(x) is increasing.

Since, f(x), g(x) are decreasing and h(x) is increasing, we have, f'(x) < 0,
g'(x)<0andh'(x) =0

=p'(0) = f'(9(h®)) - g'(h()) - '(x) 2 0

= p(x) i.e, fogoh(x) is an increasing function which is in accordance with question.



/) Option c: f(x), g(x) and h(x) are decreasing. D

g Since, f(x), g(x) and h(x) are decreasing, we have, f'(x) <0, g'(x) < 0 and
h'(x) <0

=p'(0) = f'(9(h®)) - g'(h(x)) - '(x) < 0
= p(x) i.e, fogoh(x) is a decreasing function.
Option d: f(x), g(x) are increasing and h(x) is decreasing.

Since, f(x), g(x) are increasing and h(x) is decreasing, we have, f'(x) = 0,
g'(x)=0andh’'(x) <0

>p'() = £ (9(h(0)) - g'(h() - K'(x) < 0
= p(x) i.e, fogoh(x) is a decreasing function.

So, options (c),(d) are the correct answers.



| lllustration JEE Main- 2019 (April)
Let f : [0,2] = R be a twice differentiable function such that

f'(x)>0,vx€(02).1fp (x) =f(x)+ f(2—x),then ¢ is:

La. Increasing in (0,2) Lb Increasing in (0,1) and decreasing in (1,2)
|c.  Decreasingin (0,2) \_d Decreasing in (0,1) and increasing in (1,2)

Solution:  f""(x) > 0,V x € (0,2) = f'(x) is increasing function.

¢ (x) =f(x) +f(2—x)

°



o)

Case 1: ¢p(x) is increasing function Case 2: ¢(x) is decreasing function
¢'(x) =f"(x)—f'(2—-x) ¢'(x) =f"(x)—f'(2—-x)

= f'(x) > f'(2—x) = f'(x) < f'(2—x)

As f'(x) is a strictly increasing As f'(x) is a strictly increasing
function, we get, function, we get,

>x>2—x > x<2—x

But, x € (0,2)
~ ¢(x) is increasing in (1,2) and decreasing in (0,1)

So, option (d) is the correct answer.



. “Concavity / Convexity of a Curve )

(a) Concave Upward
A function f(x) is said to be concave upwards (convex) in interval (a, b), if
tangent drawn at every point (xo,f(xo)) , for xo € (a, b) lie below the curve, Or,
if we join any two points on the curve, then line segment lies above the curve.

i
y=1x From the given figure, we can see that the
¢ curve is concave upwards. Also, the line
P segments PS and QR lie above the curve and
) N / > the tangents drawn at points R and S lie below
) 7 i the curve.
R S




Example:

YA YA YA 1
6, > 6, i
) ) 0T X
« R < ——A /% R ?
9y X i
\ 4 \ 4 \4 :
f(x) = x2 flx) =e* f(x) =tanx ; x € (O,g)

Also, for all concave upward curves, we can say that the slope of the tangent keeps

on increasing as we increase the value of x i.e., f'(x) is increasing.
Note:

If f(x) is concave upwards in x € (a, b) then, f""(x) >0,V x € (a,b).



. -Concavity / Convexity of a Curve o

(b) Concave Downward
A function f(x) is said to be concave downwards (concave) in interval (a, b), if

tangent drawn at every point (xo,f(xo)) , for xo € (a, b) lie above the curve, Or,
if we join any two points on the curve, then the line segment lies below the curve.

4
=l From the given figure, we can see that the
p 0 curve is concave downwards. Also, the line
segments PS and QR lie below the curve and
< . Y the tangents drawn at points P and Q lie above
; the curve.
R




Example:

YA YA
« . _— 899
: " ~ }/1
A 4 v
f(x) = —x* f(x) =Inx

YA

n\/ ¥
v

f(x) =sinx;x € (0,m)

Also, for all concave downwards curves, we can say that the slope of the tangent
keeps on decreasing as we increase the value of x i.e., f'(x) is decreasing.

Note:

If f(x) is concave downwards in x € (a, b) then, f""(x) <0,V x € (a, b).



2

.(Q

dx

-

e Relatlon between — and B

dy

Note
d2y
d?x a2
dy?  (dy
(dx)



- “Monotonicity and Curvature of a Function and its Inverse (%

Y y=Xx
t Let a function f(x) be differentiable and
y = 1) invertible.
/ y=f(x) We can see that f(x) is Monotonically
— > ¥ Increasing (M.l) and concave upwards. On
// plotting the graph of f~1(x), we can see

| that f ~1(x) is Monotonically Increasing

v

but concave downwards.
Note:

The above facts can also be seen with the help of calculus.
If £(x) is M.l and concave upwards then, f ~1(x) will be M.l and concave downwards

dy 2
Fory=f(x): .->0, Zx32/>0




Monotonicity and Curvature of a Function and its Inverse (}

f(x) e* M.1. Concave upward
f~1(x) Inx M.1. Concave downward
é

y= e
y=2x

e

A

P
<



- ~Point of Inflection o
If a function f(x) is continuous at x = ¢, and tangent exists at this point,

such that f"'(x) has opposite sign on either side of ‘¢ ’, then the point

(c,f(c)) is known as point of inflection.

Example: v J= o F(x) = x3 = F'(x) = 3x2
f''(x) = 6x

Concave up For x > 0,

f''"(x) =6x>0

For x < 0,

f'"(x) =6x<0

Since, f''(07) and "' (0%) have opposite signs,
v x = 0 is the point of inflection. \

A
®
\ 4
><

Concave down




Ent of Inflection o
o A v -

3T

o 4

N/

Geometrically, curvature of graph changes about the inflection point.

At x = 0, m, 2m, 3m, the curvature of graph is changing as the graph is concave
upwards on one side and concave downwards on the other side. So, x = nn,n € Z
are the points of inflection.



s E)int of Inflection 'Di

Mathematically, inflection point may occur at point where f"'(x) = 0 (but f"""(x) # 0)
or not defined (but tangent should exist for f(x)) and sign of f"'(x) should change

about that point. fx) = x3
Example: [  ,_ 2 f'(x)=6x=0=>x=0
And f""(x) =6+ 0
For x > 0,
f"(x) =6x>0
« ® > X For x < 0,

f'"(x) =6x<0

Since, f""(07) and f"'(0%) have opposite signs,
x = 0 is the point of inflection.




. -Point of Inflection

Example:
i) f(x) = x*
f'(x) = 4x3 fo) = x*
< » X

f'(x)=12x>=0=>x=0
So, x = 0 can be the point of inflection.

But, f''(0%) and f"/(07) are both positive. So, the
curve will not change its curveat x = 0

~ f(x) = x* does not have any inflection point.




. “Point of Inflection )

Example:
1 A
1l = x3 Y
i) f(x) = x A
2
f'(x) = § x~ 3, Vertical tangent exists at x = 0
B < 0 ;(
f"(x) =—=.x 3 isnotdefinedatx = 0
So, x = 0 can be the point of inflection.

Also, f"'(0%) < 0and f"(07) > 0. So, the curve
will change its curvatureat x = 0

1
. x = 0is an inflection point for f(x) = x3



lllustration
| Find intervals of concavity of the function

f(x) = x* —6x3 —108x% + 57x + 2. Also find the inflection point .
Solution:

Fx) = x* — 6x3 — 108x% + 57x + 2

f'(x) = 4x3 — 18x% — 216x + 57

f'"(x) =12 (x* —3x —18) = 12(x + 3)(x — 6)
f'"x)=0=>x=-3,6

For f(x) to be Concave upwards f"'(x) > 0 = x € (—o0,—3) U (6, )
For f(x) to be Concave downwards f"'(x) <0 = x € (—3,6)

At x = —3, 6 sign of f"'(x) changes.
~ x = —3,6 are the inflection points of f(x)



[llustration

|What conditions must the coefficients a, b, ¢ satisfy for the curve

f(x) = ax* + bx>® + cx? + dx + e, to have points of inflection ?

2 b? = 8ac \_b 3b* >8ac |C. 3b* =8ac Ld 3b? > 8ac

Solution:

At inflection point , "' (x) = 0, and its sign should change.
f'(x) = 4ax3 + 3bx? + 2cx + d,
f"(x) = 12ax? + 6bx + 2c

f"(x) is a quadratic expression and a quadratic expression changes its
sign only when its discriminant is greater than zero.

= 36b% — 96ac > 0
~. 3b% > 8ac

So, option (b) is the correct answer.



Summary Sheet

A function f(x) is said to be concave upwards (convex) in interval (a, b), if
tangent drawn at every point (xO,f(xO)) , for xo € (a, b) lie below the curve, Or,
if we join any two points on the curve, then line segment lies above the curve.

A function f(x) is said to be concave downwards (concave) in interval (a, b), if
tangent drawn at every point (xo,f(xo)) , for xo € (a, b) lie above the curve, Or,
if we join any two points on the curve, then the line segment lies below the
curve.

If £(x) is M.l and concave upwards then, f ~1(x) will be M.l and concave
downwards.

If a function f(x) is continuous at x = ¢, and tangent exists at this point, such
that f"'(x) has opposite sign on either side of ' ¢/, then the point (c,f(c)) is
known as point of inflection. Geometrically, curvature of graph changes about the
inflection point .



B BYJU'S Classes

Application of Derivatives

Application of Monotonicity
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> Inequality using Curvature

Inequality using Monotonicity



. “Inequality using Monotonicity O
| .Comparison of two functions f(x) and g(x) can be done by analysing the

monotonic behaviour of new function h(x) = f(x) — g(x).

Example:

Let f(x) = log(1 + x), g(x) = x where x € (0, )

To find which function is having more value in given interval of x, follow these steps:

Step 1: Assume a function h(x) = log(1 + x) — x

Step 2: Find derivative of h(x)

Step 3: If A'(x) > 0then h(x) > h(0) where x € (0, ) (h(x) is strictly increasing)
If h'(x) < 0then h(x) < h(0) where x € (0,0) (h(x) is strictly decreasing)



| lilustration Prove the following inequalities : | D

[) sinx <x<tanx ,x € (0,%) ii) 1i—x<ln(1+x) <x,x € (0,00) |

Solution: [) sinx <x<tanx, x € (OE)

Let f(x) = sinx —x

/s
fi'(x) =cosx —1<0 ( Forx € (O,E),cosx S (0,1))

= f(x) is decreasing in (O, g)
x>0=f(x)<f(0) (Forxe€ (O, g),f(x) is decreasing)

Also, f(0) =0 o

>sinx —x<0 . =sinx <x - (i)



T

Now, let’s prove x < tanx ,x € (O’E)

let g(x) = x —tanx
=>g'(x) =1 — sec’x <0 (- sec’x € [1,))
= g(x) is decreasing in (0, E)
x>0=gx) <g(0) (Forxe (O,E),g(x) is decreasing)

Also, g(0) =0

=>x—tanx <0 | :>x<tanx---(ii)

From (i) and (i), . sinx <x <tanx
|



. x
u)|1 " <In(1l+x)<x,x€ (0,0)
Let f(x) = i — In(1 + x)
1 — X
fre) = (1+x)2 x> () = 1(12-19:_)2)
= f'(x) = — <0 (vx€ (0,:))

¢! +x)2

s f(x) is decreasing
x> 0= f(x) < f(0) (Forx € (0,), f(x) is decreasing)
Also, £(0) = 0

zﬁ—ln(1+x) <0

X .
= P < ln(l + X) (l)



Now, Let g(x) = In(1 + x) — x

1

gx)=_—-1
W= = <0 (vxe (0,0)

~ g(x) is decreasing.
x>0= g(x)<g(0) (Forx € (0,),g(x) is decreasing)

Also, g(0) =0

=>n(l+x)—x<0 I=>ln(1+x)<x"'(l'l') |




X .
= =< In(1 + x) -+ (i)
and

In(1+ x) < x-- (ii)

From equation (i) and (ii)

|
= <In(1+x)<x
1+x



| lllustration

. . in xt
Prove that sinx tanx > x4, x € (0, %), hence evaluate lim |[>——— x], . ]

x—0 x?
denotes G.I.F.

Solution: Let f(x) = sinx.tanx — x* , f(0) =0

2

= f'(x) = cosx.tanx + sinx.sec“x — 2x

= f'(x) = cosx.tanx + tanx.secx — 2x

= f'(x) =tanx.(cosx +secx) — 2x

> X > 2
1
COS X

Also, tanx > x and cosx + >2(AM=G.M) Forx € (OE)

~ f'(x) >0 = f(x)isincreasing. So, x > 0 = f(x) > f(0)



= f(x) is increasing and f(x) > f(0)
= sinx -tanx —x% >0

= sinx -tanx > x2

sin x tan x

= |
Value of Sinx;nx is slightly greater than 1 in rightneighbourhood of 0.

i [sinxtan x] 1 ( [1+] _ 1)

x—0 X2




| lllustration Which is greater?
e

NpT e ~ -1 1 -11
(e orm (ii) tan e+mor tan e+m

Solution: |et us assume that e™ > ¢
1 1 1 1

e™ > 1 = (e™)ne > (m®)ne = ee > mn
From above expression clearly
= f(x) = xx
= In f(x) =§-lnx
| | 1
f(x) f'(x) =— >+ 1Inx- < x2> (Differentiating on both sides)
> f'(x) = f<x>[ = x] = f1(x) = x(%)




> () = 2% (=)

2
ForO0<x<eInx<1lsol—Inx>0
= f'(x) >0 = f(x) isincreasing
Forx >e,Inx>1s0l1—-1lnx <0
= f'(x) <0 = f(x) is decreasing

Thus, f(e) > f(m)

1 1
ee>Tm

= e >r°
|



! _ ortan1i4 S
V1+e? e Vi+e?

1

(ii) tan"te +

Llet f(x) = tan 1 x +

V1+x2
' 1 X vV1+x2 —x
=) T 1+x2 N

3 3
(1+x2)2 (1+ x2)2

( V14 x? >\/x2,\/1+x2—\/ﬁ>0)

f'(x) >0 = f(x) isincreasing.

1 1
ve><— o f(e)>f(_) - ) DA
e e S~ tan e + s > tan . + —




| lHlustration B
ZEGNET) 2 eXi+e*

If x; # x5 , then which is greatere 3 or ———— ?

Solution:  Consider the function f(x) = e*

Let A = (x1,e*1)

Ar y=e
and B = (x,,e*2) onthe curve y = e”*

) B Let D be the point which divide;‘lB xin the ratio 1: 2

| internally. So, D = (2x1+x2 2. CRGiE 2)

3 7 3
D ", 5
o YAy, 4 Corresponding point of D on the curve is C.
Y :
? 2x,+x, 2Xit¥xa
. ‘ - o= ( ~—.e 3
. . 27
' Since, C lies below D so we can say that ~2efite®: 1222

3,
| 7AN



| lllustration
. . . X1+X,+X
If 0 < xq4,%,,x3 < 1, then which is greater sin (%) or
sin x;+sin x,+sin x3
3

. Hence prove that : if A, B, C are angles of triangle then

maximum value of sinA4 + sin B + sin C is 32£
Solution: Consider AABC
_y= sinx Centroid G = (x1+9;2+x3 ' sin x1+Sir13x2+sin xs)
Feo o B (xz,sinx;) Now, corresponding point of G on the
c® curve is F which can be written as

A (xqy,sinx;) @ e C (x3,sinx;)
X1+x,+x . [ X1+x+x
F_(l 2 3,51n(1 2 3))

Since, F lies above G so, we can say that
|

. [ X1+Xx2+Xx3 sin x4 +sin x,+sin x3
Si (— = :

[ T = A



. [ X1+x2+Xx3 sin x;+sin x,+sin x3
sin (— =

| 3 3

fA+B+C=m

) A+B+C sin A+sin B+sin C
Sin T = 3

. T __ Ssin A+sin B+sin C |
= sinz = 3

= sin4d +sinB + sinC S32£

s Maximum value of sin A + sinB + sinC =
|

Note: | Maximum value is possible only when AABC is an equilateral triangle.

%



| Hlustration
If f(x) is concave downwards and f'(x) > 0, then for x;# x5, ,
x1;‘x2) o f_l(x1)‘2|'f_1(x2) ?

which of the following is greater : f 1 (

Solution:

B(xZ' f_l(xZ))

f (x) is Monotonically Increasing and concave

= f71(x) downwards then f~1(x) will be Monotonically

Increasing and concave upwards.

A




A(Xl, f_l(xl))

A

B(xa, f71(x2))

Let A(xl,f_l(xl)) and B(x,, f~1(x;)) be
the two pointsony = f~1(x)

N is the mid point of AB

N = (x1+x2 f_l(x1)+f_1(x2))
a 2 y)

(257 (559)

Since, M lies below N so, we can say that

M

|
f—1 (x1+x2) < F o)+ (xR)

| 2 2

ko)



| llustration

For0 <x < g, prove that cos (sinx) > sin(cos x) .

Solution:

T
let f(x) =x —sinx = f'(x) =1—cosx >0 ( For <0,§), cosx € (0,1))
Hence f(x) is an increasing function in x € (O,E)
Forx >0, f(x) > f(0)orx —sinx > 0

= x > sinx ... (i)
Again, 0 < x < %, We have, 0 < cosx < 1
Now we replace x by cos x in equation (i)

cosx > sin(cos x) ... (ii)



cos x > sin(cos x) ... (ii)

Now in (O, g) , COS x is monotonically decreasing.

So, if we apply cos on both sides in equation (i), the inequality will change.
= cos x < cos(sinx) ... (iii)

From equations (ii) and (iii) , we get

sin(cos x) < cosx < cos (sinx) |

| Hence, sin(cos x) < cos(sin x)




=

Summary Sheet

Comparison of two functions f(x) and g(x) can be done by analysing
the monotonic behaviour of new function h(x) = f(x) — g(x).

If h'(x) > 0forx € (a,b) then h(x) is strictly increasing in x € (a, b) and
h(x) > h(a) forV x € (a, b)

If h'(x) < 0 for x € (a, b) then h(x) is strictly decreasing in x € (a, b) and
h(x) < h(a) forV x € (a,b)

f (x) is Monotonically Increasing and concave downwards then
f~1(x) will be Monotonically Increasing and concave upwards and vice
versa.



B BYJU'S Classes

Application of Derivatives
Maxima and Minima
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Maxima & Minima (Extrema)




. “Maxima & Minima (Extrema)

Local or relative extrema:

A function f (x) is said to have a maxima or
minima at x = ¢, if f(¢) is maximum or
minimum respectively in comparison to it’s

small neighbourhood.

c—h<c<c+h,f(x)isincreasingin (0,c) and
decreasingfromc = f(c — h) < f(c) > f(c + h),

<<
<

0}

where h = 0%: then x = c is a point of local maxima.



. “Maxima & Minima (Extrema) e}

Local or relative extrema:

c—h<c<c+h,f(x)isdecreasingin Y y = f(x)

(0, ¢) and increasing from ¢
= f(c—h) > f(c) < f(c + h), where
h — 0%:then x = c is a point of local minima. fle=hg f(©) & flc+h)

0 c—h cc+h

4
\ Z
S




. “Maxima & Minima (Extrema)

One —sided extrema:

. Y
! e fe) y=f(x)
i y = f(x)
. fle=m e f(©
) c—lh cl X < : : > X
v c—h ¢

Ifc—h<c= f(c—h) < f(c),h > 0" then x = cis a point of local maxima.

Ifc—h<c=f(c—h)>f(c),h - 0" thenx = cis a point of local minima.



. “Maxima & Minima (Extrema)

Global or absolute extrema:

A function f(x) is said to have a global extrema in
an interval I, if there exists at least one ¢ such that
f(c) is either greatest or least in the entire interval.

f(c) = f(x),Vxela b] = x = cisa point of global
maxima.

f(c) < f(x),V x €[a,b] = x = cis a point of global
minima.

A




. “Maxima & Minima (Extrema)

E_xample: Find points of extrema of given graph

Forx =p:

p is left boundary point so we only need to check

the right neighborhood.

Here,forp <p+h= f(p) < f(p + h), where h - 07
So, x = p is a point of local minima. !

Forx = q:

Here,forq —h<qg<q+h=f(q—h)<f(q) > f(q+ h),
where h —» 0%

So, x = q is a point of local maxima.



. “Maxima & Minima (Extrema)

Forx =1

Here,forr —h<r<r+h

= f(r—h)>f(r) < f(r+ h)whereh - 07,

Also, f(r) < f(x),Vx € |[p,s]

So, x = r is a point of local minima and global minima.

Forx = s:

Here,fors —h < s

= f(s—h) < f(s) whereh - 07,

Also, f(s) = f(x),V x € |p, s]

So, x = s is a point of local maxima and global maxima.

Note: For continuous and non constant function, the points of maxima and minima
lies alternately.



. “Maxima & Minima (Extrema)

Example: Find points of extrema of given graph

fromx € [a, g]
Forx =a:

We only check right neighborhood
Here,fora <a+h = f(a) > f(a+ h)
where h - 0%

A

So, x = a is a point of local maxima. a Ib c T
Forx =b: v
Here,forb—h<b<b+h= f(b—h)<f(b)>f(b+h)

where h - 0%.So, x = b is a point of local maxima.

Forx =c:
Here,forc —h<c<c+h= f(c—h) < f(c) > f(c + h) whereh - 07

Also, f(c) = f(x),Vx € [a, g]
So, x = c is a point of local maxima and global maxima.



. “Maxima & Minima (Extrema)

Forx =d:

Here,ford —h<d<d+h

= f(d—h)> f(d) < f(d + h) whereh - 07
Also, f(d) < f(x),Vxe€|a,g]

So, x = d is a point of local minima

A

and global minima.

Forx = e :
Here,fore—h<e<e+h
= f(e—h) < f(e) > f(e + h) where h —» 0%

So, x = e is a point of local maxima.

Forx =g :

Here,forg —h < g = f(g9) < f(g — h) where h - 0%
So,x = f is a point of local minima.




. “Maxima & Minima (Extrema) ko)

Global or absolute extrema:

Normally , global maxima / minima occurs at points of local maxima or minima,
but there can be exception.

Example: Let us consider the given function f(x) for x € [b, c]

v Global maxima, Here, f(b) — f(b + h)
T but not local maxima . »
> K f(c) = flc—h)

b and ¢ does not satisfy the condition
of local maxima. b and c are points of

/T X

A

>
>

a b c d y  global maxima but not points of local
maxima .




. “Maxima & Minima (Extrema) ko)

Global or absolute extrema: Y

Global extrema may or may not exist for a function.
For existence of global extrema, the value of the

function must be attainable/achievable at global
extrema point.

Example:

A
\7
<

Local maxima:x =b

Local minima: x = c

Global maxima : not defined (.. value at x = d is not achievable)

Global minima: x = ¢



1x],0 < [x]| <2

. Check for extrema at x = 0.
1, x=0

| [llustration
Let f(x) = {

Solution: To check extrema at x = 0, let’s draw the graph of y = f(x)

Y

1

y=fk)

A

>

1
Here,for0 —h <0< 0+ h = f(0—h) < f(0) > f(0 + h), where h - 07

y = f(x) has local maxima at x = 0



‘ [llustration s o
b°>—b“+b—-1

.3
Let f(x) = N s ’OSX<1.
2x — 3, 1<x<3

Find all possible values of b such that f(x) has smallest valueat x = 1.

A. be(—2,—1) U[1, ) ibe(—z, 00)

C. be(-1,1))U[2,0) | D.be[-1,)

. .3 A =2x —3
Y- g . g Graph of f(x) + a can be obtained by
/ shifting the graph of f(x) by a units in

vertical direction.

A

(U

W |-----
\
<




Solution:

.3 b3-b2%+b-1
flx) = Xt aiabez
2x — 3, 1

<x<3

For f(x) to have minimaatx =1

' 3+b3—b2+b—1 _
Al b2+3b+2 )=

b3-b%+b-1

>0
b2+3b+2

(b%2+1)(b—1) L, P
= (b+1)(b+2) = | =be(-2,-1)U [LL

So, option (4) is the correct answer.



| Lét.f(x) be a continuous function.
Stationary points : A point at which f'(x) = 0 is called stationary points.
Critical points: A point at which f'(x) = 0 or f'(x) does not exist is called

critical points.

Stationary points f'(x)=0
f'(x)=0 or

f'(x) does not exist.

Critical points

Example: Find critical points & stationary points of the function:
(i) f(x) =x3—6x%—36x+7

f'(x) =3x*—12x—-36=0

= x = —2,6 (both stationary & critical points)



(i) f(x) = (x — D)5

= f(x) =x§—x§

. 5 2 2 _1=5x—2
~H) SeaE =g = T

E
3

= Critical points: x ==,0 (~ f'(x) = 0 or f'(x) does not exist)

ul N

= Stationary points : x = % ( f'(x) =0)



" Methods to find Extrema

First 'Derivative Test:

Let f(x) is a continuous function and x = c is the critical point (f'(c) = 0 or not
defined) Observe sign change of f'(x) about x = c.

Case I : If sign of f'(x) changes sign from negative to positive as x crosses ¢
from left to right, then x = ¢ is a point of local minima.

Example: K
f(x) = x* 2=
ff(x) =2x=0 atx=0 . +
< :X
0
f/(07)<0;f'(07) >0
v

Thus , minima at x = 0.



. “Method to find Extrema °

First Derivative Test:

Case II : If sign of f'(x) changes sign from positive to negative as x crosses ¢ from
left to right, then x = c is a point of local maxima.

Example: %
A

f(x) =sinx , xe(0,m)

y =sinx

f’(x)zcosxzo atx=§ /n\_ > X
FE) >0 () <o i

. T
Thus , maxima at x = =

A




- -Method to find Extrema

First Derivative Test:

Case III : If f'(x) does not changes sign as x crosses ¢, then x = c is
neither a point of maxima nor minima.

Example:
1

flx) = x°
f'(x) =3x?=0, atx =0

But, sign of f'(x) does not change at x = 0. 3

Thus , neither maxima nor minima. +




| Hlustration B
Find points of extrema of the function f(x) = x%(x — 2)2.

Solutiol YT o
1) = 220x - 207 + 202 2)
=4x(x — 1) (x — 2) - L > X
Critical points: x = 0,1, 2 (f’(x]; gilszngtogxist> i*’ 1 i
min  max min

local maxima: x =1
local minima:x =0, 2
Global maxima : not exist (-~ asx - oorx - —oo = f(x) — o0)

Global minima:x=0,2 (f(0) = f(2) = 0, least value)



| Ilustration JEE Main — 2019 (April) "Bw

If S; and S, are respectively the sets of local minimum & local maximum points
of the function, f(x) = 9x* + 12x3 — 36x2 + 25,x € R, then :

| a. 851 =1=2,0}; S, ={1} |b. S ={-1}; 5, =10,2}

L¢- 5 =1{-21}; S, = {0} _d 5 =1{-2}; S, ={0,1}

Solution:

F'(x) = 36x3 + 36x% — 72x = 36x(x2 + x — 2)

f'(x) =36x(x+2)(x—1)



Sign scheme of f'(x)

— + — +
T S
} Vo
min max min

Here, sign of f'(x) changes its sign from negative to positive as x crosses —2
from left to right, so x = —2 is a point of local minima

Sign of f'(x) changes its sign from negative to positive as x crosses 1 from left
to right, so x = 1 is a point of local minima.

Sign of f'(x) changes its sign from positive to negative as x crosses 0 from left
to right, so x = 0 is a point of local maxima

|
| S, =1{-2,1}, S, = {0} So, option (c¢) is the correct answer.
|

-



Summary Sheet

Forc—h<c<c+h=f(c—h)<f()>f(c+h), whereh - 0%:
then x = c is a point of local maxima.

Forc—h<c<c+h=f(c—h)>f()<f(c+h), whereh - 0%:
then x = c is a point of local minima.

f(c) = f(x), for given Interval of x, then x = c is a point of global maxima.

f(c) < f(x), for given Interval of x, then x = c is a point of global minima.



% Summary Sheet S

Normally, global maxima / minima occurs at points of local maxima or minima,
but every time this is not true there can be exception.

Stationary points f'(x)=0
f'(x)=0 or

f'(x) does not exist.

Critical points
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Application of Maxima and Minima

Second Derivative Test



| [llustration

JEE Main - 2020 (Sept)
The set of all real values of A for which the function

f(x) = (1 —cos?x)(A +sinx),x € (—g,g) , has exactly one maxima and
one minima,is
la(=32)- @ [b(-33) Le(-33) La(-33) -0

Solution:

f(x) = (1 —cos?x)(A + sinx) = Asin?x + sin®x (~ 1 — cos? x = sin? x))

f'(x) =2 Asinx cosx + 3sin®x cos x
=sinx cosx (24 + 3sinx)

For critical points, f'(x) =0

f'(x) =sinx cosx (21 + 3sinx) =0

= sinx =O,—%,(/1=,t0) (Since,xe(—g E),cosxiO)

)

e}



For exactly one maxima and minima : —% e(—=1,1)andA# 0(+ 2 =0,sinx = 0)
:>—1<—%< landA #0

:>—§</1<§and/1¢0

= Ae(—%,g) and A # 0

So, option (d) is the correct answer.



| Mustration JEE Main - 2019 (Jan) (&)
The maximum value of the function f(x) = 3x3 — 18x% + 27x — 40, on the set

S={xeR:x?+30<11x}is:

\_a.—122 \_b.—ZZZ \_6.122 \_d.222

Solution:

S={xeR:x?*+30—11x < 0}
S={xeR:x—-5x—6)<0}=x €[5,6]

f(x) =3x3—18x% + 27x — 40
f'(x) =9x? —36x + 27 = 9(x* — 4x + 3)

1) =9(x = 1(x = 3)



+ - +

A
Y

| 3 5 6
Forx € [5,6], f'(x) > 0 = f(x) is increasing for x € [5,6]
Thus, finax Willoccuratx = 6

Maximum value: f(6) =363 — 18- 6% + 27 -6 — 40
=122

So, option (¢) is the correct answer.



| [llustration

JEE Main - 2019 (April)T D

If f(x) is a non—zero polynomial of degree four, having local extreme points at
x = —1,0,1: thentheset S = {x e R: f(x) = f(0)} contains exactly :

a. Four rational numbers

¢. Four irrational numbers

Solution:

b. Two irrational and two rational numbers

d. Two irrational and one rational number

f (x) has local extreme pointsatx = —1,0, 1
= f'(x) =0atx=-1,0,1
let f'(x) =alx+ Dx(x—1) =a(x®>—x),a =0

On integrating, we get,

x¥  x2

f(x)=a (— — 7) + b, where b is an arbitrary constant

4



Since, f(x) = f(0)

So, option (d) is the correct answer.



| lllustration
Find all possible values of a for which the function

f(x) =x3+3(a—7)x*+ 3(a? — 9)x — 1, has a positive point of maximum .

|a.(=20,=3)UB,®) | b.(=0,Z) |c.(~o0,-3)U(3,2) | d.(~00,)

Solution:

— A

Since, coefficient of x> > 0 = Asx - o, f(x) —
fx)=x3+3(a—7)x*+3(@*—-9)x—1

A

f/(x)=3x2_|_6(a_7)x+3(a2_9)=O /max \E/

we can see from the graph that to get positive point of v
maxima, f'(x) = 0 has both roots positive

|
! R l
D>0 _Z>0 f'(0)>0




f'(x) =3x*+6(a—7)x+3(a*—-9)
Case1l: D > 0= b%—4ac>0

=36(a—7)2—4-3-3(a%-9)>0
=>a’4+49—-14a—a*+9>0
=>58—14a>0 5 a <2 - (i)

7

Case 2: _2 > (
2a

6(a—7)
2-3

Case3:f'(0) >0 =2a*—9>0
= (a—3)(a+3)>0=>a€ (—0,—3) U (3,00) - (iii)

By taking intersection of (i), (ii), (iii), we get,a € (—o, —3) U (3,?)
So, option (¢) is the correct answer.

<0 =>a<7- (i)



Alternate Method

Since coefficient of x3 > 0 = Asx - o, f(x) -
f(x)=x3+3(a—-7)x*+3(@*—-9)x—1
f'(x) =3x%*+6(a—7)x+3(a*—-9)

Let the roots of f'(x) be a, B

Since f(x) has a positive point of maxima=0<a < f

—b — Vb2 — 4ac
a = >0
2a

—6(a—7) —+/36(a — 7)%2 — 36(a? — 9)
— 3 >

0

A




—6(a—7) —+/36(a—7)2—36(a?—9)
— c >

a 0

(7—a)—vVa2—14a+49 —a2+9 >0

(7—a) >V58—14a (i)
7—a>0and58 —14a >0
=>a<7anda<2—79=>a<2—79 -+ (iQ)

On squaring (i), we get,

a’? —14a+49 >58—-14a=>a*—-9> 0

> @—3)a+3)>0=>a € (—o,—-3)U(3,00) - (iii)

By taking intersection of (ii), (iii), we get, a € (—o0,—3) U (3,?)

So, option (¢) is the correct answer.



. “Second Derivative Test )
~If a function f(x) is continuous and differentiable & f'(x) = 0,atx = c.

OIf f"(x) >0atx =c= f'(x)isincreasingatx = ¢
= x = c is a point of local minima

e f) =P
fl@)=2x=02x=0
f"(x) =2 > 0= x = 0is a point of local minima

< Ol > X

OIf f"(x) <0atx =c = f'(x)is decreasingat x = ¢
= X = c is a point of local maxima

< 1 () = —x?

5 > X
/\ fflx)=—2x=0=>x=0 ,
f"(x) = -2 < 0= x = 0isapoint of local maxima

\4 y:—x




-~ -Second Derivative Test
“If a function f(x) is continuous and differentiable & f'(x) =0,atx =c.

OIf f"(x) >0atx =c, = x = cis a point of local minima
OIf f'"(x) < 0atx = ¢, = x = cis a point of local maxima

O If f"(x) = 0 at x = ¢, then proceed to the higher derivative test.



 lustration
Find the points of extrema for the function f(x) = 2x3 —9x2 + 12x + 6

Solution:

f(x) =2x3—9x*+12x+ 6

f'(x) = 6x% —18x + 12
For critical points, f'(x) =0

=>f'(x) =6(x>—-3x+2)=0
S>@x-1Dx-2)=>x=1,2
f'"(x) =602x —3)

f""(1) =6(12—-3)<0 = x=1isapoint of local maxima
f'"(2)=6(4—-3)>0 = x = 2isa point of local minima




| lllustration " D
Find the points of extrema for the function f(x) = x + sin2x for0 < x < 2m

Solution:

f(x) =x+sin2xfor0 < x < 2m

f'(x) =1+ 2cos2x
For critical points, f'(x) =0
> f (x)=1+2cos2x =0

T
=>c052x=—%=>2x=2nni?,ne I

T
=>x=nni§,nell

T 2m 4m 51
:x__; ) )
3 3 3 3

f'""(x) = —4sin2x




T

. (2 : : -
" (E) = —4sin (?n) <0=>x-= % is a point of local maxima

. . (2 V3 .
i (E) — x + sin2x = = + sin (_”) =24+ ¥ Jocal maximum value
3 3 3 3 2

f (2?”) — —4sin (4?) — 4 sin (g) >0>x = z?n is a point of local minima

2T 2T . 41T 2T 3 ) .
f (—) = 4 sm( ) — \/2—_ local minimum value

f (4_”) — —45sin (8?) — —4sin (2?”) <0>x= 4?” is a point of local maxima

f (_) — — + sin (?) = %ﬂ + \/2—5 local maximum value

fr (5?”) — & (&) — 4 sin (g) >0=>x= 5;” is a point of local minima

3
f (5” I U (10”) — 57 _ Y3 |ocal minimum value
3



Observations using graph

AY f(x) = x + sin2x
f(x) =x+sin2xfor0 <x < 2m
We can see from the graph that WA |
points of extrema are R e A
T 21T 41T 57
x — _) ) )
3’3’3’3
m V3
3 2

e x = 0is aglobal minima

e Global maxima is not defined

&

<

B e

wly -
w
S
5

1
1
|
|
1
—5m —41 —-3r -2t _ T 0 i
3

—2r =2t BEU YO 3 il il 2m
3 3 3 3 1 3 3
-2
)




. 2th Derivative Test
Let f(x) have derivatives up to nt" order,

If f'(c) =f"(c) =+ =0, then find the first non — zero higher derivative.

Let f™(c) be the first non — zero derivative.

<& Ifniseven,and f™(c) > 0 = x = cis alocal minima

O Ifniseven,and f™(c) < 0 = x = cis alocal maxima



ko)

' E)kample: f(x) = (x —3)* O Ifniseven,and f*(c) >0
f'(x) =4(x—3)> =0 = x = 3 : critical point = x = cis a local minima
fl'(x) = 12(x — 3)? f"3) =0 O Ifniseven,and f(c) <0
f"(x)=24(x—-3) f""(3)=0 = x = cis a local maxima
Y
fP(x)=24>0
y=(x-3)*
= x = 3 is point of minima
0 3 g




. #t" Derivative Test

Let £ (x) have derivatives up to nt"* order,
If f'(c) = f"(c) == 0,then find the first non — zero higher derivative

Let ™ (c) be the first non — zero derivative

& Ifnisodd,and f*(c) >0, = f(x)isincreasingatx = c

& Ifnisodd,and f*(c) <0, = f(x)isdecreasingatx = c



Example: f(x)=Qx—-1)%,x€ R Y
! y=(x-1)?
flx) =6Q2x—-1)*=0=x =% is a critical point
f'(x) =24Q2x—1) = f" G) — 0
< > X

" (x) = 48 > 0 -

. : 1
= f(x) is increasing at x = E

There is no point of local extrema. =1l




% Summary Sheet

e Second Derivative Test

If a function f(x) is continuous and differentiable & f'(x) = 0,atx =c.

O Iff"(x) >0atx =c,= x = cis alocal minima
O Iff"(x) <0atx =c,= x = cis alocal maxima

o If f"(x) = 0atx = c,then proceed to the higher derivative test.

*  n'" Derivative Test
Let £ (x) have derivatives up to nt"* order,

If f'(c) =f"(c) == 0,then find the first non — zero higher derivative.

Let f™(c) be the first non — zero derivative.
& Ifniseven, and f™*(c) > 0 = x = cis a local minima

& Ifniseven,and f*(c) < 0 = x = cis alocal maxima L



% Summary Sheet

Let £ (x) have derivatives up to nt"* order,
If f'(c) = f""(c) = -+ = 0, then find the first non — zero higher derivative

Let f™(c) be the first non — zero derivative
& Ifnisodd, and f*(c) > 0, = f(x)isincreasingatx = c

& Ifnisodd, and f*(c) < 0, = f(x)isdecreasingatx =c



B BYJU'S Classes

Application of Derivatives
Application of Maxima and Minima
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Mensuration Formulae

3D Curved/lateral
3D figures Volume e S Total surface area
Cube 3 K 612
Cuboid Ibh 2h(l + b) 2(lb + bh + hl)
Cone ~mr2h nrl nrl + mr?
Cylinder r2h 2nrh 2nrh + 2nr?
Sphere “r? 42 412




Note: Triangular Prism

%!é‘

Area of base = Area of equilateral triangle =

Volume = Area X Height = ?. a’.h

Lateral surface area = Area of 3 lateral rectangle=3a .h

Total surface area = 2 (Area of base) + Lateral surface area
= 3ah + 2 (?.az)



Note: Hexagonal Prism 6‘

Area of base = 6 XArea of equilateral triangle = 6 -? - a?

Volume = Area XHeight = 6.?. a’. h

Lateral surface area = Area of 6 lateral rectangle =6a . h

' Total surface area = 2(Area of base} + Lateral surface area
=6ah+2(6.§.a2) =S

=at i e &



Note:

Triangular Pyramid (Tetrahedron)

> &
N

Area of base = Area of equilateral triangle =

Volume = Area X Height = .a’.h

> &

Wl

Lateral surface area = Area of 3 equilateral triangle

=3.ﬁ.a2
4

Total surface area = Area of base + Lateral surface area

=4.£.a2
4



Illustration
| Find two positive numbers x and y such that x + y = 60 and

xy3 is maximum.

Solution:

Givenx > 0,y>0andx+y=60>x=60—y

Let F = xy?

F =xy3 =(60—1y)y3 =60y —y* {Given x = 60 — y}
By differentiating w.r.t y, we get,

F'(y) = 180y°* — 4y°

For extrema, F'(y) = 0

= F' (y) = 180y% — 4y3 =

= 4y%2(45—-y) =0

=y =0,45

%)



O I

)

Critical points are 0, 45 B‘

_|_ —

v

45

We can see here that at y = 45, F'(y) is changing its sign from positive to negative.
So, F(y) is increasing from x = 0 to x = 45

= Aty = 45, F(y) will be maxima
Given,x + y =60 > Aty =45,x = 60 —45 = 15

Thus , required positive numbers are: y = 45, x = 15



[llustration JEE Main - 2019 :
| The maximum area (in sg. units) of a rectangle having its base on the X-axis B “

and its other two vertices on the parabola, y = 12 — x? such that the |
rectangle lies inside the parabola, is

| a.32 b.18V3 | c.20¥2  |d.36
Solution:
Given: y = 12 — x? Y

Let any point P(a, 12 — a?) be
on the parabolay = 12 — x? /\

y =12 — x? 5
Area of rectangle, A = [ X b Pla, 12769

From figure, l = 2a,b = 12 — a?

= Area of rectangle, A = 2a(12 — a?®) = 24a — 2a° )



Differentiate w.r.t a, we get, 't B“

dA 2
Ia = 24 —6a =12

. dA
To maximise area, P 0]

=524 —-6a’=0=>a’=4=>aqa=+2

We can see herethatata >0 = a = 2,

Also, at a = 2, sign of f'(y) changes from ‘o —
positive to negative. _y > B
= Area will be maximum at a = 2 !

— | Maxima

Arean g = 2 X 2 X (12 —4)=| 32 sq. units
|

Hence, option (a) is the correct answer.



Illustration

| The height(in units) of a right circular cylinder of maximum volume inscribed D ‘
in a sphere of radius 3 units is :

| a. V3 | b.2v3 [ e 1d.V6

Solution:

From right angle triangle,

2
r2+(5) =32=9- (D)

2 h
We know, volume of cylinder = mr?h

By substituting 7> =9 — (%)2 , we get,
= n(9 — (S)Z)h

:V=n(9h—h73)




Differentiating w.r.t to h, we get,

2 n(3-3)

. A%
To maximise the volume, T 0

3 3h2
S 9—Zh2 =0=>T=9=>h=2\/§(':h>0)

We can see here that at h = 2+/3, sign of% is changing from
positive to negative. 4+

%)

= At h = 2+/3, volume will be maximum 0 2/3

Thus, height of a right circular cylinder of maximum volume inscribed in
a sphere of radius 3 units is 2+/3 units.
Hence, option (b) is the correct answer.

v



lllustration JEE Main - 2016
| A wire of length 2 units is cut into two parts which are bent respectively to B ‘

form a square of side x units and a circle of radius of r units . If the sum of
areas of square and the circle so formed is minimum , then :

\_a.2x=(n+4)r uo.(4—n)x=nr
\_c.x = 2r \_d 2X =71
Solution:

Given, sum of perimeter of square and circle = 2
> 4x+2nr=2=2x+nr=1--(i)
1—mnr
2

Sum of areas S = x? + mr? - (ii)

> x =




1—7mr .

Substitute x = in (ii), we get,

N
S=nr?+ (1 znr)

Differentiating w.r.t 7, we get,

as _ 2n(1-mr) _T -
o= 2nr ————= =7 (CEROLESY

.. . dS
To minimise, — = 0
dr

T 1
:>E((4+7r)r—1)=0 =i -

2

: .. d2s
To check maxima and minima, calculate ——

%)



Z=2(@+mr-1)

2
S =l+m

dr?

d?s 1
Rl i 0, -~ Sisminimumatr = —
441

Substitutingmr =1 — 4rin (i)
>2x+1—-4r =1  =x=2r

Hence, option (c) is the correct answer.

%)



[llustration

A swimmer across the sea is at the distance 2 km from the closest point on a B‘
straight seashore. The house of the swimmer is on the shore at distance 2 km |
from that closest point. He can swim at a speed of 3 km per hour and walk at a
speed of 5 km per hour. At what point on the shore should he land so that he
reaches his house in the shortest possible time ?

Solution:
2 km
D
X 2—x C
2 km (house)
A(Swimmer)

Let swimmer lands on shore at x km distance from
straight seashore and walks (2 — x) km to
reach the house.

Total time(t) = time taken from A to D(tp) +
time taken from D to C(tpc)

; Distance
Time = ——
Speed

Total time : t =t p + tpc

t = “4;"2+2;x 0<x<?2




dt 1 2x 1 X | O ‘

= X =
dx 2V4+x2 3 5 3V4+x2

1
5

... dt
To minimise, — =0
dx
1

- X =0
3V4+x2 5

= 25x% = 9(4 + x?)

36 3 /..
= 16x2 =36=> x> =—=>x=; (*x>0)
3 . dat . . . .
We can see here that at x = 5 Sign Ofﬁ is changing from negative to positive.
0./7/ SN

3 .. : J
= Atx = > time will be minimum 2

: 3 : r
So the swimmer should land on the shore at Ekm from straight seashore to reaches’

—%

his house in the shortest possible time. 2>



lllustration N
| A piece of pipe is being carried down a hallway that is 27 ft wide. At the end D

of the halfway, there is a right angled turn and the hallway narrows down to

8 ft wide. What is the longest pipe (always keeping it horizontal) that can be
carried around the turn in the hallway ?

|a.13V13 |b. 333 (¢ 6v13 4. 13V6

Solution: At the time of taking turn from one hallway to other hallway, at that
instant, we have,

[, is the length of pipe in 8 ft wide hallway
A ” [, is the length of pipe in the 27 ft wide hallway
| 9 0 0 is the angle made Ié)y the pipe at the instant w.r.t ground
A 8ft'E L In A AOA’ COS(9=Z=>I1=8SGC9
27fi’ 0 . In A BOB' sinf = % =1, = 27cosecq



Length of pipe, L = [; + 1, = 8secO + 27 cosec 8 8 ft D

. dL
To maximise the length 5 0 p
dL 0
i 8secOtanf — 27 cosecOcotd =0 | Y[\ 0
8sinf 27 cos@ i
_ — . 27 ft
cos? 6 sin? @ 0 !

= 8sin°0 —27cos30 =0
=>tan39=% =>tan6=§

dL
20 = 8secOtanf — 27 cosec 6 cotf

d?L

o 8(sec O tan? 0 + sec® 8) + 27 (cosec O cot? § + cosec30)



FIE = 8(sec O tan“ 6 + sec> 8) + 27(cosec 8 cot“ 6 + cosec>0)
3 d?L
= At tan 6 —E,ﬁ> 0

= Attanf = %, we get maximum length of the pipe

L =8secB + 27 cosech

L=8-\/%_3+27-\/%_3 |=13\/13ft.I

Hence, option (a) is the correct answer.



lllustration e
Two towns A and B are situated on the same side of a straight road at D

distances a and b respectively , perpendiculars drawn from A and B meet
the road at point C and D respectively. The distance between C and D isc . A
hospital is to be built at a point P on the road such that the distance APB is
minimum. Find distance of P from point C .

ac bc a+c b+c
a. b. o} d.
|_‘a+b L a+b |_‘a+b |_‘a+b
Solutiﬂ:
C /3
5 Given A and B are situated on the same side of a
a straight road
; AC = q, BD = b, CD =x
A

Let x be the distance of P from C




Since APB is minimum

= APB’ lies on a straight line where B is
mirror image of B w.r.t line CD

From figure, AAPC and ADPB' are similar.

X c— X
> — =
a b

= xb =ca— ax

|
ac
> (a+b)x=ac = x =

Hence, option (a) is the correct answer.



=

Summary Sheet

Mensuration Formulae:

3D Curved/lateral
3D figures Volume e Total surface area
Cube 3 412 612
Cuboid lbh 2h(l + b) 2(lb + bh + hl)
Cone gnrzh mrl mrl + mr?
Cylinder r2h 2nrh 2mrh + 2mr?
Sphere “mr3 4mr? 412
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. -Curve Tracing

Sym metry:

 If on replacing x — —x, equation of curve doesn’t change, then the curve is
symmetric about y —axis.

For plotting such curves, draw the curve for x = 0 and then take mirror image
with respect to Y — axis.

Example: y = x?

AY )

y=x

A

><V




.- “Curve Tracing o

O If on replacing y = —vy, equation of curve doesn’t change, then the curve is
symmetric about x —axis.

For plotting such curves, plot the curve for y = 0 and then take mirror image
with respect to X — axis.
Example: y% = x

Y

A

A
v
S




.- “Curve Tracing o

 If onreplacingy - —y & x — —x, equation of curve doesn’t change then
the curve is symmetric in all four quadrants

For plotting such curves, plot the curve for 15t quadrant and then take mirror
image with respect to X — axis as well as Y — axis.

Example: x? + y? = 4

y

b Y
/\ x2+y2:4

N

N




. -Curve Tracing

O If on interchanging x & y, equation of curve doesn’t change, then the
curve is symmetric about y = x.

The curve is mirror image with respect to line y = x.

1
Example: y = ~

A




. “Curve Tracing O

O If f(x) is an odd function then the graph of f(x) is symmetric about the origin.

Example: y = x3 Note:

Y For odd function, f(—x) = —f(x)

— ~3
A V=X SUbStitUte X = O;

(2,8) = f(0) = —f(0)
= f(0) =0
X ~ If an odd function is defined at x = 0,

0 then f(0) = 0.
(=2,-8)




. -Curve Tracing

StepS to draw curve:

d Check symmetry (if any).

(J Get idea about domain and range of function to be drawn.

O

Identify discontinuity (if any).

o

Get critical points & increasing/decreasing intervals.

U

Estimate value of function at x = 0 (Points of intersection with Y — axis),
+ oo (behavior of curve at extreme points) and at critical points.

O

Find roots (if any)



- -Curve Tracing

Shape of Curve: Consider a curve y = f(x)

d dy = > 0 = f(x)isincreasing

d Z—z < 0 = f(x)is decreasing

2
d % > 0 = f(x) will be concave upwards

dZ
a — —5 < 0 = f(x) will be concave downwards



| Hlustration

Plot graph of v = (x — 1)%(x — 2)

Solution:

y =(x—1)?%(x—2)

i) On replacing y - —y or x = —x equation of curve changes.

= Curve is not symmetric.

ii) Now, since the given function is polynomial,
= Domainis R

= Rangeis R

iii) Forroots, y =0 = x = 1,2 (1isthe repeated root)



iv) For critical points,

5
- . + 1 3 +
E=(x—1)(3x—5)=0 :x=1,§ ° - i
d_y>():xe(—ool)u(éoo) ﬂ<0:x€(1£)
dx ’ 3’ '3

_ B/ e
function is increasing
v) Value of function at critical points

: L : 5
Since function is increasing from (—o0,1) U (E’ oo)

= Local maxima: y(1) = (1 —-1)?(1—-2)=0

Since function is decreasing from (1,%)

= Local minima: y (g) = (g - 1)2 (g o 2) . _24_7

\\/J

function is decreasing



vi) Shape of curve | B |

e (x—1)(Bx—-5)=3x>—-8x+5

dx_

d?y 4 . : : .
—2 = 0=>6x—8=0=>x= 5 Is point of inflection.

% > (0 = concave upwards; x > % y(g) - G _ 1)2 (i i 2) __2

d?y 0
Tz < 0 = concave downwards; x < -



y=(x—1)>*x-2)

><V

Start drawing the curve from —oo(As x —
— 00 =y —> —00)

From —oo to 1, graph is increasing and
concave downwards.

At x = 1, we get a local maxima.

Further from 1 to g, graph is decreasing.
Also, it is concave downwards till x = %and
from g onwards, it is concave upwards.

At x = g, we get a local minima.

5 . .
From 3 to oo, Graph is increasing and concave

upwards.
Clearly, x = 1 and 2 are the roots of y
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| llustration D
Plot graph of ii) y = x + sinx '

Solution:

i) vy = x + sinx is an odd function (~ (f(—x) = —f(x))

Therefore, the function is symmetric about origin.
i) Fory = x + sinx,
Domainis R

Range is R

iii) Value of function
Putx=0>y =20

Putx=m =>y=m

Putx =2n=>y =2n



iv) For critical points

dy
dx

Also,;l—zz 1+cosx=>0Vx€eR= f(x)isincreasingVx € R

v) Shape of curve

a’y : d2y _

Tz sinx, — = 0=>—sinx=0>=>x=2nm,n€l
2

3—32’ >0>=>(2n—-1)n < x < 2nm,,n € I (concave upwards)
X

d?y

—> < 0= 2nw <x < (2n + m,,n €1 (concave downwards)

—=0=2>14cosx=0=>cosx=—-1=x=(2k + 1)m, k € I are critical points.



2T

0

y = Xx + sinx

A

=27

-t

—2T

2T

Since graph is symmetric about the
origin so we can it draw for the 15¢
qguadrant and then take mirror
image of it about origin
Atx=0,y=0

Fromx = 0 to x = m, graph is
increasing and concave downwards.
Atx = 2m,y = 21

From x = m to x = 2m, graph is
increasing and concave upwards.
Similarly, graph can be drawn for
the other intervals in 15t quadrant.
At the end take mirror image w.r.t
origin to draw the whole graph.

Note: Here we superimpose
y = sinx overy = Xx.
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| llustration D

Plot graph of iii) f(x) = —, also find range of f(x).
Solution: _ e
— Y = "

i) Onreplacing y - —y or x - —Xx equation of curve changes.

= curve is not symmetric.

i) Domain: x € R — {0}

For range,
: : e e ® i e’ & N
fm f= lm = = 0 I ) S
(Using L'Hospital’s Rule)
X X "
lim f(x) = lim — - —oo; 11m J@) = lim ——> o0

x>0~ x—0" X 2 L



iii) For critical points, D

f/(x) — ex(xz—l) =0 =2x=1 ) — . i X
* 1
f=-=e

1

f'(x) is changing its sign from negative to positive as x going from left to right of 1,
hence x = 1 is the point of local minima

iv) Shape of curve

f'(x) >0 = x > 1 (increasing)

f'(x) <0 = x <1 (decreasing)
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Domain : x € R — {0}

- 07; lim f(x) - oo;
X— 00

x—0*t

lim f(x) - —oo; lim_ f(x) > o

x—>0~

f(1) = e (local minima)

f
—————f'(x) < 0> x < 1 (decréasing),

"(x) >0 = x > 1 (increasing)

|

/

=N




| Nlustration D
Plot graph of iv) x%/3 4+ y?/3 = q?/3 |

Solution:

i) Onreplacingy - —y,x — —x equation of curve doesn’t change.
= Symmetric in all four quadrants. Plot the curve for first quadranti.ex > 0,y > 0
i) Value of function

Putx =0=y?/3=qa%3 5y = +q

2/3

Puty = 0= x%3=a%3 = x = +q

2 2 2
iii) For critical points, differentiate x3 + y3 = a3

d
_():;,y =f
dx

1
lg
:>x3+ ysy

= |‘<
Wik Wik



For first quadrant x > 0,y > 0; Z—z < 0 = function is decreasing
iv) Shape of curve

dy ldy 2
— = 3— = —vY3
dx Y

dx

=X

)
IRl Wik

Differentiating w.r.t x

-2 -2 1 42 -2 -2

—dy 1 ——dy =dcy 1, — —
-X3 —=—-=-y3 — D XxX3——=—-(x3 +vs
3 dx 3y dx dx? 3( Y

1
= d
3 &y

d’y
x_
d+

dzy 1 x2/34y2/3

Substltutlng — and rearranging terms, we get — Sf Sl
dxz 3 x4/3y1/3

2
For first quadrantx > 0,y > 0; % > () = concave up
X



x%/3 + 923 =q?3 x> 0,y>0

0,a)

\4

A

(a,0)

Since f(x) symmetric in all four
quadrants. So plot the curve for first
quadrantonlyi.e x > 0,y > 0 and then
take mirror image about X — axis and
Y — axis both.

x=0>y=aq,x=a=>y=0,

Also the graph is decreasing and
concave upwards fromx =0tox =a



We get the final graph after taking
mirror image of drawn graph
about X — axis and Y — axis
both.

This shape is known as asteroid.



x2/3 4 y2/3 = q23 x> 0,y>0
y y x2/3 4 y2/3 = q2/3
Y

Putx =0 >y =*a

0,0

Puty =0 > x = +ta

i 1

| dy_ _»3

| dx x%
< 3 » X

| (a,0) Forx >0,y > 0;

% dy 3 g :

| —. < 0 = function is decreasing
BN &y > 0 = concave u

3 dx? P



B y2/3 — A3

’ °

| x2/3 _|_y2/3 — 42/3
******************************* » Symmetric in all four quadrants
Putx =0 >y = *a

Puty =0 >x = %a

(@0 This shape is known as asteroid.




| Nlustration
2x+43
Plot graph of v)y = x§+4

Solution:

i) Onreplacingy - —y,x — —x equation of curve changes.

= curve is not symmetric.

ii) Value of function

3
x=0 =>y=7 y=0>x=—=

2x+3 242
X o

lim X _hm =lim *2%-=0
X—— oof( ) —o0 X244 X——00 1+i2
X
2 3
2x+3 ] —t—

= lim ==-=0

lim f(x)= 11_)oo Tz
X

X—> 00



i) Domain:x € R (** x%2 +4 > 0)

iv) For critical points, differentiate y = if:i
dy _ 2(x*+4)-2x(2x+3) _  2(x+H)(x-1)
dx (x* + 4)* B (x2+4)2
— —4 e
ay =0 =>x=-—-41 < : : >
dx +
dy dy i
d—<0=>x€(—oo,—4)u(1,oo) >0 >x€(—41)
X

dx
function is decreasing function is increasing




v) Value at critical points

Function is decreasing from (—o0, —4) U (1, o)

2(-9)+3 1

= Local minima: y(—4) = =

Function is increasing from (—4, 1)

2()+3 _

= Local maxima: y(1) = o

A

\ 4



e e e L

L

\4

e get local maxima.
=1tox - o, f(x)is

decreasingand as x — oo, f(x) —

O+

From x

f(x) s

decreasing and from x = —4 to

x =1, f(x) isincreasing

)

—4

Fromx > —ootox

the roots of f(x)

—-is

3
2

Clearly x

At x = —4, we get local minima.

A

>
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;’ Summary Sheet | 5

. If on replacing x —» —x, equation of curve doesn’t change

= curve is symmetric about y —axis.

L If on replacing y = —vy, equation of curve doesn’t change
= curve is symmetric about x —axis.

O If onreplacingy - —y & x - —x, equation of curve doesn’t change
= curve is symmetric in all four quadrants.

[ If on interchanging x & y, equation of curve doesn’t change, then the
curve is symmetric about y = x.

d If f(—x) = —f(x) V x in domain of ‘f’, then f is said to be an odd function.
The graph of an odd function is symmetric about the origin.



% Summary Sheet

StepS to draw curve:

d Check symmetry (if any).

(J Get idea about domain and range of function to be drawn.

O

Identify discontinuity (if any).

o

Get critical points & increasing/decreasing intervals.

U

Estimate value of function at x = 0 (Points of intersection with Y — axis),
+ oo (behavior of curve at extreme points) and at critical points.

O

Find roots (if any)



B BYJU'S Classes

Application of Derivatives
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~ Asymptotes

A straight line is called an asymptote to
a curve, if distance between a point on

the curve and this line approaches zero

y=f)

as the line tends to infinity (i.e., tangent /

at infinity)

v
S



(i) Horizontal asymptote :

Let the curve be y = f(x)

If lim f(x) > a, or

X—00

X——00

lim f(x)—>a

then the line y = a, will be the horizontal asymptote.

_Example:

f(x) =tan"1x

Domain: x € R

Range: (—— —)

lim f(x) -

X— 00

lim f(x) —>——

X——00

Y

A y=tan_1x
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, y:;
< > X
777777777777777777777777777777777777777777777777777777777777777777777 y = _E

v



(ii) Vertical asymptote :
Let the curve be y = f(x).

If lim f(x) = o or —oo, then the line x = a, will be the vertical asymptote.

xX—a

| =

Example: y = "

Jig 60 = oo lim, ) = o

= x =01i.eY — axis is a vertical asymptote. )

lIim f(x)—>0; lim f(x)—0

X— 00 X——00

= vy = 01i.e X — axis is a horizontal asymptote.

( both vertical & horizontal asymptotes exist in this case )

\4



(iii) Inclined / Oblique asymptote : (not parallel to any of axis & m # 0) D

Let y = mx + ¢ be an asymptote of the curve y = f(x) such that as x — o or

X —> —ocowegety - cory— —oo,

Thenif m = }1_%10 (@) is a finite value, asymptote exists.
Oor X—>—00 *
Here m = )}1_r)£10 (@) = 3}1_{%10 f'(x) is slope of function at o i.e slope of asymptote.
Now ¢ =y — m(x)
=>c= Jim (f(x)—mx) , S

X— 00
Oor X—>—00



| Hlustration

Plot graph of i) x? — y? = a?

Solution: y = f(x) = £Vx? — a?

For an inclined asymptote :

= m (25) = (£)5-%)=

X—C0 X
or X—>—00 or X—>—00

c= lim (f(x)—mx)

X— 00
or X——00

= Cc = %1_{%10 (i\/xz — a? —x) form = 1.

or x>—00 / \

lim (sz_az_x) lim (—\/W—x)

X—0 X——00



¢ = lim (m—x)

X—00

S qim ) Ly e
x>0 (Vx2—a?+x)  x—ooo (Vx?—aZ+x)

Similarly, lim (—vVx2—a?2—x)=0

X——00

0

Also, form = —1,¢c = 0.

~ Inclined asymptote : y = +x
(*m=+landc =0)



| Illustration .
Plot graph of ii) y = x + -

Solution: Domain:x € R — {0}

lim f(x) » —oo; lim f(x) — oo;

X——00 X—00

A

lim £ (x)  —oo; 1im, f(0) > o

f'x)=1 - ==0=x~= +1 are critical points.

= Function is decreasing for x = (—1, 1).
= Local maxima: x = -1, y(—1) = -2

= Local minima: x = 1,y(1) = 2

\4



fra)=1-4

X

f'(x) >0 = x < —1orx > 1 (increasing)

f'(x) <0 = —1 < x <1 (decreasing)

Now for the shape of curve,

100 =3

X

f"(x) > 0= x> 0 (concave upwards)

f"(x) < 0= x <0 (concave downwards)

A

v



y=x+% 6

lim f(x) » —oo; lim f(x) — oo;

X——00 X—00

lim _f(x) » —oo; lim f(x) - oo;

Local maxima: x = —1,y(—1) = —2

X
> Local minima: x = 1,y(1) = 2

A

flx)>0 2x<—-lorx>1 (1)
fllx)<0 > -1<x<1()

f'""(x) > 0= x>0 (concave f )

r £

f"(x) < 0=x <0 (concave |) |

A
o

—%
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-+ Nature of roots of a real valued cubic polynomial equation D

~ Cubic polynomial equation ax3 + bx? + cx + d = 0 will have one real root or
three real roots.

Consider f(x) = ax3 + bx* +cx +d
Case (i) f'(x) =3ax?+ 2bx +c
If D = 4b? — 12ac < 0
Then, f(x) is increasing (a>0) or decreasing (a<0).

Thus, f(x) has exactly one real root.



Nature of roots of a real valued cubic polynomial equation

Note:
For f(x) = ax3 + bx? + cx + d,

e Ifa>0,asx - o©; f(x) >
e Ifa<0,asx —> o0; f(x) > —

A

f (x) has exactly one real root.



| lllustration D
Let a function f(x) = x3 + 2x? + 3x — 11 , then f(x) =0, has : |

a.three real roots \_b one real root between (-1,0)

=

\_C. One real root between (1,2) \_d one real root between ( 0,1) s

Solution: f(x) = x3 + 2x% + 3x — 11

-1 01 1/ 2

e A2 N
Fl)=3x2+4x+3 >0vxe RCG"D=4"=4(3)(3) <0)
x3 4 2x%+3x - 11

Thus, f(x) is increasing. /.
f)=1+4+2+3-11<0,f(2)=8+8+6—-11>0

So, by Intermediate value theorem, the root lies between (1, 2).

4

Hence, option (c) is the correct answer.



. “Nature of roots of a real valued cubic polynomial equation '
Case (i) Letf(x) =ax3+bx*+cx+d
f'(x) =3ax?+ 2bx+c = 0,x = a,p are the roots of f'(x)

> If fla) - f(B)>0

= f(x) = 0 has exactly one real root

y=f%a>y \y=/f(<a<0

,/aﬁ SR v

Note: If a > 0, first maxima and then minima occurs.

A
v

y=f(x),a>0 y=f(x),a<0



. “Nature of roots of a real valued cubic polynomial D

Example: f(x) =x3—-3x+5 s y=x3-3x+5

fl(x) =3(x*—-1)=0=>x=1%1 . J

f-D=7>0,f(1)=3>0 ‘/_1 .1 "

Thus, f(x) = 0, has one real root.

v

_ .3 2
Case (iii) Letf(x) =ax°+bx*+cx+d Y= e =0
f'(x) =3ax?+2bx+c=0,x = a,f are the roots of f'(x) . /

. '\ B X
> If f(@) - f(B) <0 sy

= f(x) = 0 has three real and distinct roots.



. “Nature of roots of a real valued cubic polynomial D

Exam9|e: f(X)=x3_3x2—9x+1 A y:x3—3x2—9x+1
ff(x) =3(x*-2x—-3)=0

=>x=-1,3 ~ / 1 : >
F(=1) = 6> 0,f(3) = =26 < 0 v

Thus, f(x) = 0, has three real and distinct roots.

Case (iv) Letf(x) =ax3+bx?’+cx+d y=f(x),a>0
f'(x) =3ax*+2bx+c = 0,x = a,f are the roots of f'(x) ‘
> If f(a). f(B)=0but f"(a),f"(B) %0 /\/

= f(x) = 0 has three real roots of which two are equal.

v



. “Nature of roots of a real valued cubic polynomial

E*éme: f(x) = x3 + 3x?
Flx) =3(x2 +2x)=0 = x = 0,—2
f(0O)=0f(-2)=4>0
') =6x+1),f'0)=6 #0,f"(=2)=-6%#0
Thus, f(x) = 0, has one repeated root x = 0.
Case (v) Let f(x) = ax3 + bx? + cx + d
f'(x) = 3ax?+ 2bx + ¢ = 0, has equal roots (x = «)
> If f(@) =0=f"(a) =f"(a)

= f(x) = 0 has three equal roots.

<

Y
A y=x3+3x2

|
> /—'2 0
v

v
S

y=f(x),a>0




. “Nature of roots of a real valued cubic polynomial D

Example: f(x) = x3 A y=x

f'(x) =3x% = f'(0) =0
f(x) = 6x = f(0) = 0 ‘ " > X
HOENESROESN() /

Thus, f(x) = 0, has three equal roots at x = 0.



_ ? Summary Sheet | O w

L A straight line is called asymptote to a curve, if distance of a point on the curve to this line

approaches zero as the point tends to infinity.

O Let cubic polynomial equation be ax® + bx? +cx +d = 0

Let f(x) = ax3+bx?* +cx +d

case (i) f'(x) =3ax*+2bx+c >00r<0
If D = 4b* —12ac <0
Then, f(x) is increasing (a>0) or decreasing (a<0).
Thus, f(x) has exactly one real root.

case (i) f'(x) = 3ax? 4+ 2bx +c¢ = 0,x = a, [ are the roots of f'(x)

fl@)-f(B) >0 = f(x) = 0 has exactly one real root



_ ? Summary Sheet D

case (iii) f'(x) =3ax*+2bx+c=0,x = a,f are the roots of f'(x)
f(a) - f(B) <0 = f(x) = 0 has three real and distinct roots.

case (iv) f'(x) =3ax*+2bx+c = 0,x = a,p are the roots of f'(x)
fl@).f(B)=0 but f"(a),f"(B) #0

= f(x) = 0 has three real roots of which two are equal.

casev) f'(x) = 3ax? + 2bx + ¢ = 0, has equal roots (x = a)
fl@-fB)>0f(a) =0=f"(a) =f"(a)

= f(x) = 0 has three equal roots.
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| lllustration JEE Advanced 2014 | B
The slope of tangent to the curve (y — x°)? = x(1 + x?)? at the point (1,3) is :

Solution:

Given, (y — x°)% = x(1 + x?2)?

Differentiating w.r.t x, we get

2(y = x®) X (' = 5x)=2xx 2 x (1 + x%) X 2x+(1 + x%)?
Substituting x = 1,y = 3 in the above equation
2x(B-1)x(y' =5x1°)=2x2x(1+1%) +4
>4(y'—5)=12=>y'=8

= Slope of tangent at the point (1,3) is 8



| llustration T
Find the range of values of p for which the equation px = In x , has exactly one ®

solution .

la.(~0,00) [ b.(~,0) | c.(~o0,0]U E} ld (0 i)

Solution: A

Given equation, px = Inx

Let f(x) = px and g(x) = Inx /

Case 1 : When graphs of f(x) and g(x) intersect at < /

exactly one point

From the figure we can see that for all the non-positive \
slope of the line y = px, graph of the f(x) and g(x)
intersects at exactly one point

~ px = In x will have exactly one solution ,forallp < 0



Case 2 : When graph of f(x) and g(x) touch each other

Let f(x) touches g(x) at the point P(x4,y1) as shown
in the figure

P(x4,y;1) lieson the liney = px = y; = px; ... (1)
P(x{,y,) liesonthecurve y =Inx = y; = Inx; ... (ii)

From (i) and (ii)

X1 = In X1 (lll) y = px

Slope of tangent at the point P(x;,y;) to the curve y = Inx,




This slope m is equal to the slope of the line y = px
>p=m

1
>p=— >px; =1

X1

= Inx; =1 (From (iii))

= X1 =€
Substituting x; = e in the equation (i),
|
e=1 =>p=-
p P=7

Combining the results of case 1 and case 2,

p € (—oo, O]U{l}

e

So, option (b) is the correct answer.



R—bﬂe’s Theorem (Recap)

“Let f be a real — valued function defined on the closed interval [a, b] such that

(i) f(x) is continuous in the interval [a, b]
(ii) f(x) is differentiable in the interval (a, b)

(iit) f(a) = f(b)

Then there exists at least one ¢ € (a, b) ,such thatlf’(c) = OJ

L—agrange’s Mean Value Theorem (L.M.V.T) (Recap)

Let f be a real —valued function defined on the closed interval [a, b] such that
(i) f(x) is continuous in the interval [a, b]
(ii) f(x) is differentiable in the interval (a, b)

then , there exists at least one ¢ € (a, b), such that | f'(c) = —f(b)_f(a)J \

b—a




| Hllustration IIT JEE 2005
Let f be a twice differentiable function satisfying f(1) =1, f(2) = 4,

f(@3) =9, then:

\_a.f”(x) =2,Vx€eR Lb.f’(x) =5=f"(x), forsome x € (1,3)
| ¢. There exists at least one x € (1,3) such that "' (x) = 2
\_d.f”(x) =3,Vx € (2,3)

Solution:

Given, f is twice differentiable function.

Let g(x) = f(x) — x°
As f(x) is twice differentiable function and x? is a polynomial function.
So, g(x) will be continuous and differentiable everywhere.



g =f)-12=1-1=0

g2)=f(2)—22=4—-4=0 Andg(3)=f(3)—34=9-9=0
Thus, by Rolle's theorem

g'(cy) =0, forsomec; € (1,2)

Similarly, g(2) = g(3) =0

Thus, by Rolle's theorem

g'(c;) =0, forsomec, € (2,3)

So,g'(c1) = g'(cz) =0

As g(x) is twice differentiable, g'(x) is continuous and differentiable in the
interval (cq, cy).



Thus, by Rolle's theorem
g''(c) =0, forsome c € (cq,cy)
Ascy € (1,2)and ¢, € (2,3) = c € (1,3)

= f""(c) =2 =0, forsomec € (1,3) (~ g(x) = f(x) —x?)
Now replacing ¢ with x,

f"(x) =2, forsome x € (1,3)

So, option (¢) is the correct answer.



| lllustration IIT JEE 2006 ’ B
If f(x) is twice differentiable function such that f(a) = 0, f(b) = 2,
flc)=—-1,f(d)=2,f(e) =0,wherea < b < c <d < e, then the
minimum number of zeros of g(x) = (f'(x))? + f"'(x). f(x) in the interval
la, e] is

Solution:

Given, f(b) = 2and f(c) = —1
Here, sign of f (x) changes.

So at least one zeros of f(x) must lie
between b and c.

Similarly, at least one zeros of f(x) must lie between ¢
and d as shown in the figure.

Hence, minimum number of zeros of f(x) is 4.



If f(a) = f(b) = 0 where f(x) is continuous and differentiable, then there O
will exist atleast one ¢ for which f'(c) = 0. (Rolle’s theorem)

Hence minimum number of zeros of f'(x) is 3

g = (F/(0))? + " (x). f(x). We can see that g(x) is derivative of £(x). f'(x)
Let h(x) = f(x). f'(x)— 7 zeros (- f(x) has 4 zeros and f'(x) has 3 zeros )
h'(x) = (f'(x)* + f" (). f(x)

h'(x) = g(x)

+ h(x) has 7 zeros = Minimum Number of zeros of h(x) is 6

= Minimum Number of zeros of g(x) is 6



lllustration JEE Main 2020(jan)
| Let the function f :[—7,0] - R, be continuous on [—7,0] and differentiable on U

(=7,0).1f f(—=7) = =3 and f'(x) < 2,forall x € (—7,0), then for all such
functions f, f(—1) + f(0) lies in the interval :

1a.(=,20] |b.[-3,11] |c.(-»,11] |d. [-6,20]

Solution:

Given, the function f : [—7,0] = R is continuous on [—7,0] and differentiable on
(—7,0).

Hence, L.M.V.T. can be applied to the function f(x) in the interval (=7, —1)

f’(C) — f(:i)__(]:(;)ﬂ (l), where c € (—7, —1) (By L.M.V.T.)

Also given, f'(x) < 2 --- (ii)



From (i) and (ii)
FED-FED
===

_fED+3
6

L.M.V.T. can also be applied to the function f (x) in the interval (=7, 0)

<2 = f(-1) <9 (iii)

= f'(d) = 1o f() ) whered € (=7,0) (By L.LM.V.T.)

f(0)+3 <

<2 =f(0)<11--(iv)
Adding (iii) and (iv),
f(=1)+£(0) <20

So, option (a) is the correct answer.

=




lllustration
| If the function f : [0,4] — R s differentiable , then show that for

(a,b) € [0,4]; (F(4))% — (F(0))” = 8f'(@)f ()

Solution:

Given, the function f : [0,4] — R is differentiable

Hence, L.M.V.T. can be applied to the function f(x)

Applying LLM.V.T. to f(x) in the interval (0, 4)
f'(a) — [W=7O) tor some a € (0,4).. (i)

4—-0

Also, by Intermediate value theorem,

f(b) = M , forsome b € (0,4).. (ii)



Multiplying (i) and (ii)

f4) - f(0)> (f(4) + f(0)>

F'@f () = ( ; .

=8 f'(a)f(b) = (f(4) — F(O)(f(4) + f(0))

= (FA)? - (F(0))° = 8F"(a)f (b)




lllustration x[x] JEE MAIN 2020 (jan) .
'Let £: (1,3) —» R be a function defined by f(x) = where [x] denotes

1+x2 "’
the greatest integer < x . Then the range of f :
a. (21 34 b. (%212
= (s’z)u(s’sl = (5’5]
2 3 2 3 3 4
< (63) 14 (G)vEs)
Solution:
. _ x[x]
Given, f(x) = 7
X
—= *€(12)
= f(0) =<
X x €[2,3)
1+x2’ ’
¢



Differentiating w.r.t. x,

[ 1+x2-x(2x) € (1.2)

(1+x2)2 "’
i) =<
1+x2-x(2x)
\2 -~ X € [2,3)
2
In the interval x € (1, 3) xz)z <0
2
2(1 x?) <0

And In the interval x € (2,3), x2)
=~ f(x) is decreasing in (1,3)

1<x<2=f1)>fx)>f(2)

> f/(x) =<

v 1—x2

(1+x2%)2

2(1-x2)

\(1+x2)2

,x € (1,2)

€ [2,3)



1 2
> f(x) >

—

1+ 12 1+ 22
:>1> ()>2 ]
> f(x 5...(1)

Also,3>x>22=f(3) < f(x) <f(2) (+ fisdecreasing function)

3 ¥ -
=>§ < f(x) _g...(u)

From (i) and (ii), we get,

|
Range of f(x) € (g,%) U (z ,g] So, option (a) is the correct answer.




. “Maxima and Minima (Recap) s}
| First Derivative Test
Let f(x) be a continuous function
Step 1: x = c is the critical point (f'(c) = 0 or not defined)
Step 2: Observe sign change of f'(x) about x = c.

(i) If sign of f'(x) changes sign from negative to positive as x crosses ¢ from left
to right , then x = ¢ is a point of local minima.

(ii) If sign of f'(x) changes sign from positive to negative as x crosses ¢ from left

to right, then x = ¢ is a point of local maxima.



lllustration IIT JEE 2010
| Let f be a function defined on R (the set of real numbers) such that

f'(x) =2010(x — 2009)(x — 2010)?(x — 2011)3(x — 2012)* V x € R.
If g is a function defined on R with values in interval (0, o) such that
f(x) =Ing(x),V x € R, then the number of points in R at which g has a
local maximum is

_Solution:  Given f(x) = In g(x)

Differentiating w.r.t. x

f'(x) = .g'(x)

g(x)
=g'(x) =f"(x). gx)
= g'(x) = 2010(x — 2009) (x — 2010)2(x — 2011)3(x — 2012)*. g(x)



Here, critical points are: 2009 2010,2011,2012

Sign changes of g'(x) can be shown on the number line

+ — . — . + T
2009 2010 2011 2012

< [
< »

g’ (x) changes its sign from positive to negative only at x = 2009

Maxima occurs at x = 2009

Number of points at which g has a local maxima = 1



|IIIustration JEE Advanced 2009 ==

Let p(x) be the polynomial of degree 4 having extremumat x = 1,2 D
and lim (1 + p(f)) = 2.Then the value of p(2) is
x—0 X

Solution: Let p(x) = ax* + bx3 + cx* +dx +e

Given, )lci_r)r(l) (1 + p(x)) = 2

x2

ax*+bx3+cx?+dx+e
2 = 2
X

=>1im(1+

x—0

=>lim(1+ax2+bx+c+g+%) =2
X X

x—0

As limit exists finitely,
d=0,e=0,c+1=2=>c=1 ( For finite value in R. H. S.)

= p(x) = ax* + bx3 + x?



Differentiating w.r.t to x
p'(x) = 4ax3 + 3bx? + 2x
Given, p(x) has extremumatx = 1, 2
=p'(1)=p(2)=0
=>4a+3b+2=0"-(i)
and 32a + 12b + 4 = 0 --- (ii)
On solving (i) and (ii) simultaneously, we get, a =
Thus, p(x) = G) x* —x3 + x?
=>p2) =(;)16-8+4=0

=p(2) = 0_'

B

, b



% Summary Sheet

 Rolle’s Theorem

Let f be a real —valued function defined on the closed interval [a, b] such that
(i) f(x) is continuous in the interval [a, b]

(ii) f(x) is differentiable in the interval (a, b)
(iii) f(a) = f(b)

Then there exists at least one ¢ € (a,b), suchthat f'(c) =0

« Lagrange’s Mean Value Theorem (L.M.V.T)
Let f be a real —valued function defined on the closed interval [a, b] such that
(i) f(x) is continuous in the interval [a, b]

(ii) f(x) is differentiable in the interval (a, b)

Then , there exists at least one ¢ € (a, b), such that f'(c) = [b)7/a)

_b=0)



* First Derivative Test

Let f(x) be a continuous function such that x = c is the critical point

(f'(c) = 0 or not defined), then observe sign change of f'(x) about x = c.

(i) If sign of f'(x) changes sign from negative to positive as x crosses ¢
from left to right , then x = ¢ is a point of local minima.

(ii) If sign of f'(x) changes sign from positive to negative as x crosses ¢

from left to right , then x = ¢ is a point of local maxima.



