M ATHEMATI CS

IBY"U S |NVERSE TRIGONOMETRIC
aSSes FUNCTIONS

DOMAIN, RANGE AND GRAPH OF INVERSE
TRIGONOMETRIC FUNCTIONS

g@ What you already know

- Function and classification of functions
« Basic graph of functions

What you will learn

. Condition for existence of inverse of a function
- Domain, range, and graph of inverse trigonometric functions

Inverse function recap

Iff: A— Bis a one-one and an onto function, then f-1: B — Alis its inverse.
If fand f-! are the inverse of each other, then we get the following:

() Domain of f=Range of f~!

(i) Range of f = Domain of f -1

(iii) (F 1 of) (x) = ! (f(x)) =x

Condition for Existence of Inverse of a Function

An inverse of a function exists only if the function is one-one and onto, i.e., bijective.
If a function is not bijective in the given domain, then its domain is modified to get the inverse.
The modified domain is known as a restricted domain.

Let us consider the following
function: f: R - R: f(x) =sin x

From the given graph, we can see
that the given function is neither
one-one nor onto as a horizontal line
will cut the graph at more than one
point and codomain (R) is not equal
to the range of the function.
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To make the function bijective o
domain and codomain of the _
given function is modified to N Sl

R NG RV ANAN

shown in the figure. o _3m

Now, we can see that in the Z

modified domain and codomain, -1
the given function f(x) =sin x is

both one-one and onto function,

i.e., bijective.

)
=
w
=
]
N3+
=)
N3+
=
w
é
N
=
Ul
N|=l -
w-
A

@ Note

Inverse trigonometric function gives angle in radians. For example, sin!x is the measure
of the angle in radian.

- There is a difference between sin ! x (or) (arcsin x) and (sin x)*

. (sinx)_1= _1 (wherever it exists )
sinx

Domain, range, and graph of f(x) = sin’x

Domain, Range, and Graph of Inverse Trigonometric Functions
Y

For the function f(x)=sin x, 0 yex
Restricted domain=| =%, 2

2 2 F
Range = [-1, 1] >
Here, we can see that the nature of / y=sinx
the graph of f(x) is strictly increasing. 19 .

BN N E A
2 2 2 2 2
,,,'1 4
. . . ,'I .
By taking the mirror image of f(x) ; >
about the line y = x, we get the graph S
of inverse of f(x), i.e., sinx. / -2
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For the inverse trigonometric function

i y
g(x) = sin! x, we get, : "
Domain =[-1, 1] i B y =sin' x
| ®
T T 1
Range=| =, = i
° { 2 2} :
l
z |
2 i Z \X
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@ Note

For the inverse trigonometric function g(x) = sin™ x, if x is positive, then angle g(x) lies in the
first quadrant, and if x is negative, then angle g(x) lies in the fourth quadrant.

() sin?1=0 = sinf=1 = ezg

(i) sin™ 1 o = sinOL:—l = aq=-2
2 2 6

(iii) sin”* () =Not defined as & ¢ [-1, 1]
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Y
Domain, range, and graph of f(x) = cos'x /]
For the cosine function f(x) = cos x, 1
Restricted domain = [0, ]
Range = [-1, 1] < I — (’) - >X
TE /, n
Here, we can see that the nature of the ) E\
graph of f(x) is strictly decreasing. y | y = COS X
y =x
N
Y
— -1 1
y=cos'x _|

By taking the mirror image of f(x) about
the line y = x, we get the graph of inverse
of f(x), i.e., cos'x.

Y
/
T+
y =cos’x
For the inverse trigonometric function, 14+
g(x) = cos™ x, we get,
Domain =[-1, 1] < i 0 1 > X
Range = [0, 1]
— n ——
2
_T[ —

@ Note

For the inverse trigonometric function g(x) = cos™ x, if x is positive, then angle g(x) lies in the
first quadrant, and if x is negative, then angle g(x) lies in the second quadrant.
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We know, 0 < cos'x < T

Given, cos™'x + cos'y + cos'z = 3T

It is only possible if

cos’x=cosly=cos'z=m

=>x=y=z=cosm=-1

x50+ yso +750= (_1)50+ (_1)50+ (_1)50
=1+1+1=3

Domain, range, and graph of f(x) = tan'x

: - YT AR
For the tangent function f(x) = tan x,
Restricted domain = —E, r : : : :
2 2 «— ' } : > X
Range = R 3t /M m 0 m s 3n
Here, we can see that the nature of 2 2 2. 2
the graph of f(x) is strictly increasing.
i i d i i
| Y/\ y= t;?n X ,= -
L
By taking the mirror image of 2 ,x"i
f(x) about the line y = x, we get the ¢ } — g g } > X
graph of the inverse of f(x), i.e,, tan* x. - = A 0 T T
SLEL 2
)2 :
0 mt :
1 \/ 1
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For the inverse trigonometric
function g(x) = tan™ x, we get,

Domain = R

Range = —E, i
%3

2

@ Note

N

N

For the inverse trigonometric function g(x) = tan! x, if x is positive, then g(x) lies in the first
quadrant, and if x is negative, then g(x) lies in the fourth quadrant.
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Domain, range, and graph of f(x) = cot’x

For the cotangent function f(x) = cot x,
Restricted domain = (0, m)
Range =R

Here, we can see that the nature of the
graph of f(x) is strictly decreasing.

By taking the mirror image of f(x) about
the line y = x, we get the graph of the
inverse of f(x), i.e., cot™ x.

For the inverse trigonometric function
g(x) = cot™ x, we get,

Domain = R
Range = (0, )

© 2020, BYJU'S. All rights reserved

Y
N
y = cotx
¢ | : - :
-TC T 0 = i
2 2
Vv
Y
N
’ = X
T - y
T -1
2 N\
¢ : : : - .
-1t T 7|0 =« g
27 g 2
/" 2 y =cotx
l,',
’ _1-[__
A\ 4
Y
N
y =cot’x

N




@ Note

For the inverse trigonometric function g(x) = cot! x, if x is positive, then g(x) lies in the first
quadrant, and if x is negative, then g(x) lies in the second quadrant.

Domain, range, and graph of f(x) = sec'x

For the secant function f(x) = secx,

Restricted domain = [0, 1] - {E}
Range = (-, -1] U [1, o)

By taking the mirror image of f(x)

about the line y = x, we get the graph
of the inverse of f(x), i.e., sec! x.

For the inverse trigonometric function
g(x) = sec! x, we get,

Domain = (-00, -1] U [1, o)

N

y = sec X

J

& O m mo3no2n sn
2 L 2 2

\ _1 m
Y y = secX

Range = [0, 1] {725}
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y =sec!x

@ Note

Nt

N

>X

For the inverse trigonometric function g(x) = secx, if x is positive, then g(x) lies in the first
quadrant, and if x is negative, then g(x) lies in the second quadrant.

Domain, range, and graph of f(x) = cosec™x

For the cosecant function f(x) = cosec x,
Restricted domain = (—g, gj - {0}
Range = (-0, -1] U [1, o0)

By taking the mirror image of f(x)
about the line y = x, we get the graph
of the inverse of f(x), i.e., cosec™ x.
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Y/\

y = cosec X

N3t

’/y:X

=] v’
y = cosecx I

y = cosec! x
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For the inverse trigonometric function
g(x) = cosec x,
Domain = (-0, -1] U [1, 0)

i

Range = [—E —} - {0}

N

2 2

@ Note

For the inverse trigonometric function g(x) = cosec x, if x is positive, then g(x) lies in the first
quadrant, and if x is negative, then g(x) lies in the fourth quadrant.

(i) cosec™(1) =§

(i) cosec™ GJ:Not defined as %é(—oo, -1]uU[1, «)

%@

Find domain and range of cos'[x], where [.] represents the greatest integer function.

Given function, y = cos![x]
for the functiony =cos’x,-1<x<1

=>-1<[x]=<1
=>-1<x<2

-1<[x]<s1=>[x]=-1,0,1
[x]=-1=>cos!(-1)=m

[x] = 0 = cos'(0) =%

[X]=1=cos?(1)=0

The range of the function is {O,%, m}.
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1. Find the domain and range of y = sin’}(e¥)

2. Find the domain of f(x) = /sin’l(Zx)+% JEE ADVANCED 2003

Summary Sheet

Key Takeaways

« Aninverse of a function exists only if the function is one-one and onto, i.e., bijective.

« If a function is not bijective in the given domain, then its domain is modified to get the inverse.
Thus, a modified domain is known as a restricted domain.

« Forg(x) =sin?x,
Domain =[-1, 1]

T T
Range=| ——, —
° { 2 2}

« Forg(x) =cos'x,
Domain =[-1, 1]
Range = [0, m]

« Forg(x) =tan'x,
Domain =R

T T
Range=| ——, —
° (2 zj

« Forg(x) =cot'x,
Domain =R
Range = (0, )

«  For g(x) =sec’x,
Domain = (-0, -1] U [1, o)
Range =[0, 1] - {E}

2

« For g(x) = cosec!x,

Domain = (-00,-1] U [1, o0)
T

Range = [—E, g} - {0}
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Condition for Domain, range and graph
existence of of inverse trigonometric
inverse functions

Find the value of tan! V3 - sec’!(-2).

Concept Check
1.

Y

N
Step 1: . y = sin x
The domain of sin'xis-1<x<1 S0
= For sin'e*, we have -1<e*<1
= 0 <e*<1 (Since exponential function
cannot be negative)
= x < 0 - Domain of the function < 1 1 >X
Step 2: '
O<e*<1 .
= sin’(0) <sin?(e¥) sin'z 1 | L

e T 2

=>0<51n1(e)s5 J

= Range = (O,%]
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2.

Given, y =f(x) :W

For the real value ofy, we get,

sin™ (2x) +g >0

:>sin‘1(2x)2—E
6
Step 2:
We know that the maximum value of
.. 1. . T
sin” x is —. ¢
2
So,
T a.=il
:EZSIH (ZX)Z—

ola ola
N——

. T .
= smE > 2x > sm(—

Self-Assessment

tan"'v/3 — sec™(-2)

27 T

1 _ gl
3 3 3
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M ATHEMATI CS

INVERSE TRIGONOMETRIC
FUNCTIONS

PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS

E(L) What you already know

« Conditions for the existence of inverse functions - Domain, range, and graph of ITF

JU'S

ggj What you will learn

« Properties of inverse function f*(-x) « Graphs of inverse function f(f*(x))

« Properties of inverse function f(f1(x)) « Properties and graphs of inverse function f1(f(x))

Property 1: Properties of Inverse Trigonometric Function f(-x)

1. sin!(-x) = -sin’!x; |x| < 1 4. cos!(-x) =m-cos'x; x| <1
2. tan?(x) =-tan'x; x ER 5.cot!(-x) =m- cot’x; X ER
3. cosec?(-x) = -cosec'x; |x]| 2 1 6.sec’(x) =m-sec’x; |x| 21

N|;]

To prove sin?(-x) = -sin'x; |x| < 1
Let sin' (-x) =0, where 6 e | = L
. : 2
= -x = sin 0 or x = -sin 0
We know that sin(- 8) = -sin 6
Hence, x = -sin 8 can be written as x = sin (-0)
= sin'x =-0
= sin'x = -sin’!(-x) or sin'(-x) = -sin’!(x)
Hence proved.
To prove cot(-x) =m- cot’x; x ER

Let cot’(-x) =6, 6 € (0, m)
= -x=cotB orx=-cot0
We know that cot(m - ) =-cot 0

Hence, x = -cot 8 can be written as x = cot (- 6)
= cot'x=(m-0)or0=m-cot'x

= cot!(-x) =m-cot'x

Hence proved.

© 2020, BYJU'S. All rights reserved
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1. sin(x), tan!(x), cosec’(x) are odd .
functions (f(x) = -f(x))

2. cos}(x), cotl(x), sec’(x) are neither 1 1 -
even nor odd functions. sin™ (?j = -sin™ (—) =

Property 2: Properties of Inverse Function f(f'(x))

1. sin(sin’!(x)) =x; x € [-1,1] 4. cot(cot(x))=x;XxER
2. cos(cos(x)) =x; x € [-1,1] 5. cosec(cosect(x)) =x;|x| = 1
3. tan(tan(x))=x; x €ER 6. sec(sec’(x)) =x;|x| = 1

To prove sin(sin(x)) = x; x € [-1,1]

Let y =sin(sin?(x)) and sin'(x) =6, 6 € i,ﬁ
. 22

= X = sin 6.......(1)

Substituting sin(x) = 0 in y, we get,

y=sin0..(2)

From (1) and (2), we get,

y=x

~ sin(sin(x)) = x

Graphs of Inverse Function f(f'(x))

1.y = sin(sin’}(x)) and y = cos(cos™(x)) for x € [-1, 1]
We know thaty = sin(sin!(x)) =x;x € [-1, 1] and y = cos(cos}(x)) =x; x € [-1, 1]
So, the graph will be the liney =x;x € [-1, 1]

Y N
11 =
-1 1 X
1+
WV
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2.y = tan(tan(x) and y = cot(cot?(x)) forx € R
We know thaty = tan(tan™(x)) =x; x € Rand y = cot(cot’(x)) =x; X ER
So, the graph will be the liney=x;x€R

N

-3__

Vv

3. y = cosec(cosec?(x) and y = sec(sec’(x)) for |x| = 1
We know thaty = cosec(cosec?(x)) =x; x| 21 and y = sec(sec’(x)) =x; |x| =2 1
So, the graph will be the liney =x; |x| 21

N

cos(cos(x)) =x;x € [-1,1]

© 2020, BYJU'S. All rights reserved



1. sin(sin(x))

Property 3: Properties of Inverse Function f(f(x))

Graph of y = sin"*(sin(x))
Y /1

Consider y = sin!(sin(x))

We know that sin!(sin(x)) € {g,g}
Sy € [E,E

2 2

Also, y = sin(sin(x)) = sin y = sin x

Thatis,y =nm+(-1)"x,n € Z ...(i)

sin!(sin(x)) =nm +(-1)"x,n € Z

The graph of sin’}(sin(x)) will be a straight line.

We have to ensure that (nm +(-1)" x) € Bt»g} RRRE 1 (x)) © [%'_}

Case1:x € i,ﬁ Case 2:x € 2,3—n
2 2 2 2

fxe|Z,Z| thenn=0in (i) el = el tirl (i)
2’2 2’2

_Sm - 111 -TC
2 2
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We also know that if g(x) is periodic with period T, then f(g(x)) is also periodic with period T. That
means the period of sin?(sin(x)) is 2m, and we have already plotted the graph for 2 length. So,
the graph will simply repeat itself after every 2m interval.

The graph of y = sin!(sin(x)) is as follows:

Y/\E
____________________________________________ I A L L e R LR LR LLy NELLECLEELEELEEL R
Y
N
‘ I d
2 2
L
_________________________________________ A s A
\Z

% Evaluate: sin’!(sin 165°).

Step 1: 165° lies between 90° and 180°.
From the graph, it is clear that y = sin™(sin(x)) will follow y = 7 - x

YA

Step 2:
sin’(sin 165°) = 180° - 165° = 15°
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2. cos(cos(x))
Graph of y = cos™(cos(x))

Y /

Consider y = cos™(cos(x))

We know that cos?(cos(x)) € [0, ]

=y €0, ]

Also, y = cos™(cos(x)) = cosy = cos X
Thatis,y=2nm+x,n€Z...(i)

cos(cos(x))=2nm+x,n€Z

= The graph of cos(cos(x)) will be a straight line.

We have to ensure that (2nm £ x) € [0, m] as cos™(cos(x)) € [0, 1]

Case 1: x € [0, 1]
If x € [0, ], thenn =0in (i)
S>y=X

Case 2: x € [m, 2]
If x € [m, 2mt], thenn =1 in (i)
=>y=2T-X

A4

Y N
___________________________________________ 1.T.-____---____---_ e e e e e e
L
T A\!
— /
2 A 2,
+
X
_5m -21 3m -TC -I Vv I i1 3 2T oM 31 In
2 2 2 2 2 2 2
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We also know that if g(x) is periodic with period T, then f(g(x)) is also periodic with period T.
That means the period of cos?(cos(x) is 2m, and we have already plotted the graph for 21
length. So, the graph will simply repeat itself after every 2m interval.

The graph of y = cos!(cos(x)) is as follows:

YA

% Evaluate: cos?(cos 225°).

Step 1: 225° lies between 180° and 360°.
From the graph, it is clear that y = cos*(cos(x)) will follow y = 21 - x

Y

Vv

Step 2:
cos(cos 225°) =360° - 225° = 135°
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(2] Letf: [0, 4] - [0, ] be defined by f(x) = cos™(cos x). Find the
(10-x)

number of points for x € [0, 4m] satisfying the equation f(x) = 0

Step 1: Let us ploty = cos?(cos x) and y =

(10 -x)

equal to the number of intersection points.

1 1 AN
T T T e T 7

J T 2T 3t 10 41t

N

Number of intersection points =3 10

(10 - x) |
Hence, f(x) = T has 3 solutions in x € [0, 4].

%@ Concept Check

1. Evaluate the following:

(a)2cot™ (\/§) (b)sin (g -sin® [-gn
2. Evaluate the following:

(a) cosec[cosec‘1 (%D (b) sin(sin‘1 (2))

3. Evaluate sin(sin 7).
4. Evaluate cos™(cos (7)).
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@ Summary Sheet

B oy o

* Properties of inverse function f!(-x)
1. sinl(-x) = -sin'x; |x]| < 1
2. tan(x) =-tan'x; x ER

. cosec’(-x) = -cosec'x; |x| = 1

.cos(-x)=m-cos'x; |x] <1

o~ W

.cot!(-x) =m-cot!’x;x ER
6.sec!(-x) =m-seclx; x| =1

* Properties of inverse function f(f 1(x))
1. sin(sin}(x)) =x; x € [-1,1]
2. cos(cos?(x)) =x; x € [-1,1]
3.tan(tan’!(x))=x; x ER
4. cot(cot?(x)) =x; X ER
5. cosec(cosec?(x)) =x;|x| = 1

6. sec(sect(x)) =x;|x| = 1

Graphs
1.y = sin(sin(x)) and y = cos(cos™*(x)) for x € [-1, 1]

N

Y/

2.y =tan(tan!(x)) and y = cot(cot’(x)) forx e R

S\

N
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3.y =cosec(cosec(x)) and y = sec(sec’(x)) for |x| = 1

Y/\

N

4.y =sin(sin(x))

5.y =cos?(cos(x))

A\ 4
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Properties of ITF

Properties of f1(-x) Properties of f(f'(x))

Properties of f(f(x))

Self-Assessment

Concept Check
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3.

Step 1: 7 lies between 21 and ST
From the graph, it is clear that 2
y = sin!(sin (x)) will follow
y=X-27

4.

Step 1: 7 lies between 2w and 3.
From the graph, it is clear that

y = cos!(cos (x)) will follow
y=X-27

N

If-Assessment

Step 1: 7?“ lies between mand 2.

From the graph, it is clear that y = cos™(cos (x)) will follow
y=2m-X

© 2020, BYJU'S. All rights reserved
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M ATHEMAT I

INVERSE TRIGONOMETRIC
FUNCTIONS

L JBYJU'S
lasses

C S

MORE ON PROPERTIES OF INVERSE
TRIGONOMETRIC FUNCTIONS

—©

. Function and classification of functions

« Basic graphs of functions

- Domain, range, and graph of inverse
trigonometric functions

Properties of Inverse Function f!(f(x)) (cont.)

Let us consider function y = tan’!(tan x).

Given function is an inverse tangent function
T

~ Range of the functionisy € (—5.5]

Also, x is an argument of the tangent function

.. Domain of the function is x € R- {(2n+1)§}

As the value of the function oscillates in the
T T

range (_Efj the function is periodic and

depends on the period of tan x.
We know that the period of tan x is m .
= Period of y = tan’!(tan x) is also 1t

So, let’s plot the graph of y = tan’!(tan x) for the

length .

y = tan(tan x)
= tany = tan x
Sy=nm+Xx...(i)

= Graph of y = tan(tan x) will be a straight line

with slope 1.

Now, by substituting n = 0, we get the relation

between x and y for the first interval,
y=X

So, for the first interval, the function

y = tan(tan x) can be plotted as shown in the

figure above.

© 2020, BYJU'S. All rights reserved
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« Function of the form f1(f(x))

« Properties of inverse trigonometric function

T

As the function is periodic with the period T,
the slope of the graph is always 1.

Hence, for all the intervals graph of the

function y = tan’!(tan x) can be plotted as
shown in the figure below.

Y/\




Let us consider the function y = cot’(cot x).
Given function is an inverse cotangent function
~ Range of the function is y € (0, )

Also, x is the argument of the tangent function
-~ Domain of the function is x € R- {nm}; n € Z

N

As the value of the function oscillates in the
range (0, ), the function is periodic and 2
depends on the period of cot x.

We know that the period of cot x is .

= Period of y = cot(cot x) is also

So, let’s plot the graph of y = cot(cot x) for the

length 1.

y = cot’(cot x)

= coty = cotx

=tanx=tany

Sy=nn+x...()

= Graph of y = cot’(cot x) will be a straight line
with slope 1.

Now, by substituting n = 0, we get the relation
between x and y for the first interval,

y=xXx

So, the first interval the function y = cot’(cot x)
can be plotted as shown in the figure above.

As the function is periodic with the period T, the

beccmeo o

slope of the graph is always 1.

T T 3n St

m o5 vz
Hence, all the interval graphs of the function
y = cot!(cot x) can be plotted as shown in the
adjacent figure.

Y 1
Step 1: y=-T-X y=T-X y=3m-Xx
From the graph of y = sin(sinx), ===~ “/‘% B0\ A N A
we get, p /\ s >
Forx=5y=x-2m \_j%n BELEEY | I N TN\ 3t A St 3 E)’(

— 2 2

=y = 5-.21'[ . LX) LN e A SN 2 .
ﬁSlI’l'l(SlI’l5)=5-2T[....(l) y:2‘l'[+X y =X 2 y:x-ZT[
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v y=4m -X
Step 2: y=X-2m
From the graph of y = cos™(cos x), oy TN Y AV
X 4+ Q
weget, L ANCEL LN \EURD A
Forx =10,y = 41 - X 4 A iy ?(\‘«I*
=y=4m-10 ¢ . LN,
1 — A - i . - _E s i 2m S 3
= cos™?(cos 10) =4m-10.... (ii) 21 = : | 2 T = - L
Y/\
Step 3: =% 2 R y=X-2n
From the graph of y = tan(tan (x)), -~~~ g HESEEEEES : %“z o ) N Y
Forx =-6,y = x + 2T, we get, /i / 'L 'L l l l i N
>y=2mn-6 \_QYE o _grfj ‘n _:71 n bl E:'E 21 i T l:fE )/(
= tan!(tan (-6)) =2m-6.... (i) & ___ ] _. A 2____,25_3 dr _____ A A ..
-6 y=x+mn Vz y=X-m

Step 4:

From the graph of y = cot(cot (x)),
Forx =-10,y = x + 41, we get,
>y=4m-10

= cot!(cot (-10)) =4m-10....(iv)

e

N
7
2 X

Step 5:

sin(sin 5) 4+ cos™(cos 10) + tan’!(tan (-6)) + cot’(cot (-10))
=5-2m+4m-10+ 2m- 6 + 4m - 10 (from (i), (ii), (iii), (iv))
=8m-21

Let us consider the function y = sec!(sec x).
Given function is an inverse secant function

=y = sec’’(sec x)
= secy = secX
= COSX = COS Yy

~ Range of the functionisy € [0, ] - {g} Sy=2nmx...()

Also, x is the argument of the secant function

n Hence, the graph of the function
~ Domain of the function is x € R - {(2n+1)5}

y = sec™(sec x) will be a replica of the graph
of the function y = cos™(cos x), except that
y = sec!(sec x) is not defined for

X= {(211“)%}; nez

We know that the period of sec x is 2.

= Period of y = sec’(secx) is also 21

So, let’s plot the graph of y = sec*(sec x) for
the length 2m.
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Now, let us consider the function

y = cosec?(cosec x).

Given function is an inverse cosecant
function

T T
~ Range of the functionisy € [—55} {0} ¢
Also, x is the argument of the cosecant
function
-~ Domain of the function is x € R - {nm}
We know that the period of cosec x is 21 A\
= Period of y = cosec!(cosec x) is also 21
So, let’s plot the graph of
y = cosec?(cosec x) for the length 2m.

=y = cosec(cosec x)
= C0SEeC Yy = CoSec X

= siny = sin x
sy=nn+ (-1)"x...(i)

Hence, the graph of the function

y = cosec!(cosec x) will be a replica of the
graph of the function y = sin!(sin x), except
y = cosec(cosec x) is not defined for
X=nm nheEZ

Property 3: Function of the Form f(f(x)) (For the Principal Values of x Only)

22
e cos'(cos (X)) =x; VX € [0, ]

« sin’(sin (x)) =x; VX € [—E E}

e tan’'(tan (x)) =x; VX E (—E Ej

2°2
e cot?’(cot (x)) =x; Vx € (0, m)
e cosec!(cosecx) =x;VXE {—g.g} - {0}

e sec’(sec(x))=x;V x€[0,m] - {g}
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) Kx?+2x+n>10+ sin’’(sin 9) + tan(tan 9) for all real numbers x, then the possible
% value of n can be:
(a) 11 (b) 12 (c) 13 (d) 14

Solution

|
Property 4: Properties of Inverse Function f* (;j
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Let cosec!(x) =0;0 € [—— —} {0}
cosec B =x
1

sme

()
-

1
= cosec’(x) = sin'{;)

Aslio soee{—— —} {0}

X
Similarly,
1
« sec’(x) =cos’! (;j, |x| =1

1
— tan’! (—); x>0
X

« cotl(x) = 1
—— T +tan'1(;j;x< 0

Justification:

Range of cot'x is (0, ), but the range of tan'’x is (— j So, we can not equate L.H.S. and

R.H.S. directly.

l\)l?—l

F/ '\’|7"

For x >40MBCHMIERs. and R.H.S. lic e R crval (0. Tzc

For x <0, L.H.S. lies in the interval (gnj and R.H.S. lies in the interval (—g,oj . So, is added

to the R.H.S. to make the range of L.H.S. and R.H.S. equal

F7 e

1 1
sin'x = cosec (;) — Not identical, because L.H.S. sin'’x is defined for x = 0, but R.H.S. cosec® (;j
is not defined for x = 0.

1
Due to the same reason, sec’(x) = cos™ (;J — Not identical
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%@

Find the value of SEC'l(\/E) + cot‘l(—\/i) +tan’! ( 72

Solution

Property 5: Properties of some particular Inverse Functions

© 2020, BYJU'S. All rights reserved




Letsin'x=0:0€ Iz
’ 2’2

=sin 0 =x

= COS(E—GJ =X
2

IA
@
IA

|

U
N3 o3 v
\Y
<)
\Y
NI|FI

J
+
4 |
\Y
@
+
N |3
\Y
t\)llr-l
+
|3

s
3
v
|
@
Y
=

Which is the range of the inverse cosine function
i in-1 1

= — -sin'x = cos'x
2
-1 -1 n

= sin!x + cos'x = >

Similarly, the other two results can also be proved.

d— Y
N
Step 1: s
Domain of sin’x is x € [-1, 1] .
Domain of cos™'xis x € [-1, 1] 2
Domain of tan’x is x € R . 5
. Domain of f(x) = sin''x + cos™'x + tan'x is < — at > X
x € [-1,1] ot BKE
|4
Step 2: .
We know that for x € [-1, 1], v

sin(x) + cos(x) = g

From the graph of the inverse tangent function,

3n

T n
- < -1 < =
forx € [-1,1], 4_tan (X)_4 <fx) < —

=-— + +

i
4 4 T 3m
< sin'(x) + cos'(x) + tan’!(x) < = Range of the function f(x) is {Z'T}

i
2

NS
NS
A
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%@ The greatest and least value of (sin'(x))? + (cos’(x))* are and , respectively.
Sn’ w T om R -
a ,— b) -.—— c) —,—— d —,0
@ - (b) 2= © = (o 7

Solution

%@ Concept Check *EE 2007

) X 5 yis .
1. If sin? g + cosect Z = E then the value of x is:

(a) 1 (b) 3 (c) 4 (d) 5
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2. Solve sin*(x*- 2x + 1) + cos'(x*- x) = g

Q Summary Sheet

Key Takeaways
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Self-Assessment

@ Answers

Concept Check
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2.

1<x*-2x+1<1...()
1<x*-x<1...(ii)

Given, sin!(x*- 2x + 1) + cos(x*- x) = g

=>x*-2x+1=x*-x [sin(A) + cos'(A) = g]

=>2x-x=1

>x=1

x = 1 satisfies both (i) and (ii)

Hence, x = 1 is the solution of sin"'(x*- 2x + 1) + cos!(x*-x) = g

oif Assessment |

Step 1:

Given equation is sin[cot?(1 + x)] = cos[tan'X]
Letcot!(1+x)=a

=>cota=1+x

Lettan’x=Db
=>x=tanb
We know that sec b= +/1+tan2b =1+ x>

We know,
coseca = v1+cot’a=y/1+(1+x) =vx>+2x+2 Also, cosb = sech
1
Also, sina = __
coseca 0= N
1
= sina=

VX2 +2x+2 gl b=cos_1( / 1 J
1+ x?

VX2 +2x+2

Step 2:
Given equation is sin[cot? (14x)] = cos[tan'x]

= sin sin‘l(;j =cos cos‘l( ! J
VX2 4+2x+2 1+x°
1 1
- =
\/X2+2X+2 \/l+x2
:>\/1+X2:\/x2+2x+2

=>1+x*=x*+2x+2 (Squaring on both sides)
=>2x=-1

1
SX=-—
2
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M ATHEMATI CS

INVERSE TRIGONOMETRIC
FUNCTIONS

INTERCONVERSION OF INVERSE TRIGONOMETRIC FUNCTIONS

fn

- Domain, range, and graph of ITF « Interconversion of different ITF

JU'S

« Properties and graphs of the inverse « Sum of angles in terms of tan'x

i il
fncHomR(RiI] - Difference of angles in terms of tan™ x

Interconversion of Different ITF

Consider a A ABC in which A BAC=6
We know,

sinf=L = p=sin (B)
h h

C
cose=2:>9=cos'1(h)
h h
h
tan9=£:>9=tan'1[2j p
b b
cosec6=2:>6=cosec'l(hj 0
p p -
A B
sec9=239=sec'1(EJ
b b
cot6=2:>6=cot'1(hj
p p
For x>0,
sin 0=>= 0=sin" x
C
cos0=4/1-x* =>0=sin" x=cos™4/1-x*
. -1 _1 X
tan 0= = 0=sin" x=tan
1-x? ( 1-XZJ 1
X
1 o=l 1 1
cosecO=—=0=sin" x=cosec | —
X X
0
secO= :>6=sin'1x=sec'1[ 1 J A - B
1-%x° 1-x° 1-x
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3

Find the value of the expression sin [%cot'1 (ZD

Step 1:
We know that, cot™ (-x) = - cot™ (x)

s3] (w03

4
3
tt =
o (4) .
—> COS| ————— | = COS| —
2 2 c

Since, cos 6= E

e

:>2c0529 -1=

2
:>cos9 4
2 5

Also, cot™ % =0=0¢ (O, g) or v = (O, E)

So, cos 9 >0= cos Q =i
’ 2 2) 5
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Find the value of cot[cosec'1 (gj +tan™ (;D

OF OF

Step 1:
4(5 T 4(2 T
Letcosec” | = [=a,a €| 0,— |andtan™ | — |=[3,B €| 0,— 5
3 2 3 2 3
:>cosecoc=§andtan[?>=gorcot[3=E
5 4 -
Also,coseca=—=cota=—
4
Step 2
4.3
cot(a+B)=C0ta'C0tB'1=3 2 _ 6
cota+cotp 4 3 17

So, option(b)is the correct choice.

%@

is equal to

1
If0<x<1, thenv1+x* [{x cos(cot'lx) + sin(cot'1x)}2 - 1}2

(b) x (c) xy1+x? CIRESS

Step 1: 1+x°2
Letcot'lx=9,0<6<E 1
=cotO=x
1 X 0
C.sin 0= andcos 0=
V1 +x2 V1+x° X
Step 2

N =

The expressionreduces tov1 + x* [{x cos 0 + sin 9}2 - 1}

Substituting sin 6=

\/_2 andcos 0= \/X_Z , we get,
1+x 1+x
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2 2
1+x° x _,_1 }-1
X[{Xx\/lﬂ(z N ]
1
_ 1+X2 {1+X2 }2-1 2
V1 +x2
1
=\/1+x2[x2]E
=|X|\/1+X2
=xv1 + x* (|X|=X,X>0)

So, option (c)is the correct answer.

Sum of Angles in Terms of arctan x

tan'l[iHyJ x>0,y>0,xy<1
_Xy

tan'x + tan'y =

n+tan'1[f_+X};J x>0,y>0,xy>1

Laum4x=AAe[Q

2

)

Lettan’ y=B,Be [O, —j

N3 o

— tan?| XY | = tan? B * tan B =tan'1(tan(A+B)),0£A+B<n’
1-xy 1-tanAtanB

Also, from the graph of tan™ (tan 0),we know that,

tan™ (tan 6)= 0,0 e(-g,g jand

tan™ (tan 6)=6-n,€)e(£,3—nj
2 2

A+B, 0£A+B<g

:tan'l(Xer] =tan'1(tan(A+B))=
1-xy s
A+B-m, E<A+B<n
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Case1:A+B<g
—~ A<Z.B
2

=tan A< tan(g - Bj

=tanA<cot B
—tanAtanB<lorxy<1

That means, A + B < g isequivalenttoxy <1

Similarly, A+ B > g is equivalent toxy > 1

:tan'l(x+yj _ {tan'1x+tan'1y x>0,y>0,xy<1

1-xy tan'x+tan'y-n x>0,y>0,xy>1

tan'l(x+yJ x>0,y>0,xy<1

1-x
o tan'x +tany = Y

n+tan'1(f+y) x>,y>0,xy>1

_Xy
Case2:A+B=E
—~A=L_B
2

=tan A= tan(g - B)

=tanA=cot B
=tanAtanB=1orxy=1

-.When xy =1 wehave, A + B =§ ortan’x +tan'y = g

Step 1:
Let’s first evaluate tan™ (2) + tan! (3)
Here,2x3=6>1

Step 2:
Also, we know that

tan'1x+tan'1y=n+tan'1[X+y] x>0,y>0,xy>1

1-xy
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Step 3:
tan™ (1) +tan"(2)+tan™ (3)=tan™ (1)+n-tan™ (1)

=3

Addition formulae for sum of angles in terms of arctan x

_1(x+y+z-xyz)
(20
1(X+y+z-xyz)

b

tan x>0,y>0,z>0, ny<1

tan'x + tan'y + tan'z =;

T+ tan’

x>0,y>0,z>0, ny>1

s
1 Ifxy+yz+zx=1thentan'x +tan'y + tan'z = 2

2Ifx+y+z=xyzthentan’x + tan'ly + tan'z =1

. o412 4 4 1[ 63
If sin? (EJ +cos™ [E)+ tan™ (Ej =k «, then find the value of k.

Step 1:

Letsin™ o =, 0E 0,E
3 2
12} 12
— |ortanoa=| —
3 5
T
=P,PE 01_
ppe(0])
3
ortanf3=| —
Joreans=(3)

=sino=

e
—_

Let cos™ (

ul|
N~—}

=cos =

7~ N\
vt
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Step 3:
Also, we know that,

tan'lx+tan'1y=n+tan'1(f+yJ x>0,y>0,xy>1
-Xy

=k=1
Difference of Angles in Terms of arctan x
tan'x - tan'y = tan™ Y x>0,y >0

1+xy

Step 1:
Let’s first evaluate

tan™ ) +tan’1(g)
4 5

Here,
3,392 4
4 5 20
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Step 2:
Also, we know that

tan'x + tan'y = tan'l(x-'-yj x>0,y>0,xy<1
1-xy
3 3
3 27 c 27
=tan’ (—) +tan™ [—j =tan!|—%_5_|=tan® [—)
5 3.3 I
4 5

Now, tan”x - tan'y = tan™ 1X_ x>0,y >0
+
27 8
1 8 1119
1 1 _ 1
= tan ( j tan (wj-tan 278
11 19

Step 1:

We have, cos o = g
4
=tana=—
3

Also,tan 3= %

1

SN

l+tanotanp 4
3

R pand] 2
s.o-B=tan (13)
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Concept Check

1. Solve: cos(tan'lx) = sin(cot'1 %j :x>0

2. Prove that, tan™ (1) + tan™ (%j +tan™ (%) =

Summary Shee

Interconversion of different ITF

For x>0,

. X .-
sm9=I:>9=sm1X

cos0=+/1-x* =>0=sin"

tan 0=

1-%x°

1 .
cosecH==—=0=sin' x=

X

1

\/1-)(2
cot 0= “1-X2

X

secO=

= 0=sin? x=tan*

= 0=sin"

= 0=sin"

r
2

x=cos"\/1-x*

7\
—_
1 <
e
|38
N

_1( 1J
cosecC —
X

x=sec!

x=cot?

Sum of Angles in terms of arctan x

tan'x + tan'y =

tan'l(iﬁyj x>0,y>0,xy<1

Xy

n+tan'1(X+yj x>0,y>0,xy>1

tan'x +tan'y + tan’'z =

1-xy

-

L(x+y+z-xyz)
i

1(X+y+z-xyz)

tan

x20,y>0,z>0, ny<1

7 +tan’ XZO,yZO,ZZO,ny>1

B

Difference of angles in terms of arctan x

tan'x - tan'y = tan™

Xy

x>0,y=0

1+xy
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Inverse Trigonomteric Functions

Interconversion of different ITF ITF formulae

Sum of angles in terms Difference of angles in
of tan'x terms of tan' x

Self-Assessment

@ Answers

Concept Check
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Self-Assessment

© 2020, BYJU'S. All rights reserved




© 2020, BYJU'S. All rights reserved




M ATHEMATI CS

IBYJU'S /e R sE TRIGONOMETRIC
assSes FUNCTIONS

SUM AND DIFFERENCE OF INVERSE TRIGONOMETRIC FUNCTIONS

[f_(:/) What you already know

What you will learn

« Interconversion of different ITF « Telescopic Series: Method of Difference

« Sum of angles in terms of tan''x « Sum and Difference of angles in terms of

in-1 -1
- Difference of angles in terms of tan™ x S EIRE] e

Telescopic Series: Method of Difference

. 1 .
1 + 1

———— +tan > +tan —2+----ntermsis
1+1+1 1+2+2 1+3+3

Sum of series tan™

Step 1:

One can observe that the generalterm T, is tan™ ————— 1
l1+n+n

N

X-y
1+xy

For x>0,y >0, wehave tan™ ( J =tan'x-tany

=tan’ EEDR) =tan'(n+1)-tan’(n
‘ [1+(n)(n+1)j tan”(n+ 1) -tan” (n)
Thatmeans, T, =tan™ (n+ 1) - tan™ (n)

Step 3:

Substituting n = 1, we get, T, = tan"'(2) - tan™(1)

Substituting n = 2, we get, T, = tan’'(3) - tan™(2)

Substituting n = 3, we get, T, = tan"(4) - tan™(3)

Similarly, substituting n =n, we get, T =tan”(n + 1) - tan"(n)
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Step 4:
=S = ZTn = (tan'l(Z) -tan™ (1) +tan™ (3) - tan™ (2)

=tan’ (n +1) - tan'l(l)
—tan?(n+1)- =
tan™ (n + 1) 2

19 n
@ The value of cot(Zcot'1 (1 + ZZpB is
n=1 p=1

23
(a) =

Step 1:

cot(:Zj:lcot'l [1 + ;ZZPD = cot(icot'l(l + EHZl:pD
:Zicot_l{l 2 n(n2+ 1)D (;p ) n(n2+ 1)]
St +ne 1)]

e

n=1

22
(b) 23

= cot

= cot

= cot

(n+1)-(n) J

— COt(nthan (n2+ n+ 1)} t[;t (1 +(n)(n+ 1))

+--+tan’ (n+1)-tan’ (n))

19 _ _ _ _ ) X-y
-cot(Z(tan (n+1) - tanl(n))J(FoerO,yZO,tan1x-tan1y=tan1(1+XyD

= cot(tan '(2) -tan™ (1) +tan™(3) - tan™(2)
= tan '(20) - tan™ (1 ))

20 1 4( 19
= =cot| tan | —
1+20x1 21

21

i

19

So, option (d) is the correct answer.
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. 1 . 1 . 1
> +tan' ————  +tan'————— +tan™

[Z] Sum of series: tan™ : _ —
X“+x+1 x“+3x+3 X +5x+7 X“+7x+13

% terms, where x> 0 is
(a) tan™ (x+n)-tan™ (x) (b) tan” (x+n-1)
(c) tan™ (x) (d) tan™ (x+n+1)-tan™ (x)

Step 1:
The given series can be re-written as

L (x+1)- (%) + tan (x+2)-(x+1) o (x+3)-(x+2)

tan o (x)(x N 1) 1+(x + 2)(x +1) 1+ (x+ 3)(X + 2)

+ --:n terms

Step 2:

Forx > 0,y > 0, tan'{ X"y ) =tan'x-tany
1+xy

T, =tan™ 1(1( +(-x13- _1§22 =tan” (x + 1) - tan™ (x)

T, = tan™ 1(j -'(-Xzz_ -Z;Xx++11)) =tan” (x+2) -tan” (x + 1)

T,= tan™ 1(j J(r:Z -3)(XX++22)) =tan"(x+3) - tan” (x + 2)

T,=tan" 1(j *(-:1 ;;szgg) =tan” (x +4) - tan™ (x + 3)

T =tan” (x+n)- (X *(n- 1)) =tan” (x +n) - tan™ (x +(n- 1))

1+ (x+n)(x+(n-1))

=S, = Y T =tan’(x+n) - tan” (x)

So, option(a)is the correct answer.

Con{ider only the principal values }f inverse function, the set

% A={x>0:tan"(2x)+tan™(3x) =£

(a) Contains two elements (b) Contains more than two elements
(c) It is an empty set (d) It is a singleton set
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Step 1:
Lettan™(2x)=o = tan o.=2xandtan™ (3x) =B = tan p=3x

Giventhat o +f3 =%

Step 2: Step 3:
Taking tangent on both sides, we get, Butx>0,sox=-lisrejected.
tan (o + B) = tan ™ S

4 .. 6

_ tano+tanf !
1-tan o tan B '

So, option(d)is the correct answer.

2X + 3x 5x
= = =1
1-2x-3x 1-6x
=6x°+5x-1=0

=>x=-1, 1

Sum and Difference of Angles in terms of sin! x and cos'x

Sum and Difference of Angles in terms of sin’x
sin'l(x«/l-y2 +y\/1-x2); x>0,y>0,x" +y*<1

1.sin'x + sin'y =
n-sin'l(x\/l-y2+y\/1-xz); x>0,y>0,x" +y*>1

2.sin"x-siny = sin'l(x\/l -y? - y\/l 'S ); x>0,y>0

Sum and Difference of Angles in terms of cos'x

1. cos'1x+cos'1y=cos'1(xy-\/1 -xZ\/1-y2);xzo,yzo
cos'l(xy+\/1-x2\/1-y2); x>0,y>0,x<y
-cos'l(xy+\/1-x2\/1-y2); x>0,y>0,x>y

2.cos'x-cos'y =

(b) m-sin™ (gj

1(33
(d) = -cos (65}
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Step 1:
We know that, sin'x - sin™'y = sin™ (x\/l y2-y1-% ); x>0,y >0

2 2
Ssin?| 22| -sin?[ 2 |=sint| 22 1-[2] 2 )p- (12
13 5 13 5/ 5 13
5

—Sin'lg.i_i._
13 5 5 13
A
65 65
=51n1£
65
Step 2

Step 3:
2

Also, cos™ x=sin™ 4/1-x%*;x

=sin™' 12 —sing g
13 5
) 33

\2
(e}

@ If cos'x +cos™y +cos'z=m,then prove that x’ +y? +z% + 2xyz=1.

Step 1:
Given, cos'x + cos'y +cos'z=T

= cos'x+cos'y=m-cos'z
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Let cos'x =a, cos'y =P, cos'z =1y
= CO0SO=X,C0SP=y,coSy=2

S>o+pP=m-vy

Step 2:
Taking cosine onboth sides, we get

cos(o+p)=cos(n-7)

= cos a cos -sin a sin B=-cosy
N w
I v e

Squaring both sides, we get,
Xy® +7° +2xyz=1-x*-y* +x°y°
=>x +y’+z2° +2xyz=1

Hence proved.

Concept Check

1. Find the sum of the series.

S=tan" L +tan™ L +tan™ L +tan? 1 G
2 8 18 32

2. If cos™'x - cos‘1% =a,where-1<x<1,-2<y<2,x s%, then for all YAIEEE 2005

X,y, 4x?- 4xy cos o + y? is equal to:
JEE MAIN (APRIL 2019)

(@) 4sin® a (b) 2 sin?
(c) 4 sin?a - 2x%y? (d) 4 cos?a + 2x%y?
Q Summary Sheet
7

— Key Formulae

Sum and Difference of Angles in terms of sin'lx
sin'l(xxll-y2 +y\/1-xz); x>0,y>0,x* +y*<1

1.sin"'x + sin'y =
n-sin'l(x\/l-y2+y\/1 -xz); x>0,y>0,x" +y° >1

2.sin"x-siny = sin'l(x\/l -y? - y\/l -x2 ); x>0,y>0
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Mind Map

Sum and difference of ITF

Telescopic series: Method of
difference

Self-Assessment

E] Answers

Concept Check
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Sum and difference of angles
in terms of sin'x and cos™® x




T, = tan'{ sz
4n

1+ (2n) -1

= tan'l[l(in(;nl-)l_ 1;(222_11))} =tan”(2n+1) - tan™ (2n- 1)

Step 3:

T, =tan™(3) - tan™ (1)
T, =tan™(5) - tan™ (3)
T, =tan™(7) - tan™ (5)

T, =tan™(2n+1) -tan™ (2n- 1)

Step 4:
=S, =D T, =tan” (2n+1) - tan™ (1)
=S, =1lim(S,) = limtan™ (2n + 1) - tan™ (1)

n —ow n — oo

T
4

N

T
2

2.
Step 1:

Letcos'x=A,cos'< =B

= CcoSA=%,cosB=

N[< N

=A-B=a

Step2: , Xy’ 2 e Y XY

Taking cosine on both the sides, we get, 4 -Xycosa+cos a=1-X -Z+ 4

cos(A-B)=cosa

= cos A cos B + sin A sin B =cos a
2 = 4x* -4xy cos o +y’ =4 -4 cos’ a =4 sin’ o

Yo f1i-x2 1-2 =
=X 2 tyl-xt gl 4 cosa So, option(a)is the correct answer.

2
:)X.%-COS(I,=-\/1-X2 1-%

Squaring both sides, we get,

= -4xy cos a.+ 4 cos” a=4-4x" -y’
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Self-Assessment
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M ATHEMATI CS

INVERSE TRIGONOMETRIC
FUNCTIONS

MULTIPLE ANGLES OF INVERSE TRIGONOMETRIC FUNCTIONS

fn

JU'S

. Domainandrange ofinversetrigonometric « Multiple angles in terms of sin?, cos?,
functions tan?, and more
« Graphs of inverse trigonometric functions « Inequalities involving ITF

« Graphs of T'T

Multiple Angles in terms of sin!

-n-sin'l(Zxxll-xz) -1 <x< =

2

-1 1
2 sinx = sin'1(2xxll -XZ) s —— < x <—
2 V2

7-sin® (ZX\/l -x2 ) ;

<x <1

5l

Step 1:

Letsin'x =0, 0 € I,E
2 2

= x=sina

= sin™ (ZX\/]. - x* ) =sin® (2 sin a+/1 - sina )

=sin™ (2 sin o |cos 0L| )

=sin™ (2 sin a cos oc)(oc € {?n,gD

=sin® (sin 20c)

Where 2o e[-m, 7]

Step 2:
We have, sin™ (Zxxll -x2 )= sin™ (sin 20 ),

where 20 [-m, 7]

Let uslook at the graph of sin™ (sin x ). Now, we can see that,
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sin™ (ZX\/l - xz) =
By substituting oo =

sin! (ZX\/l - XZ) =

sin'x, we get,

n-200;-m < 20< & y = sin”(sin(x))
2

20, is 200 SE
2 2

n-2a;§<2a <7

. . -7
-m-2sinx;-n <2sin'x < —
2
.4 T . n
251n1x;—2£251n1x SE

N T .
n-251n1x;5<251nlx <

This can also be written as follows :

sin? (2X\/1 - xz) =

Step 3:

4 T .
-m-2sin'x;— < sin'x < —
2 4

4 M .4 T
2sin'x;— <sin'x <=
4

., M .4 .m
Tc-251nlx;—<sm1xSE

The given piecewise function can be written as follows:

sin™ (ZX\/]. = xz) =

-7t-Zsin'1>(;-1S)(<i
2
Zsin'lx;i <x < Z
2 2

1 1
- 2 sin x;—2<x£ 1

1
a
1
Z)
51
N
—
N
>
[EN
1
>
[)S]
N —
-
—_
IA
>
A
1
\S) | =

-1 1
2sin'x = sin'l(ZX\/1 = XZ) s —<x<
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T - sin

1(2x\/1-x2);i<xs1




The trigonometric equation sin! x = 2 sin"! a has a solution for
@ which of the following values of a ?

(a) Allreal values (b)|of <

1

=

Step 1:
We know that,

- T
sm Xe|l—,—
[2 2}

=2 sin™ ae{i,ﬁ}
4 2 =>—<a<—
L {-n n} V2 2
= sin" ae|—,— 1
4 4 Therefore, |o| <
V2

1
—_
—_

So, option (b)is the correct answer.

@ 2cos' x = 2m - cos'(2x? - 1) is true for which values of x?

F (a)xef0,1] (b)x[-1,0] (¢)xe[-1,1] (d)xeBJ}

Step 1:
Let cos™x =6, where 6 &[0, t]andx €[-1,1]

= Xx=co0s0

Step 2:
Tosolve2 cos® x=2m-cos™ (2)(2 . 1)

It is similar to cos™ (2x2-1)= 27 - 2 cos™"x =27 - 20 ......(i)
By substituting x = cos 0in cos™ (sz-l), we get,
cos'1(2x2 - 1) = cos'1(2 cos’0 - 1)

= cos™ (cos 26)

Step 3:
cos™ (2x2 ; 1) = cos™ (cos 260), where 26 &[0, 2r] N— , -

y=2m-X

i\ 2

Letus draw the graph of cos™ (cosx), where x €[0, 2r]

We can see that for 20 €[, 2], we get,

cos™ (cos 20) = 27 - 26 which s similar to(i). A
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Step 4: N
=>n<20<2x i

=T <o<n
2

r—\'-7
1
N[E A

N
WV

T )
:>E£coslx3n

Therefore, x €[-1,0]

So, option (b)is the correct answer.

2

30 1(x) = tan 22 ) =cos| 122

-X 1+ x?

j, h(x)=2 tan"x and f, g, and h are identical

functions, then x belongs to:

(a) [0.1] (b)[0.1) (¢) (-1,0] (9)[-1,0)

Step 1:

Lettan™ x=0, where 0 e(?n,gj andxeR.

=x=tan0
Also, f, g,and h are identical functions.

= 1(x)=8(x)=h(x)

Step 2: Case 3:
Case 1: h(x) =2tan'x=26,x€R 4[1-%°
g(x) = cos ;
Case 2: 1+x
f(x) =tan” 23 By substituting x = tan6, we get,
1-x°

1-tan’0
By substituting x = tan6, we get,

(0) = cos’[ 1200
. an
4 2tan6 ; A
f(6) =tan™| ——— - g(6) =cos™(cos 26)

1-tan’0 )
£(0) = tan™ (tan 20) If cos™ (cos 20) = 20

If tan™ (tan 20) = 260

zzee[ﬂ,ﬁ)oree(ﬂ,
2 2

4
It means that tan'x e (Zﬂ

3296[0,75)0I’9€|:0,§)

J

jorxe(-l,l).

N

It means that tan™'x e [0, gj orx>0.

NI
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Step 3:

For f, g, and h to be identical, their domain must be identical.
So, the final domain is as follows:

D N D, N D, T l’

N
WV

=>x€[0,1)
So, option (b) is the correct answer.

A\ A\ 4

N

E] If o.= 3 sin™ (%J andp =3 cos™ (%j where the inverse trigonometric functions take

only the principal values, then which of the following option(s) is / are correct?
(a) cosp>0 (b) sinB<0 (c) cos(a+B)>0 (d)cosa<0

We have to find the quadrants in which a and 3 | Step 2:
lie. . _ 44
Step 1: Given, =3 cos (aj
6
a _ B
Given, a = 3 sin (11) We know that, 0 < i < i
9 8
We know that,i . cos'x is adecreasing function, so,
12 11 43 n N
4l il -l
sin'x is anincreasing function, so, = cos~ 0 > cos g9 s 3
= sin’ i<sm £<51n i T
12

e

.4l ., 6 .-
=sin” — <sin” — <sin"T —
2 11 2
T .46 m
=>—<sinT — < —
6 11 3

i = —>C0S — > —

4[ -T2 9 3
:>E<35in'1£<n !
2 11 ]

Therefore, a e (g, nj

Step 3:
Since aliesin the second quadrant, cos a < 0.

Since Bliesin the third quadrant,cos <0 andsin <0

Also,ae(g,n)andﬁe(n,?’?ﬂ) :>a+ﬁe(7n 57“) whichlies in the first or fourth quadrant.

Therefore, cos(o+ B )>0.

So, option (b),(c),(d)are the correct answers.
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Inequalities Involving ITF

%@ Solve: log, (tan'x) > 1

Step 1: Step 2:
log, (tan"'x) > 1 1 T T
= tan™ (x) > 2 We know that, tan™ x e ?,E

It means that tan’}(x) > 2 is not possible.
Therefore, x € ®

All the values of x satisfying the inequality (cot?x)?-7 cot’x+ 10> 0
lie in which of the following intervals?
(a) (-o0,cot 5)U(cot 4, cot 2) (b) (cot5,cot 4)

() (-o0,cot5)U(cot 2,) (d)(cot2,)

Step 1:
Let cot’x = t, where t € (0, ) x K
The inequality becomes, E 2‘\./"[.; i

£2- 7t + 10 >0
(t-5)(t-2)>0
t € (-0, 2)U(5, )

Step 2:

However, t € (0, m)

By taking the intersection, we get,
te(0,2)

cot’x € (0, 2)

Step 3: A
Let us see the graph of cot™x. o

For cot'x € (0, 2), we get,
+2
X € (cot 2, o) —\ ot

So, option (d) is the correct answer.
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[75-\3 Concept Check

AN
g/' Summary Sheet

Key formulae

@ Mind Map

Graph of Inverse Trigonomteric Ratios

Inequalities involving ITF Graph of f1(f(x))

Multiple angles in terms of sin, cos?, tan
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Self-Assessment

Solve the following inequality: (sec'x)?- 6 sec'x+8>0

@ Answe
ncept Check
1.

Step 1:
Let tan'x=0, where 0 (775, gj andxeR.

=Xx=tan 0

1
However, in the question, it is given that [x| < —=.

J3
It means that — Rt L it <tanO6<—

BB BT

Therefore, 6 e (g, gj ....... (i)

Step 2:
By substituting x = tan 0, we get

tan' y=0 +tan™ ﬂ
1-tan“®

) n
=0 + tan™ (tan 26), where 20 € (? gj (from (1))
Let us examine the graph of tan™ (tan x) for x € (?n g}
Forx e (j, Ej, tan™ (tanx)=x

3 3

=tan” y =0 +tan" (tan 20) =6+ 26 = 30

N

Y/

>\

Step 3:
3
y=tarl36=3tan(9 tazne
1-3tan“0
3x-X°
1-3x%

Therefore, option (d)is the correct answer.
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2.
Step 1:
From the graph,
N 1T
yis Lo
We can see that sin''x is always less than or equal to B 2
So, Z>sin'x >~ LA
6 6 :
<o -
2 -1 0 143 2
2
s
¥

Step 2:
Since sin'x is an increasing function, the given inequality can be modified as follows:

sin T >X>sin i
2 6

:>12x>l
2

Therefore,x e (%, 1}

3.

Step 1:

Since cos'x is a decreasing function, the inequality
cos'x > cos'x%can be reduced to x* > x «—— o o—
=(x)(x-1) >0

=x e (-0,0)U(1, =)

Step 2: Step 3:
However, for cos'x, cos!x? is defined By taking the intersection, we get, x € [-1, 0)
forx e [-1,1] Therefore, the number of integral value possible

isonly 1.

(sec’x)?-6sec'x+8>0
Step 1:

Letsec!x =t

The inequality becomes,
t?-6t+8>0
(t-4)(t-2)>0

t € (-0, 2) U (4, o)

= sec'x< 2 orsec'x >4
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