M ATHEMATI CS

LIBYJU'S METHODS OF

Classes DIFFERENTIATION

THEOREMS OF DIFFERENTIATION

g@ What you already know

dy

Definition of ax

d Y/\
d—i is the instantaneous change in y with

respect to x. P(x, f(x))

Q(x+h,f(x+h))

Change in y with respect to x = %

When Ax — 0, we get,
y = f(x)

lim ﬂ: dy

Ax—>0 Ax dx

N

oo\ 4

Let us consider the graph of function y = f(x) v
The two points on the graph are P(x, f(x)) and

Q(x+h, f(x+h)).

We can see that PQ is a secant to the curve. Y
When h —= 0, then point Q will reach to point P,

i.e.,, Q = P, and the secant will become the

tangent to the curve.

Hence, slope of the tangent = %131)

P(x, f(x))

f(x+h)-f(x)
h

vy fx+h)-f(x)
e T y = f(x)

This is known as the first principle of
differentiation/ab-initio method. J

N

i\ 2
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Derivative of Standard Function
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|
d(@* N :
(@) _ a*(Ina) : d(eoty) -cosec’x
| dx
|
|
d(n|x|) 1 l d(secx)
———=— | —— - =secxtanx
dx X | dx
|
|
d(log,x) 1 : d(cosecx)
= ——— "~ = -cosecxcot x
dx x(Ina) : dx

Theorem of Differentiation

() Ify = k f(x), then % =k %(f(x)) =k f(x)

Example:

d(2x) _, d(?) _

dx dx 4x

@)1y = (x) * g(x), then 2 = (1)) = L (g0)) = ') £ ')
To prove ((x) + g(x)) = F(x) + g'(x)

Proof

Let p(x) = f(x) +g(x)
p(x+h)-p(9) _ . _ ((x-+h)+g(x+h))-(f() +8(x))

=P (X)=}11£% h h—0 h
i )00 o gl g6
h—0 h h—0 h

=p'x)=f'X+g'(x)

Example:

%(sinx+x)=cosx+1

(3) If y =f(x). g(x), then
- g6 L (F09) + 00 (g (9) = £6) () + () () (Product rule)

© 2021, BYJU'S. All rights reserved



. E

Proof

Let p(x) = f(x) x g(x)
p(x+h)-p(x) . (f(x+h)g(x+h))-(f(x)g(x))
h

h—0 h
f(x+h)g(x +h)-f(x) g(x +h) +f(x) g(x + h)- (f(x) g(x))
h

=p (x)=£1£r(1)

=p (x)=£1£r(1)

(By adding and subtracting f(x) g(x + h) in the numerator)

(f(x +h)- f(x)j (g(x +h)- g(x)j

+lim f(x) D

h—0

= LIL% g(x+h)

=p'()=f'(xg)+{(x)g'(®

. dy g0 f'(%) - f(x) g(x)
Y=ty MM ax T (£(x))?

(Quotient rule)

(5) Ify = f(g(h(x))), then dy -f (g(h(x))). g (h(x)). I'(x) (Chain rule)

Example:

(i) For y = sin (x?), we get,

q 2 2
dl:M=COSX2 di:ZX CcoS XZ
dx dx dx
(i) For y = In(tan x), we get,
dy _d(n(tanx)) 1 d(tanx)_ sec’x
dx dx tan x dx tan x

%@

Solve
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@@

1. Find the derivative/differential of the following with respect to x: y =./sin(2x+3) +x’ Inx

Concept Check

2. Ify(a)=,(2 tanoc+c§)ta + _12 ,O0LE 3—n,n ,thenata=5—n,ﬁndd—y.
1+tan‘a sin“a 4 6 da

(@) 4 (b) -5 (c) -4 (@)%

Summary Sheet

”7

Key Takeaways

« At a point, the tangent is the limiting case of the secant passing through that point.
« If y =k f(x), then % = k%(f(x)) =kf'(x)

d
« Ify = f(x) £ g(x), then 5 dx(f(XJ) ax (g(X)) f(x) +g'(x)

- If y = f(x). g(x), then d —(f(x)) g(x) + f(x) (g(x)) f'(x) g(x) + f(x) g'(x) (Product rule)

iy _f® dy g(x) f'(x) - f(x) g'(¥)
g(x)’ (ex))*

- Ify = f(g(h(x))), then . d = f(g(h(x))). g'(h(x)). h’(x) (Chain rule)

TR
m

Derivative of Theorem of
standard function differentiation

then

(Quotient rule)

dy

Definition of ax
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Self-Assessment

dy

If y = sec (tan'x), then find ggatx=1

@ Answers

Concept Check

1.,y=4/sin(2x+3)+x’Inx (Given)
d_y:i( /sin(2x+3))+i(x2 Inx)
dx dx

dx
1 d d d
= sin(2x+3)+x*—(nx)+Inx—(x
2./sin(2x +3) dx ( ) dx (nx) dx 6
2cos(2x+3)
2 sm(2x+3) X

:>d_y_ cos(2x +3)

—+2x(Inx)

=———— 7 +x+2x(Inx
dx /sin(2x+3) (%)
2. Step 1 : Step 2
: 3m
tana +cot a 1 : Forae(4, ) B e
y(a)=,/[2 Tl !
1+tan‘a sin‘“a | 1+cota<O
1 : = y(a)=-(1+cota)
|
d
2(tanoc+ tanoc] 2 i :%= e
= : +cosec o :
(1+tan‘a) | _5m dy
| At a =% do - =4
2 |
= 2(1+tan’a) +cosec’o I -~ Option (a) is the correct answer.
tan o, (1+ tan’a) :
|
=+/2 cot o+ cosec’o. :
|
=+/2cot o +1+cot’a :
|
|
|

=\(1+cota)’ =|1+cota|
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M ATHEMATI CS

METHODS OF
DIFFERENTIATION

DIFFERENTIATION OF FUNCTIONS
INVOLVING INVERSE

JU'S

ggj What you will learn

E(:,) What you already know

. Definition of dy . lefeljentlatlon of inverse trigonometric
dx functions

. Derivative of standard function . Standard substitutions

- Theorems of differentiation - Inverse functions

Differentiation of Inverse Trigonometric Functions

i(sin‘lx)z , —l<x<1

dx 1-x°

i(cos‘lx)=— ! , —l<x<l1

dx 1-x*

i(tan‘lx)z 12, xeR

dx 1+x

d _ 1

&(cot 1x): T xeR

d i 1

—(sec™ x|)= , x| >1

dX( ) [x|vx* -1 .

i(cosec 1x)— 1 , [x[>1

dx |X| x* -1

To prove i(sin‘1x)= ! , —l<x<l

dx 1-x’

Proof:

Let y=sin'x,-1<x<1

=>Xx=siny

On differentiating with respect to y, we get,

E—cosy

dy_

_4r_ | LAy 1

dx cosy Tdx  dx

dy
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Proof:
We know that,

1 T Al
CoS XZE-SID X

Differentiating w.r.t. X, we get

d _ d d, . _
&(cos 1x)= &(gl—a(sm 1x)

= i(cos‘1 x) =— ( i(ﬁj =0, i(sin‘1 x) b, | J
dx 1-x2 dx\ 2 dx 1-x?

—

Example:

Let us find j—y when y =sin? (2x + 3),x € (-2,-1)
X

By applying the chain rule, we get,

dy 1 2

i 2 == 2

A fio(2x+3)  (1-(2x+3)

-1

@@ If £(x)=2x+1sin" x+41-x, then find f‘(x).

sin™ x
a) 2x sinx b) V1—-x sinx c)
Vx+1

Ity = f(gh(x))), 3—1 =f(gh(x))) g'(h(x)) h'(x)
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if(x)=2xi((\/m>(sin‘lx))+4xdim

dx dx X

=2[—1 sin”'x+vVx+1- 1 J+ 4 (-1
2x+1 Ji-x2 ) 21-x
:sin‘lx+ 2 2

Jx+1 J1-x  +1-x

_sin”'x

- Vx+1

So, option (c) is the correct answer.

%@

If y=cos™ icosx—isinx , wherex e 0,E . thenﬂis
5 5 2 d

X
a)o b) 1 c) % d) sin x
Step 1:
s (3 4 .
y =cos | =cosx——sinx
5 5 4 5
Let cosa =§:> sina =i
5 5

=y = cos(cos a cos X - sin a sin x) B a C
=y = cos!(cos((x + a)) 3
Step 2: Y

P N
Also, sina>0,cosa>0=>a € (0,5)

n y = cos'x
So,x+a€ (0, m)asx € (O,E)
cos'(cos(x+a))=x+a
< ' > X
0 i 21
WV
Step 3
Sy=X+a
= d_y =1
dx

So, option (b) is the correct answer.
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x—1
, X >0, then th I fy'(1)i
X+1)x en the value of y’(1) is

|
2

Step 1:
2 _x
tan‘l(z_?’xlztan‘1 3 5
3+2x 14 %%
3
S 2 - 1| X=Y =i -1
=tan | — |—tan X "~ tan =tan” x—tan y
3 1+ xy
Similarly,

3x-1
tan”' ( 1:(_3)() =tan’ (3x) - tan’ (1)

_ =1l 2_3X -1 3X_1
y =tan + tan
3+2x 3x+1

=tan™ % —tan"'x+tan"' (3x)—tan'(1)

d_y=_ 1 3
dx 1+x 1+(3x)
Ss-bectedo-L

So, option (c) is the correct answer.

Some standard substitutions are given below:

( A
Form Substitutions
a?-x?, Va’ -x* Xx=asin B oracos 0
X% +a? /x> +a’ Xx=atan B oracotO
X2 - a2, 4/x* —a’ X =asec 0 or acosec 0
a+x [a+x
) Xx=acosb
a-x Va—-x
\ J
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d
%@ Find d_z when y=cos"(\/1—xZ ) ,X€E (0,1)

Solution
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1+(x) -1

X

d
, then find d—i when x € [-1, 1] - {0}

d) >

Step 1:

Letx=tan9,ee{— }asxe[-l,l]

&%
"4

NG

| 1+ (tan®)” —1 =tan_l(|sec6|—1J
tano tan0

As Oe [—E,E], |sec 6] =sec 6
4 4

y =tan

o secG—lj
tan0
1

-1| cosO
sin@

-1

=tan

And tan! (tan x) =x forx € [—E,Ej

2 2
i 0 0 tan'x
:>y=tan tan E :E: 5
dy 1
dx 2(1+x2)

So, option (c) is the correct answer.
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E
Inverse Functions

If f(x) and g(x) are differentiable functions such that f™(x) = g(x), then,

0 f'(g<x>)=$

Proof:

i)
When f(x) = g(x), we have f(g(x)) = x
On differentiating with respect to x, we get,

FEe 80 =12 (800 =55

ii)
When f(x) = g(x), we have g(f(x)) = x
On differentiating with respect to x, we get,

g(fx) fx)=1= g'(f(x))=ﬁ

If the function f(x)=x’+e? and g(x) = f1(x), then the value of g’(1) is 1:

Step 1:

Given, f''(x) = g(x)
OER)) = ——

g (f(X)) — f'(X)

In order to calculate g’'(1), we have to find the value of x for which f(x) = 1

Let f(a)=a’+e? .
One can see that a = 0 satisfies the given equation as f(0)=0"+e> =1

Now, g'(£(0))= W g'(1)= L

£'(0) £'(0)
Step 2
f(x)=x3+e§ E :f'(O):%
e | =>g(1)=2

© 2021, BYJU'S. All rights reserved



. dy S [1+x
1. Find —— when y =cot — |,x€(-1,1)
dx 1-x

2.1f g is the inverse of a function f and f'(x) :;5

1+x
1
(a) 5x* (b) 5 € 1+ (Ex)®
+(g(x))
i(sin‘x)z L , —l<x<l1
dx 1-x°
i(cos’lx)z— L , —l<x<l1
dx 1-x°
d, .y 1
d—X(tan X)— e xelR
d _ 1
&(cotlx):—“_xz, xeR
g ]
dX(sec X)— |x| . x| >1
—(cosec‘lx)=— ! , |x|>1
X |X| x* -1

« Some standard substitutions are given below:

(d) 1+ x°

-
Form Substitutions
2 2 — o
a’-x% Ja‘-x x=asinO oracos®
X2 +a? 4x’ +a’ Xx=atan0 oracot0
X2 - a?, Ix2 — a2 x =asec 0 oracosec 6
a+x J|a+x
P x=acosb
a—-x Va—x
\

If f(x) and g(x) are differentiable functions such that f1(x) = g(x), then,

g'(x)

© 2021, BYJU'S. All rights reserved

() £(g(x)) (i) &'(F(x))

, then the value of g'(x) is: ﬁEE MAIN 2014




Methods of differentiation

Differentiation using Differentiation of inverse
standard substitutions trigonometric functions

Self-Assessment

. I 1
If y =sin 1(2)(\/1—)(2 ),XG[——._], then find dy

2 N2 dx

@ Answers
Concept Check
1.

Also, cot!(cotx) =x,x € R

Step 1:
Letx=cos 0,0 € (0,m) asx€ (-1, 1)
o 1+cosej
= y=cot
=cot™
=cot™
Step 2:
Since 6 € (0, ) 9e 0E : :y:g
) ’ 2 ) 2 i 2
.0 : o) cos ™' x
=y =cot |cot—|[=cot | cot— - =>y=
2 2 i 2
: dy -1
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Self-Assessment
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M ATHEMATI CS

gBYJU S METHODS OF
asses DIFFERENTIATION

DIFFERENTIATION USING DIFFERENT
METHODS

g@a What you already know

Logarithmic Differentiation

Logarithmic differentiation is used when functions are multiplied, divided, or raised to another
function.
Let us see how logarithm makes the process of differentiation easy.

Example:

(x-2) (x-3) 2)42 (x- 3)35 (i)

(x-1)" (x+4)

= In(f(x))=In(x-2)* +In(x-3)* - In(x-1)* - In(x + 4)°
=2In(x-2)+3In(x-3)-4In(x-1)-5In(x +4)...(ii)

Clearly, differentiation of (ii) is easier than differentiation of (i).

(a) Let f(x)=

(b) Functions of the form f(x)8® are always differentiated by taking In on both sides.
Example:

f (X) — Xsinx

In(f(x))=sinx - In(x)

Now, the differentiation can be done easily.

%@
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E

Solution
(i)

Step 1
Taking In on both sides, we get,
Iny =In(x*) = x In(x)

Step 2
Differentiating both sides w.rt x, we get,

d d
= (nvy)=—{(x-1
e el

:>ld—y=(x-l+1-lnxj=(1+lnx)
y dx X

:>d—y=y(1+lnx)=xx(1+lnx)
dx

Step 1

Taking In on both sides, we get,
2 7
(1+x)3(3x-2)*
5 1

(5-2x)7 (6-5x)3

=In (1+x)§]+ln((3x-2)‘7*]-ln((S-Zx)iJ-ln((&Sx);]

2 7 5 1
=—In(1+x)+—In(3x-2)-—In(5-2x)-—1In(6-5
. (1+x) Y (3x-2) 7 (5-2x) . (6-5x)

Iny=In

Step 2
Differentiating both sides w.rt x, we get,

1dy_2( 1),7( 8 )5( 2 )1 5
ydx 3\1+x) 4\3x-2) 7(5-2x) 3\ 6-5x

d_y_( 2 21 10 5 J

dx \3(1+%) 432°2) 7(5-2x) 3(6-5%)
dy _ (1+x)§(3x-2)% [ 2 21 10 5 j
dx (5-2x)§(6-5x)% 3(1+x) 4(3x-2) 7(5-2x) 3(6-5x)
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E ’GEE MAIN JAN 2019
xIn2x-1In2
X

(d)

N (;—y(1+ln2x)2=X1n2X_ln2
X

Step 1 | Step2
(2x)% = 4e™ ¥ i Differentiating both sides w.rt x, we get,
TakingInonboth sides, E dy (1+In ZX]i(XHn 2)-(x+In Z)i(1+ln 2x)
2y In2x=(2x-2y)Ilne+In4 ) o dx (1+1n2x)’ e
=2yIn2x=(2x-2y)+In4 (.lne=1) | 5
_ x+In2 : (1+1n2X)(1)-(X+1n2)(j 1+In2x-1- 02

Y Tenzx ' = 238 %

| (1+In2x)° (1+In2x)°

l

|

|

|

|

|

So, option (d) is the correct answer.

Implicit Differentiation

Explicit function

If, in an equation, y is expressed solely in terms of x, then it's known as an explicit function.
Example:
2y -x*+3x-5=0can be writtenas 2y =x*+ 3x - 5

Implicit function

If the relation between x and y is an equation in which y can’t be expressed solely in terms of x,
then it’s known as an implicit function.

Example:

x} +y?=3xy

Steps to get % for an implicit function

(1) Differentiate the equation w.rt x.

d
(2) Collect the terms of d_);
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e

Differentiating both sides w.rt x, we get,

dy _d@®)
dx

d .
— (X SIln +
= ( y)

= xcosyd—y+siny+d—y=0
dx d

:>d—y(1+xcosy)=-siny
dx

:>d_y= -siny
dx 1+xcosy

%@ MAIN 2020

Step 1 Step 2 .
X< +yk=a On comparing (i) with % + (%)3 we get,
Differentiating both sides w.rt x, we get, 1 2

1-k= Bl > k= Bl

d i d o _d
&(X )+ d_x(y )= d_x(a ) So, option (d) is the correct answer.

=kx** +kyk'1d—y=0
dx

x1) d :
:{ k'1]+d_y=0m(l)
y X
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Step 1
ax? + 2hxy + by?=0
Differentiating both sides w.rt x, we get,

2ax+2h[xﬂ+y) + 2by dy—O

dx dx ~

dy dy _

=>ax+h(x&+y)+by&—0
dy _ ax+hy

dX - - hX + by ---(i)
So, option (b) is the correct answer.

Alternate Method
ax? + 2hxy + by?=0

Step 2

ax? + 2hxy + by’ =0

= ax’+ hxy + hxy + by? =0

= x(ax + hy) + y(hx + by) =0
ax+hy y .

= Tt by by - X ..(ii)

From (i) and (ii), we have % =%

Homogeneous equation in x and y of degree n, represents n straight lines passing through the

origin.
Here, n = 2.

The general equation of a line passing through origin is given by y = mx.

_ _dy _
m—slope—&——

%@

(d)

sin x
y+2

We can write y=\/sinx+\/sinx+\/sinx+...oo as y=1/sinx+y. Squaring on both sides, we get,

y’=sinx+y

© 2021, BYJU'S. All rights reserved



Differentiating both sides w.rt x, we get,

2y%=cosx+%

dy _ cosx
dx ~2y-1
So, option (a) is the correct answer.

Parametric Differentiation

Sometimes the equation of a curve is not given in cartesian form, i.e, y = f(x), but in parametric

form: x = h(t), y = g(t). In this section we will see how to calculate the derivative % from a
knowledge of the parametric derivatives % and % We then extend this to the determination of
2
the second derivative M
dx?
dy dx _, _ _

We have, -8 (t) and e h’(t), where x = h(t), y = g(t)

dy
dy _dt _g(®)
dx dx h'(t)

dt

(d) e*

dx

— -t S . t
X =2e :dt 2e
y=46‘=>%-4et

dy
dy:i_zl-_et__Zezt
dx dx -2e"

dt

So, option (b) is the correct answer.

© 2021, BYJU'S. All rights reserved



%@

(d) -tan® 6
Step 1 Step 2
x=3cos0-cos’ 0 dy s
d_y=@= 3cos’ 0 - cot® 0

B om0 Bl O S16 dx dx -3sin’0
do 0

do
d_X= -3sin0(1-cos*0)=-3sin’ 0 So, option (c) is the correct answer.
do
y=3sin0-sin’ 0

d—y=3cose-3sin2€)cose
do

d—y=3c059(1-sin2 0)=3cos’ 0
do

%@

Concept Check

1. Find % where y = x""* + (sin x)®s*

2. Ifx* +xy -y = 1, then find %

_ t —asi dy .
3.If x—a(cost+ln (tan (EjD,y—a(Sln t), then, dx IS

Q Summary Sheet
7

Key Takeaways

- Logarithmic differentiation is used when functions are multiplied, divided, or raised to another
function.

- Explicit function-If in an equation y is expressed solely in terms of x, then it is known as an
explicit function.
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- Implicit function-If the relation between x and y is an equation in which y can’t be expressed
solely in terms of x, then it is known as an implicit function.

« Steps to get % for an implicit function

(1) Differentiate the equation w.rtx.

(2) Collect the terms of %

dy

- Parametric Differentiation- d—y=i
dx dx

dt

Logarithmic
Differentiation

S S Methods of
Implicit Differentiation Differentiation

Parametric

Differentiation

Self-Assessment

@ Answers

1. Step 1

Let u = x"™"% v = (sin x)“%*

=S>y=u+v
dy_du dv
dx - dx T dx
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Step 2

u = xtanx

Taking In on both slides, we get,
Inu=tanx. Inx

Differentiate the equation w.rt x.

ld_u_(tanx

u dx

+sec’xInx
X

du tan x _
=—=x""| ——+sec’xInx |..(i)
dx X

From (i) and (ii),

d tan x
:>_y= Xtanx (

dx

X

2.x2+xy-y’=1

Differentiate the equation w.rt x.

d ,. d d ., _d
&(X )+&(XYJ-&(Y )—dX (1)

dy

:2x+x—+y-3y2d—y=0
dx

dx

dy _dy
=3y L -x—L=2x+
J dx dx J
_dy_2x+y

dx 3y’-x

3. Step 1
y=a(sint)

dy
= ——=afcost
n (cost)

BT —

[t
sec | —

dx . . a
= —=-asint+————<=-asint+—
dt

=o=g

enl3)
tan| —
2

© 2021, BYJU'S. All rights reserved

Step 3

v = (sin x)@s*

Taking In on both slides, we get,
In v =cos x. In sin x

Differentiate the equation w.rt x.

ld_v_(cosx

.COSX -Sin x (ln sin X)J
v dx

sin x

0s’x

sin x

j%:(sin x)“s* [C -sinx(ln sin x)j...(ii)
X

—+Inx seczxj +(sin x)*** (cos x cot x - sin X (In sin x))
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M ATHEMATI CS

gBYJU S METHODS OF
asses DIFFERENTIATION

HIGHER ORDER DERIVATIVES

—© =9,

« Differentiation of inverse trigonometric « Derivative of one function with respect
functions to another
« Standard substitutions - Higher order derivatives

Derivative of One Function with respect to Another Function

Let us consider two functions, f(x) and g(x).
Let u =f(x), v=g(x)

du dv ,
Hence, o f’(x) and = g'(x)
Therefore, the derivative of f(x) with respect to g(x)
du
du _ax _ f(¥)
dv  dv  g'(x)
dx

@ Find the derivative of

(i) sin x with respect to cos x (i) y = In x with respect to z = e*

U)
Letu=sinx and v=cos x
Now, the derivative of u with respect to v,

(ii)
y=Inxandz=¢e*
Now, the derivative of y with respect to z

1
du : dy
du _ dx R A
dv dv ' dz dz
dx : dx
d(sinx : d(lnx) 1
du_ _dx _ coSX o, oY dx _x 1
dv  d(cosx) -sinx ! dz d(ex) e*  xe
dx ! dx
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g tex7+1
% Differentiate X S with respect to x>+ 1
X" —-x+1

Step 1: : Step 2:
Xt exP 41 ! Now, the derivative of y with respect to z
lety =| —5—— . dy
X —-x+1 . q eVl
y _ dx
(x2+x+1)(x2—x+1) E dz _ dz
- (XZ —x+1) : dx
| 2
= X’ +x+1 : g 1
, dy _ dx _2x+1 1+i
andz=x*+1 ! dz d(Xz +1) D2 s
E dx

Higher Order Derivatives
Ify = f(x),

Then, j—y =y'=y, =f" — First order derivative
X
d’y d

dy N ..
—=—| — | =y’ =y, =f" > Second order derivative
dx® dx[dxj y =Y

o dxn—l

2
v, dy _ d (d_y) = i(—sin X) = —cos X

ZFZ& dx dx

~y,*+y,?= (-sinx)*+ (-cos x)*= sin*x + cos’x = 1
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Step 1:
y = (x-1)

Differentiating both sides with respect to x,

dy _ i(x+\/x2—1)m

dx dx
m-1
:m(x+\/x2—1) [1 ZXXJ
2vx%* -1
m_l(x+ xz—l)
=m(x+\/x2—1)
x‘ -1
m(x+ xz—l)
- x2 -1
Gy __my
dx x*-1

Higher order derivative - Parametric form

Step 2:
Gy my

dx m
- (\/E)y': s (i

Differentiating both sides with respect to x,

( 2X Jy. + ( XZ_l)yn_ myl
2Ux* -1

X % yl+ 'XZ_l x yn= myl
Vxt -1
= xy'+ (xz —1)y" =my'vx* -1
From equation (i)

dy 2 dzy 2
Xx—+(x"-1)—=m
dx ( )dxz v

=

Hence, proved.

Let two variables x and y be functions of a parameter t.

ie.,y=f(t),x=g(t)

dy
Hence, d_y — | dt | f(t) and,
dx | dx | g'(t)
dt

dx* dx dx
dt
@ Note
dfdy
dy d dyj dt\ dx d’y
= — | = , but
dx® dx(dx dx K
dt
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If x =3 tan tand y = 3 sec t, then find the value of

1 1 3 1
(a) m (b) m (c) m (d) z

Step 1:

X
x=3tant=> — = 3 sec?t
dt

y=35eCt=>(c11_Z =3sectxtant

dy 3sectxtant

=sint
dx 3sec’ t
d (dy d, .
d’y dt(dxj st 21 (os™)
ax dx - dx 3 4
de dt 1
_ _cost - 6+/2
3sec’ t

Q.
<

w

n

(¢}

a
N

|
N/

-~ Option (a) is the correct answer

8

i |
% If x = 2sin O - sin 20 and y = 2cos 0 - cos 20, 0 € [0, 2], then find the value of dx); at
0=m.

3 3 3
(a) 3 (b) 2 c (d) 2

Step 1: dy
X = 2 sin 0 -sin 26 Cdy (dej _ 2sin26-2sin 6
Tdx (dxj ~ 2c0s0—2cos 20

do

= % =2 cos 0 -2 cos 20
do

y=2cos 0 -cos 20

= d_y =-2sin 0 +2 sin 26
do

_ sin20-sin0

cos O —cos 20

(5 Jonl3)
2cos| — |[sin| —
_ 2 2

- .(39). (e)
2sin| — |[sin| —
2 2

dy (39)
= — = cot| —
dx 2

© 2021, BYJU'S. All rights reserved



Step 2: ' AtB=m
|
dy 36 ' ,(3n)_ 3
e = [ —cosec’| — | x —
dx Cot[ 2) : dzy ~ ( 2 ] 2
| 2 = _
Differentiating both sides with respecttox = 2(cos m—cos 2r)
' -3
2 do\ dx ! = £ _ =
d’y _ de\dx . Fra il
dx* dx |
do l -~ Option (a) is the correct answer
|
d cot@ :
dol " 2 ,
2(cos 0—cos 260) :
—cosec?| = |x=
_ 2 2 :

2(cos 6 —cos 26)

1. Find the derivative of tanl[

sin X — cos x X
—— |, with respect to —, where x € O,E .
sin X +cos x 2 2

(a) % (b) % (c) 2 (d) 1 ﬁs MAIN APR 2019

2. If y* + In(cos?x) =y, X e(—ggj then which of the following is true? ﬁiE MAIN SEPT 2019

(@) y’(0) +y”(0) =3 (0)y”(0) =2 ©y'(0) +y"(0) =1 (d)y”(0)=0

3. Find the second derivative of In x with respect to sin x.

@ Summary Sheet

7
" Key Takeaway:
du
. Letu = f(x), v = g(x) then, du gy _f (x)
dv  dv  g'(x)
dx
d" d(d"! _ .
. dX}: :&[dxn—i’} — y" ......... ntimes — yn = 7 ntimes _ nth order derivative
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- Let two variables x and y be functions of a parameter ti.e., y = f(t), x = g(t)

d(dy
dz_y_g(d_yj_dtcu
dx*  dx\dx)  dx
dt

Mind Map

Derivative of one function

with respect to another —— Higher order derivative ——  Parametric form
1 . dy
If y = sec (tan™ x), then find ax atx=1
X
Concept Check
1.
Step 1: _ y = tan™’ tan(x—zj
Lety = tan’ Sin X —Ccos X 4
sin X + cos X P ( T nj
=X——€e|—,—
sin x 1 4 4 4
_ tan'| COSX . . T T
Bl | From the graph of tan''(tan x) in the interval | ——, =
+1 22
cosx tan'(tant) =t
(Dividing numerator and denominator T A
by cos x) 2
tan x — tan < —t + —
=tan' 4 _I 3n
1+tanx-tan§ 2/ 2
2 Y
X
andz= —
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Step 2: d[x—nj
Now, derivative of y with respect to z, 4

dy & _1_,
dy _ dx d(xj 1
dz dz \2) 2

dx dx

-~ Option (c) is the correct answer

2.
Step 1: Step 2:
Given, y? + In(cos’x) =y Differentiating (1) on both sides,
By substituting x = 0, we get, 2yy” 4+ 2y'y’-2secx =y”
y’+Inl=y =2yy”" + 2(y')?-2secx=y"
=>y-y=0=y=0,1 By substituting x = 0, we get
Differentiating both sides, 2y(0) y”(0) + 2(y’(0))*- 2 sec *0 = y”(0)
2yy’ + — X 2 cos X X (- sin x) =y’ If y(0) =0and y’(0) =0, then y”"(0) =-2

Ify(0) =1 and y’(0) = 0, then y”(0) = 2
= y”(0)] =2

-~ Option (b) is the correct answer.

2yy' -2tanx =y ........ (M

By substituting x = 0, we get,
2y(0) y'(0) - 2 tan 0 = y’(0)
If y(0) =0, theny’(0) =0

If y(0) =1, theny’(0) =0

= Self-Assessment
Step 1:
Lety =Inx,z=sinx y = sec (tan x)
dy 1 b _ sec (tan x). tan (tan x). 12
d_y ez S0 1 dx +X
dz dz COSX  XCOSX Atx=1,
dx dy =sec (tan? 1).tan (tan®1). L
dx 1+1
T 1 1 1
= sec— x 1 ><—=\/E X —=—
Step 2: 4 2 2 2
dfdy) df 1
d’y  dx\dz) dx{xcosx
dz* dz COS X
dx

XSin X —cos X

x? cos® x
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M ATHEMATI CS

METHODS OF
DIFFERENTIATION

DIFFERENTIATION OF DETERMINANTS

n
%" What you already know g@ What you will learn

Logarithmic differentiation - Differentiation of
Differentiation of inverse trigonometric functions determinants

Differentiation of Determinants

To differentiate a determinant, we differentiate one row at a time, keeping others unchanged.

That is,
fi(x) f(x)

X) g (x
(

x) h,

w'-h

—
>

N—

If A(x)=

o+

eft,

()
Q

(
(
leferentlatlngw rtx,
f'(x) £'(x) &) |f(x) f(x) &) [f(x) f(x) £(x)
A'(x) = (x) gz(X) ga(X)+g1() g'(x) 8'(x)+&(x) s
hl(X) 2(x) hy(x)| [hi(x) hy(x) hy(x)] |h'(x) h,'(x) hy'(x)

The same operation can be performed column wise.

@ e* sinx 5 . . )
% If =A+Bx+Cx°+Dx’ +---,then the ordered pomt(A,B) is :

cosx In(1+x)

(@) (0,0) (b) (1, 0) () (0,1) (d (1, 1)

Step 1:

X

e sinx

=A+Bx+Cx*+Dx*+---,is an identity in x, so it must hold true for all values of x € R.

cosx In(1+x)

Step 2:
Value of A can be obtained by substituting x = 0
10 b
A= 4 =ad-bc
1 0 C
=0-0
=0
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d
[@ If xe® = y + sin? x, then find the value of d_y atx=0.
X

Solution
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@ in0 s T d
Letf(0)=sin| tan™ =l ,—— < 0 <—.Then the value of
;% (9) [ (\/COSZG 4 4 d

Solution

n ; Ify—sec tan‘*x,tle — atx=1is:

@p by @1 (@e

Solution
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X e
—equalsto:

@& (L) (L)

Solution
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If f"(x) = -f(x) where f(x) is continuous, twice differentiable function and

g(x)=f'(x). If F( ):{f@j}z +(ggﬂz and F(5)=5, then F(10)is :

(@) 0 (b) 5 (d) 25

Solution

Concept Check
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Q Summary Sheet

7
" Key Takeaways

- Differentiation of determinants

To differentiate a determinant, we differentiate one row at a time, keeping others unchanged.
fi(x) £(x) £(x)
If A(x)=|g,(x) 8,(x) g;(x),then

h,(x) h,(x) hy(x)
f,'(x) fZ'Ex) £'(x) |f(x) f(x) £(x)| [f(x) £(x) £(x)

Al(x)=1g.(x) 8:(x) g(x)|+|g:"(x) &'(xX) &'(x)|+|8.(x) 8.(x) 8(x)
h,(x) h,(x) hy(x)| |h,(x) h,(x) hy(x)| |h,'(x) h,'(x) h,'(x)
Note: The same operation can be performed column wise.

@ Mind Map

Methods of Differentiation  Differentiation of Determinants

Self-Assessment

7
(1) If y =a cos (In x) + b sin (In x), then xzd—};+x3—y is:
X X

(@0 (b)y () -y (d)1

B Answers
Concept Check

2
X X
1) Given, f(x)=
Differentiating both sides w.r.t x, we get,
1 2% |x X
f'(x)= +
() x* 2| 3Bx* 0
1 211
f'(1)= +
1 2 130
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a b
=(2-2)+(0-3 =ad—-bc
@-2)+(0-3) [+f} -aa-ne]

=-3

So, option (c) is the correct answer.

2.

Solution

Step 1:

Let f(x) =ax*+bx+c

Since, f(x) is positive for all real values of x. So, b*-4ac < 0

Leta=1.

fx) =x*+bx+cand b*4c<0

Step 2:

gx)=fx)+f'(x) +f“(x)

gx)=x?+x(b+2)+(b+2+c)

Discriminant (D) of g(x) = (b + 2)?-4(b+ 2 +c)=b%?-4c-4<0asb?-4c<0
For g(x), coefficient of x? is positive and D is negative.

g(x) > 0 for all real values of x.

So, option (a) is the correct answer.

Step 1:
Given y =sin™" (x\/l—x xV1-x2 ), where x+x* <1 ..(i)

Also, sin"' x+sin"'y =sin™" (x\/l —y? +yV1-% ), x>0,y >0,x* +y® <1..(ii)

Comparing (i) and (ii),

y= sin‘l(xm+&ﬁ)

= sin‘l(mer\/;ﬂJ

=sin™(x)+sin™ (\/;)

1 1
— +2\/;\/§(

It is given that,
dy 1

dx 2,/x(1—x) P

Comparing it with (iii), we get,
1

p:
V1-x?

So, option (d) is the correct answer.

iii )
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Self-Assessment
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